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The harmonic polytope

Federico Ardila* and Laura Escobar'

Abstract

We study the harmonic polytope, which arose in Ardila, Denham, and Huh’s work on the
Lagrangian geometry of matroids. We describe its combinatorial structure, showing that it is a
(2n — 2)-dimensional polytope with (n!)?(1 + 5 +--- + 1) vertices and 3™ — 3 facets. We also
give a formula for its volume: it is a weighted sum of the degrees of the projective varieties of
all the toric ideals of connected bipartite graphs with n edges; or equivalently, a weighted sum
of the lattice point counts of all the corresponding trimmed generalized permutahedra.

1 Introduction

Motivated by the Lagrangian geometry of conormal varieties in classical algebraic geometry, Ardila,
Denham, and Huh [4] introduced the conormal fan X\ \. of a matroid M — a Lagrangian analog of
the better known Bergman fan Yy [6]. They used the conormal fan Xy \. to give new geometric
interpretations of the Chern-Schartz-MacPherson cycle of a matroid — introduced by Lépez de
Medrano, Rincén, and Shaw in [22] — and of the h-vectors of the broken circuit complex BC(M)
and independence complex I(M) of M. This geometric framework allowed them to prove that these
vectors are log-concave, as conjectured by Brylawski and Dawson |11} [13] in the 1980s.

In their work, Ardila, Denham, and Huh encountered two polytopes associated to a positive
integer n: the harmonic polytope H, , and the bipermutohedron II, ,; the first is a Minkowski
summand of the second. Their geometric origin is explained in Section [2. This paper studies the
harmonic polytope H,, ,; its name derives from the fact that its number of vertices is (n!)2H,
where H, =1+ % + -4 % is the nth harmonic sum. The harmonic polytope has nice vertex and
inequality descriptions, shown in Propositions and [3.71 We also give a combinatorial formula for
its f-vector; we note that giving such a description for an arbitrary polytope is # P-hard. [14] 21]

Computing the volume of an arbitrary polytope is a very difficult task [7]. In principle, one
could compute the volume of a given polytope by constructing a triangulation and adding the
volumes of each of the maximal dimensional simplices. In practice, this is not a feasible approach:
Dyer and Frieze showed that the problem of finding the volume of a polytope is #P-hard [15]. Even
among polytopes with well-understood face structures, few exact volume formulas are known.

Our main result is Theorem [L.1l which computes the volume of H,, ,,. We use the combinatorial
structure of the harmonic polytope H,, ,, to show that its volume is a weighted sum of the degrees
of the toric ideals of all bipartite multigraphs on n edges; or equivalently, of the lattice point counts
of all the corresponding trimmed generalized permutahedra.
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Theorem 1.1. The normalized volume of the harmonic polytope is
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summing over all connected bipartite multigraphs I' on edge set [n]. Here i(Py ) is the number of
lattice points in the trimmed generalized permutahedron P of I', Xr is the projective embedding of
the toric variety of T given by the toric ideal of T, V(T') is the set of vertices of T, and v(T") := |V (T)|.

To prove Theorem [I.T] we observe that the harmonic polytope can be expressed as a Minkowski
sum of simplices, so its volume is a sum of the associated mixed volumes. Following an idea of
Postnikov [23], each mixed volume equals the number of isolated solutions of a system of polynomial
equations by Bernstein-Khovanskii-Kushnirenko’s theorem, and we can try to count those solutions.
In Postnikov’s case this is easy because one obtains a system of linear equations, which has 0 or
1 solution. Our setting is much more subtle because our equations are not linear. To count
their common solutions, we establish a connection with the theory of toric edge ideals |29l 131].
This connection allows us to express each mixed volume in terms of the degree of a toric ideal, the
volume of an edge polytope, or the number of lattice points of a trimmed generalized permutahedron.

In order to get an approximation for the volume of the harmonic polytope, it is desirable to
count the non-zero terms in the sum of Theorem [[LTT We show that the non-zero mixed volumes are
in bijection with the pairs of forests on [n] whose union is connected. We count them in Proposition
B.Il by computing in the Md&bius algebra of the partition lattice.

2 Motivation: the Lagrangian geometry of matroids

This section, which is logically independent from the rest of the paper, provides the geometric mo-
tivation for this project; it assumes some familiarity with the geometry of matroids. Our discussion
overlaps with [4] Section 2.8]; for further details we refer the reader to [I} 2, [4].

The harmonic polytope and the bipermutahedron arose naturally in Ardila, Denham, and Huh’s
construction [4] of the conormal fan of a matroid. They used the bipermutahedron to provide a
combinatorial model for the Lagrangian geometry of matroids, and derive interesting combinatorial
consequences. Our goal in this section is to explain that the harmonic polytope is the universal
polytope that is contained in all such models.

2.1 Combinatorial Hodge theory and log-concavity for matroids

The Chow ring, the Bergman fan, and f-vectors. The story begins with the proof by Huh [19],
Huh-Katz [I8], and Adiprasito-Huh-Katz [1] of a series of conjectures by Rota, Heron, Mason, and
Welsh in the 1970s and 1980s. Their strongest result is that the f-vector fo, f1..., fr—1 of the
broken circuit complex of a matroid M is log-concave.

When M is realizable as a hyperplane arrangement over the complex numbers, De Concini and
Procesi’s wonderful compactification of the arrangement complement is a smooth complex projective
variety, whose Chow ring A*(M) satisfies the Kdhler package. Feichtner and Yuzvinsky [16] gave
an elegant combinatorial presentation for this Chow ring. There are natural classes o and S in



A*(M) whose intersection numbers deg(a*3"~1F) equal the f-vector above for k = 0,1...,r — 1.
The Hodge-Riemann relations then imply the desired log-concavity result.

When M is not realizable, there seems to be no algebro-geometric context for this proof, but
there is a tropical substitute: Ardila and Klivans’s Bergman fan s, which is a triangulation of
the tropical linear space Trop(M) of M. Its Chow ring A*(M) coincides with the Chow ring above
in the realizable case. The approach above can be “tropicalized” to include all matroids, but there
are significant new hurdles to overcome. The main technical result of Adiprasito-Huh—Katz [1]
is that this combinatorial Chow ring A*(M) still satisfies the Kéahler package for all M, even in
the absence of algebraic geometry. The main combinatorial result is that the intersection numbers
deg(a®B7~17F) still equal the desired f-vector; this is an algebraic combinatorial computation in
terms of the flags of flats of M, which correspond to the cones of the Bergman fan X,;.

The conormal Chow ring, the conormal fan, and h-vectors. Huh [20] and Ardila—Denham-Huh
[4] recently proved stronger conjectures from the 1980s by Brylawski and Dawson. The strongest
is that the h-vector hg, hq ..., h, of the broken circuit complex of a matroid M is log-concave.

When M is representable over a field of characteristic zero, Huh identified two classes v and ¢
in the Chow ring of Varchenko’s variety of critical points and proved that the intersection numbers
deg(7*6™27F) now give the desired h-vector, which is log-concave by the Hodge-Riemann relations.

When M is not realizable, the key tropical geometric object is the conormal fan ¥/ p1 of the
matroid. Ardila-Denham-Huh [4] showed that the resulting Chow ring A*(M, M™) still satisfies
the Kihler package. Combinatorially, the proof that the degrees deg(7*6"~27F) still give the desired
h-vector is now much more intricate. It involves giving a Lagrangian interpretation of the Chern-
Schwartz-MacPherson classes of the matroid, and studying the combinatorics of the biflags of biflats
of M, which correspond to the cones of the conormal fan ¥, /..

2.2 The conormal fan: an origin story

A central question in Ardila-Denham-Huh’s program was the following: How should one define the
conormal fan ¥ = ¥, /1 and the corresponding Chow ring A*(M, M 1) of a matroid M? This is
the question that led to the harmonic polytope and the bipermutahedron, as we now explain.

When M is the matroid of a subspace V of C¥, the conormal fan Ym M- is a tropical model of
the projectivized conormal bundle of V. Since M* is the matroid of the orthogonal complement
of V, we expect the conormal fan to be supported on Trop(M) x Trop(l\/ll) C N,, x N, where
N, = R"/R. A desirable fan structure ¥ on this support should have the following properties:

1. There are classes v and ¢ in its Chow ring whose intersection numbers give the desired h-vector.
2. The Chow ring is tractable for algebraic combinatorial computations, so we can prove 1.

3. The fan is a subfan of the normal fan of a polytope, so its ample cone is nonempty.

4. The fan is Lefschetz, so we can derive the desired log-concavity results.

Requirement 4. is resolved in [4] by showing that being Lefschetz only depends on the support
of the fan — and Trop(M) x Trop(M+) is the support of a Lefschetz fan Xy x Xy,. by [1] — and not
on the fan structure that we choose. Thus we can focus on the first three.

Requirement 2. is stated imprecisely, but a very desirable initial property is that our fan ¥ is
simplicial. In this case the Chow ring A(X) of the toric variety X (X) has an algebraic combinatorial
presentation due to Brion [10], and an interpretation in terms of piecewise polynomial functions
due to Billera [9]. These results make it possible to carry out intersection-theoretic computations in
this Chow ring. Thus the first fan structure on Trop(M) x Trop(M~) that we might try to use is the



product of Bergman fans 3y x Xy,.. It is simplicial, it does have a nice combinatorial structure,
and it is a subfan of the normal fan of the product of permutohedra II,, x II,,, addressing 2-4.

However, requirement 1. poses a problem. Relying on the geometry of the representable case,
we expect the classes 7 and & in the conormal Chow ring A*(M,M<+) = A*(X) should be the
pullbacks of a piecewise linear function o on Ng under the maps

T:X — XM c:x—1,
m(r,y) = o(r,y) =z +y

where I'), is the reduced normal fan of the standard simplex and X is our desired fan structure on
Trop(M) x Trop(M+). Here the piecewise linear function a can be regarded as a class in the Chow
ring of the matroid A*(M) (where it is the class « of [1]) or in the Chow ring of I',,. If ¥ equals
3m X Yo or any refinement of it, the first map is a map of fans, and v is well defined. However,
the second map is not a map of fans for ¥ = ¥y x Xy,.. Thus the product fan structure will not
serve our purposes; we need to subdivide it further. How might we do this?

At this point, it is instructive to return to the case of tropical linear spaces above. In that case,
one wants a similarly convenient fan structure for the tropical linear space Trop(M). Fortunately,
one can do this for all matroids on [n] at once, by intersecting Trop(M) with the permutohedral
fan ¥,,. The result is the Bergman fan X\ of M, and the intersection theoretic computations in
Trop(M) become computations with flags of flats.

Similarly, we might try to find a suitable fan structure of Trop(M) x Trop(M~) for all matroids
M on [n] simultaneously, by intersecting them with an appropriate complete fan. There is a minimal
candidate: the coarsest common refinement of the product of permutohedral fans ¥, x X,, — which
induces the fan structure Yy x X1 — and o~ 1(I',) — the coarsest fan that guarantees that the
class 9 is well-defined. The resulting fan is the harmonic fan.

The harmonic fan is the reduced normal fan of a polytope, namely, the Minkowski sum

H, = (II, x II,) + Dy,

of the product of two permutohedra II,, x II, and the diagonal simplex D,, = conv{e; + f;}icp.
Thus requirement 3. above is satisfied. The resulting polytope is the harmonic polytope.

Combinatorial models for the Lagrangian geometry of matroids The harmonic polytope has a
drawback for our geometric purposes: it is not simple, so the resulting fan structure on Trop(M) x
Trop(ML) is not simplicial, posing numerous obstacles. Thus we wish to find a simple polytope that
has the harmonic polytope H,, , as a Minkowski summand, and has simple enough combinatorial
structure that we can carry out computations. Ardila—Denham—Huh propose the bipermutohedron
I1,, , as a solution; the combinatorics of this polytope is studied in detail in [3]. Its faces are indexed
by biflags of subsets of [n].

The conormal fan ¥, 51 is then defined as the intersection of Trop(M) x Trop(M+) with
the bipermutahedral fan ¥, ,,; its faces are indexed by the biflags of biflats of M. The resulting
intersection-theoretic computations in the Chow ring A*(M, M L) require an intricate, interesting
analysis of these biflags; this can be done using a tropical geometric approach [4, Sections 3,4]
involving Chern-Schartz-MacPherson classes. There is also an algebraic combinatorial approach [5]
involving an intricate analysis of the biflags of biflats of ordered matroids. Both of these approaches
require significant new ideas and lead to new developments.

As far as we know, there is nothing canonical about the choice of the bipermutahedron II,, ,
above. It is natural to wonder whether there are alternative, perhaps easier approaches: Are there



other simple polytopes in whose normal fans we could carry out these Lagrangian
geometric computations on matroids? On the other hand, the harmonic polytope H,, , is
canonical: Every such simple polytope in N, x N,, must contain the harmonic polytope
as a summand.

For every such simple polytope P in N,, x N, that we can find, we expect that the program
above will produce a combinatorial model for the Lagrangian geometry of matroids on [n]. The
building blocks of this model will be given by the face structure of the polytope P, and how it
interacts with each matroid M on [n]. The resulting intersection theoretic computations will teach
us about the Lagrangian combinatorics of matroids. This seems to be a direction of study worth
pursuing further.

3 The harmonic polytope

Having motivated the study of the harmonic polytope, we now analyze it in detail. Let n be a
positive integer and let [n] :={1,...,n}. Consider two copies of R with respective standard bases
{ei : i € [n]} and {f; : i € [n]}. For any subset S of [n], we write

es:Zei, fS:Zfz

i€S 1€S

We also consider the (n — 1)-dimensional vector space N, := R" /Rey,).
The (inner) normal fan AV (P) of a polytope P C R™ is a complete fan in the dual space (R™)*
whose cones are
N(P)g :={we R")* : P, 2Q}

for each nonempty face @ of P, where P, = {z € P : w(z) = mingep w(y)} is the w-minimal face
of P. The face poset of the normal fan of P is isomorphic to the reverse of the face poset of P.
The relative interior of a cone ¢ is the interior of ¢ inside its affine span. In particular, the relative
interior of NV (P)q is

N(P)g :=={w e R")" : P, = Q}.

The chambers of N (P) are the cones of maximal dimension.
The normal fan of the permutohedron

I, = conv{(:pl, ceoyTy) | ®1,. .., @y, iS @ permutation of [n]} CR"

is the permutohedral fan ¥, C N,, also known as the braid fan or the type A Coxeter complex.
It is the complete simplicial fan in R™ whose chambers are cut out by the n-dimensional braid
arrangement, the real hyperplane arrangement in R™ consisting of the (g) hyperplanes

z; = zj, for distinct elements ¢ and j of [n].

The face of the permutohedral fan containing a given point z in its relative interior is determined
by the relative order of its homogeneous coordinates (z1,. .., z,).
Let D,, be the (n — 1)-dimensional simplex,

D,, = conv{ei +f; 1€ [n]} C R™ x R".



The normal fan of the simplex D,, is the simplicial fan A, ,, whose n chambers are the cones

Cr = {(z,w) € R" x R" | min(z; + w;) = 2p +wk}.

i€[n]
Recall that the Minkowski sum and Minkowski difference of polytopes P and @ in R? are
P+Q={p+q:pePqeR} P-Q={reR?:r4+QcCP}
The following polytope is our main object of study.

Definition 3.1. The harmonic polytope is the Minkowski sum
H,, =D, + (I, xII,,) C R" x R".
The harmonic fan is its reduced normal fan N'(Hy ;) in N, x N,.

Figure [l shows the harmonic polytope Hz 2 and its reduced normal fan. The normal fan of a
Minkowski sum of two polytopes is the coarsest common refinement of their normal fans, see e.g.
[32, Proposition 7.12]. Therefore, the normal fan of H, , is the coarsest common refinement of the
normal fans of Dy, and II,, x II,,. Its lineality space is R{ep,), fj,}-

3.1 The face structure of the harmonic polytope.

The cone of the harmonic fan containing a point (z,w) € N,, x N,, is determined by:

e the set of indices ¢ for which the minimum of z; + w; is attained,

e the revers relative order of the z;s, and

e the reverse relative order of the w;s.

Our next task is to characterize the triples that arise in this way.

Recall that an ordered set partition of [n] is a sequence m = Eq| - - - |Ey such that E1U- - -UE,; = [n]
and E; N Ej = () for all i # j. The length of 7 is ¢(7) := {. The ordered set partitions of [n] form a
poset under adjacent refinement, where m < 7’ if every block of 7’ is a union of a set of consecutive
blocks of m. For example 14/3|26|8|57 < 134|26|578.

Definition 3.2. The poset of harmonic triples HT}, is defined as follows:

1. A harmonic triple T = (K;m,m2) on [n] consists of a nonempty subset K C [n] and two
ordered set partitions m and 7 of [n] such that
(a) The restrictions 71 |K and my|K of m and 79 to K are opposite to each other, and
(b) If j ¢ K appears in the same or a later block than k& € K in one of the set partitions 7

and 7o, then j must appear in an earlier block than k in the other set partition.

2. The poset of harmonic triples HT,, is defined by setting (K;m,me) < (K'; 7}, m%) if and only
if K C K’, m is an adjacent refinement of 7}, and 72 is an adjacent refinement of 5.

3. A fine harmonic triple is a minimal element of the poset HT,,. A coarse harmonic triple is a
maximal element of HT,, — {1}.

Lof course, this is the same information as the relative order of the z;s. We use the reverse order because it is
consistent with our choice of working with inner normal fans.



Notice that the maximum element 1 of HT,, is the triple ([n], [n], [n]). The fine harmonic triples
are the minimal elements, for which K consists of a single element k, and m; and w9 only have
blocks of size 1 — and hence may be thought of as permutations in one-line notation.

Example 3.3. Consider the triple (3467, 45|8/2|1379|6, 6|1]59|237|8|4), were we omit the brackets
and write the elements of K in bold for easier readability. The reader is invited to verify that this
triple satisfies the required conditions to be harmonic. On the other hand, j = 1 and k = 3 do not
satisfy condition (b) in the non-harmonic triple (3467,45|8|2|1379|6,6|5/237|89|14).

Proposition 3.4. The combinatorial structure of the harmonic fan N (H,, ) is as follows.
1. The cones of the harmonic fan are in bijection with the harmonic triples on [n].
2. The dimension of the cone labeled by T = (K;m,m2) is €(m1) + €(me) — €(m|K) — 1.

3. Two cones o and o' of the harmonic fan satisfy o O o' if and only if their harmonic triples
satisfy T < 1’ in HT,,.

Proof. 1. Given a cone o of the harmonic fan, we define the triple 7(o) as follows. Let (z,w) be an
interior point of . We let K be the set of indices k£ for which the minimum of z; + wy, is attained,
w1 be the partition encoding the reverse relative order of the z;s, and mo be the reverse relative
order of the w;s. For example, we have, for the following cone o,

2k + wy is minimum for k = 3,4,6,7
< 2zl =23=21 =29 < 29<28<24=25 > T(O’) = (3467,45‘8‘2‘1379’6,6‘1‘59’237’8’4).

Wy <wg <wy=w3z=wy <w; =wg <wy < W

Since zp + wy, is constant for k in K, the relative order of the z;s is exactly the opposite of the
relative order of the wys, so (a) holds. Also, if j ¢ K appears in the same or a later block than
k € K in, say the first set partition, then we have z;, > z;. But then 2z, +w;, < z; +w; implies that
wy, < wj, so j must appear before k in the second set partition. Therefore (b) also holds.

Conversely, suppose 7 = (K;m,m2) is a harmonic triple, and let us construct a point (z,w)
whose associated triple is 7. We begin by defining the values of z; and wy for k € K. We let 2z = a
where k is in the ath block of m3| K and wy = b where k is in the bth block of m1|K. Then the zis
and wys are in the order specified by m|K and 73| K, respectively, and, since m1|K and my| K are
opposites of each other, z; + wy = ¢ where 71| K and 72| K have ¢ — 1 blocks.

Now define the values of z; for j ¢ K as follows. If j is in the same block of m; as k € K set
2j = zj. Define the remaining entries z; to have the order stipulated by 7, while making each one
of them very large — say, within a small € > 0 of the first entry z; such that z;, > z;, if there is one.
For example, for the triple 7 = (3467, 45|8|2|1379|6,6|1]59|237|8|4) of Example B3] we may set

26 =1<21=23=27=20=2<20=28<28=29<24=2;=3

weg=1l<wg=19<w=wg=wy=2<w; =wg =2.8<w =2.9<wg=3.

By construction, the order of the z;s (resp. the w;s) is the opposite of the order dictated by 7
(resp. m2). Also z; + wy = c is constant for £k € K. It remains to show that z; + w; > ¢ for
j ¢ K. Assume contrariwise that zj +w; < c. Then for any £ € K we must have z; < 2, or
w; < wy. Assume it is the former, and choose £ € K where z;, is minimum such that z;, > z;. By

7



construction, we have z; > z, — €. Furthermore j comes after k in 7, so it must come before k in
mo; by construction, we have w; > (wy + 1) —e. Thus z; + w; > ¢+ 1 — 2e > ¢, a contradiction.
We conclude that 7 is the label of a cone of the harmonic fan containing (z,w), as desired.

2. The set of points (z,w) € N,, x N,, that give rise to the ordered set partitions 7 and 7o have
(6(my) — 1) + (£(mg) — 1) degrees of freedom. The condition that zx + wy are equal for all k € K
introduces ¢(m1|K) — 1 = £(me|K) — 1 linear constraints.

3. To go up the face poset from the cone indexed by (K;mq,m2), we need to turn some of the
defining equalities into inequalities. The effect of this on the label is to remove elements from K
and break a parts of m; and 79 into adjacent parts. O

Using Proposition B4l one may check that the harmonic fan is neither simple nor simplicial,
already for n = 3. We now give the vertex and inequality description of the harmonic polytope.

Proposition 3.5. The number of vertices of the harmonic polytope Hy, 5 is

v(Hpp) = (n!)? <1+%+%+---+%>.

Proof. By Proposition [3.4] we need to count the fine harmonic triples 7 = (K;my,m); these are
the ones where K = {k} and both 7 and 7 are permutations. To specify 7, we first specify the
element k. Out of the remaining n — 1 elements, we choose which a of them precede k in 7 and
follow k in 79, which b of them precede k in both m; and 7y, and which ¢ of them follow k in
and precede k in mo. Finally we choose the order of the a + b elements preceding k in 7y, the order
of the ¢ elements following k in 7y, the order of the b+ ¢ elements preceding k in s, and the order
of the a elements following k in mo. It follows that

o(Hyn) = n Y <n_1>(a+b)!c!a!(b+c)!

a,b,c
a+b+c=n—1
(a+0)!(b+ )
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a=0 b=0
n—1 n
= | (n—1—a)
n Z(a(n a) <a+1>>
a=0
n—1
1
= (1 ,
—a +1
as desired. O

Let us give a concrete description of the vertices of H,, ,,.
Proposition 3.6. The vertices of the harmonic polytope H,, ,, are
vy =ep + i+ (771,0) + (0,75 1)

for the fine harmonic triples T = (k; 7y, m2) on [n], where 7=1 denotes the inverse of the permutation
T in one-line notation.



Proof. Consider a point (z,w) in the interior of the chamber of the normal fan N'(H, ;) corre-
sponding to a fine harmonic triple 7 = (k;my,72). The minimal vertex of Hj, in the direction
(z,w) is

(Hn,n)z,w = (Dn)(z,w) + (Hn X 0)(z,w) + (0 X Hn)(z,w)
= (ex +fi) + (m 1, 0) + (0,75 ")
as desired. n

For example, Figure [l] shows how the harmonic polytope Ha o sits in the lattice 72 x 72, Tts
inner normal fan is the harmonic fan, which coincides with the bipermutohedral fan (only) for
n = 2; the orientation shown here matches the one in [4, Figure 4].

(1;2]1,2[1)

(1;2]1,12) (112, 2]1) (2;1]2,12) (2;12,1]2)
(1;2]1,1]2) 4  (1;1]2,2/1) (2;1)2,1]2)
2:1/2,2|1 2:2|1,1/2
i) (2;1]2,2(1) (2;21,1]2)
(12;21,1]2) o (12;1/2,2[1) (12;1]2,2[1) a ) (12;2(1,1/2)
(1:1]2,2[1) o (121L,12)
(2;2[1,1]2) ¢ b (2;1]2,2[1) (1;2]1,2[1)
(2:12,1]2) 2:1]2.12) (1;12,2|1) (1;2]1,12)
(2;1]2,112)

| (Bsmi,mo) | (25102,1]2) | (21]2,211) | (252]1,1]2) [ (131]2,2[1) | (1;2[1,1]2) [ (1;21,2]1) |
T1 X2 1 3 1 3 2 2 2 2 31 3 1
Yl Yo 1 3 2 2 1 3 3 1 2 2 31
Figure 1: The harmonic polytope Hs 2 in 7Z? x 7? and its reduced normal fan. The faces corre-

spond to the harmonic triples on [2]. The table lists the fine harmonic triples (k; 71, 72) and the
corresponding vertices of Ha o.

For a larger example, the vertex of the harmonic polytope Hjs 5 corresponding to the fine har-
monic triple 7 = (4;53412, 14352) on [5] is

v_00010+45231+00000_45241
=10 00 10 00000 1532 4) \1 5 33 4
since 5341271 = 45231 and 143521 = 15324.

Proposition 3.7. The number of facets of the harmonic polytope Hy, ,, is 3" — 3.

Proof. In light of Proposition [3.4] we need to enumerate the coarse harmonic triples; that is, those
for which £(my) + ¢(m2) — £(m1|K) — 1 = 1. We consider three cases.



(i) £(m1) = 1: In this case {(m|K) = 1 so we must have {(my) = 2; say ma = S|T. Then
we have 7 = (K;[n],S|T), and for this triple to be harmonic we must have K = T. Therefore
7 = (T;[n], S|T). The corresponding ray of the harmonic fan is ey, + fr.

(ii) £(mg) = 1: Similarly we obtain 7 = (T’; S|T, [n]). The corresponding ray of the harmonic
fan is es + f[n}

(iii) £(m1) > 1 and £(me) > 1: Since (¢(m1) — €(m1|K)) + ((m2) —2) = 0 and both summands are
nonnegative, we must have ¢(mg) = 2 and ¢(m) = £(m|K). Similarly (1) = 2 and (7)) = {(m2| K).
Let us write

™ = S|Sl, Ty = T|T/, and 7T1|K = K5|KS/, 7T2|K = KT|KT/.

Since Kg|Kg = Kq/|Kp, an element j € S — Kg would contradict Definition [3.2.1(b), so we
must have S = Kg = Kp. Similarly 7" = K7 = Kg. Then K = KU Kg = S’ UT’. Also
S'NT =KsNKg =0,s0 SUT = [n]. Thus

T=([n]—(SNT); S|([n] = 5), T|([n] —T)) for SUT = [n].

The corresponding ray of the normal fan is eg + fr.

We conclude that the rays of the harmonic fan are the vectors eg + fr where S and T are
non-empty, they are not both equal to [n], and SUT = [n]. There are 3" — 3 such vectors because
we can choose freely, for each i € [n], whether (a) ¢ is in S and not T', (b) 4 is in 7" and not S, or
(¢) i is in both S and T'; but the three pairs ([n],0), (0, [n]) and ([n], [n]) are invalid. O

As introduced in [4], a bisubset of [n] is a pair S|T" of nonempty subsets of [n], not both equal
to [n], such that S UT = [n]. The previous proof shows that they are in correspondence with the
facets of H,, ,. More precisely, we have:

Proposition 3.8. The harmonic polytope H, , is given by the following minimal inequality de-
scription:

1
Y = nntl)

2
e€(n]
Z Ye = M + 1,
2
e€(n]
1 TI(|T|+1
Z;ps + Zyt > 510151+ ); ITIATT+ 1) +1 for each bisubset S|T of [n].
s€S teT

Proof. The first two equations hold, and determine a codimension two subspace perpendicular to
the lineality space R{ep,), .} of N(Hy, ). The minimal inequality description is then determined
by the rays eg + fp for the bisubsets S|T. We have

i f = i f i 0 i fr(0
eohn (es+fr)(zy) = min (es+fr)(@y)+ min es(@,0)+ min fr(0,y)
= 1+(0+2+--+[S)+A+2+---+]|T)),

which implies the given description. U
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We now offer an alternative description of the faces of the harmonic polytope, which gives rise
to a formula for the f-vector. A harmonic table T on [n] of size £ =: £(T) is a triangular table
having 2¢ + 1 rows and 2¢ + 1 columns of lengths 2¢ + 1,2¢ — 1,2¢ — 1,...,3,3,1, 1, respectively,
decorated with the following data:

e A labeling of the even columns with nonempty, pairwise disjoint subsets of [n].
e A labeling of the even rows with the same subsets, listed in the opposite order.
e A placement of each element of [n] not used as a row or column label in one box of the table.

We let ¢;(T) and 7;(T) denote the number of elements in column 2i + 1 and row 2i + 1 of T,
respectively. Figure[2/shows a harmonic table of size 3 on [9], with ¢1(T) =2, r1(T) =3, r2(T) =1,
and all other ¢;(T) and r;(T) equal to 0.

4 37T 6
[
6
50 [19
37 2
8
4_

Figure 2: A harmonic table of size 3 on [9].

Let F(m) be the mth Fubini number (or ordered Bell number), which counts the ordered set
partitions of [m]. Also recall that the Stirling number of the second kind S(m,p) counts the number
of unordered set partitions of m into p parts.

Proposition 3.9. The number of faces of the harmonic polytope H, ,, is

«(T)
F(Han) = > TT (Fle(M)Fe:(T)
T =0

summing over all harmonic tables on [n]. The number of d-dimensional faces of Hy, p, is

(T)

falHun) =S (S(ei(T),ai) ait S(ri(T), bi) bit)
T ab i=0
summing over all harmonic tables T on [n] and all sequences a = (ag, ay,...,ap) andb = (bg, by, ..., by)

with £ =4(T) and ) ,a; +> ,;bi+¢=2n—d— 1.

Proof. A harmonic triple T" = (K;m,m2) can be constructed in five steps, with the help of a
harmonic table, as follows. This process is illustrated in Figure 2] which shows the harmonic table
that gives rise to the harmonic triple 7' = (3467, 45|8|2|1379|6, 6/1]59|237|8|4) of Example 3.3

1. Choose the subset K of [n].

2. Choose the ordered set partition 71|K =: Ki|---|K,. This automatically determines my| K,
which is its reverse. Record this data on a triangular table T of size ¢, labeling the 2ith column
from left to right and the 2ith row from bottom to top with the set Kj.

11



3. Choose, for each element j € J := [n| — K, its position relative to K, ..., K, in the ordered
set partition 71, and its position relative to K1,..., Ky in the ordered set partition mo. Record this
information in the table T as follows. If j is in the same block as K; in w1 (resp. in m2), put it in
the column (resp. row) labeled by K; in T. If j is between blocks K; and K; 1 in mp (resp. in ),
put it in the unlabeled column (rep. row) between the columns (resp. rows) labeled by K; and
K41 in T. Notice that, by item 1(b) in the Definition [3.2] of a harmonic triple, all these numbers
will land inside the triangular table.

4. Choose the relative order of the elements of J = [n] — K in the ordered set partition ;.
To do this, it suffices to choose, for each 7, the relative order of the elements of J that appear
between blocks K; and K;;q of m for each i. These are precisely the ¢;(T) elements in column
2i + 1, and their order is given by an arbitrary ordered set partition of that size, so there are
F(c1(T)) -+ F(ce(T)) such choices.

5. Choose the relative order of the elements of J = [n] — K in the ordered set partition mo. As
in step 4, there are F(r1(T))--- F(ry(T)) such choices.

Each harmonic triple on [n] — and hence each face of the harmonic polytope H,,, — arises in a
unique way from this procedure. This proves the first formula.

By Proposition [3.412, the d-dimensional faces of the harmonic polytope H,, , dimension d cor-
respond to the harmonic triples (7;m1,m2) with d = £(7) + £(m2) — ¢(m1|K) — 1. For the harmonic
table T given by (7;m,m2), let a; (resp. b;) denote the length of the ordered set partition of the
¢;(T) elements in column 2i + 1 (resp. the 7;(T) elements in column 2i + 1) has length a; (resp.
b;), for i =1,...,4(T). Then £(m1) = £(T) + >, a; and £(m2) = £(T) + >, b;, and £(m|K) = £(T),
sod=40T)+ >, a;+> ;b — 1. There are S(¢;(T),a;) a;! (resp. S(r;(T),b;)b;!) such ordered set
partitions for each ¢, from which the result follows. O

For fixed k and /¢, there are (Z) choices for a set K of k elements, there are ¢! S(k, ) choices for an
ordered set partition K1|---|Ky of K of size ¢, and there are (20+1)+2(20—1)+---+2(3)+2(1) =
202 + 20 + 1 choices for where to place each element not in K in the harmonic table. Therefore the
number of harmonic tables for [n] is

n—1

k
Z Z <Z>S(k:, 00 (202 + 20 + 1)"F,

Using Proposition 3.9] one can compute the f-vector of the first few harmonic polytopes:

f(Hi1) = (1,1),

f(Hz2) = (1,6,6,1),

F(Hss) = (1,66,144,102,24,1),

F(His) = (1,1200,4008, 5124, 3072, 834, 78, 1).

3.2 The harmonic polytope and the bipermutohedron

As stated in the introduction, the harmonic polytope is one of two polytopes that arose in Ardila,
Denham, and Huh’s work on the Lagrangian geometry of matroids. The other one is the bipermuto-
hedron. We now describe the combinatorial relationship between them. Only for this subsection, we

12



assume familiarity with the construction of the bipermutohedral fan 3, ,, and the bipermutahedron
I1,, , in [4, Section 2].

We have shown that the harmonic polytope has 3" — 3 facets and (n!)2(1+ 3+ -+ 1) vertices.
In turn, the bipermutohedron has 3" — 3 facets and (2n)!/2" vertices. The harmonic polytope is
a Minkowski summand of (a multiple of) the bipermutohedron, as shown by the following propo-
sition, originally discovered in [4, Proposition 2.11]. We give an alternative proof that makes the
combinatorial relationship between these objects more explicit.

Proposition 3.10. The harmonic fan is a coarsening of the bipermutohedral fan.

Proof. Suppose a point (z,w) € N, x N, is in the interior of cone og of the bipermutohedral
fan ¥, ,,, corresponding to a bisequence B. Then zj, + wy, is minimized precisely for the set K of
indices k € [n] that appear only once in B. This places the point (z,w) in the chart %} of the
bipermutohedral fan for each k € K. Fix one such k.

Now, as explained in |4, Proposition 2.9], the order of the first occurrences of each i € [n] in the
bisequence B is determined by the reverse order of the numbers Z; = z; — z;, which is the reverse
order of the z;s. Similarly, the order of the second occurrences of each i € [n] in the bisequence B
is determined by the reverse order of the numbers W; = w; — w;, which is the order of the w;s.

We conclude that (z,w) is in the interior of the cone of the harmonic fan indexed by the
harmonic triple (K; 7y, m2) where K is the set of elements of [n] appearing only once in B, 7y is the
ordered set partition obtained from the order of the first occurrence of each i in B, and 7y is the
ordered set partition obtained by reversing the order of the second occurrence of each 7 in B. [

For example, if (z,w) is in the interior of the cone of the bipermutohedral fan ¥ ¢ indexed by
the bisequence B = 34(2|356|1|247|6, then (z,w) is in the interior of the cone of the harmonic fan
N (Hg,6) indexed by the harmonic triple 7 = (157; 34|2|56|1|7, 6/247|1|35).

4 The volume of 4, ,

The goal of this section is to compute the volume of the harmonic polytope. As stated in the
introduction, computing the volume of an arbitrary polytope is a very difficult task; we need to
use in an essential way the combinatorial structure of our polytope. Our computation relies on the
theory of mixed volumes and the Bernstein-Khovanskii-Kushnirenko Theorem which relates these
volumes to the enumeration of solutions of systems of polynomial equations. It also relies on the
theory of toric edge ideals to enumerate those solutions. Before reviewing the basics of this theory,
let us comment on the definition of volume used here.

Normalizing the volume. Most of the polytopes that we study are not full-dimensional in their
ambient space, and we need to define their volumes and mixed volumes carefully. Let P be a
d-dimensional polytope on an affine d-plane L C Z". Assume L N Z™ is a lattice translate of a
d-dimensional lattice A. We call a lattice d-parallelotope in L primitive if its edges generate the
lattice A; all primitive parallelotopes have the same volume. Then we define the normalized volume
of a d-polytope P in L to be Vol(P) := EVol(P)/EVol(O) for any primitive parallelotope OJ in
L, where EVol denotes Euclidean volume. By convention, the normalized volume of a point is 1.
Throughout the paper, all volumes and mixed volumes are normalized in this way.
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4.1 Mixed volumes and Bernstein-Khovanskii-Kushnirenko’s Theorem

Theorem 4.1. (McMullen, [26]) There is a unique function MV (Q1,...,Qq) defined on d-tuples
of polytopes in R%, called the mixed volume such that for any collection of polytopes P, ..., P, in

R? and any nonnegative real numbers A1, ..., Am, we have
Vol(M P+ 4 AmPr) = D MV(Py, . By Ay, (1)
U150000d
summing over all ordered d-tuples (i1,...,1q) with 1 < ix < m for 1 < k < d. Moreover, the

function MV(Q1, ..., Qa) is symmetric; that is, MV(Q1,...,Qq) = MV(Q,q);---,Qqyq)) for any
permutation o of [d].

Mixed volumes have the following algebraic interpretation.

Theorem 4.2 (Bernstein-Khovanskii-Kushnirenko Theorem). [8] Let Ay, ..., Aq C Z% be d finite
sets of lattice points, and let Q; = conv(A;) for i =1,...,d. If the number of solutions in the torus

(C*)? to the system
Y ALaz® =0,

acAq

> Agaz® =0
acAy
is finite for a given choice of complex coefficients \; o, then that number is bounded above by

d'MV(Q1,...,Qq). Moreover, if the coefficients \; o are sufficiently generic, the number of solutions
equals d'MV(Q1,...,Qq)-

The BKK Theorem is most often used to count or bound the solutions to a system of polynomial
equations by computing the corresponding mixed volume. As Postnikov showed in his computation
of volumes of generalized permutahedra [23], it can also be used in the reverse direction. This will
be our approach as well: we will compute mixed volumes by counting the solutions to the associated
systems of polynomial equations. This is seldom possible. In Postnikov’s case it is easy because
he obtains systems of linear equations, which have 0 or 1 solutions. In our case it is also possible,
though new ideas are needed. Our systems of equations are not linear, but they are bilinear, and
this allows us to express the resulting enumeration problems in terms of the combinatorics of toric
ideals of graphs and the enumeration of lattice points in polytopes.

To apply this general discussion to the harmonic polytope, we begin by defining the segments
A;j = conv{e;,e;} and Ag; := conv{f;,f;} for 1 <i<j<n.

The permutohedron equals II,, = e[, +Z A;; [23] Proposition 2.3] so the harmonic polytope equals

1<j
Hppo =€)+ fi) + Z A+ Z Az +D, C R"xR™ (2)
i<j i<j
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The first two summands e, and fj,) simply introduce translations, so we focus on the remain-

ing ones. Given graphs G and G’ on vertex set [n] with edge multisets {i1j1,...,%,.j-} and
{i1j1,- - ,isjs}, respectively, we define their mixed volume to be
|\/|V((;'7 G/) = MV(Ai1j17 ‘o 7Airjr7 Ailjl’ ‘o ,Agsjs, Dn7 ‘o 7Dn) (3)
k times

where kK =2n — 2 —r —s. We also let (G%T%n) denote the number of distinct permutations of the
sequence (A ;-5 Qg D355+ A%.5.: Dny - -+, D). Combining () with the fact that mixed
volumes are symmetric, we obtain:

2n — 2
Vol(Hy, ) = E <G D >|\/IV(G, G’), (4)
leNes ’ y ~n

summing over all pairs of graphs G and G’ on [n]. Therefore it remains to compute the mixed
volumes MV(G,G").

Remark 4.3. The normalized volume Vol(H,, ,,) is equal to the Euclidean volume of the projection
of Hy, ,, onto 712} 5 7421} - This projection of H, , is equal to the Minkowski sum of the images
under this projection of the polytopes appearing in (2). Thus MV(G,G’) is the mixed volume of
the projections of Ay jy,..., A g, A7 5, A Dy, ..., D, onto Z{%-n} x 7{2-n}

)
The BKK Theorem then tells us that (2n —2)! MV(G, G’) counts the solutions in (C*)™ x (C*)"
to the following system of equations:

T; = )\,-jxj, for ij € E(G) v1T1Y1 + -+ VipTpyn = 0
£(G,G): yi = pijy;, for ij € E(G") : (5)
r1 =y =1 Vg1Z1Y1 + -+ + Vin@nlYn = 0,

where G and G’ have r and s edges respectively, k := 2n — 2 —r — s, and the coefficients X;;, w5, v4j
are chosen generically.

4.2 Mixed volumes, toric ideals, root polytopes, and trimmed generalized permutahedra

In this section we compute the mixed volumes (3) of the harmonic polytope. We begin by showing
that most of them vanish.

Lemma 4.4. If G or G’ contains a cycle then the mized volume MV(G,G") = 0.

Proof. By Theorem [4.2] (2n — 2)!MV(G, G") counts the solutions in (C*)™ x (C*)™ to the system
of equations £(G,G"). Suppose that G contains the cycle

i1—>i2—>"'—>ig—>i1.
for some vertices i1, ...,y € [n]. The equations of the corresponding k edges
Tiy = )\ilizxi2 e J}ik71 = A

ik—1k Lik Tif, = Aigir iy

imply that x;, = (Nijiy -+ Niy_yig Nigin ) T4y - Since the \j;s are chosen generically, the only solution
to this equation is z;, = 0. It follows that the system of equations £(G, G’) has no solutions in the
torus (C*)" x (C*)", and MV(G, G") = 0. O
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Our next goal is to describe the non-zero mixed volumes MV(G,G’). To accomplish it, we will
require some additional constructions.

The Bipartite Graph and the Root Polytope. Fix graphs G and G’ on [n]. Let Z = {I;,...,I,} and
J ={Ji,...,J4} be the set partitions of [n] into connected components of G and G’, respectively.
Let I(k) and J(k) denote the parts of Z and J containing vertex k for k € [n]. Define the bipartite
graph I' = 'z 7 with vertex set ZU J and n edges I(k)J(k) for 1 < k < n. This graph may have
several edges connecting the same pair of vertices. We give the edge I(k)J(k) the label k. Notice
that the label of a vertex in I is just the set of labels of the edges containing it. Therefore we can
remove the vertex labels, and simply think of I' as a bipartite multigraph on edge set [n].
The edge polytope of T" is

Rr = conv{ey, +f;, : In€Z, b €T, I,NJ, # O}
= conv{el(l) + fJ(l)v <+ €I(n) + fJ(n)} C R? x RY,

writing er(1),- .., er@p) and fyq),...,fy) for the standard bases of RP = RZ and R? =2 RY. This
polytope lives on the codimension 2 subspace cut out by the equations z1+-- -4z, = y1+---+y, = 1.

Example 4.5. Consider the following graphs

7 -
G=4 1 G/—4t'l
5e——e6 5 6

The partitions corresponding to these graphs are Z = {12,34,56} and J = {1456,23}, omitting
brackets for easier readability. The associated bipartite multigraph is

12 34 56

1456 23

and the corresponding edge polytope is

Rr =conv(e, +fa, eq + T, e+, ey +fa, ec +fa, ec+f4) C R%¢ x RAB,
writing ¢ = 12,b = 34,¢ = 56 and A = 1456, B = 23.
Lemma 4.6. The only lattice points of the edge polytope Rr are its vertices.

Proof. The polytope Rr is contained in the sphere S centered at the origin with radius v/2, so it
can only contain lattice points of norm 0, 1, or v/2. Since Ry lies on the hyperplanes >, xi=1and
>, ¥i = 1, it cannot contain a lattice point of norm 0 (the origin) or 1 (a point of the form +e;
or £f;). Therefore every lattice point in Rr must be of the form e; + f; for some ¢,j € [n]. These
points are all on the surface of the sphere S, so they are in convex position; therefore, if a point
e; +f; is in Rr, it must in fact be a vertex of Rr. The result follows. O
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A lattice polytope P is normal if for all positive integers k and all lattice points x in kP there
exist lattice points x1,...,x; in P such that x = z1 + -+ + 5. A lattice polytope P is wvery
ample if the above property holds for all sufficiently large integers k. This is a favorable property
algebro-geometrically, because if P is very ample then the lattice points of P provide a concrete
projective embedding of the toric variety Xp of P, as follows. Let PNZ% = {ay,...,as} =: A. The
projective embedding of X p is the Zariski closure of the image of the map

cH* — cpt
t o (£, 1)
and its defining ideal 14 is the kernel of the homomorphism
o:Clry,...,zs] —> (C[tfd,...,t;cl]
r; — t%,
The map above induces the map of lattices
g:z° — 7°
e +— aj,
where ey, ..., e, is the standard basis of Z°. The kernel of ¢ is the toric ideal
Ip=&"—x":uveN, gu)=pV) C Clry,...,zs;
see [12, §2.1 and §2.3].
Proposition 4.7. If I is bipartite, the edge polytope Rr is normal.

Proof. Let
Cr = cone(Rr) ={\q : ¢ € Rp,A >0} CR" xR"

be the cone over the polytope Rr. Consider a lattice point x in & Rpr. The cone CT is generated
by the vertices of Rr, so x is a positive combination of them. By Caratheodory’s theorem, x can
be expressed a positive combination of only e linearly independent vertices of Rr, say v1,..., v,
for some e < dim Rp. But the vector configuration {e; +f; : 1 < 4,5 < n} is unimodular, so
v1,. ..,V form a lattice basis for cone(vy, ..., ve) N (Z" x Z™). 1t follows that z is a positive integer
combination of vq,...,v. € Rp. We conclude that Rr is normal as desired. O

The Toric Ideal, the Toric Variety, and the Trimmed Generalized Permutahedra. The graph
I' =T'z 7 gives rise to a ring homomorphism

Rlz. : e edge of Il — R[y, : v vertex of I']

Ze = ¥;y; where edge e joins vertices i and j

The kernel of this homomorphism is called the toric ideal I+ of I'; it is a homogeneous ideal given
by the cycles of even length in I':

It = (Zey Zey * Zegy — ZegZes """ Zegy © €1€2 - - - €9) is a cycle of T');

see |17, Section 5.3]. This ideal is related to the edge polytope as follows.
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Proposition 4.8. If " is a bipartite graph, the projective variety of the toric ideal It is an embed-
ding of the toric variety Xr of the edge polytope Rrp.

Proof. This holds thanks to Lemma [£.6] and T} see [12] §2.3]. O

The following polytopes will also play an important role. Consider the Minkowski sums
P q
Pr:= Z Anbr(li) C RY and Qr = Z Anbr(Jj) C RP
i=1 j=1

where A; := conv{e; : i € I}, and where nbr(l;) = {j € [¢] : I;J; is an edge of I'} and nbr(J;) =
{i € [p] : I;Jjis an edge of I'} denote the neighborhoods of I; and J; in I'. Finally, define the
trimmed generalized permutahedra of I' to be the Minkowski differences

Pr =P — Ay CRY and Qr :=Qr — Ay CR?P
Example 4.9. We return to Example 4.5l The toric ideal of T' is
It = (2123 — 2924, 25 — 26) C C[21, 29, 23, 24, 25, 26
The generalized permutahedra associated to I' are
Pr=Age+ Ay CR®™  and  Qr=2A4p+ Ay C RAB
and the trimmed generalized permutahedra are
Pr=Ap CR®™  and  Qp = Aap+ Ay CRAB

In general, the polytopes P and Q live in different dimensions and can be very different from
each other. However, we will see that they always have the same number of lattice points.

Putting it all Together. We now have all the ingredients to describe the mixed volumes MV (G, G').

Proposition 4.10. Let G and G’ be acyclic graphs on [n] and T’ be the corresponding bipartite
graph, having p and q vertices on each side of the bipartition. The following numbers are equal:

1. The (2n — 2)-dimensional mized volume MV (G, G") multiplied by (2n — 2)!.

2. The (p+ q — 2)-dimensional volume of the edge polytope Rr multiplied by (p + q — 2)!.
3. The number i(Py ) of lattice points in the trimmed generalized permutahedron P[ in RY.
4. The number i(Qr) of lattice points in the trimmed generalized permutahedron Qp in RP.

Furthermore, the numbers above are zero if and only if I is disconnected. If I is connected, the
numbers above are equal to:

5. the degree of the projective embedding V (Ir) of the toric variety Xr.

Recall that all volumes are normalized so the volume of a primitive parallelotope in any dimen-
sion is 1.
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Proof. Let £(G,G") be the system of equations (B)) associated to the mixed volume MV(G, G’). By
Theorem [£.2] the quantity in 1. counts the solutions in (C*)" x (C*)™ to £(G,G").

(1. = 2.) The set of solutions to £(G, G’) is the variety V(Ig ¢ + J), where

IG,G’ = <,Z'Z — )\”x] ) < j, Z] S E(G)> + <yl - Mljy] i < j’ Zj = E(G,)>
J = (w4 4 Vin@ayn : 1<i <k)+ (21— 1,y — 1)
in (C[.Z'it,...,x%,yita"'ayr:ﬂ'

Consider the subspace
L= {(l‘l, e Ty Yy ,yn) Xy = )\Z’jl‘j for ij € E(G), Yi = WY for ij € E(G/)} cCcrxcCc®
and the projection

v:L — CPxCY

(xly--wxnaylw--ayn) ? (xminlla---7$minlpayminJ17---7ymian)-

Note that for (x,y) € L if we have xyin7, = 0 then z; =0 for all i € I, since I, is a connected
component in G; the same holds for the ys. Therefore 1 is injective and, since dim(L) = p +q =
dim(CP x C?), it follows that ¢ is an isomorphism of affine varieties. Moreover, Tmyi,7, = 0 if and
only if z; = 0 for some ¢ € [I;; the same holds for the ys. This implies that the restriction of ¢ to
LN ((C*)™ x (C*)™) is a morphism with image (C*)? x (C*)9. This morphism defines the following
isomorphism between the coordinate rings of £ N ((C*)™ x (C*)™) and (C*)P x (C*)4:

. + + + + +  + +
¢'(C[x[lv"'v$[p7yjl7"'7qu] — (C[$17"'7$n7y17"'7yn]/IG,G/
T, Y Tminl,

a

vy +— Ymin Jp+

Let J be the image of J in the quotient (C[a;f, ... ,x,f, yfc, . ,yf]/IGG/. By Noether’s isomorphism
theorems we have

IIZ

((C[xita "7‘T;Lt7yit7”’7yn /[G )/( IGG’+J)/IGG’)
$}|:17 }l;vyt:}:lv"'vyjq /1)[) ((IGG’+J/IGG’)
S Pt} (0

(c[xitw”7‘T;Ltayit7"‘7y7:ﬂ/([G7G/ +J
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C
C

Note that for 1 < m < n we have Tp, = A Zpinr(m) and Um = W Ymin 7(m) for nonzero scalars A
and p. Thus we have, for i € [k],

VT WAz 4 - Vin@alin) = NATrYsa) T T NinZrn)Yi(n)

for some nonzero constants 7;; that are generic if the v;;s are sufficiently generic. We conclude that
¥~1(J) is generated by k generic equations whose Newton polytope is equal to Rr, together with
zrq) — 1 and yyq) — 1. Recall that k = 2n — 2 —r — s where r and s are the numbers of edges of
G and G’ respectively. Since these graphs are acyclic, r =n—pand s=n—q,sok=p+q—2
equals the ambient dimension of the Newton polytope Rr.
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By the BKK Theorem, the left-hand side of (6)) is a variety consisting of (2n — 2)!MV(G, G")
points and the right hand side is a variety consisting of (p + ¢ —2)! Vol,4,—2(Rr) points. Therefore
these two numbers are equal to each other.

(2. = 3. = 4.) In the case that I" is connected, Postnikov [23, Theorem 12.2] showed that the
(p+ ¢ — 2)-dimensional volume of the edge polytope Rr times (p+ ¢ —2)! equals i(Py ) and i(Qr).

Now assume I' is disconnected. Say I' = I'y U Ty where I'y and I'y have vertex sets Z; U J; and
huJforliUly =7 and L1 UJ = J.

First observe that Rr is the convex hull of the union of the edge polytopes Rr, and Rr,. But
these two polytopes have dimension at most |Z1| + | 71| — 2 and |Zs| + | J2| — 2, respectively, so Rr
has dimension at most |Z| + |J| —4 = p+ ¢ — 4, and hence its (p + ¢ — 2)-dimensional volume is 0.

On the other hand, by the definition of Pr,

Prc {x eERT: Yz =), Y a; = 1121}.
JjeEN JET2
so dim(Pr) < ¢ — 1 = dim(Ay). Therefore P, = Pr — A, = @ and i(Py) = 0. The proof that

i(Qr) = 0 is analogous.

We have shown that (1.) = (2.) = (3.) = (4.). We have also shown that if I" is disconnected
this number is 0. On the other hand, if T' is connected, then dimRpr = p 4+ ¢ — 2 by [I7, Lemma
5.4], so its volume is nonzero.

(2. = 5. if " is connected.) The (p + g — 2)-dimensional volume of Rr equals the degree of V' (Ir)
by [30, Theorem 4.16]. O

4.3 An illustrative example

Let us verify that (2n — 2)IMV(G,G") = i(P; ;) = i(Q7 ;) for the graphs in Example 4.5 This
case is small enough that we can do it by hand, and it illustrates the need for the machinery of
Section 4.2l Here n = 6, so 10! MV(G, G’) is the number of solutions to the system (G, G")

1 = A2 T2, Y1 = f414 Y4, vinziyr + -+ e xeys = 0,
T3 = A34 74, Y2 = H23 Y3, Vo1 T1Y1 + -+ + vog TeYe = O,
E(G,G): T5 = As6 T6, Y4 = 45 Y5, v31x1y1 + -+ vse reys = 0,
Ys = K56 Ye,
(1 =1, 1y = 1.

for a generic choice of coefficients. The first two columns of £(G, G’) may be rewritten as
1 =X =21 = Aa®a, Xga:=x3 =342y, Xs56 1= T5 = As6T6
1= Y56 = y1 = 14 Ya = prapas Ys, = p1apasiise Yo, Y23 = Y2 = pa3y3, Yo := Ys,

so £(G,G") reduces to the following system of equations:

1 X12Y1456 + M2 X12Yo3 + 713 X34Y3 + m14 X34Y1456 + 715 X56Y1456 + 116 X56 Y1456 = 0,
n21 X12Y1456 + 122 X12Y23 + 123 X34Y23 + 124 X34Y1456 + 1125 X56Y1456 + 126 X56Y1456 = 0,
n31 X12Y1456 + 132 X12Y23 + 133 X34Y23 + 134 X34Y1456 + 1135 X56Y1456 + 136 X56 Y1456 = 0,
X2 =Yius =1,

Hz.7:
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where each coefficient 7;; is obtained by multiplying v;; with the As (or their inverses) along a
path from 7 to minI(i) in G and the ps (or their inverses) along a path from j to min J(j) in G'.
These coefficients are generic if the original As, us, and vs are sufficiently generic. This reduction
of £(G,G") to Hz 7 is central to the proof of (1. <= 2.) in Proposition 4.10!

If we write

21 = X12Yuse = 1, 20 = X12Yo3, 23 = X3uYo3, 24 = X34Yias6, 25 = X56Y1456, 26 = X56Y1456

we get a generic system of 3 equations in 5 unknowns zs, ..., 2¢. Solving this system, we obtain an
expression for each of z9, ..., z4 as a linear function of z5 and zg. Now, the z;s satisfy two equations
2123 = 2224, 25 = 26

coming from the two even cycles formed by edges 1,2,3,4 and edges 5,6 in I', respectively. Thus
zo,2z3 and z4 can be expressed linearly in terms of zg, and the equation z1z3 = 2924 turns into a
quadratic equation satisfied by zg, which has 2 solutions. Reversing the steps of our computation,
we obtain 2 solutions to the original system. We conclude that 10! MV(G,G’) = 2. This agrees
with the fact that P, = Ay, C R and Qpr =Aap+AxC RAB each contain two lattice points.

The procedure above works for general acyclic graphs G and G’ such that T' is connected; the
relations among the z;s are precisely given by the toric ideal Ir. The last step of the computation
cannot be done by hand in general; instead, one needs to know the degree of Ir. We find it by
computing the number of lattice points in PI_7 7 orin QE’ 7 — whichever is easier.

4.4 The volume

We are finally ready to prove Theorem [1.1]

Theorem I.T. The volume of the harmonic polytope is

VOI(Hn,n) = Z% H deg(v)deg(v)—Q
r

veV(T)

summing over all connected bipartite multigraphs I" on edge set [n]. Here i(P[ ) is the number of
lattice points in the trimmed generalized permutahedron P of I', Xt is the projective embedding of
the toric variety of I" given by the toric ideal of I', V/(T") is the set of vertices of T, and v(T") := |[V(I")].

Proof. We use the notation of Sections 4.1l and 4.2. By (4) and Lemma [4.4] we have that

2n —2
Vol(Hppn) = Y <G oD >MV(G, Q)
G,Gll ) ) n
acyclic

—9)!
= Z %MV(G,G’),
G,G" ’

acyclic
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since the graphs G and G’ have no repeated edges. Write I" for the bipartite graph associated to
G and G, abusing notation. Applying Proposition [£10, and noting that v(I') —2=p+q¢—2 =k,
it follows that

Vol(Hpn) = . Volyr)_2(Br)

G,G'
acyclic

- Y G
(G,G") acyclic U(F)_ )

s.t. ' connected

Since the summands on the right only depend on the partitions Z, 7 associated to G, G’ we can
combine the terms in as follows:

P
Vol(Hy, ) = Z ﬁ (number of acyclic graphs G, G’ whose bipartite graph is I').

Now, the edges of the bipartite graph I" determine the labels Z = {I;,--- ,I,} and J = {J1,--- , Jg}
of the vertices of I'; we need these to be the partitions of [n] into the connected components of G
and G’, respectively.

We specify an acyclic graph G (resp. G’) with components Z (resp. J) by specifying, for each
I €7 (resp. J € J), atree with |I| (resp. |J|) vertices. There are |I|l1=2 (vesp. |J|I/I=2) such
trees. By definition of I'z 7, deg(I) = |I| for any I € Z (and similarly for any J € J). We thus
conclude that

T connected

deg( e (v
Vol(H,,,) = Z (|V(g H deg(v)des)

T connected veV(T)
as desired. O

Using Theorem [1.1] one can readily compute the volumes of the first few harmonic polytopes:

V0|(H171) = 1, V0|(H272) = 3, V0|(H373) = 33, VO|(H474) = 2848/3.

5 The number of non-zero mixed volumes

In this section we compute the number of non-zero mixed volumes of the harmonic polytope, in its
Minkowski sum decomposition (2]). This is the number of summands that contribute to the volume
of the harmonic polytope H,, ,, in (1). We do so with the help of the Mébius algebra of the partition
lattice, which is denoted II,,

If m={By,...,B} is a set partition of [n], we let ¢(7) := k be the number of parts of 7, and

t(’]‘[‘) = ‘Bl’|B1|_2 e ’Bk“Bk|_2.

Let II,, be the lattice of set partitions of [n] ordered by refinement, so o < 7 if every block of 7 is
a union of blocks of o.

2This should not be confused with the permutohedron, which makes no further appearances in the paper.

22



Proposition 5.1. The harmonic polytope Hyn = ep) + i) + D20 Dij + 22, A5 + Dn has

ap, = number of pairs of forests (F1, Fy) on [n] such that F} U Fy is connected
2
= > D)) - (Y Hn)
o€ll, <o

non-zero mized volumes.

Proof. A non-zero mixed volume cannot involve either of the summands ey, or f,), since the
corresponding equations Az -+ -z, = 0 and py; - - - ¥y, = 0 have no solutions on the torus for A and
w generic. Thus we focus on the mixed volumes MV(G, G").

By Lemmal4.4]and Proposition 4.10, we have that MV(G, G’) # 0 if and only if G, G’ are forests
and the associated bipartite graph I' = I'z 7 is connected. Thus to prove the first statement we
will show that G U G’ is connected if and only if T' is connected.

Suppose that G U G’ is connected. A path

11—l — ... =1y

in GUG’ gives rise to a path in I as follows. For j =1,..., ¢, replace the edge i; — i;4+1 in GUG’
with the edge J(ZJ) — I(ZJ) = I(ij+1) if ijij+1 S E(G), and with I(’L]) — J(’L]) = J(ij+1) in I if
ijij+1 € E(G") Note that the resulting path can easily be modified into a path starting at I(i;) or
J(i1) by adding or removing the edge I(i1).J(i1); a similar modification works for I(ig) or J(ip).
Now, to find a path between any two vertices of I', pick an element of each vertex, construct a
path between these elements in G U G’, and use the procedure above to obtain a path between the
desired vertices in I

Conversely, suppose that I' is connected and consider any two vertices ,7 of G U G’. Consider
a path

P I(il)—)J(il):J(ig)%f(ig):[(ig)%...—)J(ig_l):J(ig) in P,

where 4; =4 and iy = . For each 1 < j < /¢ — 1, we have either I(i;) = I(ij41) or J(i;) = J(ij41);
since these are connected components of G or G, we can find a path in either G or G’ from i; to
ij4+1. We are then able to construct a path in GUG’ from i to ¢’ by replacing each edge of the path
P in T with a path from i; to 4;41 in G UG’. This concludes the proof of the first equation.

Now, to choose a pair of forests (F, Fy) on [n] such that ) U F is connected, we first choose
the set partitions my := mw(F}) and w9 = 7(Fy), where 7(F') denotes the partition of [n] given by
the connected components of F. Notice that F; U F5 is connected if and only if 7 V my = T in the
partition lattice. Having chosen the partitions m; and 7o, it simply remains to choose the forests
Fy and F» that give rise to them; there are t(m1) and t(my) choices for those forests, respectively.

It follows that
an =Y t(m)t(m).

m1,m2€ll,
m1Vre=1

Now we compute in the Mabius algebra A(I1,) of II,; this is the real vector space with basis II,,
equipped with the bilinear multiplication given by the join of the lattice; in symbols,

A(11,) := RII, where o-T:=0VT.
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It follows from the definitions that
an = [1] 17 for T := Z t(m)m, (7)
melly,

where [r]a denotes the coefficient of a set partition 7 € II,, in an element o € A(Il,), when
expressed in the standard basis.

As explained in [24] Section 3.9], it is useful to define the following elements of the Mdobius
algebra A(II,,):

07 = ZM(T,O’)O’ for 7 € II,,.

o>T

These elements form a basis for A(II,,) because Mo6bius inversion tells us that

T:Z&,, for 7 € I1,,.

o>T

Furthermore, they are pairwise orthogonal idempotents:

50572{50 ifo=r,

0  otherwise,

which makes them very useful for computations in A(II,,). We compute

T = Y (t(T)Zag)

Tell, o>T
= Z s(0) 0g,
UEH'!L

where

s(o) := Z t(7) for o € I1,,.

<o
Therefore, using the orthogonal idempotence of the d,s, we have

° = 23(0)250

O'EHn

It follows from (/7)) that

= > (=)o) - 1)!s(0)?,
o€ll,

A~

using the facts that the interval [0, 1] in the partition lattice II,, is isomorphic to the smaller partition
lattice 1ly(,) — because the coarsenings of o are obtained by arbitrarily merging blocks of o — and

the Mobius number of the partition lattice 11}, is p, 0,1) = (—=1)* 1k —1). O
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7

Using Proposition [B.1] one easily computes by hand the first values of the sequence:

al = 1, ag = 3, asz = 39, a4 = 1242.

Future directions

1. Find other simplicial polytopes with an elegant combinatorial structure that have the har-
monic polytope as a Minkowski summand.

2. Use 1. to discover and explore other combinatorial models for Lagrangian geometry of ma-
troids. Section 2 explains that the bipermutahedron is one such polytope, and leads to a
theory of Lagrangian combinatorics of matroids, which is the subject of [5]. Other answers to
1. will lead to other such theories, and give rise to interesting matroid-theoretic directions.

3. Study the Ehrhart polynomial and h*-polynomial of H,, .

4. Find a triangulation or subdivision of H,,,, that will shed light on 3. In particular, H, , is a

Minkowski sum of one simplex and n(n — 1) segments, and its mixed subdivisions are likely
to have a rich combinatorial structure.
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