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BRANES AND MODULI SPACES OF HIGGS BUNDLES ON SMOOTH
PROJECTIVE VARIETIES

INDRANIL BISWAS, SEBASTIAN HELLER, AND LAURA P. SCHAPOSNIK

ABSTRACT. Given a smooth complex projective variety M and a smooth closed curve
X C M such that the homomorphism of fundamental groups m1(X) — m (M) is
surjective, we study the restriction map of Higgs bundles, namely from the Higgs bundles
on M to those on X. In particular, we investigate the interplay between this restriction
map and various types of branes contained in the moduli spaces of Higgs bundles on M
and X. We also consider the set-up where a finite group is acting on M via holomorphic
automorphisms or anti-holomorphic involutions, and the curve X is preserved by this
action. Branes are studied in this context.

1. INTRODUCTION

Lagrangian and holomorphic spaces have been of much interest within the study of
Higgs bundles both on Riemann surfaces and on higher dimensional varieties. We shall
consider here an irreducible smooth complex projective variety M of dimension d, and
consider the following moduli spaces:

e the Betti moduli space By, (r) of equivalence classes of representations of w1 (M, xg)
in GL(r, C);

e the moduli space H,,(r) of semistable Higgs bundles on M, of rank r and vanishing
Chern classes; and

e the Deligne-Hitchin moduli space MEH (r) which is the twistor space of the hy-
perKéhler space Hy(r).

We shall dedicate this paper to the study of Lagrangian and holomorphic spaces ap-
pearing within the above moduli spaces arising through the inclusion of curves and hy-
persurfaces in M, as well as the action of anti-holomorphic involutions of M and also the
finite group actions on M. In the case of Riemann surfaces, real structures have long been
studied in relation to Hitchin systems. In particular, [1, 2] initiated the study of branes
arising through anti-holomorphic involutions from the perspective of [13]. Lagrangians
within moduli spaces of Higgs bundles arising through finite group actions were consid-
ered also in the setting of Riemann surfaces in [9]. In the present manuscript, we shall
follow the lines of thought of the above papers.

After introducing Higgs bundles from a differential geometric perspective, the Betti
moduli space of representations, and a brief description of nonabelian Hodge theory in
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Section 2, we study the implications of considering a smooth closed curve X on M such
that the homomorphism of fundamental groups m (X, o) — m (M, x) induced by the
inclusion map X <> M is surjective (this is done in Section 3). This inclusion map
induces maps

O : By(r) — Bx(r)
on the Betti moduli spaces and

U Hy(r) — Hx(r)

on the Higgs moduli spaces, as seen in (3.3) and (3.4) respectively. The given condition
that the homomorphism (X, xyg) — w1 (M, o) induced by the inclusion map X < M
is surjective ensures that the above maps ® and ¥ are actually embeddings. By studying
these maps, through Theorem 3.2 and Corollary 3.4 we are able to show the following.

Theorem A. The above map V makes Hy(r) a hyperKdhler subspace of Hx(r), and
thus the subspace H(r) is a (B, B, B)-brane in Hx(r).

The case of Deligne—Hitchin moduli spaces is considered in Section 4, where we look into
the relationship of these spaces with twistor spaces of certain hyperKahler manifolds. Let
MEPH(r) and MEH (r) be the Deligne-Hitchin moduli spaces for M and X respectively.
In this setting, through an induced map

T MPE(r) — MR (r)
constructed using restriction to X (see (4.2)) we prove the following in Theorem 4.2:

Theorem B. The above map Y makes MPH(r) a twistor subspace of MEH (r).

We begin the study of actions by considering real structures ¢ : M — M in Section
5. By observing that one may choose the real structure and the subvariety X such that
they are compatible (Lemma 5.1), we show in Theorem 5.2 the following.

Theorem C. Choose the closed curve X such that it is preserved by the real structure
o on M. Take S to be X or M. Then, the C* involution Zg induced on Bs(r) by
o (the restriction of o when S = X) is anti-holomorphic with respect to the complex
structure I (that gives the complex structure of the moduli space of Higgs bundles Hg(r))
and holomorphic with respect to the complex structure J (that gives the complex structure
of Bs(r)), and thus the fized point set Hs(r)ts is a (A, B, A)-brane in the corresponding
moduli space Hg(r). Furthermore,

IX ol =T OIM
for W in Theorem A.

The case of finite group actions on M is studied in Section 6. This line of research begun
in [9] for rank two Higgs bundles on Riemann surfaces where it was shown that equivariant
Higgs bundles under a finite group give natural (B, B, B)-branes in the moduli space
of Higgs bundles. Here, we shall address the higher rank cases and consider finite group
actions on the moduli space of fixed determinant Higgs bundles for which the trace of the
Higgs field being zero (SL(r, C)-Higgs bundles). One of our main results, appearing in
Theorem 6.2 and Proposition 6.4 is the following:
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Theorem D. Let M be a compact Riemann surface of genus g on which a finite group T’
is acting via holomorphic automorphisms. Consider the moduli space Mgy o) C Hu(r)
of semistable Higgs bundles on M whose structure group is SL(r,C). Then, for r > 2 the
following hold:

e For even genus g, the fized point locus in Mgy.c) giving a (B, B, B)-brane will
never be a mid dimensional space.

e [or odd genus g, the fized point free action of I' := 7Z/27 on M defines a mid
dimensional space as its fized point locus on Mgy c)-

The subspaces constructed in Theorem D can be further studied, and as shown in
Proposition 6.5, all these mid-dimensional spaces constructed in Theorem 6.2 and Propo-
sition 6.4 are in fact (B, B, B)-branes.

2. NONABELIAN HODGE THEORY

In what follows we shall introduce Higgs bundles from a differential geometric perspec-
tive, and also the Betti moduli space of representations, and then give a brief description
of nonabelian Hodge theory.

2.1. Higgs bundles. Let M be an irreducible smooth complex projective variety of di-
mension d. The holomorphic cotangent and tangent bundles of M will be denoted by 3,
and T'M respectively. The i—fold exterior product A’ Q}, will be denoted by €Qi,. Fixing
a very ample line bundle L on M, the degree of a torsionfree coherent sheaf F' on X is
defined to be

degree(F) = (ci(det F)Uc (L)) N[M] € Z
(see [14, Ch. V § 6] for the determinant bundle det F'). The number

u(F) = dgT(}F)) € Q

is called the slope of F. From [10, 11, 15, 16] one has the following definition:

Definition 2.1. A Higgs field on a vector bundle E over M is a holomorphic section
6 € H'(M, End(E) ® Q3,)

such that the section 6 A 6 of End(F) ® Q3, vanishes identically. A Higgs bundle on M is
a pair (F, 0), where E is a holomorphic vector bundle and 6 is a Higgs field on E.

Definition 2.2. A Higgs bundle (FE, ) is called stable (respectively, semistable) if
u(F) < p(E)  (respectively, u(F) < p(E))

for all coherent subsheaves F C E with 0 < rank(F') < rank(FE) and 6(F) C F ® Q},
[10, 15, 16]. A Higgs bundle (E, 0) is called polystable if

e (E, 0) is semistable, and
o (E,0) = @'_,(E; 6,), where each (E;, 6;) is a stable Higgs bundle.
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Let (E, 0) be a Higgs bundle on M such that
degree(E) = 0 = (cha(E)Uc (L)) N [M]; (2.1)

we recall that chs(E) = ici(E)? — co(E). Given a Hermitian structure h on E, the
Chern connection on E corresponding to h will be denoted by V", and the curvature of
the connection V" will be denoted by K(V"). Let

0* € C=(M; End(E) ® Q)})
be the adjoint of 6 with respect to the Hermitian structure h. Then, from [10, 15, 16],
the following is the Hermitian—Yang—Mills equation:

K(V") 410,67 = 0. (2.2)

A theorem of Simpson says that £ admits a Hermitian metric satisfying the Hermitian—
Yang-Mills equation for (E, #) if and only if (E, 0) is a polystable Higgs bundle [15,
Theorem 1], [15, Proposition 3.4], [16, Theorem 1]. When E is a rank two vector bundle
on a smooth complex projective curve, the result was proven earlier by Hitchin in [10].

We note that the Hermitian—Yang—Mills equation in (2.2) implies that

V0 + 0 (2.3)

is a flat connection on E. Let
Vh — (Vh>1,0 4 (vh)o,l

be the decomposition of the Chern connection V" into (1, 0) and (0, 1) components.
Remark 2.3. The holomorphic structure on E is given by the Dolbeault operator (V7)%1.
Note that the Dolbeault operator for the holomorphic structure on the C* bundle F given
by the flat connection in (2.3) is (V")%! + §*. Therefore, the holomorphic vector bundle

given by the flat connection corresponding to a Higgs bundle does not coincide, in general,
with the holomorphic vector bundle underlying the Higgs bundle.

2.2. Flat connections. Given a base point o € M, a representation
p: m(M, zg) — GL(r,C)

is called irreducible if the standard action of p(mw(M, x9)) C GL(r,C) on C" does not
preserve any nonzero proper subspace of C". The homomorphism p is called completely
reducible if it is a direct sum of irreducible representations. Two homomorphisms

P1, P2 7T1(M, ZIZ'Q) — GL(T,C)
are called equivalent if there is an element g € GL(r,C) such that

p1(7) = g 'p2(7)g

for all v € m (M, xg). Clearly, this equivalence relation preserves both irreducibility and
complete reducibility. The space of equivalence classes of completely reducible homomor-
phisms from (M, zy) to GL(r,C) has the structure of an affine scheme defined over
C, which can be seen as follows. Note that m (M, xg) is a finitely presented group and
GL(r,C) is a complex affine algebraic group. Therefore, the space of all homomorphisms
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Hom(m (M, xy), GL(r,C)) is a complex affine scheme. The adjoint action of GL(r,C)
on itself produces an action of GL(r,C) on Hom(m (M, xy), GL(r,C)). The geometric
invariant theoretic quotient

Hom(r; (M, o), GL(r,C))/GL(r, C)

is the moduli space of equivalence classes of completely reducible homomorphisms from
m (M, xy) to GL(r,C) [17, 18].
We shall let By, (r) denote this moduli space of equivalence classes of completely re-

ducible homomorphisms from 7 (M, x) to GL(r, C), which is known as the Betti moduli
space.

A homomorphism p : m (M, xy) — GL(r, C) produces an algebraic vector bundle £
on M of rank r equipped with a flat (i.e., integrable) algebraic connection, together with
an isomorphism of the fiber E,, with C". Equivalence classes of such homomorphisms
correspond to algebraic vector bundles of rank r equipped with a flat algebraic connection;
this is an example of the Riemann—Hilbert correspondence.

Definition 2.4. A connection V on a vector bundle F is called irreducible if there is no
subbundle 0 # F C FE which is preserved by V. A connection V on a vector bundle £
is called completely reducible if

N

(E, V) = P(E, V),

i=1

where each V' is an irreducible connection on E;.

We note that irreducible (respectively, completely reducible) flat algebraic connections
of rank 7 on M correspond to irreducible (respectively, completely reducible) equivalence
classes of homomorphisms from 7 (M, zg) to GL(r, C).

2.3. Harmonic structures. Let (E, V) be a flat vector bundle of rank r on M, and let
p 7T1(M, ZL’(]) — GL(EmO)
be the monodromy homomorphism for V.

Given the universal cover @ : (M, %) —> (M, x,), using the pulled back connection
w*V, the pulled back bundle w*E is identified with the trivial bundle M x E,, — M.
Therefore, a Hermitian structure h on E gives a C* map

F'" . M — GL(E,,)/U(E,,), (2.4)

where U(FE,,) consists of all automorphisms of E,, that preserve the Hermitian structure
h(xp) on it. The group m (M, xy) acts on GL(E,,)/U(E,,) through the left translation
action of p(m (M, x9)). We note that the map F" in (2.4) is 7 (M, x¢)-equivariant.
The quotient space GL(E,,)/U(E,,) is equipped with a Riemannian metric; it is given
by the restriction of the Killing form on the orthogonal complement of Lie(U(E,,)) C
Lie(GL(E,,)).



6 I. BISWAS, S. HELLER, AND L. P. SCHAPOSNIK

The Hermitian structure h is called harmonic if the map F” in (2.4) is harmonic with
respect to a Kahler structure on M. It should be emphasized that the harmonicity
condition for F" does not depend on the choice of the Kihler form on M.

A theorem of Corlette says that (£, V) admits a harmonic Hermitian structure if and
only if V is completely reducible [6] (when F is of rank two on a smooth complex projective
curve, this was proved in [7] by Donaldson).

Let (E, 0) be a polystable Higgs bundle on M satisfying (2.1), and consider a Hermit-
ian structure h on E satisfying the Hermitian—Yang-Mills equation in (2.2). Then, the
flat connection V" + 6 + 6* on E in (2.3) is completely reducible, and h is a harmonic
Hermitian structure for the flat connection V* + 6 + 6*. Conversely, if h is a harmonic
Hermitian structure for a flat connection (E, V), then h and V together define a holo-
morphic structure on E and a Higgs field # on E for this holomorphic structure such that
h satisfies the Hermitian—Yang—Mills equation for the Higgs bundle (E, 6).

As shown in [16, p. 20, Corollary 1.3], the above constructions produce an equivalence
of categories between the following two categories:

(1) Objects are completely reducible flat algebraic connections on M, and morphisms
are connection preserving homomorphisms.

(2) Objects are polystable Higgs bundles (£, #) on M satisfying (2.1); the morphisms
are homomorphisms of Higgs bundles.

We also note that if (£, 6) is a polystable Higgs bundle on M satisfying (2.1), then all
the rational Chern classes of E of positive degree vanish [15, p. 878-879, Proposition 3.4].
(See also [20] for an exposition for dimension one.)

3. RESTRICTION TO CURVES

We shall dedicate this section to understanding the restriction of the ideas of Section 1
to hypersurfaces, which will become useful when studying Lagrangians within the moduli
space of Higgs bundles.

3.1. Higgs bundles and hypersurfaces. The homotopical version of the Lefschetz
hyperplane theorem says that for a smooth very ample hypersurface H C M, the ho-
momorphism of fundamental groups m (H, o) — w1 (M, xy) induced by the inclusion
map H — M, where xqg € H, is surjective, and it is an isomorphism if d = dim M > 3
(see [8, p. 48, (8.1.1)]). Consequently, using induction on the number of hypersur-
faces we conclude that for a smooth closed curve X on M which is the intersection of
d — 1 smooth very ample hypersurfaces on M, the homomorphism of fundamental groups
m (X, z9) — m (M, xo) induced by the inclusion map X < M is surjective.

Fix a smooth closed curve X on M such that the homomorphism of fundamental groups
m (X, z9) — m (M, xo) induced by the inclusion map X < M is surjective, and let

o X = M (3.1)

be the inclusion map.
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As done previously, consider a polystable Higgs bundle (F, 6) on M satisfying (2.1),
and let h be a Hermitian structure on F that satisfies the Hermitian—Yang—Mills equation
in (2.2) for the Higgs bundle (F, 6).

Lemma 3.1. The Hermitian structure ¢*h on ¢*E satisfies Hermitian—Yang—Mills equa-
tion for the induced Higgs bundle (¢*E, ¢*6) on X.

Proof. The pulled back section ¢*6 defines a Higgs field on ¢*E using the natural homo-
morphism
(do)* = ¢"Qy — Qx,

where dp : TX — ¢*T'M is the differential of the map ¢ in (3.1). The vector bundle
¢*E has the pulled back Hermitian structure ¢*h. Note that the Chern connection V¢
on ¢*E for the Hermitian structure ¢*h coincides with ¢*V", where V" is the Chern
connection on F for the Hermitian structure h. Moreover, we also have that ¢*(6*) =
(¢p*0)*. Using these, and the fact that h satisfies the Hermitian—Yang—Mills equation for
the Higgs bundle (E, #), the lemma follows. O

From Lemma 3.1 one has that

e the Higgs bundle (¢*E, ¢*0) is polystable, and
o V¥ 1 ¢*0 + ¢*0* is a flat connection on ¢*E.

In particular, we have degree(¢*E) = 0. Let (W, V) be the flat connection on M corre-
sponding to the Higgs bundle (F, 0); recall that E and W are the same C'* vector bundle
with possibly different holomorphic structures. From Lemma 3.1 it follows that the flat
connection corresponding to (¢*E, ¢*) coincides with the pulled back flat connection

(¢*W, ¢*V).

3.2. Harmonic structures and hypersurfaces. Consider now an algebraic vector bun-
dle V' of rank r on M equipped with a flat algebraic completely reducible connection V.
For g € X and the map ¢ in (3.1), the homomorphism

¢s » m(X, 0) — m(M, P(x0)), (3.2)

is surjective, and thus it follows immediately that ¢*V is a flat algebraic completely
reducible connection on ¢*V'.

Let hy be a harmonic Hermitian structure on V' for V, and let (W, ) be the Higgs bun-
dle corresponding to (V, V). Recall that V' and W are the same C* vector bundle with
possibly different holomorphic structures. It is straightforward to check that the Hermit-
ian structure ¢*h on ¢*V is harmonic for the connection ¢*V. Indeed, this follows from
the facts that M is Kéhler and the embedding ¢ in (3.1) is holomorphic. Consequently,
the Higgs bundle for (¢*V, ¢*V) coincides with (¢*W, ¢*0).

As before, let Bx(r) (respectively, Bys(r)) be the Betti moduli space of equivalence
classes of completely reducible representations of 71 (X, o) (respectively, m (M, ¢(xg)) in
GL(r,C). Let

O : By(r) — Bx(r) (3.3)
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be the map induced by ¢, in (3.2), which clearly is an algebraic map. We note that the
map & is injective, because the homomorphism ¢, is surjective.

Let Hx(r) be the moduli space of semistable Higgs bundles on X of rank r and degree
zero; this moduli space was constructed in [17], [18] (see [5] for its properties). Let Has(r)
be the moduli space of semistable Higgs bundles (F, ) on M of rank r such that all
the rational Chern classes of E of positive degree vanish. It may be recalled that any
semistable Higgs bundle (E, ) satisfying (2.1) has the property that all the rational
Chern classes of E of positive degree vanish [16, p. 39, Theorem 2]. In view of Lemma
3.1, we have a map

U Hy(r) — Hx(r) (3.4)
defined by (FE, 0) — (¢*E, ¢*0). It is clearly an algebraic map. Indeed, the restriction
map from an algebraic family of Higgs bundles on a variety to a family of Higgs bundles
on a subvariety is evidently algebraic. As observed above, using the C*° identification
between Bx(r) and Hx(r), and also between By (r) and Hps(r), the map @ in (3.3)
coincides with the map ¥ in (3.4).

As noted before, the map ® in (3.3) is injective, because ¢, is surjective. Therefore, from
the above observation that ® coincides with W using the C'* identification between Bx (r)
and Hx(r), and also between By (r) and Hys(r), we conclude that ¥ is an embedding.
As mentioned above, the map ® is algebraic.

3.3. HyperKahler structure. Recall from [10, 11] that the moduli space Hx(r) has a
natural hyperKéahler structure, and thus we may fix three complex structures I, J and
K on Hx(r) satisfying the quaternionic equations. We shall let the complex structures
I and J be the complex structures of Hx(r) and Bx(r) respectively; so K is determined
by the equation
IJ =K.

Therefore, from the holomorphicity of the maps ® and ¥ in (3.3) and (3.4) we obtain the
following:

Theorem 3.2. The map V in (3.4) makes Hu(r) a hyperKdhler subspace of Hx(r).

Remark 3.3. Consider the holomorphic symplectic form o; on Hx(r). This symplectic
manifold (Hx(r), or) has a natural algebraically completely integrable structure given
by the Hitchin map. Although ¥*o; is a holomorphic symplectic structure on Hy,(r),
the map ¥ is not Poisson because it is an embedding and dim Hx(r) > dimHy(r) in
general.

Given the hyperKéahler spaces Hy;(r) and Hx (r), and the three fixed complex structures
(I,J, K) as before, we shall denote by w;,wy, and wg the corresponding Kéahler forms
defined by

WI(X> Y) = g(IX> Y)> wJ(X> Y) = g(JX, Y)a WK(X> Y) = g(KXv Y)>

where ¢ is the Riemannian metric for the hyperKahler structure. Then, the induced
complex symplectic forms €27, 2;, and Qk are given by

Q[ = wj+ vV _1WK, QJ = WK +V —1(4)[, QK =wr + vV —1WJ. (35)
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Therefore, one may consider subspaces of () and Hx (r) which are Lagrangian with
respect to one of the symplectic structures in (3.5), or holomorphic with respect to one of
the fixed complex structures I, J or K. Following [13], we shall say that a Lagrangian sub-
space with respect to a symplectic structure is an A-brane, and a holomorphic subspace
with respect to a complex structure is a B—brane. Hence, with respect to (I, J, K) and
(wr,wys, wk) one may have branes given by triples of letters. In particular, form Theorem
3.2 we have the following:

Corollary 3.4. The subspace Hp(r) is a (B, B, B)-brane in Hx(r).

4. DELIGNE-HITCHIN MODULI SPACE AND TWISTOR SPACE

In what follows we shall first recall the notion of A—connections and the Deligne-Hitchin
moduli space (for details and proofs see Simpson [19]). Then, we shall look into the
relationship of these spaces with the twistor spaces of certain hyperKahler manifolds.

4.1. Deligne—Hitchin moduli spaces. Let M be an irreducible smooth complex pro-
jective variety of dimension d. We fix a C'*° complex vector bundle V' — M such that
all its rational Chern classes of positive degree vanish. A A—connection on V. — M is a
triple (A, 0, D) consisting of a complex number ), a holomorphic structure d on M, i.e.,

0" = 0, and a holomorphic first order differential operator D satisfying the following two
conditions:

e D? = 0, and
e D(fs) = MOf)s+ fDs (similar to the Leibniz rule), where f is any locally defined
holomorphic function and s is any locally defined holomorphic section of V.

Remark 4.1. A \-connection for A\ = 0 is a Higgs bundle (9, D), and for A = 1 it is a
flat holomorphic connection D + 0.

Consider the moduli space M1?(r) of completely reducible A-connections (to clarify,
A is not fixed), and let

far s MBS — C, (N, 0, D) — A
be the fibration. The analogous construction on the complex conjugate space M (the C*

manifold underlying M is M itself while the complex structure on it is —.Jy;, where Jy;
is the complex structure on M) gives a fibration

far M%Od(r) — C.
Moreover, there is the following gluing constructed by Deligne:
g M) — M) e
(A, 0, D)y +— (+ 1D, ig)ﬁ;
this covers the map C* — C* defined by A —
The Deligne—Hitchin moduli space

My (r) = My (r) Uy Mp(r)
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is obtained by gluing the two Hodge moduli spaces via ¢. It admits a fibration to CIP!
which is fy; on MP4(r) and 1/ f5r on MEod(r). Tt should be mentioned that there does
not exist a natural algebraic structure on Deligne-Hitchin moduli spaces.

4.2. Twistor space. The twistor space of a hyperKahler manifold (N, g, I, J, K) en-
codes the hyperKéahler geometry in terms of complex analytic data. As a complex manifold
it is given by P = N x CP! with (integrable) complex structure at (p, \) = (p, a++/—1b)
given by
Lpary=y = (1 —a K, +bJ,) ' (1 —aK,+b.J,).

There is the holomorphic fibration P — CP!, and the manifold N can be recovered as
the space of twistor lines, i.e., as a component of holomorphic sections of P — CP!
which are real with respect to the real structures

p: P — P, (pA) — (p, =X )

CP! — CP', X +— —X '

of P and CP!'.

The various complex structures on N are obtained by evaluating at specific A € CP!.
Moreover, the Riemannian metric can be computed from a holomorphic twisted symplectic
form on P; see [12].

As shown in [19, Theorem 4.2], the Deligne-Hitchin moduli space is the twistor space
of the hyperKéhler space Hj;(r). The real structure p on MEPH (r) is given by

1 —=x

p(()‘v 57 D)M> = (_X_ ) 0 ) _D*>W7

where 8 and D* are the adjoint operators with respect to a Hermitian metric A on the
underlying vector bundle V' (for the operators 0 and D).

Consider a polystable Higgs bundle (E, #) on M satisfying (2.1), and let h be a Her-
mitian structure on E that satisfies the Hermitian—Yang—Mills equation in (2.2) for the
Higgs bundle (E, ). Let (V")%! be the holomorphic structure on E determined by E.
Then, the twistor line through the point p = (V)% 8) € H(r), over the open subset
C c CP, is given by

A (A, (VMO 005 0+ AV,

see [19]. Note that this family interpolates between the Higgs pair (F, §) at A = 0 and
the corresponding flat connection (2.3) at A = 1.

4.3. Twistor subspaces. Let
m: P — CP! (4.1)

be a twistor space of a hyperKahler space M. We call a complex subspace N' C P a
twistor subspace if the following condition holds: whenever s()\g) € N for a twistor line
s and some \g € CP!, then s(\) € N for all A € CP*,

If N C P is a twistor subspace then the restriction 7 is a fibration and

p(N) = N .
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Moreover, the twisted holomorphic symplectic structure on P in (4.1) remains non-
degenerate when restricted to the vertical tangent bundle of N. It follows that there
exists a hyperKahler subspace N C M whose twistor space is given by A/. Conversely,
every hyperKéhler subspace N C M gives rise to a twistor subspace of P in (4.1).

The construction of the Deligne—Hitchin moduli space can be applied to the projective
curve ¢ : X — M with induced surjective map

Os » (X, x9) — m(M, x0)
as in Section 3. In that set-up, let
T MPE(r) — MR (r) (4.2)
be the map defined by (A, E, D) — (\, ¢*E, ¢*D). Theorem 3.2 implies the following:

Theorem 4.2. The map Y in (4.2) makes MY (r) a twistor subspace of MEH (r).

5. REAL STRUCTURES

We shall dedicate this section to the study of real structures and their fixed point sets,
and in particular, their appearance in the context of Higgs bundles.

5.1. Real structures and Higgs bundles. As before, M is an irreducible smooth com-
plex projective variety of dimension d. Let

o: M — M (5.1)
be an anti-holomorphic involution of M.

Lemma 5.1. [t is possible to choose ¢ in (3.1) such that
(1) o(¢(X)) = &(X), and

(2) the homomorphism ¢, : m (X, xo) —> m (M, o) is surjective.
Proof. Let £ be a very ample line bundle on M. Then the holomorphic line bundle o*£
on M is also ample. The very ample line bundle
L:=L®cL

is equipped with a lift of the involution ¢. This involution of I, which we shall denote by
o,sends any v ® vy € L, = L, ® Za(x) to vy @1 € Loy = Lo@ ® L. Moreover, &
produces a conjugate linear involution

n: H(M,L) — H°(M, L)
that sends any s € H°(M, L) to &(s). The fixed point set
H°(M, )" ¢ H°(M, L)
is a totally real subspace, meaning dimg H°(M, )7 = dimc H°(M, L), and
H(M, L) = H(M, L)" @ HO(M, L)".
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Now the intersection of divisors of general d—1 elements of H°(M, )7 is a smooth closed
curve Y in M such that o(Y) = Y, and the homomorphism m;(Y) — (M) induced
by the inclusion map of Y in M is surjective, as required. O

Fix a smooth closed curve X as in (3.1) such that
(1) o(¢(X)) = ¢(X), and
(2) the homomorphism ¢, : m (X, zg) — m (M, o) induced by ¢ in (3.1) is sur-
jective, where o € X.

We shall denote the restriction of the map o to X by 7. The anti-holomorphic involution
7 on X produces a C'* involution

IX : BX(’/’) — Bx(T) (52)
of Bx(r) in (3.3) that sends a flat connection (£, V) on X to (7*E, 7V). The anti-
holomorphic involution ¢ on M produces a C* involution
of By (r) in (3.3) that sends a flat connection (F, V) on X to (¢*E, 0*V).

From the above, the following is straightforward to prove.

Theorem 5.2. For any S € {X, M}, the involution Zs in {(5.2), (5.3)} is anti-
holomorphic with respect to the complex structure I (that gives the complex structure
of the moduli space of Higgs bundles Hs(r)). The involution Lg is holomorphic with re-
spect to the complex structure J (that gives the complex structure of Bs(r)), and thus the
fized point set Hg(r)%s is a (A, B, A)-brane in the corresponding moduli space Hs(r).
Furthermore,

Ix oV = Vol,,

where ¥ is the embedding in (3.4).

Remark 5.3. When the variety M is a Riemann surface, the involution Z,; gives the
map f in [1] fixing an (A, B, A)-brane in the moduli space of Higgs bundles on M.
Moreover, in such a situation Z,; can naturally be seen as part of a triple of involutions
fixing Lagrangian subspaces, as shown in [2].

5.2. Real structures and A—connections. Let X — M be an embedded real curve
as above, and let 7 and o be the corresponding real structures. Note that for another
irreducible smooth complex projective variety N and an algebraic map f: N — M,
we obtain an induced map

PN My () — MR (r)

generalizing Y in (4.2). Thus, the commuting diagram

X ==
M —/——

S| ¢
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yields for the twistor fibrations
MEF(r) —=— MBI(r)
j j (5.4)
ME(r) == M(r),
In particular, at A = 1 we obtain

_ MM
In=1""" a=1

Bar(r) By (r)
l@ ——— l@
Bx(r) "= Bx(r)

giving the J—part of Theorem 5.2. Recall that the fibers of a twistor space at A = 0 and
A = oo are complex conjugate spaces. Hence, evaluating (5.4) at A = 0, we obtain the
commutative diagram

M, M
|A=0 —

HM(?”) _— Hﬁ(?‘) _ HM(T

oo b !

Hx(r) —= He(r) ——— H(r)

~—

which is in full accordance with the [-part of Theorem 5.2.

6. HOLOMORPHIC ACTION OF A FINITE GROUP

As in previous sections, let M be an irreducible smooth complex projective variety of
complex dimension d, and consider a finite group I' acting faithfully on M via holomorphic
automorphisms of M. For any v € I, the automorphism of M given by the action of v
will also be denoted by ~. For a very ample line bundle L on M, the holomorphic line

bundle
L= ®7*L

vel
is both very ample and I'-equivariant.

6.1. Actions on higher dimensional varieties. Consider the action of I' on H°(M, L)
given by the action of I" on L. For general d — 1 elements sy, - -+, sq_1 of HY(M, L)', the

intersection
d—1

X = Hdivisor(si) C M
i=1
is a smooth projective curve satisfying the following two conditions:
e the homomorphism (X, z9) — m (M, z¢) induced by the inclusion map
X =< M

is surjective, where o € X, and
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e the action of I' on M preserves the curve X.
Fix a smooth closed curve X as in (3.1) such that

(1) the action of I" on M preserves ¢(X), and
(2) the homomorphism ¢, : m (X, xg) — m (M, xy) induced by ¢ in (3.1) is sur-
jective, where o € X.

Lemma 6.1. There is an embedding of the T—fived locus Hpr(r)' in Hx (r)' induced by
the map ¥ in (3.4).

Proof. The action of I' on M (respectively, X) produces an action of I' on the moduli
space Hys(r) (respectively, Hx(r)) of Higgs bundles on M (respectively, X) in (3.4);
the action of any v € I' sends any (F, 6) to (v*E, v*6). The I'fixed locus in H(r)
(respectively, Hy (r)) will be denoted by H ()" (respectively, Hx(r)"). The map ¥ in
(3.4) is evidently I'-equivariant. Consequently, I' produces a map

U () — Hx(r)'. (6.1)
The map ¥! in (6.1) is an embedding because ¥ is so. O

6.2. Actions on Riemann surfaces. We shall now restrict our attention to the case
where M is a compact Riemann surface, and thus consider the moduli space Mgy c) of
semistable Higgs bundles as introduced in [10] whose structure group is SL(r, C): that is,
we consider Mg,y C Ha(r). In this setting, we can see the following.

Theorem 6.2. Assume that a finite group I' C Aut(M) is acting on M such that the
action is not free (so there are points with nontrivial isotropy). Then, for r > 2 the fized
point locus in Mgy.c) for the action of I' will never be a mid-dimensional space, and thus
will never be a Lagrangian subspace of Msirc)-

Proof. Assume that r > 2. Then any connected component of the fixed point locus
Moy © Msipg

for the action of I' is a component of a moduli space of parabolic Higgs bundles of rank
r on the quotient surface M /I" of fixed determinant for which the trace of the Higgs field
is zero [3, 4].
Consider the quotient map
qg: M — M/T =Y.

The genus of Y will be denoted by gy . Let 1, ---, x, € Y be the points over which the
map ¢ is ramified. For any 1 < ¢ < a, let r; be the order of ramification of ¢ at any
point of ¢7(z;) (clearly all points over x; have same order of ramification). By Hurwitz
formula,

2(g—1) = 2N - (gy — 1) + Z NT : (6.2)

where N is the order of the group I'.
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We shall compute an upper bound for the dimension of the moduli space of SL(r, C)
parabolic Higgs bundles with parabolic structure at the ramification points for M. The
maximal possible dimension of quasi-parabolic filtrations at a point on a given bundle is
r(r —1)/2, and the number of ramification points is y ., o +1 So an upper bound for
the dimension of the moduli space of parabolic Higgs bundles of rank 7 is

B :=2(<r2—1><gy—1>+““”z al ); (6.3)

2 :17’i—|—1

note that the dimension of the moduli space of vector bundles of rank r of fixed determi-
nant on the curve Y is (r? — 1)(gy — 1). Now using (6.2) it follows immediately that B
in (6.3) satisfies the inequality

2B < 2(r* —=1)(g — 1) = dim Mgy
The theorem follows from this inequality. U

Remark 6.3. It can be shown that the action of the group I' =: (Z/27Z) x (Z/27)
considered in [9] does not give mid-dimensional subspaces of the moduli spaces of higher
rank Higgs bundles.

Proposition 6.4. Assume that M admits a holomorphic involution which is fized point
free. Then the corresponding fized point locus

)22
Mgty © Msieo

is mid-dimensional for r > 1.

Proof. Since I' = Z /27 acts freely on M, the genus gy of the quotient Riemann surface
Y = M/T'is

_g+1
QY——2 .

We note that the given condition that the involution of M is fixed point free implies that

the genus g of M is odd. Let MSL -c) denote the moduli space of semistable SL(r, C)-
Higgs bundles on Y. Then we have

dimMSL(r7(c) = 2(’/°2 — 1)(9 — ].) = 4(7"2 — ].)(gY - ].) = 2d1mM5L r,C)
The proposition follows from this. O

From the above results, one can further understand the structure of the fixed point
locus as a brane of Higgs bundles. Indeed, in this setting one has the following.

Proposition 6.5. All the fized point loci MgL(T,’C) constructed in Theorem 6.2 and Propo-
sition 6.4 are in fact (B, B, B)-branes.

Proof. The fixed point locus

Moy © Msiig
is clearly holomorphic with respect to the natural holomorphic structure on the moduli
space Mgy c) of Higgs bundles. On the other hand, the action of I' on M produces a
homomorphism

fr: I' — Out(m (M))
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to the group of outer automorphisms of the fundamental group of M. Using this homo-
morphism fr, the group I" acts on the character variety

Hom(r, (M), SL(r, C)) /SL(r, C).

This action of I' on Hom(7; (M), SL(r, C))/SL(r, C) is evidently given by algebraic auto-
morphisms.

We note that if Hom(m (M), SL(r,C)) /SL(r, C) is identified with the moduli space of
flat SL(r, C) connections on M, then the above action of I' on

Hom(m (M), SL(r,C))/SL(r, C)

corresponds to the following action of I' on the moduli space of flat SL(r, C) connections:
the action of any v € I' sends a flat connection (F, V) to the flat connection (v*F, v*V).

The C* diffeomorphism
MSL(T’,(C) — HOI’Il(?Tl(M), SL(Tv C))//SL(Tv (C)
given by the nonabelian Hodge theory is I'-equivariant.

From these we conclude that the action of I' on Mgy, c) preserves all the complex
structures in the family of complex structures on

MSL(T’,(C) = HOIH(?Tl(M), SL(T> C))//SL(T> C)

defining the hyperKéahler structure. Consequently, the fixed point locus MgL(r,(C) is a
(B, B, B)-brane. O
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