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Abstract

For a Banach space X and its dual X*, a sequence {(¢,, ¥,,)} C X* x X is effective if
the Kaczmarz algorithm provides a reconstruction for every vector in X. We give nec-
essary and sufficient conditions for a sequence to be effective. Starting with the mixed
Gram matrix, we derive necessary matrix Eq.s for an effective sequence. When certain
boundedness conditions are met, we show that these matrix Eq.s are also sufficient.
We also give necessary conditions for related sequences to form a resolution of the
identity. Finally, we provide examples of effective sequences in infinite dimensional
Banach spaces.
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1 Introduction

In 1937, Stefan Kaczmarz introduced an iterative process for solving linear systems
which is now known as the Kaczmarz algorithm [7]. The algorithm can be extended to
infinite dimensional spaces [5, 9] as follows. Given a sequence of unit vectors {en},‘z‘;0
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in a Hilbert space H and x € H, we define a sequence of approximations {x,}°° ; by

xo = (x, ep)eo, (1)
Xp = Xp—1+{Xx —Xp_1,€n)en, n>1
The sequence {en},f‘;o is effective if || x, — x|| — Oforevery x € H.Kaczmarz showed
in [8] that any periodic, linearly dense sequence of unit vectors {e,}," in a finite-
dimensional Hilbert space is effective. It is observed in [9] that since the sequence of
approximations {x, } is bounded for any input vector x, to prove a sequence is effective
it is sufficient to prove that ||x, — x|| — O for every x in a dense subspace of H.

We consider the extension of the Kaczmarz algorithm to a Banach space X (with
dual X*). Introduced in [1], for a sequence {(¢y, Vu)},2y C X* x X with ¢, (Y,) = 1
and x € X, we define the sequence of approximations as

xo = ¢o(x) Vo, (12)
Xn = Xp—1+ Gn(x — Xp—1)Vpn, n>1.
Definition 1.1 The sequence {(¢,, ¥n)}oy C X* x X, with ¢, (¥,) = 1, is effective
in X if for any input vector x € X, the sequence of approximations {x,},2, as in Eq.
(1.2) satisfies x,, — x in the strong topology on X. The sequence is weakly effective in
X if x, — x in the weak topology on X. We refer to {¢, }°° , as the analysis sequence
and the {v/,,}°2; as the synthesis sequence.

For an input vector x € X, we let A, : X — X be given by A, (x) = x, as in Eq.
(1.2). An application of the Banach-Steinhaus theorem yields the following theorem.

Theorem 1.2 Let {(¢n, ¥u)};2 g C X* %X, with ¢, (Yr,) = 1. The sequence s effective

(weakly effective) in X if and only if the following two conditions are met:

(1) the sequence { A, (x)};2, is pointwise bounded for every x € X;
2) A,(x) — x in the strong (weak) topology for every x in a dense subspace of X.

Our main results (Theorems 2.5 and 2.9 and Corollaries 2.6 and 2.10) focus on nec-
essary conditions for the sequence {(¢,,, ¥,)},2, to be effective or weakly effective.

These conditions will be in terms of matrix Eq.s similar to the criteria given in [5]
for an effective sequence in a Hilbert space. We will also prove matrix Eq.s for duality
conditions between two other related sequences. As we shall see, (Theorems 2.5, 2.9,
and 2.11), certain duality and matrix conditions that are equivalent in the case of [5]
are distinct in our setting.

1.1 Prior Results

In [9], Kwapiet and Mycielski made progress toward characterizing effective
sequences in an infinite-dimensional Hilbert space H by utilizing the auxiliary
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o0

sequence {h,}, 2, defined recursively as

ho = eo,
n—1
(1.3)
hpy =e, — Z(env exyhg, n>1.
k=0

They showed the following characterization for effective sequences (this precise state-
ment does not appear in [9] but is an immediate consequence of results therein).

Theorem A Let {e,};° ) be a sequence of unit vectors in the Hilbert space H. Then
the following are equivalent:

(1) {en}n2 is an effective sequence;

2) x= Zﬁio(x, hy)e, for every x € 'H, with convergence in the norm,

3) x= Zf;io(x, hy)hy for every x € 'H, with convergence in the norm.

Condition (3) is equivalent to {A,},> , being a Parseval frame [3, 6], namely that, for
every x € H,

o
el = 1, ha) 2.
n=0

The properties involved in Theorem A can be more concisely described using the
following definition.

Definition 1.3 The sequence {(1,,, pn)}hey C X* x X forms a resolution (weak res-
olution) of the identity if for every x € X,

=Y nu(xX)pn (1.4)
n=0

with convergence in the strong (weak) topology.

Note that we do not require unconditional convergence of the series in Eq. (1.4).
Theorem A then says that the sequence {e,};2, C H is effective if and only if
{(hy, e,,)}ff’zo forms a resolution of the identity if and only if {(%,, hn)};’lo:() forms a
resolution of the identity.

In [5], Haller and Szwarc approached the characterization of an effective sequence
in ‘H from a different perspective, using the matrix of inner products

1 0 0
(e1,e0) 1 0
I+ N =| (e e0) (e2,er) 1 | (1.5)

(e3, eg) (e3,er) (e3,ez) ---

The main result of [5] is the following.
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Theorem B Let {e,}2, be a linearly dense sequence of unit vectors in the Hilbert
space H. Let N be the matrix defined in Eq. (1.5), and let V be the matrix such that
(I + N)(I + V) = I. Then the following are equivalent:

(1) {en}n2 is an effective sequence;
(2) The matrix V is a partial isometry on €*(N).

2 Matrix Conditions and Effectivity

A characterization of when a sequence {(¢,, ¥,)}72, C X* x X is effective would
be desirable, particularly a characterization similar to those in Theorems A and B. In
this section, we will determine necessary conditions for a sequence to satisfy condi-
tion (2) of Theorem 1.2. These conditions are matrix Eq.s inspired by the proof of
Theorem B, although there are significant differences. Certain matrix Eq.s that are
equivalent in [5]—where the analysis and synthesis sequences are identical—are not
equivalent in our setting. Consequently, when the algorithm uses different analysis
and synthesis sequences, the analogues of condition (3) of Theorem A and condition
(2) of Theorem B are no longer equivalent to the effectivity of {(¢,, ¥,)};2, in X.

2.1 Notation

For the remainder of this paper, we shall work in a Banach space, X, with dual space
denoted by X*. We will consistently assume both the analysis and synthesis sequences
are linearly dense sequence in X™* and X, respectively. For the synthesis sequence
{Yn}ooy C X, we let W denote the subspace of finite linear combinations of the
vectors in the sequence; we similarly use ® to denote the subspace of finite linear
combinations of the vectors in the sequence {¢,};2, C X*. All of the presented
results also hold in a Hilbert space, substituting inner products in the natural way.
For a matrix A whose entries are indexed by Ny, we denote the entries of A by
both A = (a;;) and (A§;, §;). We will encounter matrices that need not be bounded
operators on 02 (Np), and, as such, products need not be well-defined. If A and B are two
such matrices, when we write (AB§;, §;) = ¢, we mean that the series ) oo dixbj
converges to c. No assumption on the mode of convergence is made. We use the inner-
product notation because we will consider certain matrices acting on finite sequences.
For the matrix A, we use A* to denote the matrix such that (A*§;, §;) = (Ag;, 8;).
To aid our investigations, we define a lower triangular matrix reminiscent of a mixed

Gramian (similar to Eq. (1.5)). Let

1 0 0O O0---
é1(Yo) 1 0 0---
I+M=|200) o2(y1) 1 0--- 2.1

&3 (Vo) p3(Y1) 3 (P2) 1 ---
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and let U be the lower triangular matrix such that

I+U)I+M)=1. (2.2)
We will denote the entries of I 4+ U by (C jk) jkeNy” Similarly, we define
1 0 0O 0---
do(Y1) 1 0 0--.
I+ =|P00W) d1(¥) 1 0-- (2.3)

¢o(¥3) ¢1(¥3) pa(Y3) 1 ---

and let U be the lower triangular matrix such that
T+0)I+M)=1. (2.4)

We will denote the entries of I + U by (5 jk) . Note that I + M + M* =

(¢k (wj))j,keN()'
For the sequence {e,}7>, C 'H, Haller and Szwarc [5] prove Theorem B. An

intermediate step of the proof is to prove that the sequence {e,,};° , is effective if and
only if

J-keNy

((NV*VN* —NN*)§8;,8;) =0 (2.5)

forall i, j € Ng. Moreover, although they do not explicitly state this, it is possible to
glean from their work that {e,,}°° ; is effective if and only if

(N*(VN* 4+ N*+1)8;,8) =0 (2.6)

for all i, j € Ny. In the case of distinct analysis and synthesis sequences, we derive
matrix conditions analogous to Egs. (2.5) and (2.6) (see Theorems 2.5, 2.9, and 2.11).
As we will see in Example 4.2, these analogues to Egs. (2.5) and (2.6) are actually not
equivalent.

We next define the analysis auxiliary sequence {g,}->, C X* for {(¢,, V)12,

Definition 2.1 The analysis auxiliary sequence for {(¢, ¥,)};2, C X* x X is given
by

80 = ¢o

“ 2.7
=03 bu (Vg forn = 1. @7

k=0
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Using induction, one can show that A4, (x) = ZZ:O gk(x)Yy for any x € X. From
this, we obtain an immediate lemma.

Lemma 2.2 Suppose that {(¢,, ¥n)}oo oy C X* x X has the analysis auxiliary sequence
{gn};2 o andthat ¢, () = 1 foralln. The sequence {(¢n, Yn)},2, is effective (weakly
effective) in X if and only if

x =) gn()¥n (2.8)
n=0

for every x € X, with convergence in the strong (weak) topology.

We sometimes refer to the resolution of the identity in Eq. (2.8) by saying that {g,,}7°,
and {v/,};2 , are dual (as in the frame theory context), but there is no assumption here
that either sequence is a frame.

We will have use for a second auxiliary sequence. It will provide symmetry in our
development of the matrix characterizations as well as play a crucial role in whether
a sequence {(¢,, ¥)},2, can be effective in both X and X*.

Definition 2.3 The synthesis auxiliary sequence for {(¢,, ¥,,)}oc, C X* x X is given
by

80 = Yo
-l 2.9
gn = wn - Z(bk(l/fn)gk ( )
k=0

In the case of Haller and Szwarc [5], where the analysis and synthesis sequences are
identical, the two auxiliary sequences are also identical. When a sequence is effective,
this auxiliary sequence, {%, },° , provides aresolution of the identity with {e,, } ;2 ), and
is also a Parseval frame (i.e., forms a resolution of the identity with itself). When the
analysis and synthesis sequences are distinct, there are two separate matrix conditions:
one associated with the duality of {g,}>>, and {,} 2, and one associated with the
duality of {g,}7°, and {g,}°°. These are represented in Theorems 2.5 and 2.11,
respectively.

There are several helpful interactions between the auxiliary sequences and the
matrices in Egs. (2.1), (2.2), (2.3), and (2.4). If u € X*, define u(x) = u(x) for all
x € X. It follows that

Zo 10 0 0.\ [z
81 é1(Yo) 1 0 0--- 7
I+M)-|&]| =200 2(¥) 1 0. |2

83 d3(Yo) p3(Y1) p3(Y) 1 --- g3
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g0 b0
Y ko $1 (V12K b
_ | Yoz | = | 92
Y im0 @3 (V08K b3
Because (I + M)(I + U) = I, we also infer that
8= cukPr- (2.10)
k=0
Similarly,
1 0 0 0--\ (&
3 T U2 I R I B
I+ |8 =W ¢i1(¥2) 1 0. )
& $o(W3) 1 (W3) ga(ys) 1| | &
80 Yo
Y ko B (Y1) 2 i
= Zi:o ()8 | = | ¥2
Y ho o (¥3) 3k V3
and
B = EnkVi. Q.11
k=0

2.2 Main Results

The following lemma will prove useful in the proof of Theorem 2.5.

Lemma 2.4 Suppose {(¢n, Yu)},2g C X* x X has analysis auxiliary sequence
{gnln2 and that ¢, (Yry) = 1 foralln. Let M, M, U, and U be as defined in Egs. (2.1)
and (2.3). Then, for all j,n € Ny,

(UM* + M* + D8}, 8,) = ga (V).

(2.12)
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Proof Note that the multiplication U M* is defined, since U is lower triangular. We
see that the (n, j) entry of UM™* is

0,if j>0,n=0
S ek (W), ifn= =1 . (2.13)
Sy ek (W), ifn < j

Recalling that ¢ (¥;) = c¢j; = 1, we have that the (n, j) entry of UM* +1 + M* is
given by

B, i) 20,0 =0 P
-1 — . . _ Zk:() an¢k(¢j)7 ifn > J
Zk:o an(ﬁk(lﬂj), ifn>j>1 . (2.14)

. . S ok (¥j), ifn < j
PV + I e W), ifn < =0 !

We exploit the relationship between (I + M) and (I + U) to more cleanly write
the entries of UM™* + M* + I. Specifically, because (I + U)(I + M) = I, we know
thatif n > j, then

n
> endr()) =0. (2.15)
k=j
We infer from (2.14) that the (n, j) entry of UM* + M* + 1 is given by
n
> i ().
k=0
Because g, = Y y_g cakdx, by Eq. (2.10), we see that
n n
&) = <Z cnm) Vj= Y e (fj) = (UM* + M* + 1)8}, 8,).
k=0 k=0
O
Theorem 2.5 Suppose {(¢n, ¥n)}yoy C X* X X has analysis auxiliary sequence

{gn}, and that ¢, (Y,) = 1 foralln. Let M, M, U, and U be as defined in Egs. (2.1)
and (2.3). Then the following are equivalent:

(1) Foralli, j € Ny,

(M*(UM* + M* + 1)8;,8;) = 0; (2.16)
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(2) Foreverygp € ®and y €\,

(3) Forevery¢p € ®and y €\,
n
Tim ¢ | Y g; v | = o).
j=0
Proof Note that conditions (2) and (3) are equivalent by virtue of the fact that A, (v) =
Z?‘:o g (Y)Y (Lemma 2.2). It suffices to show that condition (1) and condition (3)

are equivalent on the sequences {¢,};° , and {3,,}°° .
Fix i, j € Np. Notice that

Yo biWg W) =Y s+ Y, siWa). (217
k=0

k=0 k=i+1

Because ¢; = Z};:O éi (Vi) gk, by Eq. (2.7), we see that

> b Wg(W)) = (Z ¢,~(1/fk>gk> Vi =¢i(¥))
k=0 k=0
and from the above derivations, we have
S diWgW) = i)+ Y bi(Wsk (W) (2.18)
k=0 k=i+1
Assume that condition (1) holds. Using Lemma 2.4, we see that the (i, j) entry of

M*(UM* + M* + 1) is given by Z,fiiﬂ &i (Vi) gk (), which converges by the
assumption of Eq. (2.16). By Eq. (2.18), we then obtain

> oWk (W) = ¢i (W) + (M*UM* + M* + 1)5;.5)
k=0

= ¢i(V)).

Conversely, suppose condition (3) holds. Then

D eiWg ) = ¢i(¥))

k=0
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for all i, j € Ny and by Eq. (2.18), we know that

> ik (Yy) =0 = (M*(UM* + M* + )8, 5).
k=i+1

A standard argument using the Banach-Steinhaus theorem yields the following:

Corollary 2.6 Suppose {(¢n, Vn)ley C X* x X with ¢,(Yn) = 1 for all n. Sup-
pose that for every x € X, the sequence {A,(x)};2, is bounded. Then the sequence
{(dn, Y152 is weakly effective if and only if Eq. (2.16) is satisfied.

For a Hilbert space H, we may reverse the roles of the analysis and synthesis sequences,
although this may impact effectivity (see Example 4.2). Conditions which guarantee
effectivity for both roles are given in [1].

For a Banach space X, the roles may not be directly reversed; however, we can
still define a Kaczmarz algorithm to perform reconstruction in X*. We retain the
assumptions that {(¢,, ¥,,)}7>, C X* x X and ¢, (¥,) = 1. For y € X*, given the
data {y(¥,)},2, we define the sequence of approximations

Yo = y(¥o)eo,

2.19
Yn = Yn—-1+ 1y = yu1l(¥n)dn, n=>1 ( )

Moreover, we define the sequence of bounded linear operators 53, : X* — X* by

B, () = Y-
By induction, we have that

B,(y) =Y y(@E)Ne),

where {g,}7°, is as given in Eq. (2.9).

Definition 2.7 We will say that the sequence {(¢,, Vi) ) is effective (weak-x* effec-

tive) in X* if for every vy,

lim y, =y,

n— o0
with convergence in the strong (weak-x) topology.
With this terminology, we produce results analogous to Lemma 2.4 and Theorem 2.5.

Lemma 2.8 Suppose {(¢n, ¥u)}ly2y C X* x X has synthesis auxiliary sequence
{8n}, and that ¢, (Y,) = 1 foralln. Let M, M, U, and U be as defined in Egs. (2.1)
and (2.3). Then, for all j,n € Ny,

(UM* + M* 4+ 1)8;,8,) = ¢j(&n)- (2.20)
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Proof Similar to the proof of Lemma 2.4. O

Theorem 2.9 Suppose {(¢n, Yn)},2g C X* X X has synthesis auxiliary sequence
{8n};2 and that ¢, () = 1 foralln. Let M, M, U, and U be as definedin Egs. (2.1)
and (2.3). Then the following are equivalent:

(1) Foralli,j € Ny,
(M*(UM* + M* 4+ 1)8;,58;) = 0; (2.21)
(2) Forevery € ® and { € W,
lim [B, ()] (¥) = ¢ (¥):

(3) Forevery ¢ € ® andy € ¥,
dim Y o@)e; | ) = W)
j=0

Proof Similar to the proof of Theorem 2.5. O

Corollary 2.10 Suppose {(¢pn, ¥n)}72y C X* x X with ¢, (Y,) = 1 for all n. Suppose
that for every y € X*, the sequence {B,(y)};°, is bounded. Then the sequence
{(Pn, Yn) Yo is weak- effective in X* if and only if Eq. (2.21) is satisfied.

In Theorem A, we see that the sequence {e,},~ is effective in 7 if and only if
either {(h,, e;)};2 or {(hy, hy)}52 ) forms a resolution of the identity. By definition,
the sequence {(¢,, ¥)}o, is effective precisely when the sequence {(g, w,,)}n 20
forms a resolution of the identity. Analogously, {(¢,, Vx)}oo 0 is effective in X™* if
and only if {(¢,, &)}, forms a resolution of the identity in X* (at least in the
case when X is reflexive). It is thus natural to consider under what conditions the
sequence of auxiliaries {(gy, gn)},— forms a resolution of the identity (the analogue
to condition (3) of Theorem A). The matrix condition associated with this duality
will connect to condition (2) of Theorem B. Specifically, Haller and Szwarc show
that their matrix condition for NV*V N* — NN* is equivalent to the operator V*V
being an orthogonal projection [5]. In our case, we will show that the analogous matrix
condition for MU*U M* — M M* holds precisely when a particular component of the
operator U *Uisa projection with restricted domain.

We first introduce a collection of subspaces inside of £2(Np). Let F (Ng) € €2 (Np)
denote the set of all finite linear combinations of the collection {8}, and define

Ho = M* (F (Np)) C €*(Ny)

[ (2.22)
Ho = M* (F (Np)) C £°(Np).
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If U and U are both bounded operators on £2(Ny), then we may represent U U as

.~ (AB
U0 = <C D) (2.23)

where
A:Hy— Ho, B:Hg — Ho, C:Ho— Hy, D:Hg — Hy. (2.24)

Theorem 211 Suppose {(¢n, Ya)lnso C X* x X with ¢,(Yry) = 1 for all n. Let M,
M, U, and U be as defined in Egs. (2.1) and (2.3), and let {g,},2 , and {gn},~, be the
analysis and synthesis auxiliary sequences for {(¢n, Yn)}e . Suppose that U and U
are bounded operators on £*(Ny). Then the following are eqmvalent

(1) Foralli, j € Ny,
(MU*UM* — MM*)8;, ;) = 0; (2.25)

(2) Forevery¢p € ® andy € ¥,

Tim Y ¢ (@ngn (V) = (); (2.26)
j=0

(3) A= Py (the projection onto Ho restricted to Ho).
017,

Proof 1t suffices to con51der condition (2) on the collections {¢n}°° o and {wn},i
Because M* and M* are upper triangular, their columns are elements in £~ (Np).
As U and U are assumed to be bounded operators on 22(Np), we also know that
(UM* + M* + 1)§; € £2(No) and (UM* + M* + 1)8; € £>(Np) forall i, j € No.
We may then use Lemma 2.4 and Lemma 2.8 to derive

Y 0i@)en (W) = Y _(UM* + M* + D)8}, 8,) (80, (UM* + M* + 1);)
n=0 n=0
= (UM* + M* + )" (UM* + M* + 1)§;, ;). (2.27)

We define the truncations M,,, Zl7ln, U,, and 17,, (which are all bounded operators on
£>(Np) and also strictly lower triangular) as follows:

0 0
¢1(Yo) O cio 0
S 0 S0
Mn= N n =
500 o 0| YT e cana 0o

0 - 0 0--- O --- 0 0---
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Define M, and U, similarly. Because (I+U,)(I+M,) = I and (I+U,)(I+M,) = I,
we have

M I—Un _Mn :MnUn

Uy
UM, = —Uy — My, = M, U,

and can calculate
(UnM} + M} + D*(Up M} + M} + 1) = MU U, M* — MM} + My, + M + 1.
From this we conclude that

(UM} + MY+ D* (UM + M+ D55, 8:)
= (UnM}/TSjv UnM:(Si) - <MnM::8j, 8i> + <(Mn + M:: + I)aj, 81')-
(2.28)
At this point we wish to take limits as n — o0. Since U and U are bounded operators,
we have U, — U, U, — U, U, — U* and U* — U* in the strong operator

topology on £2(Np). As M* and M * are upper trlangular we know that forn > j,i
we have M'8; = M*§; and M 8 = = M* §;, from which we conclude that

lim (M58}, 8;) = (M*8;,8;)

n—0oo
lim (M,38;,8;) = lim (8;, M}8;) = (8;, M*8;) = (M§;, 5;)
n—oo n—oo

lim (M, M}8;,8) = lim (M}8;, M 8;) = (M*8;, M*8;) = (MM*5;,8;).
n— 00 n— 00

By virtue of the upper triangular structure of M and M, we know that M*3 jand M *8i
are both sequences in £2(Np) and thus

lim (M,UM}'8;, ;) = (MU*M*5;, ;)

n—o0

lim (M, U} U,M?8;,8;) = (MU*UM*S;, 8;).

n—oo

For any i, j € Nog, we may now take the limit of both sides of Eq. (2.28) as n — oo
to obtain
(UM* + M* + D*(UM* + M* + 1)5;,8;)

~ ~ ~ ~ (2.29)
= <UM*5‘/', UM*s;) — (M*(SJ,M*(S,') +{((M* 4+ M + Déj, 8).

Note that the (i, j) entry of M*+ M+1is simply ¢ ; (¥;). The equation then becomes:

(UM* + M* + D*(UM* + M* + 1)5,8;)

~ - ~ (2.30)
= (UM*8;, UM"8;) — (M*8;, M*8;) + ¢ (V).
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Assume that condition (2) holds. By Eq. (2.27), we know that
o
¢ (i) =D $;@n)gn(Yi) = (UM* + M* + D*(UM* + M* + 1)8;.8;).
n=>0
Combining this with Eq. (2.30), we obtain
(UM*8;, UM*8;) — (M*8;, M*8;) = O forall i, j € No
= (MU*UM* — MM*)8;,5;) = Oforalli, j € No.
Conversely, suppose condition (1) holds. By Eq. (2.30),
G (i) = (UM* + M* + D*(UM* + M* + 1)8;, ;) forall i, j € Ny
and by Eq. (2.27), we see that
[e ¢
Gi (W) =Y b (@n)en(Vi),
n=0

as desired.

We will now show that condition (1) is equivalent to condition (3). Assume that
condition (1) holds. We begin by proving that

(U*Ux,y) = (x,y) ifx € Hoand y € Ho. (2.31)

Letx € Ho and suppose that x = M*w where w = ) 7' «;8; for some {a}32,, € C
and n € Np. Similarly, let y € Ho and suppose that y = M*z, where and z
Y i BrSx for some {Bi 172, € C and m € Ny. We derive

(U*ﬁx,y) (U*UM*w, M*z)

n m
= Y B U UM*s;, M*5;)

Be(M*8;, M*8) by (1)

I
M§

i =0
= (M*w, M*z)
= (x, ).

Write x = lim M*w, and y = lim M*zi, where wy, zx € F(Np) for all n, k. As
n—oo k—o00

U and U are bounded operators on £2(Ny), by the work above we have that

(U*Ux,y) = (U*U lim M*w,, hm M*zi)

n—oo
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= lim lim (U*TM*w,, M*z;)

n—00 k—o00

= lim lim (M*w,, M*z)
n—00 k— o0

= (lim M*w,, lim M*z)
n—oo k—o00

= (x, ).

We conclude that Eq. (2.31) holds, noting that there are no continuity requirements
on M* or M* to achieve the above derivations.

Letx =x;4+xandy =y +y € £2(Np) where x| € Ho, x2 € H(J)‘, y1 € 7:(0, and
2 € 7:[3' Using A, B, C, and D as defined in (2.24), we may then write

A B X1 Y1 _ ] ]
<<C D) (xz) s <y2>>7:[0@7f((J)- = (Ax1 + Bxy, y1>H0 + (Cx1 4+ Dxy, yz}?‘lé .

(2.32)

Suppose thatx € Hoandy € Ho sothat x; = y, = 0. Furthermore, write x; = z1+z2,
where z; € Hp and z» € Hé. From Eq. (2.32) we see that

(U*Ux1, y1) = (Ax1, y1) - (2.33)

Now calculate

(1, y1) = (21, y1) + {22, 1) = {21, y1)- (2.34)

By Eq. (2.31), (x1, y1) = (U*ﬁxl, ¥1), so we infer from Eqs. (2.33) and (2.34) that

(Ax1, y1) = (21, y1)
= (Ax1 —z1, 1) =0

for all x; € Hp and y; € Ho. As 71 = Pﬂoxl and x; € Hp, we conclude that

A= Pﬁo ”_

Conversely, assume that A = Pﬂo e Letx =x1+xandy =y +y € 2(Np)
0

where x| € Hp, xp € HOL, y1 € Ho, and yy € H&. Suppose that x € Hg and y € Hy,

so that x = y» = 0. By Eq. (2.32) we derive
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and we conclude that for all x € Hg and y € 7:10,
(U*Ux, y) = (x, y)if x € Hp.
As M*§; € Ho and M*58; € Hy forany i, j € Ny, it follows that

({U*UM*s;, M*8;) = (
= (MU*UM*s;, ;) — (MM 8;,8:)=0
= (MU*UM* — MM*)§;,8) =0

*8;, M*5;)

for any i, j € Ny, and the proof is finished. O

3 A Characterization of Weakly Effective Sequences

In the following theorem, we show that the assumption of a weak bound on {A4,}°°
relative to ® x W combined with the matrix condition in Eq. (2.16) is enough to
characterize weak convergence of the algorithm on the entire space in question.

Theorem 3.1 _Suppose {(¢n, Yn)},—o C X* x X with ¢, (Yn) = 1 for all n. Let M,
M, U, and U be as defined in Egs. (2.1) and (2.3). The sequence {(¢pn, ¥n)}oo is
weakly effective in X if and only if Eq. (2.16) holds and there exists some C > 0 such
that

(AN = Cliv i@l for all (¢, ¥) € ® x W, n € No. 3.1

Proof The necessity of Eq. (2.16) follows from Theorem 2.5, whereas the necessity
of Eq. (3.1) follows from the Banach-Steinhaus theorem.

We now turn to the sufficiency. If Eq. (3.1) holds, then a standard continuity argument
demonstrates that

|y(An NI = Clix Iyl (3.2

forallx € X and y € X*.

We will next show that y (A, (¥)) — y(¥)fory € X*and s € W.Choose {¢y};2, C
@ such that {¢y};2, converges to y.

Let ¢ > 0. Using Inequality (3.2), we derive

|y (An () =y =1 = i) (A (WD + 19k (An () — G ()] + (e — ) ()]
= ClIYIy — ¢kl + 1ok (An (V) — e () I+l g — yIIY -

Choose k large enough that ||y — ¢ || < min { 3CH¢I| 3H¢H } We then obtain

[y(Apn(¥) =yl = % + i (An(¥) — de (V)] + g
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Because v € W and ¢ € &, by Theorem 2.5, there is some N € Ny such that
|px (An (¥)) — ¢x ()| < § forall n > N. For such an n,

(A (¥) =yl < e. (3.3)

Now, choose x € X, y € X*, and {yy )72, C W such that {1/ };°, converges to x.
Again using Inequality (3.2), we obtain

|y (An () =yl = [y(An(x = YD) + 1y (Aa (i) — y@)l + |y (i — x)1
< Cllix = ¥llliyll + 1y (An ()) — yWil + Iy e — x1l.

& &
3CIyI> 31yl

Choose k large enough that ||x — ¥y || < min[ ] The inequality then

becomes
1y (A (x)) — y(x)| < § F 1y (A (W) — YWl + §

As y € X* and Y € W, by Inequality (3.3), there is some N € Ny such that
|y (An(¥x)) — y()| < § forall n > N. Choosing such an n, we see that

[y(An(x)) — y(0)| < e.
O
It would be desirable for Inequality (3.1) to be characterized by a matrix condition,
but, as discussed in Remark 4.8, this is unlikely to be possible.
4 Examples
The following examples demonstrate the lack of equivalence between the three matrix
conditions in Egs. (2.16), (2.21), and (2.25), and also establish the insufficiency of

matrix equations to completely encode information about condition (1) of Theo-
rem 1.2.

4.1 Finite Dimensions

Suppose x € X and define P, : X — X by P,x = x — ¢,(x)y,. Manipulating
Eq. (1.2), we obtain

X —x,=P,P,_1--- Pyx. “.1)
Recall that {(¢y, ¥u)},2, is effective in X when ||x — x,|| — O forall x € X. For a

bounded operator B on X, we use p(B) to denote the spectral radius of B. A sequence
{an}i2 is k-periodic if ay i = a, for n € N.
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Theorem 4.1 Let X be a finite-dimensional Banach space and let {(¢n, ¥y)},2y C
X* x X be a k-periodic sequence. Then {(¢n, ¥n)}2, is effective if and only if
p(Pe—1Pr—2--- Py < 1.

Proof 1t is well known that (Py—1 Px—3 - - - Pp)"* — 0 in the strong operator topology
if and only if p(Pr—1 Px—2 - - - Pp) < 1 [10]. Therefore, ||x — x;k|| — 0 as m — oo
if and only if p(Pr—1 Pxr—2--- Py) < 1. O

Theorem 4.1 provides an efficient method of testing whether or not periodic sequences
in finite dimensions are effective.

Example 4.2 Let {¢, ZO=0, {wn}?f:() c R?, ¢n = ¢n+3, and ¥, = Y43 for all n,
where

[¢0 &1 &2 Vo ¥1 ¥2] = [_11 500 155}

One can easily calculate p(P> Py Py) = % and p(0201Qp) = 2 for Ppx = x —
(x, @)Y and Qpx = x — (x, ¥, ) @y, Using Theorem 4.1, we infer that {(¢,,, Ip,,)}
is effective in R2, but {(V,, o) 152 is not.

Applying Theorems 2.5 and 2.9, we infer that for M, M, U,and U as defined Equations
(2.1) and (2.3),

(M*(UM* + M* 4 1)§;,8;) = Oforall i, j € Ny 4.2)
(M*(UM* + M* + 1)8;, ;) # 0 for some i, j € Ny. 4.3)

In the Appendix, we confirm this algebraically by explicitly calculating the matrices
in Egs. (4.2) and (4.3). More interestingly, we also calculate the matrix MU*UM*
M M* from Theorem 2.11, discovering that

(MU*UM* — MM*)5;,8;) =0 forall i, j € N. (4.4)

Equations (4.2), (4.3), and (4.4) together confirm that the matrix conditions in the
conclusions of Theorems 2.5, 2.9, and 2.11 are not equivalent to each other in general.
This is in contrast to the case of {e,,} 72, C ‘H in [5] (or that of {(¢y, ¥n)}oy C HxH
subject to relatively strong additional hypotheses [1]).

4.2 Infinite Dimensions

We aim to show that for certain singular measures u on [0, 1] = T, the sequence
{(eTinx 27”’”‘)} o C L9(u) x LP () is an effective sequence. To do so, we require
some background materlal from the spectral theory of the backward shift operator [4,
11]. For an analytic function f on DD, we define the backward shift to be

— £
(5710 = L LE,
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The Herglotz Representation yields a one-to-one correspondence between the inner
functions 6 on D and singular measures i on T as follows:

14+60() [w+z .. 14+6(0)
=60 /11‘ ” _Zd,u(w) +zlm—1 ~000) 4.5)

For the remainder of this section, the measure p and inner function 6 will be related
in this way.

We define H (D) to be the set of holomorphic functions on D, and H”, 1 < p < oo,
to be the set of functions f € H (D) that satisfies

1/p
1flp = sup ( /T If(ré)lpds) o

O<r<l

By virtue of Fatou’s theorem, H” may be identified with a subspace of L”(T). We
then define

Hy ={f € H|f(0) =0} H'={feL"(DIf € H},
and for the inner function 6,
O*(HP)={f € HP|6f € H"}.
The model space 6*(H?) has a reproducing kernel given by

1—0(M)0(z)

k. (z) = )
) 1 -2z

(4.6)

The Clark transform [4] U = U; : 6*(HP) — LP(u) is defined on the kernel
functions by:

[U1k1() = 2

) —m —m—.
1K 3z

The operator U; can be extended to all of 6*(H?) only under certain conditions [2].
The Normalized Cauchy Transform (NCT) V,, : L? () — H(ID) is defined by
Jf(w)

1 —wz

Vi fl@) =1 = 9(Z))/T dp(w). 4.7

Lemma 4.3 Suppose p is a measure on T and 1 < p < oo. For the sequence
{(eZminx, ezm’”‘)}ftio C L9(w) x LP(n) with analysis auxiliary sequence {g,}7>, C
Li(w), and f € LP(p),

eo]

[Vuf1@) =Y (£ gn)2" (4.8)

n=0
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Proof A simple calculation shows that

S (w) .- winxy n
) = Yo “9)

n=0

The product of (1 — 6(z)) and Eq. (4.9) is given by

o0 n o0
Zzan—j(fveznlnx)zn:Z<fsgn)zn-
n=0 j=0 n=0

m}

Theorem 4.4 Let u be a singular measure and 1 < p < oo. Suppose that
Ui(0*(HP)) = LP(u). Then, for every F € 0*(HP) with Fourier series F(z) =
Y02 o anz", the sequence of partial sums Zﬁ/:o anz" convergesto UL F inthe LP (1)-
norm.

We follow the argument given in Poltoratskii [12, Theorem 1.1]. Note that by assump-
tion, U] is bounded (and bounded below) from 60*(H?) to L” (1).

Proof As argued in Poltoratskii, the partial sum Z,I,v:o anz" coincides a.e. pu with
U F — ZN'HU] S*N F . Then, since U, is bounded, we have that

N
> an —UIF = 12N ULS™N Fllr g = 1015 Fllze )
n=0 L])(H)

< U IS*N Fll1r () — O.

O

Theorem 4.5 Let u be a singular measure and 1 < p < oo. Suppose that
Uy (0*(HP)) = LP(n). Then V,, = U; "

Proof We first note that it is well-known that the conclusion holds under the hypothesis
that 1 < p < 2[2]. Our proof requires several steps.

We consider first the kernel functions k; (z). Using Egs. (4.6), (4.7), and (4.5), we
calculate V, U1ky:

o 1—600) 1
[Vu Uik ](z) = [1 9(z)]/T( " ) (1 _wz>du(w)

S 1 W+ A
=[1—9(z)][1—9(x)]fT (w+_+w+§>du(w)

20— \w—2 w-—

0 1450 1+60)
=[1-0@)]I1—-0( = —
[1- 6@l ()]2(1_w<1_9m 1—9(Z)>
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_1-0o )
B 1—2z

Since the linear hull of {k;} C L”(u) is dense, we have that V,,U; = I on a dense
subspace. Because U; : 0*(H?) — LP () is continuous, we only need to demonstrate
that V,, : LP(u) — 6*(H?) is continuous to complete the proof. We take a slightly
different approach here. Let F € 0*(H ) have Fourier series givenby F(z) = Y _ a,7".
We define a functional n,(F) = a,. We have that this functional is continuous. We
also define the functional y,,(F) = (U1 F, gn); this functional is continuous as well.
Note that ,(V,, f) = (f, g») by Lemma 4.3. Moreover, 1, = ¥, on the linear hull of
{ky}, so they agree everywhere. It now follows that for F € 6*(H?),

VWUV F1(2) = ) (UIF, gn)" =) na(F)Z" =) a,2" = F(2).
O

Theorem 4.6 Suppose w is a singular measure and 1 < p < oo. Suppose that
U (0*(HP)) = LP(w). Then {(e*7", 62””“‘)}210 C Li(u) x LP(u) is effective
in LP ().

Proof By Theorem 4.5, we have that for any f € LP(w), V, f € 0*(H?). By The-
orem 4.4, the Fourier series for V,, f converges in L”(u). But, by Lemma 4.3, the
sequence of partial sums of the Fourier series for V), f is precisely the sequence of
approximations given by the Kaczmarz algorithm in Eq. (1.2). Since this Fourier series
converges, we have for every f € L?(w) that lim,— o0 A, (f) = f. O

Corollary 4.7 Suppose w is a singular measure and the corresponding inner function
satisfies the “one-component condition.” Then {(*™ ", *™"*)} L9 () x LP (1)
is effective in LP ().

Proof 1If the inner function satisfies the one-component condition, then U (0*(H?)) =
LP(u) forall 1 < p < oo [2]. m|

Remark 4.8 The exponentials in Lz(u) (and L? (1)) demonstrate that the matrix con-
ditions in Theorems 2.5 and 2.11 are not sufficient to characterize effectivity. There
are several aspects to this.

For a fixed measure y, the matrix N for {€?7"*} c L?(u) as defined in Eq. (1.5) is
identical to the matrix M for {(e27"*, ¢>7i"X)} < L9(u) x LP(n) (and the matrix
M also). Therefore, the matrix V as in Theorem B is equal to the matrix U (and
U ). Therefore, if 1 is singular, then the matrix conditions in Egs. (2.5) and (2.6) are
satisfied [5] but {(e27"*, ¢27inX)} = L9(1) x LP(u) need not be effective in L? (11).
Indeed, there are singular measures for which U; is not bounded for p > 2 [2], and
for those measures u, the pointwise boundedness condition of (1) in Theorem 1.2 is
not satisfied.

As just observed, there are singular measures p for which the matrix conditions are
satisfied but the pointwise boundedness condition is not satisfied. However, there
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exist other singular measures p for which both the matrix condition and the point-
wise boundedness condition hold. We conclude from these examples that matrices
alone cannot characterize effectivity. In particular, a matrix condition to guarantee the
boundedness condition in Eq. (3.1) should not be expected.
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Appendix

This appendix contains the calculations for Egs. (4.2), (4.3), and (4.4) from Exam-
ple 4.2. SAGE code is available from the repository specified in the Data Availability
Statement.

Recall that {¢,}°%, {¥4}°%, C R?, ¢ = $p43, and ¥, = 13 for all n, where

[#0 @1 &2 Yo ¥1 ¥2] = [_11 i _55 (1) (1) iss} :

Let M, M, U, and U be as defined in Egs. (2.1) and (2.3). We exploit the block
structure engendered by the periodicity of {¢,}°2; and {1/, }72 , to explicitly calculate
the involved matrices.

Claim4.9 If
100 112 00 —2 0 0 0
F=|110],D=|111),B=l0-51]),c=|0-25 5 |,
551 551 0.25 -5 0 .125 —.25
100 11.5 5 -5-5 5 =50
R=|110}),85=|115),w=(0 0o o), 7=[0 0 0]},
211 211 -1 1 0 -1 10
then
FFL 0 0 0 o0
B F'' 0 0 o0
FOOO---
DFOO-- cC B F'o0 0
I+M=|ppFo...|, I+U= c - (4.10)

Bl= =
a a
B —
@)
a W=
>~
7
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R0 0 0 0

ROOO--- w RO 0 0

- SROO--- - T W RO o0
I+M=|ssRro---|» I+¥U=| 17 T W R 0
- T T T W R!

A.11)

Given a matrix A, we will use A, ;) to denote the three-by-three block matrix of A
in the (n, j) position. We will use this notation for the remainder of the appendix.

It is straightforward to check that (I + M)(I + U) = I and (I + 1\71)(1 + ﬁ) =1.
First, note that (I + M)(I + U)(, ) is equal to zero for n < j and equal to /3 for
n = j. We calculate the following, using induction for the last equation.

I+ MU +U)us1y=DF '+ FB=0
(I 4+ M) 4+ U)sam =DF'+ DB+ FC=0

1
(I + M) +U)uszn = DC = 5 FC =0

1 1

We now show that (/ + M) (I +U) = I. Again, it s clear that ( + M)(I +U), j) is
equal to zeroif n < j and that (I + M)(I + U),,j) = I3 if n = j. Using calculation
and induction,

(I 4+ M)YI 4+ U)uy1ny=SR™'+RW =0
(I 4+ M) 4 U)guyany = SR+ SW + RT =0
(I + M) + U)guskmy = ST =0fork >3

and conclude that (1 + 1\7)(1 + (7) =1.
Proposition 4.10 (M*(UM* + M* + 1)5,,8,) = 0 forall n, j.
Proof We first calculate the matrix U M* + M* + 1.

(I + M*) +UM*
R* §* §* §* §* ...
0 R* §* §* §* ...
0 0 R* §* §* ...
0 0 0 R*S*--
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Fl—p 0 0 0 0
B Fl_p 0 0 0
C B Fl-p 0 0
+ %C C B Fl-pL 0
1 -1
1C 3C C B Fl-p
R*— I3 §* S* S* o sF ...
0 R*—I3 S* S* S ...
0 0 R*—I3 S§* S§*...
0 0 0 R*—1I38%--
R* + (F7' = B)(R* — Iz) S* 4+ (F~! — I3)s*
B(R* — I3) R*+ BS* + (F~! — B)(R* — Iy)
_ C(R* — Ix) CS* 4+ B(R* — Iz)
$C(R* — I3) 3CS*+ C(R* — I3)
S* 4+ (F~! — 3)s* §* 4+ (F~! — I3)s*
S* 4+ BS* 4+ (F~1 — 3)S* S* + BS* + (F~! — ) $*
R* + CS* + BS* + (F~! — )(R* — I) S* +CS* + BS* 4+ (F~' — I3)s*
$CS* 4+ CS* + B(R* — I) R* 4+ 1CS* + CS* + BS* + (F~' — B)(R* — I3)

S* 4+ (F~1 = I3)§*
§* 4+ BS* 4+ (F~! — I3)s*
S§* 4+ CS* 4+ BS* + (F~! — I3)$*
§* 4+ 1CS* +CS* + BS* + (F~' — 3)S* -

]

To show that every entry of M*(UM* + M* + 1) is equal to zero, we present a series
of lemmas exploiting its block structure. Specifically, we use induction across select
diagonals, rows, and columns.

Lemma 4.11 (Diagonal) M*(U M* + M* + 1)) = 0 forall i € N.

Proof Using block matrix multiplication combined with the previous derivations, we
compute the 3 x 3 principal submatrix of M*(UM* + M* + I):

M*(UM* + M* + 1) 0,0y = (R* — I3) (R* +(F~ ' = )R - 13)) + S*B(R* — I)
1 1
+ S*C(R* — I3) + ES*C(R* —-I)+ ZS*C(R* -3+
= (R* = 1) (R* + (F~' = I3)(R* = 1)) + S*B(R* — Iy)

+25*C(R* — I5)
=0.
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We also calculate

M*(UM* + M* + )11
= (R* — 13) (R* + BS* + (F~' ~ I (R* ~ 1))
+ §*(CS* + B(R* — I3))

1 1 1
+ S* <§CS* + C(R* — 13)) + 5 (ZCS* + 5C(R* — 13)>

1 1 1 1
+ §* (gCS* + ZC(R* — ]3)) + §* (ECS* + §C(R* — I3)>

= (R* — Iy) (R* + BS*+ (F~' — B)(R* — 13)) + S*B(R* — I5)

1 1 1
+ S*CS* + ES*CS* + ZS*CS* + gS*CS* + ...
1 1
+ S*C(R* — 1) + ES*C(R* - hI)+ ZS*C(R* —I3)+---

= (R" = 15) (R"+ BS* + (F™' = L)(R" = 1)) + S*B(R" — )

+25*CS* + 28*C(R* — I3)
=0.

Notice that during both of these calculations we encountered geometric series when
looking at the coefficients of the E*CS*Nand S*C(R* — I3) terms. This is a result of
the structure of the matrix M*(U M* + M* + I). Eventually, for large enough n, every
(n, i) block in the matrix M*(UM*+1\7*+I) isequal to %]VI*(UM*+A~4*+I)(”,1J-).
This provides us with the iterative structure necessary for the blocks in question to
be well defined. Furthermore, it allows us to make successful induction arguments
concerning the entries of A7I*(U1\7[* + M*+1).

Specifically, we know that for n > 2,

M*(UM* + M* + Dy = M*(UM* + M* + D p—1,0-1)
1
2n71
= M*(UM* + M+ I)(nfl,nfl)
1
2n—1

+

1
(R~ L)CS™ + 2 5°CS"

+

((R* — 3)CS* + §*CS*).  (4.12)

One can confirm that (R* — I3)CS* + §*CS* = 0. We have already shown that
M*(UM*+M*+ 1) =0forn =0andn = 1. Suppose that M*(UM* + M* +
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D .x = 0 for some k > 1. By (4.12),

M*(UIVI* + M* + I)(k+1,k+l) = M*(UM* + ]V[* + I)(k,k)
1
+ 3¢ (R* = [)CS™ + 5°CS")
1

=0+ -0

=0.
By induction, the lemma is proven.
Lemma 4.12 (Subdiagonal) M*(UM* + M* + I)(41.;) = O forall i € N.

Proof We calculate
M*(UM* + M* + I)(1.0) = (R* — I3)B(R* — I3)
1
+ S*C(R* — 1) + ES*C(R* —I)
1
+ ZS*C(R* — L)+
= (R* — )B(R* — I3) + 25*C(R* — I)
= 0.
Next, we derive
M*(UM* + M* + D1y = (R* — I3) (CS* + B(R* — I3))

1
+5* (ECS* + C(R* — 13)>

1 1
+5* (ch* +5CR" ~ 13)>

1 1
+ S5* (gcs* + ZC(R* - 13)>

= (R* — 1) (CS* + B(R* — I3))
1 1 1
—S*CS* + - S*CS* + -S*CS* + - --
+3 + +3 +
1
+§"C(R" — I3) + 5 S*C(R* — Iy)

1
+ STCR =D+
= (R* — I3) (CS* + B(R* — Iy))
+ S*CS* +28*C(R* — )
=0.
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We see that M*(UM* + M* + I (n+1,n = 0 holds for n = 0, 1. Recall that (R* —
I3)CS* + S*CS* = 0 and note that, for n > 2,

M*(UM* + M* + D g1y = M*(UM* + M* + D 1)
- L1
S (R = )CS™ + 5,

= M*(UM* —i—M* + I)(n,n—l)

+ S*CS*

+ ((R* — 3)CS* + S*CS*). (4.13)

2n—1
Assume that M*(UM* + M* + D) (k+1,6) = 0 for some k > 1. By (4.13),

M*(UM* + M* + D gy a1y = MY (UM* + M* + Dz p

1
+ 7 ((R* — I3)CS* + S*CS¥)

1
=0+ % 0
=0
and the result follows by induction. O

Having shown the subdiagonal is equal to zero, we will now show that the entire lower
triangular portion of the matrix is equal to zero.

Lemma 4.13 (Lower Triangle) M*(U]VI* + M* + Din=0n<i.

Proof We first verify that

00 -2\ /012 00 0)\ /012
BR* —L)=[0-5 1 001 =2{0-25 5 |[o01]|=20k"-D).
0.25 -5/ \000 0.125 -2/ \ooo

We then see that, fori > n + 1, AZ*(UA}* + M* + Din = %M*(U!VI* + M* +
I)(i-1,n)- By Lemma 4.12, the result holds. O

We will now use a series of three lemmas to show that every upper triangular entry of
the matrix M*(UM* + M* + I) is equal to zero.

Lemma 4.14 (0th Row) M*(UM* + M* + ).,y = 0, n > 0.

Proof We first calculate

M*(UM* + M* + D,1) = (R* — I3) (S* + (F~' — I3)§*)
+ 8% (R* + BS* + (F~' = I)(R* — I3))

1
+ 8 (CS* + B(R* — I3)) + S* <§cs* +C(R* — 13))
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1

1 1
+ §* (*CS* + EC(R* - 13)) + §* <8

CS* + lC(R* — )
4 4

=(R* = B) (8" + (F~' — I5)5*)
+ 8% (R* + BS* + (F~' = B)(R* — I3)) + S*B(R* — I3)
1 1
+ §*CS* + 5S*CS* + 5S*CS* + ..
1 1
+ S*C(R* — ) + ES*C(R* -+ ZS*C(R* — L)+

=(R* = B) (8" + (F~' — I3)5*)
+ 8% (R* + BS* + (F~' = B)(R* — I3)) + S*B(R* — I3)
+28*CS* +28*C(R* — I3)

=0.

We see that A7I*(UA7I*+A7I*+I)(0,,,) = 0 holds for n = 1 and note that forn > 1,

M*(UM* 4+ M* + 1)1y = M*(UM* + M* + )00
+ S*(F~1 — I)S* + $*S* + S*BS* 4+ 25*CS*.
(4.14)
Assume that M*(U M* + M* + I)(0,x) = 0 for some k > 1. We calculate S*(F~! —
I3)S* + §*S* + S*BS* + 25*CS* = 0. By (4.14),
M*(UM* + M* + D ox+1) = M*(UM* + M* + 10,50
+ S*(F~! = [3)S* + §*S* + S*BS* 4+ 25*CS*
=0
and the result follows by induction. O

Lemma 4.15 (Ist Row) M*(UM* + M* + Iy =0,n > 1.

Proof By Lemma 4.14, we know that M*(U M* + M* + I),,) = 0 forall n > 0.
Note that for all n > 1,

M*(UM* ~|—M* + I)(]yn) = ]VI*(UM* + M* + I)(()’nfl)
+ (R* — L)BS* +25*CS™.

We calculate (R*—I3) BS*+25*CS* = 0 and conclude inductively that M*(U]VI* +
M*+1)q,, =0forn > 1. o

Lemma 4.16 (Diagonals in Upper Triangle) JVI*(U]VI* +M*+ Dty =0,n > 2,
k € Np.



The Kaczmarz Algorithm in Banach Spaces Page 29 of 32 63

Proof We first note that for n > 2 and k € Ny,

M*(UM* + M* + Dy = M*(UM* + M* + -1 k1)

+

oY ((R* — 3)CS* + §*CS™).

(4.15)
By Lemma 4.15, we know that A7I*(U1l71* + M* + I)(n,n+k) = 0 holds for n = 1.
Suppose ZVI*(UZVI* +M*+ I),i+k) = Oforsomei > 1.Recall that (R* — I3)CS* +
§*CS* = 0. Thus, by (4.15),

M*(UM* + M* + D) it1.ip140 = M*(UM* + M* 4 1) it0)

+ ((R* = 3)CS* + S*CS¥)

mn—=2
=0.

The result holds by induction. O
We have now shown that every entry of M*(UM* + M* + 1) is equal to zero. O
Proposition 4.17 There exists some i, j € Ng such that (M* (ﬁM*—l—M*—l—I)S,- ,8;)#0.

Proof We first calculate

I+ M*)+UM*

F* D* D* D* ...
0 F* D* D* ...
_lo o F*D*...
0 0 0 F*...
Rl — I 0 0 0
W R'-—5 0 0
+ T W  R'—I 0
T T W  R'-—&
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F*+ (R — B)(F* — Iy) D* + (R~ — I3)D*
W(F* — I3) F*4+ WD*+ (R™! — B)(F* — I)
_ T(F* — I3) TD* + W(F* — I5)

T(F* — Iy) TD* + T(F* — I5)

D* 4+ (R~! — ) D*
D* + WD* + (R~! — ) D*
F*+TD*+ WD*+ (R™! — B)(F* — I5)
TD* + WD* + W(F* — I3)

D* + (R~ — I3) D*
D* + WD* + (R™' — ) D*
D*+TD*+ WD*+ (R™' — )D* --.

Consider the (0, 0) block entry of M *(17 M* + M* + I) given by

(F* — I3) <F* + (R = L) (F* — 13)) + D*W(F* — I3) + D*T(F* — I3) + - - -
(4.16)

where the term D*T (F* — I3) continues infinitely. We compute D*W (F* — I3) =
D*T (F* — I3) = 0 and conclude that

0-.50
(F* — I3) (F* + (R = B)(F* — 13)) =lo-50] 0. 4.17)
000

Proposition 4.18 (MU*UM* — MM*)8;,8;) = 0 forall i, j € Ny.

Proof 1t is clear that U*U = I implies (MU*UM* — MM*)5;,8;) = 0 for all

i, j € No. We will show U*U = I using block matrix multiplication and exploiting
the diagonal structure of U* and U'.

First consider

F™*—1I3 B* c* 3C* 1C*

0 F*—I B c* %C*

e 0 0 F7*—13 B* C*

utu = 0 0 0 F*—I B
0

0 0 0 F~™—13---
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Rl — I 0 0 0 0
W  R'—I 0 0 0
T W Rl-I 0 0
T T W  Rl-p 0
T T T W Rl'-—I

Note that U *U will have diagonal bands of identical block matrices. Specifically,
U*U(,,,k)vwill be equal to U*U(n+j,k+ijor any n, k, j € Ny. It suffices then, to show

that U*U k) = U*U,0) = 0and U*U 9,0y = I3 for n, k € Np.

We begin by calculating

- 1 1
U*Uw,0 = (F* = LYR™' = )+ B*W + C*T + EC*T +-C*T + - -

4
=(F* - L) R "= L)+ B*W+2C*T
= I3.

We next consider the Oth block column of U*U . First notice that U* U 00 =U* Uin.0)

for all n > 2. It is sufficient to calculate

~ 1 1
U*U(l,o) =(F*—LW+ B*T +C*T + EC*T 4+ -C*T + ...

4
= (F* — )W + B*T +2C*T
=0

and

*T7 —x% * * 1 * 1 *
UTaoy = (F7* = )T + BT + C*T 4 SC*T + 1 C°T 4 -

= (F™* = R)T + B*T +2C*T
=0.

Finally, we consider the Oth row of U* U. Notice that

UTon = —— (2C*(R-' — I) + C*W + C*T) fork > 2
0k = 577 ( 3) + + ork > 2.

We confirm that

C*W = C*T
C*(R™'=R)=—-C'T

(4.18)
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and conclude from (4.18) that U*l~](0,k) =0 for > 2.

It remains only to note that B*(R~! — I3) = —2C*T and show

~ 1 1
U'Uo1) = B*(R™' — I3) + C*W + SCT + 20T 4+

=B*(R™' — 3) + C*W + C*T
=0.

We see that U*U = I and thus (MU*U M* — MM*)§;,8;) = 0 forall i, j € No.O
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