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Abstract 

The computational investigation of photochemical processes often entails the calculation of 

excited state geometries, energies, and energy gradients. The nuclear-electronic orbital (NEO) 

approach treats specified nuclei, typically protons, quantum mechanically on the same level as the 

electrons, thereby including the associated nuclear quantum effects and non-Born-Oppenheimer 

behavior into quantum chemistry calculations. The multicomponent density functional theory 

(NEO-DFT) and time-dependent DFT (NEO-TDDFT) methods allow efficient calculations of 

ground and excited states, respectively. Herein, the analytical gradients are derived and 

implemented for the NEO-TDDFT method and the associated Tamm-Dancoff approximation 

(NEO-TDA). The programmable equations for these analytical gradients, as well as the NEO-DFT 

analytical Hessian, are provided. The NEO approach includes the anharmonic zero-point energy 

and density delocalization associated with the quantum protons, as well as vibronic mixing, in 

geometry optimizations and energy calculations of ground and excited states. The harmonic zero-

point energy associated with the other nuclei can be computed via the NEO Hessian. This approach 

is used to compute the 0-0 adiabatic excitation energies for a set of nine small molecules with all 

protons quantized, exhibiting slight improvement over the conventional electronic approach. 

Geometry optimizations of two excited state intramolecular proton transfer systems, [2,2′-

bipyridyl]-3-ol and [2,2′-bipyridyl]-3,3′-diol, are performed with one and two quantized protons, 

respectively. The NEO calculations for these systems produce electronically excited state 

geometries with stronger intramolecular hydrogen bonds and similar relative stabilities compared 

to conventional electronic methods. This work provides the foundation for nonadiabatic dynamics 

simulations of fundamental processes such as photoinduced proton transfer and proton-coupled 

electron transfer.  
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1. Introduction 

Within the Born-Oppenheimer approximation, nuclei move on a potential energy surface 

according to forces determined from the gradient of the energy with respect to the nuclear 

coordinates. The implementation of analytical gradients for excited state potential energy surfaces 

allows excited state geometry optimizations,1 calculation of adiabatic excitation energies,2  and 

nonadiabatic dynamics on adiabatic surfaces.3-4 Among the various excited state electronic 

structure methods, time-dependent density functional theory (TDDFT) provides a balance of 

accuracy and efficiency5 and has been used extensively for trajectory-based nonadiabatic dynamics 

methods.3, 6  Although TDDFT has well-known shortcomings in terms of describing excited states 

with charge transfer character7-13 and conical intersections between the ground and first excited 

electronic states,14 long-range corrected functionals,15 the Tamm-Dancoff approximation (TDA),16 

and approximate nonadiabatic dynamics schemes can address some of these issues in certain 

cases.17-19 Thus, the TDDFT and TDDFT-TDA approaches have provided insights into a wide 

range of photochemical processes. 

Typically nuclear quantum effects such as zero-point energy (ZPE) are included as 

corrections to the adiabatic potential energy surfaces when computing adiabatic excitation energies 

and are not included at all in excited state geometry optimizations. Moreover, calculations of 

excited state geometries and energies on adiabatic potential energy surfaces often neglect non-

Born-Oppenheimer effects. However these effects are important for studying many fundamental 

phenomena, such as hydrogen tunneling and proton-coupled electron transfer.20-21 An efficient 

approach for including nuclear quantum effects and non-Born-Oppenheimer behavior into excited 

state calculations is the nuclear-electronic orbital (NEO) method.22-23 The NEO Hamiltonian 

depends explicitly on the coordinates of specified nuclei as well as all electrons, and a mixed 
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nuclear-electronic Schrödinger equation is solved with molecular orbital techniques. As a result, 

nuclear quantum effects such as density delocalization and ZPE are inherently included for the 

specified nuclei, and non-Born-Oppenheimer effects between the electrons and these nuclei are 

captured. Both wave function-based methods and density functional theory (DFT) methods have 

been developed within the NEO framework to compute ground24-32 and excited state33-36 

properties. These NEO methods belong to the more general class of multicomponent quantum 

chemistry methods that treat different types of particles quantum mechanically on the same 

level.37-44 Although multicomponent wave function based methods have the advantage of allowing 

systematic improvement, multicomponent DFT enables the study of larger systems due to its lower 

computational scaling. The NEO approach is particularly computationally efficient because only 

specified nuclei, typically protons, are treated quantum mechanically on the same level as the 

electrons.  

 The NEO-DFT method,24, 45 in conjunction with suitable electron-proton correlation 

functionals,25-28 has been shown to provide accurate proton densities, vibrationally averaged 

geometries, and proton affinities. The linear response NEO-TDDFT method33 allows the 

calculation of excited state properties, such as excitation energies, transition densities, and 

transition dipole moments. Within the adiabatic approximation, NEO-TDDFT can provide 

excitations that are predominantly electronic or protonic (i.e., vibrational) or have mixed 

electronic-protonic (i.e., vibronic) character corresponding to linear combinations of single 

electronic and protonic excitations. NEO-TDDFT is more computationally affordable than wave 

function-based methods such as the NEO equation-of-motion coupled cluster singles and doubles 

(NEO-EOM-CCSD) method34, 36 and has been shown to be accurate for describing electronic and 

fundamental vibrational excitations. In particular, NEO-TDDFT produces fundamental proton 
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vibrational excitation energies that are typically within 30 cm-1 of grid-based benchmarks.35 The 

lower-lying electronic excitation energies are similar to conventional TDDFT excitation 

energies,33 but the higher electronic excitation energies can be shifted due to vibronic mixing. The 

NEO-TDDFT-TDA method significantly overestimates the proton vibrational frequencies but 

provides similar electronic excitation energies as the NEO-TDDFT method.33, 35  

Herein, we derive and implement the NEO-TDDFT and NEO-TDA analytical gradients. 

These analytical gradients allow us to perform excited state geometry optimizations and compute 

adiabatic excitation energies, ΔEadia, which are defined to be the energy difference between 

geometries optimized on the ground and excited states. Using analytical Hessians for the NEO-

DFT ground state and semi-numerical Hessians for the excited states, we are also able to calculate 

the 0-0 adiabatic excitation energies, ΔE0‒0, which include the ZPE corrections for the ground and 

excited state optimized geometries. This property can be compared directly to experimentally 

measured 0-0 adiabatic excitation energies.2 The adiabatic and 0-0 adiabatic excitation energies 

are depicted in Figure 1a.  

To benchmark the NEO methods, we calculate the 0-0 adiabatic excitation energies of 

select singlet, doublet, and triplet excited states for the nine small molecules shown in Figure 1b. 

All protons are treated quantum mechanically with NEO-TDDFT or NEO-TDA, and the resulting 

energies are compared to the conventional electronic TDDFT or TDA counterparts, as well as to 

experimental results. The ZPEs and associated anharmonicities of the quantum protons are 

inherently included in both the ground and excited state NEO energies, and the ZPE contributions 

from the classical nuclei are computed within the harmonic approximation for the NEO vibronic 

surfaces using the NEO Hessian. An advantage of the NEO approach over the conventional 
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approach is the inclusion of nuclear quantum effects of the quantum protons during the geometry 

optimizations and the inclusion of anharmonicity in the ZPEs. 

 
Figure 1.  Schematic depiction of (a) adiabatic and 0-0 adiabatic excitation energies, ΔEadia  and 

ΔE0‒0, respectively, and (b) the nine small molecules studied in this work. The adiabatic excitation 

energy ΔEadia (red) is defined to be the energy difference between the optimized excited state and 

ground state geometries, and the 0-0 adiabatic excitation energy ΔE0‒0 (blue) includes the ZPE 

contributions. The geometries given in (b) are NEO-DFT ground state optimized geometries. 

 

In addition, we conduct excited state geometry optimizations of two prototype molecules 

for excited-state intramolecular proton transfer (ESIPT)46 within the NEO framework to 

investigate the impact of nuclear quantum effects on the excited state geometries and energies. 

ESIPT molecules have a wide range of important applications in biological and chemical sciences 

due to desirable features such as large Stokes-shifted fluorescence emission and tunable 

photophysical characteristics.46 The specific systems studied herein are [2,2'-bipyridyl]-3-ol, 

denoted BPOH, and [2,2'-bipyridyl]-3,3'-diol, denoted BP(OH)2, as depicted in Figure 2.  Both of 

these molecules undergo ESIPT in the pp * electronically excited state, corresponding to 

isomerization from the enol (E) to the keto (K) form. Upon photoexcitation of BPOH, single proton 

transfer produces the keto form, K*, which is observed to emit fluorescence.47-48 However, twisted 
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intramolecular charge transfer (TICT) after ESIPT leads to the twisted keto form, Kt*, which is 

proposed to be responsible for fluorescence quenching in this molecule.46-47, 49-50 In contrast, 

experimental51-52 and computational53-57 data for BP(OH)2  implicate a branched process involving 

both a concerted double proton transfer mechanism directly to the double keto form, KK*, and a 

stepwise mechanism with a single proton transfer intermediate, EK*. Herein, our goal is to 

compute the excited state optimized geometries and their relative stabilities for these two systems 

with NEO-TDDFT. By treating the transferring proton(s) quantum mechanically, nuclear quantum 

effects such as zero-point energy and density delocalization, as well as anharmonicity, are included 

inherently in the excited state geometries and excitation energies.  

 
Figure 2.  Schematic depictions of select ground state and excited state structures of (a) BPOH 

and (b) BP(OH)2 . The ground states of both molecules are in the enol (E or EE) form, and the 

excited states are denoted by *. Photoexcitation to the excited electronic state (E* or EE*) induces 

proton transfer from the oxygen to the nitrogen, transforming the enol tautomer to the excited state 

keto (K*) tautomer. The TICT reaction in BPOH leads to the twisted keto form Kt*, which is 

proposed to quench fluorescence. The BP(OH)2 system exhibits both concerted double proton 

transfer directly to KK* and stepwise double proton transfer with EK* as an intermediate.  

  

An outline of this paper is as follows. Section 2 presents the derivation of the NEO-TDDFT 

and NEO-TDA analytical gradients, with additional details provided in the Supporting 

Information. Section 3 presents NEO-TDDFT and NEO-TDA calculations of the 0-0 adiabatic 

excitation energies for a set of nine molecules and NEO-TDDFT excited state geometry 
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optimizations and energies for the BPOH and BP(OH)2 systems. Section 4 provides concluding 

remarks. This work provides the foundation for a wide range of applications, including on-the-fly 

dynamics on adiabatic excited state electron-proton vibronic surfaces and nonadiabatic dynamics 

on these surfaces. 

 

2. Theory 

2.1 NEO-DFT Kohn-Sham Formalism 

In NEO-DFT, the total energy is a functional of the one-particle electronic and protonic 

densities r e
 and r p

, respectively. This energy functional can be written as 

 E[re ,rp]= Eext[re ,rp]+ Eref [re ,rp]+ Eexc[re]+ Epxc[rp]+ Eepc[re ,rp]  (1) 

where Eext[re ,rp] is the interaction of the two densities with the external potential created by the 

classical nuclei, and E ref [re ,rp] is the sum of the noninteracting kinetic energies of the electrons 

and quantum protons and the electron-electron, proton-proton, and electron-proton classical 

Coulomb energies. Moreover, Eexc[re], Epxc[rp], and Eepc[re ,rp] are the electron-electron 

exchange-correlation (exc) functional, the proton-proton exchange-correlation (pxc) functional, 

and the electron-proton correlation (epc) functional. Similar to the exc functionals, the latter two 

functionals also need to be approximated. In molecular systems, the pxc energy is generally small 

due to the localized nature of proton orbitals.23, 58 Hence, we use the exact exchange for the pxc 

functional to remove the proton-proton self-interaction terms. Unlike exc functionals, which have 

been widely explored in the community, the choices of epc functionals are rather limited, despite 

its importance in obtaining even qualitatively correct results. Our group has developed a series of 

epc functionals25-28 based on the Colle-Salvetti formalism59 and has demonstrated their capabilities 
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in computing accurate proton and deuterium densities, proton affinities, and vibrationally averaged 

geometries.  

In the multicomponent Kohn-Sham formalism, the reference system is the product of 

electronic and protonic Slater determinants Fe (xe ) and Fp(xp), respectively, where xe  and xp  

are the collective spatial and spin coordinates of the electrons and quantum protons, respectively. 

The electronic and protonic Slater determinants are composed of orthogonal electronic and 

protonic orbitals, 
e

i  and 
p

'i  , respectively, which are assumed to be real for simplicity.  These 

orbitals are further expanded in electronic and protonic basis functions  e

  and p

' , respectively, 

with orbital coefficients given by matrices C
e and C

p , which define the density matrices De and 

Dp , respectively. Using this notation, the electronic and protonic densities can be expressed as  
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where N p  is the number of quantum protons, and N e  is the number of electrons with a subscript 

σ indicating the electron spin.  Throughout this paper, the index σ and its primed versions are used 

exclusively to denote electron spin. All protons are treated as high spin, and therefore no index is 

required for the proton spin. The indices p,q,r,s... denote general electronic spatial orbitals, 

i, j,k,l...  denote occupied orbitals, and a,b,c,d... denote unoccupied orbitals. The indices 

m,n ,k ,l... denote electronic basis functions. The primed versions correspond to the protonic 

counterparts.  

The electronic and protonic density matrices can be obtained from the following NEO 

Kohn-Sham equations 



9 
 

 
e e e e e

p p p p p

=

=

F C S C ε

F C S C ε
  (3) 

Here the electronic and protonic Kohn-Sham matrices Fe  and Fp  and overlap matrices S
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are defined in terms of the basis functions e
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Here he  and hp  are the electronic and protonic core Hamiltonians, respectively. The electron-

electron integrals (pqs | rss ') are defined as dr
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The proton-proton and electron-proton integrals are defined analogously. The epc potentials are 

defined as v
s

epc,e =
dEepc

dr
s

e
 and v

epc,p =
d Eepc

dr p
. The exc functional used in Eq. (4) is a hybrid 

functional, where c
x
 is the parameter for the amount of Hartree-Fock exact exchange in the hybrid 

functional, and v
s

exc =
dEexc

dr
s

e
. Note that the Kohn-Sham matrices in Eqs. (3) and (4) are related 

through a basis transformation (often called an atomic orbital to molecular orbital transformation 

for electronic orbitals) using the orbital coefficient matrices. Moreover, F
pqs

e = d
pq
e
ps

e  and 

p p

' ' ' ' 'p q p q pF  =  when the coefficient matrices are NEO-DFT solutions and diagonalize the Kohn-

Sham matrix. 
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2.2 NEO-TDDFT Lagrangian 

The NEO-TDDFT equations have been derived from the linear response theory that 

describes the changes in the density matrices induced by small perturbations to the potentials. The 

detailed derivation can be found in the Supporting Information of Ref. 33. Here we start directly 

from the working equation of NEO-TDDFT,33 
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The electronic block composed of Ae  and Be  contains the response of the internal electronic 

potential to changes in the electronic density matrix due to the initial perturbation. The protonic 

block has the analogous composition. The coupling block composed of Cand C
Tcontains the 

response of the internal potential of one type of particle to the changes in the density matrix of the 

other type of particle. The specific definitions of the elements of these matrices are given below. 

The solutions of the NEO-TDDFT equation give the excitation energies w , the excitation 

amplitudes Xe  andXp , and the de-excitation amplitudesYe  andYp . 

               For convenience, Eq.(5) can be reorganized into a structure that resembles the 

conventional TDDFT working equation11 
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TDDFT Lagrangian,60 we can express the NEO-TDDFT Lagrangian as 
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The first term G[X,Y,w] is the Lagrangian for the NEO-TDDFT equations without the extra 

Lagrangian multipliers Ze  (Zp) and W
e  (W

p) for constraining the electronic (protonic) orbitals 

to be NEO-DFT solutions and to be orthonormal. Its specific form is  
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which resembles the conventional TDDFT Lagrangian but with different definitions of the 

constituents. Its stationary points give rise to the NEO-TDDFT excitation energies w  and 

transition amplitudes X  and Y .  

The matricesA-B  and A+B  are composed of four sub-blocks distinguished by the particle 

type (i.e., ee, pp, ep, and pe) with elements defined as 
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Here 
exc

, 'pq rsf    is a matrix element of the exc kernel in terms of the electronic orbitals 
e

p , where the 

exc kernel is defined as f
ss '

exc =
d 2Eexc
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s '

e dr
s

e
. The matrix elements of the epc kernels are defined 
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analogously with respect to the electronic and protonic orbitals, where the epc kernels are defined 

as 
2 epc 2 epc
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the orbital coefficients in the NEO-TDDFT Lagrangian in Eq. (7) through the Lagrange multipliers 

e
Z , p

Z , e
W , and p

W  avoids solving the dependence of the orbital coefficients on the nuclear 

coordinates 3N times, where N is the number of symmetry-unique atoms, and hence is more 

efficient. With these constraints on the coefficient matrices, F
pqs
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e  and p p
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the various indices in Eq. (9) . 

 

2.3 Solving the NEO-TDDFT Lagrangian 

To solve for each variable of the Lagrangian in Eq. (7), we need to find the stationary points 

of the Lagrangian with respect to each variable. The orbital coefficients C
e  and C

p  are obtained 

by solving the NEO-DFT equations, whereas w , X , and Y  are obtained by solving the NEO-

TDDFT equations. By finding the stationary points of the Lagrangian with respect to the orbital 

coefficients, the relations between e
Z  ( p

Z ) and e
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W )  and a set of coupled Z vector equations 
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Z  and p
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former can be used to obtain e
W  and p

W . The detailed derivation of the derivatives of the 

Lagrangian with respect to the orbital coefficients and the Z vector equations are provided in 

Section S1 of the SI.  The Z vector equations are given as 
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The matrix elements of  Re  and Rp  are defined as   
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Here, the unrelaxed difference density Te  has matrix elements 
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The corresponding protonic difference density Tp  is defined analogously. Here 
exc

, ', "pq rs tug     is a 

matrix element of the third-order functional derivative of the exc energy, which is defined as 

g
s 's ''s

exc =
d 3Eexc

dr
s '

e dr
s ''

e dr
s

e
, with respect to the electronic orbitals. The third-order functional derivatives 

of the epc energy are defined analogously and can be distinguished by the labels, e.g., 
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= , and the indices of the matrix elements identify the electronic and protonic 

orbitals. The linear transforms used in Eq. (11) are defined in terms of a general matrix e
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V  

as 
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After calculating Ze  and Zp , we can define the relaxed one-particle difference density matrix 

for each type of particle as Pe = Te +Ze  and Pp = Tp +Zp . Then  e
W  and p

W  can be obtained 

from the following equations: 
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2.4 NEO-TDDFT Gradient 

With the full Lagrangian solved, we obtain the NEO-TDDFT gradient by taking the 

derivative of the Lagrangian with respect to a nuclear displacement x : 
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Here (x )  indicates taking the derivative with respect to the nuclear displacement x  with the 

orbital coefficients fixed. All of the matrix elements in this subsection are given with respect to 

the electronic and protonic basis functions 
e

   and 
p

' . The effective two-particle difference 

density matrices are defined as 
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To find the gradient of a specific NEO-TDDFT excited state, we need to add the excitation 

energy gradient Lx  to the NEO-DFT ground state gradient. The equation for the latter is 
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where E
NN x( )

 is the gradient of the Coulomb repulsion between the classical nuclei. Me  andMp  

are the electronic and protonic energy-weighted density matrices defined as 
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The effective ground state two-particle density matrices 
ee pp,G G , and G

epare defined as 

 

G
mns ,lks '

ee =
1

2
D

mns

e D
lks '

e - c
x
d
ss '
D

mks

e D
lns

e( )

G
m 'n ',l 'k '

pp =
1

2
D

m 'n '

p D
l 'k '

p - D
m 'k '

p D
l 'n '

p( )
G

mns ,m 'n '

ep = D
mns

e D
m 'n '

p

  (19) 

2.5  NEO-TDA Gradient 

The TDA approximation has been applied to NEO-TDDFT previously33 with the working 

equation AX =wX, where A =
Ap CT

C A
e

æ

è
ç

ö

ø
÷  and X =

X
p

X
e

æ

è
ç

ö

ø
÷ . The Lagrangian approach used 

above to derive the NEO-TDDFT gradient can be used to derive the NEO-TDA gradient. The 

NEO-TDA Lagrangian is 
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where G[X,w]= X A X -w X X -1( ). This Lagrangian does not depend on the de-excitation 

amplitudes. Similar procedures can be used to solve for each variable in the Lagrangian. Finding 

the stationary point with respect to the orbital coefficients gives rise to a set of Z vector equations, 

analogous to Eq.(10), but with different definitions for Re and Rp . The final analytical gradient 

for NEO-TDA can be also be formulated in a similar form as given in Eq. (15), with different 

expressions for the effective two-particle difference density matrices and no contributions from 

the de-excitation amplitudes Ye and Yp. A complete derivation for the NEO-TDA gradient is 

presented in Section S2 of the SI.  

 

 

3. Results and Discussion 

We implemented the NEO-TDDFT and NEO-TDA analytical gradients in a developer 

version of Q-Chem 5.3.61 These implementations have been validated by comparing analytical 

gradients to numerical gradients, as given in Section S3 of the SI. The NEO-TDDFT and NEO-

TDA gradients were connected to the various geometry search algorithms in Q-Chem 5.361 to 

conduct geometry optimizations. The geometry optimizations were performed by minimizing the 

energy with respect to all classical nuclei as well as the basis function centers associated with the 

quantum protons, where the electronic and protonic basis functions for each quantum proton are 

assumed to be centered at the same position. The NEO-TDDFT and NEO-TDA solutions were 

solved with the Davidson algorithm,62-63 and the Z vector equations were solved with the block 

conjugate gradient algorithm.64 

3.1 0-0 Adiabatic Excitation Energies for Set of Nine Molecules 

 To calculate the 0-0 adiabatic excitation energies for the set of nine molecules,  we first 

conducted geometry optimizations on the ground and select excited state surfaces with the NEO-
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TDDFT and NEO-TDA methods. The NEO-DFT ground and NEO-TDDFT excited state 

optimized geometries are depicted in Figure 1b and Figure 3, respectively. The enery difference 

between the optimized excited state and ground state geometries provides the adiabatic excitation 

energy. To calculate the 0-0 adiabatic excitation energy, we need to compute the ZPE difference 

between the excited state and the ground state optimized geometries. Because all protons are 

treated quantum mechanically, the ZPE associated with the quantum protons is included inherently 

in the NEO-TDDFT or NEO-TDA energy. The ZPE contributions from the classical nuclei were 

obtained by computing semi-numerical NEO Hessians on the NEO-TDDFT and NEO-TDA 

excited state surfaces and fully analytical NEO-DFT Hessians on the ground state surfaces. The 

equations for the analytical NEO-HF Hessian were published in Ref 32, and the equations for the 

analytical NEO-DFT Hessian are presented in Section S4 of the SI. The semi-numerical NEO 

Hessians for the excited states were obtained by numerical differentiation of the analytical NEO-

TDDFT or NEO-TDA gradients. The stationary points located on the NEO ground and excited 

state potential energy surfaces were shown to be minima by confirming that all eigenvalues of the 

Hessian were positive. Note that this procedure invokes the harmonic approximation for the 

frequencies associated with the classical nuclei, as well as the Born-Oppenheimer separation 

between the quantum and classical nuclei.  
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Figure 3.  Select NEO-TDDFT excited state optimized geometries for the set of nine molecules. 

These states are used for the calculation of 0-0 adiabatic excitation energies.  

 

 The NEO-DFT, NEO-TDDFT, and NEO-TDA calculations, as well as the conventional 

electronic counterparts, were performed with the B3LYP exc functional65-66 and the cc-pVTZ 

electronic basis set.67 The TDDFT 0-0 adiabatic excitation energies obtained with these choices of 

exc functional and electronic basis set agree well with previous studies.68 For NEO-TDDFT 

calculations, our previous work suggested that larger electronic basis sets, especially those placed 

on the quantum protons, are crucial for obtaining accurate proton vibrational excitation energies.35 

However, the cc-pVTZ electronic basis set was found to be reasonably converged for NEO-

TDDFT calculations of the predominantly electronic excitations, as shown in Table S16. Thus, the 

NEO calculations were performed with the cc-pVTZ electronic basis set and the PB4-F2a 

(4s3p2d2f) protonic basis set,69 which was also shown to be reasonably converged, as shown in 

Table S17. The NEO calculations used either the no-epc treatment, where Eepc = 0 , or the epc17-

2 functional.25-26 The Cartesian coordinates of all optimized structures are provided in Section S8 

of the SI. Adibatic excitation energies for these molecules are also calculated and provided in Table 

S21. 
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 The 0-0 adiabatic excitation energies for select electronic transitions are presented in Table 

1. These predominantly electronic excitations were identified for the NEO calculations by analysis 

of the transition densities. The NEO and conventional methods produce very similar mean absolute 

errors (MAEs) and root-mean-square deviations (RMSDs) compared to experimentally measured 

0-0 adiabatic excitation energies, although the NEO methods agree slightly better with the 

experimental values.70-75 The 0-0 adiabatic excitation energies calculated with NEO-TDDFT and 

NEO-TDA are somewhat larger than those calculated with their conventional electronic 

counterparts for all nine molecules except glyoxal. The epc17-2 and no-epc treatments produce 

very similar results, suggesting that the electron-proton correlation energy is similar in the ground 

and excited states for predominantly electronic excitations. The TDA and NEO-TDA methods 

predict slightly larger 0-0 adiabatic excitation energies than the TDDFT and NEO-TDDFT 

methods, respectively. Although NEO-TDA is known to significantly overestimate proton 

vibrational frequencies,33, 35 it produces reasonably accurate 0-0 adiabatic excitation energies for 

states with predominantly electronic excitation character.  

Previous studies of 0-0 adiabatic excitation energies2, 68, 76 indicate that the main source of 

error between experimental data and conventional TDDFT calculations is attributable to the 

electronic excitation energy rather than the harmonic ZPE corrections, which are typically 

relatively small. The reasonably good agreement between the 0-0 adiabatic excitation energies 

computed with NEO-TDA or NEO-TDDFT and the corresponding conventional electronic method 

suggests that the impact of proton quantization, including delocalization and anharmonicity, on 

the optimized geometries and the ZPE corrections is relatively small. Thus, these calculations are 

consistent with the previous studies suggesting that the electronic excitation energy is the main 
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source of error, presumably due to the approximations underlying TDDFT and the electronic 

exchange-correlation functionals. 

 

Table 1. 0-0 Adiabatic Excitation Energies in eV 

  
State Experiment TDDFT 

NEO-TDDFT 

epc17-2 

NEO-TDDFT  

no-epc 
TDA 

NEO-TDA 

epc17-2 

HCN  11A 6.48 5.99 6.13 6.11 6.02 6.16 

HCP 21A 4.31 4.31 4.38 4.38 4.32 4.38 

C2H2 21A 5.23 4.75 4.90 4.86 4.78 4.94 

CH2O 21A 3.49 3.62 3.63 3.64 3.66 3.68 

CH2O 13A 3.12 2.73 2.80 2.80 2.87 2.91 

CH2S 11A2 2.03 2.07 2.08 2.09 2.11 2.13 

CH2S 13A 1.80 1.45 1.47 1.48 1.53 1.55 

HCOOH 21A 4.64 4.79 4.87 4.86 4.82 4.90 

Vinyl Radical  22A 2.48 2.57 2.70 2.65 2.65 2.76 

Propynal 21A 3.24 3.25 3.27 3.28 3.28 3.31 

Glyoxal 11Au 2.72 2.42 2.40 2.41 2.45 2.44 

    MAE 0.222 0.217 0.219 0.214 0.212 

    RMSD 0.284 0.247 0.250 0.257 0.229 

 

3.2 Excited State Geometry Optimizations of BPOH and BP(OH)2   

We performed geometry optimizations on the excited state surfaces corresponding to the 

HOMO (highest occupied molecular orbital) to LUMO (lowest unoccupied molecular orbital) 

transition with pp * character for the BPOH and BP(OH)2 molecules. In the NEO-TDDFT 

calculations for these two molecules, the single transferring proton in BPOH and the two 

transferring protons in BP(OH)2  were treated quantum mechanically. The B97X exc functional77 

was used to study the K* and Kt* structures of BPOH due to its reasonable performance compared 

to resolution-of-identity second-order approximate coupled-cluster (RI-CC2) calculations,78-79 as 

shown in Table S18. The B3LYP exc functional was used to study the EE*, EK* and KK* 

structures in BP(OH)2 because this functional has been previously benchmarked for these 
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structures.56 Note that the B97X functional was not used to study BP(OH)2 because it predicts 

the KK* structure lower than the EK* structure, as shown in Table S19, which does not agree with 

the experimental results. The NEO calculations either used the no-epc treatment or the epc17-2 

functional. All calculations were performed with the 6-31G(d,p) electronic basis set,80 and an even-

tempered 6s6p6d protonic basis set with exponents ranging from 4 2  to 32 was used for all NEO 

calculations, with convergence shown in Table S20. 

The geometries shown in Figure 2 were optimized with NEO-DFT and conventional 

electronic DFT for the ground states and NEO-TDDFT and conventional electronic TDDFT for 

the excited states. For BPOH, both K* and Kt* stationary points were located with conventional 

TDDFT and NEO-TDDFT. For BP(OH)2, stationary points corresponding to the planar EE*, EK* 

and KK* structures were found with conventional TDDFT and NEO-TDDFT. An additional 

stationary point corresponding to the EK* structure with a slight twist angle of 23-28 and a lower 

energy compared to the planar structure by 0.05 eV was also found with NEO-TDDFT (Table 

S24).  Only the twisted EK* structure was observed previously with RI-CC2/TZVP,56 and only 

the planar EK* structure was observed with conventional TDDFT/6-31G(d,p). The stationary 

points on the ground and excited state potential energy surfaces optimized with conventional DFT 

and TDDFT were confirmed to be minima by analytical Hessian calculations. The excited state 

NEO-TDDFT Hessian calculations were not performed for these molecules due to the high 

computational cost of semi-numerical Hessians. The Cartesian coordinates of all optimized 

structures are provided in Section S8 of the SI. 

The differences between the NEO optimized planar structures and the conventionally 

optimized planar structures are relatively small, as shown in Figure 4, but these differences indicate 

a strengthening of the intramolecular hydrogen bond upon quantization of the hydrogen nucleus. 
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Specifically, the distance between the transferring proton and the covalently-bonded donor atom 

is 0.028‒0.053 Å longer, and the distance between the transferring proton and the hydrogen-

bonded acceptor atom is 0.052‒0.115 Å shorter upon proton quantization. Note that the positions 

of the quantum protons are computed from their expectation values. In addition, the proton donor-

acceptor distances are shorter in the NEO optimized structures, with a range of 0.008‒0.047 Å, 

upon proton quantization. The K* structure has a torsion angle of 20.8 and 30.0 when optimized 

with the NEO-TDDFT method and the conventional TDDFT method, respectively (Table S24). 

This non-planarity for the K* structure complicates the analysis of the proton donor-acceptor 

distance but still implicates a stronger intramolecular hydrogen bond. Thus, the ground state and 

excited state geomeries optimized with the NEO approach exhibit stronger intramolecular 

hydrogen-bonding interactions, presumably due to the inclusion of proton delocalization and 

anharmonicity.  

Using the optimized geometries, we also calculated the adiabatic excitation energies 

relative to the ground state energy, as given in Table 2. The ground state geometry optimizations 

with both conventional DFT and NEO-DFT indicate that the most stable form of both molecules 

studied is the enol tautomer (E or EE).  For BPOH, both the conventional TDDFT and NEO-

TDDFT methods predict that the Kt* geometry is lower in energy than the K* geometry, 

suggesting that the twist is energetically favorable. This finding is consistent with the TICT 

mechanism leading to fluorescence quenching in BPOH. For BP(OH)2, both methods predict that 

the planar EK* geometry, where only one proton transfers, is lower in energy than the KK* 

geometry, where both protons transfer, which is consistent with previous computational and 

experimental studies.51, 56 However, a quantitative analysis of the relative stabilities would require 

larger basis sets and possibly higher levels of electronic structure. 
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Figure 4. Bond lengths at the proton transfer interfaces for BPOH and BP(OH)2 structures 

obtained from NEO-DFT or NEO-TDDFT geometry optimizations relative to the values obtained 

for structures obtained from the corresponding conventional DFT or TDDFT geometry 

optimizations. The notation for the structures is defined in Figure 2, where * indicates an excited 

state, and E and K denote enol and keto forms, respectively. The lighter, textured bars and the 

darker, solid bars indicate the NEO calculations with no-epc and the epc17-2 functional, 

respectively. The colors blue, orange, and gray correspond to the distance between the covalently-

bonded donor and the expectation value of the quantum proton coordinate (D−<H>),  the distance 

between the hydrogen-bonded acceptor and the expectation value of the quantum proton 

coordinate (A−<H>), and the proton donor-acceptor distance (D−A), respectively. Note that the 

donor is O for the enol form and N for the keto form. For the EK* form, the left and right sets of 

bars correspond to the enol and keto tautomer interfaces, respectively, within BP(OH)2. 
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Table 2. Adiabatic Excitation Energies (eV) for BPOH and BP(OH)2 

 BPOH BP(OH)2 

K* Kt* EE* EK* KK* 

TDDFT 3.75 3.65 3.61 3.17 3.29 

TDDFT+FZPEa 3.64 3.57 3.43 3.06 3.17 

TDDFT+HZPEb 3.74 3.64 3.54 3.19 3.29 

NEO-TDDFT/no-epc 3.79 3.75 3.53 3.19 (3.24)c 3.34 

NEO-TDDFT/epc17-2 3.80 3.77 3.54 3.20 (3.25)c 3.35 

NEO-TDDFT/epc17-2/convd 3.81 3.77 3.55 3.25 3.36 
aAdiabatic excitation energy includes the harmonic ZPE difference for all nuclei.  
bAdiabatic excitation energy includes the harmonic ZPE difference for only the transferring hydrogen(s) by setting 

the other masses to large values for the normal mode analysis.  
cTwo stationary points were located for EK*. The planar structure is higher in energy than the slightly twisted 

geometry, which has a twist angle of 22.9-28.3, and the energy associated with it is given in parentheses.  
dAdiabatic excitation energy calculated with NEO-TDDFT/epc17-2 at the conventional TDDFT and DFT excited state 

and ground state optimized geometries. 

 

According to Table 2, the adiabatic excitation energies computed with NEO-TDDFT are 

0.02 ‒ 0.12 eV higher than those computed with conventional TDDFT, except for the EE* 

structure. Because the NEO-TDDFT approach inherently includes the ZPE associated with the 

quantum protons, its adiabatic excitation energy includes the difference between the protonic ZPE 

in the excited state and the ground state. Thus, to enable a direct comparison, we computed both 

the full ZPE contribution from all nuclei and only the protonic ZPE contribution to the 

conventional TDDFT excitation energy, denoted FZPE and HZPE, respectively, within the 

harmonic approximation. For the HZPE calculations, all nuclei other than the quantum protons 

were assigned large masses in the normal mode analysis to eliminate their ZPE contributions. The 

harmonic FZPE treatment predicts the full ZPE contribution to be lower in the excited state than 

in the ground state, thereby lowering the adiabatic excitation energies. In contrast, the protonic 

ZPE is similar for both the ground and excited states for all structures except the EE* structure, 

where the harmonic HZPE treatment leads to better agreement with the NEO-TDDFT results.  
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The results in Table 2 indicate that the NEO-TDDFT adiabatic excitation energies obtained 

with no-epc and with the epc17-2 functional differ by less than ~0.02 eV. These results suggest 

that the electron-proton correlation energy is similar in the excited and ground electronic states at 

their corresponding optimized geometries and therefore cancels out. However, the epc17-2 

functional significantly improves the absolute protonic ZPE for the ground and excited states 

compared to the no-epc treatment (Table S22). Because the protonic ZPEs are nearly the same in 

the ground and excited states for both the no-epc and epc17-2 treatments, these ZPEs cancel out 

in both cases when calculating the adiabatic excitation energies.  

To examine the effects of differences in the NEO and conventional optimized geometries, 

we performed NEO-DFT and NEO-TDDFT calculations at the geometries optimized with 

conventional DFT and TDDFT, respectively, denoted NEO-TDDFT/epc17-2/conv in Table 2. 

However, the geometric effect on the NEO-TDDFT adiabatic excitation energies was found to be 

only ~0.01eV. The differences between the NEO-TDDFT results and the conventional TDDFT 

with protonic ZPE (TDDFT+HZPE) results may be due to the anharmonic effects of the quantum 

protons and the vibronic mixing between electronic and proton vibrational states that are included 

inherently in NEO calculations but are absent in conventional calculations. Limitations of the 

epc17-2 functional may also impact quantitative accuracy. 

 

4. Conclusions 

In this paper, we present the derivation of the NEO-TDDFT and NEO-TDA analytical 

gradients and the corresponding programmable equations. By treating the protons quantum 

mechanically within the NEO framework, protonic ZPE, density delocalization, and 

anharmonicity are included inherently in energy calculations and geometry optimizations. We used 
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these analytical gradients to compute the 0-0 adiabatic excitation energies for a set of nine small 

molecules and found that the NEO methods lead to slightly better agreement with experimental 

data compared to conventional electronic methods. We also used these methods to perform excited 

state geometry optimizations of BPOH and BP(OH)2, which are prototypes for ESIPT. The 

geometries optimized with the NEO methods are similar to those optimized with conventional 

electronic methods except that they exhibit stronger intramolecular hydrogen bonds for the planar 

geometries. Moreover, an additional slightly twisted EK* stationary point was located with the 

NEO-TDDFT method but not with the conventional TDDFT method for the same electronic basis 

set. The relative stabilities of different excited state structures are similar for the NEO-TDDFT and 

conventional electronic TDDFT calculations.  

The analytical NEO-TDDFT gradients and the capability for excited state geometry 

optimizations demonstrated by these applications provide the foundation for investigating 

interesting and challenging vibronically nonadiabatic systems. In addition to static excited state 

properties, NEO-TDDFT analytical gradients also serve as the basis for both adiabatic and 

nonadiabatic dynamics on the NEO vibronic surfaces. Although the NEO Ehrenfest nonadiabatic 

dynamics approach has been developed in conjunction with NEO real-time TDDFT,81-83 

nonadiabatic dynamics approaches such as surface hopping84 require the use of adiabatic excited 

state potential energy surfaces and the gradients of these surfaces. The linear-response NEO-

TDDFT method with analytical gradients developed herein will be essential for these types of 

simulations. Thus, this work is an important step toward NEO simulations of fundamental 

processes such as photoinduced proton transfer and proton-coupled electron transfer. 

 

Supporting Information 
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The Supporting Information is available free of charge on the ACS Publications website. 

Derivations of the Z vector equations for NEO-TDDFT and NEO-TDA analytical gradients, 

benchmarking analytical gradients against numerical gradients, equations for NEO-DFT analytical 

Hessian, benchmarking electronic exchange-correlation functionals, electronic and protonic basis 

set convergence tests, adiabatic excitation energies for set of nine molecules, protonic zero-point 

energies, geometric analysis of ESIPT systems, and coordinates of optimized geometries for 

molecules studied. 
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