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Abstract— Powder Bed Fusion (PBF) is a type of additive
manufacturing process that builds parts out of metal powder in
a layerwise fashion. Quality control (QC) remains an unsolved
problem for PBF. Data-driven models of PBF are expensive to
train and maintain, in terms of materials and machine time,
because they are sensitive to changes in processing conditions.
The length and time scale discrepancies of the process make
physics-based modeling impractical to implement. We propose
monitoring PBF with an Ensemble Kalman Filter (EnKF).
The EnKF combines the computational efficiency of data-
driven models with the flexibility of physics-based models,
while mitigating the flaws of either method. We validate EnKF
performance for linear process models, using finite element
method data in place of measured experimental data. We show
that the EnKF can reduce the error signal 2-norm and ∞-norm
relative to the open loop model by as much as 75%.

I. INTRODUCTION

Metal Powder Bed Fusion (PBF) is a type of additive
manufacturing (AM) process that builds parts out of a bed
of metal powder in a layer-by-layer fashion. The PBF build
process is implemented in two ways: using an electron beam
as a heat source (E-PBF, Fig. 1a), or a laser as a heat source
(L-PBF, Fig. 1b). Both implementations operate in a three
stage cycle: (i) spread a layer of metal powder over the
platform base plate or a layer of previously-fused powder, (ii)
run the localized heat source overtop the powder, fusing a 2D
pattern of solid material within the powder, and (iii) index the
base plate in the −z direction to accommodate a fresh layer
of powder, beginning the cycle anew. PBF has greatly ex-
panded its market share in recent years, due to the process’s
ability to manufacture near net-shape parts with unparalleled
geometric complexity and flexibility of production while
simultaneously reducing overhead costs [2], [3]. Despite the
overall rapid adoption of PBF by industry, its expansion
into certain markets has been limited. Such markets include
rotating engine components in airplanes and other parts that
feature strict quality control standards. The reluctance to
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Fig. 1. System schematic of Powder bed fusion (PBF) additive
manufacturing. (a) Input and output channels for E-PBF. Measurement 2
screenshot reproduced from [1] with permission from The Minerals, Metals,
and Materials Society. (b) Input and output channels for L-PBF and E-PBF
with a slow raster speed.

adopt PBF in these sectors stems from the fact that parts
made with PBF suffer from characteristic flaws, including
irregular microstructures (material property anisotropy) [3]–
[7], porosity [6], [8], [9], and residual stresses [10]–[12].
These flaws typically exist in PBF-produced parts due to a
lack of effective quality control (QC).

Historically, PBF QC has struggled to systematically an-
ticipate, mitigate, and control these flaws. Machine (super-
vised) learning algorithms for recognizing defects in-situ
have been proposed [13]–[16], but these algorithms require
extensive datasets to train. Furthermore, these algorithms are
inflexible to changes in processing conditions, and require
retraining for alterations to parameters like part material,
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p art g e o m etr y, pr o d u cti o n f a ciliti es, a n d ot h ers. A c c ur at e,
p h ysi cs- b as e d P B F pr o c ess m o d els, w hi c h c o ul d b e us e d t o
pr e di ct t h e pr es e n c e of d ef e cts, hist ori c all y h a v e b e e n f ar t o o
c o m p ut ati o n all y e x p e nsi v e t o r u n i n-sit u [ 1 7], [ 1 8].

T his w or k a p pli es st at e esti m ati o n t o c o m bi n e t h e str e n gt hs
of b ot h a p pr o a c h es; i n c or p or ati n g i n-sit u d at a t o c orr e ct f or
err ors i n a c o m p ut ati o n all y ef fi ci e nt, b ut si m plisti c pr o c ess
m o d el, t h at d o es n ot r e q uir e tr ai ni n g d at a. F or a t w o-
di m e nsi o n al ( 2 D) g e o m etr y, w e c o nstr u ct li n e ar m o d els of
t h e E- P B F a n d L- P B F pr o c ess es, w hi c h ar e b as e d o n t h e
Fi nit e El e m e nt M et h o d ( F E M). B y i n c or p or ati n g L- P B F
m o d els, w e b uil d o n pr e vi o us w or k i n t his s u bj e ct [ 1 9] –
[ 2 1]. T h es e m o d els ar e us e d t o s u bj e ct t h e t est g e o m etr y
t o si m ul at e d E- P B F a n d L- P B F h e at s o ur c es, w hi c h r et ur n
pr e di cti o ns of t h e ass o ci at e d t e m p er at ur e fi el ds. We c all
t h es e m o d els t h e o p e n l o o p ( O L) m o d els. A n o nli n e ar F E M
m o d el t h at us es t h e s a m e p h ysi cs as t h e li n e ar E- P B F
a n d L- P B F m o d els r u ns al o n gsi d e t h e li n e ar m o d els. T his
n o nli n e ar F E M m o d el d at a is o ur s urr o g at e f or p h ysi c al
s yst e m d at a, w hi c h w e us e t o a p pl y a n E ns e m bl e K al m a n
Filt er ( E n K F) t o t h e li n e ar E- P B F a n d L- P B F m o d els. T h e
E n K F esti m at es t e m p er at ur e fi el ds b y c orr e cti n g li n e ar m o d el
pr e di cti o ns t o c o m pl y wit h t h e n o nli n e ar F E M m o d el d at a.
T h e t e m p er at ur e fi el ds r et ur n e d b y t h e li n e ar m o d els a n d t h e
E n K F ar e c o m p ar e d a g ai nst t h os e r et ur n e d b y t h e n o nli n e ar
F E M m o d el, a n d t h eir a c c ur a c y r el ati v e t o t h e n o nli n e ar F E M
m o d el is q u a nti fi e d usi n g t h e 2- n or m a n d ∞ - n or m of t h e
err or si g n als. We s h o w t h at a p pl yi n g t h e E n K F r e d u c es t h e
2- n or m of t e m p er at ur e fi el d err or b y u p t o 7 5 %, r el ati v e t o
t h at of t h e c orr es p o n di n g O L m o d els.

II. M E T H O D O L O G Y

A. O L m o d el c o nstr u cti o n

T h e O L m o d el is t h e p h ysi c al pr o c ess m o d el w hi c h s er v es
as t h e b asis f or t h e E n K F. D eri v ati o n of t h es e m o d els is
d et ail e d i n [ 2 1], w hi c h w e n o w bri e fl y s u m m ari z e. Si n c e t h e
E n K F c o m p e ns at es f or m o d eli n g err ors, w e pri oriti z e c o m p u-
t ati o n al ef fi ci e n c y o v er a c c ur a c y. T h er ef or e, w e a p pr o xi m at e
t h e t h er m al p h ysi cs wit hi n P B F a c c or di n g t o F o uri er’s L a w
of C o n d u cti o n

∂ T

∂ t
=

K

c ρ
∇ 2 T ∀ ξ ∈ V

T = T 0 ∀ ξ ∈ Λ

∇ T · n̂ = 0 ∀ ξ ∈ Γ

∇ T · n̂ = u ( ξ̄ , t) ∀ ξ̄ ∈ Ω ,

( 1)

w h er e ξ = [ x, y, z ] is t h e s p ati al c o or di n at e, t d e n ot es ti m e,
K is t h e t h er m al c o n d u cti vit y, ρ is t h e d e nsit y, c is t h e s p e-
ci fi c h e at, Λ is t h e b ott o m s urf a c e of t h e p art g e o m etr y ( d o-
m ai n) V , Ω is t h e u p p er m ost s urf a c e of V , ξ̄ r e pr es e nts ξ ∈
Ω , a n d Γ c oll e cts all ot h er s urf a c es of V . Fi g. 2 d e m o nstr at es
t h e l o c ati o n of t h es e s urf a c es f or a si m pl e 2 D p art g e o m etr y.
u ( ξ̄ , t) r e pr es e nts t h e h e at fl u x fr o m t h e P B F h e at s o ur c e,
w hi c h d e p e n ds o n if t h e s yst e m is E- P B F ( Fi g. 1 a) or L-
P B F ( Fi g. 1 b). We dis cr eti z e V i nt o a c oll e cti o n of n n o d es,
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ξ 1 , ξ 1 , . . . , ξ n , c o n n e ct e d b y e d g es, a n d d e fi n e t h e st at e
v e ct or x (t) as x (t) = [ T (ξ 1 , t), T (ξ 2 , t), . . . , T (ξ n , t)] . We
us e F E M [ 2 2] t o f or m ul at e t h e d y n a mi cs of x (t) ∈ R n b as e d
o n ( 1)

ẋ ( t) = A x (t) + r (t, u( ξ̄ , t)). ( 2)

A i n ( 2) h as r e al- v al u e d, n e g ati v e ei g e n v al u es [ 2 1], t h er ef or e
( 2) h as st a bl e d y n a mi cs. N e xt, b as e d o n ( 2), w e c o nstr u ct
O L m o d els t h at d es cri b e b ot h E- P B F s yst e ms a n d L- P B F
s yst e ms. T h e m o d els diff er i n t h eir i n p ut-st at e a n d o ut p ut-
st at e r el ati o ns hi ps, w hi c h ar e r o ot e d i n diff er e nt a ct u ati o n
a n d s e nsi n g m o d es a v ail a bl e t o E- P B F a n d L- P B F. We n o w
bri e fl y d es cri b e t h e m o d es us e d t o c o nstr u ct t h es e m o d els,
w hi c h ar e d et ail e d i n [ 2 1].

1) A ct u ati o n m o d es: As d e m o nstr at e d i n Fi g. 1 a, t h e E-
P B F el e ctr o n b e a m m o v es s o q ui c kl y o v ert o p s urf a c e Ω t h at
it c a n g e n er at e a n ar bitr ar y h e at fl u x. T his pr o p ert y all o ws
us t o li n e ari z e r (t, u( ξ̄ , t)) b y q u a nti z ati o n i n t h e s p ati al
d o m ai n. We ass u m e t h at t h e F E M m es h o n s urf a c e Ω is s o
fi n e t h at u ( ξ̄ , t) c a n b e r e as o n a bl y a p pr o xi m at e d as c o nst a nt
o v er e a c h el e m e nt f a c e o n Ω . Fi g. 2 d e m o nstr at es s u c h a
m es h. O ur li n e ari z e d h e at i n p ut, u (t) ∈ R m , c oll e cts t h e
v al u es of u ( ξ̄ , t) at t h e c e ntr oi ds of all s u c h el e m e nts. I n t his
a ct u ati o n m o d e, t h e c o ntr ols e n gi n e er m a y alt er t h e i n p ut h e at
fl u x at a n y r e gi o n of Ω i n d e p e n d e ntl y of a n y ot h er r e gi o n.
T his i n p ut is distri b ut e d o nt o t h e st at e, x (t), b y t h e i n p ut-
st at e r el ati o ns hi p B u (t), w h er e B i d e nti fi es w hi c h n o d es i n
t h e F E M m es h b el o n g t o e a c h el e m e nt l a yi n g o n Ω .

T h e L- P B F l as er c a n n ot m o v e f ast e n o u g h t o g e n er at e a n
ar bitr ar y h e at fl u x o n Ω . F or L- P B F, t h e s p ati al distri b uti o n of
u ( ξ̄ , t) o n Ω is di ct at e d b y t h e l as er t y p e, us u all y G a ussi a n,
a n d is p ar a m et eri z e d b y f a ct ors li k e t h e o v er all l as er p o w er,
b e a m di a m et er, a n d p ositi o n. G e n er all y, t h es e p ar a m et ers
ar e t h e i n p uts a v ail a bl e t o t h e c o ntr ols e n gi n e er, as n ot e d
i n Fi g. 1 b. We g e n er at e a li n e ar i n p ut-st at e r el ati o ns hi p
f or L- P B F b y ass u mi n g t h at t h e l as er p ositi o n o p er at es
o n a fi x e d s c h e d ul e t h at t h e e n gi n e er c a n n ot c o ntr ol. We
ass u m e t h at o nl y o n e l as er is pr es e nt, a n d d e fi n e o ur i n p ut
v e ct or as u 1 (t) = [ P (t), r2b (t)] , w h er e P (t) ≥ 0 is t h e
l as er p o w er, a n d r 2

b (t) > 0 is t h e s q u ar e d b e a m r a di us.
Usi n g t his i n p ut, w e c o nstr u ct a Ta yl or s eri es li n e ari z ati o n
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of r (t, u), w hi c h f or ms r (t, u) ≈ B (t)(δ u (t) + [P 0 , 0] ).
H er e, u 0 = [ P 0 , r2b 0 ] is t h e li n e ari z ati o n o p er ati n g p oi nt, a n d
δ u (t) = u 1 (t) − u 0 = [ δ P (t), δ r2b (t)] is t h e d e vi ati o n fr o m
t h e o p er ati n g p oi nt. B y c o m bi ni n g t er ms, w e arri v e at t h e
li n e ari z e d i n p ut-st at e r el ati o ns hi p r (t, u) ≈ B (t)u (t), w h er e
u (t) = [ P (t), δ r2b (t)].

2) M e as ur e m e nt m o d es: O ur E- P B F s yst e m o ut p ut is
M e as ur e m e nt 2 of Fi g. 1 a, w hi c h is a t h er m al c a m er a
t h at m e as ur es t h e t e m p er at ur e of s urf a c e Ω as t h e P B F
b uil d pr o gr ess es. T h er m al c a m er as c orr el at e t h e i nt e nsit y of
e mitt e d i nfr ar e d li g ht wit h t e m p er at ur e. We s e e k t o t est t h e
f e asi bilit y of t his a p pr o a c h, t h er ef or e, w e d o n ot f a ct or i n
c o m m o n h ar d w ar e li mit ati o ns t h at r estri ct t h e r es ol uti o n a n d
s a m pli n g r at e of t his c a m er a. Si n c e t h e c a m er a m e as ur es all
of T ( ξ̄ , t), o ur s yst e m o ut p ut, y (t) ∈ R p , si m pl y c oll e cts
t h e t e m p er at ur es at all n o d es i n t h e F E M m es h l a y o n Ω .
T his c o nstr u cts t h e o ut p ut-st at e r el ati o ns hi p y (t) = C x (t),
w h er e C is a s el e cti o n m atri x of 0s a n d 1s t h at m a ps e a c h
c o m p o n e nt of y (t), y i (t), u ni q u el y t o a c o m p o n e nt of x (t)
t h at c orr es p o n ds t o a n o d e o n s urf a c e Ω .

T h e L- P B F s yst e m o ut p ut c o ul d b e c o nstr u ct e d fr o m t w o
diff er e nt m e as ur e m e nts: M e as ur e m e nts 2 a n d 3 of Fi g. 1 b.
M e as ur e m e nt 2 of Fi g. 1 b is t h e s a m e as t h at of Fi g. 1 a.
M e as ur e m e nt 3 is a t h er m al c a m er a t h at m e as ur es li g ht
e mitt e d fr o m s urf a c e Ω n e ar t h e l as er, w hi c h is r e fl e ct e d b a c k
t hr o u g h t h e o pti cs us e d t o c o ntr ol t h e l as er, a n d t h er ef or e
m e as ur es t h e t e m p er at ur e fi el d of t his r e gi o n. We c all t his
r e gi o n n e ar t h e l as er, cl e arl y s h o w n i n M e as ur e m e nt 3 of
Fi g. 1 b, t h e P B F m elt p o ol . I n t his m a n n er, M e as ur e m e nt 3
” m o v es ” wit h t h e l as er b e a m, x c (t), a n d w e c all it a c o a xi al
t h er m al c a m er a. O ur s yst e m o ut p ut f or L- P B F, y (t) ∈ R p ,
is t h e t e m p er at ur es visi bl e wit hi n t h e fi el d of vi e w ( F O V)
of M e as ur e m e nt 3. E a c h c o m p o n e nt of t h e o ut p ut, y i (t),
is t h e t e m p er at ur e r e c or d e d b y e a c h pi x el of t h e c a m er a.
T h e o ut p ut-st at e r el ati o ns hi p, y (t) = C (t)x (t), i nt er p ol at es
t h e t e m p er at ur es of n o d es wit hi n t h e c a m er a F O V i nt o
t e m p er at ur e v al u es f or e a c h pi x el c o m prisi n g y (t). T h e
r el ati o ns hi p is g o v er n e d b y a ti m e- v ar yi n g C (t) b e c a us e t h e
s el e cti o n of n o d es wit hi n t h e c a m er a F O V c h a n g es wit h ti m e.

T his pr o c e d ur e g e n er at es t w o li n e ar O L m o d els,

E- P B F:
ẋ ( t) = A x (t) + B u (t)

y (t) = C x (t)
( 3)

L- P B F:
ẋ ( t) = A x (t) + B (t)u (t)

y (t) = C (t)x (t).
( 4)

S yst e ms ( 3)-( 4), g e n er at e d usi n g ( 2) a n d t h e F E M m es h of
Fi g. 2, f e at ur e A wit h all- disti n ct ei g e n v al u es. T his pr o p ert y,
w h e n c o m bi n e d wit h str u ct ur al f e at ur es of s yst e m ( 3) s u c h
as s elf-l o o ps at e v er y n o d e, ξ i , r e n d ers s yst e m ( 3) o bs er v a bl e
[ 2 1]. D et er mi ni n g c o n diti o ns f or t h e o bs er v a bilit y of s yst e m
( 4) is o n g oi n g, b ut w e c a n s h o w t h e e xist e n c e of s yst e ms ( 4)
t h at ar e o bs er v a bl e [ 2 1].

We dis cr eti z e ( 2)-( 4) b y l etti n g ẋ ( tk + 1 )  =
∆ t− 1 (x (t k + 1 ) − x (tk )), w h er e tk = k ∆ t, a n d ∆ t = 1 ms.

T hr o u g h o ut t his p a p er, w e i m pl e m e nt a n i n d e p e n d e nt
r e ali z ati o n of s yst e m ( 2) al o n gsi d e s yst e m ( 3) or s yst e m ( 4).

T h e t e m p er at ur e pr e di cti o ns of s yst e m ( 2) ar e d e n ot e d as
x F E M (tk ), a n d t h e c orr es p o n di n g o ut p uts as y F E M (tk ).
y F E M (tk ) is g e n er at e d fr o m x F E M (tk ) usi n g t h e s a m e
o ut p ut-st at e r el ati o ns hi ps as s yst e ms ( 3) or ( 4), as a p pli c a bl e.

B. E n K F i m pl e m e nt ati o n

We i m pl e m e nt t h e E n K F al g orit h m of [ 2 3], w hi c h w e
s u m m ari z e i n Al g orit h m 1. H er e, B k a n d C k r e pr es e nt
t h e v al u es of dis cr et e-ti m e B (t) a n d C (t) at t = tk , as
a p pli c a bl e. Br o a dl y s p e a ki n g, t h e E n K F us es a n e ns e m bl e
of N K al m a n filt ers t h at g e n er at e si m ult a n e o us esti m at es
of s yst e ms ( 3) or ( 4), gr o u p e d i nt o X k ∈ R n × N a n d
X̂ k ∈ R n × N of Al g orit h m 1. T his all o ws t h e al g orit h m t o
g at h er s a m pl e esti m at es of t h e K al m a n filt er n ois e st atisti cs.
Usi n g t h es e s a m pl e st atisti cs, t h e E n K F p o ols t h e e ns e m bl e
esti m at es i nt o a si n gl e, m or e a c c ur at e, st at e esti m at e. T his
pr o c e d ur e cir c u m v e nts n e e di n g a pri ori k n o wl e d g e of t h e
s yst e m st atisti cs, at t h e c ost of gr e at er c o m p ut ati o n al b ur d e n.
As i n di c at e d i n Al g orit h m 1, p h ysi c all y- m e as ur e d d at a is
r e pl a c e d b y y F E M (tk ) of S e cti o n II- A.

V k of Al g orit h m 1 si m ul at es t a ki n g N i n d e p e n d e nt m e a-
s ur e m e nts of s yst e ms ( 3) or ( 4). Ass u mi n g t h at t h e e n gi n e er
h as a c c ess t o N t h er m al c a m er as is u nr e alisti c. We t a k e a
si n g ul ar m e as ur e m e nt, y F E M (tk ), a n d c o nstr u ct N c o pi es
b y m ulti pl yi n g b y a r o w v e ct or of o n es, y F E M (tk )1 1 × N .
T o t h es e c o pi es, w e a d d V k = [ v 1

k , . . . , v N
k ]. H er e, all

v i
k ∼ N (0 , I ) ar e i n d e p e n d e nt, i d e nti c all y- distri b ut e d (II D)

G a ussi a n r a n d o m v e ct ors. T h e a d diti o n of V k si m ul at es
t h e pr es e n c e of N s e ns ors of i d e nti c al m a k e, m o d el, a n d
c ali br ati o n, t h at s y n c hr o n o usl y a c q uir e n ois e- p ert ur b e d m e a-
s ur e m e nts.

W k of Al g orit h m 1 si m ul at es t h e i n d e p e n d e nt p ert ur b ati o n
of all N e ns e m bl e esti m at es b y t h e s yst e m pr o c ess n ois e.
T o h el p wit h i nt uiti o n, w e s u p pl y a n e x a m pl e. S u p p os e t h at
o c e a ni c v ari a bl es w er e esti m at e d b y N i n d e p e n d e nt st ati o ns
t hr o u g h o ut a b a y. E a c h st ati o n is s u bj e ct e d t o r a n d o m s yst e m
p ert ur b ati o ns li k e t ur b ul e nt w at ers a n d r a n d o m at m os p h eri c
eff e cts, w hi c h ar e i n c or p or at e d i nt o t h e st ati o ns’ esti m at es.
N o t w o esti m at es a gr e e. H o w e v er, t h e e n gi n e er c a n p o ol
esti m at es fr o m all st ati o ns t o g et h er t o g et a m or e a c c ur at e
esti m ati o n of t h e o c e a ni c st at e. We si m ul at e t his p h e n o m e n o n
b y p ert ur bi n g t h e e ns e m bl e pr o p a g ati o n of Al g orit h m 1, X k ,
b y W k = [ w 1

k , . . . , w N
k ], w h er e all w i

k ∼ N (0 , I ) ar e II D
G a ussi a n r a n d o m v e ct ors.

T h e a d diti o n of W k a n d V k alt ers t h e err or st atisti cs
b et w e e n x F E M (tk ) a n d x̂ k |k , a n d t h e err or st atisti cs b et w e e n
y F E M (tk ) a n d ŷ k |k . T his is b e c a us e t h er e is pr o c ess n ois e
a n d m e as ur e m e nt n ois e ass o ci at e d wit h s yst e ms ( 3)-( 4) t h at
e xists i n d e p e n d e ntl y of W k a n d V k . H o w e v er, si n c e t h es e
n ois e s o ur c es ar e ass u m e d G a ussi a n- distri b ut e d, t h e a d diti o n
of G a ussi a n- distri b ut e d W k a n d V k k e e ps t h e n ois e distri-
b uti o ns G a ussi a n [ 2 4]. T h er ef or e, t h e i n cl usi o n of W k a n d
V k d o es n ot eff e ct t h e o pti m al n at ur e of x̂ k |k as g e n er at e d
b y Al g orit h m 1 [ 2 5].
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I niti ali z ati o n
X̂ 0 ∈ R , i niti al st at e e ns e m bl e
x̂ 0 |0 , i niti al st at e esti m at e
w hil e N ot e n d of r u nti m e d o

P r e di ct
·X k = A X̂ k − 1 + B k u k 1 1 × N + W k , pr o p a g at e
st at e e ns e m bl e

·Y k = y F E M (tk )1 1 × N + V k , g e n er at e
m e as ur e m e nt e ns e m bl e

·x̄ = N − 1 X k 1 N × 1 , ȳ = N − 1 Y 1 N × 1 c o m p ut e
e ns e m bl e a v er a g es

·P̄ k |k − 1 =
(N − 1) − 1 (X k − x̄ 1 1 × N )(X k − x̄ 1 1 × N ) ,
R̄ k |k − 1 =
(N − 1) − 1 (Y k − ȳ 1 1 × N )(Y k − ȳ 1 1 × N ) ,
c o m p ut e e ns e m bl e c o v ari a n c es

U p d at e
·Ỹ k = Y k − C k X k , c o m p ut e e ns e m bl e
i n n o v ati o n

·S̄ k |k − 1 = C k P̄ k |k − 1 C k + R̄ k |k − 1 , c o m p ut e
e ns e m bl e i n n o v ati o n c o v ari a n c e

·K k = P̄ k |k − 1 C k S̄ †
k |k − 1 , c o m p ut e K al m a n g ai n

·X̂ k = X k + K k Ỹ k , c o m p ut e u p d at e d e ns e m bl e
·x̂ k |k = N − 1 X̂ k 1 N × 1 , c o m p ut e E n K F esti m at e
·ŷ k |k = C k x̂ k |k , c o m p ut e K al m a n o ut p ut esti m at e

e n d
Al g o rit h m 1: E ns e m bl e K al m a n Filt er. † d e n ot es ps e u-
d oi n v ersi o n.

T A B L E I

T E S T P R O C E D U R E S

Test  O L m o d el  O L m at eri al s et ( 2) m at eri al s et

i ( 3) 1 1

ii ( 3) 2 1

iii ( 4) 1 1

i v ( 4) 2 1

C. Test pr o c e d ur es a n d err or m etri cs

E n K F p erf or m a n c e is ass ess e d i n f o ur diff er e nt si m ul ati o n-
b as e d t ests. T h es e t ests r et ur n x F E M (tk ) a n d x̂ k |k of S e c-
ti o n II- B, as w ell as t h e st at es pr e di ct e d b y s yst e m ( 3)
or s yst e m ( 4) wit h o ut t h e i n c or p or ati o n of Al g orit h m 1
(t h e O L m o d el pr e di cti o ns), x O L (tk ). Ta bl e I d es cri b es t h e
t ests. T h e m at eri al pr o p erti es s ets r ef er e n c e d i n Ta bl e I ar e
list e d i n Ta bl e II. R e ali z ati o ns of s yst e m ( 2) (x F E M (tk )),
ar e g e n er at e d i n d e p e n d e ntl y of s yst e ms ( 3)-( 4) ( x O L (tk )
a n d x̂ k |k ), w hi c h all o ws us t o pr es cri b e diff eri n g m at eri al
pr o p ert y s ets. M at eri al s et 1 r e pr es e nts 3 0 4 st ai nl ess st e el
( S S) at l o w t e m p er at ur e, a n d m at eri al s et 2 r e pr es e nts 3 0 4
S S at el e v at e d t e m p er at ur e [ 2 6]. Tests i a n d iii ass ess h o w
ef fi ci e ntl y Al g orit h m 1 c a n r e m o v e t h e li n e ari z ati o n err ors
of s yst e ms ( 3)-( 4), a n d t ests ii a n d i v c o m p o u n d t his err or
wit h i n a c c ur at el y- k n o w n m at eri al pr o p erti es.

F or e a c h t est, p erf or m a n c e is q u a nti fi e d wit h t h e f oll o w-

T A B L E II

M A T E R I A L P R O P E R T I E S S E T S

M at eri al s et K [ W1 m − 1 K − 1 ] c [J1 k g − 1 K − 1 ] ρ [ k g1 m − 3 ]

1 1 6 5 0 0 7 9 2 0

2 2 4 6 4 0 8 0 7 0

i n g err or si g n als: x̃ 2 , E n K F (tk ) = ||x F E M (tk ) − x̂ k |k ||2 ,
x̃ 2 , O L(tk ) = ||x F E M (tk ) − x O L (tk )||2 , x̃ ∞ , E n K F (tk ) =
||x F E M (tk ) − x̂ k |k ||∞ , a n d x̃ ∞ , O L(tk ) = ||x F E M (tk ) −
x O L (tk )||∞ . T o c o m p ar e t h e r el ati v e m a g nit u d e of
t h es e err or si g n als, w e als o t a k e t h eir o v er all n or ms:
||x̃ 2 , E n K F (tk )||2 , ||x̃ 2 , O L(tk )||2 , ||x̃ ∞ , E n K F (tk )||∞ , a n d
||x̃ ∞ , O L(tk )||∞ .

D. Test p ar a m et ers

All t ests us e t h e F E M m es h s h o w n i n Fi g. 2. S urf a c e Ω
r e c ei v es t h e s yst e m i n p ut u (t) a n d g e n er at es t h e o ut p ut y (t).
All n o d es o n s urf a c e Λ ar e c o nstr ai n e d t o h a v e t e m p er at ur e
T = 0 . F or all t ests, t h e i niti al c o n diti o n is x ( 0) = 0 , a n d
N of S e cti o n II- B is N = 5 0 , 0 0 0 . All t ests l ast 1 1 5 2 ti m e
st e ps. F or b ot h s yst e ms, t h e h e at i n p ut u (t) is b as e d o n a
G a ussi a n- distri b ut e d li n e ar h e at s o ur c e

u (x, t ) = P (t)
π

r 2
b

e x p −
(x c (t) − x ) 2

r 2
b

, ( 5)

w h er e x c (t) = 0 .0 0 8 t ( m), a n d P (t) h as a 1 5 ms d ut y c y cl e
c o nsisti n g of 5 ms at 2 5 0 W, f oll o w e d b y 1 0 ms at 5 W.
u (x, t ) r e pr es e nts a L- P B F l as er wit h s p e ci fi e d p ar a m et ers,
or a p arti c ul ar t y p e of E- P B F h e at fl u x f u n cti o n. S yst e ms ( 2)-
( 4) us e a v al u e of r b = 8 0 µ m, e x c e pt f or t h e r e ali z ati o n of
s yst e m ( 2) us e d i n t ests iii-i v. T his s yst e m us es r b = 1 0 0 µ m,
s o c h os e n b e c a us e s yst e m ( 4) is c o nstr u ct e d ass u mi n g r b 0 =
8 0 µ m ( S e cti o n II- A. 1), a n d w e wis h t o t est t h e i n fl u e n c e
of n o n z er o δ r 2

b (t) i n u (t) of s yst e m ( 4). R e c all t h at δ r 2
b (t)

is t h e diff er e n c e b et w e e n r 2
b (t), t h e s yst e m s q u ar e d b e a m

r a di us ( us e d t o r e ali z e s yst e m ( 2)), a n d t h e o p er ati n g p oi nt,
r 2

b 0 (t), us e d t o c o nstr u ct s yst e m ( 4). B (t) of s yst e m ( 4) is
g e n er at e d usi n g a p o w er o p er ati n g p oi nt of P 0 = 2 5 0 W, as
e x pl ai n e d i n S e cti o n II- A. 1.

y (t) of s yst e m ( 4) is c o nstr u ct e d b y si m ul ati n g a c o a xi al
t h er m al c a m er a wit h a 3. 5 m m F O V a n d p = 5 4 4 pi x els.

III. R E S U L T S A N D D I S C U S S I O N

T o h el p wit h r e a d er i nt uiti o n, w e i n cl u d e r e pr es e nt ati v e
e x a m pl es of t h e esti m at e d t e m p er at ur e fi el ds at ti m e st e p
k = 9 0 5 f or t ests ii a n d i v. We i n cl u d e x F E M (t9 0 5 ), x̂ 9 0 5 |9 0 5 ,
y F E M (t9 0 5 ), a n d ŷ 9 0 5 |9 0 5 , w hi c h ar e s h o w n i n Fi gs. 3- 4. I n
Fi g. 3 a n d Fi g. 4 a, w e s h o w t h e i nt er pr et ati o n of t h e st at e,
x (tk ), as a t e m p er at ur e distri b uti o n. T h e v erti c al gr e e n b ars
i n Fi g. 4 a d e n ot e t h e li mits of t h e c o a xi al t h er m al c a m er a
F O V, w hi c h g o v er ns t h e o ut p ut-st at e r el ati o ns hi p of s yst e m
( 4). R e c all t h at t h e o ut p ut of s yst e m ( 4) is t h e t e m p er at ur es
i n t h e p orti o n of s urf a c e Ω t h at l a y i n t his F O V (t h e m elt
p o ol, S e cti o n II- A. 2), as d e m o nstr at e d i n Fi g. 4 b.
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Fig. 3. Test ii, representative results from t905. The green circle indicates
the location of the laser.

We note that in Fig. 4b, there is good agreement between
yFEM (t905) and ŷ905|905. Fig. 5 expands this observation
by plotting the error signals of Section II-C associated with
each test. Qualitatively, the error 2-norm signals, x̃2(tk),
assess the overall accuracy between x̂k|k or xOL(tk) with
xFEM (tk), which Algorithm 1 seeks to minimize. The error
∞-norm signals, x̃∞(tk), identify the node (state compo-
nent) with the maximum temperature error, and the error at
this node. During our analysis, we observe that this node
usually lays in the melt pool, as it is the region of x(tk)
with the largest temperatures.

Several important trends are noticeable in Fig. 5. With the
exception of x̃2,EnKF of test iii, Algorithm 1 produces error
signals with lesser magnitude than the corresponding OL
model, as quantified in Tables III-IV. In test iii, the magni-
tudes of x̃2,EnKF (tk) and x̃∞,EnKF (tk) are always greater
than those of x̃2,OL(tk) and x̃∞,OL(tk), as shown in Fig. 5a
and Table IV. We believe this discrepancy is tied to how test
iii generates xFEM (tk), xOL(tk), and x̂k|k by applying a
common material properties set to (4), thus minimizing the
error between xFEM (tk) and xOL(tk). Algorithm 1 must
estimate very small error quantities, which effects estimation
accuracy. The value of N used in these tests, N = 50, 000,
may not be sufficient to overcome this deficiency. In test
iv, which applies imperfect material properties knowledge to
(4), Algorithm 1 successfully reduces the 2-norm and ∞-
norm error signals (Table IV). We observe the same trend
in tests i and ii, which considered system (3). Compared to
OL error metrics (Fig. 5 and Table III), we note that the
Algorithm 1-produced reductions in x̃2(tk) and x̃∞(tk) are
less for test i than they were in test ii. We believe this is
because the error is primarily driven by a material property
mismatch, not linearization error.

By comparing Tables III-IV, we observe that system
(3) reduces x̃2(tk) more than system (4), and that system
(3) reduces x̃∞(tk) less than system (4). y(tk) of system
(3) measures all of surface Ω, therefore it contains more

information about the state components far afield of the melt
pool than y(tk) of system (4), which only measures surface
Ω near the melt pool. Using more extensive measurements of
the state results in superior reduction of x̃2(tk). In contrast,
because y(tk) of system (4) is more focused on the melt
pool than y(tk) of system (3), Algorithm 1 is more biased
towards removing error in the melt pool. Therefore, system
(4) reduces x̃∞(tk) more than system (3).

Finally, we note that reduced error signal magnitudes do
not imply reduction in error everywhere in V . For example,
in Fig. 4a, we observe that at t = 905 ms into test iv, the
melt pool (region of elevated temperatures) of x̂k|k extends
overly far into the −z axis, as measured by the emulator
of the true system, xFEM (tk). In this portion of the build,
Algorithm 1 increases the error. However, by observing Fig.
5b, we note that x̃2,EnKF (t905) is well beneath x̃2,OL(t905).
The discrepancy is due to reductions in x̃∞,EnKF (tk), which
means reducing the errors in the melt pool estimation, where
the temperature magnitudes are the largest and the associated
errors have the largest magnitude. As noted in Table IV,
||x̃∞,EnKF (tk)||∞ is beneath ||x̃∞,OL(tk)||∞ for test iv. Re-
ducing the melt pool error lowers the magnitude of x̃2,EnKF

so much that it stays less than x̃2,OL, even though there
are minor increases in error far afield of the melt pool. Our
analysis reveals that this was not an occasional occurrence.
Algorithm 1 generates an overly-deep melt pool whenever a
material properties mismatch is present (test iv and test ii,
Fig. 3). The presence of this phenomenon throughout test ii is
especially interesting, given the large reduction in ||x̃2(tk)||2
shown in Table III. We intend to minimize the error signal
more uniformly far afield of the melt pool by introducing
localization [27] to Algorithm 1. Minimizing this error is
desirable for several reasons. For example, several defects
in PBF parts are correlated with unusually-deep melt pools.
Artificially-deep estimated melt pools, as shown in Fig. 3-4a,
would cause a PBF QC algorithm to incorrectly flag a build
for supposedly having these defects.

IV. CONCLUSIONS

This paper demonstrates the feasibility of using an Ensem-
ble Kalman Filter (EnKF) to estimate internal temperature
distributions in the PBF process. Our analysis was restricted
to two-dimensional models, to reduce computational bur-
den. We used FEM models of the PBF process instead
of physically-measured data, which allowed us to directly
quantify the state error. Our tests assessed EnKF estimation
error for E-PBF and L-PBF systems when the assumed
material properties matched the FEM simulation, and when
they differed. These tests showed that the EnKF can reduce
the error 2-norm with respect to the open loop (OL) model,
for both E-PBF and L-PBF systems, when material properties
differed. This reduction was as high as a 75% reduction
in error 2-norm. When material properties matched, the L-
PBF system produced an anomalous 2-norm error signal,
which we attribute to inaccurate assumptions of the system
statistics.
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Fig. 4. Test iv, representative results from t905. (a) Comparison of xFEM (tk) and x̂k|k . The green circle indicates the location of the laser, and the
green bars denote the boundary of the coaxial camera FOV. (b) Comparison of FEM output and EnKF-estimated output.
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Fig. 5. Comparison of error norms for each test. Here, “EnKF” refers to Algorithm 1. (a) Tests i and iii. (b) Tests ii and iv.

TABLE III
OVERALL ERROR NORMS OF ALL TESTS FOR SYSTEM (3)

Test i Test ii

||x̃2(tk)||2 ||x̃∞(tk)||∞ ||x̃2(tk)||2 ||x̃∞(tk)||∞
Algorithm 1 23.11 0.59 712.44 9.27

OL 25.47 0.98 2870.34 15.12

Reduction (%) 9.3 39.8 75.2 38.7

Our tests also showed that minimizing the 2-norm does not
imply minimizing the error everywhere in the part geometry.
We showed that the EnKF estimation error was slightly

higher than the OL model in regions far afield of the system
outputs, for both E-PBF and L-PBF systems. Despite this
error increase, the error 2-norm decreased due to large error
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TABLE IV
OVERALL ERROR NORMS OF ALL TESTS FOR SYSTEM (4)

Test iii Test iv

||x̃2(tk)||2 ||x̃∞(tk)||∞ ||x̃2(tk)||2 ||x̃∞(tk)||∞
Algorithm 1 753.06 2.74 1267.67 8.03

OL 264.77 5.22 2879.48 14.26

Reduction (%) -184.4 47.5 56.0 43.7

reductions in the vicinity of the system output, where the
process generated the highest temperatures. As such, the
EnKF did not correct the far-afield error increase, because
the objective of minimizing the 2-norm was already satisfied.

We will pursue several avenues of research in light of
these results. First, encouraged by our EnKF performance
with simulated data, we will implement the EnKF with
experimental data [28]. We intend to incorporate localization
[27] into our algorithm, to ensure that the algorithm more
heavily prioritizes reducing error far afield of the system
output. We also intend to assess the algorithm performance
for 3D process models. This research will demonstrate al-
gorithm efficacy under increasingly-realistic models of the
PBF process, thus affirming the feasibility of this approach
in more realistic contexts.
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