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Abstract. We consider the stability of transonic contact discontinuity for the two-dimensional
steady compressible Euler flows in a finitely long nozzle. This is the first work on the mixed-
type problem of transonic flows across a contact discontinuity as a free boundary in nozzles.
We start with the Euler-Lagrangian transformation to straighten the contact discontinuity in
the new coordinates. However, the upper nozzle wall in the subsonic region depending on the
mass flux becomes a free boundary after the transformation. Then we develop new ideas and
techniques to solve the free-boundary problem in three steps: (1) we fix the free boundary and
generate a new iteration scheme to solve the corresponding fixed boundary value problem of
the hyperbolic-elliptic mixed type by building some powerful estimates for both the first-order
hyperbolic equation and a second-order nonlinear elliptic equation in a Lipschitz domain; (2)
we update the new free boundary by constructing a mapping that has a fixed point; (3) we
establish via the inverse Lagrangian coordinate transformation that the original free interface
problem admits a unique piecewise smooth transonic solution near the background state, which
consists of a smooth subsonic flow and a smooth supersonic flow with a contact discontinuity.

1. Introduction

We are concerned with the stability of steady transonic contact discontinuity for the com-
pressible flows in a two-dimensional (2D) finitely long nozzle. The underlying equations are the
2D steady full compressible Euler equations of the following form:

∂x(ρu) + ∂y(ρv) = 0,

∂x(ρu2 + p) + ∂y(ρuv) = 0,

∂x(ρuv) + ∂y(ρv
2 + p) = 0,

∂x
(
(ρE + p)u

)
+ ∂y

(
(ρE + p)v

)
= 0,

(1.1)

where (u, v), p and ρ stand for the velocity, pressure and density, respectively; and the total
energy E is given by

E =
1

2
(u2 + v2) + e(ρ, p). (1.2)

Here e is the internal energy that is a function of (ρ, p) through the thermodynamics relations.
For the ideal gas

p = A(S)ργ , and e =
κ

γ − 1
ργ−1e

S
cν , for A(S) = κe

S
cν , (1.3)
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where S is the entropy, and γ > 1, κ and cν are all positive constants. The sonic speed of the
flow for the ideal gas is

c =

√
γp

ρ
. (1.4)

The Mach number and the flow slope (i.e., the tangent function of flow angle) are defined by

M =

√
u2 + v2

c
and ω =

v

u
. (1.5)

The flow is called supersonic if M > 1, subsonic if M < 1 and sonic if M = 1. For supersonic
flows the system (1.1) is a hyperbolic system of conservation laws, for subsonic flows it is of
hyperbolic-elliptic composite type, and for transonic flows it is of hyperbolic-elliptic composite
and mixed type. For the smooth solutions to the system (1.1), the Bernoulli function

B =
1

2
(u2 + v2) +

γp

(γ − 1)ρ
, (1.6)

and the entropy S satisfy the following:

u∂xB + v∂yB = 0 and u∂xS + v∂yS = 0, (1.7)

and consequently the Bernoulli function and entropy are preserved along the streamlines.
As discussed in Courant-Friedrichs [27], compressible fluids in nozzle exhibit abundant non-

linear phenomena, for example, supersonic bubble, Mach shock configuration, jet flow, and
their interactions. All these phenomena are formulated by elementary waves such as contact
discontinuities. Due to the importance in applications (e.g., aerodynamics) and complex non-
linear phenomena, rigorous mathematical analysis of flows in a nozzle is of great interest but a
formidable task.

Many works have been done on the compressible Euler flow in nozzles. The problem of
the transonic shock in a nozzle, governed by an equation of the hyperbolic-elliptic mixed-type
(see [18, 34]), has been extensively studied, see [5, 8, 9, 16, 17, 23, 32, 33, 40, 41, 53] and their
references for the recent progress. The problem of the subsonic flow in nozzles was first studied
in [4]. A well-posedness result for the subsonic irrotational flow in a 2D infinitely long nozzle with
a given appropriate incoming mass flux was obtained in [49], and was extended to the isentropic
Euler flow with small non-zero vorticity in [50] and then in [31] for large non-zero vorticity
with sign condition on the second-order derivative of the incoming horizontal velocity. For the
full Euler flow, the well-posedness was obtained in [7] for the smallness non-zero vorticity and
in [13] for large non-zero vorticity without any additional conditions on the vorticity. For other
related problems, one can see [6,11,13,46] for the sonic-subsonic limit, [12] for the incompressible
limit, [24–26, 42] for the jet flow, [28] for the axisymmetric flow with nontrivial swirl, and [30]
for the subsonic flow in a finite nozzle. For the supersonic flow in nozzles, one basic feature is
that a shock will be generated if the nozzles are taking sufficiently long (see [36, Appendix]).
We see that most of these results are on the nozzles with special structures, for instance, the
supersonic flow through an expanding nozzle, which was proposed by Courant-Friedrichs in [27]
and was studied recently in [22,47,52].

The study of the vortex sheets in steady compressible fluids is also an interesting topic, which
has drawn a lot of attention recently. For the subsonic flow, the stability of an almost flat contact
discontinuity in two dimensional nozzles of infinite length was established in [1]; and see [2,3] for
further related results. Recently, the uniqueness and existence of the contact discontinuity, which
is large, i.e., not a perturbation of the straight one, was obtained in [13]. For the supersonic
flow, the stability over a 2D Lipschitz wall in the BV space was proved in [15]. Recently, the
well-posedness theory for the steady supersonic compressible Euler flows through a 2D finitely
long nozzle with a contact discontinuity was established in [36]. For other related problems on
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the steady supersonic contact discontinuity over a wedge with a sharp convex corner, we refer
the reader to [14, 29, 37, 42–45, 48]. The contact discontinuity in the Mach reflections was also
studied in [19–21].

In this paper, we study the stability of steady transonic contact discontinuity in a 2D finitely
long nozzle, which is the first work on this topic. The transonic contact discontinuity is a
free boundary that separates the subsonic flow on the upper layer and supersonic flow on the
lower layer in the nozzle. The length of the nozzle is taken to be finite since singularities will
generally develop from the smooth supersonic flow when the nozzle is infinitely long (see the
Appendix of [36]). Moreover, the loss of the regularity for the supersonic flow will lead to the
low regularities of the boundary as well as the data along the boundary for the subsonic region,
which makes the elliptic boundary value problem for the subsonic flow difficult to deal with.
The problem of transonic contact discontinuity in a nozzle is different from the problems studied
in [5,8–10,16,17,27] for the transonic shock in a nozzle where the supersonic state can be solved
priorly, and also different from the ones in [19–21] where the domain concerned is a sector type.

Mathematically, our problem can be formulated as a nonlinear free boundary value problem
governed by the hyperbolic-elliptic composite and mixed-type equations in a nozzle with the
contact discontinuity as a free interface. The main difficulties stem from the fact that the tran-
sonic contact discontinuity is a free interface, the states on both sides are unknown, and the
contact discontinuity is characteristic from the supersonic side, which requires that the mixed-
type equations should be solved first in the subsonic region and then in the supersonic region
together. To fix the free boundary, thanks to the fundamental feature of the contact disconti-
nuity, namely, the flow velocity on its both sides is parallel to the tangent of the interface, we
can straighten the contact discontinuity, as well as the up and lower nozzle walls, by employing
the Euler-Lagrangian coordinate transformation such that the free interface is fixed in the new
coordinates. However, the upper nozzle wall becomes a free boundary in the new coordinates,
since it is a function of the mass flux which can not be determined by the incoming flux com-
pletely. Thus, the original free boundary value problem after transformation actually becomes a
new free boundary value problem, denoted by (NP) in the Lagrangian coordinates. We develop
a boundary iteration scheme to tackle the new free boundary value problem. More precisely, for
a given incoming mass flux m(e), we solve the nonlinear fixed boundary value problem (FP),
then use the solution to update the new mass flux through the conservation of the mass (see
(3.61)). Hence we define a map T and then show that it is well-defined and contractive, so
that it admits a unique fixed point (see Section 7 below). Therefore, the remaining task is to
establish the existence and uniqueness of the fixed boundary value problem (FP).

When the flow is C1-smooth, the Bernoulli function B and the entropy S can be solved by
(1.7) depending completely on the incoming flow. With this property in hand, for the flow

in the subsonic region Ω̃(e), the Euler equations in the Lagrangian coordinates can be further
reduced into a nonlinear second-order elliptic equations (see Section 3.2 below) by employing

the stream function ϕ. While in the supersonic region Ω̃(h), due to the genuine nonlinearity
of the characteristic fields for the Euler system, a pair of Riemann invariants z± (see Section
3.3 below) can be found such that the Euler equations in the Lagrangian coordinates can be
written as a 2 × 2 diagonal form for z±. Therefore, solving the Euler equations in the region
Ω̃(e) ∪ Ω̃(h) is equivalent to solving the boundary value problem (FP) for the stream function ϕ
and Riemann invariants z± with a contact discontinuity separating the regions. More precisely,
we will construct the approximate solutions for the problem (FP) by linearizing it near the
background state, denoted by (FP)n, and then developing a well-defined iteration scheme to
show that the sequence of approximate solutions constructed by (FP)n is convergent. The
main difficulty for the linearized problem (FP)n is that the solutions for z± in the supersonic
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region Ω̃(h) cannot be determined completely because of the loss of normal components on the
contact discontinuity. To overcome these difficulties, we first replace the boundary condition
∂ξϕ = tan z−+z+

2 on Γ̃cd by ∂ξϕ = ωcd for any given flow slope ωcd in (FP)n and formulate

the modified linearized boundary value problem (F̃P)n. The advantage of this replacement is
that we can avoid the singularities of the solution ϕ near the corner point O = (0, 0) being

transformed into the supersonic region Ω̃(h), otherwise it would lead to the loss of regularities
for z±. Then we use the equation (3.76) to update a new ω̃cd, which creates a map Tω. Due
to lack of the contractivity for Tω, we employ the implicit function theorem to show that Tω

admits a unique fixed point. This step will be achieved in Section 5.
The existence and uniqueness of the solutions for the modified linearized boundary value

problem (F̃P)n can be proved as follows. We first solve the elliptic boundary value problem in

Ω̃(e) by applying the second-order linear elliptic theory, and obtain the solutions for ϕ and the
regularity near the corner O = (0, 0). Then, with the solution ϕ, we employ the continuity of

the pressure p̃ on Γ̃cd to derive a boundary condition for z on Γ̃cd. Next, we need to solve the
initial-boundary value problem for z in the supersonic region Ω̃(h) through the characteristic
method within different subregions generated by the reflections on the contact discontinuity Γ̃cd

as well as the reflections on the lower nozzle wall. Finally, from the above procedures, several
C2,α and C1,α estimates for the solutions to the modified linearized boundary value problem

(F̃P)n are derived. With these estimates as well as the estimates for ωcd obtained in Section 5,
one can deduce in Section 6 that the map generated by the iteration scheme is contractive in
C1,α(Ω̃(e))×C0,α(Ω̃(h))-norm. Using this property together with the compactness in the function

space C2,α(Ω̃(e))×C1,α(Ω̃(h)), we can further obtain the convergence of the approximate solutions
with a unique limit that is the solution of the problem (FP).

The rest of the paper is organized as follows. In Section 2, we first formulate the transonic
flow problem in nozzles with a contact discontinuity mathematically, i.e., Problem A, and then
state the main theorem of the paper. In Section 3, we use the Euler-Lagrangian coordinate
transformation to straighten the free boundary and then further formulate this problem in the
new coordinates, i.e., Problem B. In order to solve Problem B, the stream function and the
generalized Riemann invariants are introduced to reduce the Euler equations in the Lagrangian
coordinates to the nonlinear second-order elliptic equation in the subsonic region Ω̃(e) and the
first-order diagonalized system of hyperbolic equations in the supersonic region Ω̃(h), and state
the main theorem in the Lagrangian coordinates. We then develop some iteration scheme to
prove the main theorem in the Lagrangian coordinates by first fixing the free boundary and then
using the flow slope as the boundary condition to solve the fixed boundary value problem. In
Section 4, we consider the linearized fixed boundary value problem with the flow slope as the
boundary condition introduced in Section 3 and some estimates for the approximate solutions
are established case by case. In Section 5, we will show that the mapping for the flow slope
has a unique fixed point by employing the implicit function theorem. In Section 6, we show
the convergence of the approximate solutions obtained by the iteration scheme in Section 3 and
then complete the proof of existence and uniqueness for the fixed boundary value problem by
using the contraction mapping arguments. Finally, in Section 7, we prove the main result in the
Lagrangian coordinates by constructing a boundary iteration map and show that it is one to
one and contractive and thus has a unique fixed point.

2. Mathematical Problems and Main Results

In this section, we first formulate the stability problem of transonic flows in a 2D finitely long
nozzle (see Fig. 2.1) for the Euler equations (1.1) with a contact discontinuity as a free interface,
and then present the main theorem of the paper.
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For two given functions g+(x) and g−(x) satisfying g−(0) < 0 < g+(0), set

Ω :=
{

(x, y) ∈ R2 : 0 < x < L, g−(x) < y < g+(x)
}
, (2.1)

which describes the domain in the nozzle. Denoted by Γ− and Γ+ the lower and upper walls of
nozzle defined in the following:

Γ− :=
{

(x, y) : 0 < x < L, y = g−(x)
}
, Γ+ :=

{
(x, y) : 0 < x < L, y = g+(x)

}
. (2.2)

Let the location of the contact discontinuity be Γcd =
{
y = gcd(x), 0 < x < L

}
with gcd(0) = 0,

which divides the domain Ω into the subsonic and supersonic regions:

Ω(e) := Ω ∩
{
gcd(x) < y < g+(x)

}
, Ω(h) := Ω ∩

{
g−(x) < y < gcd(x)

}
. (2.3)

The entrance of the nozzle in the subsonic and supersonic regions is described as

Γ
(e)
in :=

{
(x, y) : x = 0, 0 < y < g+(0)

}
, Γ

(h)
in :=

{
(x, y) : x = 0, g−(0) < y < 0

}
, (2.4)

and the exit of the nozzle in the subsonic region is denoted by

Γ(e)
ex :=

{
(x, y) : x = L, gcd(L) < y < g+(L)

}
. (2.5)

Γ+

Γ−

Γcd

Ω(e)

Ω(h)

V
(e)

0 (y)

U
(h)
0 (y)

ωe(y)

x = 0 x = L

Fig. 2.1. Transonic flow in a finitely long nozzles with contact discontinuity

y = 0

V (e)

U (h)

ωe = 0

y = 1

y = −1

x = 0 x = L

Ω

Fig. 2.2. Transonic flow in a finitely long flat nozzle with contact discontinuity

A special case is that a uniform transonic incoming flow goes through a 2D finitely long flat
nozzle, with a flat transonic contact discontinuity dividing the flat nozzle into two layers with
subsonic and supersonic constant states on the corresponding regions; see Fig. 2.2. Let the
nozzle with flat boundaries be described as:

Ω :=
{

(x, y) ∈ R2 : 0 < x < L, −1 < y < 1
}
, (2.6)
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the solution in the subsonic region be

U (e) := (u(e), 0, p(e), ρ(e))>, (2.7)

and the solution in the supersonic region be

U (h) :=
(
u(h), 0, p(h), ρ(h)

)>
. (2.8)

These two layers (top layer is the subsonic region and lower layer is the supersonic region) are
separated by the straight line y = 0. The line y = 0 is the contact discontinuity, which divides
the domain Ω into two regions,

Ω(e) := Ω ∩
{

0 < y < 1
}
, Ω(h) := Ω ∩

{
− 1 < y < 0

}
.

Let

V (e) :=
(
p(e), B(e), S(e)

)>
, (2.9)

and let ω(e) = 0 be the angle of the velocity in Ω(e). The horizontal velocities, densities and
pressures in the top and bottom layers are all positive, and the pressures in this two layers are
equal, i.e., p(e) = p(h) = p. Moreover, the supersonic and subsonic conditions hold for some
δ0 > 0,

u(h) − c(h) > δ0 and c(e) − u(e) > δ0, (2.10)

where c(i) =

√
γp(i)

ρ(i) , for i = e or h. Let

U(x, y) =

{
U (e), (x, y) ∈ Ω(e),

U (h), (x, y) ∈ Ω(h).
(2.11)

Obviously, U(x, y) is a weak solution of the boundary value problem governed by the Euler
system (1.1) in Ω with the boundary {(x, y) : 0 < x < L, y = 0} as the transonic contact

discontinuity. The flow is supersonic in Ω(h) and subsonic in Ω(e). We call the solution U(x, y)
the background solution.

Based on the background solution, we now introduce the problem considered in this paper.
Assume that the initial incoming flow U0(y) at x = 0 is of the following form:

U0(y) =

{
V

(e)
0 (y), y ∈ Γ

(e)
in ,

U
(h)
0 (y), y ∈ Γ

(h)
in ,

(2.12)

where U
(h)
0 (y) =

(
u

(h)
0 , v

(h)
0 , p

(h)
0 , ρ

(h)
0

)>
(y) and V

(e)
0 (y) =

(
p

(e)
0 , B

(e)
0 , S

(e)
0

)>
(y). Moreover, V

(e)
0 (y)

and U
(h)
0 (y) satisfy the following compatible conditions:

v
(h)
0 (0) = 0, p

(e)
0 (0) = p

(h)
0 (0), (p

(e)
0 )′(0) = (B

(e)
0 )′(0) = (S

(e)
0 )′(0) = 0, (2.13)

and U0(y) satisfies the compatible conditions at the corner point (0, g−(0)).

Denote the flow field in Ω(i), (i = e, h), by U (i) =
(
u(i), v(i), p(i), ρ(i)

)
. Then, on the nozzle

walls Γ− and Γ+, the flows satisfy that(
u(h), v(h)

)
· n− = 0, on Γ−,

(
u(e), v(e)

)
· n+ = 0, on Γ+, (2.14)

where n− = (g′−,−1) and n+ = (−g′+, 1) represent the outer normal vectors of the lower and
upper walls Γ−, Γ+, respectively.

Along the contact discontinuity y = gcd(x), the following relations hold

(u, v) · ncd = 0, [
v

u
] = [p] = 0, on Γcd, (2.15)
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where ncd = (g′cd,−1) is the normal vector on Γcd and the symbol [ ] stands for the jump of the

states on both sides of the contact discontinuity. Finally, in the subsonic region Ω(e), the flow

slope at the exit Γ
(e)
ex is given by

ω(e)(L, y) = ωe(y), (2.16)

satisfying

ωe(gcd(L)) =
v

u
(L, gcd(L)). (2.17)

In summary, the problem we will study in this paper is described as follows.

Problem A. For a given transonic incoming flow U0(y) in (2.12) at the entrance satisfying
(2.13) and the compatible conditions at the corner point (0, g−(0)), and a given flow slope ωe(y)

in (2.16) at the exit Γ
(e)
ex satisfying (2.17), find a unique piecewise smooth transonic solution(

U(x, y), gcd(x)
)

that is separated by the contact discontinuity Γcd satisfying the Euler system
(1.1) in the weak sense and the boundary conditions (2.14)-(2.15). Moreover, the solution(
U(x, y), gcd(x)

)
in Ω is a small perturbation of the background solution (U, 0) in Ω.

A function U(x, y) = (u, v, p, ρ)> of Problem A is called a weak solution to the Euler equations
(1.1) provided that the following∫∫

Ω

(
ρu∂xζ + ρv∂yζ

)
dxdy = 0,∫∫

Ω

(
(ρu2 + p)∂xζ + ρuv∂yζ

)
dxdy = 0,∫∫

Ω

(
ρuv∂xζ + (ρv2 + p)∂yζ

)
dxdy = 0,∫∫

Ω

((
(ρE + p)u

)
∂xζ +

(
(ρE + p)v

)
∂yζ
)
dxdy = 0,

(2.18)

holds for any ζ ∈ C∞0 (Ω).
We will give a positive answer to Problem A. Before providing the main theorem of this paper,

let us introduce the weighted Hölder spaces (c.f. [1], [5], [35]). Let Σ be an open subset of ∂Ω.
Denote by X = (x, y) a point in Ω. Set

δX = dist(X,Σ), δX,X′ = min(δX , δX′), X,X ′ ∈ Ω. (2.19)

Then, for any integer m ≥ 0, k ∈ R and α ∈ (0, 1), and a function u defined on Ω, we define

‖u‖m,0,Ω =
∑

0≤|β|≤m

sup
X∈Ω
|Dβu(X)|,

[u]m,α,Ω =
∑
|β|=m

sup
X, X′∈Ω,X 6=X′

|Dβu(X)−Dβu(X ′)|
|X −X ′|α

,

(2.20)
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and

‖u‖(k,Σ)
m,0,Ω =

∑
0≤|β|≤m

sup
X∈Ω

(
δ

max(|β|+k,0)
X |Dβu(X)|

)
,

[u]
(k,Σ)
m,α,Ω =

∑
|β|=m

sup
X, X′∈Ω,X 6=X′

(
δ

max(m+α+k,0)
X,X′

|Dβu(X)−Dβu(X ′)|
|X −X ′|α

)
,

‖u‖m,α,Ω = ‖u‖m,0,Ω + [u]m,α,Ω, ‖u‖(k,Σ)
m,α,Ω = ‖u‖(k,Σ)

m,0,Ω + [u]
(k,Σ)
m,α,Ω,

(2.21)

where β = (β1, β2) is a multi-index with βj ≥ 0 (j = 1, 2), |β| = β1 + β2, and Dβ = ∂β1
x ∂

β2
y . We

denote by Cm,α(Ω) and Cm,α(k,Σ)(Ω) the function spaces defined below:

Cm,α(Ω) =
{
u : ‖u‖m,α,Ω <∞

}
, Cm,α(k,Σ)(Ω) =

{
u : ‖u‖(k,Σ)

m,α,Ω <∞
}
. (2.22)

For a vector-valued function u = (u1, u2, · · · , un), define

‖u‖m,α,Ω =
n∑
i=1

‖ui‖m,α,Ω, ‖u‖(k,Σ)
m,α,Ω =

n∑
i=1

‖ui‖(k,Σ)
m,α,Ω. (2.23)

If u is a function defined on an open subset Σ of ∂Ω, let Υ be a subset of the set Σ, the

weighted Hölder norm ‖u‖(k,Υ)
m,α;Σ can be defined similarly to (2.20)-(2.22) by changing Ω and Σ

to Σ and Υ, respectively. The standard Hölder norm ‖u‖m,α;Σ can also be defined similarly to
that in (2.23).

Finally, we define Σ(e) = ∂Ω(e)\{Γ(e)
in ∪Γcd}, and O = (0, 0), Pe = (L, gcd(L)), Qe = (L, g+(L)).

Then the main theorem of this paper can be stated as follows.

Theorem 2.1 (Main Theorem). There exist constants α0 ∈ (0, 1) and ε0 > 0 depending only
on U and L, such that for any given α ∈ (0, α0) and ε ∈ (0, ε0), if∥∥V (e)

0 − V (e)
∥∥

1,α;Γ
(e)
in

+
∥∥U (h)

0 − U (h)
∥∥

1,α;Γ
(h)
in

+
∥∥ωe

∥∥(−1−α,{Pe,Qe})
2,α;Γ

(e)
ex

+
∥∥g− + 1

∥∥
2,α;Γ−

+
∥∥g+ − 1

∥∥
2,α;Γ+

≤ ε,
(2.24)

and

M (h) =
u(h)

c(h)
>

√
1 +

1

4
L2, (2.25)

there exists a unique solution (U(x, y), gcd) ∈ H1
loc(Ω) × C2,α([0, L)) to Problem A with the

following properties:
(i) The solution U consists of the supersonic flow U (h) ∈ C1,α(Ω(h)) and subsonic flow U (e) ∈

C1,α

(−α,Σ(e)\{O})(Ω
(e)) separated by y = gcd(x), and the following estimate holds:∥∥U (e) − U (e)

∥∥(−α,Σ(e)\{O})
1,α;Ω(e) +

∥∥U (h) − U (h)
∥∥

1,α;Ω(h) ≤ C0ε; (2.26)

(ii) The contact discontinuity y = gcd(x) is a stream line with gcd(0) = 0 and satisfies∥∥gcd

∥∥
2,α;Γcd∪{O}

≤ C0ε, (2.27)

where C0 > 0 is a constant depending only on U and L.
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3. Mathematical Reformulation of Problem A

In this section, we first reformulate Problem A into a new free boundary value problem, i.e.,
Problem B in the Lagrangian coordinates through the Euler-Lagrangian coordinate transfor-
mation, and then state the main theorem for Problem B in the new coordinates. Later we
further introduce the stream function ϕ and Riemann invariant z to reduce Problem B to a new
free boundary value problem for (ϕ, z), i.e., Problem C. Finally, some strategies and iteration
schemes are developed to solve Problem C.

3.1. Mathematical problem in the Lagrangian coordinates. Note that the contact dis-
continuity Γcd is a free streamline by (2.15). We shall straighten the free interface Γcd in term
of the Euler-Lagrangian coordinate transformation and reformulate Problem A into a new free
boundary value problem in the Lagrangian coordinates.

Let
(
U(x, y), gcd(x)

)
be a solution to Problem A. Define

m(e) =

∫ g+(0)

gcd(0)
ρ(e)u(e)(0, τ)dτ and m(h) =

∫ gcd(0)

g−(0)
ρ

(h)
0 u

(h)
0 dτ. (3.1)

Then, it follows from (1.1)1 that∫ g+(x)

gcd(x)
ρ(e)u(e)(x, τ)dτ = m(e),

∫ gcd(x)

g−(x)
ρ(h)u(h)(x, τ)dτ = m(h), (3.2)

and ∫ g+(x)

g−(x)
ρu(x, τ)dτ = m(e) +m(h), (3.3)

for any 0 < x < L.
We remark that since ρ(e)(0, y) and u(e)(0, y) are not given in the boundary conditions, m(e)

defined by (3.1) cannot be determined in Ω(e) priorly. Thus m(e) is an unknown quantity.
Let

η(x, y) =

∫ y

g−(x)
ρu(x, τ)dτ −m(h). (3.4)

By (1.1)1 and the boundary condition (2.14), it is easy to see that

∂η(x, y)

∂x
= −ρv, ∂η(x, y)

∂y
= ρu. (3.5)

Thus we can introduce the Lagrangian coordinate transformation L as

L :

{
ξ = x,

η = η(x, y).
(3.6)

By a direct computation, we have

∂(ξ, η)

∂(x, y)
=
(

1 0
−ρv ρu

)
. (3.7)

Then, it is easy to see that {
∂x = ∂ξ − ρv∂η,
∂y = ρu∂η,

(3.8)
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thus the system (1.1) in the Lagrangian coordinates becomes
∂ξ

(
1
ρ̃ũ

)
− ∂η

(
ṽ
ũ

)
= 0,

∂ξ

(
ũ+ p̃

ρ̃ũ

)
− ∂η

(
p̃ṽ
ũ

)
= 0,

∂ξ ṽ + ∂ηp̃ = 0,

(3.9)

with the Bernoulli laws:

1

2
(ũ2 + ṽ2) +

γp̃

(γ − 1)ρ̃
=

{
B̃

(e)
0 (η), (ξ, η) ∈ Ω̃(e),

B̃
(h)
0 (η), (ξ, η) ∈ Ω̃(h).

(3.10)

Here we use the fact that the Bernoulli function is only a function of η, because by (1.1)4, B̃
(i)
0 (η)

for i = e,h are conserved along the streamlines.
The boundary conditions (2.14) in the new coordinates become

ṽ(e)

ũ(e)

∣∣∣∣
Γ̃+

= g′+(ξ),
ṽ(h)

ũ(h)

∣∣∣∣
Γ̃−

= g′−(ξ), (3.11)

and the Rankine-Hugoniot conditions on Γ̃cd are

ṽ(h)

ũ(h)

∣∣∣∣
Γ̃cd

=
ṽ(e)

ũ(e)

∣∣∣∣
Γ̃cd

= g′cd(ξ), p̃(h)
∣∣
Γ̃cd

= p̃(e)
∣∣
Γ̃cd
. (3.12)

We remark that (3.12) indicates that ṽ
ũ and p̃ are continuous across Γ̃cd.

As shown in Fig. 3.3, in the Lagrangian coordinates the domain Ω becomes

Ω̃ =
{

(ξ, η) ∈ R2 : 0 < ξ < L, −m(h) < η < m(e)
}
,

the entrance of the nozzle in the subsonic and supersonic regions is

Γ̃
(e)
in :=

{
(ξ, η) : 0 < η < m(e), ξ = 0

}
, Γ̃

(h)
in :=

{
(ξ, η) : −m(h) < η < 0, ξ = 0

}
,

the exit of the nozzle in the subsonic region is

Γ̃(e)
ex :=

{
(ξ, η) : 0 < η < m(e), ξ = L

}
,

and the lower and upper nozzle walls are

Γ̃− :=
{

(ξ, η) : η = −m(h), 0 < ξ < L
}
, Γ̃+ :=

{
(ξ, η) : η = m(e), 0 < ξ < L

}
. (3.13)

Moreover, on Γcd, we have

η(x, gcd(x)) =

∫ gcd(x)

g−(x)
ρu(x, τ)dτ −m(h) = 0.

Hence, the free interface Γcd becomes the following fixed straight line

Γ̃cd :=
{

(ξ, η) : η = 0, 0 < ξ < L
}
. (3.14)

Denote

Ω̃(e) := Ω̃ ∩ {0 < η < m(e)
}
, Ω̃(h) := Ω̃ ∩

{
−m(h) < η < 0

}
, (3.15)

and set

Ũ (i)(ξ, η) = (ũ(i)(ξ, η), ṽ(i)(ξ, η), p̃(i)(ξ, η), ρ̃(i)(ξ, η))>, ∀(ξ, η) ∈ Ω̃(i), i = e, h, (3.16)
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Ṽ
(e)

0 (η)

Ũ
(h)
0 (η)

ω̃e(η)

Γ̃+

Γ̃cd

Γ̃−

Ω̃

ξ = Lξ = 0

Fig. 3.3. Transonic contact discontinuity flows in the Lagrangian coordinates

as the corresponding solutions in Ω̃(e) and Ω̃(h), respectively. Then the background solution
(2.11) in the new coordinates is

Ũ(ξ, η) =

 U (e), (ξ, η) ∈ Ω̃
(e)
,

U (h), (ξ, η) ∈ Ω̃
(h)
,

(3.17)

where

Ω̃
(e)

:=
{

(ξ, η) : 0 < ξ < L, 0 < η < m(e)
}
, Ω̃

(h)
:=
{

(ξ, η) : 0 < ξ < L,−m(h) < η < 0
}
,

and m(i) = ρ(i)u(i), i = e,h.
At the inlet ξ = 0, the flow is given by

Ũ0(η) =

{
Ṽ

(e)
0 (η), η ∈ Γ̃

(e)
in ,

Ũ
(h)
0 (η), η ∈ Γ̃

(h)
in ,

(3.18)

where Ṽ
(e)

0 (η) =
(
p̃

(e)
0 , B̃

(e)
0 , S̃

(e)
0

)
(η) and Ũ

(h)
0 (η) = (ũ

(h)
0 , ṽ

(h)
0 , p̃

(h)
0 , ρ̃

(h)
0 )(η) satisfy the following

compatible conditions:

ṽ
(h)
0 (0) = 0, p̃

(e)
0 (0) = p̃

(h)
0 (0), (p̃

(e)
0 )′(0) = (B̃

(e)
0 )′(0) = (S̃

(e)
0 )′(0) = 0. (3.19)

At the corner point (0,−m(h)), the compatible conditions also hold for Ũ
(h)
0 .

Finally, the boundary condition at the exit of the nozzle in the subsonic region is

ω̃(e)(L, η) = ω̃e(η), (3.20)

satisfying

ω̃e(0) =
(v
u

)
(L, 0), (3.21)

where ω̃e(η) = ωe

(
y(L, η)

)
.

With the above preparation, we can reformulate Problem A again in the Euler coordinates
as a new problem in the Lagrangian coordinates with the upper nozzle wall as a free boundary,
i.e., Problem B.

Problem B. For the transonic incoming flow given by (3.18) at the entrance satisfying (3.19)

and the compatible conditions at the corner (0,−m(h)) and a given flow slope (3.20) at the outlet

satisfying (3.21), find a transonic piecewise smooth solution Ũ(ξ, η) with the straight line Γ̃cd as

a contact discontinuity and a constant m(e) > 0, satisfying the Euler equations (3.9) with (3.10)

in Ω̃(e) ∪ Ω̃(h), the slip boundary condition (3.11) on Γ̃±, the Rankine-Hugoniot condition (3.12)
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on Γ̃cd, and the boundary condition (3.20) at the exit Γ̃
(e)
ex . Moreover, the flow is subsonic in

Ω̃(e), supersonic in Ω̃(h), and is a small perturbation of background solution Ũ by (3.17) in Ω̃.

Set Σ̃(e) = ∂Ω̃(e)\{Γ̃in ∪ Γ̃cd}, and O = (0, 0) and Pe = (L, 0), Qe = (L,m(e)).
Our main result in the Lagrangian coordinates is the following.

Theorem 3.1. For a given transonic incoming flow (3.18) at the entrance with (3.19) and a

given flow slope (3.20) at the outlet satisfying the compatible conditions at the corner (0,−m(h))

and (3.21), there exist constants α0 ∈ (0, 1) and ε̃0 > 0 depending only on Ũ and L, such that
for any α ∈ (0, α0) and ε̃ ∈ (0, ε̃0), if the given data satisfy∥∥Ṽ (e)

0 − V (e)
∥∥

1,α;Γ
(e)
in

+
∥∥Ũ (h)

0 − U (h)
∥∥

1,α;Γ̃
(h)
in

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥g− + 1

∥∥
2,α;Γ̃−

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

≤ ε̃,
(3.22)

and

M (h) =
u(h)

c(h)
>

√
1 +

1

4
L2, (3.23)

where V (e) is given by (2.9), then Problem B admits a positive constant m(e) and a unique

solution Ũ(ξ, η) ∈ H1
loc(Ω̃), which consists of the subsonic flow Ũ (e)(ξ, η) ∈ C1,α

(−α,Σ̃(e)\{O})(Ω̃
(e))

and supersonic flow Ũ (h)(ξ, η) ∈ C1,α(Ω̃(h)) with η = 0 as the contact discontinuity. Moreover,
it holds that∥∥Ũ (e) − U (e)

∥∥(−α,Σ̃(e)\{O})
1,α;Ω̃(e) +

∥∥Ũ (h) − U (h)
∥∥

1,α;Ω̃(h) + |m(e) −m(e)| ≤ C̃0ε̃, (3.24)

where m(e) satisfies ∫ m(e)

0

( 1

ρ̃(e)ũ(e)

)
(0, τ)dτ = g+(0), (3.25)

and the constant C̃0 > 0 depends only on Ũ and L.

Remark 3.1. Note that

det

(
∂(ξ, η)

∂(x, y)

)
= ρu > 0,

if ε̃ > 0 is taking sufficiently small. Then the inverse Lagrangian transformation L−1 exists and
is

L−1 :

 x = ξ,

y =
∫ η
−m(h)

(
1
ρu

)
(x, τ)dτ + g−(x).

Therefore, if Theorem 3.1 holds, then from the inverse Lagrangian transformation L−1 we can
show Theorem 2.1 by setting U(x, y) = Ũ(ξ(x, y), η(x, y)). Furthermore, the contact disconti-
nuity gcd is given by

gcd(x) =

∫ 0

−m(h)

( 1

ρu

)
(x, τ)dτ + g−(x), x ∈ [0, L).

Obviously,

g′cd(x) =
v

u
(x, gcd(x)), x ∈ [0, L),

which belongs to C1,α and implies that gcd(x) ∈ C2,α([0, L)). Hence, we only need to prove
Theorem 3.1.
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3.2. Equations (3.9) in the subsonic region Ω̃(e). In the subsonic region Ω̃(e), the Euler

equations (3.9) are a hyperbolic-elliptic coupled system. If the flow is C1 in Ω̃(e), then by the
direct computation, one has

∂ξ

( p̃(e)

(ρ̃(e))γ

)
= 0, (3.26)

which implies that

S̃(e)(ξ, η) = A−1
( p̃(e)

(ρ̃(e))γ

)
(ξ, η) = A−1

( p̃
(e)
0

(ρ̃
(e)
0 )γ

)
(η) = S̃

(e)
0 (η), (3.27)

holds along each streamline.
Next in Ω̃(e), we reformulate the Euler equations (3.9) as a second-order elliptic equation by

using the stream function. By (3.9)1, define the stream function ϕ by

∂ξϕ =
ṽ(e)

ũ(e)
, ∂ηϕ =

1

ρ̃(e)ũ(e)
. (3.28)

Then

ũ(e) =
1

ρ̃(e)∂ηϕ
, ṽ(e) =

∂ξϕ

ρ̃(e)∂ηϕ
, (3.29)

and Bernoulli’s law (3.10) can be reduced to

γA(S̃
(e)
0 )

γ − 1
(ρ̃(e))γ+1 − B̃(e)

0 (ρ̃(e))2 +
(∂ξϕ)2 + 1

2(∂ηϕ)2
= 0. (3.30)

We have the following property for ρ̃(e).

Proposition 3.1. In the subsonic region, the equation (3.30) admits a unique solution ρ̃(e) =

ρ̃(e)
(
Dϕ; B̃

(e)
0 , S̃

(e)
0

)
. Moreover,

∂ρ̃(e)

∂(∂ξϕ)
= −

∂ξϕ

ρ̃(e)(∂ηϕ)2
(

(c̃(e))2 − 1+(∂ξϕ)2

(ρ̃(e))2(∂ηϕ)2

) ,
∂ρ̃(e)

∂(∂ηϕ)
=

(∂ξϕ)2 + 1

ρ̃(e)(∂ηϕ)3
(

(c̃(e))2 − 1+(∂ξϕ)2

(ρ̃(e))2(∂ηϕ)2

) , (3.31)

where Dϕ =
(
∂ξϕ, ∂ηϕ

)
and c̃(e) =

√
γA(S̃

(e)
0 )(ρ̃(e))γ−1.

Proof. Define

B(ρ̃(e), χ, B̃
(e)
0 , S̃

(e)
0 ) :=

γA(S̃
(e)
0 )

γ − 1
(ρ̃(e))γ+1 − B̃(e)

0 (ρ̃(e))2 + χ,

where χ =
(∂ξϕ)2+1

2(∂ηϕ)2 . For any point in Ω̃(e), we have

∂B(ρ̃(e), χ, B̃
(e)
0 , S̃

(e)
0 )

∂ρ̃(e)
= ρ̃(e)

(
(c̃(e))2 − (ũ(e))2 − (ṽ(e))2

)
> 0,

and

∂B(ρ̃(e), χ, B̃
(e)
0 , S̃

(e)
0 )

∂χ
= 1.
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Then, for any (ξ, η) ∈ Ω̃(e),

∂ρ̃(e)

∂χ
= − 1

ρ̃(e)
(
(c̃(e))2 − (ũ(e))2 − (ṽ(e))2

) < 0. (3.32)

Therefore, from equation (3.30), we can get a continuously differentiable function ρ̃(e) with

respect to χ, i.e., ρ̃(e) = ρ̃(e)(Dϕ; B̃
(e)
0 , S̃

(e)
0 ). Finally, because

∂χ

∂(∂ξϕ)
=

∂ξϕ

(∂ηϕ)2
,

∂χ

∂(∂ηϕ)
= −

(∂ξϕ)2 + 1

(∂ηϕ)3
,

it follows from (3.32) that (3.31) holds. �

Remark 3.2. It follows from (3.27) and Proposition 3.1 that the pressure p̃(e) is also a function

of Dϕ, B̃
(e)
0 and S̃

(e)
0 , that is, p̃(e) = p̃(e)

(
Dϕ; B̃

(e)
0 , S̃

(e)
0

)
.

Now, by (3.29), Proposition 3.1 and Remark 3.2, the equations (3.9) can be reduced to the
following nonlinear elliptic equation of second-order:

∂ξ

( ∂ξϕ

ρ̃(e)∂ηϕ

)
+ ∂ηp̃

(e)(Dϕ; B̃
(e)
0 , S̃

(e)
0 ) = 0. (3.33)

Next, for the boundary conditions of ϕ, from (3.11), (3.18), (3.20) and (3.28), we know that

∂ξϕ = ω̃e(η), on Γ̃(e)
ex , (3.34)

ϕ = g+(ξ), on Γ̃
(e)
+ , (3.35)

and

p̃(e)(Dϕ; B̃
(e)
0 , S̃

(e)
0 ) = p̃0(η), on Γ̃

(e)
in . (3.36)

3.3. Equations (3.9) in the supersonic region Ω̃(h). For smooth solutions in the supersonic

region Ω̃(h), we can rewrite the system (3.9) as the first-order nonlinear symmetric form:

A(h)
1 (V(h))∂ξV(h) +A(h)

2 (V(h))∂ηV(h) = 0, (3.37)

where V(h)(ξ, η) =
(
ũ(h), ṽ(h), p̃(h)

)>
(ξ, η) and

A(h)
1 (V(h)) =


ũ(h) 0 1

ρ̃(h)

0 ũ(h) 0

1
ρ̃(h) 0 ũ(h)

(c̃(h))2(ρ̃(h))2

 , A(h)
2 (V(h)) =


0 0 −ṽ(h)

0 0 ũ(h)

−ṽ(h) ũ(h) 0

 .

System (3.37) is hyperbolic in Ω̃(h). By direct computation, the eigenvalue and the corre-
sponding right eigenvectors are

λ− =
ρ̃(h)ũ(h)(c̃(h))2

(ũ(h))2 − (c̃(h))2

( ṽ(h)

ũ(h)
−
√

(q̃(h))2 − (c̃(h))2

c̃(h)

)
,

λ0 = 0,

λ+ =
ρ̃(h)ũ(h)(c̃(h))2

(ũ(h))2 − (c̃(h))2

( ṽ(h)

ũ(h)
+

√
(q̃(h))2 − (c̃(h))2

c̃(h)

)
,

(3.38)
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where q̃(h) =
√

(ũ(h))2 + (ṽ(h))2 and

r− =
( λ−
ρ̃(h)

+ ṽ(h),−ũ(h),−λ−ũ(h)
)>
,

r0 =
(
ũ(h), ṽ(h), 0

)>
,

r+ =
( λ+

ρ̃(h)
+ ṽ(h),−ũ(h),−λ+ũ

(h)
)>
,

(3.39)

respectively. The corresponding left eigenvectors are

l± = (r±)>, l0 = (r0)>. (3.40)

Define

ω̃(h) :=
ṽ(h)

ũ(h)
, Λ(h) :=

√
(q̃(h))2 − (c̃(h))2

ρ̃(h)c̃(h)(ũ(h))2
. (3.41)

Multiplying the system (3.37) by l± and l0, and by Bernoulli’s law (3.10), we have

∂ξω̃
(h) + λ−∂ηω̃

(h) − Λ(h)
(
∂ξp̃

(h) + λ−∂ηp̃
(h)
)

= 0,

∂ξω̃
(h) + λ+∂ηω̃

(h) + Λ(h)
(
∂ξp̃

(h) + λ+∂ηp̃
(h)
)

= 0,
(3.42)

and

∂ξ

( p̃(h)

(ρ̃(h))γ

)
= 0, (3.43)

which implies that

S̃(h)(ξ, η) = A−1
( p̃(h)

(ρ̃(h))γ

)
(ξ, η) = A−1

( p̃
(h)
0

(ρ̃
(h)
0 )γ

)
(η) = S̃

(h)
0 (η), (3.44)

holds along each streamline.

Remark 3.3. When the solution (ω̃(h), p̃(h)) of the system (3.42) is known, we can get the solution

(ũ(h), ṽ(h)) by (3.41) and (3.10) as the following:

ũ(h) =

√√√√2
(

(γ − 1)B̃
(h)
0 − γ

(
A(S̃

(h)
0 ))(p̃(h))γ−1

) 1
γ

)
(γ − 1)

(
1 + (ω̃(h))2

) ,

ṽ(h) = ω̃(h)

√√√√2
(

(γ − 1)B̃
(h)
0 − γ

(
A(S̃

(h)
0 ))(p̃(h))γ−1

) 1
γ

)
(γ − 1)

(
1 + (ω̃(h))2

) ,

(3.45)

where S̃
(h)
0 is given by (3.44).

Therefore, in the supersonic region, it remains to solve equations (3.42). To this end, we will
further introduce the Riemann invariants.

Let U = (ω̃(h), p̃(h))>, then the system (3.42) can be rewritten as

∂ξU + F (U )∂ηU = 0, (3.46)

where

F (U ) =

 ρ̃(h)(c̃(h))2ṽ(h)

(ũ(h))2−(c̃(h))2

(ũ(h))2+(ṽ(h))2−(c̃(h))2

ũ(h)
(

(ũ(h))2−(c̃(h))2
)

(ρ̃(h))2(c̃(h))2(ũ(h))3

(ũ(h))2−(c̃(h))2

ρ̃(h)(c̃(h))2ṽ(h)

(ũ(h))2−(c̃(h))2

 . (3.47)
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The generalized Riemann invariants z± for system (3.46) are defined as

z− = arctan ω̃(h) + Θ
(
p̃(h); B̃

(h)
0 , S̃

(h)
0

)
, z+ = arctan ω̃(h) −Θ

(
p̃(h); B̃

(h)
0 , S̃

(h)
0

)
, (3.48)

where

Θ
(
p̃(h); B̃

(h)
0 , S̃

(h)
0

)
=

∫ p̃(h)

√
(γ − 1)

(
A(S̃

(h)
0 )
) 1
γ

(
2(γ − 1)B̃

(h)
0 − γ(γ + 1)

(
A(S̃

(h)
0 )
) 1
γ τ

γ−1
γ

)
2γ

1
2

(
(γ − 1)B̃

(h)
0 − γ

(
A(S̃

(h)
0 )
) 1
γ τ1− 1

γ

)
τ
γ+1
2γ

dτ. (3.49)

Let z = (z−, z+)>. System (3.46) can be reduced to the following characteristic form:

∂ξz + diag
(
λ+, λ−

)
∂ηz = 0. (3.50)

Finally, we remark that once z is solved, the solution in the supersonic region is solved by the
following proposition.

Proposition 3.2. If the flow is supersonic in Ω̃(h), then, for any given z = (z−, z+), (p̃(h), ω̃(h))

can be uniquely solved by (3.48) as p̃(h) = p̃(h)
(
z; B̃

(h)
0 , S̃

(h)
0

)
and ω̃(h) = ω̃(h)(z).

Proof. By (3.48), we obtain that

ω̃(h) = tan
(z− + z+

2

)
, Θ

(
p̃(h); B̃

(h)
0 , S̃

(h)
0

)
=

1

2
(z− − z+).

For q̃(h) > c̃(h), one has

∂p̃(h)Θ
(
p̃(h); B̃

(h)
0 , S̃

(h)
0

)
=

√
(q̃(h))2 − (c̃(h))2

ρ̃(h)c̃(h)(q̃(h))2
> 0,

then, by the straightforward computation, it follows that

∂p̃(h)

∂z−
=

1

2∂p̃(h)Θ
(
p̃(h); B̃

(h)
0 , S̃

(h)
0

) , ∂p̃(h)

∂z+
= − 1

2∂p̃(h)Θ
(
p̃(h); B̃

(h)
0 , S̃

(h)
0

) .
Thus the proposition follows from the implicit function theorem. �

Finally, for the boundary conditions of z, from (3.11), (3.18) and (3.48), we know that

z(ξ, η) = z0(η), on Γ̃
(h)
in , (3.51)

and

z− + z+ = 2 arctan g′−(ξ), on Γ̃−. (3.52)

3.4. Free boundary value problem for (ϕ, z). From the above two subsections, Problem B
can be reformulated as the following nonlinear free boundary value problem for (ϕ, z).

Problem C. For the given data
(
p̃

(e)
0 (η), B̃

(e)
0 (η), S̃

(e)
0 (η)

)
at the entrance Γ̃

(e)
in , the given data(

z0(η), B̃
(h)
0 (η), S̃

(h)
0 (η)

)
at the entrance Γ̃

(h)
in satisfying (3.19), and the given data ω̃e at the

exit Γ̃
(e)
ex , find a piecewise smooth transonic flow

(
ϕ, z

)
(ξ, η) with a contact discontinuity and a
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positive constant m(e) for the following nonlinear free boundary value problem:

(NP)



∂ξ

(
∂ξϕ

ρ̃(e)(Dϕ;B̃
(e)
0 ,S̃

(e)
0 )∂ηϕ

)
+ ∂ηp̃

(e)(Dϕ; B̃
(e)
0 , S̃

(e)
0 ) = 0, in Ω̃(e),

∂ξz + diag(λ+, λ−)∂ηz = 0, in Ω̃(h),

p̃(e) = p̃
(e)
0 (η), on Γ̃

(e)
in ,

∂ξϕ = ω̃e(η), on Γ̃
(e)
ex ,

z = z0(η), on Γ̃
(h)
in ,

∂ξϕ = g′+(ξ), on Γ̃+,

∂ξϕ = ω̃(h), p̃(e) = p̃(h), on Γ̃cd,

z− + z+ = 2 arctan g′−(ξ), on Γ̃−,

(3.53)

where m(e) on Γ̃
(e)
+ is determined by (3.25). To make the solution ϕ unique, without loss of the

generality, we prescribe the one-point condition:

ϕ(0, 0) = ϕ(0, 0) = 0. (3.54)

We have the following theorem for the nonlinear free boundary value problem (NP).

Theorem 3.2. For any given data
(
p̃

(e)
0 , B̃

(e)
0 , S̃

(e)
0

)
(η) at the entrance Γ̃

(e)
in ,

(
z0, B̃

(h)
0 , S̃

(h)
0

)
(η) at

the entrance Γ̃
(h)
in satisfying (3.19) and the compatible conditions at the corner point (0,−m(h)),

and ω̃e at the exit Γ̃
(e)
ex with (3.20) and (3.21), there exist a pair of constants α0 ∈ (0, 1) and

ε̃0 > 0 depending only on Ũ and L, such that, if the given data satisfy∥∥p̃(e)
0 − p

(e)
∥∥

1,α;Γ̃
(e)
in

+
∑
k=e,h

(∥∥B̃(k)
0 −B(k)

∥∥
1,α;Γ̃

(k)
in

+
∥∥S̃(k)

0 − S(k)
∥∥

1,α;Γ̃
(k)
in

)

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥z0 − z

∥∥
1,α;Γ̃

(h)
in

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥g− + 1

∥∥
2,α;Γ̃−

≤ ε̃,

(3.55)

and

M (h) =
u(h)

c(h)
≥
√

1 + L2/4, (3.56)

for any α ∈ (0, α0) and ε̃ ∈ (0, ε̃0), then the problem (NP) with (3.54) admits a unique solution

z ∈ C1,α(Ω̃(h)), ϕ ∈ C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e)), and a positive constant m(e). Moreover, the following

estimate holds:∥∥ϕ− ϕ∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) +

∥∥z − z∥∥
1,α;Ω̃(h) +

∣∣m(e) −m(e)
∣∣ ≤ C̃0ε̃, (3.57)

where m(e) satisfies ∫ m(e)

0
∂ηϕ(0, τ)dτ = g+(0). (3.58)

Here, C̃0 = C̃0(U,L) is a positive constant independent of ε̃.

Remark 3.4. As in Proposition 3.1 and Proposition 3.2, Remark 3.2, and Remark 3.3, we know
that Theorem 3.1 is a corollary of Theorem 3.2, which indicates that it suffices to consider the
solutions to Problem C instead of Problem B. Therefore, we are devoted to prove Theorem 3.2
in the rest of the paper.
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We will solve (NP) in two steps:

Step 1. Assign a value for m(e) and solve the corresponding fixed boundary value problem.
Let m(e) = ρ(e)u(e), which depends on the background solution given in (3.17). For any σ > 0,
define

Mσ =
{
m(e) : m(e) > 0, and

∣∣m(e) −m(e)
∣∣ ≤ σ}. (3.59)

For any given m(e) ∈Mσ, define Γ̃
(h)
+ by (3.13), and then consider the following nonlinear fixed

boundary value problem for (NP):

(FP)



∂ξ

(
∂ξϕ

ρ̃(e)(Dϕ;B̃
(e)
0 ,S̃

(e)
0 )∂ηϕ

)
+ ∂ηp̃

(e)(Dϕ; B̃
(e)
0 , S̃

(e)
0 ) = 0, in Ω̃(e),

∂ξz + diag(λ+, λ−)∂ηz = 0, in Ω̃(h),

p̃(e) = p̃
(e)
0 (η), on Γ̃

(e)
in ,

∂ξϕ = ω̃e(η), on Γ̃
(e)
ex ,

z = z0(η), on Γ̃
(h)
in ,

∂ξϕ = g′+(ξ), on Γ̃+,

∂ξϕ = tan
(
z−+z+

2

)
, on Γ̃cd,

z− − z+ = 2Θ(p̃(e), B̃
(h)
0 , S̃

(h)
0 ), on Γ̃cd,

z− + z+ = 2 arctan g′−(x), on Γ̃−,

(3.60)

where p̃
(e)
0 and p̃

(h)
0 satisfy (3.19). An outline on solving the above problem (FP) will be given

in the Section 3.5 below.
Step 2. Update the approximate boundary Γ̃

(e)
+ , (i.e., η = m(e)). To update the free boundary,

we solve the following problem:{ ∫m(e)

0 ∂ηϕ(0, τ)dτ = g+(0),

ϕ(0, 0) = 0.
(3.61)

Then we define a map T such that m̃(e) = T (m(e)). We will show that

(1) T is well-defined, i.e., T exists uniquely and maps from Mσ to Mσ;
(2) T is a contraction.

This step will be achieved in Section 7.

3.5. Solving the Step 1, i.e., nonlinear fixed boundary value problem (FP). In order to
solve (FP), we will formulate an iteration scheme. We first construct a sequence of approximate

solutions by linearizing the problem (FP) partially near the background state Ũ , and then show
its convergence to a unique limit that satisfies the problem (FP).

Step 1.1. The linearized problem that is a boundary value problem for elliptic-hyperbolic
mixed-type equations will be solved first in Ω̃(e) and then in Ω̃(h) together (see Fig. 3.4). To do
this, we define the iteration set as

KεI =
{

(ϕ(n), z(n)) :
∥∥ϕ(n) − ϕ

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) +

∥∥z(n) − z
∥∥

1,α;Ω̃(h) ≤ εI
}
, (3.62)

for some 0 < εI < 1.
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Γ̃
(h)
in

Γ̃
(e)
in Γ̃

(e)
ex

Γ̃+

Γ̃cd

Γ̃−

O

η = m(e)

η = 0

η = −m(h)

ξ∗cd,1ξ∗cd,0

0 ξ∗−,0 ξ∗−,1 L

Ω̃(h)

Ω̃(e)

Fig. 3.4. Iteration algorithm for the problem (FP)

For any given (ϕ(n−1), z(n−1)) ∈ K2εI , the linearized boundary value problem of (FP) is

(FP)n



∂ξN1(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 ) + ∂ηN2(Dϕ(n); B̃

(e)
0 , S̃

(e)
0 ) = 0, in Ω̃(e),

∂ξδz
(n) + diag(λ

(n−1)
+ , λ

(n−1)
− )∂ηδz

(n) = 0, in Ω̃(h),

δϕ(n) = g
(n)
0 (η), on Γ̃

(e)
in ,

∂ξδϕ
(n) = ω̃e(η), on Γ̃

(e)
ex ,

δz(n) = δz0(η), on Γ̃
(h)
in ,

δϕ(n) = g
(n)
+ (ξ), on Γ̃+,

δϕ(n) =
∫ ξ

0 tan
(
δz

(n)
− +δz

(n)
+

2

)
(τ, 0)dτ, on Γ̃cd,

δz
(n)
− − δz

(n)
+ = 2β

(n−1)
cd,1 ∂ξδϕ

(n) + 2β
(n−1)
cd,2 ∂ηδϕ

(n) + 2ccd(ξ), on Γ̃cd,

δz
(n)
− + δz

(n)
+ = 2 arctan g′−(ξ), on Γ̃−,

(3.63)

where δϕ(n)(0, 0) = 0,

N1(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 ) =

∂ξϕ
(n)

ρ̃(e)(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 )∂ηϕ(n)

,

N2(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 ) = p̃(e)(Dϕ(n); B̃

(e)
0 , S̃

(e)
0 ),

(3.64)

δz(n) := z(n) − z, δz
(n)
0 (η) := z

(n)
0 (η)− z,

δϕ(n) := ϕ(n) − ϕ, λ
(n−1)
± := λ±(z(n−1); B̃

(h)
0 , S̃

(h)
0 ),

(3.65)
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β
(n−1)
cd,1 :=

∫ 1

0

∂p(e)Θ
(
p̃(e)

0
+ τ(p̃

(e)
n−1,0 − p̃

(e)
0

); B̃
(h)
0 , S̃

(h)
0

)
dτ

×
∫ 1

0

∂∂ξϕp̃
(e)
(
Dϕ+ τDδϕ(n−1); B̃

(e)
0 , S̃

(e)
0

)
dτ,

β
(n−1)
cd,2 :=

∫ 1

0

∂p̃(e)Θ
(
p̃(e)

0
+ τ(p̃

(e)
n−1,0 − p̃

(e)
0

); B̃
(h)
0 , S̃

(h)
0

)
dτ

×
∫ 1

0

∂∂ηϕp̃
(e)
(
Dϕ+ τDδϕ(n−1); B̃

(e)
0 , S̃

(e)
0

)
dτ,

(3.66)

ccd(ξ) := Θ(p̃(e)
0

;B
(h)
0 , S

(h)
0 )−Θ(p(e);B(h), S(h)), (3.67)

and

g
(n)
0 (η) :=

1

β
0,2

∫ η

0

(
p̃

(e)
0 (µ)− p̃(e)

0
(µ)− β(n)

0,1∂1δϕ
(n) − (β

(n)
0,2 − β0,2

)∂2δϕ
(n)
)
dµ,

g
(n)
+ (ξ) := g+(ξ)− g+(0) + g

(n)
0 (m(e)).

(3.68)

Here

p̃
(e)
n−1,0(ξ, η) := p̃(e)

(
Dϕ(n−1); B̃

(e)
0 , S̃

(e)
0

)
, p̃(e)

0
(η) := p̃(e)

(
Dϕ; B̃

(e)
0 , S̃

(e)
0

)
. (3.69)

and

β
(n)
0,1 :=

∫ 1

0

∂∂ξϕp̃
(e)
(
Dϕ+ νDδϕ(n); B̃

(e)
0 , S̃

(e)
0

)
dν,

β
(n)
0,2 :=

∫ 1

0

∂∂ηϕp̃
(e)
(
Dϕ+ νDδϕ(n); B̃

(e)
0 , S̃

(e)
0

)
dν.

(3.70)

We remark that the linearized boundary condition (3.63)8 on Γ̃cd is derived by first taking the differ-

ence between the boundary condition (3.60)8 on Γ̃cd and the corresponding background state, and then
applying the mean value theorem of the integral form. At the fixed point, the second boundary condition
(3.63)8 on Γ̃cd will recover the second boundary condition (3.60)8 on Γ̃cd.

Now, we can introduce the map

J : K2εI −→ K2εI . (3.71)

For the given function (ϕ(n−1), z(n−1)) ∈ K2εI , we solve problem (F̃P)n to obtain the function (ϕ(n), z(n)) ∈
K2εI . Then the map J is defined as

(ϕ(n), z(n)) := J (ϕ(n−1), z(n−1)). (3.72)

For the map J , we are going to verify the following:

(1) J is well-defined, i.e., J exists and maps from K2εI to K2εI ;
(2) J is a contraction.

These two facts will be achieved by Lemma 6.1 in Section 6. Then, it follows from the Banach fixed point
theorem that the sequence is convergent and its limit is a solution of the problem (FP). In fact, by taking
the tangential derivatives on the boundary conditions (3.63)3, (3.63)6 and (3.63)7 along the boundaries

Γ̃
(e)
in , Γ̃+ and Γ̃cd, it is easy to see that the solution of problem (FP)n with (ϕ(n), z(n)) = (ϕ(n−1), z(n−1))

is actually the solution of problem (FP).
Step 1.2. One of the main difficulties in showing the existence and uniqueness of problem (FP)n in

Kε is due to the requirement of the higher order regularity of the solution ϕ near the corner point. In
order to overcome this difficulty, we need to define a Banach space:

W =
{
ωcd : ωcd(0) = ω′cd(0) = 0, ωcd(L) = ω̃e(0), ‖ωcd‖(−α,{Pe})

1,α;Γ̃cd
<∞

}
. (3.73)



TRANSONIC CONTACT DISCONTINUITY IN A NOZZLE 21

Given any ωcd ∈ W satisfying

‖ωcd‖(−α,{Pe})
1,α;Γ̃cd

≤ %, (3.74)

for a sufficiently small constant % > 0, let us consider the following nonlinear problem:

(F̃P)n



∂ξN1(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 ) + ∂ηN2(Dϕ(n); B̃

(e)
0 , S̃

(e)
0 ) = 0, in Ω̃(e),

∂ξδz
(n) + diag(λ

(n−1)
+ , λ

(n−1)
− )∂ηδz

(n) = 0, in Ω̃(h),

δϕ(n) = g
(n)
0 (η), on Γ̃

(e)
in ,

∂ξδϕ
(n) = ω̃e(η), on Γ̃

(e)
ex ,

δz(n) = δz0(η), on Γ̃
(h)
in ,

δϕ(n) = g
(n)
+ (ξ), on Γ̃+,

δϕ(n) =
∫ ξ

0
ωcd(ν)dν, on Γ̃cd,

δz
(n)
− − δz

(n)
+ = 2β

(n−1)
cd,1 ∂ξδϕ

(n) + 2β
(n−1)
cd,2 ∂ηδϕ

(n) + 2ccd(ξ), on Γ̃cd,

δz
(n)
− + δz

(n)
+ = 2 arctan g′−(ξ), on Γ̃−,

(3.75)

in K2εI for some εI > 0 sufficiently small with g
(n)
0 and g

(n)
+ given by (3.68). The a prior estimates of

the solution (δϕ(n), δz(n)) to the problem (F̃P)n will be obtained in Section 4.
Step 1.3. With the above solution (δϕ(n), δz(n)), we define a iteration map Tω : W −→ W, i.e.,

ω̃cd = Tω(ωcd,ω0) by the equation

ω̃cd = tan
(δz(n)

− + δz
(n)
+

2

)
, (3.76)

where ω0 = (p̃
(e)
0 , B̃

(e)
0 , S̃

(e)
0 , z0, B̃

(h)
0 , S̃

(h)
0 , ω̃e, g+, g−).

Then, by applying the implicit function theorem, we shall show in Section 5 that Tω has a fixed point

ωcd satisfying the equation (3.76).

In fact, for problem (FP), we have

Theorem 3.3. For any given m(e) ∈ Mσ with σ > 0 sufficiently small, there exist some
constants α0 ∈ (0, 1) and ε̃1 > 0 depending only on Ũ and L, such that, if the data satisfy∥∥p̃(e)

0 − p
(e)
∥∥

1,α;Γ̃
(e)
in

+
∑
k=e,h

(∥∥B̃(k)
0 −B(k),

∥∥
1,α;Γ̃

(k)
in

+
∥∥S̃(k)

0 − S(k)
∥∥

1,α;Γ̃
(k)
in

)

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥z0 − z

∥∥
1,α;Γ̃

(h)
in

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥g− + 1

∥∥
2,α;Γ̃−

≤ ε̃,

(3.77)

and

M (h) =
u(h)

c(h)
≥
√

1 + L2/4, (3.78)

for any ε̃ ∈ (0, ε̃1) and α ∈ (0, α0), then the fixed boundary value problem (FP) admits a unique

solution (ϕ, z) ∈ C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1,α(Ω̃(h)) with∥∥ϕ− ϕ∥∥(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e) +
∥∥z − z∥∥

1,α;Ω̃(h) ≤ C̃1ε̃, (3.79)

where the constant C̃1 > 0 depends only on Ũ and L.
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4. The Solutions to the Linearized Problem (F̃P)n in Ω̃(e) ∪ Ω̃(h)

In this section we will first consider the solutions (ϕ(n), z(n)) to the problem (F̃P)n near (ϕ, z)

and then establish some a priori estimates for (ϕ(n), z(n)) to show that the map J is well defined.

Theorem 4.1. For any given m(e) ∈ Mσ with σ > 0 sufficiently small, there exist some
constants α0 ∈ (0, 1), C∗0 > 0 and ε∗I > 0 depending only on Ũ and L, and some constant %0 > 0

depending on ε̃ and Ũ , such that for any α ∈ (0, α0) and ε̃ < εI ∈ (C∗0 ε̃, ε∗I), % ∈ (0, %0) with

ε̃ > 0 sufficiently small, if (δϕ(n−1), δz(n−1)) ∈ K2εI and ωcd ∈ W with ‖ωcd‖
(−α,{Pe})
1,α;Γ̃cd

≤ %, then

the linearized problem (F̃P)n admits a unique solution (δϕ(n), δz(n)) ∈ K2εI satisfying∥∥δϕ(n)
∥∥(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e) + ‖δz(n)‖1,α;Ω̃(h)

≤ C∗
(∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δz0

∥∥
1,α;Γ̃

(h)
in

+
∑

k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑

k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥g− + 1

∥∥
2,α;Γ̃−

)
,

(4.1)

where C∗ > 0 depends only on Ũ and L. Here, δp̃
(e)
0 = p̃

(e)
0 − p(e) and δB̃

(k)
0 = B̃

(k)
0 − B(k),

δS̃
(k)
0 = S̃

(k)
0 − S(k) for k = e,h.

We will show Theorem 4.1 by solving the problem (F̃P)n first in Ω̃(e) and then in Ω̃(h) together.

To this end, we will first consider the problem (F̃P)n for δϕ(n) in the subsonic region Ω̃(e), then

we can deduce the boundary condition of δz(n) on Γ̃cd by gluing the solution δϕ(n) obtained in

Ω̃(e). With this boundary condition for δz(n) on Γ̃cd, we can solve the problem (F̃P)n for δz(n)

in the supersonic region Ω̃(h) by employing the characteristics method.

4.1. Estimates of solutions in the subsonic region Ω̃(e) for problem (F̃P)n. Let us

consider the problem (F̃P)n in the subsonic region Ω̃(e) (see Fig. 4.5). Problem (F̃P)n in Ω̃(e)

is the following boundary value problem for ϕ(n):

∂ξN1(Dϕ(n); B̃
(e)
0 , S̃

(e)
0 ) + ∂ηN2(Dϕ(n); B̃

(e)
0 , S̃

(e)
0 ) = 0, in Ω̃(e),

δϕ(n) = g
(n)
0 (η), on Γ̃

(e)
in ,

∂ξδϕ
(n) = ω̃e(η), on Γ̃

(e)
ex ,

δϕ(n) = g
(n)
+ (ξ), on Γ̃+,

δϕ(n) =
∫ ξ

0 ωcd(ν)dν, on Γ̃cd,

(4.2)

where δϕ(n)(0, 0) = 0, and Nj (j = 1, 2), ccd(ξ), and g
(n)
0 (η), g

(n)
+ (η) are given in (3.64) and

(3.67)-(3.68), respectively. Our main result in this section is the following proposition.

Proposition 4.1. For any given m(e) ∈ Mσ with σ > 0 sufficiently small, there exist some
constants α0 ∈ (0, 1), Ce,0 > 0 and εe,0 > 0 depending only on Ũ and L, such that for ε̃ <

εe ∈ (Ce,0ε̃, εe,0) with ε̃ > 0 sufficiently small, % ∈ (0, C−1
e,0 εe) and α ∈ (0, α0), if ωcd ∈ W with

‖ωcd‖
(−α,{Pe})
1,α;Γ̃cd

≤ %, then the problem (4.2) admits a unique solution ϕ(n) ∈ C2,α

(−1−α;Σ̃(e)\{O})

(
Ω̃(e)

)
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Γ̃
(e)
in Γ̃

(e)
ex

Γ̃+

Γ̃cdξ = 0

η = m(e)

η = 0

ξ = L

Ω̃(e)

Fig. 4.5. Boundary value problem for (F̃P)n in Ω̃(e)

satisfying
∥∥δϕ(n)

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) ≤ εe. Moreover, it holds that∥∥δϕ(n)

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) ≤ C∗40

(∥∥δp̃(e)
0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

)
,

(4.3)

where the constant C∗40 > 0 depends only on Ũ and L, and δp̃
(e)
0 , δB̃

(e)
0 , δS̃

(e)
0 are given by

Theorem 4.1.

Remark 4.1. From (4.3), it is easy to prove that there exists a constant C̃∗40 > 0 depending only

on Ũ , L and α0 such that∥∥δϕ(n)
∥∥(−1−α,{Pe})

2,α;¯̃Γcd

≤ C̃∗40

(∥∥δp̃(e)
0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

)
.

(4.4)

Proof. To prove Proposition 4.1, we will first consider the existence and uniqueness of solutions
to the problem (4.2) in the weight Hölder space due to the complexity of boundary conditions
and the corner points of the domain. This can be achieved by developing a nonlinear iteration
scheme near the background state together with the Banach fixed point argument. Next, for
the solution of the nonlinear problem, we will further show the C2,α-regularity of the solution
ϕ(n) near the corner point O = (0, 0) to ensure that the solution z(n) in the supersonic region

Ω̃(h) is also solvable. The proof is divided into three steps.

Step 1. Linearization of problem (4.2) in Ω̃(e). For fixed n, define the iteration set

Ξεe =
{
ϕ(n) : ‖ϕ(n) − ϕ‖(−1−α,Σ̃(e))

2,α;Ω̃(e)
≤ εe

}
.

Let

∂1 := ∂ξ, ∂2 := ∂η. (4.5)

Notice that the background state ϕ satisfies

∂1N1(Dϕ;B(e), S(e)) + ∂2N2(Dϕ;B(e), S(e)) = 0. (4.6)
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Taking the difference of equations (4.2)1 and (4.6), and then linearizing the resulting equation,
we have ∑

i,j=1,2

∂i
(
a

(δϕ(n))
ij ∂jδϕ̂

(n)
)

=
∑
i=1,2

∂ibi,

where

a
(δϕ(n))
ij =

∫ 1

0
∂
∂ϕ

(n)
j

Ni
(
Dϕ+ τDδϕ(n); B̃

(e)
0 , S̃

(e)
0

)
dτ, i, j = 1, 2,

and

bi = Ni(Dϕ; B̃
(e)
0 , S̃

(e)
0 )−Ni(Dϕ;B(e), S(e)), i = 1, 2.

Therefore, we can derive the following linearized elliptic problem for the problem (4.2) in Ω̃(e):

∑
i,j=1,2 ∂i

(
a

(δϕ(n))
ij ∂jδϕ̂

(n)
)

=
∑

i=1,2 ∂ibi, in Ω̃(e),

δϕ̂(n) = g
(n)
0 (η), on Γ̃

(e)
in ,

∂1δϕ̂
(n) = ω̃e, on Γ̃

(e)
ex ,

δϕ̂(n) = g
(n)
+ (ξ), on Γ̃+,

δϕ̂(n) =
∫ ξ

0 ωcd(ν)dν, on Γ̃cd,

(4.7)

where g
(n)
0 and g

(n)
+ are given by (3.68).

Define the map T̂ : Ξεe −→ Ξεe as follows. For a given function ϕ(n) ∈ Ξεe , we solve the
linearized fixed boundary value problem (4.7). Denote the solution by ϕ̂(n). Then

δϕ̂(n) := T̂ (δϕ(n)), for δϕ̂(n) := ϕ̂(n) − ϕ. (4.8)

Step 2. Solve ϕ̂(n) by the fixed point argument. For the coefficients a
(δϕ(n))
ij (i, j = 1, 2), it is

easy to see that ∥∥a(δϕ(n))
ij − a(δϕ)

ij

∥∥(−α,Σ̃(e))

1,α;Ω̃(e) ≤ Cεe, (4.9)

where C is a positive constant depending only on U (e) and α. Moreover, we have that

e1 := a
(δϕ)

11 = u(e) > 0, e2 := a
(δϕ)

22 =
ρ(e)(u(e))3(c(e))2

(c(e))2 − (u(e))2
> 0, (4.10)

and a
(δϕ)

12 = a
(δϕ)

21 = 0, which yields

a
(δϕ)

11 a
(δϕ)

22 − a(δϕ)

12 a
(δϕ)

21 =
ρ(e)(u(e))4(c(e))2

(c(e))2 − (u(e))2
> 0. (4.11)

If εe > 0 is sufficiently small, there exist constants λ̌, λ̂ > 0 depending only on U (e), such
that for any ϕ(n) ∈ Ξεe ,

λ̌|ϑ| ≤
∑
i,j=1,2

a
(δϕ(n))
ij ϑiϑj ≤ λ̂|ϑ|, ϑ = (ϑ1, ϑ2). (4.12)
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From (3.70), at the background solution the coefficients β
(n)
0,1 and β

(n)
0,2 are

β
0,1

= β
(n)
0,1

∣∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

= 0,

β
0,2

= β
(n)
0,2

∣∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

=
(ρ(e)c(e))2(u(e))3

(c(e))2 − (u(e))2
> 0.

(4.13)

Notice that for sufficiently small constant σ > 0 defined by (3.59), one has |η| ≤ |m(e)| < C
for (0, η) ∈ Γ̃

(e)
in where the constant C > 0 depends only on U (e). Then, we can deduce that

∥∥g(n)
0

∥∥(−1−α,{O,QI})
2,α;Γ̃

(e)
in

=
1

β
0,2

∥∥∥∥∫ η

0

(
p̃

(e)
0 (µ)− p̃(e)

0
(µ)− β(n)

0,1∂1δϕ
(n) − (β

(n)
0,2 − β0,2

)∂2δϕ
(n)
)
dµ

∥∥∥∥(−1−α,{O,QI})

2,α;Γ̃
(e)
in

≤ C
(∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
(∥∥δϕ(n)

∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) +
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

)∥∥δϕ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e)

)
,

(4.14)

∥∥g(n)
+

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

=
∥∥g+(ξ)− g+(0) + g

(n)
0 (m(e))

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

≤
∥∥∥∥ 1

β
0,2

∫ m(e)

0

(
p̃

(e)
0 (µ)− p̃(e)

0
(µ)− β(n)

0,1∂1δϕ
(n) − (β

(n)
0,2 − β0,2

)∂2δϕ
(n)
)
dµ

∥∥∥∥(−1−α,{QI,Qe})

2,α;Γ̃
(e)
in

+
∥∥g+(ξ)− g+(0)

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

≤ C
(∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
(∥∥δϕ(n)

∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) +
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

)∥∥δϕ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e)

)
,

(4.15)

and

∥∥δϕ̂∥∥(−1−α,{O,Pe})
2,α;Γ̃cd

=

∥∥∥∥∫ ξ

0
ωcd(ν)dν

∥∥∥∥(−1−α,{O,Pe})

2,α;Γ̃cd

≤ C
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

, (4.16)

where C > 0 depends only on U (e), L and α, and QI = (0,m(e)).
Now we can apply Theorem 2 in [38] and Theorem 3.2 in [39] as well as Lemma 6.29 in [35]

to conclude that the problem (4.7) admits a unique solution ϕ̂(n) ∈ C2,α

(−1−α,Σ̃(e))

(
Ω̃(e)

)
which
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satisfies ∥∥δϕ̂(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e)

≤ C
(∥∥g(n)

0

∥∥(−1−α,{O,QI})
2,α;Γ̃

(e)
in

+
∥∥g(n)

+

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∑
i=1,2

∥∥bi∥∥(−α,Σ̃(e))

1,α;Ω̃(e) +
∥∥δϕ̂∥∥(−1−α,{O,Pe})

2,α;Γ̃cd

)

≤ C
(∥∥δϕ(n)

∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) +
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

)∥∥δϕ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e)

+ C
(∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δB̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥δS̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)
,

(4.17)

where C > 0 depends only on U (e), L and α.
Because ϕ(n) ∈ Ξεe , it follows from Step 1 that ϕ̂(n) is uniquely solved, then T̂ is well-defined.

Moreover, we have ∥∥δϕ̂(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ≤ Cε2
e + Cε̃εe + C(ε̃+ %). (4.18)

Choosing ε′e,0 = min{ 1
4C ,

1
2(C+1) , 1}, C

′
e,0 = 4C and taking ε̃ > 0 sufficiently small with ε̃ < εe ∈

(C′e,0ε̃, ε′e,0), we see by (4.18) that ϕ̂(n) ∈ Ξεe for % ∈ (0, C′−1
e,0εe), which means that T̂ map Ξεe

to Ξεe itself.

Next, we will show that T̂ is a contraction map in Ξεe . Choose ϕ
(n)
1 , ϕ

(n)
2 ∈ Ξεe . Set δϕ̂

(n)
k :=

T̂ (δϕ
(n)
k ), k = 1, 2. Then, we have

∑
i,j=1,2

∂i
(
a

(δϕ
(n)
k )

ij ∂jδϕ̂
(n)
k

)
=
∑
i=1,2

∂ibi, for k = 1, 2. (4.19)

Define

δΦ(n) = δϕ
(n)
1 − δϕ

(n)
2 , δΦ̂(n) = δϕ̂

(n)
1 − δϕ̂

(n)
2 .

Then, δΦ̂ satisfies the following boundary value problem:

∑
i,j=1,2 ∂i

(
a

(δϕ
(n)
1 )

ij ∂jδΦ̂
(n)
)

= −
∑

i,j=1,2 ∂i

((
a

(δϕ
(n)
1 )

ij − a(δϕ
(n)
2 )

ij

)
∂jδϕ̂

(n)
2

)
, in Ω̃(e),

δΦ̂(n) = g
(n)
0,1 (η)− g(n)

0,2 (η), on Γ̃
(e)
in ,

∂1δΦ̂
(n) = 0, on Γ̃

(e)
ex ,

δΦ̂(n) = g
(n)
+,1(ξ)− g(n)

+,2(ξ), on Γ̃+,

δΦ̂(n) = 0, on Γ̃cd,

(4.20)
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where g
(n)
0,1 (η), g

(n)
0,2 (η) represent the right hand side of (3.68) by replacing ϕ(n) with ϕ

(n)
1 and

ϕ
(n)
2 , respectively. Notice that

g
(n)
0,1 (η)− g(n)

0,2 (η)

=
1

β
0,2

∫ η

0

(
β

(n)
0,1 |ϕ(n)=ϕ

(n)
1

∂1δϕ
(n)
1 +

(
β

(n)
0,2 |ϕ(n)=ϕ

(n)
1

− β
0,2

)
∂2δϕ

(n)
1 − β

(n)
0,1 |ϕ(n)=ϕ

(n)
2

∂1δϕ
(n)
2

−
(
β

(n)
0,2 |ϕ(n)=ϕ

(n)
2

− β
0,2

)
∂2δϕ

(n)
2

)
dµ

=
1

β
0,2

( ∑
j=1,2

∫ η

0

(
β

(n)
0,j |ϕ(n)=ϕ

(n)
1

− β
0,j

)
∂jδΦ

(n)dµ+

∫ η

0
∂jδϕ

(n)
2

(
β

(n)
0,j |ϕ(n)=ϕ

(n)
1

− β(n)
0,j |ϕ(n)=ϕ

(n)
2

)
dµ

)
.

Then, similarly to (4.14)-(4.16), we get that, for σ > 0 sufficiently small,∥∥g(n)
0,1 − g

(n)
0,2

∥∥(−1−α,{O,QI})
2,α;Γ̃

(e)
in

≤ 1

β
0,2

∥∥∥∥ ∑
j=1,2

∫ η

0

(
β

(n)
0,j |ϕ(n)=ϕ

(n)
1

− β
0,j

)
∂jδΦ

(n)dµ

∥∥∥∥(−1−α,{O,QI})

2,α;Γ̃
(e)
in

+
1

β
0,2

∥∥∥∥ ∑
j=1,2

∫ η

0
∂jδϕ

(n)
2

(
β

(n)
0,j |ϕ(n)=ϕ

(n)
1

− β(n)
0,j |ϕ(n)=ϕ

(n)
2

)
dµ
∥∥∥(−1−α,{O,QI})

2,α;Γ̃
(e)
in

≤ C
(
εe + ε̃

)∥∥δΦ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ,

where the constant C > 0 depends only on U (e), L and α. In the same way, for g
(n)
+,1(ξ)− g(n)

+,2(ξ)
one also has ∥∥g(n)

+,1 − g
(n)
+,2

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

≤ C
(
εe + ε̃

)∥∥δΦ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ,

provided that σ > 0 is sufficiently small, where the constant C > 0 depends only on U (e), L and
α.

Thus, it follows from the estimate (4.17) that

∥∥δΦ̂(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ≤ C
( ∑
i,j=1,2

∥∥(a(δϕ
(n)
1 )

ij − a(δϕ
(n)
2 )

ij

)
∂jδϕ̂

(n)
2

∥∥(−α;Σ̃(e))

1,α;Ω̃(e)

)

+ C
(∥∥g(n)

0,1 − g
(n)
0,2

∥∥(−1−α,{O,QI})
2,α;Γ̃

(e)
in

+
∥∥g(n)

+,1 − g
(n)
+,2

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

)
≤ C

(
εe + ε̃

)∥∥δΦ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ,

where C > 0 depends only on U (e), L and α.
Therefore, we show that T is a contraction map by letting ε̃ > 0 sufficiently small so that

ε̃ < εe ∈ (C′′e,0ε̃, ε′′e,0) with C′′e,0 = 1 and ε′′e,0 = 1
4C . As a result, the existence of solutions to the

problem (4.2) and the estimate (4.3) are established by (4.17) for εe ∈ (C′′e,0ε̃, ε′′e,0).
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For the uniqueness, consider two solutions ϕ
(n)
1 , ϕ

(n)
2 ∈ Ξεe for any εe ∈ (C′′e,0ε̃, ε′′e,0) and fixed

n. Notice that T̂ is a contraction map, then we have∥∥ϕ(n)
1 − ϕ

(n)
2

∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ≤ 1

2

∥∥ϕ(n)
1 − ϕ

(n)
2

∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ,

which implies that ϕ
(n)
1 = ϕ

(n)
2 .

Finally, we take Ce,0 = max{C′e,0, C′′e,0} and εe,0 = min{ε′e,0, ε′′e,0}, then, for ε̃ > 0 sufficiently

small, if ε̃ < εe ∈ (Ce,0ε̃, εe,0) and % ∈ (0, C−1
e,0 εe,0), the problem (4.2) admits a unique solution

ϕ(n) ∈ C2,α

(−1−α;Σ̃(e))

(
Ω̃(e)

)
satisfying

∥∥δϕ(n)
∥∥(−1−α,Σ̃(e))

2,α;Ω̃(e) ≤ εe and the estimate (4.17).

Step 3. Higher order regularity of the solution near the corner point O. We divide this step
into two sub-steps.

(Step 3.1) Introduce a new function and reformulate the problem (4.2) near the corner point
O. Set

ψ(n) = ∂1ϕ
(n). (4.21)

Then it is easy to see that

∂2
11ϕ

(n) = ∂1ψ
(n), ∂2

12ϕ
(n) = ∂2ψ

(n). (4.22)

By the equation (4.2)1, we have∑
i,j=1,2

N (n)
ij ∂2

ijϕ
(n) = −∂

B̃
(e)
0

N2 · (B̃(e)
0 )′ − ∂

S̃
(e)
0

N2 · (S̃(e)
0 )′, (4.23)

which gives

∂2
22ϕ

(n) = −N
(n)
11

N (n)
22

∂2
11ϕ

(n) − 2N (n)
12

N (n)
22

∂2
12ϕ

(n) −
∂
B̃

(e)
0

N2 · (B̃(e)
0 )′ + ∂

S̃
(e)
0

N2 · (S̃(e)
0 )′

N (n)
22

= −N
(n)
11

N (n)
22

∂1ψ
(n) − 2N (n)

12

N (n)
22

∂2ψ
(n) −

∂
B̃

(e)
0

N2 · (B̃(e)
0 )′ + ∂

S̃
(e)
0

N2 · (S̃(e)
0 )′

N (n)
22

,

(4.24)

where

N (n)
11 = ∂∂1ϕ(n)N1

(
Dϕ(n); B̃

(e)
0 , S̃

(e)
0

)
=

(ρ̃
(e)
n )2(c̃

(e)
n )2(∂2ϕ

(n))2 − 1

(ρ̃
(e)
n )3(∂2ϕ(n))3

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

) ,
N (n)

22 = ∂∂2ϕ(n)N2

(
Dϕ(n); B̃

(e)
0 , S̃

(e)
0

)
=

(c̃
(e)
n )2

(
(∂1ϕ

(n))2 + 1
)

ρ̃
(e)
n (∂2ϕ(n))3

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

) ,
(4.25)

and

N (n)
12 = N (n)

21 = ∂∂2ϕ(n)N1

(
Dϕ(n); B̃

(e)
0 , S̃

(e)
0

)
= − (c̃

(e)
n )2∂1ϕ

(n)

ρ̃
(e)
n (∂2ϕ(n))2

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

) . (4.26)
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Obviously, N (n)
ij satisfies (4.9)–(4.12), and

N (n)
11 N

(n)
22 −N

(n)
12 N

(n)
21 =

(c̃
(e)
n )2

(ρ̃
(e)
n )2(∂2ϕ(n))4

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

)
=

(c̃
(e)
n )2(ρ̃

(e)
n )2(ũ

(e)
n )2

(c̃
(e)
n )2 − (q̃

(e)
n )2

> 0,

(4.27)

for any ρ̃
(e)
n ũ

(e)
n > 0 in Ω̃(e), where ρ̃

(e)
n , c̃

(e)
n , ũ

(e)
n and q̃

(e)
n are functions of Dϕ(n), B̃

(e)
0 , S̃

(e)
0 . More-

over, we know that

N (n)
11

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) > 0, N (n)

22

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) > 0, (4.28)

and

N (n)
12

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) = N (n)

21

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) = 0. (4.29)

In order to derive the equation for ψ(n), we take ∂1 on (4.23) and then substitute (4.22) into
the resulting equation to obtain∑

i,j=1,2

N (n)
ij ∂2

ijψ
(n) +

∑
k,j=1,2

b
(n)
kj ∂kψ

(n)∂jψ
(n) = f (n), (4.30)

where N (n)
ij (i, j = 1, 2) are given by (4.25)–(4.26) with (4.27), and

b
(n)
k1 = ∂∂kϕ(n)N (n)

11 −
N (n)

11

N (n)
22

∂∂kϕ(n)N (n)
22 ,

b
(n)
k2 = 2

(
∂∂kϕ(n)N (n)

12 −
N (n)

12

N (n)
22

∂∂kϕ(n)N (n)
12

)
,

for k = 1, 2 and

f (n) =
∑
i,j=1,2

(∂∂kϕ(n)N (n)
22 ∂B̃(e)

0

N2

N (n)
22

− ∂2

B̃
(e)
0 ∂kϕ(n)

N2

)
∂2
k1ϕ

(n) · (B̃(e)
0 )′

+
∑
i,j=1,2

(∂∂kϕ(n)N (n)
22 ∂S̃(e)

0

N2

N (n)
22

− ∂2

S̃
(e)
0 ∂kϕ(n)

N2

)
∂2
k1ϕ

(n) · (S̃(e)
0 )′.

(4.31)

Next, let us consider the boundary conditions of ψ(n). Firstly, at the entrance Γ̃
(e)
in , we rewrite

(4.2)2 as

p̃(e)(Dϕ(n), B̃
(e)
0 , S̃

(e)
0 ) = p̃

(e)
0 (η). (4.32)

Then, taking derivative ∂2 on (4.32) and by (4.21) and (4.24) to deduce that

β̃
(n)
0,1∂1ψ

(n) + β̃
(n)
0,2∂2ψ

(n) = g(n), on Γ̃
(e)
in , (4.33)

where

β̃
(n)
0,1 = −

∂∂2ϕ(n) p̃(e)N (n)
11

N (n)
22

, β̃
(n)
0,2 = ∂∂1ϕ(n) p̃(e) −

2∂∂2ϕ(n) p̃(e)N (n)
12

N (n)
22

, (4.34)
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and

g(n) = (p̃
(e)
0 )′ +

(∂∂2ϕ(n) p̃(e)∂
B̃

(e)
0

N2

N (n)
22

− ∂
B̃

(e)
0

p̃(e)
)

(B̃
(e)
0 )′

+
(∂∂2ϕ(n) p̃(e)∂

S̃
(e)
0

N2

N (n)
22

− ∂
S̃

(e)
0

p̃(e)
)

(S̃
(e)
0 )′.

(4.35)

Here

∂∂1ϕ(n) p̃(e) = − (c̃
(e)
n )2∂1ϕ

(n)

ρ̃
(e)
n (∂2ϕ(n))2

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

) ,
∂∂2ϕ(n) p̃(e) =

(c̃
(e)
n )2

(
1 + (∂1ϕ

(n))2
)

ρ̃
(e)
n (∂2ϕ(n))3

(
(c̃

(e)
n )2 − 1+(∂1ϕ(n))2

(ρ̃
(e)
n )2(∂2ϕ(n))2

) .
(4.36)

Furthermore, from the construction of the approximate solutions, and by Proposition 3.1, (3.18),
(4.28), (4.29), (4.34) and (4.36), we know that

β̃
(n)
0,1

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

= −
∂∂2ϕ(n) p̃(e)

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)N

(n)
11

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

N (n)
22

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

< 0,

β̃
(n)
0,2

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

= ∂∂1ϕ(n) p̃(e)
∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

−
2∂∂2ϕ(n) p̃(e)

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)N

(n)
12

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

N (n)
22

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e)

= 0,

(4.37)

where ∂∂jϕ(n) p̃(e) for j = 1, 2 are given by (4.36).

Since ∂1δϕ
(n) = ωcd on Γ̃cd, then we have, on the contact discontinuity,

ψ(n) = ωcd(ξ), on Γ̃cd. (4.38)

(Step 3.2) Construct a comparison function and apply the maximal principle near the corner
point O. Let us introduce a coordinate transformation,

π̂ :

{
ξ̂ =
√
e1ξ,

η̂ =
√
e2η,
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where e1, e2 are given as in (4.10). Then under the transformation π̂, the domain Ω̃(e) and

boundaries Γ̃
(e)
in and Γ̃cd become

Ω̂(e) =
{

(ξ̂, η̂) : 0 < ξ̂ <
√
e1L, 0 < η̂ <

√
e2m

(e)
}
,

Γ̂
(e)
in =

{
(ξ̂, η̂) : ξ̂ = 0, 0 < η̂ <

√
e2m

(e)
}
,

Γ̂cd =
{

(ξ̂, η̂) : 0 < ξ̂ <
√
e1L, η̂ = 0

}
.

Let

L (n) :=
∑
i,j=1,2

N̂ (n)
ij ∂̂2

ij+
∑

k,j=1,2

b̂
(n)
kj ∂̂k∂̂j , M (n) := β̂

(n)
0,1 ∂̂1 + β̂

(n)
0,2 ∂̂2, (4.39)

where ∂̂1 := ∂ξ̂, ∂̂2 := ∂η̂ and

N̂ (n)
ij =

N (n)
ij

(
π̂−1(ξ̂, η̂)

)
√
eiej

, b̂
(n)
kj =

b
(n)
kj

(
π̂−1(ξ̂, η̂)

)
√
ekej

, β̂
(n)
0,j =

β̃
(n)
0,j

(
π̂−1(ξ̂, η̂)

)
√
ej

, i, k, j = 1, 2, (4.40)

satisfying (4.28), (4.29) and (4.37). Set ψ̂(n)(ξ̂, η̂) := ψ(n)
(
π̂−1(ξ̂, η̂)

)
. Then ψ̂(n) in the new

coordinates (ξ̂, η̂) satisfies the following problem:
L (n)(ψ̂(n)) = f̂ (n), in Ω̂(e),

M (n)(ψ̂(n)) = ĝ(n), on Γ̂
(e)
in ,

ψ̂(n) = ωcd(ξ̂/
√
e1), on Γ̂cd,

(4.41)

where f̂ (n) and ĝ(n) are functions of f (n) and g(n) under the coordinate transformation of π̂.
Note that due to the already obtained C1,α regularity of ϕ(n) up to the origin, one has the

C0,α regularity of ψ̂(n), hence the Dirichlet condition for ψ̂(n) on Γ̂cd can be extended to the
origin.

We fix a constant r0 > 0 and let Br0(O) be a disk with center at O and radius r0. Denote

B+
r0 = Br0(O) ∩ Ω̂(e). Let r =

√
ξ̂2 + η̂2, and θ = arctan η̂

ξ̂
. Define

υ(r, θ) = Kr1+α sin
(
τθ + ω

)
, (0 ≤ θ ≤ π

2
), (4.42)

where α ∈ (0, 1), τ = 3+α
2 , ω = 1−α

8 π and K = K̂r−1−α
0 εe for K̂ > 0 being a constant to be

determined later. It follows from the direct computation that

∂̂1υ = Krα
[
(1 + α) sin

(
τθ + ω

)
cos θ − τ cos

(
τθ + ω

)
sin θ

]
,

∂̂2υ = Krα
[
(1 + α) sin

(
τθ + ω

)
sin θ + τ cos

(
τθ + ω

)
cos θ

]
,

and

∆̂υ = Krα−1
(
(1 + α)2 − τ2

)
sin
(
τθ + ω

)
= −K(3α+ 5)(1− α)

4
rα−1sin

(
τθ + ω

)
,

(4.43)

where ∆̂ := ∂̂2
11 + ∂̂2

22.
Now let us consider the boundary value problem (4.41) near the corner O. By the estimates

(4.17), (4.31) and the condition (3.19), for εe ∈ (Ce,0ε̃, εe,0), we can show that

|f̂ (n)| ≤ Cε̃εer
2α−1 ≤ Cε2

er
2α−1. (4.44)
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By (4.30)-(4.31) and the estimates (4.17) and (4.9), we have

L (n)υ − f̂ (n)

= ∆̂υ + (L (n) − ∆̂)υ − f̂ (n)

= −K(3α+ 5)(1− α)

4
rα−1 sin

(
τθ + ω

)
+
∑
i,j=1,2

(
N̂ (n)
ij − δij

)
∂̂2
ijυ +

∑
k,j=1,2

b̂
(n)
kj ∂̂kυ∂̂jυ − f̂

(n)

≤ −K̂(3α+ 5)(1− α)

4
r−1−α

0 rα−1εe sin
(
τθ + ω

)
+ CK̂r−1−α

0 rα−1ε2
e + CK̂2r

−2(1+α)
0 r2αε2

e + Cr2α−1ε2
e

= r−1−α
0 rα−1εe

(
− K̂(3α+ 5)(1− α)

4
sin
(
τθ + ω

)
+ CK̂εe + CK̂2r−1−α

0 rα+1εe + Crα+1
0 rαεe

)

= r−1−α
0 rα−1εe

(
− K̂(3α+ 5)(1− α)

4
sin
(
τθ + ω

)
+ CK̂εe + CK̂2εe + Cr2α+1

0 εe

)
,

where C > 0 depends only on the background state U (e). Due to the choice of the constants α, θ
and ω, we know that

−K̂(3α+ 5)(1− α)

4
sin
(
τθ + ω

)
< 0.

Thus, for εe < εe,0 and K̂ sufficiently large, it holds that

L (n)υ − f̂ (n) ≤ 0. (4.45)

Next, let us consider the boundary conditions. Obviously, we have

ψ̂(n)
∣∣
∂B+

r0
∩Ω̂(e) ≤ υ

∣∣
∂B+

r0
∩Ω̂(e) , (4.46)

by letting K̂ sufficiently large.
On the boundary ∂B+

r0 ∩ Γ̂cd, due to the C0,α regularity of ψ̂(n), the Dirichlet condition for

ψ̂(n) on Γ̂cd can be extended to the origin, thus one has

ψ̂(n) − υ ≤ Cr−1−α
0 r1+α

(
Cr1+α

0 ‖ωcd‖
(−α,{Pe})
1,α;Γ̃cd

− K̂εe sinω
)

≤ Cr−1−α
0 r1+α

(
CCwr1+α

0 %− K̂εe sinω
)

≤ Cr−1−α
0 r1+αεe

(
Cr1+α

0 − K̂ sinω
)

≤ 0,

(4.47)

by choosing % ∈ (0, C−1
e εe) and K̂ sufficiently large.

Finally, on ∂B+
r0 ∩ Γ̂

(e)
in , by the estimate (4.17) and the assumptions (3.19), we have, for ε̃ > 0

sufficiently small and ε̃ < εe ∈ (Ceε̃, εe,0),

|ĝ(n)| ≤ Cε̃rα ≤ Cεer
α. (4.48)
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Then, by (4.48), we can deduce that

M (n)(υ)− ĝ(n)

= β̂
(n)
0,1Kr

α
[
(1 + α) sin

(
τθ + ω

)
cos θ − τ cos

(
τθ + ω

)
sin θ

] ∣∣∣
θ=π

2

+ β̂
(n)
0,2Kr

α
[
(1 + α) sin

(
τθ + ω

)
sin θ + τ cos

(
τθ + ω

)
cos θ

] ∣∣∣
θ=π

2

− ĝ(n)

≤K̂
(
− 3 + α

2
β̂

(n)
0,1 cos(

τ

2
π + ω) + (1 + α)β̂

(n)
0,2 sin(

τ

2
π + ω)

)
r−1−α

0 rαεe + Cεer
α

=

(
− K̂(3 + α)

2
β̂

(n)
0,1

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) cos(

τ

2
π + ω) + Cεe + Cr1+α

0

)
r−1−α

0 rαεe.

(4.49)

By choosing r0 = εe < εe,0, and noting that r ≤ r0, we deduce that

M (n)(υ)− ĝ(n) ≤ −K̂(3 + α)

2
β̂

(n)
0,1

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) cos(

τ

2
π + ω) + Cεe. (4.50)

We can take 0 < α0 < 1 and K̂ > 0 sufficiently large depending only on Ũ and L so that

−K̂(1 + α)β̂
(n)
0,1

∣∣
ϕ(n)=ϕ,B̃

(e)
0 =B(e),S̃

(e)
0 =S(e) cos

(τ
2
π + ω

)
+ Cεe ≤ 0,

holds for any α ∈ (0, α0), where we have used (4.37) and the fact: cos
(
τ
2π + ω

)
= cos

(
7+α

8 π
)
<

0. It implies that

M (n)(υ)− ĝ(n) ≤ 0.

Then, by the maximal principle, we have ψ(n) ≤ υ. Similarly, we can also obtain ψ(n) ≥ −υ.
Thus, we have |ψ(n)| ≤ Kr1+α. Using the standard scaling technique, we can get C1,α-estimate

for ψ(n), and then C2,α-estimate for ϕ(n) up to the corner point O. �

4.2. Estimates of solutions to the problem (F̃P)n in the supersonic region Ω̃(h). In

this subsection, we will consider the solution δz(n) for the initial-boundary value problem (F̃P)n

in the supersonic region Ω̃(h):

∂ξδz
(n) + diag(λ

(n−1)
+ , λ

(n−1)
− )∂ηδz

(n) = 0, in Ω̃(h),

δz(n) = δz0(η), on Γ̃
(h)
in ,

δz
(n)
− − δz

(n)
+ = 2β

(n−1)
cd,1 ∂ξδϕ

(n) + 2β
(n−1)
cd,2 ∂ηδϕ

(n) + 2ccd(ξ), on Γ̃cd,

δz
(n)
− + δz

(n)
+ = 2 arctan g′−(ξ), on Γ̃−,

(4.51)

where the functions β
(n−1)
cd,1 , β

(n−1)
cd,2 and ccd(ξ) are defined in (3.66)-(3.67). We have the following

result.

Proposition 4.2. For any given α ∈ (0, 1), there exist constants C∗h,0 > 0 and ε∗h,0 > 0 depending

only on Ũ , L and α, such that for ε̃ < εI ∈ (C∗h,0ε̃, ε∗h,0) with ε̃ > 0 is sufficiently small, if
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(δz(n−1), δϕ(n−1)) ∈ K2εI , then the solution z(n) to the problem (4.51) satisfies

‖δz(n)
− ‖1,α;Ω̃(h) + ‖δz(n)

+ ‖1,α;Ω̃(h)

≤C∗41

(∥∥δz(n)
0

∥∥
1,α;Γ̃

(h)
in

+
∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∥∥g− + 1

∥∥
2,α;Γ̃−

+
∥∥δϕ(n)

∥∥(−1−α,{Pe})
2,α;Γ̃cd

)
,

(4.52)

where C∗41 > 0 depends only on Ũ , L and α.

ξ = Lξ = 0

η = 0

η = −m(h)

ξ∗cd,0 ξ∗cd,1

ξ∗−m(h),0
ξ∗−m(h),1

l0−

l0+
l1+

l1−

Ω̃(h)Ω̃
(h)
I

Ω̃
(h)
II

Ω̃
(h)
III

Ω̃
(h)
IV

Ω̃
(h)
V

Ω̃
(h)
V I

Γ̃
(h)
in

Γ̃−

Γ̃cd

Fig. 4.6. Initial-boundary value problem for (F̃P)n in Ω̃(h)

The proof of the Proposition 4.2 will be divided into several steps to deal with the different

sub-domains which are constructed as follows (see Fig.4.6). Denoted by Ω̃
(h)
I the triangle which is

bounded by the inlet Γ̃
(h)
in , the characteristics of (4.51) with the speed λ+ issuing from the point

(0,−m(h)) (which we denote by l0+) and another characteristics of (4.51) which corresponding

to λ− issuing from the point (0, 0) (which we denote by l0−). Let Ω̃
(h)
II be the triangle bounded

by l0± and the contact discontinuity Γ̃cd. Let Ω̃
(h)
III be the triangle bounded by the lower nozzle

walls Γ̃
(h)
− , l0+ and l0−. Let Ω̃

(h)
IV be the diamond bounded by l0±, the characteristics l1+ determined

by λ+ issuing from the point where l0− and the lower nozzle walls Γ̃
(h)
− intersect, as well as the

characteristics l1− with the speed λ− issuing from the intersection point of l0+ and the contact

discontinuity Γ̃cd. Let Ω̃
(h)
V be the triangle bounded by l1+, l1− and the contact discontinuity Γ̃cd.

Let Ω̃
(h)
V I be the triangle bounded by l1−, l1+ and the lower nozzle wall Γ̃

(h)
− . Finally, we remark

that different from the argument made in [36], we need to consider the Hölder estimates, i.e.,
C1,α-norm on the charateristic curves and the solutions instead of the C1-norm used in [36].

4.2.1. Estimates on the characteristic curves. First, let us introduce several lemmas on the

Hölder regularity of the characteristic curves. For any η±,0 ∈ [−m(h), 0], let η = φ
(n)
± (ξ, η±,0) be

the characteristic curves corresponding to λ
(n−1)
± issuing from the point (0, η±,0):

dφ
(n)
±
dξ = λ

(n−1)
± (ξ, φ

(n)
± (τ, η±,0)),

φ
(n)
± (0, η±,0) = η±,0.

(4.53)
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Along the characteristics, we have

η = η±,0 +

∫ ξ

0
λ

(n−1)
± (τ, φ

(n)
± (τ, η±,0))dτ. (4.54)

From (4.54), we can regard η+,0 (or η−,0) as a function of (ξ, η), i.e., η+,0 = η+,0(ξ, η) (or
η−,0 = η−,0(ξ, η)).

For any two points P = (ξP , ηP ), Q = (ξQ, ηQ) ∈ Ω̃
(h)
I ∪Ω̃

(h)
II (or P, Q ∈ Ω̃

(h)
I ∪Ω̃

(h)
III), there exist

unique points P+(0) = (0, ηP+(0)), Q+(0) = (0, ηQ+(0)) ∈ Γ̃
(h)
in (or P−(0) = (0, ηP−(0)), Q−(0) =

(0, ηQ−(0)) ∈ Γ̃
(h)
in ) such that the characteristics corresponding to λ

(n−1)
+ (or λ

(n−1)
− ) issuing from

P+(0) and Q+(0)(or P−(0) and Q−(0)) pass through P and Q.
Define P+(ξ) = (ξ, φ+(ξ, ηP+(0))) and Q+(ξ) = (ξ, φ+(ξ, ηQ+(0))) (or P−(ξ) = (ξ, φ−(ξ, ηP−(0)))

and Q−(ξ) = (ξ, φ−(ξ, ηQ−(0)))). Then

ηP+(ξ) = φ+(ξ, ηP+(0)) = ηP+(0) +

∫ ξ

0
λ

(n−1)
+ (P+(τ))dτ,

ηQ+(ξ) = φ+(ξ, ηQ+(0)) = ηQ+(0) +

∫ ξ

0
λ

(n−1)
+ (Q+(τ))dτ,

(4.55)

for P+, Q+ ∈ Ω̃
(h)
I ∪ Ω̃

(h)
II , (or

ηP−(ξ) = φ−(ξ, ηP−(0)) = ηP−(0) +

∫ ξ

0
λ

(n−1)
− (P−(τ))dτ,

ηQ−(ξ) = φ−(ξ, ηQ−(0)) = ηQ−(0) +

∫ ξ

0
λ

(n−1)
− (Q−(τ))dτ,

(4.56)

for P−, Q− ∈ Ω̃
(h)
I ∪ Ω̃

(h)
III).

From the above arguments, we also have ηP±(0) = η±,0(P ) and ηQ±(0) = η±,0(Q). Finally, we
define the distance in the Euclidean norm as

d(P±(ξ), Q±(ξ)) =
∣∣P±(ξ)−Q±(ξ)

∣∣, dα(P±(ξ), Q±(ξ)) =
∣∣P±(ξ)−Q±(ξ)

∣∣α, ∀α ∈ (0, 1).
(4.57)

Then, we have

Lemma 4.1. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist constants Ch,1 > 0 and εh,1 > 0

C4i, (i = 1, 2, 3) depending only on Ũ , L and α, such that for ε̃ < εI ∈ (Ch,1ε̃, εh,1) with ε̃ > 0
sufficiently small, one has

(i) dα
(
P±(ξ), Q±(ξ)

)
≤ C41d

α
(
P,Q

)
, ξ ∈ [0, ξPQ],

(ii) dα
(
P±(ξ), Q±(ξ)

)
≤ C42d

α
(
P±(ξPQ), Q±(ξPQ)

)
, ξ ∈ [0, ξPQ],

(iii) C−1
43 |ξPQ − ξQ|

α ≤ dα
(
Q±(ξPQ), Q

)
≤ C43|ξPQ − ξQ|α,

(4.58)

for any P,Q ∈ Ω̃
(h)
I ∪ Ω̃

(h)
II (or P,Q ∈ Ω̃

(h)
I ∪ Ω̃

(h)
III), where ξPQ = min{ξP , ξQ}, P±(ξ) =(

ξ, φ
(n)
± (ξ, ηP±(0))

)
, Q±(ξ) =

(
ξ, φ

(n)
± (ξ, ηQ±(0))

)
, P±(ξPQ) =

(
ξPQ, φ

(n)
± (ξPQ, ηP±(0))

)
, and Q±(ξPQ) =(

ξPQ, φ
(n)
± (ξPQ, ηQ±(0))

)
.
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Proof. Without loss of generality, we only consider the case that P,Q ∈ Ω̃
(h)
I ∪Ω̃

(h)
II and ξPQ = ξP ,

since the other cases can be treated similarly. By (4.53), we know that

∂

∂ξ

(∂φ(n)
+

∂η+,0

)
= ∂ηλ

(n−1)
+

∂φ
(n)
+

∂η+,0
,

∂φ
(n)
+

∂η+,0
(0, η+,0) = 1,

which leads to

∂φ
(n)
+

∂η+,0
= e

∫ ξ
0 ∂ηλ

(n−1)
+ (τ,φ

(n)
+ (τ,η+,0))dτ .

Noticing that

λ
(n−1)
+

∣∣
δz

(n−1)
+ =δB̃

(h)
0 =δS̃

(h)
0 =0

= −λ(n−1)
−

∣∣
δz

(n−1)
− =δB̃

(h)
0 =δS̃

(h)
0 =0

= λ+ > 0, (4.59)

one has

‖λ(n−1)
± − λ±‖1,α;Ω̃(h) ≤ C

(
‖δz(n−1)‖1,α;Ω̃(h) + ‖δB̃(h)

0 ‖1,α;Γ̃
(h)
in

+ ‖δS̃(h)
0 ‖1,α;Γ̃

(h)
in

)
≤ C(2εI + ε̃),

(4.60)

and hence there exist constants C′h,1 > 0 and ε′h,1 > 0 depending only on Ũ and L, such that for

ε̃ > 0 sufficiently small, if ε̃ < εI ∈ (C′h,1ε̃, ε′h,1), the following holds,

1

2
λ+ < ‖λ(n−1)

± ‖1,α;Ω̃(h) <
3

2
λ+,

1

2
λ+ ≤ ±λ

(n−1)
± <

3

2
λ+. (4.61)

Then, by (4.61), it follows that∣∣φ(n)
+ (ξ, ηP+(0))− φ

(n)
+ (ξ, ηQ+(0))| ≤ C|ηP+(0) − ηQ+(0)|, (4.62)

for 0 ≤ ξ ≤ ξPQ. On the other hand, from (4.55) and (4.60), we have∣∣ηP+(0) − ηQ+(0)

∣∣ ≤ ∣∣ηP − ηQ∣∣+

∣∣∣∣ ∫ ξQ

ξP

λ
(n−1)
+

(
Q+(τ)

)
dτ

∣∣∣∣
+

∣∣∣∣∣
∫ ξP

0

(
λ

(n−1)
+

(
Q+(τ)

)
− λ(n−1)

+

(
P+(τ)

))
dτ

∣∣∣∣∣
≤ CL

(∥∥Dz(n−1)
∥∥

0,0;Ω̃(h) +
∥∥B̃(h)′

0

∥∥
0,0;Γ̃

(h)
in

+
∥∥S̃(h)′

0

∥∥
0,0;Γ̃

(h)
in

)∣∣ηP+(0) − ηQ+(0)

∣∣
+
∣∣ηP − ηQ∣∣+ C

∣∣ξP − ξQ∣∣
≤ C

(∣∣ξP − ξQ∣∣+
∣∣ηP − ηQ∣∣)+ 2CL

(
2εI + ε̃

)∣∣ηP+(0) − ηQ+(0)

∣∣.

(4.63)

By choosing constants C′′h,1 > 0 and ε′′h,1 > 0 depending only on Ũ and L, so that for ε̃ > 0

sufficiently small and ε̃ < εI ∈ (C′′h,1ε̃, ε′′h,1), we have 2CL
(
2εI + ε̃

)
< 1

2 . Then, it follows from

(4.63) that ∣∣ηP+(0) − ηQ+(0)

∣∣ ≤ 2C
(∣∣ξP − ξQ∣∣+

∣∣ηP − ηQ∣∣). (4.64)

Combining the estimates (4.62) and (4.64), we get the first estimate (i) in (4.58).
Next, taking ξP = ξQ in (4.63) and then applying estimates (4.62) and (4.64) again, we have

the second estimate (ii) in (4.58).
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Finally, by (4.55) and the estimate (4.61), we have

d
(
Q+(ξP ), Q

)
=
∣∣ξP − ξQ∣∣+

∣∣∣∣ ∫ ξQ

ξP

λ
(n−1)
+

(
Q+(τ)

)
dτ

∣∣∣∣ ≤ C∣∣ξP − ξQ∣∣,
and

d
(
Q+(ξP ), Q

)
=
∣∣ξP − ξQ∣∣+

∣∣∣∣ ∫ ξQ

ξP

λ
(n−1)
+

(
Q+(τ)

)
dτ

∣∣∣∣ ≥ C−1
∣∣ξP − ξQ∣∣.

Then the estimate (iii) in (4.58) follows. Finally, we take Ch,1 = max{C′h,1, C′′h,1} and εh,1 =

min{ε′h,1, ε′′h,1}, then, if ε̃ > 0 is sufficiently small and ε̃ < εI ∈ (Ch,1ε̃, εh,1), the results of the
lemma hold. �

Now, we turn to the estimates for η±,0 given by (4.54). For any point (ξ, η) ∈ Ω̃
(h)
I ∩ Ω̃

(h)
II (or

(ξ, η) ∈ Ω̃
(h)
I ∩ Ω̃

(h)
III), there exists a unique η+,0, such that the characteristic curve corresponding

to λ
(n−1)
+ (or λ

(n−1)
− ) issuing from (0, η+,0) (or (0, η−,0)) passes through (ξ, η). Hence, by (4.61)

and the implicit function theorem, from (4.54) we can regard η+,0 (or η+,0) as a function of
(ξ, η), i.e., η+,0 = η+,0(ξ, η) (or η−,0 = η−,0(ξ, η)).

Lemma 4.2. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist constants εh,2 > 0, Ch,2 > 0

and C44 > 0 depending only on Ũ , L and α, such that for ε̃ > 0 sufficiently small and ε̃ < εI ∈
(Ch,2ε̃, εh,2), it holds that

‖Dη+,0‖0,α;Ω̃
(h)
I ∪Ω̃

(h)
II

+ ‖Dη−,0‖0,α;Ω̃
(h)
I ∪Ω̃

(h)
III

≤ C44. (4.65)

Proof. We only prove the estimate for Dη+,0 in Ω̃
(h)
I ∪ Ω̃

(h)
II , since the estimate for Dη−,0 in

Ω̃
(h)
I ∪ Ω̃

(h)
III can be treated in the same way. First, ‖Dη+,0‖0,0;Ω̃

(h)
I ∪Ω̃

(h)
II

can be estimated easily

by choosing constants Ch,2 > 0 and εh,2 > 0 depending only on Ũ and L such that ε̃ < εI ∈
(Ch,2ε̃, εh,2) for ε̃ > 0 sufficiently small as done in [36, Lemma 4.1]. So it remains to estimate
[Dη+,0]

0,α;Ω̃
(h
I ∪Ω̃

(h)
II )

. Taking derivatives on (4.54) with respect to ξ and η, we have

∂η+,0

∂ξ
= −

λ
(n−1)
+ (ξ, η)

1 +
∫ ξ

0 ∂ηλ
(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

,

∂η+,0

∂η
=

1

1 +
∫ ξ

0 ∂ηλ
(n−1)
+ e

∫ τ
0 ∂ηλ

(−1)
+ dsdτ

.

(4.66)

Taking two points P1 = (ξ1, η1) and P2 = (ξ2, η2), which satisfy (4.55) with initial conditions
ηP1,+(0) = η+,0(P1) and ηP2,+(0) = η+,0(P2), respectively. Then we need to estimate the term

d−α(P1, P2)
∣∣Dη+,0(P1)−Dη+,0(P2)

∣∣. Notice that

d−α(P1, P2)
∣∣Dη+,0(P1)−Dη+,0(P2)

∣∣
≤ d−α(P1, P2)

∣∣∂ξη+,0(P1)− ∂ξη+,0(P2)
∣∣+ d−α(P1, P2)

∣∣∂ηη+,0(P1)− ∂ηη+,0(P2)
∣∣

=: I1 + I2.

For I1, by (4.66), we have

I1 = d−α(P1, P2)

∣∣∣∣∣ λ
(n−1)
+ (P1)

1 +
∫ ξ1

0 ∂ηλ
(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

−
λ

(n−1)
+ (P2)

1 +
∫ ξ2

0 ∂ηλ
(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

∣∣∣∣∣
≤ I11 + I12,
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where

I11 =

∣∣∣∣∣d
−α(P1, P2)λ

(n−1)
+ (P1)

( ∫ ξ2
0 ∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ −

∫ ξ1
0 ∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

)
(
1 +

∫ ξ1
0 ∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

)(
1 +

∫ ξ2
0 ∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

)
∣∣∣∣∣,

and

I12 = d−α(P1, P2)

∣∣∣∣∣(1 +

∫ ξ1

0
∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ dsdτ

)−1
∣∣∣∣∣∣∣λ(n−1)

+ (P1)− λ(n−1)
+ (P2)

∣∣.
By Lemma 4.1 and by choosing constants still denoted by Ch,2 > 0 and εh,2 > 0 depending only

on Ũ , L and α such that for ε̃ < εI ∈ (Ch,2ε̃, εh,2) with ε̃ > 0 is sufficiently small, we have

I11 = Cd−α(P1, P2)

∣∣∣∣ ∫ ξ2

ξ1

(
∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ ds

)
(P2,+(τ))dτ

∣∣∣∣
+ Cd−α(P1, P2)

∫ ξ1

0

∣∣∣(∂ηλ(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ ds

)
(P1,+(τ))−

(
∂ηλ

(n−1)
+ e

∫ τ
0 ∂ηλ

(n−1)
+ ds

)
(P2,+(τ))

∣∣∣dτ
≤ C,

where C > 0 depends only on Ũ , L and α. Similarly, we can get the estimates for I12 and I2 to
obtain I12 + I2 ≤ C for some constant C > 0 depending only on Ũ , L and α. Then, with the
estimates for I11, I12 and I2, we have the desired estimate on [Dη+,0]

0,α;Ω̃
(h)
I ∪Ω̃

(h)
II

. This completes

the proof of the lemma. �

Next, let us consider the characteristic curves issuing from the lower nozzle wall. Let ξ∗cd,0 be

the ξ-coordinate of the intersection point of characteristic η = φ
(n)
+ (ξ,−m(h)) and the transonic

contact discontinuity η = 0, and let ξ∗−m(h),0
be the ξ-coordinate of the intersection point of the

characteristics η = φ
(n)
− (ξ, 0) and the nozzle wall η = −m(h), i.e.,∫ ξ∗cd,0

0
λ

(n−1)
+ (τ, φ

(n)
+ (τ,−m(h)))dτ = m(h),

∫ ξ∗
−m(h),0

0
λ

(n−1)
− (τ, φ

(n)
− (τ, 0))dτ = −m(h).

(4.67)

Let ξ = χ
(n)
+ (η, ξ−m(h),0) be the characteristic curves corresponding to λ

(n−1)
+ issuing from the

point (ξ−m(h),0,−m(h)), i.e.,
dχ

(n)
+

dη = 1

λ
(n−1)
+ (χ

(n)
+ (η,ξ−m(h),0

),η)
,

χ
(n)
+ (−m(h), ξ−m(h),0) = ξ−m(h),0,

(4.68)

for ξ−m(h),0 ∈ [0, ξ∗−m(h),0
], where ξ∗−m(h),0

is given by (4.67). Integrating (4.68) from −m(h) to η,

one has

ξ = ξ−m(h),0 +

∫ η

−m(h)

dτ

λ
(n−1)
+ (χ

(n)
+ (τ, ξ−m(h),0), τ)

. (4.69)

Given any two points P̂ = (ξP̂ , ηP̂ ), Q̂ = (ξQ̂, ηQ̂) ∈ Ω̃
(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V , there exist unique

points P̂+(−m(h)) = (ξP̂+(−m(h)),−m
(h)) and Q̂+(−m(h)) = (ξQ̂+(−m(h)),−m

(h)) such that the
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characteristics corresponding to λ
(n−1)
+ issuing from them pass through P̂ and Q̂, respectively.

Define P̂+(η) = (χ
(n)
+ (η, ξP̂+(−m(h))), η) and Q̂+(η) = (χ

(n)
+ (η, ξQ̂+(−m(h))), η). Then

ξP̂+(η) = χ
(n)
+ (η, ξP̂+(−m(h))) = ξP̂+(−m(h)) +

∫ η

−m(h)

dτ

λ
(n−1)
+ (P̂+(τ))

,

ξQ̂+(η) = χ
(n)
+ (η, ξQ̂+(−m(h))) = ξQ̂+(−m(h)) +

∫ η

−m(h)

dτ

λ
(n−1)
+ (Q̂+(τ))

.

(4.70)

Now, we define the distance in the Euclidean norm for this case as

d
(
P̂+(η), Q̂+(η)

)
=
∣∣P̂+(η)− Q̂+(η)

∣∣, dα
(
P̂+(η), Q̂+(η)

)
=
∣∣P̂+(η)− Q̂+(η)

∣∣α. (4.71)

We have the following lemma.

Lemma 4.3. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist positive constants Ch,3 > 0,

εh,3 > 0 and Ĉ4j , (j = 1, 2, 3) depending only on Ũ , L and α, such that for ε̃ > 0 sufficiently
small and ε̃ < εI ∈ (Ch,3ε̃, εh,3), we have

(i) dα
(
P̂+(η), Q̂+(η)

)
≤ Ĉ41d

α
(
P̂ , Q̂

)
, η ∈ [−m(h), ηP̂ Q̂],

(ii) dα
(
P̂+(η), Q̂+(η)

)
≤ Ĉ42d

α
(
P̂+(ηP̂ Q̂), Q̂+(ηP̂ Q̂)

)
, η ∈ [−m(h), ηP̂ Q̂],

(iii) Ĉ−1
43

∣∣ηP̂ Q̂ − ηQ̂∣∣α ≤ dα(Q̂+(ηP̂ Q̂), Q̂
)
≤ Ĉ43

∣∣ηP̂ Q̂ − ηQ̂∣∣α,
(4.72)

where ηP̂ Q̂ = min{ηP̂ , ηQ̂}, and P̂+(ηP̂ Q̂) =
(
χ

(n)
+ (ηP̂ Q̂, ξP̂+(−m(h))), ηP̂ Q̂

)
and Q̂+(ηP̂ Q̂) =(

χ
(n)
+ (ηP̂ Q̂, ξQ̂+(−m(h))), ηP̂ Q̂

)
.

Proof. Without loss of the generality, we only consider the case that ηP̂ Q̂ = ηP̂ because the other

case can be dealt similarly. First, taking derivatives with respect to ξ−m(h),0 in (4.69), we have
∂
∂η

(
∂χ

(n)
+

∂ξ−m(h),0

)
= ∂ξ

(
1

λ
(n−1)
+ (χ

(n)
+ (η,ξ−m(h),0

),η)

)
∂χ

(n)
+

∂ξ−m(h),0

,

∂χ
(n)
+

∂ξ−m(h),0

(−m(h), ξ−m(h),0) = 1,

which implies that

∂χ
(n)
+

∂ξ−m(h),0

= e

∫ η
−m(h)

∂ξ

(
1

λ
(n−1)
+ (χ

(n)
+ (τ,ξ

−m(h),0
),τ)

)
dτ

.

By (4.59)-(4.61), we can obtain∥∥∥∥ 1

λ
(n−1)
±

− 1

λ±

∥∥∥∥
1,α;Ω̃(h)

≤ C
(
‖δz(n−1)‖1,α;Ω̃(h) + ‖δB̃(h)

0 ‖1,α;Γ̃
(h)
in

+ ‖δS̃(h)
0 ‖1,α;Γ̃

(h)
in

)
. (4.73)

Then, there exist some constants Ch,3 > 0 and εh,3 > 0 depending only on Ũ and L, such that
for ε̃ > 0 sufficiently small and ε̃ < εI ∈ (Ch,3ε̃, εh,3), we can further get

1

2|λ±|
<

∥∥∥∥ 1

λ
(n−1)
±

∥∥∥∥
1,α;Ω̃(h)

<
3

2|λ±|
. (4.74)

Thus, for 0 ≤ η ≤ ηP̂ , by (4.74), we have∣∣χ(n)
+ (η, ξP̂+(−m(h)))− χ

(n)
+ (η, ξQ̂+(−m(h)))| ≤ C

∣∣ξP̂+(−m(h)) − ξQ̂+(−m(h))

∣∣. (4.75)
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On the other hand, we can also deduce from (4.70) that∣∣ξP̂+(−m(h)) − ξQ̂+(−m(h))

∣∣
≤
∣∣ξP̂ − ξQ̂∣∣+

∫ ηQ̂

ηP̂

∣∣∣∣ 1

λ
(n−1)
+

(
Q̂+(τ)

)∣∣∣∣dτ
+

∫ ηP̂

−m(h)

∣∣∣∣ 1

λ
(n−1)
+

(
Q̂+(τ)

) − 1

λ
(n−1)
+

(
P̂+(τ)

)∣∣∣∣dτ
≤ Cm(h)

(∥∥Dδz(n−1)
∥∥

0,0;Ω̃(h) +
∥∥(δB̃(h)′

0 , δS̃
(h)′

0

)∥∥
0,0;Γ̃

(h)
in

)∣∣ξP̂+(−m(h)) − ξQ̂+(−m(h))

∣∣
+
∣∣ξP̂ − ξQ̂∣∣+ C

∣∣ηP̂ − ηQ̂∣∣
≤ C

(∣∣ξP̂ − ξQ̂∣∣+
∣∣ηP̂ − ηQ̂∣∣)+ Cm(h)

(
2εI + ε̃

)∣∣ξP̂+(−m(h)) − ξQ̂+(−m(h))

∣∣,

(4.76)

where C is a positive constant depending only on Ũ and L. Therefore, by choosing constants
still denoted by Ch,3 > 0 and εh,3 > 0 depending only on Ũ and L, such that for ε̃ > 0 sufficiently

small and ε̃ < εI ∈ (Ch,3ε̃, εh,3), we have Cm(h)
(
2εI + ε̃

)
< 1

2 , which implies that∣∣ξP̂+(−m(h)) − ξQ̂+(−m(h))

∣∣ ≤ 2C
(∣∣ξP̂ − ξQ̂∣∣+

∣∣ηP̂ − ηQ̂∣∣). (4.77)

Hence, the estimate (i) in (4.72) follows from the estimates (4.75) and (4.77).
Next, by taking ηP̂ = ηQ̂ in (4.76), the estimate (ii) in (4.72) follows from the estimates (4.75)

and (4.77).

Finally, by (4.70) with k = Q̂, and the estimates (4.61) and (4.74), we have

d
(
Q̂+(ηP̂ ), Q̂

)
=
∣∣ηP̂ − ηQ̂∣∣+

∣∣∣∣ ∫ ηQ̂

ηP̂

dτ

λ
(n−1)
+

(
Q̂+(τ)

)∣∣∣∣
≤ C

∣∣ηP̂ − ηQ̂∣∣,
and

d
(
Q̂+(ηP̂ ), Q̂

)
=
∣∣ηP̂ − ηQ̂∣∣+

∣∣∣∣ ∫ ηQ̂

ηP̂

dτ

λ
(n−1)
+

(
Q̂+(τ)

)∣∣∣∣
≥ C−1

∣∣ηP̂ − ηQ̂∣∣,
which gives (iii) in (4.72). The proof is completed. �

Based on the definition, for any point (ξ, η) in Ω̃
(h)
III ∩ Ω̃

(h)
IV ∪ Ω̃

(h)
V , there exists a unique

ξ−m(h),0, such that the characteristics corresponding to λ
(n−1)
+ issuing from (ξ−m(h),0,−m(h))

passes through (ξ, η). Hence, by (4.74) and implicit function theorem, we can regard ξ−m(h),0

as a function of (ξ, η) in Ω̃
(h)
III ∩ Ω̃

(h)
IV ∪ Ω̃

(h)
V , i.e., ξ−m(h),0 = ξ−m(h),0(ξ, η). We have the following

lemma.

Lemma 4.4. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist constants Ch,4 > 0 and εh,4 > 0

depending only on Ũ , L and α, such that for ε̃ > 0 sufficiently small and ε̃ < εI ∈ (Ch,4ε̃, εI,4),
one has

‖Dξ−m(h),0‖0,α;Ω̃
(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

≤ Ĉ44, (4.78)
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where the constant Ĉ44 = Ĉ44(Ũ , L, α) > 0 is independent of εI and n.

Proof. By choosing the constants Ch,4 > 0 and εh,4 > 0 depending only on Ũ and L, such that for
ε̃ < εI ∈ (Ch,4ε̃, εh,4) with ε̃ > 0 sufficiently small, the estimate for ‖Dξ−m(h),0‖0,0;Ω̃

(h)
III∩Ω̃

(h)
IV ∪Ω̃

(h)
V

follows easily as done in [36, Lemma 4.2]. Next, let us consider [Dξ−m(h),0]
0,α;Ω̃

(h)
III∩Ω̃

(h)
IV ∪Ω̃

(h)
V

. By

(4.69), the straightforward computation shows that

∂ξ−m(h),0

∂ξ
=

1

1 +
∫ η
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ

,

∂ξ−m(h),0

∂η
= − 1(

1 +
∫ η
−m(h) ∂ξ

(
1

λ
(n−1)
−

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
−

)
ds

dτ
)
λ

(n−1)
+

.

For the two points P̂ = (ξP̂ , ηP̂ ), Q̂ = (ξQ̂, ηQ̂) ∈ Ω̃
(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V , there exist unique points

P̂+(−m(h)) = (ξP̂+(−m(h)),−m
(h)) = (ξ−m(h),0(P̂ ),−m(h)) and Q̂+(−m(h)) = (ξQ̂+(−m(h)),−m

(h)) =

(ξ−m(h),0(Q̂),−m(h)) so that the characteristics determined by λ
(n−1)
+ issuing from them pass

through P̂ and Q̂, respectively. Direct computation yields that

d−α(P̂ , Q̂)
∣∣∣Dξ−m(h),0(P̂ )−Dξ−m(h),0(Q̂)

∣∣∣
≤d−α(P̂ , Q̂)

∣∣∣∂ξξ−m(h),0(P̂ )− ∂ξξ−m(h),0(Q̂)
∣∣∣

+ d−α(P̂ , Q̂)
∣∣∣∂ηξ−m(h),0(P̂ )− ∂ηξ−m(h),0(Q̂)

∣∣∣
=:Î1 + Î2.

For Î1, by (4.70), we have

Î1 = d−α(P̂ , Q̂)
∣∣∂ξξ−m(h),0(P̂ )− ∂ξξ−m(h),0(Q̂)

∣∣

=

d−α(P̂ , Q̂)
∣∣∣ ∫ ηP̂−m(h) ∂ξ

(
1

λ
(n−1)
+

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ −
∫ ηQ̂
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ
∣∣∣∣∣∣∣(1 +

∫ ηP̂
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ
)(

1 +
∫ ηQ̂
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ
)∣∣∣∣

≤Cd−α
(
P̂ , Q̂

){∣∣∣∣ ∫ ηQ̂

ηP̂

∂ξ

( 1

λ
(n−1)
+ (Q̂+(τ))

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

dτ

∣∣∣∣
+

∫ ηP̂

−m(h)

∣∣∣∣∂ξ( 1

λ
(n−1)
+ (P̂+(τ))

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds

− ∂ξ
( 1

λ
(n−1)
+ (Q̂+(τ))

)
e

∫ τ
−m(h) ∂ξ

(
1

λ
(n−1)
+

)
ds
∣∣∣∣dτ
}
.

Then, we can get, for ε̃ < εI ∈ (Ch,4ε̃, εh,4) with ε̃ > 0 sufficiently small,

Î1 ≤ C
∣∣ηP̂ − ηQ̂∣∣1−α + Cm(h)

(∥∥Dδz(n−1)
∥∥

0,0;Ω̃(h) +
∥∥(δB̃(h)′

0 , δS̃
(h)′

0

)∥∥
0,0;Γ̃

(h)
in

)
≤ C,
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by (4.73) and by choosing constants Ch,4 > 0 and εh,4 > 0 depending only on Ũ and L. Similarly,

one can also get Î2 ≤ C. We therefore have

[Dξ−m(h),0]
0,α;Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

= sup
P̂ ,Q̂∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α(P̂ , Q̂)
∣∣∣Dξ−m(h),0(P̂ )−Dξ−m(h),0(Q̂)

∣∣∣
≤ C.

This completes the proof of this lemma. �

Now we consider the characteristics issuing from the transonic contact discontinuity Γ̃cd. Let

ξ = χ
(n)
− (η, ξcd,0) be the characteristic curves corresponding to λ

(n−1)
− , and issuing from point

(ξcd,0, 0), where ξcd,0 ∈ [0, ξ∗cd,0] and ξ∗cd,0 is given by (4.67), i.e., they are defined by
dχ

(n)
−
dη = 1

λ
(n−1)
− (χ

(n)
− (η,ξcd,0),η)

,

χ
(n)
− (0, ξcd,0) = ξcd,0,

(4.79)

where ξcd,0 ∈ [0, ξ∗cd,0]. Then,

ξ = ξcd,0 +

∫ η

0

dτ

λ
(n−1)
− (χ

(n)
− (τ, ξcd,0), τ)

. (4.80)

For any two points P̌ = (ξP̌ , ηP̌ ), Q̌ = (ξQ̌, ηQ̌) ∈ Ω̃
(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I , there exist unique

points P̌−(0) = (ξP̌−(0), 0), Q̌−(0) = (ξQ̌−(0), 0) so that the curve ξ = χ
(n)
− (η, ξcd,0) issu-

ing from them pass through P̌ and Q̌, respectively. Define P̌−(η) = (χ
(n)
− (η, ξP̌−(0)), η) and

Q̌−(η) = (χ
(n)
− (η, ξQ̌−(0)), η), then

ξP̌−(η) = χ
(n)
− (η, ξP̌−(0)) = ξP̌−(0) +

∫ η

0

dτ

λ
(n−1)
− (P̌−(τ))

,

ξQ̌−(η) = χ
(n)
− (η, ξQ̌−(0)) = ξQ̌−(0) +

∫ η

0

dτ

λ
(n−1)
− (Q̌−(τ))

.

(4.81)

Define

d
(
P̌−(η), Q̌−(η)

)
=
∣∣P̌−(η)− Q̌−(η)

∣∣, dα
(
P̌−(η), Q̌−(η)

)
=
∣∣P̌−(η)− Q̌−(η)

∣∣α, ∀α ∈ (0, 1).
(4.82)

Then, we have the following lemma, the proof of which is analogous to that of Lemma 4.3 and
thus omitted.

Lemma 4.5. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist constants Ch,5 > 0 and εh,5 > 0

depending only on Ũ , L and α, such that for ε̃ > 0 sufficiently small and ε̃ < εI ∈ (Ch,5ε̃, εI,5),
the following holds

(a) dα
(
P̌−(η), Q̌−(η)

)
≤ Č41d

α
(
P̌ , Q̌

)
, η ∈ [0, ηP̌ Q̌],

(b) dα
(
P̌−(η), Q̌−(η)

)
≤ Č42d

α
(
P̌−(ηP̌ Q̌), Q̌−(ηP̌ Q̌)

)
, η ∈ [0, ηP̌ Q̌],

(c) Č−1
43

∣∣ηP̌ Q̌ − ηQ̌∣∣α ≤ dα(Q̌−(ηP̌ Q̌), Q̌
)
≤ Č43

∣∣ηP̌ Q̌ − ηQ̌∣∣α,
(4.83)
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where the constants Č4j > 0, (j = 1, 2, 3) depend only on Ũ , L and α, and ηP̌ Q̌ = min{ηP̌ , ηQ̌}
and P̌−(ηP̌ Q̂) =

(
χ

(n)
− (ηP̌ Q̌, ξP̌−(0)), ηP̌ Q̌

)
and Q̌−(ηP̌ Q̌) =

(
χ

(n)
− (ηP̌ Q̌, ξQ̌−(0)), ηP̌ Q̌

)
.

Finally, for any point (ξ, η) in Ω̃
(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I , there exists a unique ξcd,0, such that the

characteristics corresponding to λ
(n−1)
− issuing from (ξcd,0, 0) passes through (ξ, η). So we can

regard ξcd,0 as a function of (ξ, η) in Ω̃
(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I , i.e., ξcd,0 = ξcd,0(ξ, η). Then, we also

have the following lemma, the proof of which is similar to that of Lemma 4.4 and thus omitted
as well.

Lemma 4.6. For any α ∈ (0, 1) and δz(n−1) ∈ K2εI , there exist constants Ch,6 > 0 and εh,6 > 0

depending only on Ũ , L and α, such that for ε̃ > 0 sufficiently small and ε̃ < εI ∈ (Ch,6ε̃, εh,6),
one has

‖Dξcd,0‖0,α;Ω̃
(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

≤ Č44, (4.84)

where the constant Č44 > 0 depends only on Ũ , L and α.

4.2.2. Estimates of the solutions to the problem (F̃P)n in Ω̃
(h)
I ∪ Ω̃

(h)
II ∪ Ω̃

(h)
III . In this subsection,

we will consider the estimate of solutions in the supersonic region Ω(h) for the problem (F̃P)n

near the background state z, which can be written as the following:
∂ξδz

(n)
− + λ

(n−1)
+ ∂ηδz

(n)
− = 0, in Ω̃

(h)
I ∪ Ω̃

(h)
II ∪ Ω̃

(h)
III ,

∂ξδz
(n)
+ + λ

(n−1)
− ∂ηδz

(n)
+ = 0, in Ω̃

(h)
I ∪ Ω̃

(h)
II ∪ Ω̃

(h)
III ,

δz(n) = δz0, on Γ̃
(h)
in .

(4.85)

Our main result in this subsection can be stated below.

Proposition 4.3. For any given α ∈ (0, 1), there exist constants Ch,7 > 0 and εh,7 > 0 depending

only on Ũ , L and α, such that for ε̃ < εI ∈ (Ch,7ε̃, εh,7) with ε̃ > 0 sufficiently small, if δz(n−1) ∈
K2εI , the solution δz(n) of the problem (4.85) satisfies

‖δz(n)
− ‖1,α;Ω̃

(h)
I ∪Ω̃

(h)
II

+ ‖δz(n)
+ ‖1,α;Ω̃

(h)
I ∪Ω̃

(h)
III

≤ C̃∗41

(
‖δz−,0‖1,α;Γ̃

(h)
in

+ ‖δz+,0‖1,α;Γ̃
(h)
in

)
, (4.86)

where C̃∗41 > 0 depends only on Ũ , L and α.

Proof. We only consider the estimate for the solution z
(n)
− in Ω̃

(h)
I ∪Ω̃

(h)
II , because the proof for z

(n)
+

in Ω̃
(h)
I ∪Ω̃

(h)
III is similar. First, for any point (ξ, η) ∈ Ω̃

(h)
I ∪Ω̃

(h)
II , we can draw a characteristic line

η = φ
(n)
+ (ξ, η+,0) defined by (4.53)-(4.54) such that it intersects with Γ̃

(h)
in at the point (0, η+,0).

Then, one has δz
(n)
− (ξ, η) = δz−,0(η+,0). Moreover, differentiating the equation (4.85)1 with

respect to ξ and η, and then integrating them along the characteristics η = φ
(n)
+ (ξ, η+,0), we

have

∂ξδz
(n)
− (ξ, η) = ∂ξδz

(n)
− (0, η+,0)−

∫ ξ

0

(
∂τλ

(n−1)
+ ∂ηδz

(n)
−
)
(τ, φ

(n)
+ (τ, η+,0))dτ

= ∂ξη+,0∂η+,0δz−(0, η+,0)−
∫ ξ

0

(
∂τλ

(n−1)
+ ∂ηδz

(n)
−
)
(τ, φ

(n)
+ (τ, η+,0))dτ,

(4.87)
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and

∂ηδz
(n)
− (ξ, η) = ∂ηδz

(n)
− (0, η+,0)−

∫ ξ

0

(
∂ηλ

(n−1)
+ ∂ηδz

(n)
−
)
(τ, φ

(n)
+ (τ, η+,0))dτ

= ∂ηη+,0∂η+,0δz−(0, η+,0)−
∫ ξ

0

(
∂ηλ

(n−1)
+ ∂ηδz

(n)
−
)
(τ, φ

(n)
+ (τ, η+,0))dτ.

(4.88)

Therefore, we can follow the approach in [36] for proving the Proposition 4.1 and apply the
Lemma 4.2 as well as the estimate (4.61) to get∥∥δz(n)

−
∥∥

1,0;Ω̃
(h)
I ∪Ω̃

(h)
II

≤ 2C
∥∥δz−,0∥∥1,0;Γ̃

(h)
in

, (4.89)

provided that ε̃ < εI ∈ (C′h,7ε̃, ε′h,7) with ε̃ > 0 is sufficiently small, where the constants C′h,7 >
max{Ch,1, Ch,2}, 0 < ε′h,7 < min{εh,1, εh,2} and C > 0 depends only on Ũ and L.

Next, let us turn to the estimate of [Dδz
(n)
− ]0,α;Ω̃(h)∩(Ω̃I∪Ω̃II). For the two points P = (ξP , ηP ),

Q = (ξQ, ηQ) ∈ Ω̃
(h)
I ∪ Ω̃

(h)
II lying on the characteristics corresponding to λ

(n−1)
+ and intersecting

with Γ̃
(h)
in at the points P+(0) = (0, ηP+(0)) and Q+(0) = (0, ηQ+(0)), respectively, by (4.87)-

(4.88), we have

∂ξδz
(n)
− (P ) = ∂ξη+,0(P )∂η+,0δz−(P+(0))−

∫ ξP

0

(
∂τλ

(n−1)
+ ∂ηδz

(n)
−
)
(P+(τ))dτ,

∂ηδz
(n)
− (P ) = ∂ηη+,0(P )∂η+,0δz−(P+(0))−

∫ ξP

0

(
∂ηλ

(n−1)
+ ∂ηδz

(n)
−
)
(P+(τ))dτ,

(4.90)

and

∂ξδz
(n)
− (Q) = ∂ξη+,0(Q)∂η+,0δz−(Q+(0))−

∫ ξQ

0

(
∂τλ

(n−1)
+ ∂ηδz

(n)
−
)
(Q+(τ))dτ,

∂ηδz
(n)
− (Q) = ∂ηη+,0(Q)∂η+,0δz−(Q+(0))−

∫ ξQ

0

(
∂ηλ

(n−1)
+ ∂ηδz

(n)
−
)
(Q+(τ))dτ,

(4.91)

where ηP+(0) = η+,0(P ) and ηQ+(0) = η+,0(Q).

Without loss of the generality, we asume that ξP < ξQ and let Q+(ξP ) = (ξP , φ
(n)
+ (ξP , ηQ+(0))).

Then, by a direct computation and by Lemma 4.1, one can get that

d−α(P,Q)
∣∣∣Dδz(n)

− (P )−Dδz(n)
− (Q)

∣∣∣
≤ d−α(P,Q)

∣∣∣Dδz(n)
− (P )−Dδz(n)

− (Q+(ξP ))
∣∣∣

+ d−α(P,Q)
∣∣∣Dδz(n)

− (Q+(ξP ))−Dδz(n)
− (Q)

∣∣∣ (4.92)

≤ Cd−α
(
P,Q+(ξP )

)∣∣∣Dδz(n)
− (P )−Dδz(n)

− (Q+(ξP ))
∣∣∣

+ Cd−α
(
Q+(ξP ), Q

)∣∣∣Dδz(n)
− (Q+(ξP ))−Dδz(n)

− (Q)
∣∣∣

=: C(J1 + J2),

where constant C > 0 depends only on Ũ , L and α.
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Now, we will estimate J1 and J2. For the term J1, by (4.90) and (4.87)-(4.88) for Q+(ξp), we
have

J1 ≤ d−α
(
P,Q+(ξP )

)∣∣∣Dη+,0(P )∂η+,0δz−(P+(0))−Dη+,0(Q+(ξP ))∂η+,0δz−(Q+(0))
∣∣∣

+ d−α
(
P,Q+(ξP )

) ∫ ξP

0

∣∣∣(Dλ(n−1)
+ ∂τδz

(n)
−
)
(P+(τ))−

(
Dλ

(n−1)
+ ∂τδz

(n)
−
)
(Q+(τ))

∣∣∣dτ
=: J11 + J12.

For J11, it follows from Lemma 4.1 and Lemma 4.2 that

J11 = d−α
(
P,Q+(ξP )

)∣∣∣Dη+,0(P )∂η+,0δz−(P+(0))−Dη+,0(Q+(ξP ))∂η+,0δz−(Q+(0))
∣∣∣

≤ d−α
(
P,Q+(ξP )

)∣∣∣Dη+,0(P )−Dη+,0(Q+(ξP ))
∣∣∣∣∣∂η+,0δz−(P+(0))

∣∣
+ d−α

(
P,Q+(ξP )

)∣∣∣∂η+,0δz−(P+(0))− ∂η+,0δz−(Q+(0))
∣∣∣∣∣Dη0,+(Q+(ξP ))

∣∣
≤
∣∣∂η+,0δz−(P+(0))

∣∣d−α(P,Q+(ξP )
)∣∣∣Dη+,0(P )−Dη+,0(Q+(ξP ))

∣∣∣
+ C

∣∣Dη+,0(Q+(ξP ))
∣∣d−α(P+(0), Q+(0)

)∣∣∣∂η+,0δz−(P+(0))− ∂η+,0δz−(Q+(0))
∣∣∣

≤ C
∥∥δz′−,0∥∥0,α;Γ̃

(h)
in

,

where C = C(Ũ , L, α) > 0 is independent of εI and n. Next, for J12, a direct computation shows
that

J12 = d−α
(
P,Q+(ξP )

) ∫ ξP

0

∣∣∣(Dλ(n−1)
+ ∂τδz

(n)
−

)
(P+(τ))−

(
Dλ

(n−1)
+ ∂τδz

(n)
−

)
(Q+(τ))

∣∣∣dτ
≤ d−α

(
P,Q+(ξP )

) ∫ ξP

0

∣∣∣(Dλ(n−1)
+ (P+(τ))−Dλ(n−1)

+ (Q+(τ))
)
∂τδz

(n)
− (P+(τ))

∣∣∣dτ
+ d−α

(
P,Q+(ξP )

) ∫ ξP

0

∣∣∣(∂τδz(n)
− (P+(τ))− ∂τδz(n)

− (Q+(τ))
)
Dλ

(n−1)
+ (Q+(τ))

∣∣∣dτ.
Then, by the estimates (4.61) and (4.89), we obtain

J12 ≤ C‖λ(n−1)
+ ‖1,α;Ω̃(h)

∫ ξP

0

∣∣Dδz(n)
− (P (τ))

∣∣dτ
+ C

(∥∥δz(n−1)
∥∥

1,0;Ω̃(h) +
∥∥(δB̃(h)′

0 , δS̃
(h)′

0

)∥∥
1,0;Γ̃

(h)
in

)
×
∫ ξP

0
d−α

(
P+(τ), Q+(τ)

)∣∣∣Dδz(n)
− (P+(τ))−Dδz(n)

− (Q+(τ))
∣∣∣dτ

≤ C
∥∥δz−,0∥∥1,0;Γ̃

(h)
in

+ C
(
2εI + ε̃

) ∫ ξP

0
d−α

(
P+(τ), Q+(τ)

)∣∣∣Dδz(n)
− (P+(τ))−Dδz(n)

− (Q+(τ))
∣∣∣dτ,

where C = C(Ũ , L, α) > 0 is independent of εI and n.
Combining the estimates on J11 with J12, we can deduce by the Gronwall inequality that

J1 = d−α
(
P,Q+(ξP )

)∣∣Dδz(n)
− (P )−Dδz(n)

− (Q+(ξP ))
∣∣ ≤ C∥∥δz′−,0∥∥0,α;Γ̃

(h)
in

e2C(2εI+ε̃)ξP ,
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which implies

J1 ≤ sup
P,Q+(ξP )∈Ω̃

(h)
I ∪Ω̃

(h)
II

d−α
(
P,Q+(ξP )

)∣∣∣Dδz(n)
− (P )−Dδz(n)

− (Q+(ξP ))
∣∣∣

≤ 2C
∥∥δz−,0∥∥1,α;Γ̃

(h)
in

.

(4.93)

Here, we also choose the constants C′′h,7 > 0 and ε′′h,7 > 0 depends only on Ũ and L, such that

for ε̃ > 0 sufficiently small and ε̃ < εI ∈ (C′′h,7ε̃, ε′′h,7), it holds e2CL(2εI+ε̃) ≤ 2.

The remaining task is to deal with J2. By the equations in (4.91), (4.87)-(4.88) for Q+(ξp)
and the estimate (4.61), and Lemmas 4.1-4.2, we have

J2 = d−α
(
Q+(ξP ), Q

)∣∣∣Dδz(n)
− (Q+(ξP ))−Dδz(n)

− (Q)
∣∣∣

≤ d−α
(
Q+(ξP ), Q

)∣∣∣Dη+,0(Q+(ξP ))−Dη+,0(Q)
∣∣∣|∂η+,0δz−(Q+(0))|

+ d−α
(
Q+(ξP ), Q

) ∫ ξQ

ξP

∣∣∣(Dλ(n−1)
+ ∂ηδz

(n)
−
)
(Q+(τ))

∣∣∣dτ
≤ C

(
‖Dη+,0‖0,α;Ω̃

(h)
I ∪Ω̃

(h)
II

∥∥δz′−,0∥∥0,0;Γ̃
(h)
in

+
∣∣ξP − ξQ∣∣1−α∥∥λ(n−1)

+

∥∥
1,0;Ω̃(h)

∥∥δz(n−1)
∥∥

1,0;Ω̃
(h)
I ∪Ω̃

(h)
II

)
≤ C

∥∥δz−,0∥∥1,0;Γ̃
(h)
in

.

(4.94)

Combining all the estimates from (4.92) to (4.94) above together, we therefore get that

[Dδz
(n)
− ]

0,α;Ω̃
(h)
I ∪Ω̃

(h)
II

= sup
P,Q∈Ω̃

(h)
I ∪Ω̃

(h)
II

d−α(P,Q)
∣∣∣Dδz(n)

− (P )−Dδz(n)
− (Q)

∣∣∣
≤C sup

P,Q+(ξP )∈Ω̃
(h)
I ∪Ω̃

(h)
II

d−α
(
P,Q+(ξP )

)∣∣∣Dδz(n)
− (P )−Dδz(n)

− (Q+(ξP ))
∣∣∣

+ sup
Q+(ξP ),Q∈Ω̃

(h)
I ∪Ω̃

(h)
II

d−α(Q+(ξP ), Q
)∣∣∣Dδz(n)

− (Q+(ξP ))−Dδz(n)
− (Q)

∣∣∣
≤C
∥∥δz′−,0∥∥0,α;Γ̃

(h)
in

,

(4.95)

where the constant C > 0 depends only on Ũ , L and α.
Finally, it follows from the estimates (4.89) and (4.95) that we can choose the constants

C̃∗41 > 0, Ch,7 = max{C′h,7, C′′h,7} and εh,7 = min{ε′h,7, ε′′h,7} depending only on Ũ , L and α such

that for ε̃ < εI ∈ (Ch,7ε̃, εh,7) with ε̃ > 0 sufficiently small, it holds that

‖δz(n)
− ‖1,α;Ω̃

(h)
I ∪Ω̃

(h)
II

≤ C̃∗41‖δz−,0‖1,α;Γ̃
(h)
in

.

The proof of this proposition is completed. �
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Remark 4.2. By the estimate (4.86), we actually have the estimates of δz
(n)
± in Ω̃

(h)
I . Moreover,

on the contact discontinuity Γ̃cd ∩ Ω̃
(h)
II and the lower wall of the nozzle Γ̃− ∩ Ω̃

(h)
III , we also have

∥∥δz(n)
−
∥∥

1,α;Γ̃cd∩Ω̃
(h)
II

+
∥∥δz(n)

+

∥∥
1,α;Γ̃−∩Ω̃

(h)
III

≤ C̃∗42

(∥∥δz−,0∥∥1,α;Γ̃
(h)
in

+
∥∥δz+,0

∥∥
1,α;Γ̃

(h)
in

)
. (4.96)

4.2.3. Estimates of the solutions to the problem (F̃P)n in Ω̃
(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V . Problem (F̃P)n in

Ω̃
(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V can be formulated as the following: ∂ξδz

(n)
− + λ

(n−1)
+ ∂ηδz

(n)
− = 0, in Ω̃

(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V ,

δz
(n)
− + δz

(n)
+ = 2 arctan g′−, on Γ̃− ∩ {0 ≤ ξ ≤ ξ∗−m(h),0

}.
(4.97)

Similar to the argument in Section 4.2.2, we also study problem (4.97) via the characteris-
tics method, but the difference is that there are reflections of the characteristics on the lower

wall Γ̃− of the nozzle. Let η = χ
(n)
+ (ξ, ξ∗−m(h),0

) be the reflected characteristics which issues

from (ξ∗−m(h),0
,−m(h)) and intersects with the transonic contact discontinuity Γ̃cd at the point

(ξ∗cd,1, 0). Then, it holds that∫ 0

−m(h)

dτ

λ
(n−1)
+ (χ

(n)
+ (τ, ξ∗−m(h),0

), τ)
= ξ∗cd,1. (4.98)

We have the following estimates for δz
(n)
− in Ω̃

(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V .

Proposition 4.4. For any given α ∈ (0, 1), there exist constants Ch,8 > 0 and εh,8 > 0 depending

only on Ũ , L and α, such that for ε̃ < εI ∈ (Ch,8ε̃, εh,8) with ε̃ > 0 sufficiently small, if δz(n−1) ∈
K2εI , the solution z

(n)
− to the problem (4.97) satisfies∥∥δz(n)

−
∥∥

1,α;Ω̃
(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

≤ C̃∗43

(∥∥δz(n)
+

∥∥
1,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g− + 1
∥∥

2,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

)
,

(4.99)

where ξ∗−m(h),0
is given in (4.67) and the constant C̃∗43 > 0 depends only on Ũ , L and α.

Proof. By (4.97)1, we have

∂ηδz
(n)
− +

1

λ
(n−1)
+

∂ξδz
(n)
− = 0. (4.100)

For any point (ξ, η) ∈ Ω̃
(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V , we can define a characteristic line ξ = χ

(n)
+ (η, ξ−m(h),0)

by (4.68)-(4.69) such that it intersects with the boundary Γ̃− at the point (ξ−m(h),0,−m(h)).

Then, by the boundary condition on Γ̃− ∩ {0 ≤ ξ ≤ ξ∗−m(h),0
}, we get

δz
(n)
− (ξ, η) = δz−(ξ−m(h),0,−m

(h)) = 2 arctan g′−(ξ−m(h),0)− δz(n)
+ (ξ−m(h),0,−m

(h)). (4.101)
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Next, differentiating the equation (4.100) with respect to ξ and η, and then integrating them

along the characteristics ξ = χ
(n)
+ (η, ξ−m(h),0), we obatin

∂ξδz
(n)
− (ξ, η)

= ∂ξδz
(n)
− (ξ−m(h),0,−m

(h))−
∫ η

−m(h)

∂ξ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
χ

(n)
+ (τ, ξ−m(h),0), τ

)
dτ

= ∂ξξ−m(h),0∂ξ−m(h),0
δz

(n)
− (ξ−m(h),0,−m

(h))−
∫ η

−m(h)

∂ξ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
χ

(n)
+ (τ, ξ−m(h),0), τ

)
dτ,

(4.102)

and

∂ηδz
(n)
− (ξ, η)

= ∂ηδz
(n)
− (ξ−m(h),0,−m

(h))−
∫ η

−m(h)

∂τ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
χ

(n)
+ (τ, ξ−m(h),0), τ

)
dτ

= ∂ηξ−m(h),0∂ξ−m(h),0
δz

(n)
− (ξ−m(h),0,−m

(h))−
∫ η

−m(h)

∂τ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
χ

(n)
+ (τ, ξ−m(h),0), τ

)
dτ.

(4.103)

By using the boundary condition (4.97)2 on Γ̃− ∩ {0 ≤ ξ ≤ ξ∗−m(h),0
}, we further have for

∂ξ−m(h),0
δz

(n)
− (ξ−m(h),0,−m(h)) that

∂ξ−m(h),0
δz

(n)
− (ξ−m(h),0,−m

(h)) =
2g′′−

1 + (g′−)2
− ∂ξ−m(h),0

δz
(n)
+ (ξ−m(h),0,−m

(h)). (4.104)

Then, following the same argument as in [36] for the proof of Proposition 4.2 and by Lemma
4.4, there exist constants C′h,8 > max{Ch,3, Ch,4}, ε′h,8 < min{εh,3, εh,4} and C > 0 depending only

on Ũ and L, such that for ε̃ < εI ∈ (C′h,8ε̃, ε′h,8) with ε̃ > 0 sufficiently small, we have∥∥δz(n)
−
∥∥

1,0;Ω̃
(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

≤ C
(∥∥δz(n)

+

∥∥
1,0;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′−∥∥1,0;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
. (4.105)

Therefore, it remains to obtain the estimate of
[
Dδz

(n)
−
]
0,α;Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

. For the given two

points P̂ = (ξP̂ , ηP̂ ), Q̂ = (ξQ̂, ηQ̂) ∈ Ω̃
(h)
III ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V , satisfying (4.70) with P̂+(−m(h)) =

(ξP̂+(−m(h)),−m
(h)) and Q̂+(−m(h)) = (ξQ̂+(−m(h)),−m

(h)), substituting them into (4.102)-(4.103),

we obtain

∂ξδz
(n)
− (P̂ ) = ∂ξξ−m(h),0(P̂ )∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))

−
∫ ηP̂

−m(h)

∂ξ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
P̂+(τ)

)
dτ,

∂ηδz
(n)
− (P̂ ) = ∂ηξ−m(h),0(P̂ )∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))

−
∫ ηP̂

−m(h)

∂τ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
P̂+(τ)

)
dτ,

(4.106)
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and

∂ξδz
(n)
− (Q̂) = ∂ξξ−m(h),0(Q̂)∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

−
∫ ηQ̂

−m(h)

∂ξ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
Q̂+(τ)

)
dτ,

∂ηδz
(n)
− (Q̂) = ∂ηξ−m(h),0(Q̂)∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

−
∫ ηQ̂

−m(h)

∂τ

( 1

λ
(n−1)
+

)
∂ξδz

(n)
−
(
Q̂+(τ)

)
dτ.

(4.107)

Similarly to the arguments in proving the Proposition 4.3, we first derive the estimate for

d−α
(
P̂ , Q̂

)∣∣Dδz(n)
− (P̂ ) − Dδz(n)

− (Q̂)
∣∣. To this end, we assume that ηP̂ < ηQ̂ and let Q̂+(ηP̂ ) =

(χ
(n)
+ (ηP̂ , ξQ̂+(−m(h))), ηP̂ ), and the other cases can be treated in the same way. By (4.106) and

(4.103)–(4.104), we have

d−α(P̂ , Q̂+(ηP̂ ))
∣∣∣Dδz(n)

− (P̂ )−Dδz(n)
− (Q̂+(ηP̂ ))

∣∣∣
≤d−α(P̂ , Q̂+(ηP̂ ))

∣∣∣Dξ−m(h),0(P̂ )∂ξ−m(h),0
δz

(n)
− (P̂+(−m(h)))

−Dξ−m(h),0(Q̂+(ηP̂ ))∂ξ−m(h),0
δz

(n)
− (Q̂+(−m(h)))

∣∣∣
+ d−α(P̂ , Q̂+(ηP̂ ))

∫ ηP̂

−m(h)

∣∣∣∣(D( 1

λ
(n−1)
+

)
∂ξδz

(n)
−

)
(P̂+(τ))−

(
D
( 1

λ
(n−1)
+

)
∂ξδz

(n)
−

)
(Q̂+(τ))

∣∣∣∣dτ
=: Ĵ1 + Ĵ2.

(4.108)

For Ĵ1, by Lemma 4.3 and Lemma 4.4, one has

Ĵ1 ≤ d−α
(
P̂ , Q̂+(ηP̂ )

)∣∣∣Dξ−m(h),0(P̂ )−Dξ−m(h),0(Q̂+(ηP̂ ))
∣∣∣∣∣∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))

∣∣
+ C

∣∣Dξ−m(h),0(Q̂+(ηP̂ ))
∣∣d−α(P̂ (−m(h)), Q̂(−m(h))

)
×
∣∣∣∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))− ∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

∣∣∣
≤ C‖Dξ−m(h),0‖0,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
}
∥∥∂ξδz(n)

−
∥∥

0,0;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

+ C
∥∥Dξ−m(h),0

∥∥
0,0;Γ̃−∩{0≤ξ≤ξ∗

−m(h),1
}d
−α(P̂ (−m(h)), Q̂(−m(h))

)
×
∣∣∣∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))− ∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

∣∣∣
≤ C

∥∥∂ξδz(n)
−
∥∥

0,0;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

} + Cd−α
(
P̂ (−m(h)), Q̂(−m(h))

)
×
∣∣∣∂ξ−m(h),0

δz
(n)
− (P̂+(−m(h)))− ∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

∣∣∣,

(4.109)
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where the constant C = C(Ũ , L, α) > 0 is independent of εI and n. By (4.104), we know that∥∥∂ξδz(n)
−
∥∥

0,0;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

} ≤
∥∥g′′−∥∥0,0;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥∂ξδz(n)
+

∥∥
0,0;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
}.

For the last term in (4.109), by using (4.104) again and choosing the constants C′′h,8 > 0, ε′′h,8 > 0

depending only on Ũ and L, such that for ε̃ < εI ∈ (C′′h,8ε̃, ε′′h,8) with ε̃ > 0 be sufficiently small,
we have

d−α
(
P̂ (−m(h)), Q̂(−m(h))

)∣∣∣∂ξ−m(h),0
δz

(n)
− (P̂+(−m(h)))− ∂ξ−m(h),0

δz
(n)
− (Q̂+(−m(h)))

∣∣∣
≤d−α

(
P̂ (−m(h)), Q̂(−m(h))

)∣∣∣∣∣ g′′−(ξP̂+(−m(h)))

1 +
(
g′−(ξP̂+(−m(h)))

)2 − g′′−(ξQ̂+(−m(h)))

1 +
(
g′−(ξQ̂+(−m(h)))

)2
∣∣∣∣∣

+ d−α
(
P̂ (−m(h)), Q̂(−m(h))

)∣∣∣∂ξ−m(h),0
δz

(n)
+ (P̂+(−m(h)))− ∂ξ−m(h),0

δz
(n)
+ (Q̂+(−m(h)))

∣∣∣
≤C
(
1 + (g′−)2

)
d−α

(
P̂ (−m(h)), Q̂(−m(h))

)∣∣∣g′′−(ξP̂+(−m(h)))− g
′′
−(ξQ̂+(−m(h)))

∣∣∣
+ C

∣∣g′′−∣∣d−α(P̂ (−m(h)), Q̂(−m(h))
)∣∣∣(g′−(ξP̂+(−m(h)))

)2 − (g′−(ξQ̂+(−m(h)))
)2∣∣∣

+
∥∥∂ξδz(n)

+

∥∥
0,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
}

≤C
(∥∥∂ξδz(n)

+

∥∥
0,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′′−∥∥0,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
,

where the constant C = C(Ũ , L, α) > 0 is independent of εI and n. Hence, substituting the above

two estimates into (4.109), we obtain the estimate for Ĵ1 that

Ĵ1 ≤ C
(∥∥∂ξδz(n)

+

∥∥
0,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′′−∥∥0,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
, (4.110)

where the constant C > 0 depends only on Ũ , L and α.
Let us consider Ĵ2 now. By Lemma 4.3, a direct computation yields

Ĵ2 ≤ d−α
(
P̂ , Q̂+(ηP̂ )

) ∫ ηP̂

−m(h)

∣∣∣∣D( 1

λ
(n−1)
+

)
(P̂+(τ))

∣∣∣∣∣∣∣∂ξδz(n)
− (P̂+(τ))− ∂ξδz

(n)
− (Q̂+(τ))

∣∣∣dτ
+ d−α

(
P̂ , Q̂+(ηP̂ )

) ∫ ηP̂

−m(h)

∣∣∣∣D( 1

λ
(n−1)
+

)
(P̂+(τ))−D

( 1

λ
(n−1)
+

)
(Q̂+(τ))

∣∣∣∣∣∣∣∂ξδz(n)
− (Q̂+(τ))

∣∣∣dτ
=: Ĵ21 + Ĵ22.

For Ĵ21, by Lemma 4.3 and (4.72), there exists a constant C > 0 depending only on Ũ , L and α
such that

Ĵ21 ≤ C
(
‖δz(n−1)‖1,0;Ω̃(h) +

∥∥(δB̃(h)′

0 , δS̃
(h)′

0

)∥∥
1,0;Γ̃

(h)
in

)
×
∫ ηP̂

−m(h)

d−α
(
P̂+(τ), Q̂+(τ)

)∣∣∣Dδz(n)
− (P̂+(τ))−Dδz(n)

− (Q̂+(τ))
∣∣∣dτ

≤ C
(
2εI + ε̃

) ∫ ηP̂

−m(h)

d−α
(
P̂+(τ), Q̂+(τ)

)∣∣∣Dδz(n)
− (P̂+(τ))−Dδz(n)

− (Q̂+(τ))
∣∣∣dτ.
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For Ĵ22, by (4.74)(4.105) and Lemma 4.3, we have

Ĵ22 ≤ C
∥∥(λ(n−1)

+

)−1∥∥
1,α;Ω̃(h)

∫ ηP̂

−m(h)

∣∣∣Dδz(n)
− (Q̂+(τ))

∣∣∣dτ
≤ C

(∥∥δz(n)
+

∥∥
1,0;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′−∥∥1,0;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
,

where C > 0 depends only on Ũ , L and α. By (4.110) as well as the estimates for Ĵ21 and Ĵ22,
we have

d−α
(
P̂ , Q̂+(ηP̂ )

)∣∣∣Dδz(n)
− (P̂ )−Dδz(n)

− (Q̂+(ηP̂ ))
∣∣∣

≤ C
(∥∥δz(n)

+

∥∥
1,α;Γ̃−∩{0≤ξ≤ξ∗−,0}

+
∥∥g′+∥∥1,α;Γ̃−∩{0≤ξ≤ξ∗−,0}

)
+ C

(
2εI + ε̃

) ∫ ηP̂

−m(h)

d−α
(
P̂ (τ), Q̂(τ)

)∣∣∣Dδz(n)
− (P̂ (τ))−Dδz(n)

− (Q̂(τ))
∣∣∣dτ.

Then it follows from the Gronwall inequality that

d−α
(
P̂ , Q̂+(ηP̂ )

)∣∣∣Dδz(n)
− (P̂ )−Dδz(n)

− (Q̂+(ηP̂ ))
∣∣∣

≤ C
(∥∥δz(n)

+

∥∥
1,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′+∥∥1,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
eC(2εI+ε̃)m(h)

.

Taking the constants C′′′h,8 > 0, ε′′′h,8 > 0 depending only on Ũ , L and α, and letting ε̃ > 0 be

sufficiently small such that for ε̃ < εI ∈ (C′′′h,8ε̃, ε
′′′
h,8), one has

sup
P̂ ,Q̂+(ηP̂ )∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α
(
P̂+, Q̂+(ηP̂ )

)∣∣∣Dδz(n)
− (P̂ )−Dδz(n)

− (Q̂+(ηP̂ ))
∣∣∣

≤ 2C
(∥∥δz(n)

+

∥∥
1,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′+∥∥1,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
.

(4.111)

On the other hand, by (4.103)–(4.104) and (4.107), we can also deduce that

d−α
(
Q̂+(ηP̂ ), Q̂

)∣∣∣Dδz(n)
− (Q̂+(ηP̂ ))−Dδz(n)

− (Q̂)
∣∣∣

≤d−α
(
Q̂+(ηP̂ ), Q̂

)∣∣Dξ−m(h),0(Q̂+(ηP̂ ))−Dξ−m(h),0(Q̂)
∣∣|∂ξ−m(h),0

Dδz−(Q+(0))|

+ d−α
(
Q̂+(ηP̂ ), Q̂

) ∫ ηQ̂

ηP̂

∣∣∣D( 1

λ
(n−1)
+

)
∂ξδz

(n)
− (Q̂+(τ))

∣∣∣dτ,
which implies by Lemma 4.3 and (4.105) that

sup
Q̂+(ηP̂ ),Q̂∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α
(
Q̂+(ηP̂ ), Q̂

)∣∣∣Dδz(n)
− (Q̂+(ηP̂ ))−Dδz(n)

− (Q̂)
∣∣∣

≤ C
(
‖Dδz(n)

+ ‖0,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

} +
∥∥g′′+∥∥0,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
}

)
,
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provided that ε̃ < εI ∈ (C′h,8ε̃, ε′h,8) with ε̃ > 0 be sufficiently small. Here, the constant C =

C(Ũ , L, α) > 0 is independent of εI and n. Combining (4.110) and (4.111) together, we get

sup
P̂ ,Q̂∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α
(
P̂ , Q̂

)∣∣∣Dδz(n)
− (P̂ )−Dδz(n)

− (Q̂)
∣∣∣

≤ sup
P̂ ,Q̂+(ηP̂ )∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α
(
P̂ , Q̂+(ηP̂ )

)∣∣∣Dδz(n)
− (P̂ )−Dδz(n)

− (Q̂+(ηP̂ ))
∣∣∣

+ sup
Q̂+(ηP̂ ),Q̂∈Ω̃

(h)
III∪Ω̃

(h)
IV ∪Ω̃

(h)
V

d−α
(
Q̂+(ηP̂ ), Q̂

)∣∣∣Dδz(n)
− (Q̂+(ηP̂ ))−Dδz(n)

− (Q̂)
∣∣∣

≤ C
(∥∥δz(n)

+

∥∥
1,α;Γ̃−∩{0≤ξ≤ξ∗

−m(h),0
} +

∥∥g′+∥∥1,α;Γ̃−∩{0≤ξ≤ξ∗
−m(h),0

}

)
.

(4.112)

Finally, by (4.105) and (4.112), we can choose constants C̃∗44 > 0, Ch,8 = max{C′h,8, C′′h,8, C′′′h,8}
and εh,8 = min{ε′h,8, ε′′h,8, ε′′′h,8} depending only on Ũ and L such that for ε̃ < εI ∈ (Ch,8ε̃, εh,8)

with ε̃ > 0 be sufficiently small, the inequality (4.99) holds. �

4.2.4. Estimates of the solutions to the problem (F̃P)n in the supersonic region Ω̃
(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I .

Based on the results in Sections 4.1– 4.2.3, we will consider the problem (F̃P)n in Ω̃
(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I ,

which involves the transonic contact discontinuity Γ̃cd as well as the refection on it. Problem

(F̃P)n in this region is ∂ξδz
(n)
+ + λ

(n−1)
− ∂ηδz

(n)
+ = 0, in Ω̃

(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I ,

δz
(n)
+ = δz

(n)
− − 2β

(n−1)
cd,1 ∂ξδϕ

(n) − 2β
(n−1)
cd,2 ∂ηδϕ

(n) − 2ccd(ξ), on Γ̃cd ∩ {0 ≤ ξ ≤ ξ∗cd,0}.
(4.113)

Suppose that the characteristics ξ = χ
(n)
− (η, ξ∗cd,0) issuing from the point (ξ∗cd,0, 0) on Γ̃cd

intersects with the lower nozzle wall Γ̃− at the point (ξ∗−,1,−m(h)). Then, it satisfies that∫ −m(h)

0

dτ

λ
(n−1)
− (χ

(n)
− (τ, ξ∗cd,0), τ)

= ξ∗−m(h),1
. (4.114)

We first have the following proposition for δz
(n)
+ in Ω̃

(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I .

Proposition 4.5. For any given α ∈ (0, 1) and for ε̃ > 0 sufficiently small, there exist constants

C̃∗46 > 0, Ch,9 > 0 and εh,9 > 0 depending only on Ũ , L and α, such that for ε̃ < εI ∈ (Ch,9ε̃, εh,9),

if (δϕ(n−1), δz(n−1)) ∈ K2εI , the solution z
(n)
+ of the problem (4.113) satisfies

‖δz(n)
+ ‖1,α;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

≤C̃∗46

(
‖δϕ(n)‖

2,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+ ‖δz(n)

− ‖1,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

)
,

(4.115)

where ξ∗cd,0 is defined by (4.67).
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Proof. We first rewrite the equation for δz
(n)
+ as

∂ηδz
(n)
+ +

1

λ
(n−1)
−

∂ξδz
(n)
+ = 0, (4.116)

and still consider η > 0, otherwise we can replace η by −η.

For any point (ξ, η) ∈ Ω̃
(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I , we can define a characteristic line ξ = χ

(n)
− (η, ξcd,0)

by (4.79) and (4.80) such that it intersects with the boundary Γ̃cd ∩{0 ≤ ξ ≤ ξ∗cd,0} at the point

(ξcd,0, 0). Then, by the boundary condition (4.113)2 on Γ̃cd∩{0 ≤ ξ ≤ ξ∗cd,0}, we can derive that

δz
(n)
+ (ξ, η) = δz+(ξcd,0, 0) = δz

(n)
− (ξcd,0, 0)− 2β

(n−1)
cd,1 ∂ξξcd,0∂ξcd,0

δϕ(n)(ξcd,0, 0)

− 2β
(n−1)
cd,2 ∂ηξcd,0∂ξcd,0

δϕ(n)(ξcd,0, 0)− 2ccd(ξcd,0).
(4.117)

Thus, by Lemma 4.6, there exist positive constants C′h,9 > max{Ch,5, Ch,6} and 0 < ε′h,9 <

min{εh,5, εh,6} depending only on Ũ and L, such that for ε̃ < εI ∈ (C′h,9ε̃, ε′h,9) with ε̃ > 0
sufficiently small, it holds that

‖δz(n)
+ ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

≤ ‖δz(n)
− ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+ 2‖β(n−1)
cd,1 ∂ξξcd,0∂ξcd,0

δϕ(n)‖
0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+ 2‖β(n−1)
cd,2 ∂ηξcd,0∂ξcd,0

δϕ(n)‖
0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+ 2‖ccd‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

≤ C
(
‖δz(n)
− ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+ ‖Dδϕ(n)‖
0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

)
+ C

( ∑
k=e,h

∥∥δB̃(k)
0

∥∥
0,0;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
0,0;Γ̃

(k)
in

)
,

(4.118)

where C = C(Ũ , L) > 0.
Next, differentiating the equation (4.116) with respect to ξ and η, and then integrating them

along the characteristics ξ = χ
(n)
+ (η, ξcd,0), we have

∂ξδz
(n)
+ (ξ, η) = ∂ξδz

(n)
+ (ξcd,0, 0)−

∫ η

0
∂ξ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
χ

(n)
− (τ, ξcd,0), τ

)
dτ

= ∂ξξcd,0∂ξcd,0
δz

(n)
+ (ξcd,0, 0)−

∫ η

0
∂ξ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
χ

(n)
− (τ, ξcd,0), τ

)
dτ,

(4.119)

and

∂ηδz
(n)
+ (ξ, η) = ∂ηδz

(n)
+ (ξcd,0, 0)−

∫ η

0
∂τ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
χ

(n)
− (τ, ξcd,0), τ

)
dτ

= ∂ηξcd,0∂ξcd,0
δz

(n)
+ (ξcd,0, 0)−

∫ η

0
∂τ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
χ

(n)
− (τ, ξcd,0), τ

)
dτ.

(4.120)
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For the terms ∂ξcd,0
δz

(n)
+ (ξcd,0, 0), we employ the boundary condition (4.113)2 on Γ̃cd∩{0 ≤ ξ ≤

ξ∗cd,0} again to deduce that

∂ξcd,0
δz

(n)
+ (ξcd,0, 0)

= ∂ξcd,0
δz

(n)
− (ξcd,0, 0)− 2

(
∂ξξcd,0∂ξcd,0

β
(n−1)
cd,1 + ∂ηξcd,0∂ξcd,0

β
(n−1)
cd,2

)
∂ξcd,0

δϕ(n)(ξcd,0, 0)

− 2
(
∂ξξcd,0β

(n−1)
cd,1 + ∂ηξcd,0β

(n−1)
cd,2

)
∂2
ξcd,0ξcd,0

δϕ(n)(ξcd,0, 0)− 2c′cd(ξcd,0).

(4.121)

Thus, by Lemma 4.6 and (4.121), and by letting ε̃ > 0 sufficiently small, there exist positive

constants C′I,8 and ε′I,8 depending only on Ũ and L, such that for ε̃ < εI ∈ (C′I,8ε̃, ε′I,8), it holds
that

‖Dδz(n)
+ ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

≤ ‖Dξcd,0‖0,0;Ω̃
(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

‖∂ξcd,0
δz

(n)
+ ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

≤ C
(
‖Dδz(n)

− ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+ ‖Dδϕ(n)‖1,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

)
≤ C

(
‖Dδz(n)

− ‖0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+ ‖Dδϕ(n)‖1,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

)
+ C

( ∑
k=e,h

∥∥δB̃(k)′

0

∥∥
0,0;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)′

0

∥∥
0,0;Γ̃

(k)
in

)
,

(4.122)

where C = C(Ũ , L) > 0.
By the estimates (4.117) and (4.122), following the proof of Proposition 4.3 in [36], we can

choose positive constants C′I,8 and ε′I,8 depending only on Ũ , such that for ε̃ < εI ∈ (C′I,8ε̃, ε′I,8)
with ε̃ > 0 sufficiently small, it holds that∥∥δz(n)

+

∥∥
1,0;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

≤ C
(
‖δz(n)

+ ‖1,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+ ‖Dδz(n)

+ ‖1,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

)
≤ C

(
‖δϕ(n)‖

2,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+ ‖δz(n)

− ‖1,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,0;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,0;Γ̃

(k)
in

)
.

(4.123)

Then we only need to estimate [Dδz
(n)
+ ]

0,α;Ω̃(h)∩(Ω̃
(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I )

. As in the proof of Proposition

4.4, we take two points P̌ = (ξP̌ , ηP̌ ), Q̌ = (ξQ̌, ηQ̌) ∈ Ω̃
(h)
II ∪ Ω̃

(h)
IV ∪ Ω̃

(h)
V I , satisfying (4.81) with

P̌−(0) = (ξP̌−(0), 0) and Q̌−(0) = (ξQ̌−(0), 0). Next, we substitute them into (4.119) and (4.120)

to obtain

∂ξδz
(n)
+ (P̌ ) = ∂ξξcd,0(P̌ )∂ξcd,0

δz
(n)
+ (P̌−(0))−

∫ ηP̌

0
∂ξ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
P̌−(τ)

)
dτ,

∂ηδz
(n)
+ (P̌ ) = ∂ηξcd,0(P̌−(0))∂ξcd,0

δz
(n)
+ (P̌−(0))−

∫ ηP̌

0
∂τ
( 1

λ
(n−1)
−

)
∂ξδz

(n)
+ (P̌−(τ))dτ,

(4.124)



TRANSONIC CONTACT DISCONTINUITY IN A NOZZLE 55

and

∂ξδz
(n)
+ (Q̌) = ∂ξξcd,0(Q̌)∂ξcd,0

δz
(n)
+ (Q̌−(0))−

∫ ηQ̌

0
∂ξ

( 1

λ
(n−1)
−

)
∂ξδz

(n)
+

(
Q̌−(τ)

)
dτ,

∂ηδz
(n)
+ (Q̌) = ∂ηξcd,0(Q̌−(0))∂ξcd,0

δz
(n)
+ (Q̌−(0))−

∫ ηQ̌

0
∂τ
( 1

λ
(n−1)
−

)
∂ξδz

(n)
+ (Q̌−(τ))dτ.

(4.125)

Without loss of generality, we also assume that ηP̌ < ηQ̌ and let Q̌−(ηP̌ ) = (χ
(n)
− (ηP̌ , ξQ̌−(0)), ηP̌ ).

By (4.124) and (4.122) on the contact discontinuity Γ̃cd ∩ {0 ≤ ξ ≤ ξ∗cd,0}, we have

d−α
(
P̌ , Q̌−(ηP̌ )

)∣∣∣Dξcd,0(P̌ )∂ξcd,0
δz

(n)
+ (P̌−(0))−Dξcd,0(Q̌−(ηP̌ ))∂ξcd,0

δz
(n)
+ (Q̌−(0))

∣∣∣
≤d−α

(
P̌ , Q̌−(ηP̌ )

)∣∣∣Dξcd,0(P̌ )−Dξcd,0(Q̌−(ηP̌ )
∣∣∣∣∣∂ξcd,0

δz
(n)
+ (P̌−(0))

∣∣
+ C

∣∣Dξcd,0(Q̌−(0))
∣∣d−α(P̌−(0), Q̌−(0)

)∣∣∣∂ξcd,0
δz

(n)
+ (P̌−(0))− ∂ξcd,0

δz
(n)
+ (Q̌−(0))

∣∣∣
≤C
[
Dξcd,0

]
0,α;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

∥∥∂ξδz(n)
+

∥∥
0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+ C
∥∥Dξcd,0

∥∥
0,0;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
P̌−(0), Q̌−(0)

)∣∣∣∂ξcd,0
δz

(n)
+ (P̌−(0))− ∂ξcd,0

δz
(n)
+ (Q̌−(0))

∣∣∣.
For the last term, by (4.121), we can choose positive constants C′′h,9 and ε′′h,9 depending only

on Ũ , L and α, such that for ε̃ < εI ∈ (C′′h,9ε̃, ε′′h,9) with ε̃ > 0 sufficiently small, it holds that

d−α
(
P̌−(0), Q̌−(0)

)∣∣∣∂ξcd,0
δz

(n)
+ (P̌−(0))− ∂ξcd,0

δz
(n)
+ (Q̌−(0))

∣∣∣
≤C
(∥∥D2δϕ(n)

∥∥
0,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∥∥Dδz(n)

−
∥∥

0,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥(δB̃
(k)
0 )′

∥∥
0,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥(δS̃
(k)
0 )′

∥∥
0,α;Γ̃

(k)
in

)
,

where the constant C > 0 depends only on Ũ , L and α.
From the estimate (4.123) and by Lemma 4.6, we can obtain

d−α
(
P̌ , Q̌−(ηP̌ )

)∣∣∣Dξcd,0(P̌ )∂ξcd,0
δz

(n)
+ (P̌−(0))−Dξcd,0(Q̌−(ηP̌ ))∂ξcd,0

δz
(n)
+ (Q̌−(0))

∣∣∣
≤C
(∥∥δϕ(n)

∥∥
2,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∥∥δz(n)
−
∥∥

1,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

)
,

where the positive constant C depends only on Ũ , L and α.
Similarly to the arguments in the proof of Proposition 4.4, we can also choose positive con-

stants C′′′h,9 and ε′′′h,9 depending only on Ũ , L and α, such that for ε̃ < εI ∈ (C′′′h,9ε̃, ε
′′′
h,9) with ε̃ > 0
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sufficiently small, the following

sup
P̌ ,Q̌−(ηP̌ )∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
P̌ , Q̌−(ηP̌ )

)∣∣∣Dδz(n)
+ (P̌ )−Dδz(n)

+ (Q̌−(ηP̌ ))
∣∣∣

≤ C
(∥∥δϕ(n)

∥∥
2,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∥∥δz(n)
−
∥∥

1,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

)
,

holds by the Gronwall inequality.
On the other hand, by the equations (4.119)–(4.120) and (4.125), and the estimates (4.73)-

(4.74) and (4.123), we can also deduce that

sup
Q̌−(ηP̌ ),Q̌∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
Q̌−(ηP̌ ), Q̌

)∣∣∣Dδz(n)
+ (Q̌−(ηP̌ ))−Dδz(n)

+ (Q̌)
∣∣∣

≤ sup
Q̌−(ηP̌ ),Q̌∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
Q̌−(ηP̌ ), Q̌

)∣∣∣Dξcd,0(Q̌−(ηP̌ ))−Dξcd,0(Q̌)
∣∣∣|∂ξcd,0

δz
(n)
+ (P̌−(0))|

+ sup
Q̌−(ηP̌ ),Q̌∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
Q̌−(ηP̌ ), Q̌

) ∫ ηQ̌

ηP̌

∣∣∣∣D( 1

λ
(n−1)
−

)
∂ξδz

(n)
+ (Q̌−(τ))

∣∣∣∣dτ
≤ C

(∥∥D2δϕ(n)
∥∥

0,0;Γ̃cd∩{0≤ξ≤ξ∗cd,0}
+
∑
k=e,h

∥∥(δB̃(k)
0 , δS̃

(k)
0

)∥∥
1,0;Γ̃

(k)
in

)
,

provided that ε̃ < εI ∈ (C′′′h,9ε̃, ε
′′′
h,9) with ε̃ > 0 sufficiently small. Here, the constant C > 0

depending only on Ũ , L and α.
With the two estimates above, we thus obtain

sup
P̂ ,Q̂∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
P̌ , Q̌

)∣∣∣Dδz(n)
+ (P̌ )−Dδz(n)

+ (Q̌)
∣∣∣

≤ sup
P̌ (ηP̌ ),Q̌(ηP̌ )∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
P̌ (ηP̌ ), Q̌(ηP̌ )

)∣∣∣Dδz(n)
+ (P̌ (ηP̌ ))−Dδz(n)

+ (Q̌(ηP̌ ))
∣∣∣

+ sup
Q̌(ηP̌ ),Q̌(ηQ̌)∈Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

d−α
(
Q̌(ηP̌ ), Q̌(ηQ̌)

)∣∣∣Dδz(n)
+ (Q̌(ηP̌ ))−Dδz(n)

+ (Q̌(ηQ̌))
∣∣∣

≤ C
(∥∥D2δϕ(n)

∥∥
0,α;(Γ̃cd∪{O})∩{0≤ξ≤ξ∗cd,0}

+
∥∥Dδz(n)

−
∥∥

0,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

)
,

which gives the estimates on
[
Dδz

(n)
+

]
0,α;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

.

Finally, combining the estimates on ‖δz(n)
+ ‖1,0;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

and
[
Dδz

(n)
+

]
0,α;Ω̃

(h)
II ∪Ω̃

(h)
IV ∪Ω̃

(h)
V I

,

there exist constants C̃∗46 > 0, and Ch,9 = max{C′h,9, C′′h,9, C′′′h,9} and εh,9 = min{ε′h,9, ε′′h,9, ε′′′h,9}



TRANSONIC CONTACT DISCONTINUITY IN A NOZZLE 57

depending only on Ũ , L and α, such that for ε̃ < εI ∈ (Ch,9ε̃, εh,9) with ε̃ > 0 is sufficiently small,
the estimate (4.115) holds. �

With Propositions 4.3-4.5, we now give the proof of Proposition 4.2.

Proof of Proposition 4.2. We will show the estimate (4.52) by adopting the induction argument.
It follows from (4.86), (4.96), (4.99) and (4.114) that

‖δz(n)
− ‖1,α;Ω̃I∪ΩII∪ΩIII∪ΩIV

≤ C∗1,−
(
‖δz0‖1,α;Γ̃

(h)
in

+ ‖g− − 1‖2,α;Γ̃−∩{0≤ξ≤ξ∗−,0}

)
, (4.126)

and

‖δz(n)
+ ‖1,α;Ω̃I∪ΩII∪ΩIII∪ΩIV

≤C∗1,+
(
‖δz0‖1,α;Γ̃

(h)
in

+
∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+ ‖δϕ(n)‖2,α;Γ̃cd∩{0≤ξ≤ξ∗cd,0}

)
.

(4.127)

Let ξ∗0 = min{ξ∗cd,0, ξ
∗
−m(h),0

} and Ω̃
(h)
0 := Ω̃(h) ∩ {0 ≤ ξ ≤ ξ∗0}. Then, there exist constants

C∗1 > 0 and Ch,0 = max{Ch,7, Ch,8, Ch,9} and εh,0 = min{εh,7, εh,8, εh,9} depending only on Ũ , L
and α, such that for ε̃ < εI ∈ (Ch,0ε̃, εh,0) with ε̃ > 0 is sufficiently small, it holds that

‖δz(n)‖
1,α;Ω

(h)
0

≤ C∗1
(
‖δz0‖1,α;Γ̃

(h)
in

+
∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+ ‖δϕ(n)‖
2,α;Γ̃cd∩{0≤ξ≤ξ∗0}

+ ‖g− − 1‖2,α;Γ̃−∩{0≤ξ≤ξ∗0}

)
.

Let (ξ∗cd,1, 0) be the intersection point of the characteristics with the speed λ+ starting from

(ξ∗0 ,−m(h)) and the transonic contact discontinuity η = 0. Let (ξ∗−m(h),1
,−m(h)) stand for the

point where the characteristics with the speed λ− starting from (ξ∗0 , 0) and the lower nozzle wall

Γ̃
(h)
− intersect. Set Ω̃

(h)
1 := Ω̃(h) ∩ {ξ∗0 ≤ ξ ≤ ξ∗1}. Regarding the line ξ = ξ∗0 as ξ = 0 and then

repeating the arguments for proving Propositions 4.3–4.5 again, we have

‖δz(n)‖
1,α;Ω̃

(h)
1

≤ C∗2
(
‖δz(n)‖1,α;{ξ=ξ∗1} +

∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+ ‖δϕ(n)‖
2,α;Γ̃cd∩{ξ∗0≤ξ≤ξ∗1}

+ ‖g− − 1‖2,α;Γ̃−∩{ξ∗0≤ξ≤ξ∗1}

)
≤ C̃∗2

(
‖δz0‖1,α;Γ̃

(h)
in

+
∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+ ‖δϕ(n)‖
2,α;Γ̃cd∩{0≤ξ≤ξ∗1}

+ ‖g− − 1‖2,α;Γ̃−∩{0≤ξ≤ξ∗1}

)
.

(4.128)

Finally, by (4.67), we notice that ξ∗0 depends on λ
(n−1)
± and m(h). Furthermore, (4.74) and

the uniform bound of m(h) imply that ξ∗0 also has a uniform lower bound independent of n and

εI . Thus, we can repeat the process ` times with ` = [ Lξ∗0
] + 1 for the finite length L, where `

has a uniform upper bound.

Define ξ∗` and Ω̃
(h)
` . Obviously Ω̃(h) = ∪0≤k≤`Ω̃

(h)
k . By taking the summation of all the

estimates as in (4.128) altogether for k = 0, · · ·, `, we obtain (4.52). This completes the proof
of Proposition 4.2. �

Now we give the proof of the main result in this section.
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Proof of Theorem 4.1. By the estimate (4.4) and Proposition 4.2, we have

‖δz(n)‖1,α;Ω̃(h) ≤ C
(∥∥δz0

∥∥
1,α;Γ̃

(h)
in

+
∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∑
k=e,h

‖δB̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∑
k=e,h

‖δS̃(k)
0 ‖1,α;Γ̃

(k)
in

+
∥∥g− + 1

∥∥
2,α;Γ̃−

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(e)
ex

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)
.

(4.129)

The we can choose constants α0 ∈ (0, 1) depending only on Ũ , L, and %0 > 0 depending on

ε̃, Ũ , and let ε∗I = min{εe,0, ε
∗
h,0}, C∗0 = max{Ce,0, Ch,0}, such that for any α ∈ (0, α0), % ∈ (0, %0)

and ε̃ < εI ∈ (C∗0 ε̃, ε∗I) with ε̃ > 0 sufficiently small, if (δϕ(n−1), δz(n−1)) ∈ K2εI and ωcd ∈ W
with ‖ωcd‖

(−α,{Pe})
1,α;Γ̃cd

≤ %, we can get the estimate (4.1) by Proposition 4.1 and (4.129). This

completes the proof of the Theorem 4.1.
�

5. Determination of the Flow Slope Function ωcd as a Fixed Point

In this section, we employ the implicit function theorem to show that the map Tω admits a
unique fixed point ωcd. For the precise statement of the implicit function theorem, we refer to
Theorem 4.B on page 150 of the book [54]. For a fixed n, we define

F (ωcd;ω0) = Tω(ωcd;ω0)− ωcd = tan
(δz(n)

− + δz
(n)
+

2

)
− ωcd, (5.1)

where ω0 = (p̃
(e)
0 , B̃

(e)
0 , S̃

(e)
0 , z0, B̃

(h)
0 , S̃

(h)
0 , ω̃e, g+, g−). Let

W0 = C1,α(Γ̃
(e)
in )× C1,α(Γ̃

(e)
in )× C1,α(Γ̃

(e)
in )× (C1,α(Γ̃

(h)
in ))2

× C1,α(Γ̃
(h)
in )× C1,α(Γ̃

(h)
in )× C2,α

(−1−α,{Pe,Qe})(Γ̃
(e)
ex )× C2,α(Γ̃+)× C2,α(Γ̃−).

(5.2)

Then the map

F : W ×W0 −→W with F (0,ω) = 0, (5.3)

with ω = (p(e), B̃
(e)
, S̃

(e)
, z, B̃

(h)
, S̃

(h)
, 0, 1,−1) has the property in the following proposition.

Proposition 5.1. For any given m(e) ∈Mσ with σ > 0 sufficiently small, there exists a constant
ε̃∗0 > 0 depending only on Ũ and L, such that if

M (h) ≥
√

1 + L2/4, (5.4)

with M (h) = u(h)

c(h) and

‖ω0 − ω‖W0 < ε̃, (5.5)

with ε̃ ∈ (0, ε̃∗0), the equation F (ωcd;ω0) = 0 admits a unique solution ωcd ∈ C1,α
(−α,{Pe})(Γ̃cd)

satisfying

‖ωcd‖
(−α,{Pe})
1,α;Γ̃cd

≤ Cω ε̃, (5.6)

where Cω > 0 is a constant depending only on ω and L.
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Proof. We will divide the proof into three steps. For the simplicity of notation, we write
F (ωcd;ω0) and its derivatives Fωcd

[ωcd;ω0] with respect to ωcd as F (ωcd) and Fωcd
[ωcd], re-

spectively.

Step 1: Definition of the map Fωcd
[ωcd].

For any ωcd, δωcd ∈ W satisfying the Theorem 4.1, and for τ > 0, we consider the limit of∥∥F (ωcd + τδωcd)−F (ωcd)− τFωcd
[ωcd](δωcd)

∥∥(−α,{Pe})
1,α;Γ̃cd

τ
∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

as τ → 0.
Let (δϕ

(n)
ωcd+τδωcd

, δz
(n)
ωcd+τδωcd

) and (δϕ
(n)
ωcd , δz

(n)
ωcd) be the solutions of the problem (F̃P)n with

the boundary conditions:

∂ξδϕ
(n)
ωcd+τδωcd

= ωcd + τδωcd, ∂ξδϕ
(n)
ωcd

= ωcd,

on Γ̃cd, respectively. Denote

ϕ̇(n,τ)
ωcd

=
δϕ

(n)
ωcd+τδωcd

− δϕ(n)
ωcd

τ
, ż(n,τ)

ωcd
=
δz

(n)
ωcd+τδωcd

− δz(n)
ωcd

τ
.

By the direct computation, we know that (ϕ̇
(n,τ)
ωcd , ż

(n,τ)
ωcd ) satisfies the following boundary value

problem:

∑
i,j=1,2 ∂i

(
a

(n)
ij,ωcd

∂jϕ̇
(n,τ)
ωcd

)
=
∑

i,j=1,2 ∂i

(a(n)
ij,ωcd

−a(n)
ij,ωcd+τδωcd
τ ∂jδϕ

(n)
ωcd+τδωcd

)
, in Ω̃(e),

∂1ż
(n,τ)
−,ωcd

+ λ
(n−1)
+ ∂2ż

(n,τ)
−,ωcd

= 0, in Ω̃(h),

∂1ż
(n,τ)
+,ωcd

+ λ
(n−1)
− ∂2ż

(n,τ)
+,ωcd

= 0, in Ω̃(h),

ϕ̇
(n,τ)
ωcd = g

(n,τ)
0,ωcd

(η), on Γ̃
(e)
in ,

∂1ϕ̇
(n,τ)
ωcd = 0, on Γ̃

(e)
ex ,

ż
(n,τ)
ωcd = 0, on Γ̃

(h)
in ,

ϕ̇
(n,τ)
ωcd = g

(n,τ)
+,ωcd

(ξ), on Γ̃+,

δϕ
(n,τ)
ωcd =

∫ ξ
0 δωcd(ν)dν, on Γ̃cd,

ż
(n,τ)
−,ωcd

− ż(n,τ)
+,ωcd

= 2β
(n−1)
cd,1 ∂1ϕ̇

(n,τ)
ωcd + 2β

(n−1)
cd,2 ∂2ϕ̇

(n,τ)
ωcd , on Γ̃cd,

ż
(n,τ)
−,ωcd

+ ż
(n,τ)
+,ωcd

= 0, on Γ̃−,

(5.7)

where λ
(n−1)
± , β

(n−1)
0,i and β

(n−1)
cd,i (i = 1, 2) are defined as in (3.65)-(3.66) and (3.70),

a
(n)
ij,k =

∫ 1

0
∂∂jϕNi

(
Dϕ+ ςDδϕ

(n)
k ; B̃

(e)
0 , S̃

(e)
0

)
dς, (i, j = 1, 2), k = ωcd, ωcd + τδωcd,

satisfying (4.10)-(4.13),

g
(n,τ)
0,ωcd

(η) = − 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β
0,j

)
∂jϕ̇

(n,τ)
ωcd

dµ

− 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β(n)
0,j,ωcd

τ

)
∂jδϕ

(n)
ωcd
dµ,
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and g
(n,τ)
+,ωcd

(ξ) = g
(n,τ)
0,ωcd

(m(e)), with

β
(n)
0,j,ωcd+τδωcd

=

∫ 1

0
∂∂jϕp̃

(e)
(
Dϕ+ νDδϕ

(n)
ωcd+τδωcd

; B̃
(e)
0 , S̃

(e)
0

)
dν,

β
(n)
0,j,ωcd

=

∫ 1

0
∂∂jϕp̃

(e)
(
Dϕ+ νDδϕ(n)

ωcd
; B̃

(e)
0 , S̃

(e)
0

)
dν.

(5.8)

As a special case of Section 4, the problem (5.7) has a unique solution ϕ̇
(n,τ)
ωcd ∈ C

(−1−α,Σ̃(e)\{O})
2,α (Ω̃(e))

and ż
(n,τ)
ωcd ∈ C1,α(Ω̃(h)) satisfying

‖ϕ̇(n,τ)
ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+ ‖ż(n,τ)

ωcd
‖1,α;Ω̃(h)

≤ C
(
‖δϕ(n)

ωcd+τδωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
‖ϕ̇(n,τ)

ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+ ‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

)
≤ C

(
‖ω0 − ω‖W0 + ‖ωcd‖

(−α,{Pe})
1,α;Γ̃cd

+ τ‖δωcd‖
(−α,{Pe})
1,α;Γ̃cd

)
‖ϕ̇(n,τ)

ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)

+ C‖δωcd‖
(−α,{Pe})
1,α;Γ̃cd

≤ C
(
ε̃+ %+ τ‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

)
‖ϕ̇(n,τ)

ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+ C‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

,

(5.9)

for α ∈ (0, α0) with α0 ∈ (0, 1) depending only on Ũ and L, where we have used the estimate

(4.1) in Theorem 4.1 for δϕ
(n)
ωcd+τδωcd

by changing the boundary data ωcd to ωcd + τδωcd on Γ̃cd.

Here, the constant C > 0 depends only on Ũ , L and α.
First, we choose ε̃∗0 > 0, %∗0 > 0 and τ0 > 0 depending only on Ũ , L and α such that Cε̃∗0 ≤ 1

4 ,

C%∗0 ≤ 1
4 and Cτ0‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

≤ 1
4 . Then, for ε̃ ∈ (0, ε̃∗0), % ∈ (0, %∗0) and τ ∈ (0, τ0), we can

get by (5.9) that

‖ϕ̇(n,τ)
ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+ ‖ż(n,τ)

ωcd
‖1,α;Ω̃(h) ≤ C‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

, (5.10)

where the constant C > 0 depends only on Ũ , L and α. Therefore, by the compactness, we can

let (ϕ̇
(n,0)
ωcd , ż

(n,0)
ωcd ) be the limit of the solutions (ϕ̇

(n,τ)
ωcd , ż

(n,τ)
ωcd ) as τ → 0. Then, we have

∑
i,j=1,2 ∂i

(
a

(n)
ij,ωcd

∂jϕ̇
(n,0)
ωcd

)
=
∑

i,j=1,2 ∂i

(
Da

(n)
ij,ωcd

·Dϕ̇(n,0)
ωcd ∂jδϕ

(n)
ωcd

)
, in Ω̃(e),

∂1ż
(n,0)
−,ωcd

+ λ
(n−1)
+ ∂2ż

(n,0)
−,ωcd

= 0, in Ω̃(h),

∂1ż
(n,0)
+,ωcd

+ λ
(n−1)
− ∂2ż

(n,0)
+,ωcd

= 0, in Ω̃(h),

ϕ̇
(n,0)
ωcd = g

(n,0)
0,ωcd

(η), on Γ̃
(e)
in ,

∂1ϕ̇
(n,0)
ωcd = 0, on Γ̃

(e)
ex ,

ż
(n,0)
ωcd = 0, on Γ̃

(h)
in ,

ϕ̇
(n,0)
ωcd = g

(n,0)
+,ωcd

(ξ), on Γ̃+,

ϕ̇
(n,0)
ωcd =

∫ ξ
0 δωcd(ν)dν, on Γ̃cd,

ż
(n,0)
−,ωcd

− ż(n,0)
+,ωcd

= 2β
(n−1)
cd,1 ∂1ϕ̇

(n,0)
ωcd + 2β

(n−1)
cd,2 ∂2ϕ̇

(n,0)
ωcd , on Γ̃cd,

ż
(n,0)
−,ωcd

+ ż
(n,0)
+,ωcd

= 0, on Γ̃−,

(5.11)
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with g
(n,0)
0,ωcd

(ξ) = g
(n,0)
+,ωcd

(m(e)) and

g
(n,0)
0,ωcd

(η) = − 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd

− β
0,j

)
∂jϕ̇

(n,0)
ωcd

dµ

− 1

β
0,2

∑
j=1,2

∫ η

0
Dβ

(n)
0,j,ωcd

Dϕ̇(n,0)
ωcd

∂jδϕ
(n)
ωcd
dµ.

(5.12)

Moreover, by the methods used in Section 4, we have the following estimate

‖ϕ̇(n,0)
ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+ ‖ż(n,0)

ωcd
‖1,α;Ω̃(h) ≤ C‖δωcd‖

(−α;{Pe})
1,α;Γ̃cd

, (5.13)

where the constant C > 0 depends only on Ũ , L and α.

Now, let us consider the convergence rate of the limits ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd and ż

(n,τ)
ωcd − ż

(n,0)
ωcd as

τ → 0. By (5.7) and (5.11), ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd and ż

(n,τ)
ωcd − ż

(n,0)
ωcd satisfy the following problem:

∑
i,j=1,2 ∂i

(
a

(n)
ij,ωcd

∂j(ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd )

)
=
∑

i,j=1,2 ∂i

(
a

(n)
ij,ωcd

−a(n)
ij,ωcd+τδωcd
τ ∂jδϕ

(n)
ωcd+τδωcd

−Da(n)
ij,ωcd

·Dϕ̇(n,0)
ωcd ∂jδϕ

(n)
ωcd

)
, in Ω̃(e),

∂1(ż
(n,τ)
−,ωcd

− ż(n,0)
−,ωcd

) + λ
(n−1)
+ ∂2(ż

(n,τ)
−,ωcd

− ż(n,0)
−,ωcd

) = 0, in Ω̃(h),

∂1(ż
(n,τ)
+,ωcd

− ż(n,0)
+,ωcd

) + λ
(n−1)
− ∂2(ż

(n,τ)
+,ωcd

− ż(n,0)
+,ωcd

) = 0, in Ω̃(h),

ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd = g

(n,τ)
0,ωcd

(η)− g(n,0)
0,ωcd

(η), on Γ̃
(e)
in ,

∂1(ϕ̇
(n,τ)
ωcd − ϕ̇

(n)
ωcd) = 0, on Γ̃

(e)
ex ,

ż
(n,τ)
ωcd − ż

(n,0)
ωcd = 0, on Γ̃

(h)
in ,

ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd = g

(n,τ)
+,ωcd

(ξ)− g(n,0)
+,ωcd

(ξ), on Γ̃+,

ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd = 0, on Γ̃cd,

ż
(n,τ)
−,ωcd

− ż(n,0)
−,ωcd

− (ż
(n,τ)
+,ωcd

− ż(n,0)
+,ωcd

)

= 2β
(n−1)
cd,1 ∂1(ϕ̇

(n,τ)
ωcd − ϕ̇

(n,0)
ωcd ) + 2β

(n−1)
cd,2 ∂2(ϕ̇

(n,τ)
ωcd − ϕ̇

(n,0)
ωcd ), on Γ̃cd,

ż
(n,τ)
−,ωcd

− ż(n,0)
−,ωcd

+ ż
(n,τ)
+,ωcd

− ż(n,0)
+,ωcd

= 0, on Γ̃−,

(5.14)

with g
(n,τ)
+,ωcd

(ξ)− g(n,0)
0,ωcd

(ξ) = g
(n,τ)
0,ωcd

(m(e))− g(n,0)
0,ωcd

(m(e)) and

g
(n,τ)
0,ωcd

(η)− g(n,0)
0,ωcd

(η)

= − 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β
0,j

)(
∂jϕ̇

(n,τ)
ωcd
− ∂jϕ̇(n,0)

ωcd

)
dµ

− 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β(n)
0,j,ωcd

)
∂jϕ̇

(n,0)
ωcd

dµ

− 1

β
0,2

∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β(n)
0,j,ωcd

τ
−Dβ(n)

0,j,ωcd
Dϕ̇(n,0)

ωcd

)
∂jδϕ

(n)
ωcd
dµ,

(5.15)
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satisfying∥∥g(n,τ)
0,ωcd

− g(n,0)
0,ωcd

∥∥(−1−α,{O,QI})
2,α;Γ̃

(e)
in

≤ 1

β
0,2

∥∥∥∥∥ ∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β
0,j

)(
∂jϕ̇

(n,τ)
ωcd
− ∂jϕ̇(n,0)

ωcd

)
dµ

∥∥∥∥∥
(−1−α,{O,QI})

2,α;Γ̃
(e)
in

+
1

β
0,2

∥∥∥∥∥ ∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β(n)
0,j,ωcd

)
∂jϕ̇

(n,0)
ωcd

dµ

∥∥∥∥∥
(−1−α,{O,QI})

2,α;Γ̃
(e)
in

+
1

β
0,2

∥∥∥∥∥ ∑
j=1,2

∫ η

0

(
β

(n)
0,j,ωcd+τδωcd

− β(n)
0,j,ωcd

τ
−Dβ(n)

0,j,ωcd
Dϕ̇(n,0)

ωcd

)
∂jδϕ

(n)
ωcd
dµ

∥∥∥∥∥
(−1−α,{O,QI})

2,α;Γ̃
(e)
in

≤ C
∥∥δϕ(n,τ)

ωcd+τδωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+C
∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,0)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ

+C
(∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

)2∥∥δϕ(n)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ,

for σ > 0 sufficiently small. Here the constant C > 0 depends only on U (e), L and α. In the
same way, by choosing σ > 0 sufficiently small, we also have∥∥g(n,τ)

+,ωcd
− g(n,0)

+,ωcd

∥∥(−1−α,{QI,Qe})
2,α;Γ̃+

≤ C
∥∥δϕ(n,τ)

ωcd+τδωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+ Cτ
∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,0)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+ C
(∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

)2∥∥δϕ(n)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ.

(5.16)

Similarly to the proof of Proposition 4.1 in Section 4.1, we have in Ω̃(e) that

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

≤C

( ∑
i,j=1,2

∥∥∥∥a(n)
ij,ωcd

− a(n)
ij,ωcd+τδωcd

τ
∂jδϕ

(n)
ωcd+τδωcd

−Da(n)
ij,ωcd

·Dϕ̇(n,0)
ωcd

∂jδϕ
(n)
ωcd

∥∥∥∥(−α,Σ̃(e)\{O})

1,α;Ω̃(e)

)

+ C

(∥∥∥g(n,τ)
0,ωcd

− g(n,0)
0,ωcd

∥∥∥(−1−α,{O,QI})

2,α;Γ̃
(e)
in

+
∥∥∥g(n,τ)

+,ωcd
− g(n,0)

+,ωcd

∥∥∥(−1−α,{QI,Qe})

2,α;Γ̃+

)

≤C
∑
i,j=1,2

∥∥∥∥Da(n)
ij,ωcd

·Dϕ̇(n,0)
ωcd

(
∂jδϕ

(n)
ωcd+τδωcd

− ∂jδϕ(n)
ωcd

)∥∥∥∥(−α,Σ̃(e)\{O})

1,α;Ω̃(e)
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+ C
∑
i,j=1,2

∥∥∥∥(a(n)
ij,ωcd

− a(n)
ij,ωcd+τδωcd

τ
−Da(n)

ij,ωcd
·Dϕ̇(n,0)

ωcd

)
∂jδϕ

(n)
ωcd+τδωcd

∥∥∥∥(−α,Σ̃(e)\{O})

1,α;Ω̃(e)

+ C
∥∥δϕ(n,τ)

ωcd+τδωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+ C
∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,0)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ

+ C
(∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

)2∥∥δϕ(n)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ

≤C‖ϕ̇(n,0)
ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
‖ϕ̇(n,τ)

ωcd
‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
τ + C

(∥∥ϕ̇(n,τ)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

)2
τ

+ C
∥∥δϕ(n)

ωcd+τδωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+ C
∥∥ϕ̇(n,τ)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

∥∥ϕ̇(n,0)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) τ

+ C
∥∥δϕ(n)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

(∥∥ϕ̇(n,τ)
ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

)2

τ,

where the constant C = C(Ũ , L, α) > 0 is independent of n. Proposition 4.1 and (5.5) yield∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

≤ C
(
‖ω0 − ω‖W0 + ‖ωcd‖

(−α,{Pe})
1,α;Γ̃cd

+ τ‖δωcd‖
(−α,{Pe})
1,α;Γ̃cd

)∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e)

+ C
(∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)2
τ

≤ C
(
ε̃+ %+ τ‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

)∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) + C

(∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)2
τ.

Thus we can choose ε̃∗0 > 0, %∗0 > 0 and τ0 > 0 depending only on Ũ , L and α such that Cε∗0 ≤ 1
4 ,

C%∗0 ≤ 1
4 and Cτ0‖δωcd‖

(−α,{Pe})
1,α;Γ̃cd

≤ 1
4 , and then for ε̃ ∈ (0, ε̃∗0), % ∈ (0, %∗0) and τ ∈ (0, τ0), we

obtain ∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) ≤ C

(∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)2
τ, (5.17)

where C > 0 is a constant depending only on Ũ , L and α.

With the estimate for ϕ̇
(n,τ)
ωcd − ϕ̇

(n,0)
ωcd and together with the boundary condition on Γ̃cd, we can

further estimate the solution ż
(n,τ)
ωcd − ż

(n,0)
ωcd in Ω̃(h) as in Section 4.2 to deduce that∥∥ż(n,τ)

ωcd
− ż(n,0)

ωcd

∥∥
1,α;Ω̃(e) ≤ C

∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) . (5.18)

Hence, it follows from (5.17) and (5.18) that∥∥ϕ̇(n,τ)
ωcd
− ϕ̇(n,0)

ωcd

∥∥(−1−α,Σ̃(e)\{O})
2,α;Ω̃(e) +

∥∥ż(n,τ)
ωcd
− ż(n,0)

ωcd

∥∥
1,α;Ω̃(h) ≤ C

(∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)2
τ. (5.19)

Therefore, (ϕ̇
(n,τ)
ωcd , ż

(n,τ)
ωcd )→ (ϕ̇

(n,0)
ωcd , ż

(n,0)
ωcd ) as τ → 0 in C

(−1−α,Σ̃(e)\{O})
2,α (Ω̃(e))× C1,α(Ω̃(h)).
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Define

Fωcd
[ωcd](δωcd) :=

1

2
sec2

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

2

)(
ż

(n,0)
−,ωcd

+ ż
(n,0)
+,ωcd

)
− δωcd, (5.20)

which is a linear map. Then, we have

F (ωcd + τδωcd)−F (ωcd)− τFωcd
[ωcd](δωcd)

= tan
(δz(n)

−,ωcd+τδωcd
+ δz

(n)
+,ωcd+τδωcd

2

)
− tan

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

2

)
− τδωcd

− 1

2
τ sec2

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

2

)(
ż

(n,0)
−,ωcd

+ ż
(n,0)
+,ωcd

)
+ τδωcd

=
τ

2

∫ 1

0
sec2

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

+ ςτ(ż
(n,τ)
−,ωcd

+ ż
(n,τ)
+,ωcd

)

2

)
dς
(
ż

(n,τ)
−,ωcd

+ ż
(n,τ)
+,ωcd

)

− τ

2
sec2

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

2

)(
ż

(n,0)
−,ωcd

+ ż
(n,0)
+,ωcd

)
.

Thus, by (5.10) and (5.19), we can further deduce that

∥∥F (ωcd + τδωcd)−F (ωcd)− τFωcd
[ωcd](δωcd)

∥∥(−α,{Pe})
1,α;Γ̃cd

≤ C
(
τ‖ż(n,τ)

ωcd

∥∥2

1,α;Ω̃(h) +
∥∥ż(n,τ)

ωcd
− ż(n,0)

ωcd

∥∥
1,α;Ω̃(h)

)
τ

≤ C
(∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

)2
τ2,

which implies that∥∥F (ωcd + τδωcd)−F (ωcd)− τFωcd
[ωcd](δωcd)

∥∥(−α,{Pe})
1,α;Γ̃cd

τ
∥∥δωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

→ 0,

as τ → 0. Thus, Fωcd
[ωcd] is a Fréchet derivative with respect to ωcd for the functional F (ωcd).

Step 2: Continuity of the map F and Fωcd
[ωcd] at the point (ωcd,ω0) = (0,ω).

The continuity of map F at the point (ωcd,ω0) = (0,ω) follows directly from Theorem
4.1. Now, let us consider the continuity of the map Fωcd

[ωcd]. For any fixed δωcd with

‖δωcd‖
(−α,{Pe})
1,α;Γ̃cd

< +∞, we assume ωkcd → ωcd in C1,α
(−α,{Pe})(Γ̃cd) as k → ∞, and will show

that as k →∞,

Fωcd
[ωkcd](δωcd)→ Fωcd

[ωcd](δωcd), in C1,α
(−α,{Pe})(Γ̃cd). (5.21)
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By (5.11), the solutions (ϕ̇
(n,0)

ωkcd
, ż

(n,0)

ωkcd

) corresponding to ωkcd satisfy



∑
i,j=1,2 ∂i

(
a

(n)

ij,ωkcd

∂jϕ̇
(n,0)

ωkcd

)
=
∑

i,j=1,2 ∂i

(
Da

(n)

ij,ωkcd

·Dϕ̇(n,0)

ωkcd

∂jδϕ
(n)

ωkcd

)
, in Ω̃(e),

∂1ż
(n,0)

−,ωkcd

+ λ
(n−1)
+ ∂2ż

(n,0)

−,ωkcd

= 0, in Ω̃(h),

∂1ż
(n,0)

+,ωkcd

+ λ
(n−1)
− ∂2ż

(n,0)

+,ωkcd

= 0, in Ω̃(h),

ϕ̇
(n,0)

ωkcd

= g
(n,0)

0,ωkcd

, on Γ̃
(e)
in ,

∂1ϕ̇
(n,0)

ωkcd

= 0, on Γ̃
(e)
ex ,

ż
(n,0)

ωkcd

= 0, on Γ̃
(h)
in ,

ϕ̇
(n,0)

ωkcd

= g
(n,0)

+,ωkcd

, on Γ̃+,

ϕ̇
(n,0)

ωkcd

=
∫ ν

0 δωcd(ν)dν, on Γ̃cd,

ż
(n,0)

−,ωkcd

− ż(n,0)

+,ωkcd

= 2β
(n−1)
cd,1 ∂1ϕ̇

(n,0)

ωkcd

+ 2β
(n−1)
cd,2 ∂2ϕ̇

(n,0)

ωkcd

, on Γ̃cd,

ż
(n,0)

−,ωkcd

+ ż
(n,0)

+,ωkcd

= 0, on Γ̃−,

(5.22)

where g
(n,0)

0,ωkcd

is given in (5.12) by changing ωcd to ωkcd and g
(n,0)

+,ωkcd

(ξ) = g
(n,0)

0,ωkcd

(m(e)).

In the same way as in Step 1, we know that

(ϕ̇
(n,0)

ωkcd

, ż
(n,0)

ωkcd

)→ (ϕ̇(n,0)
ωcd

, ż(n,0)
ωcd

), in C
(−1−α,Σ̃(e)\{O})
2,α (Ω̃(e))× C1,α(Ω̃(h)),

and

δz
(n)

±,ωkcd

→ δz
(n)
±,ωcd

, in C1,α(Ω̃(h)), as k →∞.

Then∥∥Fωcd
[ωkcd](δωcd)−Fωcd

[ωcd](δωcd)
∥∥(−α,{Pe})

1,α;Γ̃cd

≤ 1

2

∥∥∥∥ sec2
(δz(n)

−,ωkcd

+ δz
(n)

+,ωkcd

2

)(
ż

(n,0)

−,ωkcd

+ ż
(n,0)

+,ωkcd

)
− sec2

(δz(n)
−,ωcd

+ δz
(n)
+,ωcd

2

)(
ż

(n,0)
−,ωcd

+ ż
(n,0)
+,ωcd

)∥∥∥∥(−α,{Pe})

1,α;Γ̃cd

≤ C
(
‖δz(n)

ωkcd

− δz(n)
ωcd
‖1,α;Ω̃(h) + ‖ż(n,0)

ωkcd

− ż(n,0)
ωcd
‖1,α;Ω̃(h)

)
→ 0, as k →∞,

which implies that (5.21) holds by (5.18) and Theorem 4.1.

Step 3: Fωcd
[ωcd]

∣∣
(ωcd,ω0)=(0,ω)

is an isomorphism.

We need to show that for any given function f ∈ C1,α
(−α,{Pe})(Γ̃cd), there exists a unique

δ̂ωcd ∈ C1,α
(−α,{Pe})(Γ̃cd) such that

(
Fωcd

[ωcd]
∣∣
(ωcd,ω0)=(0,ω)

)
(δ̂ωcd) = f , i.e.,

1

2

(
̂̇z(n,0)−,ωcd

+ ̂̇z(n,0)
+,ωcd

)
− δ̂ωcd = f, on Γ̃cd. (5.23)
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At the background state, the solution δ̂z(n,0)
ωcd

satisfies

e1∂11
̂̇ϕ(n,0)

ωcd
+ e2∂22

̂̇ϕ(n,0)
ωcd

= 0, in Ω̃
(e)
,

∂1
̂̇z(n,0)−,ωcd

+ λ+∂2
̂̇z(n,0)−,ωcd

= 0, in Ω̃
(h)
,

∂1
̂̇z(n,0)

+,ωcd
+ λ−∂2

̂̇z(n,0)
+,ωcd

= 0, in Ω̃
(h)
,

̂̇ϕ(n,0)
ωcd

= 0, on Γ̃
(e)
in ,

∂1
̂̇ϕ(n,0)

ωcd
= 0, on Γ̃

(e)
ex ,

̂̇z(n,0)
ωcd

= 0, on Γ̃
(h)
in ,

̂̇ϕ(n,0)
ωcd

= 0, on Γ̃+,

∂1
̂̇ϕ(n,0)

ωcd
= δ̂ωcd, on Γ̃cd,

̂̇z(n,0)−,ωcd
− ̂̇z(n,0)

+,ωcd
= 2β

cd,2
∂2
̂̇ϕ(n,0)

ωcd
, on Γ̃cd,

̂̇z(n,0)−,ωcd
+ ̂̇z(n,0)

+,ωcd
= 0, on Γ̃−,

(5.24)

where e1, e2 are given by (4.10) and

λ+ = −λ− =
ρ(h)u(h)c(h)√

(u(h))2 − (c(h))2
, β

cd,2
=

(ρ(e)c(e))2(u(e))3
√

(u(h))2 − (c(h))2

ρ(h)c(h)(u(h))2
(
(c(e))2 − (u(e))2

) > 0.

From (5.4), since

m(h)

λ+

=
ρ(h)u(h)

λ+

=

√
(M (h))2 − 1 ≥ L/2,

by the characteristic method we know that ̂̇z(n,0)−,ωcd
= 0 in Ω̃

(h)
. By (5.23), the boundary

condition for ̂̇ϕ(n,0)
ωcd

on Γ̃cd is

∂1
̂̇ϕ(n,0)

ωcd
+ β

cd,2
∂2
̂̇ϕ(n,0)

ωcd
= −f, on Γ̃cd. (5.25)

Then solving δ̂ωcd is equivalent to solving the following boundary value problem for ̂̇ϕ(n,0)
ωcd

in

Ω̃
(e)

for a given function f ∈ C1,α
(−α,{Pe})(Γ̃cd):

e1∂11
̂̇ϕ(n,0)

ωcd
+ e2∂22

̂̇ϕ(n,0)
ωcd

= 0, in Ω̃
(e)
,

̂̇ϕ(n,0)
ωcd

= 0, on Γ̃
(e)
in ,

∂1
̂̇ϕ(n,0)

ωcd
= 0, on Γ̃

(e)
ex ,

∂1
̂̇ϕ(n,0)

ωcd
+ β

cd,2
∂2
̂̇ϕ(n,0)

ωcd
= −f, on Γ̃cd.

(5.26)

In order to show the existence and uniqueness of problem (5.26), we introduce a new function

δ̂ψ(n)
ωcd

:= ∂1
̂̇ϕ(n,0)

ωcd
. (5.27)



TRANSONIC CONTACT DISCONTINUITY IN A NOZZLE 67

Then, δ̂ψ(n) satisfies

e1∂11δ̂ψ(n)
ωcd

+ e2∂22δ̂ψ(n)
ωcd

= 0, in Ω̃
(e)
,

∂1δ̂ψ(n)
ωcd

= 0, on Γ̃
(e)
in ,

δ̂ψ(n)
ωcd

= 0, on Γ̃
(e)
ex ,

∂1δ̂ψ(n)
ωcd

+ β
cd,2

∂2δ̂ψ(n)
ωcd

= −∂1f, on Γ̃cd.

(5.28)

By Theorem 1.1 in [39], (5.28) admits a unique solution δ̂ψ(n)
ωcd
∈ C(−α,Σ̃(e)\{O})

1,α (Ω̃
(e)

). Then,

by (5.27) and the boundary condition on Γ̃
(e)
ex for δ̂ψ(n)

ωcd
, we see that

̂̇ϕ(n,0)
ωcd

(ξ, η) =

∫ ξ

L
δ̂ψ(n)

ωcd
(s, η)ds.

By (5.28), it implies ̂̇ϕ(n,0)
ωcd
∈ C(−1−α,Σ̃(e)\{O})

2,α (Ω̃
(e)

).

Now, we can apply the implicit function theorem to conclude that, there exists a small constant
ε̃∗0 > 0 depending only on U and L such that for ε ∈ (0, ε̃∗0), the equation F (ωcd,ω0) = 0 admits
a unique solution ωcd = ωcd(ω0) satisfying

‖ωcd‖
(−α,{Pe})
1,α;Γ̃cd

≤ C̃ω‖ω0 − ω‖W0 ≤ C̃ω ε̃,

where C̃ω depends only on ω and L.
�

6. Existence and Uniqueness of Problem (FP)

Based on the arguments in Sections 3-4, we will prove in this section that the map J in (3.73)
constructed by the iteration algorithm (FP)n is a well-defined contractive map so that there
exists a fixed point, which is actually the solution of the fixed boundary value problem (FP).
We summarize this in the following lemma.

Lemma 6.1. For any given m(e) ∈ Mσ with σ > 0 sufficiently small and under the assump-
tions (3.77)-(3.78) in Theorem 3.3, there exist some constants α0 ∈ (0, 1), C∗I,0 > 0 and ε̃∗I,0 > 0

depending only on Ũ and L, such that for each α ∈ (0, α0) and ε̃ < εI ∈ (C∗I,0ε̃, ε̃∗I,0) with ε̃ > 0 suf-

ficiently small, the iteration algorithm (FP)n generates a well-defined sequence
{

(ϕ(n), z(n))
}∞
n=1

in K2εI . Moreover, the sequence
{

(ϕ(n), z(n))
}∞

n=1
is convergent in C1,α

(
Ω̃(e)

)
×C0,α

(
Ω̃(h)

)
and

its limit is the unique solution of the fixed boundary value problem (FP).

Proof. Firstly, it follows from Theorem 4.1 and Proposition 5.1 that∥∥δϕ(n)
∥∥(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e) + ‖δz(n)‖1,α;Ω̃(h)

≤C∗
(∥∥δp̃(e)

0

∥∥
1,α;Γ̃

(e)
in

+
∑
k=e,h

∥∥δB̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∑
k=e,h

∥∥δS̃(k)
0

∥∥
1,α;Γ̃

(k)
in

+
∥∥δz0

∥∥
1,α;Γ̃

(h)
in

+
∥∥ωcd

∥∥(−α,{Pe})
1,α;Γ̃cd

+
∥∥ω̃e

∥∥(−1−α,{Pe,Qe})
2,α;Γ̃

(h)
in

+
∥∥g+ − 1

∥∥
2,α;Γ̃+

+
∥∥g− + 1

∥∥
2,α;Γ̃−

)
≤C̃∗ε̃,
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where the constant C̃∗ = C̃∗(Ũ , L) > 0 is independent of n and ε̃. By taking ε̃ small enough

we can get that C̃∗ε̃ ≤ 2εI , which in turn indicates that the iteration algorithm (FP)n is well-
defined in K2εI . This means that the map J given in (3.71) is well defined and maps K2εI to
itself:

J : K2εI 7−→ K2εI .

Next, we will show that J is a contraction mapping in C1(Ω̃(e)) × C0(Ω̃(h)) which admits a

fixed point in C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1(Ω̃(h)). Let (ϕ(n+1), z(n+1)) := J (ϕ(n), z(n)) and

δZ(n+1) = δz(n+1) − δz(n), δΦ(n+1) = δϕ(n+1) − δϕ(n), (6.1)

where δz(n+1), δz(n) and δϕ(n+1), δϕ(n) are the solutions to the (FP)n, respectively. Then,

δZ(n+1) and δΦ(n+1) satisfy

∑
i,j=1,2 ∂j

(
a

(n)
ij ∂iδΦ

(n+1)
)

=
∑

i,j=1,2 ∂j

((
a

(n)
ij − a

(n+1)
ij

)
∂iδϕ

(n+1)
)
, in Ω̃(e),

∂1δZ
(n+1) + diag

(
λ

(n)
+ , λ

(n)
−
)
∂2δZ

(n+1)

= −diag
(
λ

(n)
+ − λ

(n−1)
+ , λ

(n)
− − λ

(n−1)
−

)
∂2δz

(n), in Ω̃(h),

δΦ(n+1) = g
(n+1)
0 (η)− g(n)

0 (η), on Γ̃
(e)
in ,

∂1δΦ
(n+1) = 0, on Γ̃

(e)
ex ,

δZ(n+1) = 0, on Γ̃
(h)
in ,

δΦ(n+1) = g
(n+1)
+ (ξ)− g(n)

+ (ξ), on Γ̃+,

δZ
(n+1)
− + δZ

(n+1)
+ = 2 arctan ∂1(δϕ(n) + δΦ(n+1))− 2 arctan ∂1δϕ

(n), on Γ̃cd,

δZ
(n+1)
− − δZ(n+1)

+ = 2β
(n)
cd,1∂1δΦ

(n+1) + 2β
(n)
cd,2∂2δΦ

(n+1)

+2
(
β

(n)
cd,1 − β

(n−1)
cd,1

)
∂1δϕ

(n) + 2
(
β

(n)
cd,2 − β

(n−1)
cd,2

)
∂2δϕ

(n), on Γ̃cd,

δZ
(n+1)
− + δZ

(n+1)
+ = 0, on Γ̃−,

(6.2)

where a
(`)
ij =

∫ 1
0 ∂iNi(Dϕ+ ςDδϕ(`))dς for ` = n, n + 1, and

g
(n+1)
0 − g(n)

0 = − 1

β
0,2

∑
j=1,2

∫ η

0

((
β

(n+1)
0,j − β

0,j

)
∂jδΦ

(n+1) −
(
β

(n+1)
0,j − β(n)

0,j

)
∂jδϕ

(n)

)
dµ,

g
(n+1)
+ − g(n)

+ = − 1

β
0,2

∑
j=1,2

∫ m(e)

0

((
β

(n+1)
0,j − β

0,j

)
∂jδφ

(n+1) −
(
β

(n+1)
0,j − β(n)

0,j

)
∂jδϕ

(n)

)
dµ.

(6.3)

Here β
(n+1)
0,j , β

(n)
0,j , j = 1, 2 are defined by (3.70) for δϕ(n) and δϕ(n+1).

Choosing ε̃ > 0 sufficiently small with |λ±|/m(h) ≥ L/2 and then following the argument in

Section 4.2, we know that there exists a constant C > 0 depending only on Ũ , L and α such
that∥∥δZ(n+1)

−
∥∥

0,α,Ω̃(h) ≤ C
(∥∥(λ(n)

+ − λ
(n−1)
+

)
∂2δz

(n)
−
∥∥

0,α;Ω̃(h) +
∥∥(λ(n)

− − λ
(n−1)
−

)
∂2δz

(n)
+

∥∥
0,α;Ω̃(h)

)
≤ CεI

∥∥δZ(n)
∥∥

0,α,Ω̃(h) .

(6.4)
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On the other hand, eliminating δZ
(n+1)
+ on Γ̃cd gives the boundary condition:

β̃
(n)
cd,1∂1δΦ

(n+1) + β̃
(n)
cd,2∂2δΦ

(n+1)

=
(
β

(n)
cd,1 − β

(n−1)
cd,1

)
∂1δϕ

(n) +
(
β

(n)
cd,2 − β

(n−1)
cd,2

)
∂2δϕ

(n) + δZ
(n+1)
− , on Γ̃cd,

(6.5)

where

β̃
(n)
cd,1 = β

(n)
cd,1 +

∫ 1

0

dς

1 + (∂1δϕ(n) + ς∂1δΦ(n+1))2
, β̃

(n)
cd,2 = β

(n)
cd,2.

For the solution δΦ(n+1) in Ω̃(e) with boundary condition (6.5), we have∥∥δΦ(n+1)
∥∥

1,α,Ω̃(e)

≤C
∥∥∥ ∑
i,j=1,2

∂j

((
a

(n)
ij − a

(n+1)
ij

)
∂iδϕ

(n+1)
)∥∥∥

0,α;Ω̃(e)
+
∥∥g(n+1)

0 − g(n)
0

∥∥
0,α;Γ̃

(e)
in

+
∥∥g(n+1)

+ − g(n)
+

∥∥
0,α;Γ̃+

+ C
∥∥∥(β(n)

cd,1 − β
(n−1)
cd,1

)
∂1δϕ

(n) +
(
β

(n)
cd,2 − β

(n−1)
cd,2

)
∂2δϕ

(n) + δZ
(n+1)
−

∥∥∥
0,α;Ω̃(e)

≤C
∑
j=1,2

∥∥∥∥∫ η

0

((
β

(n+1)
0,j − β

0,j

)
∂jδΦ

(n+1) −
(
β

(n+1)
0,j − β(n)

0,j

)
∂jδϕ

(n)

)
dµ

∥∥∥∥
0,α;Γ̃

(e)
in

+ C
∥∥∥(β(n)

cd,1 − β
(n−1)
cd,1

)
∂1δϕ

(n) +
(
β

(n)
cd,2 − β

(n−1)
cd,2

)
∂2δϕ

(n) + δZ
(n+1)
−

∥∥∥
0,α;Ω̃(e)

+ C
∥∥δϕ(n)

∥∥(−1−α,Σ̃(e)\{O})
2,α,Ω̃(e)

∥∥δΦ(n)
∥∥

1,α,Ω̃(e) +
∥∥δZ(n+1)

−
∥∥

0,α;Γ̃cd

≤C
(
ε̃+ εI

)(∥∥δZ(n)
∥∥

0,α,Ω̃(h) +
∥∥δΦ(n)

∥∥
1,α,Ω̃(e)

)
+ CεI

∥∥δΦ(n+1)
∥∥

1,α,Ω̃(e) ,

(6.6)

where we have used the estimate (6.4), provided that σ > 0 is sufficiently small. Then, similarly

to Section 4.2, we can solve δZ
(n+1)
+ with the boundary condition on Γ̃cd and the initial data on

Γ̃
(h)
in , together with the estimates (6.4) and (6.6). Thus,∥∥δZ(n+1)

+

∥∥
0,α,Ω̃(h)

≤C
∥∥∥2β

(n)
cd,1∂1δΦ

(n+1) + 2β
(n)
cd,2∂2δΦ

(n+1)
∥∥∥

0,α;Γ̃cd

+ C
∥∥∥2
(
β

(n)
cd,1 − β

(n−1)
cd,1

)
∂1δϕ

(n)
∥∥∥

0,α;Γ̃cd

+ C
∥∥∥2
(
β

(n)
cd,2 − β

(n−1)
cd,2

)
∂2δϕ

(n)
∥∥∥

0,α;Γ̃cd

+
∥∥δZ(n+1)

−
∥∥

0,α,Γ̃cd

≤C
(
ε̃+ εI

)(∥∥δZ(n)
∥∥

0,α,Ω̃(h) +
∥∥δΦ(n)

∥∥
1,α,Ω̃(e)

)
+ CεI

∥∥δΦ(n+1)
∥∥

1,α,Ω̃(e) .

(6.7)

Finally, combining the estimates (6.4), (6.6) and (6.7) together, we get∥∥δΦ(n+1)
∥∥

1,α;Ω̃(e) +
∥∥δZ(n+1)

∥∥
0,α,Ω̃(h)

≤ C
(
ε̃+ εI

)(∥∥δZ(n)
∥∥

0,α,Ω̃(h) +
∥∥δΦ(n)

∥∥
1,α,Ω̃(e)

)
+ CεI

∥∥δΦ(n+1)
∥∥

1,α,Ω̃(e) ,

where constant C > 0 depends only on Ũ , L and α.
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Then we can choose constants C∗I,0 > 0, ε∗I,0 > 0 and α0 ∈ (0, 1) depending on Ũ and L, such

that for any α ∈ (0, α0) and ε̃ < εI ∈ (C∗I,0ε̃, ε∗I) with ε̃ > 0 sufficiently small, the following holds∥∥δΦ(n+1)
∥∥

1,α;Ω̃(e) +
∥∥δZ(n+1)

∥∥
0,α,Ω̃(h) ≤

1

2

(∥∥δΦ(n)
∥∥

1,α;Ω̃(e) +
∥∥δZ(n)

∥∥
0,α;Ω̃(h)

)
, (6.8)

i.e., ∥∥J (δΦ(n), δZ(n))
∥∥
C1,α(Ω̃(e))×C0,α(Ω̃(h))

≤ 1

2

∥∥(δΦ(n), δZ(n))
∥∥
C1,α(Ω̃(e))×C0,α(Ω̃(h))

.

This implies that J is a contraction mapping. Hence, there exists a fixed point (δϕ, δz) ∈
C1,α(Ω̃(e))× C0,α(Ω̃(h)) such that

(δϕ(n), δz(n)) −→ (δϕ, δz) in C1,α(Ω̃(e))× C0,α(Ω̃(h)),

as n→∞.
On the other hand, by the estimate (4.3) and the compactness of the approximate solutions

in C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1,α(Ω̃(h)), there exists a subsequence

{
(δϕ(ni), δz(ni))

}∞
i=0

such that

(δϕ(ni), δz(ni)) −→ (δϕ∗, δz∗) in C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1,α(Ω̃(h)),

as i→∞. By the uniqueness of the limit, one has

(δϕ, δz) = (δϕ∗, δz∗) ∈ C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1,α(Ω̃(h)).

Define

ϕ := δϕ+ ϕ, z := δz + z.

Obviously, (ϕ, z) ∈ C2,α

(−1−α,Σ̃(e)\{O})(Ω̃
(e))× C1,α(Ω̃(h)) is a weak solution of the problem (FP).

�

Proof of Theorem 3.3. Now we are ready to prove Theorem 3.3. The existence of solutions to
the problem (FP) can be derived directly from Lemma 6.1. Next, for the uniqueness, we take
two solutions (ϕ1, z1) and (ϕ2, z2) which satisfy the estimate (3.79). Define

δΦ := δϕ1 − δϕ2, δZ := δz1 − δz2.

Then, following the same method as in the proof of the Lemma 6.1, one can show that (δΦ, δZ)

satisfies the estimate (6.8), where (δΦ(n+1), δZ(n+1)) and (δΦ(n), δZ(n)) are replaced by (δΦ, δZ).
This means that (δΦ, δZ) = (0, 0). Thus we have (ϕ1, z1) = (ϕ2, z2). �

7. Existence and Uniqueness of the Free Boundary Value Problem (NP)

Up to now, we have proved that for any m(e) ∈ Mσ, the problem (FP) admits a unique

solution
(
ϕ, z

)
satisfying the estimate (3.79). Then, we can define a new number m̂(e) by∫ m̂(e)

0

dτ

(ρ(e)u(e))(0, τ)
= g+(0). (7.1)

By Theorem 3.3, we know that ρ(e)u(e) > 0. Then the unique existence of the number m̂(e) of
equation (7.1) follows from the implicit function theorem, and hence the mapping T : m̂(e) =

T (m(e)) is well defined on Mσ (see (3.59)). Notice that∫ m(e)

0

dτ

ρ(e)u(e)
= 1,



TRANSONIC CONTACT DISCONTINUITY IN A NOZZLE 71

then ∫ m̂(e)

0

dτ

(ρ(e)u(e))(0, τ)
−
∫ m(e)

0

dτ

ρ(e)u(e)
= g+(0)− 1,

i.e., ∫ m̂(e)

m(e)

dτ

(ρ(e)u(e))(0, τ)
=

∫ m(e)

0

( 1

(ρ(e)u(e))(0, τ)
− 1

ρ(e)u(e)

)
dτ + g+(0)− 1.

Therefore,

|m̂(e) −m(e)| ≤ C
(∥∥ϕ− ϕ∥∥(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e) + ‖g+ − 1‖2,α;Γ̃+

)
≤ Cε̃,

where the constant C > 0 depends only on U , L and α. Hence, we can choose ε̃ > 0 sufficiently
small such that Cε̃ < σ. Then the mapping T is from Mσ to Mσ.

Next, we will show that the mapping T is contractive. Give two numbers m
(e)
A ,m

(e)
B ∈ Mσ

and the corresponding solutions are (ϕA, zA) and (ϕB, zB), which are defined respectively in the

domains Ω̃
(e)
A ∪ Ω̃

(h)
A and Ω̃

(e)
B ∪ Ω̃

(h)
B . Let

πA :

 ξ̆ = ξ, η̆ = η

m
(e)
A

, (ξ, η) ∈ Ω̃
(e)
A ,

ξ̆ = ξ, η̆ = η, (ξ, η) ∈ Ω̃
(h)
A ,

(7.2)

and

πB :

 ξ̆ = ξ, η̆ = η

m
(e)
B

, (ξ, η) ∈ Ω̃
(e)
B ,

ξ̆ = ξ, η̆ = η, (ξ, η) ∈ Ω̃
(h)
B .

(7.3)

Then, under the coordinate transformation πj , the domain Ω̃
(e)
j ∪ Ω̃

(h)
j (j = A,B) is transformed

into the same domain:

Ω̆(e) ∪ Ω̆(h) =
{

(ξ̆, η̆) : 0 < ξ̆ < 1, 0 < η̆ < 1
}
∪
{

(ξ̆, η̆) : 0 < ξ̆ < L, −m(h) < η̆ < 0
}
.

The boundaries Γ̃
(e)
in,j , Γ̃

(e)
ex,j , Γ̃

(h)
in,j , Γ̃+,j , Γ̃cd,j and Γ̃−,j , (j = A,B) become

Γ̆
(e)
in =

{
(ξ̆, η̆) : 0 < η̆ < 1, ξ̆ = 0

}
, Γ̆(e)

ex =
{

(ξ̆, η̆) : 0 < η̆ < 1, ξ̆ = L
}
,

Γ̆
(h)
in =

{
(ξ̆, η̆) : −m(h) < η̆ < 0, ξ̆ = 0

}
, Γ̆cd =

{
(ξ̆, η̆) : 0 < ξ̆ < L, η̆ = 0

}
,

and

Γ̆+ =
{

(ξ̆, η̆) : 0 < ξ̆ < L, η̆ = 1
}
, Γ̆− =

{
(ξ̆, η̆) : 0 < ξ̆ < L, η̆ = −m(h)

}
.

For j = A, B, denote D̆(j) =
(
∂̆

(j)
1 , ∂̆

(j)
2

)
=
(
∂ξ̆,

∂η̆

m
(e)
j

)
,

ϕ̆j(ξ̆, η̆) = ϕj(ξ̆,m
(e)
j η̆),

(
B̆

(e)
0,j , S̆

(e)
0,j

)
(η̆) =

(
B̃

(e)
0 , S̃

(e)
0

)
(ξ̆,m

(e)
j η̆), (7.4)

for (ξ̆, η̆) ∈ Ω̆(e), and

z̆j(ξ̆, η̆) = zj(ξ̆, η̆),
(
B̆

(h)
0,j , S̆

(h)
0,j

)
(ξ̆, η̆) =

(
B̃

(h)
0 , S̃

(h)
0

)
(ξ̆, η̆), (7.5)
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for (ξ̆, η̆) ∈ Ω̆(h). Then, ϕ̆j and z̆j , (j = A,B) satisfy

∂ξ̆N1

(
D̆(j)ϕ̆j ; B̆

(e)
0,j , S̆

(e)
0,j

)
+m

(e)
j ∂η̆N2

(
D̆(j)ϕ̆j ; B̆

(e)
0,j , S̆

(e)
0,j

)
= 0, in Ω̆(e),

∂ξ̆ z̆j + diag(λ̆+,j , λ̆−,j)∂η̆ z̆j = 0, in Ω̆(h),

p̆
(e)
j = p̃0(m

(e)
j η̆), on Γ̆

(e)
in ,

∂ξ̆ϕ̆j = ω̃e(m
(e)
j η̆), on Γ̆

(e)
ex ,

z̆j = z0(η̆), on Γ̆
(h)
in ,

∂ξ̆ϕ̆j = g+(ξ̆), on Γ̆+,

∂ξ̆ϕ̆j = ω̆
(h)
j , p̆

(e)
j = p̆

(h)
j , on Γ̆cd,

z̆−,j + z̆+,j = 2 arctan g′−(ξ̆), on Γ̆−,

(7.6)

where λ̆± = λ±
(
z̆; B̆

(h)
0 , S̆

(h)
0

)
and

ω̆
(h)
j = ω̃

(h)
j (ξ̆, η̆), p̆

(e)
j = p̃(e)

(
D̆(j)ϕ̆j ; B̆

(e)
0,j , S̆

(e)
0,j

)
, p̆

(h)
j = p̃

(h)
j (ξ̆, η̆). (7.7)

Set ϕ̆AB = ϕ̆A − ϕ̆B and z̆AB = z̆A − z̆B. Then, ϕ̆AB and z̆AB satisfy the following initial
boundary value problem:

∑
i,j=1,2 ∂̆

(A)
i

(
ăij(ξ̆, η̆)∂̆

(A)
j ϕ̆AB

)
= b̆, in Ω̆(e),

∂̆
(A)
1 z̆AB + diag(λ̆+,A, λ̆−,A)∂̆

(A)
2 z̆AB

= diag
(
λ̆+,B − λ̆+,A, λ̆−,B − λ̆−,A

)
∂̆2z̆

(A)
−,B, in Ω̆(h),

ϕ̆AB = ğ0,AB(η̆), on Γ̆
(e)
in ,

∂̆
(A)
1 ϕ̆AB = ω̃e(m

(e)
A η̆)− ω̃e(m

(e)
B η̆), on Γ̆

(e)
ex ,

z̆AB = 0, on Γ̆
(h)
in ,

ϕ̆AB = ğ+,AB(ξ̆), on Γ̆+,

z̆−,AB + z̆+,AB = 2 arctan(∂̆
(A)
1 ϕ̆AB + ∂̆

(A)
1 ϕ̆B)− 2 arctan ∂̆

(B)
1 ϕ̆B, on Γ̆cd,

z̆−,AB − z̆+,AB = 2β̆cd,1∂̆
(A)
1 ϕ̆AB + 2β̆cd,2∂̆

(A)
2 ϕ̆AB + 2c̆cd(ξ̆), on Γ̆cd,

z̆−,AB + z̆+,AB = 0, on Γ̆−,

(7.8)

where ăij(ξ̆, η̆) = aij
(
D̆(A)ϕ̆A, D̆

(A)ϕ̆B, η̆
)
, and

β̆0,` = β0,`

(
D̆(A)ϕ̆A, D̆

(A)ϕ̆B, η̆
)
, β̆cd,` = βcd,`

(
D̆(A)ϕ̆A, D̆

(A)ϕ̆B, η̆
)

for ` = 1, 2;

b̆ =
∑
`=1,2

∂̆
(A)
`

(
N`
(
D̆Bδϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)
−N`

(
D̆Aδϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

))
+
∑
`=1,2

∂̆
(B)
`

(
N`
(
D̆Bδϕ̆B; B̆

(e)
0,B, S̆

(e)
0,B

)
−N`

(
D̆Bϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

))
+
(
∂̆

(B)
2 − ∂̆(A)

2

)
N2

(
D̆Bϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)
,

c̆cd(ξ̆) = Θ
(
p(e)
(
D̆Aϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)
; B̆

(h)
0 , S̆

(h)
0

)
−Θ

(
p(e)
(
D̆Bϕ̆B; B̆

(e)
0,B, S̆

(e)
0,B

)
; B̆

(h)
0 , S̆

(h)
0

)
,
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ğ0,AB(η̌) =
1

β
0,2

∫ η̌

0

(
p̃

(e)
0 (m

(e)
A µ)− p̃(e)

0 (m
(e)
B µ)− p̃(e)

0
(m

(e)
A µ) + p̃(e)

0
(m

(e)
B µ)

)
dµ

− 1

β
0,2

∑
j=1,2

∫ η̌

0

(
β̌

(A)
0,j − β0,j

)
∂̌

(A)
j ϕ̌ABdµ

− 1

β
0,2

∑
j=1,2

∫ η̌

0

(
β̌

(A)
0,j − β̌

(B)
0,j

)
∂̌

(A)
j δϕ̌Bdµ

− 1

β
0,2

∑
j=1,2

∫ η̌

0

(
β̌

(B)
0,j − β0,j

)(
∂̌

(A)
j − ∂̌(A)

j

)
δϕ̌Bdµ,

and ğ+,AB(ξ) = ğ0,AB(1). Here β̌
(k)
0,j , (k = A,B, j = 1, 2) are given by

β̆
(k)
0,1 :=

∫ 1

0
∂
∂̆

(k)
1 ϕ̆

p̃(e)
(
D̆(k)ϕ+ νĎ(k)δϕ̌k;

˘̃B
(e)
0,k,

˘̃S
(e)
0,k

)
dν,

β̆
(k)
0,2 :=

∫ 1

0
∂
∂̆

(k)
2 ϕ̆

p̃(e)
(
D̆(k)ϕ+ νD̆(k)δϕ̆k;

˘̃B
(e)
0,k,

˘̃S
(e)
0,k

)
dν,

and δϕ̆k = ϕ̆k − ϕ for k = A,B.
By direct computations, we can choose σ0 > 0 which depends only on the background state

Ũ such that for any σ ∈ (0, σ0), we have

‖b̆‖0,α;Ω̆(e) ≤
∑
`=1,2

∥∥∥∂̆(A)
`

(
N`
(
D̆Bϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)
−N`

(
D̆Aϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

))∥∥∥
0,α;Ω̆(e)

+
∑
`=1,2

∥∥∥∂̆(B)
`

(
N`
(
D̆Bϕ̆B; B̆

(e)
0,B, S̆

(e)
0,B

)
−N`

(
D̆Bϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

))∥∥∥
0,α;Ω̆(e)

+
∥∥∥(∂̆(B)

2 − ∂̆(A)
2

)
N2

(
D̆Bϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)∥∥∥
0,α;Ω̆(e)

≤ C
(
‖δϕ̆B‖(−1−α,Σ̃(e)\{O})

2,α;Ω̃(e)
+
∥∥(B̆

(e)
0 −B

(e), S̆
(e)
0 − S

(e))
∥∥

1,α;Γ̆
(e)
in

)∣∣m(e)
A −m

(e)
B

∣∣
≤ Cε̃

∣∣m(e)
A −m

(e)
B

∣∣,
‖c̆cd(ξ̆)‖0,α;Γ̆cd

≤ 2

∥∥∥∥Θ
(
p(e)
(
D̆Aϕ̆B; B̆

(e)
0,A, S̆

(e)
0,A

)
; B̆

(h)
0 , S̆

(h)
0

)
−Θ

(
p(e)
(
D̆Bϕ̆B; B̆

(e)
0,B, S̆

(e)
0,B

)
; B̆

(h)
0 , S̆

(h)
0

)∥∥∥∥
0,α;Γ̆cd

≤ C
(
‖δϕ̆B‖1,α;Ω̆(e) +

∥∥(B̆
(e)
0 −B

(e), S̆
(e)
0 − S

(e))
∥∥

1,α;Γ̆
(e)
in

)∣∣m(e)
A −m

(e)
B

∣∣
≤ Cε̃

∣∣m(e)
A −m

(e)
B

∣∣,
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and

‖ğ0,AB‖1,α;Γ̆
(e)
in

+ ‖ğ+,AB‖1,α;Γ̆+

≤ C
∥∥∥p̃(e)

0 (m
(e)
A η̆)− p̃(e)

0 (m
(e)
B η̆)− p̃(e)

0
(m

(e)
A η̆) + p̃(e)

0
(m

(e)
B η̆)

∥∥∥
0,α;Γ̆

(e)
ex

+
∥∥∥(β̌(A)

0,j − β0,j

)
∂̌

(A)
j ϕ̌AB

∥∥∥
0,α;Γ̆

(e)
in

+
∥∥∥(β̌(A)

0,j − β̌
(B)
0,j

)
∂̌

(A)
j δϕ̌B

∥∥∥
0,α;Γ̆

(e)
in

+
∥∥∥(β̌(B)

0,j − β0,j

)(
∂̌

(A)
j − ∂̌(A)

j

)
δϕ̌B

∥∥∥
0,α;Γ̆

(e)
in

≤ C
(
‖δϕ̆B‖1,α;Ω̆(e) + ‖p̆(e)

0 − p
(e)‖

1,α;Γ̆
(e)
in

)∣∣m(e)
A −m

(e)
B

∣∣
≤ Cε̃

∣∣m(e)
A −m

(e)
B

∣∣.
Here, the constant C > 0 depends only on the background state U and α. Now from the similar
argument in the proof of Theorem 3.3, due to (3.78), if ε̃ > 0 is sufficiently small, then in Ω̆(h)

there exists a constant C > 0 depending only on the background state Ũ , L and α such that∥∥z̆−,AB∥∥0,α;Ω̆(h) ≤ C
∥∥∂η̆ z̆−,B∥∥0,α;Ω̆(h)

∥∥z̆AB∥∥0,α;Ω̆(h) ≤ Cε̃
∥∥z̆AB∥∥0,α;Ω̆(h) .

Next, we can solve ϕ̆AB in Ω̆(e) with the following boundary condition on Γ̆cd:

˜̆
βcd,1∂̆

(A)

ξ̆
ϕ̆AB +

˜̆
βcd,2∂̆

(A)
η̆ ϕ̆AB = ˜̆ccd(ξ̆),

where

˜̆
βcd,1 = β̆cd,1 +

∫ 1

0

dς

1 + (ς∂̆
(A)
ξ ϕ̆AB + ∂̆

(A)
ξ ϕ̆B)2

,
˜̆
βcd,2 = β̆cd,2,

and ˜̆ccd(ξ̆) = −c̆cd(ξ̆) + arctan ∂̆
(B)
ξ ϕ̆B − arctan ∂̆

(A)
ξ ϕ̆B + z̆−,AB.

Thus, by choosing a constant α0 ∈ (0, 1) depending only on Ũ and L such that for α ∈ (0, α0),
we have∥∥ϕ̆AB∥∥1,α;Ω̆(e)

≤C
(
‖b̆‖0,α;Ω̆(e) + ‖ğ0,AB‖1,α;Γ̆

(e)
in

+ ‖ğ+,AB‖1,α;Γ̆+
+
∥∥ω̃e(m

(e)
A η̆)− ω̃e(m

(e)
B η̆)

∥∥
0,α;Γ̆

(e)
ex

+ ‖˜̆ccd‖0,α;Γ̆cd

)
≤Cε̃

∣∣m(e)
A −m

(e)
B

∣∣+ Cε̃
(∥∥z̆AB∥∥0,α;Ω̆(h) +

∥∥ϕ̆AB∥∥1,α;Ω̆(e)

)
.

Finally, we further estimate z̆+,AB by using the boundary condition on Γ̆cd and the initial

condition on Γ̆
(h)
in to establish∥∥z̆+,AB

∥∥
0,α;Ω̆(h)

≤C
(∥∥2β̆cd,1∂̆

(A)

ξ̆
ϕ̆AB + 2β̆cd,2∂̆

(A)
η̆ ϕ̆AB + 2c̆cd(ξ̆)

∥∥
0,α;Γ̆cd

+ ‖z̆−,AB‖0,α;Γ̆cd

)
+ Cε̃

∥∥z̆AB∥∥0,α;Ω̆(h)

≤C
∥∥ϕ̆AB∥∥1,α;Ω̆(e) + C

∥∥c̆cd(ξ̆)
∥∥

0,α;Ω̆(e) + Cε̃
∥∥z̆AB∥∥0,α;Ω̆(h)

≤Cε̃
∣∣m(e)

A −m
(e)
B

∣∣+ Cε̃
(∥∥z̆AB∥∥0,α;Ω̆(h) +

∥∥ϕ̆AB∥∥1,α;Ω̆(e)

)
.
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Hence,∥∥ϕ̆AB∥∥1,α;Ω̆(e) +
∥∥z̆AB∥∥0,α;Ω̆(h) ≤ Cε̃

(
‖z̆AB‖0,α;Ω̆(h) +

∥∥ϕ̆AB∥∥1,α;Ω̆(e) + |m(e)
A −m

(e)
B |
)
,

where constant C > 0 depends only on U , α and L. Thus, for ε̃ > 0 sufficiently small, it follows
that ∥∥ϕ̆AB∥∥1,α;Ω̆(e) +

∥∥z̆AB∥∥0,α;Ω̆(h) ≤ Cε̃|m
(e)
A −m

(e)
B |. (7.9)

Therefore, by (7.1), we have that∫ m
(e)
B

m
(e)
A

dτ

ρ
(e)
B u

(e)
B

=

∫ m
(e)
A

0

( 1

ρ
(e)
A u

(e)
A

− 1

ρ
(e)
B u

(e)
B

)
dτ. (7.10)

Then it follows from (7.9) that∣∣m(e)
B −m

(e)
A

∣∣ ≤ C∥∥ϕ̆AB∥∥1,α;Ω̆(e) ≤ Cε̃
∣∣m(e)

A −m
(e)
B

∣∣.
Let ε̃ > 0 be sufficiently small such that Cε̃ ≤ 1

2 . Then∣∣m(e)
B −m

(e)
A

∣∣ ≤ 1

2

∣∣m(e)
A −m

(e)
B

∣∣,
which implies that the mapping T is contractive.

Based on the above argument, we can prove Theorem 3.2 easily.

Proof of Theorem 3.2. The existence and uniqueness of the solution to (NP) follow from the
Theorem 3.3 and the fact that the mapping T is contractive. �
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