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The possibility that nuclear matter at a density relevant to the interior of massive neutron stars
may be a quarkynoic matter has attracted considerable recent interest. In this work, we construct
a field theoretical model to describe the quarkyonic matter, that would allow quantitative and
systematic calculations of its various properties. This is implemented by synthesizing the Walecka
model together with the quark-meson model, where both quark and nucleon degrees of freedom
are present based on the quarkyonic scenario. With this model we compute at mean-field level the
thermodynamic properties of the symmetric nuclear matter and calibrate model parameters through
well-known nuclear physics measurements. We find this model gives a very good description of the
symmetric nuclear matter from moderate to high baryon density and demonstrates a continuous
transition from nucleon-dominance to quark-dominance for the system.

PACS numbers: 11.30.Qc, 05.30.Fk, 11.30.Hv, 12.20.Ds

I. INTRODUCTION

To understand the phases and properties of strong in-
teraction matter at high baryon density, especially in the
region relevant to the interior of massive neutron stars,
is a very active frontier in the research field of nuclear
physics and nuclear astrophysics. The study of high
baryon density region is also very relevant to ongoing
experimental measurements (e.g. STAR at RHIC and
HADES at SPS) of heavy ion collisions at low beam en-
ergy as well as planned programs at future facilities like
the FAIR, NICA and HIAF. Both neutron star observa-
tions and heavy ion experiments will help promote our
understanding of the phase diagram over a broad range
of temperature and baryon density for the strong inter-
action matter governed by Quantum Chromodynamics
(QCD). For recent reviews, see e.g. [1-5].

While a lot has been learned about the QCD mat-
ter properties at zero or very small baryon density, the
high density region remains a significant challenge. There
are several interesting proposals about possible phases of
high density QCD matter, such as (two-flavor) color su-
perconductivity [6, 7], color-flavor locking [8], or quarky-
onic matter [9]. In the density region comparable with
the neutron star interior, the quarkyonic matter might
be more directly relevant, thus we shall focus on that
phase in this work. The quarkyonic matter was first pro-
posed by following insights from the large N. analysis
and emphasizing the coexistence of nucleon/quark de-
grees of freedom [9-12]. In the large isospin density (but
small baryon density) region, an analogous ”quarksonic
matter” was proposed by following similar arguments in
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Ref. [13]. Recently, there has been increasing interest
to explore the possible existence of quarkyonic matter
inside compact stars and the consequences for relevant
astrophysical observations [14-21].

Certain issues require improvements over previous
studies, many of which were based on simple (and often
oversimplified) picture implementations with crude and
ad hoc approximations. The chiral symmetry restora-
tion with increasing density often lacked a dynamical
treatment. The important physics constraints from the
lower density side, e.g. nuclear matter saturation prop-
erties, were not carefully checked. Given these issues, it
is therefore important to develop a more sophisticated
field theoretical model to study the quarkyonic matter —
one that would allow systematic calculations of various
properties and quantitative scrutiny of important physics
constraints. This is the main goal of our study, with the
first successful step to be reported in the present paper.
The rest of paper is organized as follows. In Sec.II, the
model Lagrangian density is constructed and the main
formalism is developed in great details by focusing on
symmetric nuclear matter. Then in Sec.III, the model
parameters are fixed according to the saturation proper-
ties observed from low energy nuclear experiments. In
Sec.IV, the thermodynamic properties are computed for
quarkyonic matter for a wide range of baryon densities
within our new model. Finally, we conclude in Sec.V.

II. AN EFFECTIVE MODEL FOR
QUARKYONIC MATTER

A. Lagrangian and thermodynamic potential

By following the spirit of quark-baryonic (or quarky-
onic) matter (QBM) with both quarks and baryons as
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the effective degrees of freedom of the strong interac-
tion system, we construct a field theoretical model which
combines the quark-meson (QM) model [22] together
with the well-known Walecka model [23]. The quark-
meson and Walecka models are common on one aspect:

qufj[i(’ﬁ + (MB/NC + %Tg) 70 = gq (0 + ir°r - ) ]q,

mesons are the “messengers” of the interactions between
quarks or baryons. The overall Lagrangian density of
our two-flavor model is composed of three parts, that is,
Loy = Lq+ L+ Ly with the following explicit forms:
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Here, the quantum fields are defined as the follow-
ing: q(z) = (u(z),d(z))? denotes the two-flavor quark
field with color degrees of freedom N, = 3, N(x) =
(p(x),n(x))T is the two-flavor nucleon field outside the
Fermi spheres of quarks if exist, o(x) and = (z) are the
scalar and pseudoscalar mesons, while pf, (with pg the w
meson) and Af (a =0, ...,3) are vector and axial vector
mesons, respectively. The baryon and isospin chemical
potentials are given by pup and 4, respectively. The
isospin matrices are

Tpe — 1Ty Tg + 0T
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with 7, 7, and 7, the Pauli matrices in flavor space. The
derivative operators are defined as Dy = Jy F iy for the
charged 7, pff and Aff, and D, = 0, for the others. For
the isospin symmetric case with p; = 0, the Lagrangian
has exact chiral symmetry in the chiral limit ¢ = 0 and
when chiral anomaly is neglected by choosing m, = m,.
In the realistic case, with the linear coefficient ¢ # 0 and
the masses m, < mg, there is only approximate chiral
symmetry in the QBM model.

Let us first discuss the vacuum of the above model at
temperature T = 0 and chemical potential © = 0. In
mean field approximation, the thermodynamic potential
is only given by the mesonic part in the vacuum, that is,
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It can be checked that we simply have (o) = v in the
chiral limit ¢ — 0. Based on the ground state, the sigma
and pion masses can then be derived as [22]

m2 =X (3(c)? —v?), mZ=X((0)>=v%), (4)
which indicate the o0 and 7 mesons as the massive and
Goldstone modes, respectively.

If we adopt the quark version of Goldberger-Treiman
relation: f2g2 = mg [24], the expectation value of o is
found to be (o), = fr in vacuum. Then, the parameters
in the mesonic sector can be determined by the vacuum
masses My, M, and pion decay constant f, as
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We next discuss the other model parameters in the quark
and baryonic sectors. Firstly, the coupling constants be-
tween the scalar sector mesons and quarks or nucleons
can be fixed by their vacuum masses as gq = mg/fr =
me/(2f=) [22] and gns = my/ fr. The quantities m,, fx
and my; are well determined from the experiments. The
other parameters like mg (or my), gny and gey will be
constrained later by the empirical saturation properties
of nuclear matter. Note also that with the additional
scalar-vector interaction, the vector mass is given by
m2 + gev f2 = (785 MeV)? in the vacuum.

We now turn to compute thermodynamics at finite
temperature and chemical potentials, where quarks and
nucleons will also give contributions. In this paper, we
will focus on the (isospin-)symmetric nuclear matter as a
first step, by choosing pp > 0 and p; = 0. The thermo-
dynamic contributions from the quark and baryon sectors
are given below:

A:
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where the dispersion relations are Eq(p) = )1/2
with mq = gq(o) and Ex(p) = (p? + m¥) 2 ith mN =
gns{o). The vector mean-field condensate is subject to
the physical constraint 0 < gny{wo) < wp, that is, the
nucleon chemical potential is reduced by (wg) but never
changes sign.

The crucial step here is to implement the quarkyonic
picture in the momentum space, in which the interior
of the Fermi sea is filled up by quarks while the nu-
cleons are excluded to reside in an outside shell of the
Fermi sea [9, 10]. In our model, the boundary for ” Pauli-
blocked” nucleon sphere is characterized by an effective
chemical potential p5. The nucleons in the quarkyonic
matter exist between the Fermi sphere stretched by p/p
and pup. As one can tell in Qf: the thermodynamics
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of N. quarks. Another nonlinear choice assumes that
the momenta of the valence quarks of proton (uud) and
neutron (udd) are the same and nucleons are blocked by
the free quarks from the Fermi sphere [15], that is,

‘LL/B = + (chF)Qa (9)
which is smaller than pp as N.mq > my. Here, the
effective Fermi momentum of the v and d quarks is
) ,11/2
kp = [(MB/NC) —mq] . (10)
This definition is based on comparing momentum of a
baryon with that of N, quarks. We will perform compu-

tations with both choices of ;5 and compare their results
later.

potential of the nucleonic part is obtained by subtract-
ing the supposed inner contribution (with p’;) out of the
naive total one (with pp). It is important to have an ap-
propriate scheme for determining the /5. One possible
choice is the pp-linear form:

B. Gap equations and energy density

In mean field approximation, the total thermodynamic
potential is then © = Q,+Q! +QY; and the gap equations
can be obtained from the extremal conditions 02/0X =
0 (X = (wo),(0)) as

tp = pp — (Nemq — mx), (8)

based on comparing kinetic energy of a baryon with that
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where the derivatives of the effective chemical potential are % = gns — gqNc for the linear choice and % =

i [gNSmN — gqumq] for the nonlinear choice, respectively.

Furthermore, the baryon number and entropy densities can be derived directly according to the thermodynamic
relationships ng = —0Q/0up and s = —0Q /0T as:
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where the explicit forms of the derivatives of the effective chemical potentials in Eq.(13) are given by 25—,2 =1 for the

linear choice and gZ—g = Z—,B for the nonlinear choice, respectively. Thus, the energy density of the quarkyonic matter
B
is found to be
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where we assume m% + (Nckr)? > 0 and the vacuum term is excluded to make sure the medium energy vanishes in
the vacuum.

To fix the remaining parameters of the model, we turn to zero temperature limit where some empirical results are
well known. The explicit form of the baryon density Eq.(13) for the quarkyonic matter becomes

C2p3e 2p3L Ol 2p3
_ .4 N N’ _ “UqF PNF Hp “PN/F
ng=nh+ng —ng = 32 + 302 Oup 32 (16)

where pnr and panp are the Fermi momenta of the occupied and Pauli-blocked nucleon states, and pyr is the Fermi
momentum of the occupied quark states, respectively. The Fermi momenta are related to the chemical potentials
through the Fermi energies as

Eqr = Eq(pqr) = B/Ne, Exv = Ex(pnr) = B — gnv(wo), Exe = Ex(pvr) = W — v (wo)- (17)

In this case, we're glad that the momentum integrations involved in the gap equations Eqs.(11) and (12) and energy
density Eq.(15) can be carried out explicitely with the help of Fermi momenta as
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[
where the symbol ”A” means excluding the correspond- Theoretically, they are related with each other as:
ing one with N — N’ for the energy and momen- (@)
tum. Combining Eqs.(16) and (18), we find (wo)(m?2 + J(E/N) €  ppe P. 0 51
gsv(0)?) = gny AnYy for the linear choice, which actually ong - n_g no  no (21)
has a definite physical meaning: the vector condensate is nB=no
proportional to the nucleon density [23]. 0*(E/N)
Ko=95———>5 ; (22)
O(np/no)?| _

from which it is easy to infer the pressure P, = 0 and the
critical chemical potential pp. = E/N +mg = 923 MeV.

Now, we use these saturation properties to fix the re-

From the experimental measurements associated with maining parameters. The dynamical quark mass is varied
finite nuclei, some properties of the infinite and isospin in the range mg 2 m¥ /3 which guarantees the stabil-
symmetric nuclear matter were extracted: the saturation ity of nucleons against the decay to quarks in vacuum.
density no ~ 0.16 fm® [25], the energy per nucleon at ~ Then the order parameters (¢) and (wo) and coupling
this density E/N = ¢/np —mf¥ = —16 MeV [26, 27] as  constants gny and gsy are fixed by solving the gap equa-
well as the compressibility Ky = 240 4+ 20 MeV [28] . tions Eqs.(11) and (12), saturation equation Eq.(21) and

IIT. MODEL PARAMETERS



the saturation energy E/N = —16 MeV self-consistently.
The extracted results for gs, and the associated nucleon
fraction Ry = Ang/nB as functions of mg are shown to-
gether in Fig. 1 for both linear and nonlinear /5 choices.
As we can see, the results are quantitatively consistent
with each other for these choices, with only minor differ-

ences in the relatively smaller mass region.
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FIG. 1. The extracted values for the coupling gsv and the
associated nucleon fraction Ry as functions of the quark vac-
uum mass my for both linear (red dotted) and nonlinear (blue
dashed) pz choices.

In order to further fix the vacuum quark mass in our
model, we show our model calculations together with the
empirical constraint [28] in Fig.2 for the compressibility
at saturation density ng. From the results, we find the
best agreement is achieved for mg = 370.4 £ 0.8 MeV.
In the rest of this paper, we will then adopt the value
mg = 370.4 MeV, with the corresponding nucleon ratio
Ry = 85.8% for both choices of ;5 at saturation density.
We note that at this density there is a nonzero albeit very
small fraction of quarks that already emerge and coexist
with the nucleons. The corresponding coupling constants
are also fixed to be gny ~ 7.2 and g4, ~ 81, respectively.

At this point, all of our model parameters are fixed
and the model satisfactorily catches the nuclear mat-
ter properties at saturation density. Lastly we examine
the liquid-gas transition at this density. In Fig. 3, we
show the thermodynamic potential €2 as a function of
the quark condensate (o) for both choices of u/; at the
critical chemical potential pp.. As one can see, there is a
typical first-order transition structure with two degener-
ate minima: one at the vacuum value (o) = f,, and the
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FIG. 2. The compressibility Ko of quarkyonic matter at sat-
uration density no as a function of the quark vacuum mass
mg for both linear (red dotted) and nonlinear (blue dashed)
1wy choices. The yellow band is the constraint from experi-
ments [28].

other new one at (o) = 69.2 MeV. At up., the chiral con-
densate jumps from the vacuum value to the smaller one.
In the next section we will analyze the matter properties
at chemical potential beyond this transition point.
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FIG. 3. The thermodynamic potential €2 as a function of the
chiral condensate (o) at the critical chemical potential ppc.
The conventions are the same as those in Fig.1.

IV. THE QUARKYONIC MATTER
PROPERTIES

In this section we present results for quarkyonic mat-
ter properties in the region of a few times the saturation
density. The chiral and vector condensates as well as the
corresponding nucleon ratio are shown in Fig. 4 as func-
tions of baryon chemical potential. We find that both
(o) and Ry decreas rapidly while (wq) increases with pp.
This implies that with increasing density, the chiral sym-
metry gets gradually restored with the quarks becoming
lighter and more abundant. The increasing of (wg) could
be understood as due to the enhancement of the nucleon



density with up, even though the nucleon fraction Ry
decreases.
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FIG. 4. The chiral condensate (o), vector condensate (wo) and
nucleon ratio Ry as functions of chemical potential ug in the
chiral symmetry partially restored phase. The conventions
are the same as those in Fig.1.

We now compute the energy density of the system and
present the closely related E/N in the upper panel of
Fig. 5. As we can see, the E/N starts from the mini-
mum value of —16 MeV at the saturation density ny and
steadily increases toward higher density. A key quantity
related to the equation-of-state (EOS) for the quarky-

Vo 29 o

the lower panel of Fig. 5, we show C? versus baryon
density for both linear and nonlinear u/5 choices, which
show small deviation from each other. In both cases,
the speed of sound increases quickly between 1 ~ 2ng
and then approaches the high density asymptotical limit
rather smoothly, in consistency with a continuous transi-
tion feature [29]. We note that our results are consistent
with those given in Ref. [15, 17] for both small and large
density, except that the prominent peak structure in the
intermediate density is absent in our model. The differ-

onic matter is the speed of sound C, =

ence could be due to the hard core feature in Ref. [17]
which we do not have. Actually, the monotonous feature
of C, was also found in a recent quite convincing study
when diquark dynamics is ignored [30].
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FIG. 5. The energy per nucleon E/N and speed of sound
C? as functions of baryon density np, the range of which
corresponds to that of pp in Fig. 4. The conventions are the
same as those in Fig.1.

Finally, we proceed to compare our EOS with the ex-
perimental extraction as well as other model calcula-
tions [31], see Fig. 6. The comparison indicates that our
results based on quarkyonic matter are reasonably con-
sistent with the experimental constraints, especially in
the large density region where quarks become more and
more important.

V. CONCLUSIONS

In this work, we propose a field theoretical model for
quarkyonic matter by combining the Walecka model to-
gether with the quark-meson model. We have systemat-
ically calibrated the model parameters based on various
hadron properties in the vacuum as well as nuclear mat-
ter properties a the saturation density. Based on that, we
then extend our calculations to the large baryon density
region and find a number of interesting results. Firstly,
the chiral symmetry is partially and smoothly restored
with increasing baryon chemical potential pp (see the
upper panel of Fig.4), contrary to the first-order transi-
tion and nearly full restoration in Nambu—Jona-Lasinio
model [24]. Secondly, the vector condensate increases
with pp (see the middle panel of Fig.4) as the nucleon
density increases, which can be easily expected from the
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FIG. 6. The comparison between our quarkyonic mat-

ter model results with those from experimental constraints
(shadow region) and other model predictions (colored lines)
for the pressure P of symmetric nuclear matter as a function
of baryon density. Note that this plot is made via adapting
an original figure extracted from Re. [31], for which we keep
the original notations of the various physical quantities. In
particular, the baryon density p (po) in this plot corresponds
to np (no) we use in other places of the paper.

proportionality shown in Eq.(18). Thirdly, the nucleon
ratio reduces (see the lower panel of Fig.4) as the quark

density enhances more quickly than the nucleon density,
which indicates gradual dominance of the quark degrees
of freedom at larger chemical potential. Finally we have
calculated the equation of state and especially the speed
of sound for quarkyonic matter in this model. The results
are found to be consistent with predictions of various
other models as well as with experimental constraints for
symmetric nuclear matter at a few times the saturation
density. Our overall conclusion is that, quantitative re-
sults from our field theoretical model of quarkyonic mat-
ter provide a satisfactory description about the properties
of vacuum as well as nuclear matter up to several times
the saturation density. Apart for the first-order liquid-
gas transition at pp. = 923 MeV, the results feature a
continuous transition from nucleon-dominated regime to
quark-dominated one along with gradual restoration of
the chiral symmetry. It will be a natural step to further
explore the implications of this quarkyonic matter model
for the interiors of neutron stars, such as had been done
in Ref. [15]. The results shall be reported in a future
publication.
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