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ABSTRACT: We study all the possible spin asymmetries that can arise in back-to-back
electron-jet production, ep — e + jet + X, as well as the associated jet fragmentation pro-
cess, ep — e+jet(h)+X, in electron-proton collisions. We derive the factorization formalism
for these spin asymmetries and perform the corresponding phenomenology for the kinemat-
ics relevant to the future electron ion collider. In the case of unpolarized electron-proton
scattering, we also give predictions for azimuthal asymmetries for the HERA experiment.
This demonstrates that electron-jet production is an outstanding process for probing unpo-
larized and polarized transverse momentum dependent parton distribution functions and

fragmentation functions.
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1 Introduction

In recent years, studies of jets and their substructures have been used as important probes
to test the fundamental and emergent properties of Quantum Chromodynamics (QCD) and
strong interactions [1-9], as well as for searching for beyond-standard-model signals [10, 11].
For example, jets and their various substructures have served as major tools for mapping
out the partonic structure of a nucleon [12, 13|, and for unveiling the basic properties of
quark-gluon plasma (QGP) produced in heavy-ion collisions [14].

The advent of the Electron-Ion Collider (EIC) with polarized beams would unlock
the full potential of jets as novel probes for the three-dimensional (3D) structure of the
nucleon and nuclei [15]. Such 3D structure in the momentum space is encoded in the so-
called transverse momentum dependent parton distribution functions (TMDPDFs), whose
study is one of the scientific pillars at the EIC [16-18]. Besides jet production, the study
of jet substructure, in particular, hadron distribution within jets has received growing at-
tention in the last several years as an efficient instrument to understand the process of
fragmentation, explaining how the color-carrying partons turn into color-neutral particles
such as hadrons [9]. It is essential to understand such a fragmentation process as it will



provide us with an insight into the hadronization process. The jet fragmentation functions
(JFFs) describe the momentum distribution of hadrons within a fully reconstructed jet. In
comparison with inclusive hadron production in pp [19, 20] and ep [21, 22] collisions, by
studying the longitudinal momentum distribution of the hadron in the jet rather than the
hadron itself, one is able to obtain differential information on the fraction of jet momentum
taken by the hadron. This process is described by collinear JFFs which are closely related
to the standard collinear fragmentation functions (FFs), allowing us to more explicitly
extract the universal FFs by tracking the differential momentum fraction dependency. In
the sense of exclusive jet production, the theoretical advances in the collinear JFFs were
first studied [23-27], then later studied in the context of inclusive jet production [28-34].
Besides longitudinal momentum fraction, one can study the transverse momentum dis-
tribution of the hadrons in the jet with respect to the jet axis by including transverse
momentum dependence to the JFFs, namely transverse momentum dependent jet frag-
mentation functions (TMDJFFs) [35-38], which have close connections with the standard
transverse-momentum-dependent fragmentation functions (TMDFFs) [39-41].

Recently, production of back-to-back electron+jet and the corresponding jet substruc-
ture at the EIC has been proposed as novel probes of both TMDPDFs and TMDFFs [42-44].
In this work, we present the general theoretical framework for the hadron distribution in
a jet in back-to-back electron-jet production from electron-proton (ep) colliders,

e +p—e +(et(gr)h(zn,7d1)) + X, (1.1)

where both incoming particles (an electron and a proton) and outgoing hadrons inside the
jet have general polarizations. Here, g7 is the imbalance of the transverse momentum of
the final-state electron and the jet, which is measured with respect to the beam direction

(of the electron and the proton).!

On the other hand, z; is the momentum fraction of
the jet carried by the hadron, and 7, is the transverse momentum of the hadron inside
the jet with respect to the jet axis. As we will demonstrate below, using the simultaneous
differential information on gr and j,, we are able to separately constrain TMDPDFs
and TMDFFs. In particular, g7 is only sensitive to TMDPDFs, while the j,-dependence
is sensitive to TMDFFs alone. On the other hand, TMDPDFs and TMDFFs are always
convolved for the analogous semi-inclusive deep inelastic scattering (SIDIS) process without
a jet [47], and thus additional processes such as Drell-Yan production in pp collisions and
dihadron production in eTe™ scatterings are required to constrain TMDPDFs and TMDFFs
separately.

We derive all the correlations which come from different combinations of TMDPDFs
and TMDFFs. These correlations manifest themselves via characteristic azimuthal asym-
metries with respect to the scattering plane. We find that the distribution of hadrons in the
jet in back-to-back electron-jet production is sensitive to all the leading-twist TMDPDFs
and TMDFFs, making this an extremely promising process to study all different flavors
of standard? TMDs found in the literature. It is instructive to compare this back-to-back
electron+jet production with the production of the single inclusive jet in ep collisions,

! Alternatively, TMDPDFs were studied using the Breit frame in [45, 46].
2By standard, we mean the TMDPDFs and TMDFFs that can be probed in the conventional SIDIS,



which was studied in our previous paper [36]. In the case of single inclusive jet production,
e+p — (jeth(zn,j1)) + X, the electron is not observed [22, 54, 55] in the final state.
As shown in [35, 36], single inclusive jets probe only collinear PDFs. Consequently, being
differential in 7, would enable one to probe a single TMDFF alone (on top of a collinear
PDF). On the other hand, back-to-back electron-jet production with the imbalance gqp
measurements provides sensitivity to TMDPDFs and further sensitivity to TMDFFs when
hadrons in the jet are measured with their transverse momentum 7, relative to the jet axis.
With the era of the EIC looming in the near future, we select a few azimuthal asymmetries
to carry out phenomenological analysis using the EIC kinematics. In the case of unpolarized
electron-proton collisions, we also provide predictions for the HERA kinematics [56].

In the rest of the paper, we develop the theoretical framework and study the phe-
nomenological relevance of back-to-back electron-jet production from ep colliders, with gen-
eral polarization for the incoming electron and proton. We develop the paper sequentially
by increasing the complexity of the final states produced. In section 2, we begin by studying
the back-to-back electron-jet production without observation of a hadron in the jet. In order
to illustrate its relevance, we study transverse-longitudinal spin asymmetry, which allows us
to access the transversal helicity TMDPDF g7. In section 3, we generalize to a case when
an unpolarized hadron in a jet is observed. As a phenomenological application, we consider
the cos(¢g— qgh) azimuthal asymmetry sensitive to the Boer-Mulders TMDPDF hi and the
Collins TMDFF Hj-. Finally, in section 4, we further generalize the framework to the case
where a polarized spin—% hadron, a A baryon, is produced inside the jet. With this most
general framework, we present A transverse polarization in the jet to study the polarizing
TMDFF DfT using the future EIC kinematics. We conclude our paper in section 5.

2 Electron-jet production

In this section, we study the back-to-back electron-jet production in e + p collisions. By
measuring fully reconstructed jets instead of hadrons, this process will be sensitive to a
single TMDPDF, making it particularly useful to constrain TMDPDFs. This is to be com-
pared with the standard TMD processes, namely SIDIS, Drell-Yan, and ete™ — dihadrons,
where two TMD functions appear in convolution, and thus require extra efforts to decouple
them. For example, Drell-Yan process probes two TMDPDFs [57, 58], SIDIS is sensitive to
a convolution of a TMDPDF and a TMDFF [47, 49], while ete™ — dihadrons probes two
TMDEFFs [59, 60]. As we will demonstrate below, the electron-jet correlation would allow
us to probe all the chiral-even TMDPDFs, without any additional convolution of another
TMDPDFs or TMDFFs. In this case, the chiral-odd ones cannot be studied as they require
two chiral-odd functions to be convolved with each other.?

The back-to-back electron-jet production has been previously proposed in context
to study quark Sivers functions [42, 43]. After presenting the theoretical framework to

Drell-Yan, and dihdron in e*e™ collisions [47-49]. In recent years, there has been new TMD functions
describing hadron distribution with respect to the winner-take-all or groomed jet axis [50-53].

3We always use standard jet axis to define the jet in this paper. In a recent study [53] when a winner-
take-all (WTA) jet axis is used, the chiral-odd component of jets can arise and thus would allow probing
the chiral-odd TMDPDFs. How sensitive such a method is to the TMDPDFs remains to be investigated.



Figure 1. Back-to-back electron and jet production in electron-proton collision, where S4 indicates
the spin of the incoming proton and gr is the imbalance momentum between the outgoing electron
and the final-state jet.

study electron-jet production with general polarizations, as a new example, we carry out a
phenomenological study of transversal helicity TMDPDF, g1r. This TMDPDF describes
longitudinally polarized quarks in a transversely polarized proton, often referred to as a
“worm-gear” function or Kotzinian-Mulders [61, 62] function.

2.1 Theoretical framework

As shown in figure 1, we label back-to-back production of electron and jet from electron-
proton collision process as

p(pa, Sa) +e(ps, Ae) — jet(pc) +e(pp) + X, (2.1)

where an electron with momentum pp (unpolarized or longitudinally polarized with helicity
Ae, moving along “—z” direction) scatters with a polarized proton with momentum p4 and
polarization S4 (moving along “+2z” direction), and such a scattering produces a jet with
momentum pc and an electron with momentum pp in the final state. To conveniently
parametrize the momentum and the spin vectors involved, we first define a light-cone vector
<L.(1,0,0,1) and its conjugate vector n, = 1 .(1,0,0,-1), such that n2 = ng =0

V2 V2
and n, - n, = 1. Using the defined light-cone vectors, we can decompose any four-vector

nt =
p* as p* = [p*,p~, pr]. That is,
P =ptnk+pnl + o, (2:2)

where pt =ny -p = % (p° +p*) and p~ =n, - p = % (p° — p*). We study our process
using the center-of-mass (CM) frame of the ep collision, where the incoming momenta p4 p



and the proton spin vector S4 can be written as

ph= |/ Sn+00M), (23)
Vi = \[3n + Omo), 2.4

J’_
St — [)\ pa _y M ST] . (2.5)

Here s = (pa —}—p3)2 is the CM energy, A, and St are the helicity and transverse spin
vector of the incoming proton, and M (m.) are the mass of the proton (electron). We
define the usual Q? = —(pp — pp)?, the virtuality of the exchanged photon, and the event
inelasticity y = Q?/ (zps) with zp the standard Bjorken-z [47]. We set the final observed
jet to be produced in the zz-plane as shown in figure 1, with the four-momentum

p=E;(1,sin60;,0,cos6y), (2.6)

where the angle 0; is measured with respect to the beam direction. We refer such a
xz-plane as the scattering plane, which is formed by the jet momentum and incoming
electron-proton beam directions. Note that we use (¢,x,y,2) momentum representation
for pf,, to be distinguished from the light-cone component representation in the form of
brackets, e.g. in eq. (2.5).

We consider the kinematic region where the electron and the jet are produced back-to-
back with the transverse momentum imbalance gr = |gr| much smaller than the average
transverse momentum pp = |pr| of the electron and the jet: gr < pr. Here gr and prp
are given by

ar = pc,r +PpD,T, (2.7)
pr = (pc,r —pPp,T) /2. (2.8)

In the region where ¢r < pr, one must carry out the fixed-order matching (so-called Y
term [57]). We focus on the resummation region in this paper.
We parametrize g7 and transverse spin vector St in terms of their azimuthal angles as

ar = qr(cos ¢g,sin ¢g) , (2.9)
St = ST(COS ¢SA7Sin (z)SA) ) (2‘10)

where T subscript denotes that the vector is transverse with respect to the beam direction.
The azimuthal angles are measured in the frame where the incoming beams and outgoing
jet defines the zz-plane, as shown in figure 1. Note that we use a slight abuse of notation,
St = |St| and gr = |gr|, to denote the magnitude of the transverse vectors in egs. (2.9)
and (2.10). This notation needs to be used with caution, since representing the four-vector
as ¢ = (0,0, qr) (similarly for SF) would lead to a contradiction g% = —g> if one inter-
prets q% =qh qr - We always use qr and St to denote the magnitude of the transverse
momentum and spin, and explicitly write indices, for instance ¢4 gr,, to represent the



invariant mass of a four-momentum. We also use unbolded text with Latin indices, for
example k:lT or S%, to denote the components of transverse vectors.

Working in the one-photon exchange approximation and neglecting the electron mass,
the cross section of e+jet production from ep collision can then be expressed in terms of
structure functions as

do.p(SA)+e()\e)—>e+jet+X

= Fyu + MpAE
dp%ddeQ(]T U pel LL

+ ST{Sln(¢ ¢SA) sm ¢q ¢SA) + Ae COS(¢ ¢SA) COS ¢>q d)SA)}’ (211)

where y; is the rapidity of the jet, and the subscripts A and B in the structure functions
Fap indicate the polarization of the incoming proton and electron. Specifically, we use
U, L, T to represent the unpolarized, longitudinal polarized, and transversely polarized
particles, respectively. In the back-to-back limit where ¢ < pr, these structure functions
can then be analyzed within the TMD factorization formalism, and thus allow us to study
the relevant TMDPDFs.

Before we write down the explicit TMD factorization formalism, let us first provide
a short review for the definitions of the TMDPDFs for later convenience. TMDPDFs are
defined through the so-called quark-quark correlation function [63], ®(z, kr;.S),

¢~ d*&r p:
(2m)?

where k* = xp™ with p™ is the large light-cone component of the proton, and k7 is the

Be,kriS) = [ ST (PSIRO)H(©)IPS)] (212)

er=0"’

quark transverse momentum with respect to the parent proton. Here we have suppressed
the relevant gauge link for our process, which is the same as that for SIDIS process and
renders the expression on the right-hand side gauge invariant. In different processes, the
structure of the gauge link can change which leads to the important and nontrivial process-
dependence of the TMDPDFs [48, 64-69]. The correlation function ®(z,kp;S) can be
parametrized by TMDPDFs at leading twist accuracy [47, 63, 70| as

1 ]k‘ S kpr- S
O(x, kp; S) = 3 [ <f1 ]\2 Tf1T> Ty + < p91L + TM Tng) Y5ty (2.13)
kb Akl kr - Srki, — $k%S)
— doinl (hlST’y5 — zhL £ hlLL MT’YS hL J\T42 T T’yg, )

where 0, = % (Y4, ). We have eight quark TMDPDFs fi(x, k%), fir(x, k%), gir(z, k%),
qir(w, k2), hi(x, k2), hi (z, k%), hiz(z,k%), and hip(z, k%), and their physical interpreta-
tions are summarized in table 1. For details, see [16, 17, 47, 63, 70, 71].

As usual, we find it convenient to work in the Fourier or b-space. Taking the Fourier
transformation of the correlation function, we have

d(x,b;5) = /dsz e R B (1 kp; S), (2.14)



“'vltL T
H
U fi hi
L giL hi
T | fir | oir | ha, hip

Table 1. TMDPDFs for quarks. We have quark polarizations in the row with U =unpolarized,
L =longitudinal polarized, and T" = transversely polarized quarks. On the other hand, the column
represents polarization of the hadron H (i.e. the proton in our case).

and the b-space correlation function ®(z, b; S) at leading twist is given by [72]

®(z,b; ) _1

5| (A + it SEMfi ) s, + (Aogie — ib- SrM3(3)) s,

— gk (Sﬁ'phm — o MAT Y = ix b M Py

1 A -
-3 <b~ Srbt — 2625%) M%f}?)%)] : (2.15)
where b = |b| denotes the magnitude of the vector b. Here, the TMDPDFs in b-space are
defined as

FO (z,0?) = %/dkT kr (ﬁf)njn (krb) f (2,42 | (2.16)

where n = 0 by default when denoted without a superscript. For simplicity, we have
suppressed the additional scale-dependence in both f (z, k%) and f (n) (z,b%), and we will
specify these scale-dependence explicitly below when we present the factorization formula.
To illustrate how structure functions are factorized, we first describe in detail the expression
for Fyy, which can be factorized into different functions in b-space as [43, 68, 69]

el FI 2, 0%, . G /0P

(2m)?
X Sglobal(b7 , V)Scs(ba Ra ,U) . (2'17)

A db
Fyu =60H(Q,11)Y_ ez Jo(prR, ) / YZYRY)
q

where G is the Born cross section for the unpolarized electron and quark scattering process,
and its expression is given below in eq. (2.40). In the derivation of the above factorization
formula we apply the narrow jet approximation with R < 1. However, as shown in [73-76]
this approximation works well even for fat jets with radius R ~ O(1), and the power cor-
rections of O(R?") with n > 0 can be obtained from the perturbative matching calculation.
Here H(Q, p) is the hard function taking into account virtual corrections at the scale @ and
Jq(prR, 1) is the quark jet function. They describe the vertex corrections in the partonic
hard scattering and production of the outgoing jet from a hard interaction, respectively. In
the back-to-back region of lepton-jet production, we have Q* = —f = —x\/s ppe™¥/ with £



the partonic Mandelstam variable and we have () and pr to be comparable scales, QQ ~ pp.
Their renormalized expressions at the next-to-leading order (NLO) are given by [42, 43, 77]

2 2 2
H(Q,M):1+§—;CF l—an <SQ>—3ln<SQ>—8+W6 : (2.18)
JuprRop) =1+ 220p | 212 L R Y (U (2.19)
PTTH) = ST ot \ R ) T2 T\ pBR2) T2 T 4 | '

On the other hand, flq’unsub(x, b2, i, ¢/v?) is the so-called unsubtracted unpolarized TMD-
PDF [48],* with  and v denoting renormalization and rapidity scales, separately, while  is
the so-called Collins-Soper parameter [48, 78|. In the rapidity regularization scheme [79, 80]
we implement in our calculation,” we have ¢ related to the large light-cone component of
the quark inside the proton: /¢ = v2z pj = x4/s, which will be used in our numerical
studies. Finally, the global soft function Sgigbai(b, 11, 7) describes the soft radiation that
has no phase space restriction and does not resolve the jet cone. The collinear-soft func-
tion S¢s(b, R, 1) describes the soft radiation which is only sensitive to the jet direction and
resolves the jet cone. The collinear-soft function S.s(b, R, ;1) depends on the jet radius R
and is simply given by the soft radiation outside the jet cone at the NLO. The expressions
of Sglobal and S¢s at one-loop are given by [69]

Qs 2 ,U'Q . 1 Mz
Sglobal (b, 1t,v) = 1+%CF l(—n+lny2+2yj+2ln(—21cos(¢1))> (e +1In :

b
2 1. u? 7
=+-In——— 2.20
tat el (2.20)
as 1 2 —2icos(¢>1)u) 2<—2icos(d>1)u) 2
Ses(b,R,p)=1——"Cp | 5+=In{ ———= ) $2In* [ —— == ) +—|, (2.21
( 2 2 FL2+6 n< R +ain up R +4 ( )

where we have p, = 2e~7€ /b, while ¢1 = ¢, — ¢; with ¢, and ¢ are the azimuthal angles
of the vector b and jet transverse momentum pp, respectively. Note that we work in
4 — 2e space-time dimensions and use the rapidity regulator [80] n and the rapidity scale
parameter v.

It is instructive to mention that the Fourier transform given in eq. (2.17) is further
complicated by the soft functions’ dependence on the azimuthal angle of the jet produced,
namely ¢;. These non-trivial azimuthal angle dependence of the soft functions can give
rise to additional azimuthal angle correlations for electron-jet production. For example, it
was shown in [81, 82] that some novel azimuthal angle correlations can arise from the soft
radiation in back-to-back dijet production in unpolarized proton-proton collisions, which
involve ¢4 — ¢;. In general, our formalism would naturally lead to such an azimuthal
dependence in the unpolarized scattering if one realizes that the azimuthal dependence

4Compared to eq. (2.15), we now include the flavor label ¢ and also write ‘unsub’ to emphasize the role of
the rapidity divergence in TMDPDFs. The basic parametrization forms given in egs. (2.13) and (2.15) do not
change whether we use the rapidity divergence subtracted or unsubtracted quark-quark correlation function.

50ur rapidity scale v is related to the one used in eq. (4.9) of [80] by v — V2v to be compatible with
our definitions of the light-cone vectors given above.



in ¢, — ¢; would translate to the ¢, — ¢; dependence after the Fourier transform from
b back to g7 space. We would expect that such ¢;-dependence would lead to additional
correlations in the polarized scattering, which involve ¢g in general, the azimuthal angle
of the proton spin.

In the current paper, however, we concentrate on the study of the TMDPDFs and
TMDFFs, and we thus ignore such type of correlations purely due to the soft radiation.
To proceed and to simplify our phenomenology below, we make a few simplifications. We
integrate over the jet azimuthal angle ¢ as indicated in eq. (2.11), i.e., we only measure the
magnitude of the jet transverse momentum pr, in which case the azimuthal correlations
involving ¢; would vanish. Additionally, we take ¢p-averaging in both the global and
collinear-soft functions, following our previous papers in [68, 83, 84]. We therefore arrive
at the following expression

Fyy =60 H(Q, ) 26 Jy(pr R, 1) /7&70 qrb) @ f (@, b2, 1, ¢ fv?)

X Sglobal(b s Wy V)Scs(b , R, N) > (2'22)

where the bar in S indicates that the azimuthal angle averaged version of the soft functions
are only sensitive to the magnitude of b. The one-loop expressions of the azimuthal angle
averaged soft functions are [68, 85]

B s 2 2 1 2 92 2 2
Sytobal (B2, 1.0) =1+ 2 Cp —7+lnﬂ—2+2y1} +1n“ + 5+ "t T (2.3)
2T n v F‘b € ,ub 6

62 Y 2R piR? 12

a,Cr

7cs b2 =1-
S ( 7R7H) 27T

(2.24)

Note that in the usual SIDIS and Drell-Yan processes, the rapidity divergence and thus
the rapidity scale v cancel between the unsubtracted TMDPDF f4"U (3 92 4y ¢ /1/2) and
a square-root of the standard soft function /Sg(b?, i, v), whose expressions are the same
for SIDIS and Drell-Yan process and can be found in [35, 48]:

asCr 2 V2 1 12 o2 x?
Sop(b?, p,v) =1 — 2(=+In— +1n + In? ———+ 2.25

This allows us to define the standard TMDPDFs [48] f(z,b%, 11, ¢) that are free of rapidity
divergence

Fil(@, 0%, 11,¢) = FP"™ (@, 0%, 11, ¢ /v2) ) San (B2, 11, v) (2.26)
Plugging this equation to eq. (2.22), we end up with the following expression

FUU_UOHQ 1% Ze J pTR,U’ /7']0 qu)xf{I(vaQ?}qu)

X Sglobal(b 7,“)505([) JRJ M)a (227)

where S’global(bQ, ) is a rapidity divergence independent soft function defined as

51g10b23u1(l727 M, V)

S oba b27 = )
glob 1( N) Sab(b2a,uay)

(2.28)



with the following expression at the NLO

—~ « 1 u? 1 1. w2 1 w2
S Vo) =1+ —Cr |2y -4+h">= |+ =+ -In=+-In>= — —|. (229
global (07, 1) +27r F[yj<€+nub>+€2+enug+2n pi o 12 ( )

The renormalization group equations for S.s(b%, R, 11) and S'global(bQ, @) are given by

d _

M@m Ses(b?, Ry ) = 75 (b, R, 1) (2.30)
d _

M@ In Sglobal(b27 M) = fYAgglobal (ba M) ) (231)

where the anomalous dimensions 5, and yglobal can be obtained from eqs. (2.24) and (2.29)

2

S o asCF 1%
vo (b, R, p) = — - In 2R (2.32)
a,Cr i
’Yglobal (b7 /’L) = <2yJ +1In 2) . (233)
s :U’b

To proceed, we use the usual Collins-Soper-Sterman (CSS) formalism for the unpolar-
ized TMDPDFs ff(x, b2, 1, ¢) in eq. (2.27), which are given by

Fl 6% 1,0) = [Coei ® Fi] (@, 10.) exp [~ Spert (11 10.) = S (2,5, Q0, Q)] . (2.34)

Here we have performed an operator product expansion in terms of the unpolarized collinear
PDFs fi(x, up,) with the convolution defined as follows

- Ldg x o
{Cq%i ® fﬂ (xaﬂb*) :/ g q—1 (:f,‘”ub*> f{ (xhu’b*) ) (235)

T

where the sum over repeated indicies are understood and we follow the usual b, prescrip-
tion [57] with b, = b//1 +b2/b2 . and byax = 1.5GeV 1. The coefficient functions Cye
at the NLO can be found in [48, 86, 87], with even N3LO results available at [88-90]. On
the other hand, the perturbative Sudakov factor Spert (1, i1, ) is given by

[ B e (atr5)] - @)

by

Spert (1t 16, ) = — K (bs, iy, ) In <\fc> -

Ho.

Note that at the next-to-leading logarithmic (NLL) level, K (b, i) = 0 and

s 23

a? 67 w2 10 ¢
—= — | -=T In = . 2.
+2CF lCA (18 6) 9 Rnf] o (237

On the other hand, for the non-perturbative Sudakov factor SI{IP (z,b,Q0,(), we use the
parametrization [91, 92]

b
$tp(@,6,Q0,0) = Ln Xf In ;- + g1, (2.38)
0 *
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with Qo = v/2.4GeV, gy = 0.84 and g1 = 0.106 GeV?2. One last ingredient for the factoriza-
tion formula in eq. (2.27) has to do with the so-called non-global logarithms (NGLs) [93].
For recent developments on the NGLs, see [94-101]. At the NLL accuracy, they can be
included as a multiplication factor, see e.g. refs. [43, 44, 68, 93, 102, 103]. We find that
the NGLs have only very mild effects on our numerical results below, and so we will not
include them in the calculations.

To present results for other structure functions in eq. (2.11) with a more compact
notation, we define

bn+1db 9
Sl JIn(qrd) x A(x,b%), (2.39)

CA A, b)) = 3 H(Q p) Y eby(pr R )™ [

q

where 69 and &, correspond to the born-level partonic cross sections of unpolarized scat-
tering eq — eq and longitudinally polarized scattering erqr — eq, respectively. They are
given by the following expressions

Qem@vs 2(02 + 32)

6o = SO 3 , (2.40)
. CQemOs 2(02 — 5?)
=" g (2.41)

Here 3, £, @ are the Mandelstam variables for the partonic ¢(zpa) +e(pg) — q(pc) +e(pp)
process and are given by

§=(zpa+pp)?, t=(pp-pp)?, 0= (zpa—pp)*. (2.42)

With the compact notation defined, we find the following factorized expressions for the
structure functions in eq. (2.11)

Fyu(ar) = Cog [ f1 (2, b2, 1, €) Sgrobar (b, 1) Ses (b2, R, )], (2.43a)
Fri(ar) = Cft g1 (2, b, 1, ¢) Sgiobat (0%, 1) Ses (b°, R, )] (2.43b)
in(¢q—¢ Q g
Fpi %0 (gr) = st [T (.07 1, O Sgobmt (0, 1) Ses (W2 Ropr)] . (2.430)
cos(pg—¢ e Q qQ
FEO0sa) (41 = st {g%T)(x b, 1, €)Sglobal (0%, 11) Ses (b2, R, M)} : (2.43d)

From eq. (2.43), we find that the back-to-back electron-jet production provides access to the
four chiral-even TMDPDFs: fi, 911, flLT, g1r. This is what we have advocated at the be-
ginning of the section, electron-jet production allows us to probe all chiral-even TMDPDFs,
but not the chiral-odd ones which usually require the process to be coupled with another
chiral-odd function. We summarize the results with their characteristic asymmetries in
table 2.

2.2 Phenomenology: the transverse-longitudinal asymmetry

In this subsection, we study applications of back-to-back electron-jet production in ep
collisions. Some phenomenological applications of this framework, e.g. Sivers asymmetry

- 11 -
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Jet T
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Table 2. Summary of the characteristic azimuthal asymmetry with which different TMDPDFs
arise for back-to-back electron-jet production. See egs. (2.11) and (2.43) for details.

F;i;}(%_(bs“‘), have been considered previously in refs. [42, 43], but the framework has never

been completely generalized fully as in egs. (2.11) and (2.43).

Our general framework presented in the previous subsection can bring novel insights
into the study of spin and TMD effects for all chiral-even TMDPDFs, especially at the
future EIC. Here, we consider an azimuthal correlation that has never been studied before
in the context of back-to-back electron-jet production, specifically the double transverse-

longitudinal spin asymmetry, ACTOZ(%%)SA), defined as

cos(pg—ds , )
A Or952) _ Frp © Y (2.44)
Fyu

using the future EIC kinematics. To generate such a transverse-longitudinal spin asym-
metry, we consider the situation in which a transversely polarized proton collides with a
longitudinally polarized electron. As defined in eq. (2.43), the denominator Fyy is related
to the unpolarized quark TMDPDFs f{(z, k%), while the numerator F;)LS(gbrqbsA) is related
to the quark transversal helicity distributions g{(, k:%), which describe the distributions of
longitudinally polarized quarks inside the transversely polarized proton as shown in table 1.

To compute the unpolarized structure function Fyy, we use the unpolarized TMD-
PDFs f{(z,b% u, () extractions in [91, 92] based on the parametrization discussed in last
section. On the other hand, for computing the polarized structure function F;f(%id)s“‘),
we would need the parameterization for g{,.(x, b2, i, ¢) in the b-space. There are experimen-
tal measurements from HEREMES [104], COMPASS [105] and Jefferson Lab [106] on the
double transverse-longitudinal spin asymmetry for the SIDIS process, which in principle
would allow us to extract gf,. However, such a global analysis for g{; is not yet available.
Below, to estimate the spin asymmetry at the future EIC, we take the parametrization
in [107], which simply implements a Wandzura-Wilczek (WW) type approximation and
has shown to describe the COMPASS data reasonably well [108].

A simple Gaussian form is provided in [107] for g{; as follows

2
g, K2) = 680 (@) ok o~/ oy (2.45)
7r<kT>ng

where (k%.)4,, = 0.15GeV? and gf(Tl )(x) is a collinear function such that

Q(l)( _ d2k k% q kQ 2 46
g7 () = T o2 i\ Fr) - (2.46)

- 12 —



From egs. (2.16) and (2.43d), we obtain the following expression within the Gaussian model
for gq(l)(aj b?), the relevant quantity in the TMD factorization formula

2
kTdarT

G0 (2, %) = / dhp T J1 (krb) g (2, k%) = 27 gff) () e 55 (247)
For the numerical value of g(llgpl ) (x), one further applies a WW-type approximation to relate
it to the collinear helicity distribution g7, (z) as [109]

i)~ [ ), (2.49

where we use the helicity PDFs g7, determined by the NNPDF collaboration [110] at the
scale up, as we will see below.

q(1)

The simple Gaussian model for §iy’ (z,b?) in eq. (2.47) would then allow us to com-

COS(¢q bs A)

pute the double spin asymmetry A, Since we are using unpolarized TMDPDFs

f1 (z, b, p, ¢) with proper TMD evolutlon for computing the denominator Fyy in eq. (2.44),
we will also implement the TMD evolution to promote the Gaussian result for f]‘fg} )i
q. (2.47). In this case, we include both perturbative and non-perturbative Sudakov fac-

tor and gq( )(x b2, i, ¢) can then be written as

91115}) (l" b27 My C) = 2779111%1) (LU, /’Lb*) exp [_Spert (M? :U’b*) - Sl%lg (LU, b) Q0> C)] ; (249)

where the perturbative Sudakov factor Spert is spin-independent and is given in eq. (2.36).
The non-perturbative Sudakov factor for g;p takes the similar form as that of the unpo-
larized counterpart given in eq. (2.38) as

Sp (2,6,Qo0,¢) = 921 Yoy 2 +g7 0% (2.50)

Qo b«

Here go controls the non-perturbative TMD evolution from the scale Qg to v/C, and it is
universal for all different types of TMDs and certainly spin-independent [48]. Thus, it is the
same as that for fi] given below eq. (2.38). On the other hand, the ¢g'" parameter depends
on the type of TMDs, and can be interpreted as the intrinsic transverse momentum width
for the relevant TMDs at the momentum scale Qo = v/2.4 GeV [86, 111, 112]. To match
the Gaussian model in eq. (2.47), we take

2
— U‘;Tig”‘ = 0.0375 GeV?. (2.51)
In figure 2, we present our numerical result of ACOS(% #54) as a function of g7 /pr.
We consider electron-proton collisions at /s = 89 GeV at the future EIC, and the jets are
constructed via anti-kp algorithm [113] with jet radius R = 0.6. We integrate over the event
inelasticity 0.1 < y < 0.9 and jet transverse momentum 10 < pr < 15 GeV. Note that in the

back-to-back region, we have y = 1 — g\e}J and thus the kinematic cuts on y translate into

the cuts on rapidity y; and transverse momentum pp for the jet. As shown in figure 2, we
get a sizeable positive double spin asymmetry, demonstrating its promise at the future EIC.
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Figure 2. Spin asymmetry of back-to-back electron-jet production from the collision of transversely
polarized proton and longitudinally polarized electron as a function of ¢ /pr, the ratio between the
momentum imbalance gr and the jet transverse momentum pr. Here we apply the center-of-mass
energy /s = 89 GeV of EIC kinematics, jet radius R = 0.6, event inelasticity 0.1 < y < 0.9 and jet
transverse momentum 10 < pyr < 15 GeV.

3 Unpolarized hadron inside a jet

In this section, we study the back-to-back electron-jet production with unpolarized hadron
observed inside jets. In particular, besides the electron-jet transverse momentum imbal-
ance gr, we also observe transverse momentum j,; distribution of hadrons inside the jet
with respect to the jet axis. Observation of a hadron inside a jet makes the process sensitive
to a TMDPDF and a TMDJFF simultaneously. Unlike the counterpart process involving a
hadron without observation of a jet, such as SIDIS, further dependence in j, allows the two
TMDs to be separately constrained. In this section, we consider only unpolarized hadron
(such as pions) inside the jet and we write down the complete azimuthal modulations for
the cross section. The well-known Collins asymmetry for hadrons in a jet in ep collisions is
one of such azimuthal modulations [43]. In this section, to illustrate the usefulness of this
process in constraining TMD functions, we carry out a new phenomenological study as an
example. This azimuthal modulation is referred to as A?Z%q_%), with the dependence on

azimuthal angles ¢, and ngSh, and it allows us to study Boer-Mulders TMDPDFs h{ and
Collins TMDFFs Hi.

3.1 Theoretical framework

We generalize the theoretical framework developed in section 2.1 to the case where one
measures distribution of unpolarized hadrons inside the jet,

p(pa. Sa) + e(pp, Ae) = [iet(pe) b (zn,41) | + e(pp) + X , (3.1)

— 14 —



Figure 3. Electron and hadron in jet production from back-to-back electron-proton collision, where
S 4 indicates the spin of the incoming proton, S, is the spin of the produced hadron in a jet. The
jet axis and colliding direction define the xz-plane.

where zp, is the longitudinal momentum fraction of the jet carried by the hadron h and
71 is hadron’s transverse momentum with respect to the jet axis. The details of such a
scattering are illustrated in figure 3. In comparison with the subscript 1" discussed below
eq. (2.10), which refers to the transverse momentum with respect to the incoming beam
direction, we use L to denote the transverse vector relative to the jet axis. We parametrize
J1 in the ep center-of-mass frame as

J1 = ji(cos éh cos By, sin &h, — cos qgh sinfy), (3.2)

where 60 is defined in eq. (2.6), and we follow the slight abuse of notation discussed in
the previous section below eq. (2.10) and use j; = [j1| to denote the magnitude of the
transverse vector j; . On the other hand, <;A3h is the azimuthal angle of the produced hadron
transverse momentum j, in the jet frame xjysz; shown in figure 3. Recall that the
scattering plane is the zz-plane formed by the jet momentum and the incoming electron-
proton beam directions. Note also that we distinguish the azimuthal angle measured with
such jet frame shown in figure 3 with a hat symbol.

The differential cross section of the back-to-back electron-jet production with unpo-
larized hadron observed inside jets is given by

daP(Sa)te(Ae)—et(jeth)+X -
= Fyuu+cos(¢g— on) F, gﬁgq o)

dp%dy ;d?qrdzpd?5 |
+ )\p{AeFLL,U +sin(¢q — q3h)FEi£}f$“_¢h) }

. sin o) . In smd)
+ST{SIH(¢ — 05, F Tqu SA)+51H(¢SA bn) TUUSA e
+ Ae cos(dg — s, ) F ;Cf(gq #sa)
. sin(2
+sin(2¢q — o — s, ) F TUU¢q o ¢SA)}’ (3:3)
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where Fyp o denote the spin-dependent structure functions, with A, B, and C' indicating
the polarization of the incoming proton, of the incoming electron, and the outgoing hadron
inside the jet, respectively. Since we only consider the distribution of unpolarized hadrons
inside the jet in this section, we always have C' = U. We will consider the polarization of
the hadrons in jets in the next section.

With the hadron inside the jet observed, the factorization formula for the above struc-
ture functions Fap ¢ is very similar to that for the structure functions Fyp discussed in
section 2.1. In the narrow cone approximation, the jet function J,(prR,p) in Fap (e.g.
in eq. (2.27)) is simply replaced by appropriate TMDJFFs [27, 35, 36]. As we have em-
phasized there, such a factorization formula is derived under the narrow jet approximation
with R < 1. In the appendix B, we derive a different factorization formalism which applies
to a general R ~ 1 and demonstrate the connection and consistency between these two
formalisms. Let us start with the definition of these TMDJFFs. The correlator which
describes the hadron distribution inside jet is given by®

Ala

. ny- _ _ .
sl (zn:d1.Sh) = 6<zh— J ph)<0|5<nJ-p—nJ-P>52<m/zh+m

2N, ny-pJy
X xn(0)[Th) (T h|Xn(0)[0), (3.4)

where h € J is observed inside the jet initiated by the quark with a momentum p, and
pp and Sy, are the momentum and spin vector of the final hadron described more in sec-
tion 4. On the other hand, x,, and P are the gauge invariant collinear quark field (along
the jet direction) and the label momentum operator in Soft Collinear Effective Theory
(SCET) [114-117]. We introduce the following two jet light-cone vectors n; = %(1, 0,0,1)
and ny = %(1, 0,0, —1), which are defined by the coordinate x jy sz found in figure 3 with
the jet momentum along the nj direction. For the unpolarized hadron, the correlator is

parametrized by TMDJFFs at the leading twist accuracy as

h ) 1| n . 1h oo ng g1
Ajeéq (2h,J1,Sh) = ) D1/q(2haﬁ)% +H; /q(Zhvﬁ)ZhiMMflV
+ spin dependent terms, (3.5)

The physical interpretations of the unpolarized TMDJFFs are summarized in the first row
of table 3. In other words, D?/ ? describes an unpolarized quark initiating a jet in which
an unpolarized hadron is observed, while Hlﬂl/ ? describes a transversely polarized quark
initiating a jet in which an unpolarized hadron is observed. It is thus no surprise [35, 36,
118] that TMDJFFs D?/ 7 have close relations with the unpolarized TMDFFs D?/ 1 while
TMDJFFs Hlﬂl/ ? are closely related to the Collins TMDFFs H f ha,

We now illustrate the factorization of the structure functions in the region ¢r ~

jiL < prR. We replace the jet function J,(prR,p) in Fyy of eq. (2.27) by the TMD-

SHere for back-to-back electron-jet production where gr < pr, out-of-jet cone hard radiation is not
allowed. The situation thus belongs to the case of exclusive jet production [27, 77] and is different from the
case of inclusive jet production discussed in [35, 36].
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H
U D?/ q Hlih/ q
L G’ |y
T Df-Th/q g%q »Hit/q’ HllTh/q

Table 3. Interpretation of TMDJFFs for quarks. The rows indicate the hadron polarization —
unpolarized (U), longitudinally polarized (L), transversely polarized (T). And the columns indicate
the quark polarization accordingly.

JFFs D}f/q(zh,ji, i, Cy) to obtain the factorization formula for Fypy i in eq. (3.3)

A . bdb ~
FUU,U == O'OH(Q,,U/) Zeg D?/q(Zh,JJQ_”U,, CJ) 7‘]0(qu> xfil<$7 b27:u7 C)
q

S Sglobal(b2a H)Scs (bQ’ R, ,U/) ; (36)

where we include renormalization scale p and Collins-Soper parameter (; for the TMDJFFs.
As we will demonstrate below, \/(; = prR.

In the kinematic region j; < prR, the unpolarized TMDJFF D?/q (2n,j%, 1, Cy) can be
further factorized in terms of the corresponding unpolarized TMDFF and a collinear-soft
function as [35, 36]

h . h/q,unsub
Dl/q(zhaJJQ_hua CJ) = /k N Dl/q (zh7kﬁ_7ua CI/VQ)SQ()‘2 s Moy Z/R’)
1yl

bdb b
bdb (]L

oo (2E2) DY e 8 ) S (B R) L (3)

where we use the short-hand notation fkl,M = [’k d’ X1 6%(2p A + k1 —j1) in the first
line, and /¢’ = v/2ny - py is the Collins-Soper parameter for the TMDFFs. On the other
hand, S, (b%, 11, vR) is the collinear-soft function with the following expressions [35, 119]

9 asCr 2 VAR? 1 2 Gout 2 P
=1- 2= +1 S S -S4 —
Sq(b%, 1, VR) y l (77 +1In 1 ; + nui +In* = 2 +

where R = COShyJ To proceed, comparing egs. (2.25) and (3.8) we realize S,(b?, u, vR) =

V/Sap (b2, p, v )v—vr/2 at the NLO and thus

DY/ (g, 02, € [12) Sy (62, i, vR) = DYV (2 07, 1, ¢ f0P) San (02, 1, VR /2)
= DMz, b2, 1, 'R2/4) . (3.9)

Finally using the fact that /('R/2 = v2n; -p(;ﬁ = prR = /(;, we obtain the
following relation between TMDJFF DT/ ? and TMDFF D?/ ¢

bdb
Jo <]J_b
2w Zh

D?/q(Zh,ji,/l, CJ) = / ) b?/q(2h7b2a/‘67<;}) = D?/q(Zh,ji,M,CJ) . (310)
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Table 4. Summary of the characteristic azimuthal asymmetry with which different TMDPDFs and
TMDJFFs arise for back-to-back electron-jet production, with unpolarized hadrons observed inside
the jet. See egs. (3.3) and (C.5)—(C.12) for parametrizations of structure functions.

In other words, the TMDJFF is equal to the TMDFF at the scale (;. Parametrization of
TMDEFF follows the similar form as that of the TMDPDF discussed in section 2.1. Using
the CSS formalism, the b-space unpolarized TMDFF can be expressed as

~ 1 N i
D?/q(zhv b27,u7 CJ) = 272 |:C’L<—q ® D?/ :| (thu’b*) €xXp |:_Spert (M?Nb*) - SIQP (Zha ba Q07 CJ)?| )
h

(3.11)
where we have performed an operator product expansion in terms of the unpolarized
collinear FFs D?/ “(z, up, ) With the convolution defined as follows

. 1 g3 .
[éi<—q ® D?/Z} (2h, ) = / ﬁéﬂ—q (’?ﬂ%) DY (2 ) (3.12)
zn <h Zh

where the sum over repeated indicies are understood and we follow the same b, prescription
as in TMDPDFs. The coefficient functions Cj, 4 at the NLO can be found in [87], and the
results for even-higher order are also available [89, 120-122]. The perturbative Sudakov
factor is identical to that of the TMDPDFs given in eq. (2.36). On the other hand, for the
non-perturbative Sudakov factor SZp (21, b, Qo, (), we use the parametrization [91, 92]

D g, V¢, b b
SNP(Zhvb) QO)CJ) = Elnalna + g1 ;}217 (313)

where the values of Qg and gy are given below eq. (2.38), and gP’ = 0.042 GeV?2. Note that
when we carry out phenomenological studies below in sections 3.2 and 4.2 involving Fyy v,
we parametrize the unpolarized TMDPDF ff according to section 2.1.

Using similar arguments, one can discover similar relations between other TMDJFFs
and TMDFFs, which can be found in appendix A. Explicit expressions of the rest of the
structure functions in terms of TMDJFFs and TMDPDFs are given in appendix C, and we
summarize the azimuthal asymmetries with which they appear in table 4.

3.2 Phenomenology: Boer-Mulders correlation with Collins function

Let us now study the phenomenology for the distribution of unpolarized hadrons inside
a jet. The well-known Collins asymmetry for hadrons in a jet in the collisions of an
unpolarized electron and a transversely polarized proton, manifested as a sin(¢s, — qgh)
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modulation in eq. (3.3), has been studied previously [43]. In this section, we carry out a new
phenomenological study as an example. Specifically we study the azimuthal modulation
cos(qﬁq—g?)h) in eq. (3.3). This azimuthal dependence arises in the distribution of unpolarized
hadrons in the unpolarized electron and proton collisions. The relevant structure function,
Féﬁ(gq_%), probes the Boer-Mulders function hi in the unpolarized proton, coupled with
the Collins fragmentation function Hi-. Since it does not require any polarization of either
the beams or the final-state hadron, even the HERA experiment can measure such an

asymmetry. We thus present numerical results for both HERA and EIC kinematics.

To proceed, by normalizing the structure function Fgg(ﬁq on) by the unpolarized and

azimuthal-independent structure function Fyyy, we define the new azimuthal asymmetry

as follows A
FC05(¢q_¢h)
gyl == (3.14)
Uu,U

where the denominator and the numerator are given by Fyy and Féos( —on) i eq. (3.3),
respectively. The factorization formula and the parametrization of the unpolarized TMDs
for the denominator Fyy has been presented in eq. (3.6) and proceeding discussion that

follows. On the other hand, the structure function Fgﬁ(ﬁq*%) depends on the Boer-
Mulders TMDPDF hi and the Collins TMDJFF Hi-. Boer-Mulders function describes
the transversely polarized quarks inside an unpolarized proton, then such a transversely
polarized quark scatters with the unpolarized electron. Through transverse spin transfer,
we have a transversely polarized quark that initiates a jet with distribution of unpolarized
hadrons measured inside the jet. Since Collins function describes a transversely polarized
quark fragments into an unpolarized hadron, such a correlation function is related to the
Collins function. The factorization formula is given in eq. (C.6) in the appendix and is
explicitly expressed here for convenience

J_h .
F((}(;j(gq = Q K Zeq th /q(zha]JZ_hua CJ)

deb a(1) 5 NG (42
X M / o Tilart) i (@, 0%, 1, ) Sgionat (V% 1) Ses (B2, Ry ), (3.15)

where 67 is the transverse spin-transfer cross section given in eq. (C.4). Note that we have
followed the same procedure as that for the case of the unpolarized TMDJFF D; "4 from
egs. (3.7) to (3.10), to derive the relationship between the TMDJFF ’Hl "7 and the Collins
TMDFF HL "

It is instructive to emphasize that FLC,OUS(E" o) , being differential in both ¢r and j,,

allows us to constrain separately TMDPDFS (1.e. Boer-Mulder function hi here) and
TMDFFs (i.e., Collins function H h/a here). This is evident in eq. (3.15), since all the
gr-dependence is contained in the Fourier transform b-integral while the j,-dependence
is outside such an integration. Physically this is easily understood and expected, simply
because gr and j; are measured with respected to two directions, i.e. the beam direc-
tion and the jet direction, respectively. This is advantageous in comparison with the usual
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TMD measurement, e.g. in the Drell-Yan production where one measures all the transverse
momenta with respect to the beam direction.

For the phenomenology below, we use the Collins TMDFFs extracted from [87], which
has proper TMD evolution. On the other hand, we still need the parametrization for the
Boer-Mulders functions hi. For the purpose of the numerical studies below, we use the
Boer-Mulder functions extracted from [123], which is based on the usual Gaussian model.
Following the same method in section 2.2, we build a parametrization for ﬁf q(l)(w, b2, 1, C)
with TMD evolution:

7L 1 hJ_
hl q(1) (m, b2’ i, C) = 27Th1 q(1) (fﬂ, /J’b*) exp |:—Spert (,UJa ,Lbb*) - SN1P (l’, ba QOa C) 5 (316)
where the collinear function hlL a(h) (x, pp, ) is constructed in the Gaussian model from [123]
via 2
Lq(1 L
P10 () — /koTM;zhl Uz, k2). (3.17)

1
On the other hand, we have the non-perturbative Sudakov factor 511\11113 given as

i b 1
St (2.0.Q0 ) = £ Yom by gl

2
— . 1
> o0 b (3.18)

1
Here gf ! is again related to the intrinsic Gaussian width for the TMDPDF hi in the
transverse momentum space

hi <k%>h1i

gt = =0036 GeV?, (3.19)
2y _ MPGRT) 2\ _ 2 2 _ 2
where we used <kT>hf = P02y with (k%) = 0.25GeV* and M7 = 0.34 GeV~ from [123].
1Ry )
Since the azimuthal asymmetry Ag)[s]%q—%) involves only unpolarized proton and elec-

tron beams, it can be studied in the HERA experiment at DESY. We thus present the
numerical results for both HERA and the future EIC kinematics. In figure 4, we plot the
azimuthal asymmetry A([:})ls]’gqquh) with unpolarized 7 inside the jet with radius R = 1
using HERA kinematics [124]. Specifically we choose electron-proton center-of-mass energy
V5 = 320GeV, apply the cuts Q% > 150GeV? and 0.2 < y < 0.7. We further integrate
over hadron transverse momentum j; and the imbalance ¢r with 0 < 5, < 1.5GeV and
0 < gr < 1.5 GeV. We conduct our analysis as a function of hadron momentum fraction zj,
using three different bins of z: [0.05,0.1], [0.15,0.2], and [0.3,0.8]. Note that we select the
cuts on Q?, y, and x which constrain the jet pp directly, keeping us in the TMD factoriza-
tion regime discussed above. We present the numerical results with and without evolution
between scales carried out, shown in solid and dashed lines in the figures, respectively.
Namely, for the case without TMD evoluiton, TMDs are assumed to be pure Gaussians for
the azimuthal correlations shown in dashed lines. We find that the azimuthal asymmetry is
negative for 7+ production in jet and positive for 7~ production in jet, with magnitude up
to around 1% for HERA when the TMD evolution is turned on. On the other hand, without

the TMD evolution, the size of the azimuthal asymmetry can be much larger ~ 5%. This
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Figure 4. Numerical results of A;);#—%) as a function of hadron momentum fraction z; for un-
polarized 7% in jet production with electron in unpolarized ep collision predicted for HERA using
three different bins of x: [0.05,0.1], [0.15,0.2], and [0.3,0.8]. The solid (dashed) curves are the
calculations with (without) TMD evolution. We apply the center-of-mass energy /s = 320 GeV of
HERA kinematics, jet radius R = 1.0, Q% > 150 GeV?, inelasticity y in [0.2,0.7] with transverse mo-

mentum imbalance ¢ and final hadron transverse momentum in jet are both smaller than 1.5 GeV.

0 02 04 06

Figure 5. Numerical results of AEOZ(,ZFW) as a function of hadron momentum fraction z, for

unpolarized 7 in jet production with electron in unpolarized ep collision predicted for EIC using
three different bins of x: [0.05,0.1], [0.15,0.2], and [0.3,0.8]. The solid (dashed) curves are the
calculations with (without) TMD evolution. We apply the center-of-mass energy /s = 89 GeV of
EIC kinematics, jet radius R = 0.6, Q% > 10 GeV?, inelasticity y in [0.1,0.9] and both transverse
momentum imbalance gr and final hadron transverse momentum in jet smaller than 1.5 GeV.

is consistent with the expectation that TMD evolution suppresses asymmetry as the radi-
ation broadens the distribution. Thus, the azimuthal asymmetry A([:})ls](’gqquh) could serve
as a dual purpose. On one hand, it enables us to extract Boer-Mulders TMDPDFs and
Collins TMDFFs. On the other hand, this asymmetry can also provide useful constraints

for the TMD evolution of these TMD functions.
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We also plot the same asymmetry using the EIC kinematics with radius R = 0.6 in
figure 5 as a function of zj, in three different bins of z: [0.05,0.1], [0.15,0.2] and [0.3,0.8].
Specifically we calculate the asymmetry for the CM energy /s = 89 GeV with the following
cuts: @2 >10GeV?, 0.1 <y <0.9,and 0 < 5, ¢gr < 1.5GeV. We find that the azimuthal
asymmetry follows similar trends, but with larger magnitude, i.e. ~ 2 — 3% (5 — 10%)

with (without) TMD evolution, in comparison to the asymmetry expected with the HERA

kinematics. We conclude that the experimental measurements of A?})(S}(gq_¢h) at EIC could

be quite promising and can be used to constrain TMD evolution for Boer-Mulders and
Collins functions. For the rest of the paper, we only present the numerical results with
TMD evolution.

Instead of integrating over ¢r and j,, we can also create a plot simultaneously dif-
ferential in ¢gp and j;. As discussed above, this is useful as TMDPDFs and TMDFFs
are separately sensitive to gr and jr, respectively. As the asymmetry is the largest for
0.15 < x < 0.2 in figure 5, we choose 0.15 < x < 0.2 for the EIC kinematics with jet radius
R = 0.6, inelasticity cut 0.1 < y < 0.9, momentum fraction (z;,) = 0.3 and Q2 > 10 GeV?
to create the three-dimensional and contour plots of the azimuthal asymmetry A?é%q_%)
in figures 6 and 7. To understand better the unpolarized and azimuthal-dependent struc-
ture function in more details, we plot the three-dimensional and contour plots of Fyy v,

F[Cﬁj((}bq_qsh), and their ratio A?})[S}fgq_qsh), in order from the first to the third row. Figure 6 is
for 7T inside the jet while figure 7 is for 7~ in the jet. From the first row of both figures,
one sees the Sudakov peak from the unpolarized TMDPDF and TMDEFF for constant j,
and qp slices, respectively. From the second row, the shape of the constant j, slices, i.e.
the gr-dependence at a constant j; is determined by the Boer-Mulders function. On the
other hand, the shape of the constant g7 slices, i.e. the j| -dependence at a constant gr, is
determined by the Collins function. Finally, the ratio of these plots, which define the asym-
metry, is given in the third row. We find that the spin asymmetry for 7+ production in jet
tends to be negative ~ 1% and for 7~ production in jet is positive with magnitude ~ 3%.

To give a more straightforward interpretation, in figure 8 we show the horizontal (j -
dependent) slices for gy = 1.0 GeV (solid curves) and gy = 0.5 GeV (dashed curves) of the
third row of figures 6 and 7 in the left plot with blue curves representing 7 and red curves
representing 7~ productions in jet. As for the right plot of figure 8, we provide the vertical
(gr-dependent) slices for j; = 1.0 GeV (solid curves) and j; = 0.5 GeV (dashed curves) of
the third row of figures 6 and 7 with blue curves representing 7+ and red curves representing
7~ productions in jet. With the reasonable asymmetry of order negative ~ 1% for 7 and
positive ~ 3% for 7~ with the TMD evolution turned on, this is a promising observable at
the EIC to study the Boer-Mulders functions and Collins fragmentation functions.

4 Polarized hadron inside a jet

In this section, we present the most general framework in this paper by allowing polarization
for the hadron observed inside jets. In particular, in addition to the transverse momentum
J1 with respect to the jet axis, we are now sensitive to the spin vector Sj, which gives
arise to the additional correlations involving the polarization of the final hadron. With this
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and 7 for unpolarized 7% in jet production with electron in unpolarized ep collision as a function
of transverse momentum j; (left panel, with g7 = 1.0, 0.5GeV for %) and jet imbalance gr
(right panel, with j; = 1.0, 0.5GeV for 7%), respectively. Here we apply the EIC kinematics with
Vs = 89GeV, jet radius R = 0.6, inelasticity y in range [0.1,0.9], Q> > 10GeV?, Bjorken-z in
[0.15,0.20] and average momentum fraction (z) = 0.3.

most general case, we find that all of the TMDPDFs and TMDFFs make appearance in at
least one of the structure functions.

Within the context of the back-to-back electron-jet production, polarized hadron in
jet is studied for the first time. See [36] for the corresponding study for the inclusive jet
production case. After presenting thp structure functions, we carry out a phenomenological
study, namely asymmetry Azlr;](yq;hﬂbsh), to study the polarizing TMDFF DlLT using the
future EIC kinematics.

4.1 Theoretical framework

We continue our discussion from section 2.1 and further generalize our study of hadron
distribution inside jets by including the polarization of the final hadron. The spin vector,
Sy, of the hadron observed inside a jet can be parametrized as

+
Dy, My,

PSP D/ S W , 41

h "L h2pz bl (4.1)

TjYyjzg

where we use the jet coordinate system zjyjyz; found in figure 3. We parametrize the
transverse component of the spin S}, in the ep center-of-mass frame as

Sh1 = Spi(cos (ﬁgh cos 7, sin ¢?Sh, — cos égh sinfy), (4.2)

where 6 is defined in eq. (2.6) and CESh is the azimuthal angle of the transverse spin S}, |
measured in the jet coordinate xjy sz system.
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The differential cross section of the back-to-back electron-jet production with polarized
hadron observed inside jets is given by
doP(Sa)+e(Ae)—ret(jet h(Sh))+X

= Fyuu + cos(¢q — ¢n)F, gﬁg)q o)

dpa.dy jd>qrdzpd?j

+Ap{A6FLL,U+sm(¢ S ‘”)}

X smd) —¢ COS¢ —¢
+ST{Sm(¢ —¢s.) Fryy’ SA)JF)\eCOS@ —¢s)Frp )

i 5 in(¢ ¢ " sin(2¢q—én—¢
+ sin(¢s, — on)F ;U(USA W + sin(26, — dn — b5, ) F TU(Uq h sA)}

+ )\h{)\ Fyr.p + Sln(¢h — ¢q) Sm((bh ¢a) + M| FrLu, + COS(d’h - d’q) LU,L

COS ¢h ¢>q):|

*ST{%s(qﬁ — s Fee 105 L\ sin(@y — g, ) oyt #54)

~ ~ 2 — _é
+cos(s, — ) Frp "+ cos(26, — g, — ) Frpy 0]}

. ~ sin(¢p—o cos(¢p—
+ ShL{ sm(gf) ¢Sh) UU(Th 5n) + A COS(¢h - ¢Sh) UL(Th i)

.2 in(bs, —¢ . ed 2 in(2¢n—ds, —¢

+ sin(¢s, — ¢q) ;UTSh @ +sin(2¢n — @5, — ¢g) I ;U(T o)
cos(dg é ) n COS(¢> - )

=+ )‘p |:COS(§Z5 ¢Sh) LUTh n +c (¢ QbSh) LUTq o

~ A (20n—¢s, —¢ . (6n—0
+ cos(2¢n — ds), — ¢q)F£(fJST Rba ) + A sin(¢n ¢Sh)FZIZTh )

COS(¢SA—<2>sh) COS(QdA)h—dA’sh—d)sA)

+ Sr |:COS(¢SA ¢Sh) TU,T + C05(2<Z)h - (Z)Sh (bSA) TUT
+ sin(gﬁh - Qgsh) sin(¢q — ¢s, ) F ;{r]‘ih sy, sin(dg—ds )

) 5 COs ¢A> cos(pg—
+ cos(¢n — ¢s,) cos(@q — ¢5,)) F TU(CI?h 51) €08(0a=0s.5)

COS(2¢> —¢ bs,)
+ cos(2¢g — ¢s, — ¢Sh) TUTq A

~ n (20n—¢s, +2¢0q—bs )
+ cos(2¢p, — ¢s, + 204 — ¢s,) ;OUSTh SRR

~ ~ . COS¢ (1) sin(¢, )
+ Accos(dn — ds,) sin(s,, — gg) Fypg "0

+dsin(n — ds,) coslas, — g Frpgt oW o]

(4.3)
where the structure functions with unpolarized hadron in the final state C' = U already
made appearances in eq. (3.3) in last section.

As discussed already above in section 3.1, these structure functions are factorized in
terms of TMDPDFs and TMDJFFs in the region ¢y ~ j; < prR. As emphasized there,
TMDPDFs and TMDJFFs separately depend only on g7 and 5, respectively, and thus can
be separately constrained. Including the spin dependence, the correlator for the TMDJFFs
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in eq. (3.4) is now parametrized at the leading twist accuracy as

(] .
h/q . 1 €I L ShL L Ji-Shi )
Al — ! (p, = ZIL%hip + _dJL Ohl
jet (2 J 15 Sh) 2{ < 1 VA 1T> 7 ()\hglL A Gir | V51t

i g _ eyl J1 oL hJ1
N (Hl hiYs — 1H My Hir Zth%
. .o 1 .2 /[/
JL- ShJ_Jﬁ_ - EJJ_ShJ_
Hi: ,
i 207 7

(4.4)

where the TMDJFFs associated with an unpolarized hadron were already given in eq. (3.5).
The physical interpretations of the TMDJFFs are summarized in table 3. Explicit expres-
sions of the structure functions in eq. (4.3) in terms of these TMDJFFs in eq. (4.4) and
TMDPDEFs in eq. (2.15) are given in appendix C. The table 5 summarizes the azimuthal
asymmetries and their associated TMDPDFs and TMDJFFs. In appendix A, we generalize
the discussion given in section 3.1 and present all of the relations between the TMDJFFs
and TMDFFs in j, < prR region.
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Table 5. We summarize all the azimuthal asymmetries for e + p — e + jet(h) + X process, where

the initial proton and produced hadron in jet have general polarizations and the initial electron

Parametrizations of structure functions given in the table are

is unpolarized or carries helicity.

provided in appendix C.
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4.2 Phenomenology: A transverse polarization inside the jet

As an example of application of studying the back-to-back electron-jet production with

a polarized hadron inside the jet, we study transverse spin asymmetry of a A particle
p insic j y pin asy y of a Ap

inside the jet, A?}IIE(’(;A_%A), which arises from the structure function F(S;;(?A ¢SA). The

spin asymmetry is defined as

sin(¢p—¢
ASln(¢A bs,) ZUETA 5a) 4
UuU,T I T (4.5)
UuU

The asymmetry can be measured in the unpolarized electron-proton collisions by observing
the distribution of transversely polarized As inside the jet. The A transverse spin vector
S and the transverse momentum j, with respect to the jet axis can correlate with
each other, and leads to the sin(¢?A — qggA) correlation between their azimuthal angles. In

practice, this is the mechanism which can describe the transverse polarization of A particles
sin(¢r—os, )

inside the jet. As can be seen from eq. (C.21), the structure function Fyyp; 7 depends
on the unpolarized TMDPDF f{(z,k%) and TMDJFF DITA/q(zA, j2). The TMDJFF
1T A (2p,4%) describes distribution of transversely polarized A inside the jet initiated

1A .
/q(zA7]i)7

which describes distribution of transversely polarized A fragmented from an unpolarized

by an unpolarized quark. This is reminiscent of the polarizimg TMDFF D]

quark. As shown in the appendix A, these two are in fact related at j, < prR region. For
this reason, we will also refer to the TMDJFF DL A (2, j%) as polarizing TMDJFF.
The factorization formula of the denominator Fyyy was presented in eq. (3.6), which

is expressed in terms of the unpolarized TMDPDF and TMDFF, and was extensively
sin(¢r—os, )

discussed there. On the other hand, the factorization formula for Four is given in
q. (C.21), which is explicitly expressed as
FSin((Z)A*Q;SA — o H( L pls AJq S
UUT (Q,p Zeq A (205915 1 Cr)
bdb =g 2 G 2 NG (12
X 7J0(QTb).’13f1 (]"7b 7N7C)Sg10bal(b ),U’)Scs(b JRJ ,LL) ) (46)

where we also used eq. (A.7) to express the polarizing TMDJFF DL M4 i terms of polariz-

ing TMDFF DJ‘A/ ?. The derivation is again similar to that for the case of the unpolarized

TMDJFF D?/ ? and the corresponding unpolarized TMDFF D’f/ ? as shown from egs. (3.7)
o (3.10).

For the numerical analysis, we make predictions for A transverse polarization inside
the jet in back-to-back electron-jet production at the EIC. Specifically, we include TMD
evolution to the unpolarized TMDFF D} M4 and the polarizing TMDFF DL M4 extracted
in [125], based on the recent measurement of back-to-back A and a light hadron production
in ete™ collisions, eTe™ — A+ h 4+ X, at the Belle Collaboration [126]. The extraction of
polarizing TMDFF DJ‘A/q
parametrization to include the TMD evolution following the same method in section 2.2.

in [125] is again based on a Gaussian model, and we promote the
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Figure 9. AZH;J(’?A_%A) as a function of jet imbalance gr and j, for transversely polarized A in jet

production with electron in unpolarized ep collision with EIC kinematics, where we have applied
Vs = 89GeV, jet radius R = 0.6, inelasticity y in range [0.1,0.9], Q® > 10 GeV?, jet transverse
momentum pr in range [15,20] GeV and average momentum fraction (zp) = 0.3. Left: three-
dimensional plot of the spin asymmetry in gr and j,. Right: contour plot of the same quantity.

At the end of day, we have the following expression for Df‘TA/ ? that is needed in the TMD
factorization formula in eq. (4.6)

LA . v2db (23 M3 Fib\ ~ (1A
DlT /q(zAh?JQ_Hu’?CJ) = / ? (M J1 (i> DI’I(’l) /q(zAaanlua CJ): (47)
JL ZA

and ﬁf‘él) M2 on the right-hand side takes the following form

~ M2
Df_flgl)A/q(ZAab27//f7 Cs) = ﬁ/\/ (2a) DM (2n, )

1
X exp [—spert (o its.) — S25 (20, Qoo G| (48)

where (M3) = 0.118 GeV? and Ny(zp) = Nyzy /(1 — = )ﬁqw with parameters

aq 5Bq
aq" Bq

J_
Ny, a4 and f, determined in [125]. The non-perturbative Sudakov factor SN LT is given by
V b L b
SD T (200 b, Qo, () = 2 I Yol 2 +gp T —> (4.9)

2 Qo b 23

with the parameter gf)llT = (M3)/4 = 0.0295 GeV2. We similarly include TMD evolution to
the Gaussian model extraction of the unpolarized Lambda TMDEFF of [125] to arrive at the
same form as egs. (3.11) and (3.13), except that we use the AKK08 parametrizations [127]
for the collinear ¢ — A FFs Df/ Y zn, pp,)-

Let us make some predictions for A transverse polarization at the future EIC. In fig-
ure 9, we plot the asymmetry ASln(¢A o) differential in both the imbalance g and j, using

the EIC kinematics. We choose our CM energy to be /s = 89 GeV with inelasticity y and
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Figure 10. Horizontal slices of A?JH;J(’(;«A_(#SA) in figure 9 as a function of transverse momentum j

for transversely polarized A in jet production with electron in unpolarized ep collision. We have jet
transverse momentum pr in range [15,20] GeV and average momentum fraction (zx) = 0.3. Left
panel: EIC kinematics, we have applied /s = 89 GeV, jet radius R = 0.6, inelasticity y in range
[0.1,0.9], Q%> > 10GeV2. Right panel: HERA kinematics, where we have applied /s = 320 GeV,
jet radius R = 1.0, inelasticity y in range [0.2,0.7], Q2 > 150 GeV2.

Bjorken x integrated between 0.1 < y < 0.9 and 0.15 < x < 0.20, respectively. As the qr
dependence of the numerator and denominator of the asymmetry given in eq. (4.5) is both
determined by the unpolarized TMDPDEF f;, we find that asymmetry given by the ratio is
constant as expected in constant j | slices. As the dependence in TMDPDFs cancel in ratio,
this asymmetry is particularly useful in extracting the polarizing TMDFF Df‘TA/ ¢ This is
advantageous in comparison with the standard SIDIS measurements where the polarizing

TMDFF Df‘TA/ ? would be still convolved with the unpolarized TMDPDF f;. Finally, in

figure 10 we present horizontal slices of the contour plots A?}I;(;A_(ﬁs") in figure 9 as a

function of transverse momentum 5. In the left panel, the plot is for the EIC kinematics,
while the right panel is for the HERA kinematics. For the EIC case, as j| increases, the
asymmetry increases up to 3% at j, = 0.4 GeV then slowly drops to around 2.5%, indi-
cating feasibility for measurements at the future EIC. On the other hand, for the HERA
kinematics, the spin asymmetry is smaller ~ 1% and hopefully it can still be measurable.

5 Conclusion

In this work, we perform a comprehensive study for all possible azimuthal asymmetries that
can occur in back-to-back electron-jet production with and without the hadron observed
inside the jet. We develop the theoretical framework by increasing the complexity of the
final state observables: electron-jet production without observation of a hadron in the jet,
unpolarized hadron in jet, and polarized hadron in jet. In the back-to-back region where
the transverse momentum imbalance of electron-jet ¢y < pr with pr the jet transverse
momentum and R jet radius, we demonstrate through TMD factorization that electron-jet
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production is an ideal process to investigate chiral-even TMDPDFs. In particular, we study
the transverse-longitudinal asymmetry ACTOE(% ?54) using the EIC kinematics to explore
its sensitivity to the quark transversal helicity distribution g{;. For the hadron measured
inside the jet with 7, being the hadron transverse momentum with respect to the jet axis,
different TMDPDFs and TMDFFs can be sensitive to gr and j, distribution, respectively.
When ¢qr ~ j1 < prR, we derive the corresponding factorization formula, where both
incoming particles and outgoing hadron in the jet can have general polarizations. When
the final state hadron is unpolarized, we investigate Boer-Mulders correlation with Collins
function, where a new azimuthal asymmetry A?;f(gq_%) is introduced. Since this asym-
metry involves only unpolarized proton and electron, we present the theory results with
both HERA and EIC kinematics, which all have sizable magnitude and can be promising
observables for the measurements. Especially, one can measure the asymmetry Acos(d)q 20

using the current HERA data, and compare with our predictions. Furthermore, we also

make predictions of A?}?J(gih ¢Sh) for transverse polarized A production inside the jet at

the EIC, which provide a new opportunity to probe A polarization. Besides the examples
shown in this paper, other spin asymmetries concluded in this work also worth noticing
and further studying. We emphasize the advantages of this set of observables, i.e. using
the simultaneous differential information on g7 and 7, , one is able to separately constrain
TMDPDFs and TMDFFs. As a result, we demonstrate that the electron-jet production
is an excellent method for probing transverse momentum dependent parton distribution

functions and fragmentation functions in both unpolarized and polarized states.
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A TMDJFFs and TMDFFs

In eq. (3.7), we wrote down the relation between the D /q(zh,ji,pTR, u) and the unpo-

larized TMDFF in j; < prR region. To write down explicit relations between other
TMDJFFs and TMDFFs, we start by writing the parametrization of the TMDFF correla-
tor [41] in the momentum space.

A (zp k1, Sh) = Z/ngrd &7 it ¢t hotn)/an <0‘¢ (5 0~ ET)’ph,Sm >

% (pns Sns X [y (0%,07,07)| 0) , (A1)
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where k| is the transverse momentum of the final hadron h with respect to the fragmenting
quark ¢ and we suppress the Wilson lines that make the correlator gauge invariant. To the
leading twist accuracy, the parametrization is given as

1 ek S] ki -S
A(Zh; kl, Sh) = 2{ <D1 — Tzhl]WthDlLT> Vic + ()\hGlL — Jz_h]Wm_GlT> 7;‘(:’75

k! ARk
—io;nt! (Hls;u zHl ]\Zh H z]\j

ki -S ki —L1ks:
+H1LT 225\4—22 = hL’YS s (AQ)
h*""h

where n. is the light-cone vector defined by the outgoing quark direction.

Just as in eq. (3.7), we find it more convenient to derive the relations between the
TMDJFFs and TMDEFFs using the Fourier space expressions of the TMDFFs. The Fourier
transformation for the TMDFF correlator is defined as

A(zp, b, Sp) = /d2 e RV N (2 Ky, Sh) . (A.3)
The TMDEFF correlator in b-space is then given as

- 1( /=~ T _
Az, b, ) = 2{ (D1 (2n, %) + €26 5] 2 My Dy (2,07) ) g,

+ ()\hélL<zh7 b*) + ib - Shlthhéng)(Zh, 52)) M5

— iogun!! {ﬁl(zh, ) Sk — H W (2, b2)b 2, My, + i LD (2, 62) Apbi 2 Myys

~ 1 ] .
_ HliT@)(zmbg)i (b S b — 2b25;u) szM,%%] } , (A.4)
where we defined
F (2,8%) = & /dkﬂu (]“> Jn <b1“> Fh/q( 2 ki) . (A.5)
’ ( 2M2 b 2h )

Note that F' stands generally for all TMDFFs with appropriate n value and by default n = 0.
We then begin with unsubtracted TMDFFs, which follow the same parametrization, and
make the scale explicit by replacing

F) (2, b2) — Frhumsubo, 52 0 ¢ /02) . (A.6)

Working with an assumption that soft function is independent of the polarization, we
can now write down the relations between all of the TMDJFFs and TMDFFs. We find for
a general TMDJFF F that

n+1 2 2\ " . 5 ~
F( 2 )= [ db('zh.Mh) o (LA2) B 02,0 12)3, 0 o R)

27n! JL Zh
n+1 272\ " .
:/b db Zth Jn <]J_b> Fh/q(n) (Zhab2nua</R2)
27n! JL Zh
:Fh/‘I(zh,ji,%gJ)a A7)
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where we generalized eq. (3.9) to define subtracted TMDFF. The values of n on the right-
hand-side of eq. (A.7) follows the n values of the parametrization given in eq. (A.4).
Therefore, all of the TMDJFFs are equal to their corresponding TMDFF at the scale (.
As the TMD evolutions are assumed to be polarization independent, we follow the same
parametrization as that of the unpolarized TMDFF presented in section 3.1 to include
evolution effects for the other TMDFFs.

B Unpolarized hadron inside a jet with O(R) ~ 1

In section 3.1 the factorization formula for the process of unpolarized hadron inside a jet
has been given in the narrow jet cone limit where R < 1. As a complementary method, in
this appendix, we will give the derivation of the factorization formula without the narrow
cone approximation. Especially, we will show that after taking the limit of R < 1, this
formula will reduce to the expressions given in the section 3.1.

Since the jet radii R is not a small parameter, the narrow cone approximation is not
proper to construct the factorization formula. Generally speaking, the factorized cross
section is expressed as the product of the hard, soft and TMD collinear functions, which
reads do ~ Hf{ ® D?/ ?® 8, where the soft function S depends on both gr and 5, and
the jet algorithm dependence is also included in S. Explicitly, the physics scale inside the
jet is j1, while the scale outside the jet is g7. Since we assume qr ~ j,, there is no large
logarithms inside the soft function. If there exist scale hierachy between ¢r and j,, then
one needs to consider the refactorization of the soft function as shown in [96]. We have the
factorized cross section as

doP(Sa)te(e)—et(jet h)+X . H(Q )/ d2b eib~qT/ d2b Jibds (B 1)
dppdy;Pardzpdiy, 0 o] n)e (2m)? '

~h/q,unsub Fq,unsu
32D (o 02, 1, ¢ o) FE (02, 0, C/0?) S (0, Y g, Ry, ),
q

where b and b’ are conjugate variables of gr and j, separately. At one-loop order, we
consider only one soft gluon emission, which is either inside or outside the jet cone. Then
the soft function can be factorzied as

S(b7 bla Yr, R7 , V) = Sin(b/7 Yys, R7 K, V)Sout(b7 Yrs, R7 H, V)’ (B2)

Using the above relation, we find that ¢r and j; dependence in the cross section are fully
factorized. It is noted that the above factorization is an approximation, and beyond the
one-loop order the expressions depending on both b and o' can show up. Explicitly, the
one-loop soft function S(b,b’,y;, R, p,v) is given by

2e €, VEE n-n 1% n
SNLO (b by, R, 1) = C W/ddkékZHko‘]()
( y 0,97, 7/”'71/) F 2 ( ) ( )nk‘k‘nJ 210
x [0(AR = R)e™™® 1 (R — AR)e*- Y], (B.3)
where AR denotes the distance between the jet and the soft emission in rapidity and
azimuthal angle plane, which is defined by AR = /(y —ys)2 + (¢ — ¢5)2. Therefore,

~ 34—



(AR — R) and 0(R — AR) indicate the soft gluon with momentum k is radiated outside
and inside the jet, respectively. In the CM frame of incoming beams the vectors b and b’
are defined as
b = b(cos ¢1,sin ¢1,0), (B.4)
b = b'(congA)g cos 0, sin ¢a, — cos o sinfy), (B.5)
respectively. Here, without loss of generality, we have chosen ¢; = 0. It is noted that

the vector b’ is the conjugate variable of k|, which describes the transverse momentum
perpendicular to the jet axis. In the jet frame, it is given as

b' = b,(COS $2’Sin $2)J7 (B6)

After performing the rotation transformation in the zz plane, we obtain its expression in
the CM frame of incoming beams.
In eq. (B.3) the contribution outside the jet region can be rewritten as

(AR —R)=1—6(R— AR), (B.7)

where the first term on the right side indicates that the soft radiation is independent on the
jet definition, so it is the same as the global soft function Sgiopa introduced in eq. (2.17).
Then Sout (b, ys, R, pt,v) in eq. (B.2) is given by

Sout(b7 Yy, R7 122} V) = Sglobal(b7 Yy, R7 M, V) + Sin(b) R) :U’) (B8)

Next we define the contribution from the second term as Si*, which is

QGﬂ_E

Qsp e / A% 5(k2)0 (k")

) Ol n-n
‘S}n(bv Rwu) =—-Cp 2 2 .

— AR)e’*r(B.

where we ignore the rapidity regulator, since the integral does not contain the rapidity
divergence anymore after constraining the angular integration only inside the jet. The
phase space integration can be expressed as

1. -
/ d'ks (k?) 0(K) = L / desin~2¢ ¢ / dy / dhkp k% (B.10)
r (% — e) 0
After integrating kr with the Fourier transformation factor, we have
/ dkep ki 2eethrbeos(é=e1) — T(_2¢) [—ibcos (¢ — ¢1)]*. (B.11)

The integration region of y and ¢ are constrained by the jet cone as [R — ¢ — (y — y1)?],
and we express the integration variables as

y=rcosx +yy, ¢ = rsiny. (B.12)

Then we obtain

/dy/oﬂdqﬁﬁ[RQ—(y—yj)Q—d)ﬂ :/()Rdrr/(:dx. (B.13)
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In the small R limit, after taking the leading contribution of the integrand in the r <« 1
region, we have

: o
an(b, R, M) = _T;CF

1 2 —2icos ¢1,u,> 9 (—Qi cos ¢1u) w2
—+-In|———— 21 _ — B.14
62 + € n( ,ubR + . ,ubR + 4 ’ ( )

which is exactly the same as the collinear-soft function S¢s given in eq. (2.21).
Similarly, we define Si, (b, ys, R, 1, V) in eq. (B.2), namely the contribution from (R —
AR) in eq. (B.3) as SiI, where k' is defined as

. (B.15)

In the small R limit, we have

: s 1 21 2 1 IR?
SPW, u,vR) = —O;Cpl— = + - ( +In ,u/2> +-In (V
n\e I € 1

2 : Ay
2 272 2 2
W VR 1. 5p m

which is the same as the one-loop expression of S, given in eq. (3.8). Therefore we show

that in the small R approximation, the one-loop soft function SNVO ig

SNLO = Sglobal(bv 22 V) + an(b, /'L) + Sﬁl(b/’ , VR) + O(R2)a
= global(ba M, V) + Scs(b7 :u’) + Sq(b/a M, VR) + O(R2) . (B17)

In other words the soft function S in the factorization formula (B.1) can be expressed as
S = Sglobal Ses Sq + O(R?). (B.18)

Finally we obtain eq. (3.6), the factorization formula for the process of the unpolarized
hardon production inside jet in the narrow cone approximation.

C Structure functions with hadron in jets

In this section, we give explicit expressions of the structure functions in egs. (3.3) and (4.3).
To give a compact presentation, we define

Comt[Dy(zn, 71 ) A (2, 0%)] = 61 H(Q. 1) D € (}f@h) pACHIRING)
q

bn+1 db

x M™
2mn!

Tn(arb)zA™ (2,07, (C.1)
where m, n and kcan be m=0, 1, 2,n=0, 1, 2and k=0, L, T.

Partonic cross section 6 describes scattering of electron-quark with different polariza-
tions depending on the value of k. The k = 0 corresponds to the partonic scattering eq — eq
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or eqr, — eqr,, k = L corresponds to the partonic scattering e;qr, — eq or eq — erqr, and

k =T corresponds to the partonic scattering eqr — eqr. Their expressions are given as

Qemas 2(02 + 32)
00 = ’

sQ? {2
R Qems 2(112 — 5?)
61 = ,
L sQ? £2

. Qemag (—418
or = Q2 5 .
Then, we find

Fuuu(ar, 1) = Cooo[D1.qf1SaiobalSes) »
5(;;(3(1 ) CllT[Hl th U )Sglobalscs] )

( ) =
( )
Frru(gr.j1) = Coor[D1,4911 Sgiobal Ses) »
( )
(qr,31)

qr,JjL

FSIH(¢q ¢h) Cll [ J_ 1£ )SglobaISCS]7

LUU qr,j1) =
F;(I}(I?q ?sa) 7,J1) = Coto [Dl qflT globalScs} ;
F;EFI?SA_%)(QTJL) = Cior [Hiqklgglobalgcs} ,
F:ﬁ(f((?q_(ﬁsA)(QT,jL) = Co1L {171,q§§¥5‘g10ba1§cs} ,
B Cror [P i1 SyiormiSes)

Fyrn(qr,j1) = Coor[G11.q 1 SetobarSes] ,
CllT[Hf_thf_(l)Sglobalgcs] )

Cooo [glL,qglLSglobalgcs] ,

F(SJI(I} (oh—dq) q
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y J_

cos th oq)

(qr,71) =
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(qr, 1)
Fru(ar,ji)
( )
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( ) =

LUL qr,ji) =

F;(;]S(fq ?sa) ar,j1) = Coo [glL qggjzsglobalgcs} 7

F?E(fq Psa) qr,jL) = CoiL [glL,qflT globalScs] ;

F;(;j(fs’q ¢h)( r,j1) = —Cior _H%L thgglobalgcs} :
F;Ozfs,(i%wsfm(qﬂﬂ) = —Ciar HlL oM (Z)Sglobalgcs} ,

E zs}i(r},(ihfésh)(QTvﬂ) = Cig0 [quf 15g10ba15cs] :

Flcfofi(ﬁh_qgsh)(QT,jL) = —CooL :ng,qflgglobalgcs} ;
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Fz(()jT} (g7, j1) = —Cioo [g1T7qglLSglobalScs} ;
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Fz((}s,;gsh_%)(QTij) = Coir [HLqiLlL,-El)Sglobmgcs} , (C.26)
Fzﬁ(ﬁéhidhiésh)(QT;jL) = Cor :HnyqilfL(l)S’globalgcs] , (C.27)
inz,(;zhiésh)(%?ﬂ) = CioL :DfT,qﬁngglobalgcs] ; (C.28)
F;(zi,(:(ﬁﬁSA_&Sh)(QT,jL) = Coor :/Hl,thgglobalgcs} , (C.29)

PSR 09.95) (00 )~ Crog 71 Siobar Ses| - (C.30)
F;i[‘}f;’%”_"gsh)Sin(¢q_¢sA)(qT,jL) = Ci1o [ Dirofir” SonmSes| (C.31)
F;O;,(z{)h_ésh)COS(¢q_¢SA)(QT,jL) = —C110 [Q1T,q§§1T)5'g1oba1§cs] 3 (C.32)
F;(();l,(t[%qsqiéshid)sA)(QT?jL) = Coor {Hl,qhﬁ(})gglobalgcs} : (C.33)
F;’(ﬁ,(T2¢h_$Sh+2¢q_¢SA)(QTajL) = Ciar {HfT,qﬁf:ﬁz)gglobaﬁcs] ) (C.34)
o ts) a0 (0 1y = ey, (G175 Satobar Ses| (C.35)
Fqsﬂiz,(;zh_ésh)COS(¢SA_¢q)(QT7jL) =Cur {D%T,qg%“)gglobalgcs} , (C.36)

where TMDJFFs found in the above equations can also be simplified in terms of TMDFFs
and collinear-soft function in the region j; < prR as shown in the appendix A.
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