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A GENERALIZATION OF A MICROLOCAL VERSION OF
BOCHNER’S THEOREM

S. BERHANU

ABSTRACT. We prove a generalization of the microlocal version of Bochner’s
tube theorem obtained in Baouendi and Tréves [Indiana Univ. Math. J. 31
(1982), pp. 885-895]. The results provide a class of CR structures where CR
functions extend holomorphically to a full neighborhood of a point which may
be of infinite type.

1. INTRODUCTION

The classical extension theorem of Bochner states that if h is a holomorphic
function on a tube R™ 4+ /=10 C C™, where Q is a domain in R™, then it extends
holomorphically to the convex hull R™ + V—=1. Local versions and different gen-
eralizations of Bochner’s theorem have appeared in several works (see for example
[1], [5], [10], [11], [12], [15], [16], [17], [21], [22], [24], [25] and the references therein).
In [1] Baouendi and Tréves proved a microlocal version of Bochner’s theorem. In
particular, they obtained a necessary and sufficient condition for the analyticity of
the solutions of the systems of vector fields under consideration. Their condition is
also necessary for the smoothness of the solutions. However, in a subsequent paper
[30], Ye constructed a counter example in C? that showed that the condition in [1]
is not sufficient in the smooth case. In this article we establish a sufficient condition
for the holomorphic extendability of solutions which is more general than the one
in [1]. As an application, we present a class of embedded CR structures where ex-
tendability to holomorphic functions in a full neighborhood or well defined wedges
holds. These extendabilty results do not follow from the well known works [2] and
[3]. The results proved here have applications to the C° and analytic regularity of
CR mappings between CR manifolds studied in the works [19], [20], [8], [9], [26],
[27] and many articles cited in these latter papers. In the last section, we present
another proof of the sufficiency condition for analytic hypoellipticity established
in [1].

The author is grateful to Laszlo Lempert for bringing his attention to the curve
selection lemma of Milnor in [28].

2. PRELIMINARIES AND THE MAIN RESULTS

Let m and n be positive integers. We will denote by x = (z1,...,2,,) and
t = (t1,...,t,) variable points in R™ and R™ respectively. Let V' be a domain in

Received by the editors September 23, 2020, and, in revised form, March 1, 2021.
2020 Mathematics Subject Classification. Primary 32D05, 32A40; Secondary 31B25, 30B40.
Work was supported in part by NSF DMS 1855737.

©2021 American Mathematical Society
5269

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



5270 S. BERHANU

R™ and
¢(t) = (¢1 (t)v ) ¢m(t))

a Lipschitz continuous mapping, ¢ : V — R™.
Let

Zi(x,t) =z +V—1¢i(t), 1 <i<m

and consider the associated n complex vector fields on R™ x V' given by
0
\/_Z %2 1<j<n.

The vector fields L; define a system Of hnearly independent complex vector fields
at each point in R™ x V. Clearly,

Let U C R™ be a domain and Q = U x V. For h = h(z,t) a Lipschitz continuous

solution in 2 of the system of equations

(2.1) Lih=0,1<j<n

and ¢y € V, we will be interested in the analytic wave front set of the function
x> h(x,to) = hy, ().

The reader is referred to the books [29] and [4] for the definition of microlocal

analyticity and its characterization in terms of boundary values of holomorphic

functions. We may assume 0 € U and tyg = 0. We may also assume that ¢(0) =0

and V = B,.(0) is a ball. Observe that when the mapping ¢ : V. — R™ is an

immersion, the L; define a system of CR vector fields. We will give a sufficient

condition for the microlocal analyticity of ho(x) = h(z,0).
The main result of this article is as follows:

Theorem 2.1. Let &% € R™ \ 0. Assume that there is a sequence tj € V' \ 0
converging to 0 such that for some fixed positive integer N,

(2.2) 6(t5) PN < —o(t;) - €.

Then if h is any Lipschitz continuous solution of (2.1) in 2, (0,£0) is not in the
analytic wave front set of ho(x) = h(z,0).

Remark 2.1. When N = 1, this theorem follows from the main result in [1] which
we recall here:

Theorem 2.2 (Theorem 1.1 in [1]). Let €2 € R™\0 and assume there are t* € U\0
and a Lipschitz curve v in V with 0 and t* as its endpoints satisfying:

(23) —o(t")-¢" >0,
(24) sup ()] <7

(2.5) |¢(t*)l2§1615 o(t) - €° < [r? — Sup o)1)~ (t") - €°].

Then if h is any Lipschitz continuous solution of (2.1) in 2, (0,£°) is not in the
analytic wave front set of ho(x) = h(z,0).

The following two results on microlocal analyticity do not follow from the pre-
ceding two theorems.
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Theorem 2.3. Let £° € R™ \ 0 and assume there are t* € U \ 0 and a Lipschitz
curve v in V with 0 and t* as its endpoints satisfying:

(2.6) —o(t") - € >0,
(2.7) 2 Sup o) <,
(2.8) 8lo(t)[* Sup o(t) - € < [r* - 431615 67 [—(t*) - £°).

Then if h is any Lipschitz continuous solution of (2.1) in Q, (0,£°) is not in the
analytic wave front set of ho(x) = h(z,0).

Theorem 2.4. Let £° € R™ \ 0 and assume there are t* € U\ 0 and a Lipschitz
curve vy in 'V with 0 and t* as its endpoints satisfying:

(2.9) —¢(t*)- € >0,
(2.10) 6?25 lp(t)] <,
(2.11) 2alp(t*)[° Sup o(t)- € < [r? - Sup 6" [—o(t) - £°),

(2.12) where o = (4+V/5) ((4 +VB)2—12(5 + \/5)) .

Then if h is any Lipschitz continuous solution of (2.1) in 2, (0,£°) is not in the
analytic wave front set of ho(x) = h(z,0).

Theorem 2.1 leads to the following corollary (see Corollary 1.2 in [1]) for solutions
defined for all z € R™.

Corollary 2.5. Let £ € R™\ 0. Assume there is t* € V such that —¢(t*)-£° > 0.
If h is Lipschitz continuous solution of (2.1) in R™ x V, then (0,£°) is not in the
analytic wave front set of hg.

The main tool used to prove the main theorem (Theorem 1.1 in [1]) in [1] is the
FBI transform

Fu(z, &) = 3 eV L=y e KIellz—vlyy (1)) gy

where u € C2(R™) is a continuous function of compact support and K > 0 is a
suitably chosen constant. The assumption (2.5) which is quadratic in nature allowed
a choice of K that shows the decay of the FBI transform which has a quadratic
phase function. Indeed, we have:

%{ﬁ@: Y VTIe(0) € — Kel (e —y ﬁw))?}
—o(t) € — Klellle -y — [o(0)).

Thus given (2.5), one can choose K > 0 so that at ¢*, for some ¢ > 0
(2.13) $(t*) - € — KI€|[lz — yI* — [o(t")*] < —cle],

for £ in a conic neighborhood of £ and x near 0.

In our case, when NV > 1, condition (2.2) does not lead to estimate (2.13) with the
standard FBI. Instead, we use more general FBI transforms that were introduced
in [6] which we next recall.
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5272 S. BERHANU

Consider a function ¥ € S(R™), [U(x)dz = 1, where S(R™) denotes the
Schwartz space of rapidly decaying functions. In [6] for any number A > 0 we
introduced a generalized FBI transform (with generating function ¥ and parame-
ter \) of a compactly supported continuous function u € C2(R™) by the formula

Fopu(z,§) = | /0P @ - a))ula)da,
Rm
where x,£ € R™.

We also considered the generalized FBI transform of a compactly supported
distribution v € £'(R™) by viewing the integral as the duality bracket between
a smooth function and a distribution with compact support. It was shown that
microlocal smoothness (the C* wave front set) can be characterized in terms of
the rapid decay of the transforms Fy yu.

For the proof of Theorem 2.1, we will use these transforms with

: 1
U(z) = ce Klol™ = —
(z) =ce 5%
k a positive integer and c¢ is chosen so that me U(z)dx = 1. The real number
K > 0 will be suitably chosen. That is, we will use the transforms

Fru(w,€) = [ e/ THoma e Klello=a ™y (1) gy
RmM

where z,& € R™. We recall from [6] that each transform Frpu(z,§) characterizes
the microlocal analyticity of a distribution u in terms of an exponential decay.

3. PROOF OF THEOREM 2.1

We may assume || = 1. The number K > 0 will be chosen later. Let g €
Cg°(Br(0)), g(x) =1 for |z| < . For h a Lipschitz continuous solution of (2.1) in
Q=U xV and (z,€) € R?™, we will consider the integral
(3.1)

i Ty . Bt/ 2k
IJ(I7§):/R / VT a—y=V=To(0)-6=Klella=y—V=To01™ [0V b (y. 1)) dtdy,
mJyj

where 7; C V' is a smooth curve joining 0 and ¢}, and for z € C™ we have used the

notation
m k
= (4)

j=1
m

Lf(y,t)dt = L;f(y,t)dt;
j=1

is a one-form on V depending on y. An application of Stokes theorem leads to

(32) Ij(l',f)zjz(l',f)—lo(l',é-),
where
[(z,6) = exﬁ(a;—y—\ﬁw;))f—KIf\[m—y—\/fw(t;f)]2’“g(y)h(y’t;f)dy7
R77l
Ioe,€) = [ e/ 7T Ul g ) g (y)dy.

RrRm
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By Theorem A in [6], hg is microlocally analytic at (0,£°) if for some ¢, co > 0,
[To(z,€)| < cre— 2k

for (x,€) in a conic neighborhood of (0,£°). In view of (3.2), it will suffice to prove
similar estimates for I7(x, ) and I{(z, &) for some j.
Observe that for any t,

oV T(a—y—V=To(1)-6~ K€l la—y—v=To(0)]* | _ —E(@u.t.0)
with
k
33 =—o)erKlel 3 (o )lomsPoloOP ) .00

0<2s<k

For each ¢ fixed, we will determine a useful lower bound for the polynomial in z of
degree 2k given by

B0 Pale-n= ()00 oP — 60R 20l - o)
0<2s<k

and write
Py (z,t) = |z)** + Z cax®, with ¢ = ¢ (t).
|| <2k

We will use the concepts and results of [13]. Given a non constant polynomial
feRz] =Rlz1,..., 2]
of degree 2d, we decompose f into its homogeneous parts
f=fo+. ...+ faa,
where f; is a form of degree i, i =0,...,2d. Let

Ps4.m = the cone of all positive semidefinite forms of degree 2d on R™,

and
Pgd’m = the interior of Pq .
Write
f(z) = Z fa %
|a]<2d
and let

S(f)y={aeN": f,#0}\{0,2de,...,2den},

where ¢; = (d;1,-..,0im), and

We denote faqe, by f2q, for short. Thus f has the form

m

f(x):f0+ Z faxa+Zf2d7i J)?d.

a€S(f) i=1
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5274 S. BERHANU

Let
A(f) ={a e S(f): fo % is not a square in R[z]}
={a € S(f): either f, < 0or q; is odd for some i € {1,...,m}}.

Recall next that a polynomial of one variable

-1
q(s) = s' — Zais’,
i=0

where each a; > 0 and at least one a; # 0 has a unique positive root. This follows
from Descartes’ Rule of signs. We denote the positive root of such ¢(s) by C(q).

We now recall a theorem of [13] (Theorem 4.3 in [13]) which says: If foq € Py, ,
and € > 0 such that

m
2d
foa — € E 27" € Padym,
i=1

then fo — A?? is a lower bound of f, where

2d—1
A=C <32d -> bs>
i—0
and
1

b
Y

@2d—i) 5 em Y [fal(a®), 1<i<2d 1.
a€A(f),lal=i

Recall that we are interested in a lower bound for
Pop(z,t) = [z + Y caz®, ca = calt).

|o| <2k
Since
|z|** € P§, ,, and |z|?* — Zx?k € Pogm,
i=1

the preceding result tells us that we can take e = 1, and therefore,
(3.5) Poi(,t) = (=1)F|6(6)]F = A%,
where

2k—1

A= C(s* — Z bis'),

i=0

and

bi = %(21@ S)BE Y el
a€A,|a|=i
Note that we may assume there is @ € A such that ¢, (t) # 0. Otherwise, we get
an easy lower bound. Theorem 4.3 in [13] gives two other lower bounds, but we are
quoting the one that will be useful for us.
We next estimate A. It is mentioned without proof in [13] that

1 1 L
A < 2max {bog_1,b3,_,,b3 ..., b3 }.

(See Remark 3.1 below the end of the proof). To see this, let j € {1,...,2k}
satisfying

1 1 1 1
J — 2 3 2k
b%_j =max {bax—1,b3,_ 5,03, _5,...,03" }.
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Then since
ANE = by + by A + b A 4+ by 1X2’H
2k—1 2k—2
A2 <b21,€ j+b2k AF byl N+ +b2k AL
For some ¢ > 0, let A =c¢ bz’k _j Then

2kbzﬂk ng% J+e+ 4.+

2 ek
= Dok (?)

and so

If0<e<2, then A < 2b§k7]— and hence

A< 2max{b2k,1,b§k p b3 g DZF .
If ¢ > 2, then the inequality ¢2% < €-=1 —L leads to the contradiction

czk(c— 2) < —1.
Thus
(3.6) A < 2max {bap_1, b33 5. bEF ).
Note also that since b; > 0 for all 7,
MNE > M for 0 < j <2k —1,

and so .
A > b;
Therefore, we have
1 1 a1
max {bar—1,b03; 5,05, _4,...,05"} < A
1 1 a1
(3.7) < 2max {bok—1, 03 _9: b3 g5+, 05" }-

To estimate the b;, we need to estimate each ¢, = ¢ () for || = i. Recall that for
each t,

Pty = 3 () o~ 6025~ .00

0<2s<k

= |z|?* + Z cqz®

|a] <2k
It follows that there is a constant C} depending only on k such that
(3.8) [ca(t)] < Cilo(t)[F 1.

Hence there is a constant depending only on &, which we still denote by C} such
that

(3.9) bi < Cylop())* " for 0 < i < 2k — 1.
From (3.6), (3.8), and (3.9), there is a constant C' = C'(k) > 0 such that

A<2max {b7"7 1 0<j<2k—1} < Clg(t).
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5276 S. BERHANU

By Theorem 4.3 in [13], we conclude that
(3.10) Po(z,t) > —=Clo(1)|?*, C = C(2k).
The bound (3.10) implies, with k = N,
E(z,y,t5,£%) > =o(t7) - £ — CK|o(t)[*N V)
> () *N (1 — CK) using (2.2).

Choose

1
3.11 0< K< —.
(3.11) <K<g5
Then

* 1 *
_E(xayatj,go) < _§‘¢(tj)|2N

Since E(z,y,t,€&) is homogeneous of degree 1 in £, for each j, there is a conic
neighborhood T'; of Y such that for some ¢, cg > 0:

(3.12) |1 (2,€)| < cre™lél for € € T;.

Consider next the integral I’ (x, £):
In the integrand of I7(x,€), since h is a solution and g(y) = 1 for |y| < %, the
integrand is supported in the set
. > r
{y Hyl = 5}-

Since ¢(0) = 0, t; — 0, when |y[ > § and [z| < 7, we get ¢ > 0 and an integer jo
such that
—E(z,y,t],,£) < —c[{| V€€ R™

and hence for some c3, ¢4 > 0,
(3.13) |70 (2,€)| < ese™lél for || < %, EeR™.

From (3.2),(3.12) and (3.13), we conclude that (0,£°) is not in the analytic wave
front set of ho(z) = h(z,0).

Remark 3.1. The bound on the positive zero used in the proof is attributed by [13]
to Exercise 4.6.2 in [23]. However, we have been unable to see the relation between
the bound and the exercise.

Remark 3.2. Theorem 2.1 also holds for ¢(t) assumed C! and solutions h(z,t) which
are measures. In that case, although the vector fields will have only continuous
coefficients, one makes sense of a solution such as a measure and its trace at ¢t = 0
using the results in [7].
Proof of Corollary 2.5. We first choose K as in (3.11) so that
* 1 *
_E(xvyat 560) < _§|¢(t )|2N
which implies an exponential decay for
I(x,6) = e*\/*_l(a:*y*\/f_laﬁ(t*))-&*KIlf\[ﬂla’*y*\/f_hb(t*)]%g(y)h(y7 t*)dy
]Rm

for € in a conic neighborhood of £°.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



GENERALIZATION OF BOCHNER’S THEOREM 5277

Let v be any smooth curve joining 0 and t*. We can then choose r large enough
so that

2k
I(%Q:/R /e\/—_l(x—y—\/—_hi)(t))f—K\E\[w—y—\/—_ld)(t)] L(g(y)h(y,t))dtdy
m Sy

decays exponentially for |z| < %, As before, the corollary follows from (3.2). O

4. PROOFS OF THEOREM 2.3 AND THEOREM 2.4
Consider next the lower bound
Pog(a,t) = —clo(t)*", e = c(k),
we had in (3.10) for our estimate of
E(z,y,t,§) = —RQ(z,y,1,£).

For the proofs below, we will take a closer look at Py(z,t) and Ps(z,t).

Proof of Theorem 2.3. The polynomial Py(z,t) arises from the generalized FBI
Fyu(z, &) and the corresponding

E(,’E,y,t,f) = —%Q(w,y,t,Q
=€ 9(t) + K[ER[(z —y — V=10(1))"]

=~ o)+ KE] ||z — y[* =2|0(t) |z — y* — 4z — y, 6(1))*+|o ()|,
and so

Py(x,t) = |of* = 2|(t)]*|2]* — 4(z, 6(t))* + [o(1)|*.

It is easy to see that for any ¢, the minimum of Py(x,t) is attained at z = v/3¢(t)
and the minimum value is —8|¢(¢)|*.
It follows that

If we choose

—£0-o(t")
O0<K<——F~71>
8lo(t)*
then the integral
(= Y e P *\14 %
I(x,6) = eV Hamy=V=16()) €= Klelle—y=v =10 () b (y, t*)dy

Rm™

will satisfy the estimate
I (2,6)] < cre=€l for some ¢y, ¢o > 0

and £ in a conic neighborhood of £°. To estimate the integral

—1l(z—y—v— - T—y—+/— 4
I(x,g):/ VT @—y—VTT00)-€= KIellr—y—V =T I, g (4 )y, £))dtdy,
)y,
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5278 S. BERHANU

we choose g(y) as before with g(y) =1 for |y| < (1 — €)r (e to be determined) and
consider for |y| > (1 — €)r,

E(0,y,t*,£°%)
= 6 0(0) + & |l" = 2460 Plyl — 4t 6(0)* + o001
> =6 0l0) + K |yl = S6(0)Ply? + (o)
> 6 ol0) + K| (- 36(0))” - sloto)|

>—¢-o(t)+ K (7“2 — 4|¢(t)|2)2} using (2.7) and choosing e small enough.

We now choose K so that
sup, €2-9(0) __ ~€0- g(t")

(r2 — 4lp(1)2)° Blo(t*)|*

Such a choice is possible because of assumption (2.8). Then for some ¢1,c2 > 0,
near the origin and ¢ in a conic neighborhood of &Y,

[I(z,8)] < cre™ ¥l for some ¢1,¢5 >0

and hence (0,£0) is not in the analytic wave front set of the trace ho(x) = h(z,0).
O

Proof of Theorem 2.4. Ps(x,t) arises from the generalized FBI Fgu(x,£) and the
resulting

E(z,y,t,€)

= —%Q(.’E,y,t,f)

= —&-o(t) + K[ER[(z — y — V=16(1))°]

= —&-0(t) + K[¢] [(lz—y[* = [6(0)[*)* = 12(Jz =y~ o (1) *) (= = y) - 6(1))? |,

and thus
Po(a,t) = [2° = 3[o(t) P[|* + 3|o(6)[*|2]* — o(1)]° — 12(|2]* — [6(t)[*) (x - &(1))?
= [a|® = 3|o () *[|* + (Blo(t)|* + 12(x - (t))) |=[?
+12(z - 6(8)*|o(1)]* — |6(8)[°.

For a fixed ¢, the minimum value of Ps(z,t) is attained at a point xy where the
gradient V, Ps(x,t) = 0.
Thus we have

6(|zol* = |¢(1)[) 220 — 24(z - ¢(1))*x0 — 24(|x0| — |6(t)[*) (0 - #(£))(t) = 0,
which implies that

1) [(zol® = 16(®)*)* = 4(zo - &(1))*Jz = 4(lzo|* — [6(t)[*) (0 - &(£)) S ().
If (Jzo|® — |o(t)]*)? — 4(wo - ¢(t))? = 0, then (4.1) implies that

(4.2) (lzol* = [6()*)(wo - 6(t))b(t) = 0.
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Since we are interested in t* = ¢ where ¢(t*) # 0, (4.2) in turn implies that

(4.3) (Jzol* = |6(t)]*) (2o - 6(t)) = 0,
which by virtue of (4.1) implies that
|zo| = [¢(t)] and zo - ¢(t) = 0.
But then
Po(xo,t) = (Jzo|* = [6(1)]*)* — 12(Jwol* — |6(1)[*) (w0 - 6(t))* = 0.

But

Ps(0,1) = =|6(t)|° < Ps(o,1) = 0
since we are assuming that ¢(t) # 0. Thus

(Izof* = |6(t)[*)* — 4(=o - ¢(2))* # 0,
which by (4.1) means that the minimum occurs at a point zy of the form ¢ ¢(t)

for some ¢ € R. Therefore, the minimum of Ps(x,t) is the same as that of the
polynomial f(c) of one variable given by

fle) =lo®)°[(c* = 1)° = 12(c* = 1)¢?].
Clearly, the minimum value of
h(c) = (¢* = 1) —12(c* — 1)¢?
on R equals that of
g(s) = (s —1)3> = 12(s — 1)s on [0, 00).

It is easy to see that the minimum of g is attained at s = 5 + v/5 and hence the
minimum value of f and thus Ps(x,t) is

alo®)]® = (4+ V5) (4 +V5)? =125+ V5)) [o()".

We therefore begin by choosing K to satisfy

—£0- o(t)
0I< K< ————+=,
alp(t*)[°
and so the term
* *\14
I(x,€) = eV a—y=V=16()) €= Klelle—y=v =10 g () b (3, t*)dy

]R7n
will satisfy the estimate

L. (2,6)| < cre~€l for some ¢y, ¢y > 0

and £ in a conic neighborhood of £°.
To estimate the integral

V=1(z—y—+/— £ T—y—/— 4
I(iv,f):/ / eV HemymvEto) e Riclemy =V 1o T L (g (y)h(y, 1)) dtdy,
m ’YJ

we choose g(y) as before with g(y) = 1 for |y| < (1 — €)r (e to be determined) and
consider for |y| > (1 — €)r, the function E(0,y,t*,£°). Observe that because of
inequality (2.10),

ly - o(t)] < % (ly]* = 16(t)]*)  for e sufficiently small
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and hence
B(0,y,%,€%) = —€° - 6(t) + K[(W C160P) — 12 — (1)) (y - ¢<t>>2}
> =€ ol0) + K| (ol = 1007 = 2 (P - (P

Ko = 1om2)?.

> ¢ 9(t) + 3
We therefore choose K so that
sup., £ - ¢(t) —£%- o(t)
alo(t)|s

3
(r? —sup, |(t)]?)
Such a choice is made possible by assumption (2.11). Then for some c¢1,co > 0, x

near the origin and ¢ in a conic neighborhood of &9,
1I(2,8)] < cre™ 2l for some ¢1,¢5 >0
and hence (0,£0) is not in the analytic wave front set of the trace ho(x) = h(z,0).
O

5. EXAMPLES

Let S be the complement of the union
< -1 -1 a 1 1
U <24n+1’ 24n+3> U U <24n+3’ 24n+1>
n=0

n=0

in the real line R and choose f € C*°(R) such that
f~40)=Sand f > 0.

Such an f exists because S is a closed set.

Define the function ¢, by
1

ft), s <t < o
t) =
al) {—h(t)f(g%), 55 < [t < 5ras
where
e%l, t>0
hlt) = {07 t<0.
Let
o(t) = (p1(t), P2(1)),

$2(t) to be determined later. If £€° = (1,0), then £° - ¢(t) = ¢1(t)
Suppose £V - ¢(t*) < 0 for some t*. Then there is n such that

*
<t < 513

24n+5
and so
. (N
wier— [
Let v = [0,t*]. Clearly,
supolt) € =swan(t) > or (53 ) = 1(53)
v 2!
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since
1 t* 1
924(n+1)+3 < 92 < 924(n+1)+1"

Therefore,
o) Psupa() € = ()21 37 ) = ootV (53 ).

Hence if condition (1.9) in [1] (conditions (2.5) in this paper) holds, then
w2t 2 N\ =[]
02\ 55 ) < (77 —sup @@ Je™ |f{ )|
2l

6ot < _f(t>

22
an inequality that may not hold when we work on

Q={(a,t): |z| <rlt| <T).

that is,

For example, such an inequality will not hold if we choose

o) =/ 1(53)

and f(t) is the square of a smooth function. Thus the Baouendi-Tréves condition
is not met even for any sequence t; that converges to 0.

However,
* 2 N 2
ot = [1(5)] e <o = [1(5)]

and so (2.2) holds for a sequence t; that converges to 0.

We next give examples of Liptschitz and C° hypersurfaces ¥ in C*"*! where CR
functions near the origin in ¥ extend to holomorphic functions in a full neighbor-
hood of the origin.

Let z; = x; + iy;, 1 < j < n denote the coordinates in C”, and 1(z) a holo-
morphic function defined near the origin in C", 1(0) = 0 and di(0) = 0 (or dy(0)
small enough). Let f = f(y1,...,yn) be a Liptschitz function near the origin in
R™, f(0) = 0. Consider the hypersurface given by

Y={(z1,.., zn, s +i(RY(2) + f(y)} seR.

Assume | f(y)| < Cly|? for some C' > 0 and that there exist two sequences {p};} and
{¢;} in R™ both converging to 0 such that for some integer k > 1,

fp) = pp)? and = f(q)) = |5 " v

Then any CR function defined near the origin on ¥ extends to a holomorphic func-
tion in a full neighborhood of the origin in C**!. In [18], Hounie and Tavares showed
that after a biholomorphism and change of coordinates, the Lewy hyperquadrics

n
(zl,...,zn,s—l—z'Zej\sz), e; € {-1,1}
j=1
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become tube structures. We use the same idea to show first that X also is equivalent
to a tube structure. Indeed, let

o Crtt -t

be the biholomorphic map defined by w = ®(z) where w; = 2;, 1 < j < n, and
W1 = Znt1 — (21, 2n). Then

Y =) = (21,5 20,8 + SU(2) +if(y)).

Define new coordinates

Dropping the primes, in the new coordinate system, we get a tube CR structure
with first integrals

Zi(z,t) =z +it;, 1 <j<n, Zpi1=an41 +if(t) near (0,0) € R"T x R",
We have
D(t1, . ytn) = (b1, ee sty f(f1, 0oy En))-

It is clear that for any £ € R"*'\ 0, there is an integer N and a sequence t}
in R™ converging to 0 such that |p(t})[*Y < —¢(tF) - €°. By Theorem 2.1, it
follows that the trace ho(z) of any solution h(x,t) is real analytic at the origin, and
hence for some holomorphic function H defined near the origin in C**1, h(z,t) =
H(Zl(xv t)’ LR Zn+1(x’ t))

The function f(y) can be chosen so that this extendability result does not follow
from the results in [2]. Indeed, for example, one can take

fly) = fly) = y%kﬂ sin(g(y1)), k a positive integer

and

-1
_Jen,y1>0
9(y1) {O, v < 0.

Observe that the resulting CR structure is then of infinite type at the origin. Like-
wise, one can give similar examples for higher codimensions where extendability to
a holomorphic function holds and the results in [3] do not apply.

If we take f(y) = f(y1) = y%k” sin (y%) , k> 1, we get a C' CR structure with
1

the vector fields having continuous coeflicients where solutions which are apriori
assumed to be measures extend holomorphically to a full neighborhood. Indeed, we
can use the version of the approximation theorem of Baouendi and Treves for vector
fields with continuous coefficients proved in [7]. In that version, the authors showed
how to define in a natural way the trace of a measure solution on a maximally
real submanifold of an embedded C' CR manifold. Moreover, the version of the
approximation theorem of Baouendi and Tréves proved in [7] implies that if the trace
of a measure solution is real analytic on a real analytic maximally real submanifold,
then the solution itself equals a holomorphic function of the first integrals. For
microlocal regularity in elliptic directions when the vector fields have low regularity
such as C'!, something that is also used here, we refer the reader to [14].
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6. REMARKS ON THE ANALYTIC CASE

In [1] Baouendi and Tréves established a necessary and sufficient condition for
the analyticity of all solutions of the system of equations (2.1). In this section we
will briefly present another proof for the sufficiency part (which is the difficult part)
of their result.

Let m and n be positive integers. We will continue to denote by x = (z1,...,2m)
and t = (ty,...,t,) variable points in R™ and R"™ respectively. Let V be a domain
in R™ and

o(t) = (p1(2), -, om(t))
a real analytic mapping, ¢ : V — R™.
Let
Zi(x,t) = x; + V—=lpi(t), 1<i<m
and consider the associated n complex vector fields on R™ x V' given by

— V= Za@k 9 1<j<n.

Lj = & ak

Let @ =R™ x V. We will con31der continuous solutions h = h(z,t) of the system
of equations

(6.1) Lih=0,1<j<n

on open subsets of ).
We denote by L the system of vector fields Ly, ..., L,.

Definition 6.1. We say that £ is analytic hypoelliptic at (zg,tg) € R™ x V if for
any distribution w, whenever L;u (j =1,...,n) is real analytic in a neighborhood
of (xg, o), u itself is real analytic in a possibly smaller neighborhood of (zg, ty). We
say that £ is analytic hypoelliptic on a subset of R" x V' if £ is analytic hypoelliptic
at each point of the subset.

Since the coefficients of the L; are independent of z, it is clear that £ is analytic
hypoelliptic at (xq,t9) € R™xV if and only if £ is analytic hypoelliptic on R™ x {¢(}.
We will use the following result from [1]:

Proposition 6.2. The system L is analytic hypoelliptic at (zg,tg) € R™ x V if
and only if for every distribution h defined in some neighborhood of (xg,to) which
is a solution, the distribution © — h(z,tg) is real analytic in some neighborhood
of xg.

We recall the characterization of analytic hypoellipticity proved by Baouendi
and Treves (Theorem 2.1 in [1]):

Theorem 6.3. The system L is analytic hypoelliptic at (zg,tg) € R™ x V if and
only if for every & € R™\{0}, to is not a local extremum of the function t — @(t)-&.

In the work [1], the sufficiency of the extremum condition for analytic hypoellip-
ticity was proved using a consequence of Hironaka’s theorem. Our objective here is
to indicate that instead of using Hironaka’s result, one can also employ the much
easier curve selection lemma of Milnor which we next recall from [28]:

Let A C R™ be a real algebraic set, and let B C R™ be an open set defined by
finitely many polynomial inequalities:

B={zeR™: ¢g1(z) >0,...,g/(z) > 0}.
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Lemma 6.4 (Lemma 3.1 in [28]). If AN B contains points arbitrary close to the
origin (that is 0 € AN B) then there exists a real analytic curve

p:[0,e) = R™
with p(0) = 0 and with p(t) € AN B fort > 0.

With some minor modifications, the proof of Milnor’s lemma also works for A
a real analytic variety and the functions g; real analytic on some neighborhood of
the origin in R™. The curve p(t) € AN B for t > 0 can then be used to prove the
sufficiency part of the analytic hypoellipticity result of Baouendi and Tréves. The
details of the proof are as in those of Theorem 2.1 in [1].
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