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The complex Monge-Ampere equation with a gradient
term

VALENTINO TOSATTI* AND BEN WEINKOVET

Dedicated to Professor D.H. Phong on the occasion of his 65th birthday

Abstract: We consider the complex Monge-Ampeére equation with
an additional linear gradient term inside the determinant. We prove
existence and uniqueness of solutions to this equation on compact
Hermitian manifolds.

1. Introduction

Let M be a compact complex manifold of complex dimension n. When M
admits a Kéahler metric g = (g;5), Yau [35] proved the now classic result that
the complex Monge-Ampeére equation

_ F _ _ _
(1.1) det(g;; +u;z) = " det(g;z), (g5 +uz) >0,

admits a unique solution u with sup,, u = 0, as long as F' is normalized so
that (ef’ — 1) has zero integral. Equivalently, one can prescribe the volume
form of a Kéhler metric within a given Kéhler class.

Yau’s result has been extended and built on in various ways. Modulo
adding a constant to F', the equation (1.1) can be solved for ¢ Hermitian (by
work of Cherrier [6] and the authors [30], see also [16, 29]) and for g almost
Hermitian (Chu-Tosatti-Weinkove [7]). Fu-Wang-Wu [11, 12] considered the
Monge-Ampere equation obtained by taking the determinant of the (n—1,n—
1) form

W 4 V/=100u A W2,
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This is the natural equation on compact manifolds associated to Harvey-
Lawson’s notion of (n — 1)-plurisubharmonicity [18], and was solved for w
Hermitian by the authors [31, 33]. Building on this work, Székelyhidi-Tosatti-
Weinkove [27] proved existence of solutions for Monge-Ampére equation as-
sociated to

W+ V/=100u A w2 4 Lz, Vu),

for the specific first order term
(1.2) L(x, Vu) = Re(v/—10u A 0w™?)

introduced by Popovici [25] and independently in [33]. This yielded a solution
of the Gauduchon conjecture [15] on the existence of Gauduchon metrics with
prescribed volume form. The proof in [27] makes careful use of the specific
form of this first order term term L(z, Vu). See also [17, 10, 26, 38| for related
follow-up work.

Other nonlinear equations involving gradient terms arise naturally by
motivations from mathematical physics, including the Fu-Yau equation [13]
and its extensions by Phong-Picard-Zhang [21, 22, 23|. In particular, the
paper [21] considers the complex Hessian equations

(x(z,u) + V—=100u)* A W = (2, u, Vu)w"

where gradient terms appear on the right hand side.
In light of these results, it is natural to consider fully nonlinear equations
in terms of the metric

O =w++V—190u + L(z,Vu),

for L a linear term involving the gradient of u. Indeed, this study was initiated
recently by R. Yuan [36]. However the family of equations he deals with
includes the Monge-Ampere equation @" = efw™ only in the case of complex
dimension n = 2 [36, Corollary 1.5]. The current paper settles the case n > 2
left open by Yuan.

More precisely, let (M, g) be a compact Hermitian manifold of complex
dimension n. By analogy to (1.2), we consider the term

L(z,Vu) = v/~1a A du — v/—1a A du

where a is a smooth (1, 0)-form. Indeed, this is the most general term of the
form o Adu+ B Adu for 1-forms o and 3, which is also real and of type (1, 1).
In local coordinates, we may write L(z, Vu) = \/—_1(aiu; + aj—.ui)dzi A dZ,
where a = a;dz* and a; = a;.
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We prove the following;:

Theorem 1.1. Given F' € C*®(M) and a smooth (1,0) form a on M, there
exists a unique pair (u,b) with uw € C*°(M) and b € R satisfying the equation

det(g5 + asuz + azu; + ugz) = e det(g,5),

(1.3) with (g;7) == (9,7 + au7 + azu; +u3) >0, and S}\14pu = 0.

The case n = 2 is due to Yuan [36]. We also remark that Zhang [37]
proved a uniform gradient estimate for a class of equations which includes
(1.3).

We can rewrite (1.3) in coordinate-free notation by letting

Oi=w+vV—laAdu—+—1aAou+v—100u > 0,

be the new Hermitian metric whose volume form equals

o = 6F+bwn
Remark 1.2. As an aside, note that if we choose a to be a holomorphic
1-form, then we can write

(1.4) O =w+ 0y + 0,

where 7 is the (1,0) form given by

vy=—-v-1 (ucH— %L) .
In this case, if we also have that 99w = 0 (which when n = 2 is the Gauduchon
condition [14]), then w defines a cohomology class in Aeppli cohomology, and
(1.4) shows that the metric @ also satisfies J00 = 0 and lies in the same
Aeppli cohomology class.

The outline of our proof is as follows. We begin by proving a priori esti-
mates for solutions of (1.3). In Section 2, we establish a uniform L*° bound
for u, with an approach that uses the Aleksandrov-Bakelman-Pucci estimate.
In Section 3 we give an estimate on the second derivatives v/—190u of v in
terms of the first derivatives, using a maximum principle argument involving
the largest eigenvalue \; of the metric §. The particular quantity we use for
the maximum principle is

\8u\f]

supyy [OulZ + 1

—Au

Q =log A1 + +e 7
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for a large constant A. This differs (and in many cases is simpler) than the
quantities used in the literature mentioned above. To overcome the fact that
the eigenvalue A; is not differentiable in general, we choose to use a viscosity
argument (adapted from [5], and hinted to in [26]), which to our knowledge
is new in this Hermitian setting. Finally, in Section 4, we complete the proof
of Theorem 1.1: we apply a standard blow-up argument to obtain the first
order estimate and then standard theory gives the higher order estimates.
Given the C'™° a priori estimates, the existence follows from a fairly stan-
dard continuity argument and uniqueness is a consequence of the maximum
principle.

Instead of using a blow-up argument, the gradient estimate can be ob-
tained directly by a maximum principle argument, as shown in an earlier work
of Zhang [37, Remark 2] (see also the related works [4, 10, 36]). We thank the
referee for pointing out the reference [37], of which we were not aware when
we completed the first version of this article.

2. Zero order estimate
Let u, F € C®°(M) and a € AYYM satisfy

det(g,7 + auz + azu; +u;z) = et det(g;5)

(2.1) R
(9;7) = (95 + aug + azu; + u;z) > 0,
with sup,; v = 0. We will write @ for the (1, 1) form associated to the metric
We prove a uniform estimate for u.

Theorem 2.1. There is a constant C that depends only on sup,; |F|,
supyy |alg, and on the geometry of (M, g) such that

(2.2) sup |u| < C.
M

Proof. We employ the Aleksandrov-Bakelman-Pucci estimate, whose usage
for the complex Monge-Ampére equation originated in work of Cheng-Yau
(see [1]), and was more recently revisited by Blocki [2, 3] and Székelyhidi
[26]. We follow [7, 26, 32].

First, we observe that

(2.3) /M(—u)w” <C,
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for a uniform constant C'. Indeed, let

H(u) = Agu + try,(vV—1a A du — V/=1a@ A du) = tryg — n > —n,
where Aju = try/—190u = w is the complex Laplacian of g.
Since the kernel of H consists of just constants, a classical argument of Gaudu-

chon [14] (cf. [7, Theorem 2.2]) shows that there is a smooth function v such
that

(2.4) /M H(y)e'w" =0,

for all smooth functions 1. We then define a new Hermitian metric & =
e?/(n=1 . Tts operator H, defined in the same way

(2.5) H(b) = Dgth + trp(vV—Ta A D — /—Ta A dip),
satisfies
(2.6) H(u) = e/ VH@W) > -C,

and now we have
(2.7) / H@)om =0,
M

for all ¢». We may then use the Green’s function for A (with respect to the
metric @), to deduce the uniform L! bound for u in (2.3) by the exact same
argument as in [33, Proof of Theorem 2.1]. Briefly, standard theory gives us
a Green’s function G(z,y), normalized to have zero integral, which has a
uniform lower bound and such that

vla) = [ = [ B0)0)6E 00" 0),

T
holds for all ¢ and all x € M. Thanks to (2.7) we can add a uniform constant
to G to make it nonnegative, while preserving the same Green’s formula, and
we then apply this to u with x a point where u(xz) = 0, so that from (2.6)
and the lower bound for G we easily deduce (2.3).
Next, we promote the L' bound (2.3) to the L* bound (2.2) using ABP,

as in [7, Proposition 3.1] and [26, 32]. Let 29 € M be a point where u achieves
its infimum I = inf,; u, and fix a coordinate unit ball B centered at xg. In
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this ball, let v = u + ¢|z|?, where ¢ > 0 will be a uniform constant to be
chosen later. We have infap v > v(0) +¢, so [26, Proposition 10] gives us that

(2.8) et < C/Pdet(DQU),
for a universal constant C, where
P={ze€ B | |Dv(z)| <e/2, and v(y) > v(z) + Dv(x) - (y — z) Yy € B}.
Given now any = € P, we have D?v(z) > 0 and |Du(z)| < 5¢/2 so at =
V—=1la A Ou—v/—1a A du+ vV—190u > —Cew,

for a uniform constant C, therefore if we choose ¢ sufficiently small (but
uniformly bounded away from zero), we get

w(x) = Fw(z),

1
2

and from the Monge-Ampére equation (2.1) we deduce
Cw

&(x) < Cw(),

from which
V—100u(r) < Cw(x),
and so 0 < /—190v(z) < Cw(x). But a simple linear algebra inequality
(using that (D?v(zx)) > 0) gives
det(D?*v(x)) < Cdet(vﬁ)z(aj) <C,
which together with (2.8) gives
Pl =

where |P| denotes the Lebesgue measure. For all z € P we have

€ €
< (0 —=]4 =
v(x)_v()+2 +2,

and we may assume that [ + 5 < 0, so

using the L! bound (2.3), which proves (2.2). O
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3. Second order estimate

In this section we prove a bound on /—199u in terms of a bound on the
square of the first derivative of u. This estimate takes the same form as the
Hou-Ma-Wu estimate [19] for the complex Hessian equations (see also the
later works [7, 26, 27, 31, 33]) although here the quantity to which we apply
the maximum principle is slightly simpler.

Theorem 3.1. Let u,F € C®(M) and a € AYOM satisfy (2.1), with
supy;u = 0. Then there is a constant C' that depends only on sup,, |ul,
lallc2cary, 1|1 F|lc2ary and on the geometry of (M, g) such that

sup |[v/—199u|, < C(1 + sup |8u\§)

M M
Proof. Define the linearized operator L by
(3.1) Lv = gﬁ(vﬁ + av; + azv;) = §ﬁvi3 + 2Re (giya]—»vi) :
Observe that

(3.2) Lu = gij(gﬁ —g;5) =n—trzg.

Let A1 > Ao > --- > A, > 0 be the eigenvalues of gﬁ with respect to g.
We consider the quantity

Q =log M + ¢(|0ul?) + ¥ (u),

where we define

o(s) = % s>0, and () =e t<0,

with
K = sup |8u|§ +1,
M

and A > 0 to be determined. Note that we have
' >A>0, ¢"=-AY.

We assume that @@ achieves its maximum at xg € M. It suffices to show
that at xg, we have A\; < CK for a uniform C'. Hence in what follows we may
assume without loss of generality that A; is large compared to K. We will
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calculate at the point zy using coordinates for which g is the identity and §
is diagonal with entries g; = A\; fori =1,...,n.

Since A\; may not be smooth at z, we define a smooth function f on M
by (cf. [5, Proof of Theorem 6])

(3.3) Q(z0) = log f + @(|0ul;) + ¥(u),

where the right hand side of (3.3) is evaluated at a general point of M. Observe
that f satisfies

(34) f > )\1 on M, f = )\1 at xg.

We have the following lemma, which is a complex version of [5, Lemma
5]. Here and in the sequel, we use V; or simply lower indices (after commas,
when needed to avoid confusion) to denote covariant derivatives with respect
to the Chern connection of g.

Lemma 3.2. Let i1 denote the multiplicity of the largest eigenvalue of § at

xg, so that \y = --- = X\, > Ayp1 = -+ = A\, Then at xg, for each i with
1<1<n,
(35) gkz’l = flgk@ fOT 1 < kvg < 122
and

S 12 0 a2

qral® + 19,17
(3.6) o> g+ 30 ol V0l

’ >p )\1 — )\q

Proof. The proof only uses the fact that f is smooth and satisfies (3.4). For a
smooth vector field V = Vk% defined in a neighborhood of z(, we consider
the function

h =g V'Vl = fgVFVE,
which is nonpositive. For any choice of V with V¥(xq) = 0 for & > 1 we have

h(xo) = 0 and hence h has a local maximum at z.
For (3.5), choose V with V*(z¢) = 0 for k > y and

ViVE(z) = 0= V:V¥(x0), for k < p.
Then at xg,

0=hi =gz ,V*VE = figgV*V?,
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and (3.5) follows since we can choose V¥(zg) for k& < p to be whatever we
like.
For (3.6) we choose V' with V(xy) = % and

0, q<p
Vivq<$0) = { d15.,i >
DYV q 2
and
0, q<p
ViVi(zo) = { Jigi
PYES W q> p.
Then at xg,

0> hi = gi15 — fa + G (ViVIV+ Gy VIVIVE+ Gz (ViVIVE

(3.7) + G VIV + §gViVIVIVE 4 G VvV
— 9@ ViVFVVE = fg,VVEVVE,

noting that terms of the type fing(V;Vk)W vanish by definition of V' and
3,:(VsV VR~ g (V-V VRV =0 = g, VAV, V-V — fg, VIV, V-VE

since fg;7 = A1 = g7 at xp. Continuing from (3.7), using the definition of V,

g g
0>911”*f”+22 ‘qlz Z|qlz

q>u q>u
)\ |glq7 )\ |glq z|2
T2 N Tt SWE
> >p
\ Z |G17.4]> \ Z |gla,ﬂ2
-\ R\ L (LA
‘§q1i|2 + |§ng|2
- Tzz - fm ; A — /\q )
as required. O

Differentiating (2.1) we obtain

(3.8) gﬁgﬁ’k = gﬁ(ulgk + a; pu; + au; + az Ui + al—-uik) = Iy,
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where here and henceforth we are computing at the point zy. Differentiating
again, and setting k = 1,
(3.9) gngﬁ,ﬁ - giigjjf]ﬁ,ﬁﬂi = Fi3.

Now apply V; to the defining equation (3.3) of f to obtain

fi

(3.10) 0= )\1 + ¢ (upupi + upiug) + ;.

Next apply the operator L, as defined in (3.1), to the defining equation of f
to obtain,

Z'L

Al—g +Z~“( i)

(3.11) + <p’g“

0=17

(u Upii Up + uzmup) + ¢// “‘ui|2 + ¢/(n - tl"gg)

B fi -
+ 2Re (g”a <) +2¢'Re (g”a; (upup; + upiuf,)> ;

where we have made use of (3.2). We wish to compare 3, §% f;; and ¥, gﬁgﬁﬁ.
From Lemma 3.2,
_ |2

~ 2 ~
]2+ )
(312) f,L = gll 5 and f” > gli'ﬁ + Z M
’ ’ sy A — )\q

To compare gy, ;7 and g;,7 we first compute, using T’C and R P to denote
the torsion and Chern curvature tensors of g respectlvely (see for example
[33]),

o — oy — P, _ _ q
Ui T = Ug1 T R i Upi Rﬁ 7Uig
q ., q q,
Ui+ R Upi le ;Uig + vlTilqu + 7ﬂilulql
o N - R T, T,
(3.13) = Uty Tt Rﬁi u; — R o5uig + Vil uig + T uigy

9, . _p P,_
+R12 1! Rm’ U1

P

— oy —_ p, _ _
= uyg; + Rm Uy R ulq + VlTluzq + Tﬂuqu

+ R-%ug — R Pug, + ViThug, + Tiug,
where for the second inequality and fourth inequalities, we used the formulae

e =TT e e = T
(3.14) Uigp — Ui = Tougg,  Usg, — Uz = Ty usg.
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From (3.13) and the definition of g,

gﬁgﬁ,ﬁ = gﬁgﬁ,ﬁ + gﬁ{“ﬁﬁ — U7ty GUT — 07U
+ a7 U1 — GG 7U; + Q1UT; — Q31U+ G FUg; — G TUG
+ag,uy; — G5 U + a7l — GG U+ iUy — Gl T
+aguy; — az"uiﬁ}

~ii~ =i (G, q,, _ _ e o
29 951119 (Tu“qu + Thug,; + a1ug; — Qi + aguy; — @

20 (el + [upil?) — C(txg) (1149,

%

1015

uiﬁ)

where for the last line we used the assumption that K < A\ < tryg, and the

uniform lower bound of tr,g which follows from our equation (2.1).
Next, observe that

(3.15) ugy = g + Tz, = s + Tiug, — upngp.

Then, using this and (3.8),

. B o ~i7 q
§" (arug; + aguy;) = 2Re (g alum) — Mgy Rﬁ 1

= 2Re (?Jﬁ@T ( um — Thtg, +upR g, p)) — arugg "R ;%

= 2Re (aTFl — giiaT(ﬂlu;p —upR- "
+ aiauz + aiugg + ag up + CLguu)) alqu”RZ 7
We also have
3" (Thug + Turg)
= 2Re (gﬁT_ﬂulai) + G TE Tl gy
= 2Re (~ﬁT_fZ- (13,6 — a1,ug — a1ug — agu — a§u1¢)>

§" qu ThH Ugp-

Combining the above with (3.9) gives

giigﬁ,ﬁ 2 giigjjgz} 195;7 + 2Re (giiT_ﬂ‘glﬁ,i) - gii{aiuiu + azu; 1}

(3.16) 9 Z 7"l + Jupal*) = C(br30) (t147).
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Next, using again Lemma 3.2,

(3.17)
- f > ( - 911 z)
2R “ 22 ) — 9R, it
’ ( Z)‘1 ¢ a4 A
gif -
= )\—1 (aguiﬁ + a;uz7 + a;Tﬁqu — azuy Rsz‘p + aiqui u15>

+ 2Re <§—al—.{a17iuf + a1 Uy, + amul + aTuM}>
1

=i

g 1 _ii
)\_1 (a{‘“iﬁ + ai“{ﬁ) - )\_1 Z <|U |2 + ‘Um‘|2)
p

— Ctryg,

v

and note that the terms involving three derivatives of u exactly match those
from (3.16), after multiplying by —1/A;.
Now from (3.8) we have,

g}“uﬁpul—, = Fpup — giiai7pu;up g azuzp giiagypuiuﬁ — giiaguipuz—,.
Hence, making use of (3.15), and recalling that ¢’ = 1/K,

/7,’L

¥Y4g ( pzzup + U’pu )

_I~ii
=¢g ( Uz, Up + Uzptp + urupR.-.

T T _
iy LipUpti, + 17 upuw)

(3.18) =2¢'Re (F Up — g”ai,pu;up §"aus Tl g”a;’puiuz—) — g“a;uipuz—))
+ ¢ f]“urupR - 7 —2¢'Re ( ”TT L UpU; )

¢’ ~ii
. DG (Ju® + upsl?) — Ctrgg.
p
We also have
(3.19) 2¢'Re (gﬁa—»(u Ui + UpiUn ) > —£Z G 2 4 up)?) — Ctry
: 1 \UpUpi pitp)) = Ty i 39-
p

Combining (3.11), (3.12), (3.16), (3.17), (3.18) and (3.19) gives

‘ 2

7P G5diin | 5~ 9 Ui + i) 7o,

0> —
- A1 A (A1 —Ag) A2

>p
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5.20) . 2Re( Ty gltp) ( o — _) Z( 2 4 Jup] )

A
' Z’|u1|2 + 9 (n — trzg) — Ctrgg

for C' a universal constant (depending on F', a etc).
We need to get a lower bound of

757 55.051 8ol R g ’g“ i
(3.21) e - EZ—_Z ’
)\1 )‘1 =2

where we have discarded the terms with j # 1. But note that
gii,l = gﬁ,i + M X,
where X7, is defined by
Xﬁz’
1
Z:/\—l (Tﬁufp + amuT + aiuﬁ + amui — al,iuT — aluﬁ — aiiul + aTleiuk> s

and satisfies | X 3;,| < C for a uniform C. In the above, we used (3.15) and
the formula

_ 7k
U5 — Uj; = Tﬂuk

Then

g’ 911 1912 1 g’ ‘gllz = gﬁgﬁixﬁi
3.22 > E + 2R g — .
( ) € ( )\1 )

=2 =2

To deal with the second term, we use (3.10) to compute

no ~iix - X.-.
9Re (Zg 91;\,1 111)
1

(323) = _9Re (Z ” o' (upupi + upiug) + P Uz)m>
=2

]
> EN G gl ) — Oty + 0! (C i + g0,
p

where we recall that ¢’ < 0.
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Next we deal with the fourth term on the right hand side of (3.20). From
Lemma 3.2 we have gi5; = 0 for 1 < ¢ < p and hence

Re (QﬁT_{]iﬁla,i)
A1

2Re (gﬁT_lqiglﬁ,i) _ 2Re (gﬁT—lligﬁ,z) n

3.24
(3.24) x x

2>

q>p

But using the same argument as in (3.23), replacing | X,1;| < C by |T};| < C,
we obtain

y ' ~i1 2 2
> — = 5 (Ju® + Jupil*) — Ctrgg
(3.25) At 8 % "
s 1
+ ¢/ (Cg"u* + Ztrg9)~
On the other hand we have

Re (f/ﬁT_fIigla,i)

Sii)~ |2 - _
22 > _Z 9 lglj,z‘ _Zgii|qui’2()\1 Ag)

CEONEE AN ) E
3" 1g.
> — : — C'trgg
= A(A1—Ag) g

Combining (3.20) with (3.21), (3.22), (3.23), (3.24), (3.25) and (3.26) we
obtain for a uniform constant C,

1, C ~ii 2 2 /
02 (¢~ 5,) S (lual” +hunl?) + (0172 = )t

+ W+ OV il + ',

But since we may assume that Ay > 4C' K| the first term on the right hand side
is nonnegative. Pick A = 2(C'+ 1) so that —¢'/2 —C > 1 and ¥" + Cy' > 0.
Then trzg and hence A; is uniformly bounded from above at the maximum
of @), and the result follows. O

Remark. In the proof above we used a viscosity type argument to deal with
the non-differentiability of the largest eigenvalue A;. There are other methods
to deal with this issue: one is to use a perturbation argument as in [26, 27];
another is to replace A; by a carefully chosen quadratic function of g;7 as in
[33].
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4. Proof of the main theorem
4.1. Higher order estimates

First, we discuss the a priori higher order estimates, in the same setting
as Theorems 2.1 and 3.1. Thanks to the estimates in these Theorems, a
blowup argument can be employed exactly as in [8, 26, 27, 31] to obtain that
supy, [0u|, < C, and therefore also sup,, tryg < C. Here we use the classi-
cal Liouville Theorem stating that a bounded plurisubharmonic function on
C™ is constant (indeed, by restricting to complex lines, this reduces to the
well-known fact that a bounded subharmonic function in C is constant).

The PDE (2.1) then implies that g is uniformly equivalent to g, at which
point we can then apply the Evans-Krylov theory [9, 20, 34] (see also [28])
to obtain uniform a priori C%® bounds on u, for some uniform 0 < a <
1. Differentiating the equation and using Schauder theory, we then deduce
uniform a priori C* bounds for all k > 0.

4.2. Existence of a solution

We employ the continuity method. For ¢ € [0,1] we consider the family of
equations for (ug, b;)

(@) det(g,7 + au, 5 + azu; + v, ) = et det(g;7).
' with (gﬁ + agu, 5 + azug; + utﬁ) > 0.

Suppose we have a solution for ¢t =  and write
O =w+vV—1a Adu; —v/—1a A Ou; + v/ —190u;,

and H for the linearized operator defined as in (2.5). By the same argument
of Gauduchon [14] that was mentioned earlier, we may find a smooth function
v, normalized by [,, e’@"™ = 1, such that

/M H()e’o™ =0,

for all smooth functions 1), i.e. e” generates the kernel of the adjoint H* of H
(with respect to the L? inner product with volume form @"). Fix 0 < v < 1
and consider the operator

T(4) = log (& +vV—Ta N — \/@—?6/\ o + /—=100Y)"
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~log (/M (@ + vV=Ta AT — V=Ta A O + ma5¢>n) ,

mapping C*% functions v with zero average (and such that & + /—1a A
0Y — /—1a Ao ++/—100¢y > 0) to the space of C1 functions w satisfying
Ji €VT@™ = 1 (whose tangent space at 0 consists precisely of C1 functions
orthogonal to the kernel of H *). For any C*“ function ¢ we have

e = [ crenan = o,

hence the linearization of Y at 0 is H. Thanks to the Fredholm alternative, H
is an isomorphism of the tangent spaces, and so the Inverse Function Theorem
provides us with C%® functions v for ¢ near ¢ which satisfy

Y(0i) = (¢~ OF ~tog ([ t-0Fen),

so that uy = u; + ¢y solve (4.1) for some b; € R. Lastly, differentiating (4.1)
and using Schauder estimates and bootstrapping, we easily see that our C*®
solutions are in fact smooth.

This establishes that the set of all ¢ € [0, 1] for which we have a solution
(ug,by) of (4.1) is open (and nonempty, since we can take (ug,by) = (0,0)).
At this point we can also impose that sup,,; u; = 0 by adding a t-dependent
constant. To show that the set of such ¢ € [0, 1] is also closed, it suffices to
prove a priori estimates for u; (in C* for all k > 0) and b;. The bound |b;| <
sup,, |F| is elementary by the maximum principle, and then the estimates for
u; follow from section 4.1 above.

4.3. Uniqueness

In the setting of the main theorem 1.1, uniqueness of b and u follows from a
simple maximum principle argument, see e.g. [7].
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