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1. Introduction

In this paper we consider solutions to the wave equation
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where (f,g) € (H' x L?)(R?) are radial. Denote by u(t) = S(t)(f, g) the solution to this
wave equation (1) with initial data (f,g) at time 0.

Our goal is to further elucidate the exterior energy estimates for the free radial wave
equation which played a crucial role in the nonlinear work of Duyckaerts, Merle, and the
first author [6-10]. To be specific, for d > 3 and odd, at least one of the following two
estimates (even in the nonradial setting) holds:

vezo, [ VuS@(o@Pde > 5 [(VI@F + o)) do

el >t R
vi<o, [ [VuSOUa@Pd 5 [(VieP+la@P)d @
|z|>—t R

where
VS (f,9)17 = [Vu(t)* + [0pu(t)?

is the linear energy density (see [8, Proposition 2.7]). No result of this type was established
there for even dimensions, and the method of proof used in odd dimensions does not apply
in even dimensions.

In [5] it is shown that in fact, (2) fails in even dimensions. However, one does have a
favorable bound in even dimensions for either of the radial data (f,0) or (0, g), depending
on the parity of the dimension modulo 4. Without going into any details, we note that
this parity entered into the proof through a phase-shift in the asymptotic expansions of
the Bessel functions. The latter appears naturally through the radial Fourier transform,
which allows one to derive the following formula for the asymptotic exterior energy.

To state it, we introduce the Hankel transform H and the Hilbert transform H on the
half-line (0, c0):

e, _ [,
<Hmmy—!;+ad, a (M) /p_ad

Then the formula from [5] reads as follows:

™

i Cld) [ V0SOFo)do =G [P + a0 dp

t—+oo

d—1 d d+1 » d—1

(CH (™ 1), ) = (H(p™ ). 0" ) £ Relp™ (0™ 9)) (3)

We remark that the expression flx|>\t| |Vi2S(t)(f, 9)|? dz is monotone decreasing as t
increases due to the local energy identity. Hence it is sufficient to bound the limit ¢ — +oo
from below.
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We now select the direction of time such that the final term in (3) becomes non-
negative. The Hankel transform is the square of the Laplace transform, and therefore a
positive operator. This, together with the known norm of the Hankel transform, imme-
diately implies the statement about the failure (as well as about the limited validity) of
the desired exterior energy estimate depending on d mod 4. For nonlinear applications
of the restricted-data (f,0) exterior energy estimate in dimension d = 4, see [2-4].

This paper is concerned with a different type of exterior energy estimate, namely
one over channels. To motivate it, we recall the estimate proved in [6,9] in d = 3:
for 0 < R < Ry, either for all ¢ > 0 or for all £ < 0 one has

[0 (ru(t,r))? + (De(ru(t,r)))?] dr

[t]+R<r<|t|+R:

>

[(@n(rf(r))* + (rg(r))?*] dr (4)

R<r<R;

1
2

The terminology of “channels” is derived from this estimate.
By taking Ry = +oo and using the fact (9,.(ru(t,r)))? = (9,u(t,r))*r? + 0, (u*(t,7)r)
we rewrite (4) as

(u2(t,r) +u2(t,r)) r?dr — (R+ [t)u?(t, R + |t])

r>R+|t|

>l [ (gt ar - R (5)
r>R

From the point-wise t ! decay of free waves in R'*3, we have

R+ |t
(R+|t|)u2(t,R+t|)_O< JJ') as [t] = o0

Hence we get

G [ @ e az 5L [ g ed)td - RER)(0)
r>R+|t] r>R

Let us denote by 7r,r) the orthogonal projection onto the line
L(R) = {(k/r,0) | k € R}
in

(H' x L?)(r > R;r%dr)
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In other words,

CF )0 (2 r2 dr
r (0n(5)) r2dr

TL(R) (f7 g)

The projection onto the orthogonal complement is

wti(F.9) = (F9) ~ FR)(,0) )

Since fr>R+\t| (u2(t,r) +u2(t,r)) r? dr is monotonically decreasing as ¢ increases, we can
restate (5) in the following form.

Corollary 1. (See Corollary of Lemma 4.2 in [6].) For any R > 0 and (f, g) € H' x L?(R?)
radial, the solution of (1) satisfies

~—

1
/ |Vt,acu(t77”)|2 7’2 dr > 5 / |Vt,a: Wi_(R)(f,g)(T)FTQ dr (8

r>|t|+R r>R

forallt >0 orallt <O0.

Now we can state our main result, which extends the above corollary to all higher odd
dimensions. As usual, [z] denotes the largest integer k € Z, k < x.

Theorem 2. In any odd dimension d > 0, every radial energy solution of (1) satisfies for
every R >0

t—+oo
r>|t|+R

. _ 1
max lim / |V zult, 7“)|2 rdldr > 5 Hﬁg(R) (f, g)”?—'[lXLQ(TZR;rd—l dr) 9)

Here

d+2 d
4. - o[22 e >
k=12, [],riR}

P(R) := span {(r%l_d, 0), (0, r2k2_d) | k1 =1,2,--- 1

and W]%(R) denotes the orthogonal projection onto the complement of the plane P(R) in
(H' x L?)(r > R;r* " dr).

The inequality becomes an equality for data of the form (0,g) and (f,0). Moreover,
the left-hand side of (9) vanishes exactly for data in P(R).

Remark 3. When d = 1, P(R) = ). Hence, this is the one-dimensional estimate in the
proof of [6, Lemma 4.2]. We already know that for d = 3 the estimate reduces to (8). It
is worth mentioning that (9) is also proved in [12, Proposition 4.1] for d = 5. Since the
argument for d = 1,3,5 does not seem to generalize to higher odd dimension easily, we
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choose a different path by following the Fourier method approach originally developed
in [5] to handle even dimensions.

Remark 4. The conditions that ky < [22] < &2 and k, < [4] < 4 guarantee that
(r*1=.0), (0,r**2=4) ¢ A x L?(r > R,r% "1 dr)

Remark 5. The initial data (0,7r%~9),1 <4 < [%] correspond to a solution of the form
w(t,r) = ay (2120 gy 423 g gp2id

and initial data (r?=¢,0),1 < i < [£F2] correspond to the following solution
w(t,r) = by 2220 4y ¢2idpA=d gy 2id

with coeflicients a; = b; = 1 from which a;,b;,1 < j < i are determined recursively.
And it is easy to verify that these solutions make the left hand side of (9) vanish. This is
the original motivation for conjecturing the correct formulation of Theorem 2 involving
orthogonal projections onto these subspaces.

Remark 6. Using the monotone decreasing feature of the energy [ +|t|(u%(t,r) +
u2(t,r))r%tdr as before, (9) can be restated as: For every R > 0 and for all ¢ > 0
orall t <0,

_ 1
|V zul(t, 7')|2 ra=1qr > 5“”% (fs g)”fiIlXLQ(TZR;Td—l dr) (10)

r>|t[+R

Notice that when R — 0+, this agrees with (2).
2. Asymptotic formula

Before proving Theorem 2, we establish our conventions regarding the Fourier trans-
form on R? and we recall a few standard facts about solutions to (1) with radial initial
data. The solution u(¢) to (1) with data (f,g) is given by

sin(t|V])

u(t) = cos(t|V|) f + v Y

Let F be the Fourier transform on R! and f, § the Fourier transforms in R%:

f(6) = / e f(eydr,  f(x) = (2m) / e f(€) de (11)

Rd Rd
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and the Parseval identity is

[ e = g [ et

In particular, we have Plancherel’s identity ”inQ(Rd) = (27T)d||f|\%2(Rd).

For radial functions, f is again radial. Recall that

o5 i(§) = @miel e, vi= 5= >0

where J,, is the Bessel function of the first type of order v. It is characterized as being

the solution of

22T (x) + 2 J,(2) + (2* — v?)J,(z) =0

(13)

which is regular at = 0 (unique up to a multiplicative constant). The inversion formula

takes the form

ml&

o0
/ W (rp)(rp) ™ p* " dp
0

For the solution u(¢,r) this means that

o9

tr) = (m)t [ (cos<tp>f<p> T Sm“”’mp)) To(rp)(re) oV dp

; P
Dyt r) = (2m) / (~sin(tp)of () + cos(t)ale)) Ju(ro)(rp) ™ ' dp
0

We shall invoke the standard asymptotics for the Bessel functions, see [1],

Jy(x) = % [(1 4 wa(z))cos(x — T) + wi(x) sin(z — 7))
J(z) = 77_21‘ [01(z) cos(x — 7) — (1 + @a(x)) sin(z — 7))

with phase-shift 7 = (d — 1)%, and with the bounds (for n > 0, z > 1)

Wi ()] + @5 ()] < Cr a2 7"

wi™ (@)] + | (@) < Cpa~t "

of symbol type.

(15)
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Now we start computing the asymptotic form of the exterior energy as in [5], say for
t > 0. (We can take the data to be Schwartz and also assume that f(p) and §(p) are
supported on 0 < p, < p < p* < 00.) With all Fourier transforms being those in R?, we
claim that

(QW)d(”atu(t)Hiz r>t4+Rrd—1dr) T ||3Tu(t)|‘%2(r>t+R pd—1 dr))

~ 2 i / [ (=sinttoonfon) + costeonaen))

t+Rp1,p2>0

(= sintp2)paf (p2) + cos(tp2)(p2) )

-cos(rpy — 1) cos(rpa — 7)(p1p2)! dprdps e~ " dr

+ 2 lim / // COS (tp1)p1f(p1) +sin(tp1)g (Pl))

T e—04
t+Rp1,p2>0

. (cos(tpz)ﬂzf(pz) + sin(tpz)ﬁ(ﬂz))

-sin(rp; — 7) sin(rpe — 7)(p1p2)* dprdps €7 dr + o(1) (16)

where the o(1) is for ¢ — oo and 7 = %w, uw= dQ;l. Moreover, we used the asymptotic
expansions of the Bessel functions, and we absorbed all error terms in the o(1), which
will be justified at the end of this section. In order to carry out the r-integration, we use
(note 27 € Zm when d is odd)

cos(rp1 — 1) cos(rpz — 7) = 5[cos(r(p1 + p2) — 27) + cos(r(p1 — p2))]
[(=1)" cos(r(p1 + p2)) + cos(r(p1 — p2))]
[—cos(r(p1 + p2) — 27) + cos(r(p1 — p2))]

sin(rp; — 7)sin(rps — 1) =

[=(=1)" cos(r(p1 + p2)) + cos(r(pr — p2))]

N~ N~ NN -

as well as the following fact: for any smooth compactly supported functions ¢, on
(0, 00), one has for every t € R

lim 70 [ costetor = pastonyiston) = dr dpdpe

e—0+
t p1,p02>0
— = [stowtonto— [ =L o000m) dpran (17)
0 p1,p2>0
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lim/ // cos(r(p1 + p2))p(p1)Y(p2)e” " dr dpidps

e—0+
t p1,p2>0
sin(t(p1 + p2))
dpid 18
// o1+ o —————¢(p1)Y(p2) dp1dp> (18)
p1,p2>0
To prove (17) we note that
7 1 t(ia—e) —t(iate) in(t
lim [ cos(ar)e™*"dr = lim — ( — e. + € : ) = 160(a) — sin(ta)
e—0+ e—0+ 2 a — € a+ e a

t

where the limit is to be taken in the distributional sense. For (18) the argument is
essentially the same.

In what follows, we slightly abuse notation by writing f'(p) := pf(p). Carrying out
the r-integration in (16) using (17), (18) and applying trigonometric identities yields:

L] Leostetor = p) (P00 (o) + a(p0)3000) — sine(p — p2)

p1,p2>0

(f’(pl) 302) — 4097 ()] (wblps — pa) — TN oy
// o1 + p2)) (' (p1) 7 (p2) — §(61)372)

p1,p2>0

+sin(t(p1 + p2))(f'(p1)3(p2) + G(p1) [ (p2))]

sin((t + R)(p1 + p2))
p1+ p2

(p1p2)" dprdp2

which further simplifies to

() +1a(p)[*)p"~" dp

// sin((2t + R)(p1 — ))+sin(R(p1—p2))

— P2
p1,p2>0

f/(Pl )/ P2) + 3(p1)3(p2)) (pLp2)" dp1dp2
cos(R(p1 — p2)) — cos((2t + R)(p1 — p2))
27r //

P1 — P2
p1,p2>0
(f/(/’l (Pl)f'(Pz))(Plpz)“ dp1dp2
// sin((2t + R)(p1 + p2)) + sin(R(p1 + p2))
p1+ p2
p1,p2>0

(F(p1) F'(p2) — 3(p1)3(p2)) (p1p2)" dp1dpa
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" // cos(R(p1 + p2)) — cos((2t + R)(p1 + p2))

P1+ P2
p1,p2>0

~(F(p1)3(p2) + (p1) ' (p2))(prp2)" dp1dp

We may now pass to the limit ¢ — oo keeping R > 0 fixed. The terms involving
sin((2t+ R)(p1+p2)) and cos((2t+ R)(p1 + p2)) in the fourth and fifth lines, respectively,
vanish in the limit ¢ — oo as can be seen by integration by parts (we may again assume
that the data are Schwartz, with Fourier transforms compactly supported in (0, 00)). The
asymptotic behavior of the terms involving sin((2t+R)(p1—p2)) and cos((2t+R)(p1—p2))
in the second and third lines, respectively, require more care. In fact, using that for any
a>0

sin(ax) cos(ax)

]:[ ](f) = WX(—a,a)(g)a }—[

- ED1(6) = mil—X( ooy X(aow)]  (19)

one has

t—o00
p1,p2>0

i [ SCEEROZ ) () Foa) + (00300 p102)" dii

= / U7 () + 19(0))p* dp

as well as
A //0 e ;;;1 —Pz))(f( 1)§(p2) = 3(p1) ' (p2)) (p1p2)" dprdpy = 0
p1,p2>

In conclusion, we obtain the following asymptotic expression for the left-hand side of the
exterior energy (16) as t — Fo0:

5 [(FOF +1a) ) do
0

// SR =22)) f1(01) Fi(2) + (01)072)) (12" s
P1 — P2

917p2>0
p p//>o sin(R - —i;ﬂz))(f’(pl)f/(pz) — 3(p1)3(p2)) (p1p2)* dprdps
fcostBilor = o)) (_yyueos(RU 221 o J5T5 oy
E Rp [ZO pL— P2 ) p1+ p2 }f (1)3(p2)(p1p2)" dp1dp2

(20)

The direction of time is chosen so as to make the last line > 0.
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Let us denote the following asymptotic exterior energy (recall u = %)

ASd = l/ |2 d— ldp
2
0
sin(R . ~
// (o pQ))g(Pl)g(pz)(pmz)“ dp1dp2
P1 — P2
pl,p2>0
sm + R =
X ] et ey i e dpsdps (21)
p1+ p2
pl,p2>0
1 o0
ASd 5‘/ ‘2 d+1 dp

0
*Z // Smu;(p_l;QPZ))f(pl)f(pz)(plpz)““dpldp2

p1,p2>0
sin(R(p1 + A~ ~
G5 ] 2D ) f)orpa)* dindpn (22
0 P1+ P2
p1,p2>

Hence we obtain

. d
max tilinoo(%) (Hatu(t)||i2(r2\t|+R,rd*1 ary T HaT’u(t)||%2(r2|t\+R,rd*1 dr))

> ASq(f) + AS4(g) (23)

From the explanation right after (20), we also notice that (23) takes equal sign when we
have only (0, g) or (f,0) data, and it holds for both time directions.
Now we would like to obtain a lower bound for the asymptotic exterior energy AS;(g)
(21) and AS4(f) (22).
If R = 0 there is nothing to be done. Now let R > 0. The radial Fourier transform
d—2

satisfies, with v = 5=,

palo) = 2n)* [ gr) L) re) e dr
0
=205 [ grin(ro)ror's dr (24)
0

2

where we used j,(z) = (%) Ju(2), n = (d — 3)/2. The so-called spherical Bessel
functions jn(z) are of the form



C. Kenig et al. / Advances in Mathematics 285 (2015) 877-936 887

. sin z
Jo(z) = >
. sinz cosz
M) =" o
) 3 1y . 3
Ja(z) = (; — ;) sinz — —5 cos 2 (25)
and for general n > 0:
1 d\"sinz
in(2) = (— 26
@) = (S ) = (26)

It is worth noticing that these functions alternate between being odd and even depending
on n being odd or even, respectively.

Now we will plug (24) into (21), (22) to prove the following lemma (based on the
condition (16) being fulfilled, which we will verify afterwards).

Lemma 7. Take k(x) to be a normalized bump function on R, i.e., k(x) is smooth, even,
nonnegative function such that k(|x|) is decreasing, supp x C [—1,1] and [, k(z) dz = 1.
Denote r(z) = Lk(%).

Assume (16) to hold true, then in any odd dimension d, every radial energy solution
of (1) satisfies the following inequality for every R > 0

: d 2 2
max t_lglinoo(%) 02 (s 414 Ryt ary + 10 U T 2 414 R,ra—1 )

> ASq(f) + ASa(g) (27)
with
A84(g) =2 a1t ar
— 9d=1gd= 2hm Kr. 7’1,7’2)9(1“1)9(7"2)(7"17’2) d?"ld’l"g
rl:r/z>Z0
R -
1
Kre(riir) = 5o [ (s Fon) ()« Fon) () g (29)
ASq(f) :2d*17rd/| ') Prd=tar
2d L d 2hm KRE Tl,Tg (Tl)f( 2>(T17“2) 2 d’l‘ld’r‘g
R _
IR PR: ;
Ria(riors) = g [ (s e Fi) () e F) () d (29)

—R
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Heren = %52 0, (2) = 2jn(2), ¥n(2) = 2¢04(2) = 22%jn(2) with j,(z) being the spherical
Bessel functions defined in (26). Moreover, (27) takes equal sign when we have (f,0) or
(0,9) data and it is true for both time directions.

Proof. We only need to prove that (21), (22) imply (28), (29) for data (f,g) which are
compactly supported and smooth.

To prove (28), we first remark that in Lemma 10 we will show that F¢,, is a com-
pactly supported finite measure. In particular, ¢, and all its derivatives are bounded,
|00n(2)] < Ch.a V2.

Let us denote

I(z) = /fﬁ(a:)e“”zda: =2n(F'k)(2) (30)
R

so I(z) € S(R) and I(0) =1 (S here means the class of Schwartz functions).
Now take g € C§°(R™), for any & > 0 by dominated convergence we have

pﬂ@(p)::2<2w>i%*;g%t/lpn<rp>h0az<srp>dr (31)

with h(r) = g(r)r‘z" € Cg°(RY).
Now denote

Genlp) = [ ulen) )1 rp) dr
0

We claim
|Gem(p)| < COn(1+|p))~ " (32)

where C)y is independent of € and this holds for all integers N > 0.
To prove (32), we only need to show it for p large enough. Let us denote ¢ (z) =
then ¢, (2) = zjn(2) = (=1)"z"+ (L )"y (2), and

z dz

oatr) = (-2 (L) wton)

pn—l ;%

Applying integration by parts in G, , we obtain

Ge,n(p) =

rdr

pn171 7¢(TP) <li)" (r" T h(r)I(erp)) dr (33)
0
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(1N 2N

Notice that (—1)1\7657122—21\1]v sin z = sin z, whence sin(rp) = pm)v 4 sin(rp) and thus fur-

thermore,

_sin(rp)  (=D)N &N
1/1(77’) - rp - 7”/)2N+1 erN SlIl(?"p)

Plugging this into (33) and integrating by parts 2N times yields

N F oN
Genlp) = S [sntem et (L) oot ar (3

From
dk

1
S 1(erp) = (2p) 1) erp) = - (erp) 1) (=rp)

and using the fact that I(z) is Schwartz, we conclude that

d* _
e L(erp) S
Combining this with the fact that h(r) is smooth and compactly supported away from
origin, we see that the integral in (34) is bounded, hence we proved (32).
Next, we denote ¢ (2) = ¢n(2)I(ez) and plug (31) into (21). We may then apply the
dominated convergence theorem to take the limit outside the integral, i.e.,

i 2
AS4(g) = = 2ot dp — 2 (2m) -1 iy sin(R(p1 — p2))
2 e=0 p1— P2
0 T1,72,p1,p2>0

-5, (r1p1) @, (rap2) h(r1) h(ra dpldpzdﬁdw

RRY”
_2(=1) (27)% Tim //// sin(R(p1 + p2))
T e—0 P1 + p2

r1,72,p1,p2>0

o5 (r1p1) @5 (rap2)h(r1)h(r2) dprdpadridrs (35)

and the integrals converge absolutely because of (32).
Now we can use the parity of ¢¢(z), which follows from the parity of j,(z) (notice
that I(z) is an even function) to combine the last two integrals

1 T —
ASu(g 25/ 2001 dp — 11_1:((1] // // sin(R(p1 Pz))
€ P1—
0

71,72>0 pq,ps ER2

~on(r1p1)es, (rap2) h(r1)h(r2) dpidpadridrs (36)
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We now define

G*(p1,p2) = // o5, (r1p1) 95, (r2p2)h(r1)h(rs) drydry (37)

7r1,r2>0

The same argument as the proof for (32) gives that G%(p1, p2) € S(R x R).
Take ¢5 € S(R) and 1s5(z) — ¢ := % as & — 0 uniformly on compact sets with the
uniform bound |[[1s]|cc < C. Now for R fixed, we consider

//%ﬁ&gﬂ&ﬂmwwmz
P1— P2
p1,p2ER?

N R/ / Y(R(p1 — p2))G*(p1, p2)dp1 | dp2

~R / lim / Gs(R(p1 — p2))G= (1. p2)dpy | dps (38)

where the first equality holds due to the fact that the integral converges absolutely, and
the second equality follows by dominated convergence.

Apply Parseval’s identity to the inner integral to deduce (we can take 15(z) to be real
when z is real)

e_iPQE

2 Fun ()G (€ e

/ Ps(R(p1 — p2))G(p1, p2)dp1 = % /

Here F; means that we are passing to the Fourier transform with respect to the first
variable.

Since (Fv)(§) = mx(-1,1)(&), and since F1ps converges to Fi weakly as measures
(and also weakly in L?) we conclude that

[e%) R
1 .
lim / Us(Ripr = pa))G(pr, p2) dpr = 5 / €P2E FyGE (€, py) dE (39)

-R

Inserting (39) into (38) we obtain

//Vmﬂﬁ@mﬁmz /Bﬁ ) (40)

Here F5 means that we are applying the Fourier transform in both variables.
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Next using the formula (37) for G¢, we have

FaG® (&1, — // e~ 61p1=E2p2) // @5 (r1p1) 5, (rape) h(r1)h(ra) dridradpydps
p1,p2€R2 r1,72>0
= [ e aph) dedn
r1>0,01€R
€228 (ropa)h(re) déadrs (41)
ro>0,p2€R

where we used Fubini’s theorem to interchange the order of integration because it con-
verges absolutely for each ¢ fixed. From

oo

/ IO GE (1 1)y = —Fop (51)
T1 T
— 00
and the fact that % (rop2) is real one infers that
o0 (o)
/ €"2P20% (rypo)dés = / e~ 2p2 ¢ (ropy)dés = —]:@n(%)

Combining (38)—(41) we arrive at

// MGE(M, p2)dp1dps

P1 — P2
p1,p2 ER?

// /2T17"2 ‘Pn )}-SOn( f) h(r1)h(ra) dé dry drs (42)

r1,72>0 —

The formula (30) for I(z) implies that the Fourier transform of I(ez) equals 277%,%(%).
And from our convention (11), we see that F(fg) = 5=F f*Fg. So we can write F5, (£) =
(ke % Fipn)(€), with ke (x) = Lk(£). Recalling that h(r) = g(r)r“z", we see that (36) and
(42) imply (28).

The proof for (29) is almost identical. Since we take f € C§°(R™) and since ¢, (z)
together with all its derivatives is bounded, we infer from dominated convergence that

P f(p) = 2(2m) T lim / ealrp)p ()T I(erp) dr
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hm/wn rp) h(r)I(erp)dr

with h(r) = f(r)r*z" € Cg°(R™).

Now repeat the same argument as above with h(r) replaced by A(r), and ¢,(2)
replaced by 1, (z). With these replacements one can check that we obtain a formula
analogous to (35) but with plus sign in the last line as opposed to a minus sign (notice
the difference between (22) and (21)). Then, using the parity of 1, (z) we again get the
following formula with ¢ (2z) = ¢, (2)I(ez), which is similar to (36).

ASq(f) = 1/ ()21 d 7T)CF1 lim // // sin(R(p1 — p2))
d 2 T e—0 P1 — P2
0

71,72>0 p1,ps ER2

A (rip1) Vs (rap2) h(r1)h(r2)dp1dpadrydrs (43)

So we may continue the remainder of the argument to obtain

J[ ] e i s rapa) i) drsdiradpud

r1,72>0 p1,ps €ER2

// /QW Fin( Té)% h(r1)h(ry) € dry dr

r1,72>0 —

Again we have Fug (€) = (k. * F1b,)(€). Now we can plug in h(r) = %f(r)r% and see
that (43) implies (29). O

It remains to prove (16). For simplicity, we establish (16) only for the piece arising
from the kinetic energy as the contributions coming from the 9,u(t) term are dealt with
similarly. First note that

(27T)d Hatu(t) H%2(r2R+t’rd71 dr)

= (2n)? HI(I)1+ / |0u(t,r)*rite=" dr
E—r
R+t

= lim 7 // (— sin(tp)p1f(p1) + cos(tpl)ﬁ(m))

R+t

- (= sin(tp2)pa (p2) + cos(tp)3(p2)

- Ty (rp1) Ju (rp2) (rp1p2) ™" (p1p2) ™" dprdpy 9=t e dr (44)
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Next, if we subtract the contributions of the kinetic energy in (16) from (44) we are left
with

[o.olNe elNe o]

= lim /// —sin(tp p1f(ﬂ1)+COS(tp1)§(p1))

T e—0+
R+t 0 O

- (= sin(tp2)p2f (p2) + cos(tp2)3(p2) )

[(wa(rp1) + wa(rpz) + wa(rp1)wz(rpz)) cos(rpr — 1) cos(rpz — 1)
+ wi(rp1) (1 + wa(rp2)) sin(rpy — 7) cos(rpz — 7)
+ w1 (rp2)(1 + wa(rpr)) sin(rps — 7) cos(rpr — 7)
+ w1 (rp1)wi(rpz) sin(rpy — ) sin(rpy — 7) | (p1p2)* dprdps e dr

where the w; are as in (15). All terms here are treated in a similar fashion. As a repre-
sentative example, consider for all € > 0 the error term

(o ol olNe o
= / //Sln tp1)sin(tps) cos(rpy — 1) sin(rps — 1)
00

R+

~

wi(rp2) - f(p1)f(p2)(p1p2) e =" dprdpadr

As before, we write

cos(rpy — 7)sin(rps — 1) = —% [(=1)” cos(r(p1 + p2)) + sin(r(p1 — p2))]

expand the trigonometric functions on the right-hand side into complex exponentials,
and perform an integration by parts in the r variable as follows: for any ¢ € R and
dropping the subscripts on w, p for simplicity, one has

7 [eFio] J o—[eFiol(t+R) R 7 o—leFio]r ) . 5
- 0|7 — t

[T e ar =@ mp + [ enpdr (15)

t+R t+R

We apply this with o = p1 + p3 and o = p; — py to the fully expanded form of F;(e) as
explained above. In both cases one has the uniform bounds

< C9ll

su d ‘
E>13H/ PliPQ j:ze P2 L2(p1)

In order to use this, we distribute the exponential factors as well as all weights over the

functions f(p1) and f(p2), respectively. For the first term on the right-hand side of (45)
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we then obtain an estimate O((t + R)™!) from the decay of the weight w, whereas for
the integral in (45) we obtain an O(r~2)-bound via

sup [’ (rp)p?| < Cr?
p>0

which then leads to the final bound of

oo

/ O(r=2)dr=0((t+R)™ ")

t+R

The O-here are uniform in € > 0. Note that various p-factors which are introduced by
the w-weights are harmless due to our standing assumption that 0 < p. < p < p*.

All error terms fall under this scheme. In fact, those involving two w-factors yield an
O((t + R)~?)-estimate. This concludes the proof.

3. Dimensions 3, 5 and 7

In this section we prove Theorem 2 for dimensions d = 3,5,7. This will serve to
illustrate the method without obscuring the arguments with excessive technical detail.

We first list the Fourier transforms of the Bessel functions ¢, (z), n = 0, 1,2 which will
be needed for dimensions d = 3,5, 7. These facts can be checked via direct computation
from (25).

Foo(§) = mi[d_1 — d1],

Fer(§) = mlx(-1,1)(§) — -1 — 1],

Fp2(§) = mi[—3Ex(~1,1)(§) — -1 + 61 (46)
The following lemma collects various limits which we will use repeatedly in the main

argument. These limits all involve regularizations by the mollifier k.(z) which we intro-
duced in Lemma 7. In the lemma we denote by 4, the Kronecker delta

S — 1, whena=0»
b 0, when a #b

In contrast, d, is the standard Dirac measure centered at y € R. In other words,

(f * 0y)(x) = f(x = y).

Lemma 8. Leti,j > 1, r1,79 > 0. For a,b € {0, 1}, we have the following limits for any
test function ¢(r1,72) € CF(RT x R):
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R
lim // [/ffs*fX( 11)](6)[/‘%*5)(( 11)}(5)6%1 ¢(r1,72) dridry

e—0
r1,72>0 L—R

_(_ z+ +1 min 7“1,T2 R)H-J-H
]. J 7”170/2/;07}_‘_]—1_1 Tir% ¢(r1,7“2)dr1dr2
[ §
li € 0 e (5 o [(=)d, , drd
81_1%1/2[0{4’{* (—1)a) (=) [ke * 1)](T2)§]¢(7“1 r9) dridry
R
=dap | E20(£,8)dE
/
R ¢ c
;l_rfl 55*6 1y ( )[ng*& l)b]( )dg] o(r1,7re) dridry
(7)"17”/2Z0 |:4
= 6ab0/ (020, (a: Yy d)(x,y))] m:y:§d§

R
E11_1}(1) // [/[me *gix(ilyl)](%)[ng *6(1)(1](%)(1«5] @(r1, ro)dridry

r1,72>0 L—R

oo min(ry,R)

:/ / r2<(_2ar2>i¢(r1,r2)dr2dr1

i [/ [ /R ke xSl Da](f)ds] b1, 72)dr1dr

e—0
r1,72>0 L—R

oo min(ry,R)

= (71)“/ / ((_1)%2)1'&2 (r2¢(r1,72)) dridry

1

R
i [ [ LTI >[ma*5;_1>b1<%>da] $(r1,7s) drydry

r1,72>0 L-R

dg

r=y=¢

R
aéab/ $y¢$y
0

Proof. We first compute the convolution to obtain

895

(47)

(49)
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1
; £ -1 ' L or e~y
ke x Ex(1n](2) = [ ke(rE—y)y'dy = | —r( )y dy
r _/1 / € €

Notice that for € > 0 fixed, if we let h represent any of the functions above, then h is a
Schwartz as a function of £&. That is, for any > 0

sup €207 h(€)| < Cap(r), VYa,B e LT (53)
£ER

with Cq g(r) being continuous functions in 7.
Considering any test function ¢(r1,r2), we may assume that

Supp ¢ C [ry, "] X [re, 7] 0<r, <r*<oo (54)

From Fubini’s theorem, (53) guarantees that we can interchange the order of integration
in all our computations below. We shall now prove (47)—(52) for test functions satisfying
(54). By taking r, and r* to be any value in (0, 00), this will imply that (47)(52) hold
true for any test functions.

Proof of (47). By the change of variables y; = r1_1§ —bO1e,y2 = 7“2_1§ — O2¢ one has

R 11
///yiyzﬁs ritE = y1)ke(ry '€ — yo)dyrdyad€ | ¢(ry,r2) dridrs
“rRI1 4

Rt xRt
= \/Xg(f7 91, 02, 1, T‘Q)('I"flf - 91€)i(T;1§ - 925)%(91)/{(92)¢(r1, 7‘2) d§d91d92dr1dr2
]RS
where xc(&,01,02,71,72) is the characteristic function of the set

-1 -1
celrm, Lt g L EHD L [w*]}

9
3 £

QE = {(5; 917 927T17T2)

To proceed, we define the following sets:

Q:={—min (ry,re, R) < & <min(ry,r9, R), 61,02 €ER, 71,79 € [y, 7]}
oM =0.nQ
0® = a.\oW
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with the corresponding characteristic function ygq, X§1)7 X§2)' We then have

Xe (&, 01,09, m1,m2) = X1 (€, 01,00, 71,7m2) + XD (E,01,00,71,72)
lim Xgl)(f,91,9277"177”2) = xq(&,01,02,7m1,72)
e—0

;i_r{(l)xg)(f,elﬁg,rl,rg) =0 ae.

For 0 < € < 1, the integrand is bounded by

"(01)|02]7 (02)|¢(r1, 72)]

X[=r,R]x®2 (&, 01,02)Xry ry>r, (T1,72) | = o

which is integrable on R®. Hence by the dominated convergence theorem, we obtain

min (r1,r2,R) it
/ / / s 1(01)k(02)¢(r1,72) d€ dbh dO2 dridrs
T 7“
r1,7227% 01,02€R — min (rq,r2,R) 12

lim I, =

L minr,r,RiH"_l
= / (1 —(=1)"7+ (i(;jjl):irj ¢(r1,72) dridrs
172

T1,7’2>0

which yields (47).

Proof of (48). Given any 7 > 0, take € < gg < %, with g9 to be chosen later. Then

R
I ::/ / /@E(rl_lf—(—1)“)K5(r2_1§—(—1)b)¢(7“1,7“2)d§dr1 dro change ré =0,

—R Rt xR+ !

/ ¢ e g

=[] e = (e = (2006 ) g b
0 R+ xR+
0
2
[ ] R = b2 = (100000 ) g dn e (55)

—R R~ xR~

Since suppke C [—&,g] C [—¢0,&0], we only need to consider the integration over the

region

Q= [O,R] X [1—60,1+80] X [1—80,1+€0]
O = [—R,O] X [—1 —50,—1 —|—€0} X [—1 —80,—1 +50]

Denote A(&, 61,02) = qb(eg—l, QL)%, which is smooth on QF. We can then choose ¢ small

so that
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|A(,01,602) — A(E, (1), (=1)")| < V(E,01,62) € QF

Hence we obtain

= ke (b — (—=1)*)ke (62 — (—1)° —1)%,(=1)%) df; dfs
IE_/Q[/ (00 — (=) (05 — (—1)*)A(E, (~1)%, (—1)?) df dfade

—(—=1)% g 27717 _1\a (_1)\b 1 dby
+///ng<el (—1)")ke (02 — (~1)P)A(E, (—1)°, (~1)") dy dBzde

-
+0(n) (56)

with O(+) independent of ¢ for any € < 9. When a = b = 0, we have A(£,1,1) = ¢(&, £)&2.
Since ¢ is compactly supported in R x R*, we see that the first integral in (56) equals

R
/ o(€, )E%de
0

while the second integral in (56) vanishes due to the fact that 6; — 1 lies outside of the

support of k..
If a =b=1, then A(£,1,1) = (=&, —€)E2. Thus the first integral in (56) vanishes,

while the second integral equals

0 R
/ o(—€, —€)exde = / o€, €)€%de
—R 0

When a = 0,0 =1or a=1,b =0, it is easy to see both integrals in (56) vanish. To

summarize, for a,b € {0,1}, and for all > 0, we can find gy > 0 such that
R
I = [oe. e+ 0m),  foro<s<s
0

which implies (48).
Proof of (49). For any n > 0, take e < g9 < 3 with ¢ to be chosen later. Now for fixed ¢,

the dominated convergence theorem implies that

R
L= RL(ry T — (1)*)RL(ry M€ — (—=1)")@(r1, ro)drydradg
£R+X/R+
= i, / KL(r e — (=) KL (ry Y — (=1)")p(r1,72) dridradg

5<|E|<R Rt xR+

We denote the integral term here as I, 5.
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Using the fact O,k (r71¢ — (=1)%) = —T%n's(r_lf — (=1)%), we may rewrite I. 5 and
integrate by parts with respect to r1,rs:

rrd

s / / TR0, (7€ — (<101 € = (~1")0(rn,ra)dradradé

S<|E|<R R+ xR+

- / / éne(rflé — (1) ke(ry 1 — (=1)2)0y, Oy (r3r2d(r1, 72)) drydrodE
5<|¢|<RRT XRT

We now set W(ry,r9) = Oy, 0, (12130 (r1,72)) and change variables % = 64, f—Q = 6, in

I. s to obtain

Ly &

zaz g, 9—2) df,df,dE

L= / / e (01 — (—1) e (02 — (—1)?)
6<E<R Rt xR+

a b 1 £€
+ / /wl—(—l) Il = (1)) g W ) e
—R<£<—3§ R— xR—

_ 7t -
- Ia,é + Ia,é

We denote A(E,61,02) = @‘I’(ﬁ—l,é). We infer from supp(k.) C [—ep,&0] and

supp(¢) C [r4, 7] X [, 7*] that the region of integration for I=; can be taken as

Q+ = [(1 — EQ)T*7 (1 + 50)7“*] X [1 — &0, 1+ 60] X [1 — &0, 1+ 50]
Q7 = [(—1—eo)r«, (=1 +€0)r"] X [-1 — €9, —1 + o] X [-1 — €9, —1 +&¢]

Since A(&, 6y, 02) is smooth on QF, we can apply the dominated convergence theorem to
get

I, = ;E}I(l) IE,5
= /55(91 — (=1)")ke (B2 — (—1)") A(&, 01, 02) dO1dO2dE
O+

+ / o0y — (= 1)) re(Bs — (—1)PVA(E, By, 0) d6s dBade
J

As before, we can take g small so that
|A(§7 017 02) - A(fa (_1)11, (_l)b)| < m, V(Sa 91, 02) € Qi

Hence
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L- / e (01 — (=1)") ke (B2 — (—1)P)A(E, (—1)%, (—1)*) dy dfpde

O+

+ / ke(B1 — (=1)Y) k(B2 — (DD A(E, (=1)2, (=1)°) db, db2dE
a
+0(n) (57)

Ifa=b= 0, then A(§7 (71)(17 (71)b) = a$ay(x2y2¢(xa y))|w
(57) equals

—y—er 5O the first integral in

R
[osdaiotwa, ., e
0

and the second integral in (57) vanishes.
When a =0 =1, A(§, (=1), (-1)") = 8.0, (2?y*é(x,1))|,,_
in (57) is 0 while the second integral equals

y=—g» 50 the first integral

0 R

[ oo, s = [ 2.0, o)

—R 0

dg

r=y=¢§

When ¢ = 0,b =1o0r a =1, b= 0 we see that both integrals in (57) vanish. To
summarize, for a,b € {0,1}, for any n > 0, we find g9 > 0 so that

R

I. = /818y(m2y2¢(x,y))‘m:y:£d§ +0(n) V0 < e < gg
0

which implies (49).

Proof of (50). By the change of variables y; = r; '€ — 01¢, 79 = (71)‘1%5627 we obtain
R 1
= // [//yme(rllf —y)dy /{s(rglg_ (—1))de | é(r1, r2)dridrs
r1,72>0 L-R —1
§
//// Xe(§71,01,02)(ry '€ — 016)"(61)k(02)9 (1, (=1)° +592)

R S
((=1)7 + &6,)?

with x. being the characteristic function of the following set €. (we can first take 0 <
1

e<3)
2

d91 d02 dT’1 df
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£ €[-R,R], re <1 <77,
1€ 1€
Q= (€, 00) e R T SO ST CGEmD SO S CCHUR oy
;

—1<6, <1, r*gi
== (—1)% + 6,

For a = 0, we define the following regions
Q= {(&r1,01,00) €R* | ry < € <min(r*,r1, R), 11 € [re, %], 01,0, € [-1,1]}

o :=Q.NQ
02 = \oW

n 2

with the corresponding characteristic functions xq, xs ’, Xe ' - Hence x. = ( )

@)

+xe "’ and

we have

th (§7T1791792) XQ(£7r17r2791792)

lim Xs (571“1791,92) =0 a.e.

E—

Also notice that when 0 < e < %, the integrand in I, is bounded by

C X[-R,R] (ﬁ)X[q,u (91)X[71,1] (92)X[r*7r*] (5)

with a constant C' which does not depend on & (but which may depend on the support
of ¢). Hence we can apply the dominated convergence theorem to conclude that

r* min(ry,r*,R) oo min(ri,R)

lim I, = / / B(r1,€) dédr, = / / 650l €) dedr,

If a = 1, then we set
Q= {(&,71,01,02) € R? | —min(r*,r, R) < & < —7ry, 11 € [r, 7], 01,02 € [-1,1]}

and use it to define ﬁé”, ?29). We can now repeat the previous arguments to obtain

—r, oo min(ri,R)
lim 1, / [ codysm—gaan = [ [ «ZEyow.gazan
T« — min(ry,r*,R) 0 0

Hence we have proved (50
The proofs for (51), (5
tails. O

).
2) are analogous to those of (50), (49), and we omit the de-
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Proof of Theorem 2 for d = 3. Now we have n = 0, ¢o(z) = sin z, hence

Fipo(§) = mi[d-1(§) — 61(£)]

Using (48) with test function ¢(r1,72) = 2g(r1)g(r2), we see that (28) with d = 3 yields

2

i 2
_ 43 2,2 7. . T
AS3(g) = 4n° [ |g(r)|"r=dr 47r§1£% // 5rirs
0
R

r1,72>0

:471'3/|g(r)|27"2 dr (59)
R

1

[ o) dr - / )P 2dr]

:u\

(- 1—51)}(5)[ 5*(51—61)](§)d§] 9(r1)g(ra) riry drydry

0

Next, we analyze the contributions from f. Since ¥y (z) = z¢p(z), we can compute
Frho = i0¢ Fpo = mil6_1(€) — 01(8)]
Using (49) and the expression for ASy(f) (29) with d = 3, we get

AS3(f) = 4x3 /|f |2r2d7"—47rhm //
2r1r2

r1,72>0

- [ [l 8 = 01+ 07 - 61)](%)@] £ T s dradr

1

“R
oo R

= 473 |f’(7’)|2r2dr 473 [(r |2dr
/ fiese

— 4 / /()2 dr — | F(R)PR) (60)
R

Combining the f-contribution (60) with the g-contribution (59), and also taking (27)
into account, we arrive at the known fact

max_lim / |vt,ru(t,r)|2r2dr2%[/ (1r 7' (") + rg(r)?) dr — | F(R)PE]

+ t—too
r>|t|+R r>R

see (6) and also (8).
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Proof of Theorem 2 for d = 5. If d = 5 then n = 1 and we have

Fipr = 7x(—1,1) — (61 + 01)] (61)

We first consider the case with initial data (0, g). Since we may assume that g(r) = 0 for
r < R by approximation, when we plug (61) into (28), the d-function does not contribute
in the computation. Hence using (47) we obtain

ASs5(g 24775/\9 (r)[*r*dr — 273 hm //
27’17‘2
0

r1,72>0

R
/ Ke * X (=1, (&/T1)[Ke * X (—1,1)](§/72) g(r1)g(re)rirs dridry
“R

7|g(r)2r4 dr— R // g(r1)g(ra)rirs dridry
R

7‘1,7’2>R
-3
(9,72 2> Rorddr) 3|2
i AN At G2 3‘ (62)
<7’ , T >L2(TZR;r4dr) L2(r>R;ridr)

Finally, we consider the case d = 5 with initial data (f,0). In that case one has
Fip1 = ’L'ag]:(pl = i7‘(‘[—51 +d_1 — (5/,1 + (51)]

From (48), (49), (52) in Lemma 8, and in view of the interchangeability of 71,72, we
conclude that

ASs(f) = 27 / 7 ()2t dr
0

ot [f 2% / e Funl(Sle = Pl ()

e—0
r1,72>0

< f(r1) f(ra)(rire)? dridrs

= 247T5/|fl(’l")|27'4 dr
0

st [ /R (=014 80l (01 + 8-l e

e—0 ’]"1
r1,72>0 L—R

. f(’l“l) (7‘2) d’l“ld’l“g
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R
__47r51m /éﬁ*, VRS
e iy // é Oy NS e » 0L+ 001 ) e
. f('f‘l)f(’f‘g) d’r‘ld’l’g
R
¢ ¢

+2'7°Re lim — 81 )] e # (8 + 01)](=) dé

s J] | [ o ;
- f(r1) f(re) dridry

00 R
— 9" / ()2t dr — 24 / ()22 dr
0 0

R

R
—247r5/|8r(r2f(r))\2dr—257r5 Re/rw&(ﬂf(r))dr

0

J1062 e dr 2 [ 176)P v ar - B ()P
R R

/ )P dr — 3R f(R)P (63)
R

Here Re(z) means the real part of z € C. We claim from the expression (63) that

<f, f6>L2(T’ZR;T‘4 dr) pr
0 L2(r>R;r* dr)

! =

ASs(f) = 247r5‘

100122 0> s ar)

where fo(r) := 3. Indeed,

(f/, f(lJ>L2(7'2R;r4 dr) = 3f(R), ||f(/)||2L2(rZR;r4 dr) — 3R™?

whence the right-hand side of (64) equals

24775”.]0/”%2(7‘213;7‘4 dr) — <f fO>L2(7‘>R r dr)”fO”L2 r>R;r4 dr)
= 247T5(||f/||%2(r2R;r4 dr) — 3R3|f( )| )
= AS5(f)

Hence combing the f-contribution (63) with the g-contribution (62), and invoking (27),
we have verified (9) for d = 5.

Proof of Theorem 2 for d = 7. Finally, we turn to the case d = 7 with data (0,g). In
that case one has
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3(sinz —
oa(z) = (sin z 22 cosz) din
z

with

Fpo(§) = mi[—3Ex(—1,1)(§) — 0—1 + 1]

Carrying out the exact same calculations as before (as for the case d = 5, we can still
assume g = 0 for r < R to simplify the calculation) yields that (28) is

AS7(g 26717/|g )|?r® dr — 2°7° lim //
e—0 27”17’2
0

r1,72>0

[e * Ex(—1.1))(&/m1)[Ke * Ex(—1,0))(€/r2) | 9(r1)g(r2)rird dridrs

:o\:u

/|g V%78 dr — 3R3/g(r)rdr /ﬁrdr (65)
R R R

which again can be written as

AS7(g) = 267r7Hg - (9,72 2z Riroar) r’5‘ ’
<’I”_57 T_5>L2(TZR;r5dr) L2 (r>R;rSdr)

(66)

The computation for data (f,0) is more complicated, but it reveals the type of calcula-
tions needed for the general higher-dimensional case. Using that

F1pa(§) = 10 Fepa = m[3x(—1,1)(§) — 3(0—1 + 61) + (674 — 8})]

and invoking (29) and Lemma 8, we conclude that (notice the interchangeability of 71, ro
in the expression of exterior energy, we will simplify the calculation by combining the
symmetric terms)

——=AS7(f)

/|f et =t [ | sz f[ng*fwzu5>[n€*fw2]<f>ds
—R

71,72>0

267r7

< flr) f(r 2)rors drydry

/|f frar =3 tim [[ /ng*x(_l,m(f—l)[ng*x( Ll(S) de

rl,r2>0 —R

. f(Tl)f(T‘Q)Tl’I“Q d’l‘ld’l“g
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2 e—0 T1 T9
r1,r2>0 L

- -
i [/ _4[ (0 + 8] e (0 + ]S e

. f(T’l)f(TQ)TlT’Q dTld’l“Q
[ R

gl [ ] [l @ =S e 0 - 61)1(%)%

2 e—0
r1,72>0 L—R

f(’l“l)f(TQ)’r‘l’l“Q d’l‘ld’l“g

+onelin /[ {/ms*x( o (i)[ﬁa*(é—ﬁ&)](é)dél

r1,72>0 L—R

. f(r1 )er T2 d’l“l d’l“g

~srelin [/ [/%*X( . (i)[ns*w’_léa)](é)ds]

r1,r2>0 L—R

. f(’l“1 )T’/‘Q)Tl T2 d’r'1 d’I“Q

+3helin [f [/ (6t BNl (8 61)1(52)(%]

r1,72>0 L—R

. f(Tl)f(’f'Q)?“l’f'Q dT’ld’f'Q

= |f’(r)\2r6d7“ — 9f(r1)r1f(r2)re min (R, 71, r2)dridry
[irer=] ]

oo min(ry,R)

R
/ 9\f|27’4 + 10, (fr3)] )dr +18 Re/ / F(r)ryf(ro)rs dridry
0 0

0

oo min(ri,R)

R
+6 Re/ / f(r1)r10y, (WT%) dridry — GRe/frzmdr
0

0 0

:/Oo|f'(r)2r6dr—18Re[ / + /

0<ri<ra<R 0<ri<R<ro

+ / f(r1)r1 f(ro)re min (r1, 72, R) dridrs]

O0<R<r1<r2
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R
= [P 12 Re(T) + 3617 dr
0

0o min(ry,R)
+18 Re/f(rl)ﬁ / fra)rs dry
0 0

+6 Re/f(rl)rlf(min(rh R)) min(ry, R)® dry
0

As before, we may assume that f(r)

12Re f 7 +30f2r* = 6(| f|*r°)
we obtain the asymptotics

1
26—7T7A57(f)

[ 18P dr - FI#RER + oRe(A(RIRS [ T
R

[6]f(R)[*R® g|f(R)|2R5]+%lf(R)\2R5+12Re R)R
2

—/|f (s SRR R[5 [ s dr - ()R
R

It is easy to check (67) vanishes for fo = r

% and fi= r3.
To write it in terms of projection, let us find an orthogonal basis for

W :=span{r—° 7 %|r > R}

Compute the following inner products in H'(r > R;r5dr)

(fos fo) = -

5 9
R5 <f1af0>:§ <fl7f1>:E

(do) =50(R)  {f.fi)= [ =3 dr =37 (RR2 +6 [ rfar
R

R
Now let us apply Gram-Schmidt process to get orthogonal vectors fo, f1

;o . (S, fo)
Jo = fo, h=h <fo,fo>f0

f(R),r < R by approximation. Since

+9|/f rdr|
R

3/f )rdr)
R

907
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The orthogonal projection onto the complement of W in H* (r > R;7r5dr) is

Loy p_ (f, fo) (f, 1) ;
Aty Ul T AL
with norm
e gz B (R
s F1° =[£Il Fod ~ Fif
g~ o () o fo) = (. fo) . fo))?
(fo, fo)  ({fr, 1) (o, fo) — (f1, fo)?)(fo, fo)

2

/ /() Brodr — 5| f(R) 2R — /f yrdr— f(R)R2|  (68)

Comparing (67) with (68), and combining it with the g-contribution (66), we finally

obtain
7 1
. 2.6 1 2
mac lim [ Vot )P de = S b () By (©9)
r>[t|+R
with

P(R) = span{(r=",0),(r*,0),(0,77%) | r > R}
4. Higher odd dimensions

We now turn to the proof of Theorem 2 in any odd dimension. The arguments are of
course analogous to those of the previous section, albeit more involved. From Lemma 7,
we need to compute the Fourier transform for ¢, = 2j,(2) and ¥,(2) = 2%j,.(2) =
zon(2), n = (d — 3)/2. Notice the relation Fi),,(§) = i0¢Fn(€), so our first goal is to
derive the expression for F, ().

4.1. Fourier expansion formula
The spherical Bessel function j,(z) satisfies the recurrence relations for n € Z, see [1]

(2n + 1)*7"22)

= Jn-1(2) + Jnt1(2) (70)

ntle) (71)

Jn(z)l = jnfl(z) -

For ¢,,(2) = zjn(z), using the above relations, we obtain
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1 2 1
Pni1(2) = T a(2) - T2’
whence
1 2 1
Fonra(€) = = Fion-1(6) — i€~ Fipal©) (72

Also recalling (25), we can easily compute Fg, Fe1 and then using (72), we can calculate
the first few terms.

Lemma 9.
Fpol€) = milb1 — &1
Fo1(§) = mlx(—1,1)(§) — -1 — d1]
Fpa(§) = mi[—3Ex(~1,1)(§) — 0—1 + 1]
Fs(€) = nl(~ € + D)x(1n(€) + (B +51)]
Foal€) = mil(26 — 2 + (~01 +5.1) (73)

Using Lemma 9 and (72) we establish the following fact.

Lemma 10. Let k > 1. With n = 2k even

Fon = Foor

ko ok .
= mi(—1)* {Z [loy (4h +3 —2j —20)
= [Ticrcn oz (26— 29)

£2k72j+1x(_171)(§) + (=61 + 5_1)} (74)

we denote

. 15, (4k +3 — 25 — 20)
! nglgk,l;ﬁj(2€ - 2j)

With n =2k — 1 odd

Fon = Fparp_1

k .
= r(—1)k1 [Z H§=1(4k +1-25— 26)
j=1 ngégk,e;&j(% —2j)

EF 2y 11)(€) + (=01 — 6-1) | (75)

we also denote

. [T_, (4k + 1 — 25 — 20)
! ngﬁgk,é;ﬁj(2£ - 2j)

We take the convention that [[, o<y 4;(2¢ —2j) =1 when j =k = 1.
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Remark 11. Recalling the relation d = 2n + 3, we can unify the formulas of ¢; in both
cases in terms of dimension d. Indeed, by denoting k = [%} we have

_ I (d—2—20)
H1§e§k,e¢j(% —2j)’

Cj lfjgk‘

and we can also restate the lemma as for any d > 3 odd,

k
Fpazs =m(-1)7" "7 [ D 67 2 xan)(€) + (=61 + (-1) 7 5-)]
j=1

Remark 12. The motivation for obtaining the formulae in this lemma is to first assume
an expansion with undetermined coefficients c;, then to compute the asymptotic formula
(28) using this expansion, and finally compare the outcome with the formula (85) to find
what the coeflicients in Lemma 10 should be for our result to hold.

Proof. We proceed by induction:
Base step: It is trivial to verify the case k = 1, so we start with k = 2 instead:

For = n(-p [ 2=

(9—2—4)(9—4—4)
2-4)

=m(-1) [(12—552 - §>X<—u>(£) + (=61 - 5,1)]

52

IX(~1,1)(§) + (=01 — 571)}

Fos=mi [((11 —2 _(42)_(121) “A Y (U122 _(24)_(11) ) v ©
+ (-4, +571)}

35 15
= mi[(€ = TOXC1(©) + (~01 + 1))

These expressions both match the computation we carried out in Lemma 9.

Inductive step: Now we assume the formulas (74), (75) to be true for all m < n and
we wish to establish their validity for n + 1. We consider two cases:

Case 1. n = 2k even, and we need to prove the formula for n = 2k + 1. Now (72) reads

4k +
2k

2k +

- LiEFiou(©) (76)

1
Far—1 —

Foopt1 =

Plugging Fpar—1 and Fpgy into (76), we see that
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Foort1

= r(-1yr 2t - i B L2 22 ok () + (61— 6-0)
j=1 Hz 1@7&]‘(%* 27)

WAk + 1

P R H5 2 220 con-aray L (€) + €(—01 +00)

Hif Lo (20— 27)

k+1 -
k—1 Qk + 1 Z 1_[@+ 2 4k + 5 - 2]’ - 25/)£2(k+1)—2j,

=m(-1
( ) 2%k k+12 oy (Zzl _ 2]/)

H'M:r

X(—1,1)(§)

here j' = j + 1, é’zﬁ—&—l

k+1 .
k4k+1 Z HZ/ 2]c<4k+5—2jl_2€/) 2(k+1)72j,x(71 1)(6)
=1 HéZl,é#j/(Qg - 2]’)

here 5’ :],€':£+1
+ (=101 —6-1)

+ (-1

Next we obtain the desired terms by multiplying extra terms in both numerator and

denominator. Hence we obtain

Fart1

k+1 k+1 -/ / -/
2k+1 L (dk+5—25 —20) 2-—2j ot
_ ﬂ( 1 k—1 Z =1 52(k+1) 2j X(-1 1)(5)

T[54, L. (20 —2j7) 4k +3—2§

§'=2 =105

k ; ]
WAk +1 3 [1E, (4k +5 — 25" — 20') 2k +2 — 2j D=2y 1 (¢)
[, 2 ke5-27 |

+7(—1)
§'=1

+ W(—l)k(—(sl - 5_1)
MLk +5-25 —20) 2-2j 2k+ 152(,€+1),2j,

= 7r(—1)’€1l f=l ‘ .
oy ey (200 =25 Ak 43250 2k

§'=k+1

MLk +5—25 —20) 2k +2 — 25 4k + 1

_|_7T_1k‘ =1 g
( )l ngjfe;ej(%_%/) 4k +3 — 25" 2k

52(k+1)2jX(1,1)(§)]

j'=1

k+1 .
+( k: 12[ v— 1k4lk+5—2]’—2£’) 2(k+1)—2
15 1y (20—25")

el _2-%  dk+12%k+2-3)
X(=1,1) 2k 4k +3 — 25 2k 4k +3 —2j'

+ 77(—1)'“(—61 - 5_1)

'=2

)
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Notice the following facts

2-25' 2k+1
4k +3—25 2k
2% +2— 2 4k +1
4k +3—25 2k
2k+1 2-2j 4k +12k +2 — 2§
o2k 4k+3-25 2k 4k+3-2j

=—-1whenj =k+1

=1when j =1

Hence we finally get the expected formula

20)

Tt (4k +5 —2j —
Fipapr1 = 7( Z =
[ He+11e;ej( -2j)

Case 2. If n = 2k — 1 is odd, then we need to prove formula for n = 2k. Now (72) reads

Ny 1y (€) + (—b1 — 3-1)]

2k 4k -1
Foow = o Fpar—2 = 5 — 115}—4,0%—1(5)

By plugging in the formula for Fyop_o and Fap_; carefully, we obtain

2k
2k—1

Fo, = ﬂi(—l)k_l

k—1 .
(4dk—1-25—-2¢ o
E HZHI o, ]2j) )f% X (€) (=01 +6-1)
_j 1 = 12#]

L dk—1
P
Z He Ak +1-25-2 )52k—2j+1X(_1,1)(£) +&(=61—0_1)

_] 1 HZ 1[#](26 )

= mi(—1)

2k _ 4k+372"72€’ o
k 1 Z He 2 J : )€2k 2j +1X(—1,1)(§)
2k —1 = —oprzjr (20 —25")

here 5’ :j+17€’:€+1

X(—1,1)(§)

k+1
+7”( k4k—1 ZH 4k+3—2j —2£) 2k72j/+1

2k —1 j'=1 He 1@;&](25 25")
here 7/ = j, ¢ =0 +1
+7T’i(—1)k(—61 +(§,1)

Again, we artificially introduce the terms we wish to have, by multiplying extra terms
in numerator and denominator. Hence we obtain
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2k
2k —1

Fipor = mi(—1)F1

k k . .
Z He/:1(4k + 3 — 2]/ — 2[’) 2 — 2]/ €2k72j/+1

= oy (20 —27) Hh+1-2] X(=1,1)(€)

LAk —1

+ mi(—1) 5% 1

ZHW (4K +3 = 2§' — 20') Ak + 3 — 2§ _2(k+1)£2k 25’ +1
He 1#](25 25" 4k +1 — 25’

X(71,1)(f)

J'=1

+mi(=1)*(=01 +_1)

b
——— 12[ p—1(4k+3 =25 —20') 51 o
Hz 1,45 (20 —25")

J'=2
o 2k 2-2j" 4k—12k+1—2j’)
XS T k125 2k —14k+1- 2§
4k — 1
—1)*
T
4k +3 =25 —20") 2k +1 — 25’
HZ 1( ) £2k 25" +1X(—1,1)(€) '
Hz 1#](25 247) 4k +1 — 25/ jr=1
+ mi(=1)F (=01 + 1)
Notice the fact that
2k 22  Ak—12k+1-2)'
2%k —14k+1-25' 2k —14k+1-25'
4k — 12k 41— 2§’ y
=1 wh =1
% — 14k +1—25  emJ
Hence we finally obtain the formula
(4k+3—-25—2¢ iy
Fom = mi(-1)t |37 i T =20 a2ty () + (<64 60)

j=1 Hz 1@7&3(25 2j)

as desired. O

As a corollary, we can immediately obtain the Fourier expansion formula for Fi,,(§) =
10¢ F o (§). We state it for n = 2k — 2 and 2k — 1, which is the version we need later.
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Corollary 13. Let k > 2. With n = 2k — 2 we have

k—1
Fibnl€) = Froa—(€) = (=1 [ D e(2k = 1 = 2))€ 7272y _11(¢)
j=1

k—1
+ Cj(—51 - 5_1) + (—51 + (5/_1) (77)

1

<.
Il

where

P4k —1— 25 —20)

ci = —, 1<j<k-1
! [licocn1.02(20 —29)
For n =2k — 1 we have
k
Fihn(§) = Fipar-1(§) = [Zc] 2§)E2 12y 1 (€)
Jj=1
k
+) (=01 4+ 0-1) + (=61 =6 y) (78)
j=1
and here
k .
_He:1(4k:+1—2j—2€) <<k

Cj = . y >~/ >
! ngegk,e;ej(% —2j)
4.2. Algebraic expression for the projection

Before we move on to establish the asymptotics, let us state some facts from linear
algebra.

(1) Let aq,--- ,ax be linearly independent vectors in some inner product space (V (,)),
which span the subspace W, i.e.,

W = span{as, - - - ax}
Taking any vector u € V, the orthogonal projection onto W+ is written as
Projyyru=u— (Aray + -+ A\gag)
with the coefficients satisfying

(Projyy 1 u,a;) = (u,a;) g Nifai, a5) =
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Denote
U=[u,a)ixk, A=[Nlixk, A=[(ai,a;)]kxk
S0
U=AA

Using the fact that A is symmetric, invertible and positive definite, we can compute

k
| Projyy . ul|® = (u, u) — Z Nidjlai,a;) = (u,u) — ANAA' = (u,u) — UATIU!

i,7=1

Let us simplify the notation by setting A = [a;;], B = A~ = [b;],
I Projyy s ul® = (u,u) =Y bij(u, ai) (u, a;) (79)
4,J

(2) Now we introduce the Cauchy matrix [13], which is an m x m matrix of the form

1

Ti —Yj

A= L wmi—y #0; 1<ij<m

Its determinant can be computed to be

[Tic;(@i — 25)(y; — vi)
[1= (i = yy)

det(A) = (80)

whence we conclude that the Cauchy matrix is invertible. Using Cramer’s rule, we
obtain an explicit formula for its inverse

B=[byl=A"" by = (z; —yi)A; (i) Bi(z;) (81)
where A;(x) and B;(y) are the Lagrange polynomials for (z;), (y;) respectively, i.e.,

B [Lozi(z — ) T — Xy

Hé;éi(xi — ) 1<t<m i T1 T T

Y-y
Biy) = |] — (82)
1<eZmy ez T Y

(3) Now we compute the explicit formula for the projection in Theorem 2.
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If we set V = L?(r > R,r% 1 dr) with a; = r¥~1

. d
W:span{r%d|z‘=1,---k:[z];r23} (83)
_ _ e _ R2i+2j—d
aij(R) — <’I“217d,7"2j7d>v _ /,r2zfd+2gfd,rd71 dr = y B 2j
R

and we have a Cauchy matrix when R =1

1

A1) = [mhxk

Let z; = d — 24, y; = 2j. Then using (81), (82) we conclude that

[licocnonj(20+20 —d) [T1<pap 04 (25 +2¢ = d)
ITi<och ez (20— 25) [Ti<ocr ozi (26— 24)

d—2i =25 [[1cpeprr (20 = 27) Tlicocp ops(26 — 20)

bij (1) = (d — 2i — 2j)

We therefore obtain the inverse B(R) = A(R)™! with b;;(R) = b;;(1)RI2~%,
Moreover, we have established the projection formula

H PrOjI/VL gH%ﬂ(rER,rd*l dr)

7 k. pd-2i-2j i . T
= /gz(r)rd_l dr — mcicj/g(r)r%_l dr/g(r)r23—1 dr (85)
R b=l R R
with
d—2j—2¢ d
¢ = H1§€§k( J ) 1<j<k=[9 (86)

B H1gzgk,5¢j(% -2j5)’ 4

Notice the formula for ¢; appears in Lemma 10, see Remark 11.
Again letting V = H'(r > R, r% ' dr), with @; = 7%~ one has

d+2
4

W:Span{r%_d|i:17~--l~c::[ ];TZR} (87)

The same computation as before now yields

R2i+2j—d—2

a;j(R) = (2i —d)(2) — d)d+2——2z‘—2j

= (2i — d)(2j — d)R* 279 2q,;

1

We can compute the inverse of the Cauchy matrix [a;;] := [m

|7 which is
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;]fl~
d+2— 2 25 kxk

| 1 [licoci(@+2-20-20) ] g (d+2-20-2j)
d+2—2i—2j Tlicocioei (20 = 20) [Ty <o oz (26 — 29) kexk

[

This yields the inverse for A(R) = [a;;j(R)];,j, which we denote by B(R) =

[bis (R)]i
Rd-+2-2i-2j 1
d—20)(d—2))d+2—2 —2j
. Hlﬁfgfc(d +2—20—2) H1geg1€(d +2—20-2j)
[li<ocineni(2€ = 20) [Ty cocir pe (20 — 29)

bij(R) =

We therefore obtain the projection formula

|| PrOjWJ‘ 'f”ill(rZR,rd'_l dr)

k. pd+2-2i-2;

_ / 2. d—1 _ .
R i=1

. /f’(r)r%_2 d?“/f’(r)rgj_2 dr (88)
R R
with
(d+2—-20—279 N
- hazeail 2y gjer- (Y (89)
H1§£g%,e¢j(% - 2j) 4

Remark 14. From now on, the spaces W, W will be fixed as in (83), (87) and the formulas

for ¢;, d; will be fixed as in (86), (89). They will be applied to each particular dimension
d=4k+1or d=4k+ 3.

Now let us collect some useful facts concerning the coefficients c;.

Lemma 15. Given the coefficients c;,1 < j <k = [%] and dj,1 < j<k= [%] defined

as in (86), (89), we have the following identities

k
§ ¢ _
j:1mfl, foranymGZ,lgmgk‘ (90)
k k
Cj d—20
41 = — 91
]7 =
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Stmilarly we have

k
gm 1, foranymeZ,1<m<k (92)

k k

Proof. Set a(z) = H?zl(z —xy),B(z) = lezl(z —yg) with xp = 20,y = d — 2¢.
Considering the contour integral with v being a circle around the origin, for 1 <m < k
we obtain

2mi | a(2) 2 — Ym a(z) 2 — Ym
v

k
LONE SR LI N
j=1

When we take the circle v large enough, the limit on the left goes to 1. On the other
hand, since (%) is holomorphic with z; as zeros of order 1, the residues are exactly

Blz) 1 B(z;) 1 B c;
Res(a o/(x]j) Ti—Ym d—2ﬂ]1—2j

whence we proved (90).

Next consider the function %i, which has simple poles at z = zy,1 < ¢ < k and

z = 0. Hence

k
1 (2) B(=) B(z) 1
— R -0
2mi (2) Z (2) 7)) + Res( a(z) 2’ )
S =1
We still take the circle v large enough, the limit on the left goes to 1. And we can

compute the residues

pz)1

Rl ™) = Wz = 2

and

whence we obtain
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The proofs for (92), (93) are almost identical, by letting a(z) = H?Zl(z —xy), B(z) =
H?Zl(z — ye) with 2y = 2¢,y, = d 4+ 2 — 2/, and by repeating the contour integral
argument. O

4.8. Proof of Theorem 2 for (0,g) data

Here let us verify that plugging the Fourier expansion formula of Lemma 10 into
(28) yields a multiple of (85). We again split the proof depending on the dimen-
sion.

As before, we assume r1,r2 > R because for (0,g) data, we can assume g(r) = 0
for r < R by approximation. Hence the terms created by the §-function will make no
contribution to our integral.

When d = 4k + 3,n = 452 = 2k, using (74) and Lemma 8 we obtain

1
WASd(g)

oo R
1
- R/ ot ar =t [ oo | e Foad (ke s Foul (S e

~g(7"1)g(7‘2)(7‘1r2) drldrg

/|g (r)2rd= 1dr—— chcj

1,j=1
/ ¢ ¢
dim [ ] [ )+ € (e
r1,72>0 L—R

'9(7“1)9(7"2)(7“17"2) * dridry

o0

s k Ak43—2i—2j

2 d—1 cicj R =3 _9(k—i)—1

frng d —_ _— 2 d

/9(7“)7" r=2 4k+3_2i_2j/g(7")7“ r
R i,j=1 R

o0

g(r)r#_z(k_j)_1 dr

R

Using the relation % —2(k—14)—1=2i— 1, and comparing with (85), we proved
ASd(g) = 2d71ﬂ-dH ProjWi gH%Z(TER,rd*l dr)» d=4k+3 (94)

Similarly, we can repeat the proof when d =4k + 1,n = d—;‘g =2k — 1 using (75)
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1

9d—1 dASd( )

R

- . 1 § €

2,.d—1

o7 =i [ g, [ e ol Pl
-R

:0\8

-g(rl)M(rlrg) d’l“ld’l’g

o0 k
_ 1
:/g(r)Qrd 1dr—§ E Cicj
R

ij=1

R
dim [ ] [ e )l s €8x )

r1,72>0 L—R

d—3
-g(r1)g(re)(rire) = dridrs
k Rik+1-2i-2j F

:/g('f’)Q’)"dil dr — 461741{;0‘7-’—1——2@—2.] g(T)T2i71 dr/g( ) 2= 1d7’
R i,j=1 R

Comparing with (85), we proved

ASa(g) = 27 x| Projy,. 91720 mora-1 arys d=4k+1 (95)

To summarize, the above calculations, together with (27), prove (9) of Theorem 2 for
(0, g) data.

4.4. Proof of Theorem 2 for (f,0) data

Because of the complicated formula in Corollary 13, the computations for (f,0)
data are considerably more involved. This is particularly true for terms involving the
o-function.

4.4.1. Cased =4k —1,n = 42 =2k — 2

The reason we prefer to work with d = 4k — 1 instead of d = 4k 4 3 is that in the
former case the space W has dimension [4£2] = &, see (87).

We plug the Fourier expansion formula of Corollary 13 into (29). We shall use the

following notation to simplify the formula when we have symmetric summation:

d—>5

We will use below the notation F(rq,r2) := f(r1)f(r2)(rir2) = .
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1
5d—T dASd(f)

/ Oy | [m /R na*w%_ﬂ(%)[na*fwzk_ﬂ(g)df]
—-R

r1,72>0

() F(r2) (rare) T drydry

(/u )2rd—tdr — E:Qg2k—l—200k—l—%)

1]1

R
dim [ [ J e R (IO e2k-2—2jx<1,1>]<f—2>d£]
—R

. F(’f’l, 7‘2) dT’ldT‘Q

IS e [ [ /R e (54 501 e G +6—1)](%)d£]
R

z]l

- F(ry,79) dridry

! ! é’ / / g
-yl ff {/ 5+ ISk E*<—6l+6_1>}<5>ds] F(ry.r2) drydry

k—1 R
VRS N im  £2k—2-2i £ N £
#{ 3 - s Iy /] 4 e €22 (e B+ 80 )

. F(Tl, 7“2) d’l"ld’l"2>

sym

k—1 R
_ <;(k — 17— %)Cz gl_r)% //_4 [Ke * 5216—2_21')((,1,1)](5—1)[/{5 x (07, — 5’)](%)d§
F(Tl,rg)drldr2>
ch i f [/ B+ 8l 57— BN e

. F(Tl, 7“2) drldr2>

sym

(2k — 1 — 2i)(2k — 1 — 2j)
)21

dr — T

/ nlr " ZCC] // (4k — 3 — 2i — 2j)

,5=1 r1,72>0




922 C. Kenig et al. / Advances in Mathematics 285 (2015) 877-936

min(ry, re, R)*—3-2-2] s
: %k’,QiiQTQk,Qj,Q f(r1)f(r2)(rire) 2 dridra

k—1

k—1 i R
- Z / (r)[2rd=2 dr — /\&(f(r)r%)\er— < — Z(2k—2i—l)cicj
b=l 0 0

1,j=1

oo min(ry,R)

/ / 7‘2)% H=2f (e )f(T'Q)(’IjTQ)% d7~2d7~1>
0

sym

k—1

< 32k - 20 - 1)e;

i=1

oo min(r1,R)

= / |f/(7")‘27"d71 dr — (Sl + S+ S35+ 854+ 55+ SG)

where S; are the formulas in the corresponding line.
We compute the contributions from each S;. Notice the symmetric position of 71,7
and also the fact that we can assume f(r) = f(R),r < R by approximation.

g _ ’“i cici(2k — 1 — 20)(2k — 1 — 2§)
1_”_:1 (4k —2i —2j — 3)

// Fr) flra)ri™ 1T§j71T%k72i72j73 drdrs

0<ri<ra<R or 0<ri<R<ro

N ‘“z‘:l cici(2k — 1 — 2)(2k — 1 — 2j)

(4k — 2i — 2j — 3)

ij=1

// f(Tl)f(T2>’l"%l 1 g] 1 4k 21—2j— 3d7‘1d7"2

0<re<ri<R or 0<re<R<r;

N ’“f cici(2k — 1 — 2i)(2k — 1 — 25)

(4k — 2i — 2j — 3)

4,j=1
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Foro) flr2)r ™ ey T RI2275 dry ey

0<R<7r1,r2

R ci(2k — 1 20)(2k — 1 — 2j) |f(R)|2R4k—3
_<Z (4k — 2i — 2j — 3) [(4k—2j—3)(4k—3)

ij=1

Rk—2j-3 s 251
J= d
+f( 4k—2]—3/f T sym
R

k—1

+ZCZCJ(2k_1_2’)(2k_1 )R4k 2i—2j— 3/f 2= 1dr/f 201 gy
R

(4k — 2i — 2j — 3)

i,5=1

Now let us use the formula

/ frei—tdr = 2—)[f(R)R2j+ / fr¥ dr]
R

to rewrite this term

k—1 . .
B cici(2k —1 —20)(2k — 1 — 2y)
Sl*<z (4k — 2i — 2j — 3)

i,j=1

2j(4k —3) ( )2‘741%2‘7*3

2 p4k—3 4k—2j—3 ®
[_M R R / 2J dr
R ym
k—1 . .
CiCj(QkJ —-1- 21)(2]6 -1 2]) 4k—3 2
t 2 Njk 223 (Rl

ij=1

o0

cicj(2k — 1 —24)(2k — 1 — 2j) R4k—2-3 / (ryr®

d

+<Z 4zj4k—2z—2j—3) 1R) [ £'tr Tsym
R

k-1 . i o 0o
cici(2k — 1 —24)(2k — 1 — 2j) 4k—2i—25—3 / ’ 2 / 7 2j
* Z 4ij(4k — 2i — 2j — 3) R [ f/(ryr*tdr [ f(r)r® dr]
1,7=1 A s
(96)
2 d— 2 R4k—3
Z CZCJ/M P dr = Z il FIR =3 (97)

3,j=1 1,j=1
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Sy = [ 10.( 2R =1y 2y = R3 209k _ 1)2
3= \ )Pdr = = F(R)*(2k — 1) (98)

k—1 oo min(ri,R)
Sy = < - Z cici(2k — 2i — 1)/ / f(Tl)’r‘%i 1f(7,2)T3k 2i— 4dr2dr1>

i,j=1 0 0 sym

k-1

. R4k—3
= (= X ek 2= DIf () (4 — 2i — 3)(4k — 3)
ij=1
R4k 2i-3 F
+ f(R) % _—2_3 /f r2i-l dr
sym
R
k—1
) R4k—3
= (Y ciej(2h—2i— 1)[|f(R)|2m
i,j=1
RAk—2i— x i
I a2y /f dr} ) - (99)
R

To compute S5, we integrate by parts with respect to ro

oo min(ry,R)

k—1
<Z (2k —2i — 1)c / / flr fl ! %k 2i=29. (f('f'g)?"%k b drgdr1>
=1 0 0 sym
k1 oo min(ry,R)
= < > (2k — 20— 1)(2k — 2i — 2)c; / / ForO)ry = (Flra)ry 2 drgdr1>
i=1 4 4 s
k—1 o
— <Z(2k —2i—1)c /f r)r2 7 H(F(R) min(ry, R)**~273) dr1>
i=1 0 sym
k—1
= (Y k- 2-1)(2k -2 -2)
i=1

[ MOPREY | FORR 7 et
R

= o R 4k—2 r 21
<Zcz2k—2z—1[\f(R)| w3t (BR 13/f - dr
i=1 R

sym

k—1 5 _ o0

i— 4k—3 . )
_ (1 _ 2]{:)< Z iz 24 ;[Lf((]zij 5%3) + f(R>R4k—3—21 / f(r>,r21—1 dr]>sym
i=1 R
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+f(R)R4’“*3*2Z2Z2fk_2;Z_1 7f’ r2dr] ) . (100)
R
k-1 I o
si=(Xe / £ 20, [Far)
S (101)

1=

Now let us try to collect terms depending on whether they involve integrals, comparing
with (88).

Type L. First we collect the terms with [~ f/(r)r? dr [~ f'(r)r? dr. Recall from (86),
(89) with d = 4k — L and [4] =k — 1,[%F2] = k

bo) (4 — 12— 20)

¢ = Jo1<j<k-1 (102)
! ngégk—l,é;éj(2€ - 2j)
4k +1—-20 - 25
dj _ H1gzgk( . J)7 1<j<k (103)
H1§£§k7€¢j(2é - 2j)
hence we have
—2j ‘
R e < i<k
C; d]+12k:—1—2j’ 1<j<k-1
Thus we obtain a term involving [ f/(r)r® dr [° 7?7 dr which is from Sy (96),
Rl ok —1-20)(2k 2/) T T
I = RAk—2i-2j-3 / f(r)r? dr/f’(r)'rzj dr
5= K 4ij(4k — 2i — 2j —3) J J
Kl idy g RN225-8 7 . 2
-y & ()2 d id
Z (4k — 2i — 25 — /f nr 7"/f "
i,j=1 R

25’ —2 dr

Rik+1-2i' 25" T -2 7
dudy =2 [
Z P k1 —2i — 2]’/f T/f(r)r
R R

//2

Here we replaced i’ =i+ 1,5 = j + 1 in the last line.
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Comparing with the expected formula (88), we are missing the terms

R4k k d1R4k 2¢—1 2 )
i 104
drch 3| F(R) < Z 4k —2i — 1) /f dT sym (104)

i=

Type II. Now we collect the terms which just contain f;o f'(r)yr® dr from Sy, Sy, Ss,
(96), (99), (100). Furthermore, since the terms are conjugate symmetric, we also treat
[z f'(r)r% dr in passing.

k—1 . . . oo
cicy(2k — 1 — 20)(2k — 1 — 2j)——  Rik—2i=3 / ,
M-y 49 o,
= @i—2i—2j—3  Byupoamg SO
i,j= J

k-1

I Z Cicj(Q?_ 1- 2?)(2]9’— 1- 2])R4k72i72j73mR2j /f/(r)rzi dr
R

4ij(4k — 20 — 25 — 3)

ij=1
k-1 Rik-2i-3 T} .
ic;(2k —2i — 1 — [ f '
+‘jzlclcj( k—2i—1)f( )21_(4[{721_73)/]‘(7“)7“ dr
i,j= R

kot h—2—1 [ ,

4k—3—21 / 21
F(2k—1) 21 e f(R)R e /f (r)r? dr
= R

k—1 o0
_ f(R)RALk—Qi—S/f/(T)rQi dr
i=1 R
= [_ cicj(2k —1—2i)(2k — 1 —2j)  c;e;(2k — 1 — 2i)(2k — 1 — 25)
2 7 2i(ak =2 = 3)(ak — 20 - 2j - 3) 4ij(4k — 20— 2j — 3)
. k—1 .
cicj(2k — 21 — 1) Ab—2i3 / 2 (2k 12k —2i—1)
+ 2i(4k—2i—3)]+;f(RR [y dr 2i(4k — 2i — 3)
k? oo
_ Z dllf(R)Rllk—Qi —1 /fl i’ —2 dr
= R

S [ e s e
— L(4k —2i' = 1)(4k + 1 —2i' = 2j') ' 4k+1—2i' — 2}’

.\ (25’ - 2) } 2% — 1 }
(2k+1—2j" )4k — 27/ — 1)) 4k —2i/ —1

Here we still used ¢/ =i+ 1, j/ = j + 1.
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Now we clean up the last line by combining terms involving d ;.

djr 2k —1
-1 105
[j,ZQQk+1_2j/ ]4k—2i’—1 (105)

Using (92) (notice d = 4k — 1, k = [£2] = £, take m = k), we get

k d.
S | 106
J;2k+1—2j’ (106)

Hence (106) implies that (105) actually equals —#, and we conclude that

didy 4k —24' 17 / 2i'—2
¥ l d
Z4k—2z—1 R)R fir "
R

Comparing with (104) and also recalling that we have a conjugate symmetric term with
f;o f/(r)r? dr, we see they are exactly the integral terms in (104).

Type III. Now we collect all the terms that do not involve an integral, and which come

from Sla"' ,Sﬁ.
1] = <_ Z cici(2k — 1 —24)(2k — 1_2j)[|f(R)|2ﬂ]>
= A= (4k — 21 — 25 —3) 2j(4k — 3)"/ sym
k—1 . )
cicj(2k —1—20)(2k — 1 —2j) 415 ,
+¢;1 dij(4k — 2i — 2j — 3) R f(R)
R 4k—3  p4k—3
I el LA L
3,7=1
k—1
R4k—3
. _ s 27
+ <i]§;1czcg(2k 2= DI BP 550,
(2k — 1 <kzl (il f(R R4k—3w]>
= 2i(4k —3) /sym

<Zcz (R)|2R*~ 3>

sym

Let us fully expand the symmetric notation, and also turn ¢; into d;/, we get
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2i") + (2 — 25) 1
II = )|2R*F3 dirdjo (2
(R 1,2232’ 4k+1—2z—2])(4k—3)+4k+1—2i’—2j’]
k
1 2 — 21" 2 — 25" 2i' —2
R4k 3 d d
+I/(EB) ak — 3;2 [2k+1—2z/2k+1—23+2k+1*2i/
2,]/_2 Ak— 3 2—21/
= = R dy [ - =
T2 }Hf( i 4k 31,22 2k +1 — 24
2]{,‘ 2_2]1 R4k73
2 k=3 dj 2(2k —1)2
+f(R)| - 32 { 2k+1—2j']+4k—3|f(R)|( )
2k_1)2 k d,, d»,
— (R 2R4k—3( [ i J
(R el B Y+ 122k +1—2j
i =2,j'=2
k k

di’ d‘],
_ B 1]
;2]6—1—1—22" J;Zk—l—l—zj’—’_

- a@k—1)2 [ di - djf
B T B PO el | DO

[f(R)PRY3

= ddi—

Here we used the identity (106) again, and notice this is exactly the missing constant
term in (104).
To summarize, we have proved that for d = 4k — 1 one has

ASdf = 2d7177'd|| PI‘OjWJ_ f”zHl(rZR,rd*l dr)

with W defined in (87).
4.4.2. Cased =4k +1,n=%52 =2k —1

The calculation proceeds analogously to the previous case. Plugging the expansion
(78) into (29), we obtain (again denoting F(r1,r2) := f(r1)f(r2)(rirs) =)

1

WASd(f)

R
/|f O = 4[@*%,@ e Pl £

2
r1,72>0

f () F(ra)(rire) T drydr
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n k
= / | ()| 2rd=t dr — % Z cic(2k — 2i)(2k — 27)
0

,j=1

R
i [ [ J L S Y (GO *52“2jx<1,1>1<é>d£]

r1,72>0 L—R
. F(’I"l, 7‘2) d’l’lde

__Z%hm // [/R G+ )1(7?1)[5*(—61%_1)](%)@]

r1,72>0 L—R
- F(rq,7re) dridrs

U !/ 5 / / 5
-5l [ {/ « (31 +. )](Tl)[e*(51+6_1)](g)d£] F(ry,rs) drydr

r1,72>0 L—R

—<z< ~ijcie; iy [ /gk 2l (e (- + 5l

1,j= r1,r2>0 —R ?
F(’I"l, 7‘2) dTldT2>

k
<; ~ e iy //0 /ﬁ O (G5 RN R V[T

F(’I"l, 7‘2) dTldT2>

Zczgh_r{%) I/ [/R R (9 NG ST

1
r1,72>0 L—R

. F(’f‘l, 7‘2) dT’ldT'2>

sym

which is then equal to

- / P dr

(2k — 24)(2k — 27) min(ry,ry, R)*F—17212
a Z i (4k — 1 —2i — 2j) p2k—2i—1, 2k=2j—1
1 T2

i,5=1 r1,r2>0

R

< flr) f(r 2)(r17°2) T drydre — Z clcj/|f Va3 dr — /|8 (f(r)r%)|2dr

i,j=1

0
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k oo min(ri,R)

(e [ [ G T )
0

1,7=1

min(ry,R)

(r)r%) dr>

k R
(e O/f

i=1

= / |f/(7')|27“d_1 dr — (5'1 + 8o+ S5+ Sy + S5 + 56)
0

where S; denote the formulas in the corresponding line.
We still assume f(r) = f(R),r < R by approximation. Noticing that d = 4k 4+ 1 and
d

% = 2k, we compute the contributions of each term.

k . .
5 cici(2k — 29)(2k — 27)
Si=2 (4k — 2 — 25 — 1)

i,7=1

f(ﬁ)f(Tz)?”fl lrgjflrlllk:72i72jfl d’l’ldrg

0<ri<ra<R or 0<ri<R<rz

k . .
cici(2k — 2i)(2k — 27)
2 (4k —2i—2j 1)

i,7=1

f(ﬁ)f(Tz)?”fl 1ng717,;1k:72i72j71 d’l’ldrg

0<re<ri<R or 0<ro<R<7;

K
cici(2k — 2i)(2k — 27) / p2im1,20-1 pak=2i=2j-1
R 7 drd
+”2 (4k —2i = 2j — 1) Srftear e

,

O0<R<r1,72

ey (2k — 20)(2k — 2)) |f(R)|2R*—1
_<Z (4k —2i—2j — 1) [(4k—2j—1)(4k—1)

ij=1

R4k 2j—1 3 2 1
T4 dr]
+f( 4k—2]—1/f T sym
R
o}

k 3 oo
ici(2k — 20)(2k — 27) . - .
N Z cic; (2k Z)( k ) Rik—2i-2j— l/f 21 d,’,,/f(r)TQJ—l dr
R R

it (4dk —2i — 25— 1)

As before, we perform integration by parts
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[ o tar =~ R+ [ e ar
R R

- e (2k — 2i) (2K — 25
5= (3 el 22k 2)

L= Ak —2i-2j-1)

/ 27
T ERRAG oy syl A jdr

ym

2 pak—1 4k—2j—1 ®
'[|f(R)| R R R /
1
R

Cicj(zk — 2i)(2k — 2j) 2 pdk—1
+ Zl 4ij(dk —2i— 25— 1) [FR)I"R

CZC] Qk 22 2]6 ) Ak—2i—1 f 1 23
< Z 4ij(dk —2i—2j — 1) R fB) | 7 dr>
R

k . . o0
cic;(2k — 2i)(2k — 2j) 4k—2i—2j—1 /
* ,,Zl Nk —2i—2 1)

1,]= R

~ k R k R4k,
8= 3 aiey [1F0IPr S dr = 3 cieslfRIP (108)
ij=1 F ij=1
R R4k—1
Ss= [ 10,070y Pr = 482 L — | F(R)? (109)
0

oo min(ri,R)

Sy = < Z cici(2k — 29) / / f(rl)mrfz 1 k—2i—2 d?“ld’l“2>

i1 4 sym
k

_ : |f(R)PR*

- < - mZzl s 2k =2l o R =)

ak—2i-1 F
FT G [ 100 a)
R

sym

R4k—1
<Z (2% =20 (B 32—

+ f( ) LA /f’ )r2 dr (110)
4]€ — 21— ]. sym
R

To compute S5, we integrate by parts with respect to 7o which yields
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oo min(ry,R)

k
(2% — 20)(2k — 20 — 1) Fr)r2 = (o) =22 dryd
<;C 1 (3 / / 1)y o )T T9 7“1>

0 0

sym

sym

k o0
<ch (2k — 21) /f r1)r2 = f(min(ry, R)) min(rl,R)4k_2i_1dr1>
i=1 0

k
. |f(R)|2R4k—1
<;cz (2% = 20)(2k 2 = Do

R4k 2i—1 ® 2 |
i—
dr]
4](3 2t —1 /f r sym
R

b 4k—1 o0
(et = 20l (R g + TR [ )t ar)
R

i=1 sym
k .
_ (2k — 20)|f(R)PR*
- _2k< ;C’[ (4k — 1)(4k — 1 — 2i)
k _ oo
s B [ petan)
R
. L 2%k —2i
= 2i( ;[cz-lf(R)\QR% Ty
k—2i— 2k — 2 Ji / i
+ e R R 1M/f(r)r2 al) (111)
R
kR k
Q 2k—1 2k _ 4k—1
So= (e / PO i) = (S e PR 1)

As in the previous section, we wish to show that the asymptotic expansion corresponds
to terms in (88), which in our setting look like

ko pAk+3-2i-2j I aic2 i .

d;d "( Tod ! 772 d 113

Z4k+3—2’t—2j J/f r/f(r)r " (113)
R R

©)=

Let us regroup terms from 31, cee ,SG.
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Type L. Terms containing [ f/(r)r® dr [ 27 dr, which occur for Sy

k
cj(2k — 24)(2k — RAk—2i—2j— 1/ /2 / 2j
" td 'rel d 114
Z 4k—21—23—1 fretdr [ dr (114)

Rewriting ¢;, d;, (86), (89) with d = 4k + 1, we get

k .
Ci:]_[[:l(élk—&-l 2 %)7 Lcien a15)

TTo-1,00(2¢ — 20)
k .
4k +3—2i—20
di:Hfﬂ]g 32200 oy (116)
Hz:1,z¢i(2£ — 2i)

ci=diy1, 1<i<k-—1 (117)

2k — 21
(=1)—5—
We again set ' = ¢ + 1,7’ = j + 1. Notice that even though the summation over %, j
runs from 1 to k in (114), the term vanishes when ¢ = k or j = k. So the summation is
actually from 1 to k — 1. Therefore,

k ol " (oo} oo
I= Z RIS di/alv/f’(r)r%,*2 dr/f’(r)?jj'*2 dr
(4k +3 — 20 —25) "%
R R

i1 —
1] =

Comparing this with our desired formula (113), it is clear that we are still missing the
term

k
| ( )‘2R4k 1 R4k+1 2’ / 2 "y

e did did YT dr 118

k-1 <Z (4k +1— L) fir >ym (118)

Type II. Now let us collect the terms involving only one integral [ f'(r)r?~2dr from
S1, 84,95

. Eic(2h — 20)(2k — 2) e RWHSL T
IIr=- Z (4(16—21—)(2_]—]_)])[']0( )22 - /f(T’)T'2 dr]
R

1,j=1

k . ‘ o

cici(2k — 24)(2k — 2§) _4p—_oi_ , .

N Zl 4i;(4k—2i—2j—1) R* 1f(R)/f (r)r* dr
R

=

k - 4k —2i—1 by _
+ 3 w2k = 2R gy [ £/ ar
R

i,7=1



934 C. Kenig et al. / Advances in Mathematics 285 (2015) 877-936

k ok—2 [
2 : 4k —27— l - / / 2’L
+ 20 e fRR T S [ ]
R

k
=2 /(B

X 2k — 23 ,
R4k—21—lci T l/f’(r)r%dr
1

2k — 25
'{;Cj[_(zlk—zi—% )4k —2i—1)

% — 2j 1 2%
. ————— + — ]+ — )
2j(4k —2i—25—-1) 4k—-2i—1"  4k—-2i—1

+

We simplify the last line to look as follows:

k
2k
_3 - -
22:2 4]@722‘71 (119)

Using the identity (91) (notice that d = 4k + 1, and the formula for d; in this setting
(116)), we infer that

k k
cj d—20 1 [[_(d+2-2-20) d
1+ 2= = 2=l =— 120
g 20 2%k [[j_,(20-2) 2k (120)

4k —2i—1

R
FR)R*+1- 2z/°°/ o
— dyd v e dr
Z Yak+1— /
12 R

& o
f] _ Zf(R)R4k_1 21 -2 /f/ ,,,21 dr - d1

Taking consideration of the symmetric term, we see that these are the terms involving
one integral in (118).

Type III. Finally, let us collect all terms not containing any integral.

k
r CiCj(2]€ )(2]15 ) 2 R4k71
IH_<_MZ,=:1 (4k — 20 — 2§ — 1) [FCR) 2j(4/€—1)}>sym

k CZ‘Cj 2]{} Qk 2 1
+ Zl 4ij((4k21)(2 ))|f( JPRY

4,j=
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Al Ak—1
£ ol P e B gy
,j=1
R4k71
< JZ:lczc] (2k — 20)[| f(R)|? m]>sym

k

+ 2k< Z[ci\f(R)|2R4k71 222(’1—k_2i1)]>sym

1=

k

k
(L eqgi PR

i=1 sym

We fully expand the symmetric term and obtain

—(2k —2i)(2k — 2 1 1
HEE-2j) 1,

17 = )P R*-1 —
[f(R 3221 (4k—21—2]—1)(2i 2j)
(2k — 24)(2k — 2j) 1 1 (2k72i+2k72j)]
4ij(4k—2i—2j—1) 4k —1 4k -1 24 27
2k — 21
4k—1
1
+If(R R Z "4k —1' 27 +1
HIf(R |R4’“Z S Sy
j4k 2j
_ 1 (2k — 21)(2k — 27) 2k — 20 2k —2j
— | f(R)2R%*1 . 1
4k—1 : Ci £ Cj o R 2
FlpmPR 1;#;7” B If(R)
4k2 k Ci Cj k C; b C;
_ 2 pak—1 G < G S o9
|f( IR [Z 21’2j'+,Z i+22j+ )
i,j=1 i=1 j=1
dd
= L fR)PR

We used the sum identity (120) for the last step. Comparing this expression with (118),
this is exactly the first term there, hence we conclude that when d = 4k + 1

ASdf = 2d_lﬂ-dH PrOjWL f”?i]l(rZR’rd—l dr)

Combing all the conclusions in Section 4.3 for (0, g) data and Section 4.4 for (f,0) data,
we have completed our proof of Theorem 2.
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