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Abstract. We consider the one-dimensional discrete Schrodinger operator
[H(x, 0)pl(n) = —p(n = 1) —pn + 1) + V(x + nw)p(n),

n € Z, x,w € [0, 1], with real-analytic potential V (x). Assume L(E, w) > 0 for all E. Let S,
be the spectrum of H (x, w). For all @ obeying the Diophantine condition w € T¢ 4, we show the
following: if S, N (E', E”) # @, then S, N (E’, E”) is homogeneous in the sense of Carleson
[Car83]. Furthermore, we prove that if G;,i = 1, 2, are two gaps with 1 > |G| > |G3|, then
|Gy] < exp(—(logdist(Gy, GZ))A), A > 1. Moreover, the same estimates hold for the gaps in
the spectrum on a finite interval, that is, for Sy ,, = de- spec H_n nj(x, @), N > 1, where
H[_pn nN)(x, w) is the Schrddinger operator restricted to the interval [—N, N] with Dirichlet bound-
ary conditions. In particular, all these results hold for the almost Mathieu operator with |X| 7# 1. For
the supercritical almost Mathieu operator, we combine the methods of [GS08] with Jitomirskaya’s
approach from [Jit99] to establish most of the results from [GS08] with w obeying a strong Dio-
phantine condition.

Keywords. Quasiperiodic Schrodinger operators, Anderson localization, homogeneous set

1. Introduction

We consider quasi-periodic Schrédinger equations
[H(x, w)pl(n) = —pn — 1) —pn + 1) + V(x + nw)p(n) = E¢(n) (1.1)

in the regime of positive Lyapunov exponents. We assume that V (x) is a 1-periodic, real-
analytic function. Recall that for irrational w, the spectrum of H (x, ) does not depend
on x. We denote it by S,. It was shown in [GS11] that S,, is a Cantor set for almost
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every irrational w, in the regime of positive Lyapunov exponent. The main objective of
this work is to show that the structure of the gaps is “regular”. More specifically, a closed
set S C R is called homogeneous if there is T > 0 such that for any £ € S and any
0 < o < diam(S), the estimate

ISN(E —o0,E+0)| > 10 (1.2)
holds (see [Car83]). We then also say that S is t-homogeneous.

Theorem H. Let

Cc
w € Tc,a = {(1) € [0, l] : ||}’l(1)|| > W,n > 1}

IfEy € S, and L(w, Eg) > y > 0 then there exists oy = oo(V, ¢, a, y) such that
|So N (Eg — 0, Eg+0)| >0/2 (1.3)

forall o € (0, ogl. In particular:

(@ If L(w, E)Y>y forall E € R, then S,, is T-homogeneous with some t=t(V,c, a, y).
(b) If L(w, E) > y forall E € (E', E") and there exists ¢ > 0 such that

SyN(E —¢& E"+¢)=8,N(E,E", (1.4)
then S,N(E’', E") is either empty or T-homogeneous with some Tt = t(V, ¢, a, ¥, €).

The previous statements also hold with Sy« = |, o7 spec H-n,N1(x, w), N > 1, in-
stead of S,, (here H_n N1(x,w) is the Schrodinger operator restricted to the interval
[—N, N] with Dirichlet boundary conditions).

Remarks. (1) If we introduce a coupling constant, that is, if we replace V by AV, we
know by Sorets—Spencer [SS91] that part (a) of our theorem applies for A > Ag(V). For
part (b) we note that for energies near the edges of the interval (E’, E”) we do not know
how much of the nearby spectrum afforded by (1.3) sits inside (E’, E”). We deal with
this issue by imposing condition (1.4) which forces all the spectrum near (E’, E”) to be in
(E’, E”). In general, if we assume that the Lyapunov exponent does not vanish throughout
the spectrum, the existence of the intervals (E’, E”) to which part (b) of our theorem
applies follows from the continuity of the Lyapunov exponent (see [GS01], [BJO2]) and
the density of gaps given by [GS11]. Indeed, given Ey € S, such that L(w, Eg) > y > 0,
we can find an interval (E’, E”) such that Ey € (E’, E"), L(w, E) > y/2 > 0 for
E € (E',E"), and E', E"” ¢ S,. The last condition ensures that we have (1.4) with
e = ¢e(dist({E’, E"}, S,)).

(2) In general our theorem does not guarantee that S, N {E € R : L(w, E) > 0}
is homogeneous (unless we are in the setting of part (a)). However, this is indeed true
for typical analytic potentials, in the sense of the Main Theorem of [Avil5]. Recall that
in [Avil5] it is shown that for typical analytic potentials there exist finitely many disjoint
closed intervals Iy such that S, C |, Ix and S, N I is either absolutely continuous or
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pure point. Furthermore, one has spectral uniformity in both subcritical and supercritical
regimes. For the supercritical regime this means that there exists y > 0 such that S, N
{EeR:L(w,E) >0} =8,N{E € R: L(w, E) > y}. One can now apply part (b)
of our theorem on each non-empty interval Iy N {E € R : L(w, E) > y} to deduce the
homogeneity of the spectrum in the supercritical regime.

(3) The strong Diophantine condition on w can be relaxed. This is one of the results
in the ongoing work of Tao and Voda [TV16]. In the current work we use the existing
results developed assuming the strong Diophantine condition in [GS08] and [GS11].

The homogeneity property of the spectrum of quasi-periodic Schrédinger operators in
the regime of small coupling was recently established in [DGL16]. There the continuum
quasi-periodic Schrodinger operator

-y () + V)Y (x) = Ey(x), x€R, (L.5)
is considered, where
Vix) = Z c(n)e(xnw), (1.6)
nez”
lc(m)| < e exp(—«o|m]|) (1.7

with k9 > 0, & being small and with a Diophantine vector w,
nol = agln| ™", n € Z"\ {0, (1.8)

for some
O<ag<1, v<by<oo.

The following relation between the gaps and the bands of the operator is established using
the estimates from [DG14]:

There exists &g = eo(xo, ag, bo) > 0 such that for 0 < ¢ < g, the gaps in the
spectrum of the operator H can be labeled as G,, = (E,,, E}}), m € Z' \ {0}, Gy =
(—o00, E) so that the following estimates hold:

(i) Forevery m € 7V \ {0}, we have
El — E, <2eexp(—ko|m|/2).
(ii) Forevery m,m’ € Z" \ {0} with m’ # m and |m’| > |m|, we have
dist(E,,, ES1,[E, EX D) = alm/| 7,

where a, b > 0 are constants depending on ay, b, kg, V.
(iii) For every m € ZV \ {0},
E, —E>alm|™,

This feature was not known for the almost Mathieu operator even in the regime of small
coupling. The homogeneity property can be derived from (i)—(iii). In the current paper we
establish a slightly weaker version of (i)—(iii).
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Theorem G. Let w € T, and assume L(w,E) > y > 0 forany E € (E', E").
There exists No(V,c,a,y) such that if N > No and G, G are two gaps in S, N
(E', E") with |G1|, |G| > exp(=N'7) then dist(G1, G2) > exp(—(log N)€0) with
Co = Co(V,c,a, y). The same statement holds for gaps in Sl\-,’wﬂ(E’, E"ywith N > N.

It is natural to inquire about the precise calibration between the gaps and the bands. In
particular, is it true that, in Theorem G, one has

dist(G1, G2) = a|N| 7,

with a, b > 0 being constants depending on V, w and the lower bound L(E) > y > 0?
Moreover, if so, are these estimates optimal?
Consider the almost Mathieu operator

[H(x, w)pl(n) = —p(n—1) —¢p(n+ 1) + 21 cosr(x + nw))p(n), neZ. (1.9)
It is a fundamental fact that the Lyapunov exponent here obeys
L(w, E) = log |A|

for all E. Thus, as a particular case of Theorem H and as a consequence of Aubry duality,
we have the following.

Theorem H'. Let |A| # 1 and w € T, . Then the set S, is T-homogeneous for some
t = 1(c, a, A). Furthermore, the estimates in Theorem G hold.

The relevance of the homogeneity property to the inverse spectral theory of almost pe-
riodic potentials (or Jacobi matrices with almost periodic coefficients) was established
in the remarkable work by Sodin and Yuditskii [SY95, SY97]. They studied the inverse
spectral problem for reflectionless Jacobi matrices whose spectrum is a given homoge-
neous set. The reflectionless potentials were introduced, in the continuum setting, by
Craig [Cra89]. Reflectionless potentials are very relevant to the spectral theory of er-
godic potentials. Different classes of potentials, which are in fact reflectionless, were
studied, prior to [Cra89], in the basic works on ergodic potentials by Deift and Simon
[DS83], Johnson [Joh82], Johnson and Moser [JM82], and Kotani [Kot84], [Kot87]. It
was shown in [Cra89] that being reflectionless is the key feature which allows for the
development of a number of fundamental objects from the periodic theory like auxiliary
spectrum, trace formula, product expansions; see also the work by Gesztezy and Simon
[GS96]. Employing the version of the trace formula from [GS96], Gesztezy and Yuditskii
[GYO06] found another remarkable consequence of the homogeneity property combined
with being reflectionless: the spectrum is purely absolutely continuous. See also the paper
by Poltoratski and Remling [PR09], where an even stronger result was established.

In view of these results and the results of the current paper it seems very natural
to investigate the connection between the homogeneity property and the spectral phase
transition theory of quasi-periodic potentials (see the work by Avila [Avil5]). Namely,
we would like to pose the following question:
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Problem 1. Consider
[Hx, 0)p]l(n) = —p(n — 1) —pn +1) + AV (x + nw)p(n) = Ep(n) (1.10)

with real-analytic V and Diophantine . It is known that for small A, this operator has a
complete set of Bloch—Floquet eigenfunctions. We expect that, in analogy to the small-
coupling result in the continuum case from [DGL16], one can also prove that the spectrum
is homogeneous, and moreover the calibration estimates (i)—(iii) for gaps and bands hold.
Assume that the Lyapunov exponent L(E, A) vanishes on the spectrum for all 0 < X < Xg.
Can one find a complete set of Bloch—-Floquet eigenfunctions for 0 < A < X¢? The main
issue here is how to control the homogeneity property of the spectrum using the zero
Lyapunov exponent on the spectrum. Indeed, while vanishing Lyapunov exponents on a
set of positive Lebesgue measure imply the presence of absolutely continuous spectrum,
the homogeneity of the spectrum is a sufficient condition for purely absolutely continuous
spectrum. Once the latter property has been established, the existence of a complete set
of Bloch—Floquet eigenfunctions follows from the work of Kotani [Kot84], Deift—-Simon
[DS83], and Avila—Krikorian [AKO06].

Finally, we emphasize that the analysis of “fine properties” of the spectral set Sy, =
U, et sPec H—n, n](x, @) on a finite interval, especially with general analytic V, seems
to be a very interesting problem in its own right. The numerical plots of the eigenval-
ues E;N) (x) of H—n,N1(x, w) (Rellich parametrization) look very complicated (see Fig-
ures 1-3).

One can see some “almost gaps” shadowed by “rare graphs fragments”—see for in-
stance Figure 1 between the spectral value levels E = 2 and E = 4. Even for the almost
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Fig. 2. Rellich functions, almost Mathieu, Dirichlet BC, N = 12.
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Fig. 3. Rellich functions, almost Mathieu, periodic case, N = 12.

Mathieu case, the picture still has some “gaps shadowing” (see Figure 2). The picture
simplifies under periodic boundary conditions (see Figure 3).
Finally, we would like to pose the following problem:

Problem 2. (a) Describe as accurately as possible the “true” gaps in the spectral set
Sn.p = U et spec Hi—n,n1,p(x, ®) on a finite interval with Dirichlet boundary condi-
tions. In particular, determine the gaps of smallest size.
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(b) Develop a description for the spectral set Sy p := |J, 1 spec Hi—n n],p(x, ®)
on a finite interval with periodic boundary conditions.

(c) Develop a description of the spectral sets on a finite interval for rational approxi-
mations of the frequency w.

1.1. Description of the method

As mentioned before, the homogeneity of the spectrum for continuous Schrédinger op-
erators and small coupling constant was recently established in [DGL16] via detailed
quantitative results concerning the structure of the gaps in the spectrum. For results on
homogeneity of the spectrum for limit-periodic Schrédinger operators see [Fill7, FL15].
We show in this paper that in the regime of positive Lyapunov exponent, homogeneity
can be obtained with less machinery. In fact, one does not even need to use finite scale
localization. Rather, we use finite scale approximate eigenvalues rather than eigenfunc-
tions. This approach only relies on the availability of a large deviation estimate; compare
[Bou02], where a similar idea was used.

This method has the advantage of avoiding the removal of a “non-arithmetic” set of
frequencies, which would be needed to eliminate the double resonances, as required in
order to establish localization. To capture the infinite volume spectrum, we establish a
criterion for given Ey to fall in the spectrum on the whole lattice (see Lemma 2.8).

The most basic mechanism behind the homogeneity of the spectrum is the Wegner
estimate. It is a finite volume version of the fact that the integrated density of states is
Holder continuous. For any x, w € T, let

{E;N)(x, a))}szl, {IP]-(N)(X, w, ')};-V=1 (L1D)

denote the eigenvalues and a choice of normalized eigenvectors of H[j n}(x, w), respec-

tively. The Wegner estimate amounts to the fact that the graphs of E;N) (x, ) cannot be
“too flat”. See the discussion of the quantitative version of this issue in Remark 2.2. The
other main reason for the homogeneity of the spectrum is the fragmentary stabilization
of the graphs of the Dirichlet eigenvalues plotted against the phases at different scales
(see Figure 4). This allows for good control on the structure of the spectrum on the whole
lattice Z via the spectrum on intervals [— N, N] with large N. Thus, the Wegner estimate
makes it possible to obtain finite scale spectral segments of considerable size that we can
then screen, via fragmentary stabilization, to obtain relatively large sets in the infinite
volume spectrum. Heuristically, this is how the proof of Theorem H proceeds.

As already mentioned, the resolution of the fragmentary stability picture is accurate
enough to allow the proof of homogeneity to go through. However, it seems that for pos-
sible future refinements of the result, one needs the more detailed picture given by finite
scale localization. This is why, after we prove the main result, we also develop the finite
scale localization approach. The novelty here is that we focus on the almost Mathieu op-
erator for which we can establish the results without removal of any frequencies w € T, 4.
This is due to the method of Jitomirskaya [Jit99] for eliminating resonances. The advan-
tage of this method that it explicitly identifies the resonant phases as x = mw/2 mod 1,
m € Z, and there is no need to eliminate any further ’s.
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Ex

Fig. 4. Fragmentary stability of spectral segments: Fragments of graphs from scale N >> N are

very close to EJ(N) (x, w), x € [x(, Xp]. The small segments on the E axis represent the exceptional
set.

We now give a rough outline of the main ingredients of both parts of the paper. Most
of them were developed in [GS08, GS11]. In fact, we shall cite several results from these
papers as part of our argument (see Propositions A-I below). The following three items
describe the basic properties of the transfer matrix formalism. Throughout, it is essential
that the Lyapunov exponents are positive.

e Large deviation estimate for the characteristic determinants of the Dirichlet problem
on a finite interval.

e Holder continuity of the Lyapunov exponent.

e Uniform upper bounds for the Dirichlet characteristic determinants.

The next three items build upon these foundations and describe essential features of the
spectral theory, in particular the localization of the eigenfunctions.

e A version of the Wegner estimate.
e Elimination of double resonances on finite intervals.
e Exponential localization on finite intervals.

Finally, these tools feed into the following facts, which lie deeper and are of crucial im-
portance to understanding the structure of the gaps in the spectrum.

e Quantitative separation of the Dirichlet eigenvalues on a finite interval.
e Formation of the spectrum on the whole lattice from the spectra on finite intervals.

This paper is not self-contained since we refer to reader to [GS08, GS11] for some of the
rather involved proofs of the aforementioned technical ingredients. These results are used
repeatedly in this work. On the other hand, some of the results derived from them, such
as the Wegner estimate, are easy to obtain and we present their proofs.
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Certain finer spectral properties, most notably the localization of the eigenfunctions
and separation of the eigenvalues in the setting of Theorem H, require elimination of a
Hausdorff dimension zero set of w. So we cannot follow that route for the almost Mathieu
operator. Therefore, approximately half of the work in this paper is devoted to establishing
the needed ingredients for the Mathieu operator with [A| > 1 and with arbitrary w € T, 4.

On first reading, it is recommended to focus entirely on the proofs of Theorems G
and H.

2. Transfer matrices and the Wegner estimate

We start by recalling the basics of the transfer matrix formalism. If ¥ is a solution of the
difference equation H (x, w)¥ = E, then

Yo+ ] _ y(a)
[ww>]‘MWWL@Eﬂwm—D]

where the transfer matrix is given by

Miap(x, 0, E) =[] ) 0

= |:V(x +kw) — E —1}
k=b

We let My = M[1,n). The Lyapunov exponent is defined by

L(w, E) = lim l /

N—oo N Jy

The Holder continuity of the Lyapunov exponent as a function of the energy was es-

tablished in [GSO1] under a strong Diophantine condition. The result was improved in

[YZ14] to hold even for weak Liouville frequencies. The dependence of the Holder ex-

ponent on y (see the following proposition) was removed (for strongly Diophantine fre-
quencies) in [Bou05, Prop. 8.3].

1
1
log |My (x, @, E)|| dx = inf — log [|My (x, , E)].

Proposition A. Assume w € T, , and L(w, Eo) >y > 0. There exists eg =¢eo(V, c,a, y)
such that L(w, E) > y /2 for any E € (Ey — €9, Eg + €0). Moreover, there exists ag =
ao(V, c,a) > 0 such that

|L(w, E1) — L(w, E2)| < C(V,c,a,y)|El — E2|*
forany Ej € (Eo — €0, Eg +€9), j =1,2.

The above result is essentially [GSO1, Thm. 6.1]. The first statement is implicit in [GSO1],
but it also follows explicitly from [BJO2].

Next we focus on results concerning the finite scale Dirichlet determinants. Let
Hiq,p)(x, ) be the Schrodinger operator defined via (1.1) on a finite interval [a, b] with
Dirichlet boundary conditions, ¥(a — 1) = 0,y (b + 1) = 0. Let fi4p(x, w, E) =
det(Hq,p(x, @) — E) be its characteristic polynomial. One has

f[a,b](xa , E) = fh—a+1 (-x + (a - 1)0)7 w, E)’ (21)
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where

NG, w, E) =det(Hy(x,w) — E)

Vix+w)— E -1 0 - - 0

-1 Vix+2w)—E -1 0 --. 0
= : S ; @2

-1

0 0 -1 Vx+Now) —E
It is known that also
fiap)(x, @, E) — flat+1,6)(x, @, E) }

M, ,w, E) = ’ ’ . 2.3
fa.p1 (¥, - E) |:f[a,b—l](xs o, E)  —flat1.b-11(x, @, E) 23)

It was shown in [GS08] that through this relation it is possible to pass from large deviation
estimates for the transfer matrix to large deviation estimates for the determinants. The
following large deviation estimate for the determinants is a basic tool in our approach
(see [GSO08, Cor. 3.6]).

Proposition B. Let w € T, , and E € R be such that L(w, E) > y > 0. There exists
Co = Co(V,c,a,y) such that

mes{x € T : [log| fy(x,, E)] = NL(w, E)| > H} < Cexp(—H/(log N)<°) (2.4)

forall H > (log N)° and N > 2. Moreover, the set on the left-hand side is contained in
the union of < N intervals, each of measure not exceeding the bound stated in (2.4).

Subharmonic functions can deviate only towards large negative values but not large posi-
tive ones. This explains the following result which is implied by [GSO0S8, Prop. 4.3].

Proposition C. Let w € T, and E € R be such that L(w, E) > y > 0. There exist
Co=Co(V,c,a,y)and C = C(V) such that

suplog|fv(x,w, E)| < NL(w, E) + C(log N)CO forany N > 2. 2.5)

xeT

Wegner’s estimate now follows easily.

Proposition D. Let w € T, and E € R be such that L(E, w) > y > 0. There exists
Co = Co(V,c,a,y) such that for H > (log N)2€0 and N > 2, one has

mes{x € T : dist(E, spec Hy (x, w)) < exp(—H)} < exp(—H/(log N)CO). (2.6)

Moreover, the set on the left-hand side is contained in the union of < N intervals, each
of measure not exceeding the bound stated in (2.6).
Proof. By Cramer’s rule,
k=1, 0, E) | fims, v (x, 0, E)|
[fn(x, 0, E)]|

|(Hy (x, 0) — E) " (k, m)|
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By Proposition C,
log | fi1k-11(X), 0, E)| +log| fim+1.81(x, @, E)| < NL(w, E) + C(log N)<°
for any x € T. Therefore,

N2 exp(N L(w, E) + C(log N)€0)

—1
ICHN (¥, @) — E) ™ < [fn(x, @, E)|

for any x € T. Since

dist(E, spec Hy (x, @) = [|(Hy (x, ) — E) || 7",
the lemma follows from Proposition B. O
The following result is an immediate consequence of the Wegner estimate (2.6) and the

continuity of the functions E;N) (x, w).

Corollary 2.1. Let w € T, 4 and assume L(E,w) >y > 0forany E € (E', E"). There
exists Co = Co(V, ¢, a, y) such that for H > (log N)2CO and N > 2, if I is an interval
satisfying

1] > exp(—H/(og N)) and  Ef M1, 0) € (', E"),

then
|E/[.*N’N](1, w)| > 2exp(—H).

In the following remark, a ~ b for a, b > 0 means that these numbers are comparable up
to fixed multiplicative constants (say, within a factor of 2). Moreover, a > b means that
a/b > C for some large constant C.

Remark 2.2. The Wegner estimate is a fundamental tool which has been applied to the
problem of localization of eigenfunctions in both the quasi-periodic and the random set-
tings. For the problem under consideration here, namely the homogeneous nature of the
spectrum, our reading of Wegner’s estimate is as follows. Let E € R be arbitrary and
recall the eigenvalues as defined in (1.11). Assume that

|E = E}") (x0, )| < exp(—(log N)*) 27
for some N and xg and A > 1. Then, with ¢ calibrated against N such that
o ~ exp(—(log N)*), (2.8)
the intersection
(E—o, E+o)m{E;N) (x, ®) : x € (xo—exp(—(log N)B), xo+exp(—(log N)B))},  (2.9)
where B := A/2, contains an interval Zg with
|Zg| = wy = exp(—(log N)A) ~ 0. (2.10)

Note that this is a special case of the previous corollary, using the largest possible values
of H.
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The next two results address the relation between the distance of an energy to the spectrum
and the large deviation estimate from Proposition B. Recall that for any xg, x, one has

EM (x, @) — EY (x0. )| < I|Hy (x, 0) — Hy (x0, @)[| < C(V)|x —x0l.  (2.11)

Lemma 2.3. Let w € T, and E € R be such that L(E,w) > y > 0and let x € T.
There exist No(V,c,a, y, E) and Co(V, ¢, a, y, E) such that for any N > Ny, if

dist(E, spec Hy (x, )) > exp(—K)

for some K > 1, then

log|fn(x,w, E)] > NL(w, E) — K (log N)“°.
Proof. Due to Proposition B there exists x” such that |x" — x| < exp(—K log N) and

log| fy(x', @, E)| > NL(w, E) — K (log N)€.
From (2.11) and our assumption on E, we obtain

EV o) = BV o) |E (xo0) = EIT < COO = xl 1]V (v w) — EI !
< exp(—(K log N)/2) < 1/2,
and therefore
log |E — EfV (', )| — log |[E — E{Y (x, )|
<2EM ', @) — EjV (v, )| [E{Y (x, ) — EI”" < 2exp(—(K log N)/2),

llog | fy(x', @, E)| —log| fv (x, , E)|| < 2N exp(—(K log N)/2) < 1.

This yields the desired conclusion. O

The usefulness of a lower bound on the determinant as in the previous lemma can be seen
from the following result.

Lemma 2.4 ([GS11, Lem. 6.1]). Letw € T, 4, E € R, L(w,E) > y > 0, and N >
No(V,a,c,y, E). Furthermore, assume that

log|fy(x,w, E)| > NL(w, E) — K /2
for some x € T and K > (log N)€°. Then
|(Hy(x, @) — E)"'(j, k)| < exp(—ylj —kl+ K), |(Hy(x,0) — E)~'|| < exp(K).

In particular dist(E, spec Hy (x, ®)) > exp(—K).
Proof. Apply Cramer’s rule as in the proof of Wegner’s estimate. O

We will use the following immediate consequence of Lemmas 2.3 and 2.4.
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Lemma 2.5. Let w € T., and E € R be such that L(w, E) > y > 0 and let x € T.
There exist No(V,c,a, y, E) and Co(V, c, a, y, E) such that for any N > Ny, if

dist(E, spec Hy (x, w)) > exp(—K)
for some K > 1, then
|(HN (x, @) — E)™'(j, k)| < exp(—y|j — k| + 2K (log N)<).

It is natural to link eigenfunctions of finite volume operators to (generalized) eigenfunc-
tions in infinite volume. The standard tool for this is the Poisson formula: for any solution
of the difference equation H (x, w)y = Ev, we have

Y(m) = (Hia )~ E)"'(m, @)y (a— D)+ (Hiapy— E) " (m, b+ DY (b+1),  m € [a, b].

(2.12)
This identity was introduced into the theory of localized eigenfunctions in the fundamen-
tal work on the Anderson model by Frohlich and Spencer [FS83]. The Poisson formula
tells us that the decay of the Green function implies the decay of the eigenfunction wher-
ever the Green function exists. Lemmas 2.4 and 2.5 demonstrate how to effectively apply
the Poisson formula in the regime of positive Lyapunov exponents, by being able to eval-
uate the decay of the Green function (Hig,p) — E y~1(m, n) in terms of |m —n|. Lemma 2.4
explains how the large deviation estimate from Proposition B can be used to guarantee the
conditions of Lemma 2.6. This leads to the following localization principle: the eigen-

function wj[a’b] defined by

b b b
Hia py(x, )9 (x, 0) = EX"(x, 0) 9" (x, 0)

decays exponentially on any subinterval [c,d] C [a, b] for which the large deviation
estimate

10g | fie.a1(x, 0, EX*" (x, )| > (¢ = d)L(w, EM"(x, 0)) — (c =)' (2.13)

is valid. This is of crucial importance to the theory of localization, and we shall make
this precise later.

The following elementary observation links the spectra in finite volume to the decay
of the Green function.

Lemma 2.6. Let x,w € T, E € R, and [a, b] C Z. If for any m € [a, b], there exists
Ay = [am, by] C [a, b] containing m such that

(1= (8a, 8ap DI (Ha,, (x, @)= E) ™ (@m, m)|+ (1= (8, 8, D|(Ha,, (x, @) — E) " (b, m)]
<1,

then E ¢ spec Hyq p)(x, w).

Proof. Assume to the contrary that E € spec H4 5)(x, w) and let ¥ be a corresponding
eigenvector. Let m € [a, b] be such that |y (m)| = max, |Y (n)|. The hypothesis together
with the Poisson formula (2.12) gives us that |y (m)| < max(|y¥ (a)|, | (bm)|) if ay, # a
and b, # b; |y (m)| < |Y(bp)| if ay = a; and |Y(m)| < |¥(am)| if by, = b. In each
case we reach a contradiction, so we must have E ¢ spec H, p1(x, w). ]
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We use Lemma 2.6 to establish our criterion for an energy to be in the spectrum. For this
we will also use the following well-known fact.

Lemma 2.7. If for some x, w € T and E € R there exist § > 0 and sequences ay — —00
and by — oo such that

dist(E, spec Hgy 1 (x, ®)) > 8,

then
dist(E, spec H (x, w)) > 6.

Proof. The hypothesis implies that for any ¢ € £>(Z) with finite support, there exists k
such that

I(H(x, ) = E)pll = [(Hig by (x, @) = E)|| = 8|]l-

It follows by density that
[(H(x, w) — E)¢ll = 8lioll

for any ¢ € ¢>(Z), and this yields the conclusion. O

We can now formulate the spectrum criterion lemma. In the following two results, the
notation N'~ means N'~¢ for some small absolute ¢ > 0. For example ¢ = ﬁ will
suffice (as in fact will large choices).

Lemma 2.8. Let v € T, and E € R be such that L(w, E) > y > 0. There exists
No = No(V, ¢, a, y) such that the following statement holds for any N > Ny. If for any
x € T, there exists r(x) € [—N /2, N /2] such that

dist(E, spec Hy(x)1[—n,N] (X, )) > exp(—=N'"),

then
dist(E, Sp) > % exp(—=N'").

Proof. Fix x € T and let N > N be arbitrary. Let
p=—N—-N+r(x—Nw), ¢g=N+N +r(x+ Nw).

We will use Lemma 2.6 to show that E ¢ spec Hip 41(x, w) for any |E — E| <
exp(—Nl’)/Z. Note that, by Proposition A, we have L(E, w) > y/2. From the hy-
pothesis we infer that

dist(E, spec Hp, p+an)) = %exp(—Nl_).
It follows from Lemma 2.5 that
|(Hip,pron) (v, 0) = E) ' (p + 2N, m)| < 1
forany m € [p, p + N + [N/2]]. Analogously

|(Hig—2n.q1(x, ) — E)"'(qg — 2N, m)| < 1
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foranym € [¢ — N — [N/2],q). Form € [p+ N +[N/2],q — N — [N/2]], let
ay =m—N+r(x +mw), by, =m+ N +r(x +mw).

We clearly have [a,,, b,,] C [p, q]. Using the hypothesis and Lemma 2.5, we get

|(Hiay 5,1, @) = E) ™ (ay m)| + | (Hia 5,1 (6, @) = E) ™' (b, )| < 1.

We can now apply Lemma 2.6 to find that E ¢ spec Hip 41(x, w). Since this is true for
any |E — E| < exp(—N'7)/2, it follows that

dist(E, spec Hip4)(x, w)) > +exp(=N'").
Since N was arbitrary, we can choose sequences a; — —oo and by — 0o such that
dist(E, spec Hig; p,1(x, w)) > %exp(—Nl_).

The conclusion follows from Lemma 2.7. O

The previous lemma relates the full spectrum S, to the finite scale spectrum

SN.w = U spec H—y, N1 (x, ).

xeT

The proof of the lemma cannot be adjusted to give a relation between the finite scale
spectra for different scales. Instead, we will use the following weaker result.

Lemma 2.9 ([GS11, Lem. 13.2]). Let w € T., and E € R be such that L(w, E) >
y > 0. There exists No = No(V, ¢, a, y) such that the following statement holds for any
N > No. If

dist(E, Sy.») > exp(—N'7),

then
dist(E, S ) = %exp(—Nl_) forany N > N.

Proof. The proof is analogous to that of Lemma 2.8. The only difference is that we now
know that r(x) = 0. m]

3. Stability of the spectrum

In this section we address the isspe of how much of the finite scale spectrum Sy , survives
when we pass to a larger scale N or to the full scale.

Lemma 3.1. Let w € T, , and assume L(w, E) >y > 0 forany E € (E', E"). There
exist co = co(V, c,a, y) and Ngo = No(V, c, a, y) such that

mes(Sy,» N (E', E”) \ S]\-,’w) <exp(—coN) forany N > N > Nj.
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Proof. Let N® = N2 and assume N < ND Let E = E][_N’N](x,a)) € Sy N
(E', E”). Let £ = [c1N] with ¢; < 1. By Proposition B we can find an interval ngy +
[—¢, 2], |ng] < C€ < N, on which the large deviation estimate holds. By Lemma 2.4
and the Poisson formula it follows that

W}V M, @ )| < exp(=eN),  In —nol < £/2.

Let
£(n) = W}_N’N](x, win), né€[=N,nol,
! 0, otherwise,
£ () — YV M win), n € lno, NI,
: 0, otherwise.

Then [|& > 1/2 or || || > 1/2.If |&]| > 1/2, then the fact that

ICH, iy - 42i) (. @) — E)&|| < exp(—cN)

implies dist(E, SN,w) < 2exp(—cN). The same conclusion holds if ||&.|| > 1/2. Since
the finite spectra are unions of intervals, it follows that

mes(Sy.» N (E', EN\ Sy ) S N exp(—cN) < exp(—cN/2).

Recall that so far we are assuming N<ND=N2In general, we can find k such that
N® < N < N®+D and we have
mes(Sy.o N (E', E")\ Sy )
< mes(SN,w N(E,E" \SN(I)’(D) + mes(SNm’w N(E,E" \SN@),w)
+ -+ mes(Syw , N (E, E)\ Sy )
<exp(—cN) + exp(—cN(l)) +---+ exp(—cN(k)) < exp(—cN/2). O
N]

If the mass of an eigenvector wj[_N’ is concentrated near the edges of the interval,
then we cannot guarantee that the corresponding eigenvalue is close to S,,. We can only

come close to the full scale spectrum provided that the mass of w/.[fN’N] is concentrated
inside the interval. It is not clear whether each E € Sy, can be associated with such an
eigenvector. However, we can produce spectral segments of considerable size for which
this holds.

Lemma 3.2. Let w € T., and E € S, and assume L(E,w) > y > 0. There exist
co(V,c,a,y), Co(V,c,a,y), and No(V, c, a, y) such that the following statement holds
for N > Ny. There exist xo € T and jo € [N, N] such that

5 "M (xo, ) — EI < exp(=N"7),
and for all |x — xg| < exp(—(log N)C0), we have

v, "M 0l < exp(=coN), Inl = (1= co)N.



Homogeneity of the spectrum for quasi-periodic Schrodinger operators 3089

Proof. Since E € S, Lemma 2.8 implies that there exists x’ € T such that

max_dist(E, spec Hy [y n](x", @) < exp(=N'7). (3.1)
In|<N/2

Let £ = [cN], with ¢ < 1 to be chosen later. We will argue that there exists [ng| < N/2
such that the Green function at scale ¢ has off-diagonal decay on the intervals

no+[-N,—-N+£€—1] and no+[N—£¢+1,N]

at the edges of ng + [—N, N]. Due to Proposition D we know that there exists
A(V,c,a,y) > 1 such that

ko
{x € T : dist(E, spec Hy(xo, »)) < exp(—(log )*)} C | &k,
k=1

where I; are intervals such that |I;| < exp(—(log€)4/?), and kg < C£. We now set
¢ = (4C) 1 sothatwehave £ < N /4. Due to the Diophantine condition, each I contains
at most one point of the form

X+m—Nw or ¥+n+N-—£0+1o,

with [n] < N/2. Since kg < N/4, it follows that there exists |ng] < N/2 such that
x0 + (nop — N)w and xo + (ng + N — £ + 1)w are not in any of the I;, and therefore

dist(E, spec Hy(xo + (ng — N)w, w)), dist(E, spec He(xo + (no + N — £ + 1w, w))
> exp(—(log )) > exp(—N'7).  (3.2)

Let xg = x” + now. By (3.1) there exists jy such that

|E = Ej; VMo, 0)] < exp(=N"). (33)
From this, (3.2), and (2.11) it follows that

dist(EL M (x, ), spec Hy(x — No, 0)),
dist(Ej[O_N’N](x, ), spec Hy(x + (N — £ + Do, w)) > L exp(~(log )1),
for any |x — xg| < cexp(—(log £)4). Lemma 2.5 implies that
— -1 . .

|(He(x = No, ) — Ef VM, )7 (j, k)| < exp(—y1j — kI + (log N)©),

[(He(x + (N = €+ Do, 0) — Ex VM, ®) ' (j, )| < exp(—y|j — k| + (log NYO).

The desired estimates on the eigenvector v j[(;N N (x, ) now follow by applying the Pois-
son formula on the intervals [N, —N +¢ — 1]and [N — £ + 1, N]. m]

Next we address the stability of the spectral segments produced via the previous lemma.
As in the proof of Lemma 3.1 we need to argue by induction on scales. The inductive
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step that will be stated in Lemma 3.3 is essentially [Bou05, Lemma 12.22]. For the con-
venience of the reader we will sketch its proof. The original proof is for the case when
the potential is a trigonometric polynomial. We will include the simple approximation
argument needed to deal with analytic potentials. For this we recall some facts regarding
the approximation of the potential by trigonometric polynomials.

Let

o0

V)= > vee(n),

n=—0oo

be the Fourier series expansion for V, where we use the notation e(x) := exp(2mix). Itis
known that since V is real-analytic on T, it can be extended to a strip of width 20y around
the real axis, for some pg > 0, and that this implies the existence of C such that

lvn| < Cexp(—=mpoln|).
In fact, we can take C = sup,.1 |V (x £ipo/2)|. Let

K

V(x) = Z vpe(nx). (3.4)

n=—K

As a consequence of the bound on the Fourier coefficients, we have

sup [V (x) = V(x)| < C(IVlloo, p0) exp(—7p0K /3).

xeT

It follows that we always have
(N) _ g _ A —
|E;" (x, 0) — E; 7 (x, w)| < [Hy(x, w) — Hy(x, w)|| < Cexp(—cK). (3.5)

Lemma 3.3. Let w € T, , and assume L(w, E) > y > O forany E € (E', E”). Let
I C [0, 1] be an interval and let j € [—N, N). Assume that E][_N’N](I, w) C (E',E")
and that for each x € I, there exists &, ||§|| = 1, with support in [-N + 1, N — 1], such
that

ICH (x, 0) = ES VM o)) ) < eV, (3.6)

where co > 0 is some constant. Let
log N1 > log N > loglog Ni.

If co = C(V,c,a,y) < land N = No(V,c,a,y,co), then we can partition I into
intervals I, m < NE, with C an absolute constant, so that for each I, there exists
Jj1 € [=N1, N1] such that

|EFN M, ) — EFY M 0)) < exp(—coN/2), x € I,
and for each x € I, there exists &, ||| = 1, with support in [— N1+ 1, N1 — 1), satisfying

ICH (x, @) — EF VN w))g || < 7o
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Proof. Fix x € I and let € be as in (3.6). We have

Hi_y n)(x, @) = H—n, N (X, @),
Hi—n.ni(x, 0)§ = E,LfN’NJ(x, )& + 0 (e~ N)
= VM@ Y e MM o)l M M 0) 4+ 0T ),
Hi-ny i o) = 30 B M o), v MM e o))yl MM @ o).

Note that for the first two identities, we have used the fact that & is supported in
[-N + 1, N — 1]. It follows that

(1B N w) — B M e,y N 0)?) <o 3y
Since ||&]| = 1, there exists ji(x) € [— N1, Ni] such that
&, VM G, @) = 17V (3.8)
The estimate (3.7) implies that
IEFN M (x, 0) — EFV M w) < /Ny e o, (3.9)

As in the proof of Lemma 3.2 it can be seen that there exists N1/2 < k; < Nj such
that

|1/fj[l_N]’N'](x, w;n)| < exp(=3coN1), ki = |n| = ki — 3coNy. (3.10)

For this we use the assumption that ¢ is small enough. Let 1 be the normalized projection
of wj[l_Nl’N'](x, w) onto the subspace corresponding to the interval [—k1, k1]. By (3.8)
and (3.10),

ICH (x, ) = EN M) S /Ny exp(=3coN1) < exp(=2coNy). (3.11)

Now we just need to estimate the number of components of the set of phases x that
satisfy (3.9) and (3.11). For this we need to approximate the potential V by a trigono-
metric polynomial. To do so, we note that the existence of n, ||n|| = 1, with support in
[—N1 + 1, Np — 1], satisfying (3.11) is equivalent to

1Py, (H (x, 0) — MM (H (x, 0) — ELM M) Py 17 > expeohy), (B.12)

where Py, is the projection onto the subspace corresponding to the interval
[-N1 + 1, N; — 1]. Choose V asin (3.4) with K = Cle. Then we have

EFN M, ) — BN M G 0)) < 20/Np eV,
and

10PN, (H (x, @) — EF- N (A (x, 0) — EFM M) Py 1Y) > exp2eoNi) /2.
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The set of x’s satisfying the above estimates can be given a semialgebraic description
in terms of polynomials of degree at most N lC (see [Bou0S5, proof of Lemma 12.22]). It
follows that I can be partitioned into intervals I, m < Nlc, such that j;(x) from the
above estimates can be kept constant on each of the subintervals. If we now go back to
the original potential, the estimates (3.9) and (3.11) hold up to a correction by a constant
factor, and with the constant choice of j; on each I,,. This concludes the proof. ]

The next lemma is our result on the stability of the spectral segments from Lemma 3.2.

Lemma 3.4. Let v € T, , and assume L(w, E) > y > 0 forany E € (E', E"). Let
I C [0, 1] be an interval and let j € [N, N). Assume that E][_N’N](I, w) C (E',E")
and for each x € I, there exists &, ||&|| = 1, with supportin [—N + 1, N — 1], such that

ICH (3, @) = B M, 0)g )l < eV, (3.13)

where co > 0 is some constant. If co < C(V,c,a,y) < land N = No(V, c,a, v, co),
then

mes(EL MM (1, ) \ S,) < exp(—coN/4).

Proof. Let Ny = N 2, Using Lemma 3.3, we partition / into intervals I, m < NIC , SO
that for each I,,,, there exists j; € [Ny, Np] such that

|EFN M (x, 0) — EFV M 0)] < exp(—coN/2). x € L, (3.14)

and for each x € I, there exists &, ||£|| = 1, with supportin [—-N+1, Ny — 1], satisfying

ICH (x, @) — EF YN w0))g || < 7o (3.15)

Let
Enro=JET MU, 0) 0 EFM M1, 0)),

m
where © denotes symmetric difference. By the continuity of the parametrization of the
eigenvalues and (3.14), it follows that mes(Ey.1,») < exp(—coN/3).

Note that (3.13) implies that dist(E, S,) <exp(—coN) for all E € E}fN’NJ(I, w). At
the same time, if E € EJ[.fN’N](I, @)\ EN.1.0, then E € EJ[I_N"NIJ(I,,,, w) for some m,
and (3.15) implies that dist(E, S,) < exp(—coNyp).

Let Ny = N 2 Through iteration we obtain sets En ., such that mes(En k.0) <
exp(—coNi—1/3) andif E € E-V M1, 0)\U, < €N 1.0» then dist(E., S,,) <exp(—coNp).
Finally, we note that

EFNNM@ o)\ Sy € | JEN ko
k

and we are done. O
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4. Proofs of Theorems G and H

Proof of Theorem G. First we prove the full scale statement. Let J be the interval be-
tween G and G,. Then there exists Eg € S, N J. We will argue that the size of J is
bounded below because S, N J must be relatively large. Lemma 3.2 implies the existence
of j € [N, N] and of a segment /, |I| > exp(—(log N)E), centered at a point xq, such
that

|ES N M (x0, @) — Eol < exp(—N"7), @.1)

and for any x € I there exists &, ||£]| = 1, with supportin [-N + 1, N — 1], such that

ICH (x, ) — EXV N, o)) || < exp(—cN)

(the vector £ can be chosen to be the normalized projection of w}_N’N] (x, w) onto the
subspace corresponding to [-N 4 1, N — 1]). Using Proposition A we can guarantee that
L(w, E) > y/2forall E € E/[.fN’N](I, ). Thus, we can apply Lemma 3.4 to get

mes(E][_N’N](I, w) \ Sp) < exp(—cN).
By the continuity of EJ[_N’N] (-, w) and (4.1), it follows that
EFYNUIL ) ns, cins,

(otherwise, we would have mes(E][_N’N](I, w)\ Sp) > exp(—Nl_)/Z ). At the same
time, Corollary 2.1 implies

mes(EL MM (1, 0)) > exp(—(log N)©).
Putting all these together we have
11217 NSyl = [ES M1, 0) N S,| = exp(—(log N)E) — exp(—cN).

The conclusion follows immediately with an appropriate choice of Cy.

The proof of the finite scale statement is analogous. One just needs to use Lemmas
2.9 and 3.1 instead of Lemmas 2.8 and 3.4. As before, there exists Eg € Sy , N J. By
Lemma 2.9, there exist j € [-N, N] and xo € T such that

EFN N (g, w) — Egl < exp(—N'). 4.2)

Let I = (xo — exp(—(log N)©), xo + exp(—(log N)©)). Using Proposition A we can
guarantee that L(w, E) > y/2forall E € EJ[_N’N] (I, ). Thus, we can apply Lemma 3.1
to get

mes(Ej[_N’N](I, ) \SN,w) < exp(—cN).

By the continuity of Ej[fN’N] (-, ) and (4.2), it follows that

[~N.N] ) ]
EFNNML o) n Sy, cINSy,
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(otherwise, we would have mes(Ej[_N’N](I, w) \ SA-,,w) > exp(—N'7)/2). At the same
time, Corollary 2.1 implies

mes(E VM1, w)) > exp(—(log N)©).
Putting all these together we have
1= 17 NSg 1 = 1ES M 0) NSy, = exp(—(log N)E) = exp(—cN).

The conclusion follows immediately with an appropriate choice of Cy. O

Proof of Theorem H. We only prove the full scale version of the result. The finite scale
statement is proved analogously to the proof of Theorem G. We only need to prove
part (b). The other statements follow from its proof. Assume that S, N (E’, E”) # @.
Let Eg € S, N (E’, E”). Let N > N be large enough. From the proof of Theorem G we
know that there exist j € [-N, N] and an interval 7, |I| > exp(—(log N )C), centered at
a point xg, such that

1B M (x0, @) — Eol < exp(—=N""),
mes(E; """ (1, @) \ Sy) < exp(—cN).
mes(El "M (1, w)) > exp(—(log N)©).

Putting all this information together and assuming exp(—(log N)¢) < & (with & from
(1.4)), we have

|(Eo — exp(—(log N)©), Eqg + exp(—(log N))) N (S, N (E', E"))|
> exp(—(log N)©) — exp(—=N'") —exp(—cN) > L exp(—(log N)©).

Since this is true for arbitrary large enough N, it follows that (1.2) holds for o < o9, with
7 = 1/4. The conclusion follows because (1.2) holds trivially with T ~ o for o > oy.
O

5. Double resonances

Of key importance in the theory of localization is the notion of double resonance. This
refers to the situation where inside of a large window [— N, N1, there are two smaller ones,
say I := [k1, ka], J := [k3, k4], which are not too close to each other and H;(x, w) and
Hj(x, w) have two eigenvalues E1, Ey, respectively, with |E1 — E»| very small. If these
eigenvalues correspond to eigenfunctions Hj(x, w)y¥ = E1y, Hj(x,w)p = E¢, re-
spectively, which are well localized within these respective windows, then Hj_n n1(x, @)
exhibits an eigenvalue close to £y with two eigenfunctions ¥ £ ¢ (with the understanding
that we set ¢ = 0 outside of I and ¢ = 0 outside of J). It is a delicate matter to turn this
idea into a quantitative, rigorous machinery. Localization happens precisely if such long
chains of resonances cannot occur.
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For the almost Mathieu operator, double resonances can be handled explicitly via
Lagrange interpolation for the trigonometric polynomial given by the finite-volume de-
terminant. This is the method of Jitomirskaya [Jit99], which we will use in this section.
Since the method does not apply to general potentials V, the problem is treated via elimi-
nation of “exceptional frequencies” w in [GS11]. Alternatively, one can use semialgebraic
techniques to eliminate “bad” ’s. This technique is quite robust and applies for example
to higher-dimensional tori. One can find a very effective and beautiful development of
this method in the monograph [Bou05].

For the purposes of this paper (as well as for the analysis of the gaps in [GS11]),
it is necessary to achieve a level of resolution in the double resonance problem that is
considerably higher than the one required for localization. The reason for this lies in the
distances between the eigenvalues on a finite interval. We use this separation to control
the process of formation of the spectrum S, on the whole lattice from the spectra on
finite intervals (see Section 8). More specifically, to obtain points in S, via Sy we need
to keep the essential supports of the eigenfunctions in question bounded in order to obtain
a spectral value of H,, (see Remark 6.1). To keep the essential support compact, we make
sure that the eigenfunction at scale N gives rise to an eigenfunction at scale N > N that
is very close to the initial function and with an eigenvalue that is very close to the initial
eigenvalue (see Propositions I and I').

To derive the quantitative separation for two eigenvalues, say E () (x, w) and
E; (V) (x, w), we need to verify that the sizes of the essential supports of I/f( )(x w) and

1//,§N)(x, w) are bounded by
|essential support] < N := Qy := exp((loglog N)C), 5.1
for some C > 1. This is the estimate that allows one to evaluate

| fn(x, 0, E1) — fn(x, @, E2)] (5.2)

from Proposition B for two close but distinct values Ey, E». Heuristically, Proposition C
states that the exceptional set in the large deviation estimate is close to an algebraic curve
of degree < (log N)“. This level of resolution is fine enough to see the scale (5.1) in
the setting of general potentials V for which we use frequency modulation to eliminate
double resonances.

The next result, which follows from [GS11, Prop. 5.5] and Proposition D, is a tool
designed to obtain the desired resolution in the elimination of double resonances. This
result employs the notions of measure and complexity. To be specific,

mes(S) <&, compl(S) < K

means that for some intervals I,
K

K
Scln D lnlze
k=1

k=1

Therefore, for the purposes of this paper we can assume that the sets from the next result
are just unions of intervals.
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Proposition E. Consider operators (1.1) with real-analytic V. Assume that L(w, E) >
y > 0 for any w and any E € (E', E"). There exists Ly = Lo(V, c,a,y) such that for
any £1 > £y > Ly, the following holds: Given t > exp((logﬂl)c‘)), H > 1, there exists a
set Q¢ 051,01 C T with

mes(Q,.¢,.0.1) < exp((log €) e ™VH  compl(,.0,..1) < t exp((log 1)1 H

such that for any w € T 4 \ Q¢ 0,1, 0 there exists a set By, o)., 1,00 C T with

mes(Bey iy Hw) < texp((log 1)) e VA,

compl(By, 0,1, H.0) < texp((log 1)) H

such that for any x € T \ By, ¢,.1,H,0 One has

dist((E’, E") N'spec Hy, (x, w), spec Hy, (x + tw, w)) > e~ H(log )™

Even though no upper bound on the translation ¢ is stated here, note that the estimates are
only meaningful if 7 < 7(H), where the latter makes the right-hand side in the measure
estimate on the order of 1. In view of Lemmas 2.3 and 2.4 it is natural to recast the problem
of double or multiple resonances as the following question: for how many subintervals
[c, d] can the large deviation estimate

10g | fie.a)(x, @, E))| > (¢ — d)L(w, E) — (¢ —d)'° (5.3)

fail with the same x, E? The large deviation estimate in Proposition B tells us that the set
where it fails is “almost a curve” in the plane of two variables x, w. Therefore a Bézout
type argument should tell us that two intervals occur only for special values of x, which
is borne out by the previous proposition.

We shall now establish the following version of Proposition E for the almost Mathieu
operator. A key improvement over the general version is that no further elimination of
frequencies is required. However, this comes at the cost of the count of intervals where
the large deviation estimate might fail.

Proposition E'. Consider the almost Mathieu operator (1.9) with |A| > 1 and w € T, 4.
Let 0 > 0. There exist No = Ny(c, a, |A|, 0) such that for N > Ny, 4N < |t| <
exp(N°7), and x € T satisfying

min — 2| > exp(=N?),
WY lx — nw/2| = exp( )

we have

max( max lo _ x,w, E)], max lo _ x,a),E)
(,max 1og fustowniCe @ BN, | max 10g | fussii-n.i(x. @, E)|

> (2N + 1)L(w, E) — N° ™.
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The key idea is to invoke Lagrange interpolation for the determinants, because one can
estimate the size of the Lagrange basis polynomials (see Lemma 5.2). It is clear from
(2.2) that f{_y, N is an even trigonometric polynomial of degree 2N + 1:

2N+1

fi-n.N(x, 0, E) = Z ar(A, w, E) cosk 2 x =: O(cos2mx).
k=0

Given 6y € T,k =1,...,2N + 1, the Lagrange interpolation formula reads

2N+1

Q(cos2my) = Z Q(cos2mby)

k=1

[ 1 (cos 2y — cos 276,)

. 5.4
I—[n#k (cos 2O — cos 27 6,) (5-4)

For the purposes of Proposition E' we will take {6} to be made of two pieces of the
orbit of the irrational shift. We will control the size of the Lagrange basis polynomials by
invoking the following elementary estimate (cf. [GSO1, Lem. 3.1], [Jit99, Lem. 11]).

LemmaS.1. Let w € T. 4, x,y € T and f(0) = log|cos2my — cos2n 8| for § € T.
There exists Co(a, ¢) such that

& 1 1 1
Z fx + ko) — n/ £(0) d@' < nélog 3 + Co(logn)**? log 3
k=1 0

foranyn > 1 and any 0 < § < 1 such that § < ming ||(x + ko £ y)/2||.
Proof. Let

o 9) = |18 IS 2T I £ /211 10 £6)/21 = 8.
5 log |sin 27§, Iy £0)/2|l <38.

If § < ming ||(x 4+ ko £ y)/2||, then
n n n
Zf(x 4+ kw) =nlog2 + Zggr(x + kw) + Zgg(x + kw).
k=0 k=1 k=1
By Koksma’s inequality (see [KN74, Thm. 2.5.1]) we have

1
< nDnVar(ggt) < C(a, ¢)(logn)**? log 3

n 1
Zgéb(x + kw) — n/ gf(@)d@
k=1 0

The discrepancy D, is evaluated via the Erd6s—Turdn theorem (see [KN74, Lem.
2.3.2-3]). Finally, one has

1 1 1
1
'/ f(e)de—logz—/ g;(e)de—/ g;(e)de‘galogg,
0 0 0

and the lemma follows. O
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LemmaS5.2. Letw € T. 4, x,y €T, N > 1,t € Z, and

g _ [N —IN/2] - Do, n=1,...,2[N/2] + 1,
" Ix+(=N+t+n—[N/2]-N—-Dw, n=2[N/2]1+2,...,2N +1.

Given o > 0, there exists No(c, a, o) such that if

X+noty

> —N°
3 > exp( )

> exp(—N7), min
[n|<[t|+4N

min
[n|<|t|+4N

2

for N > Noand 4N < |t| < exp(—N°7), then

Hn;ék (cos 2y — cos 21 6,)
‘ [ 1524 (cos 26k — cos 27 6,,)

Proof. Recall that

<exp(N°Y) fork=1,...,2N + 1.

1
/ log|§ —cos2m0|df = —log2, |&§] <.
0

Our assumptions on x, y, and ¢, together with the Diophantine condition on w, guarantee
that we can apply Lemma 5.1 with § = exp(—N?) to get

‘log “_[(cos 2y — cos 2w6,)| + 2Nlog2‘ < N°F,

n#k

’log “—[(cos 2w, — cos2mb,)
n#k

+2N logZ‘ < N°F.

Note that the Diophantine condition and the assumption that |¢| < exp(N°~) are needed
to ensure that || (6 — 6,)/2|| > exp(—N?). The conclusion follows immediately. ]

Proof of Proposition E'. Fix x € T satisfying the assumptions of the proposition. Due to
the large deviation estimate of Proposition B, we know there exists y € T satisfying the
assumptions of Lemma 5.2 and such that

log| fi-n.n(y, @, E)| > @N + DL(w, E) — (log N)C.
At the same time, from Lemma 5.2 and (5.4), we have
[fi-n.N (¥, @, E)| = |Q(cos 2my)| < 2N + l)eXp(N”)m;lXIQ(COS 27 6,)|-
Therefore,

max log | fi—n N0, @, E)| = 2N + 1)L(w, E) — (N°T)!~.
n

This yields the desired conclusion. O
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6. Localized eigenfunctions on finite intervals

We now continue by proving results on finite scale localization of eigenfunctions. We
give a detailed proof for the almost Mathieu case and only briefly discuss the proof for a
general analytic potential. For the latter case, a slightly different statement with detailed
proof can be found in [GSOS].

The result which we present here is adjusted to our criterion for identifying finite
scale energies that are close to the full spectrum, as stated in Lemma 2.8. In turn, this
criterion is adapted to the elimination of resonances afforded by Proposition E’. Due to the
weaker elimination of resonances, in the case of the almost Mathieu operator we cannot
immediately exclude the possibility of the eigenvector having some mass concentrated at
the edges of a given interval. Instead we will see that we can work around this issue by
shifting the edges of the interval. The shift is phase and energy dependent, and it will be
crucial for Proposition I’ that our result addresses the stability of the shift.

Proposition F'. Consider the almost Mathieu operator (1.9) with || > 1 and w € T 4.
Let

Bemw = {x eT: min |x—nw/2| < exp(_gl/z)}'
In|<M+Cot

There exist £o(|1], ¢, a), co(JA], ¢, a), and Co(|A|, ¢, a) such that the following statement
holds for any £ > £y, 4 < M < exp(£?). Given Ey € R and xo € R, there exists
N = N(xg, E¢, £) suchthat0 < N — M < Col and if

x € (xo — exp(—(log £)), x0 + exp(—(log )“) \ Be.m.0.

|E] VN (x, ) — Eol < exp(—(log ), ©.1)

max dist(E[_N’N]

Jax i (x, ®), spec Hy[—r.0(x, ©)) < exp(—£1/2h),

then
VN o, wim)| < exp(—Inllog 1] + Cof),  [n| > 4¢.

Proof. From Proposition D we know that there exists A(V, c, a, y) such that

ko
{x € T : dist(Eo, spec H—¢,¢(x, ®)) < exp(—(log Z)A)} C U I,
k=1

where [ are intervals such that |I;| < exp(—(log 0472y and kg < C¥. Due to the
Diophantine condition, each interval I; contains at most one point of the form

x0+ (M —-—n+8Hw or x+M+n—20ow,

respectively, with [n| < £€. It follows that there exists |n9| < C£ such that

ko
X0+ (=M = ng + 0w, x0 + (M +no — O & | Ir. 6:2)
k=1
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We let N = M + ng. Suppose
x € (xo — exp(—(log ©)**), xo + exp(—(log £)**))

and E = E}*N “Nl(x, ) are such that | E — Eo| < exp(—(log £)24). From (6.2) and (2.11)
it follows that

dist(E, spec Hi—n,—N+2¢1(x, w)), dist(E, spec Hiy—2¢,n1(x, ®)) 2 exp(—(log 0.
We will use Lemma 2.6 to show that any
E' € (E —exp(—£'?%), E 4+ exp(—£!/?"))
is not in the spectrum of H on certain large intervals. Note that
dist(E’, spec Hi_n._n120)(x, ®)), dist(E’, spec Hiy—2¢.31(x, @) = exp(—(log £)*).
Lemmas 2.3 and 2.4 imply that

|(Hi-N.-N120(x, @) — EN"'(m, =N +20)| < 1, m €[N, =N +2¢ —¢/4],
|(Hiv—2e.N)(x, @) — EY"Y(m, N =2¢)| < 1, m €[N —2¢+£/4, N].
Since we also have

max_ dist(E’, spec Hy1[—¢.¢)(x, 0)) < exp(—€/%T),

Is|<[¢/2]
Lemma 2.4 implies that

max_log | fyt(—e.e(x, @, EN| < (2€ + DL(E', w) — '/>T.
Is|<[£/2]

Proposition E’ and Lemma 2.4 imply that for any
me[—N+20—1£/4, —4€]U[4€, N — 20+ £/4]

there exists A,, = [am, by] C [—N, N] containing m such that m — a,, b, —m > £/4
and

I(Hp,, (x,®) — EN7Yn am)| < 1, m' —ap > £/4,

|(Ha,, (x, @) = EN " m', bp)| <1, by —m' > £/4.
Lemma 2.6 now implies that E’ is not in the spectrum of H restricted to [N, b_4,] and
lase, N). Since this is true for any E’ € (E —exp(—£!/2T), E +exp(—£'/?T)), it follows
that

dist(E, spec H[_n.p_,,1(x, ®)), dist(E, spec Hya,, n1(x, ) = exp(—£/T),
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Lemma 2.3 implies that

lOg |f[—N,b,4g](xs w, E)|, 10g |f[a44,N](-X, , E)'
> NL(w, E) — Ct — £'>F(log N) > NL(w, E) — C't, (6.3)

provided that N < exp(£) with ¢g small enough. The conclusion follows by using
Lemma 2.4 and the Poisson formula. m]

We will now state the analogous result for general potentials.

Proposition F. Consider the Schrodinger operator (1.1) with real-analytic V. Assume
that L(w, E) > y > 0 for any w and any E € (E', E"). There exist £o(V,c, a, y),
Co(V,c,a,y),and C1(V,c, a, y) such that the following statement holds for any £ > £,
N > exp((log E)zco), ® € Tea\Q.N, and x € T\ By N.w, Where, using the notation of
Proposition E, we have

QN = U Qo011,2041,1,01/25
exp((log O)0) <[] <N
Bine = U (s + Bagy1.2041,0.012,0)-

exp((log £)€0) <|t|<N,|s| <t
If E}fN’N](x, w) € (E', E") is such that

jmax dist(EL VM (x, ), Hoye.0(x, ) S exp(—£1/h), (6.4)

then
W MM (x, w3 m)| < exp(—Inly + Crexp((log )€)),  |n| > exp((log )).
Proof. The main idea is to use Lemma 2.6 to show that any
Ec (E][.‘NW] (x, ®) — exp(—£/2h), EJ[._N’N] (x, @) + exp(—£'/7))
is not in the spectrum of H on certain large intervals. Since

max_ dist(E, spec Hyi[—¢.¢)(x, w)) < exp(—£/%T),

Is|<[£/2]
Proposition E implies that
dist(E, spec Hyq[—¢.0)(x, w)) 2 exp(—El/z(log £)©0), exp((log 0% < 1| < N.
By the same reasoning as in the proof of Proposition F, we obtain
dist(E] MM (x, ), spec Hi_y _a)(x, ),
dist(ElY"M(x, w), spec Hia ny(x, @) Z exp(—£'/*(log )<©),

with a = [exp((log £)€0)] + 1. The conclusion follows by using Lemma 2.3, Lemma 2.4,
and the Poisson formula. ]
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Note that, due to Proposition E, in the above proposition we have

mes(Q2.y) < Nexp(—€74/2),  compl(Q.y) < N2 exp((log £)°),

(6.5)
mes(By,v.) < N> exp(—€'74/2),  compl(By,n.») < N? exp(exp(log £)©),

provided £ is large enough. This shows that the above result is meaningful as long as
N < exp(l?).

Remark 6.1. Condition (6.4) in Propositions F and F' implies that the essential support
of the eigenfunction remains close to the origin as N grows. This condition serves as a
criterion for a given value Ej to fall into the spectrum in the regime of positive Lyapunov
exponents. This is the meaning of Lemma 2.8. Let us note that the elimination of reso-
nances in Propositions E and E' combined with the Poisson formula ensures only that the
essential support of the eigenfunction cannot be too spread out. However, this obviously
does not specify where the essential support is located.

7. Separation of finite scale eigenvalues

Next we discuss the separation of finite scale eigenvalues. The basic idea is that if two dis-
tinct eigenvalues are too close, then we can show that their corresponding eigenfunctions
are also close, contradicting their orthogonality. It follows from (2.3) that the eigenvector
Y for the Dirichlet problem on [a, b], normalized by ¥ (a) = 1, is given by

1//(7’1) = f[a,n—l](xa w? E)» ne [as b]s (71)

with the convention that fi, s—1] = 1. Thus, we can estimate the distance between the
eigenvectors corresponding to different energies by using the following consequence of
the uniform upper bound estimate.

Corollary 7.1 ([GS11, Cor. 2.14]). Fix wo € T¢ 4 and Eg € C. Assume that L(wo, Eo)
>y > 0. Let 0 denote one of the partial derivatives 0y, g, 0,. Then

sup{log ||0Mpy (x, w, E)|| : |E — Eg| + |o — wp| < NC xeT}
< NL(wo, Eo) + C(log N)<°
forall N > 2. Here Cy = Co(a) and C = C(V,a,c,y, Ep).
We are ready to prove separation of eigenvalues for the almost Mathieu operator.
Proposition G’. Using the notation and the assumptions of Proposition F', we have
B M 0) = BTN o)) > exp(=C20), Kk #

with C, = C2(|A], ¢, a) > Cj.
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Proof. To reach a contradiction, let
Ey=E"" V0, E=E "N ),

and assume that |E; — E»| < exp(—C2¢). We have |Ey — Eg| < exp(—él/z), so Propo-
sition F' applies to E; also. We know from (7.1) that

Yi(n) = fi—na-nx, 0, E}), i=1,2,

are eigenvectors corresponding to Ej and E;. Proposition F' implies that

> Wim)* < exp(=Celog|A) Y i ()]

n|>C¢t

provided C > C;. From Corollary 7.1 it follows that

D i) = yam))* < |Ey — Ea* exp@NL(E1, ©) + CO)
In|=C¢
< exp(—2C2€ + 2N L(Eq, w) + Cl).
From (6.3) we know that

Y Wi = exp@NL(E1, ) — CO).

Therefore

D i) — Yo < exp(=C0) Y 1Y (m)]?

[n|<C¢
provided C; is large enough. We arrive at the estimate
S TP + > W = iy — val* < exp(—C@(Z imPF+) |wz<n>|2).
This is impossible and concludes the proof. O

We only state the analogous result for general analytic potentials. Its proof is completely
analogous to Proposition G’. The difference in the results comes from the difference in
the sizes of the localization windows. Note that, for this reason, the separation is much
better for the almost Mathieu operator.

Proposition G. Using the notation and the assumptions of Proposition F, we have
BN M, @) — BV M, 0)] > exp(—Caexp((log ),k # j,

with Co = C2(V,c,a,y) > Ci.

8. Stabilization of finite scale spectral segments

Propositions G and G’ allow us to obtain a stability property of the finite volume spectra
as we pass from one scale to the next bigger one. This paves the way for a multi-scale
control of the spectrum in infinite volume.
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We first recall some well-known estimates on the stabilization of finite scale eigenval-
ues and eigenfunctions as the scale increases.

Lemma 8.1. Let x, w € T. For any intervals Ao = [ag, bg] C A C Z and any jo, we
have

dist(E}° (x, ), spec Ha (x, ) < [¥°(x, 3 ao)| + [, (x, ; bo)].

Proof. Let ¥ be the extension, with zero entries, of 1//130 (x, w) to A. Since |[yoll = 1,
the conclusion follows from the fact that

ICHA (x, @) = Ep(x, @) ¥oll < [93° (x, @5 ao)l + [¥,° (x, ; bo).

Indeed, this implies that ||(Ha (x, ®) — E ;(:0 (x, w)) ! ||_1 is also bounded by the right-
hand side and the lemma follows by self-adjointness of Hx (x, w). O

Lemma 8.2. Let A be a finite-dimensional Hermitian operator. Let E,n € R, n >
0. Assume that the subspace of the eigenvectors of A with eigenvalues in the interval
(E — n, E + n) is at most of dimension one. If there exists ¢ such that ||¢|| = 1 and

(A —E)pll <& <n,
then there exists an eigenvector g with an eigenvalue Eg € (E — ¢, E + €) such that
I — ol S en™".

Proof. Let {1} be an orthonormal basis of eigenvectors of A, Ay; = E;y;. Then

&2 > (A= E)l> =D (¢, y))I*(Ej — E)* = min (E; — E)*.
J

This implies that £y € (E — ¢, E + ¢) for some k, and E; ¢ (E — n, E + n) for any
Jj # k. We have

&2 > (A= E)plI> = Y (¢, ¥)*(Ej — EY* = ° Y _ 1o, ¥i) %,
j#k Jj#k

and therefore

L= 1{g, Y > = Il — (&, v ynl® = Y [, ¥j)I* < ™2
J#k
The conclusion now follows from the fact that ||¢ — ¥¢||> = 2(1 — Re (¢, ¥i)). m]

We will also use the following well-known result (which could be replaced by considera-
tions about semialgebraic sets).
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Lemma8.3. Letw € T, N1, N> > 1, § > 0, and assume that the potential V in (1.1) is
a trigonometric polynomial of degree dy. Then the number of connected components of

tr e T:|E["(xr,0) — B (x,0)| < 6)
is < N1 Nod3.
Proof. It can be seen from (2.2) that
exp(2ridoNx) fn(x, w, E) = Py(exp(2mix), E),

with Py being a polynomial of degree 2dyN. Since the eigenvalues are continuous in x,
the number of components of the set we are interested in is bounded by the number of
solutions of the system

0= Py, (z, E),
0= Pn,(z, E£9).
The conclusion follows by using Bézout’s Theorem. O

We are now ready to prove a detailed result on the stability of the finite scale spectra for
the almost Mathieu operator. To be more precise, the result only applies to certain spectral
segments. However, by Lemmas 2.8 and 3.2 we know that these are precisely the spectral
segments that we need to get control of the full scale spectrum.

Proposition I'. Consider the almost Mathieu operator (1.9) with |A| > 1 and w € T, 4.
Let
B ko = {x eT: min |x —nw/2|| < exp(—(N<’<—2>)1/2)},
In|<2N®
where N® = Nzk, k>0 N-YD = N. Ler Cy be as in Proposition F'. There exists
No(|\], ¢, a) such that the following statement holds for any N > Ny, ko > 1. If there
exists jo such that
g, VM @1 £N)] < exp(—coN)

for some constant ¢y < 1 and for any x in an interval I, |I| < exp(—(log 2N *0=2))Co),
then I \ Uiozl BN k.o can be partitioned into subintervals I, m < (N(kO))C, with C an
absolute constant, so that for each I, there exist Ny = Ni(I;,) =~ N® and Jr = jk(m),
k=1,..., ko, such that for any x € I, and k < ko — 1, we have

EY M, 0) — ESVN (0 w)] S exp(—col),

| MMl ) — EINEN ()] < exp(— (Vi Tog [41)/2),

NN ()| < exp(—(n| log [A1)/2).
In| > C(IAl, a,c)N,
—Nk41,N,
i Ml i m)) < exp(—(nllog A)/2),  Inl > Ny,
b Mt Mty — MM G )| < exp(—(Nelog1A)/2),  In] < Ny

Jk+1
8.1
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Proof. Let B = Ui():l By k.- Note that 7 \ B has < (N*)2 components. Let x( be the
midpoint of 7 and let Ey = EJ[;N M (%0, w). Let N/ = 3N. We choose N; (xo, Eo, N')
~ N?% i = 1,2, as in Proposition F'. Since

s+[-N',N1D[-N,N] forany|s| <[N'/2],
it follows from Lemma 8.1 that

max _ dist(ECN V(x| w), spec Hyy(—nr v (x, ) < 2exp(—coN). 8.2)

IsI<IN"/2] o
Lemma 8.1 also implies that there exists jj (x) such that

E; "M 0) = BT, 0)] < 2exp(—coN). (83)

It follows from Lemma 8.3 that we can partition / into fewer than N 1C subintervals, with C
an absolute constant, such that we can choose jj(x) to be constant on each of the subin-

tervals. Let I,ﬁ,l), m < (N%0)C be the intervals of the partition induced on 7 \ B. Because
of (8.2), (8.3) we have

Jmax | dist(E) NN, ), spee Hygov v () < exp(—(V)!/20),
SI=

so we can apply Proposition F' to get
v "M, i )| < exp(—Inllog Al + C'N') < exp(—Inllog|Al/2),  In| > CN,
forall x € I \ B. Note that
|ES M (x, ) — Eol < exp(—(log N')©),

because of (8.3), (2.11), and our assumption on the length of 1.
Now Lemma 8.1 yields the existence of j,(x) for each x € I \ B such that

|EM M, 0)— BV M) (x, )] < 2exp(— Ny log |4+ CN') < exp(—Ny log |3]/2).

Using Lemma 8.3 we obtain a refined partition 1,512), m< (N (kO))C, of I\ B, that contains
at most < N2C more intervals than the previous one, and such that the choice of j is

constant on each I,ﬁlz). Again we have

max diSt(E]['Z_NZ’NZ](Xa ), spec Hy [N/ nj(x, @) < exp(— (N7,

Is|<IN'/2]

and
L2 (x, ) — Eol < exp(—(log N')),
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so we can apply Proposition F’ to get the localization estimate for 1//}2_N2’N2](x, w). Fur-
thermore, we can also apply Proposition G’ together with Lemma 8.2 to get

—N3, N 7 [—N1,N
MM @) = g )

< exp(—Njlog|i| + CN')exp(C'N') < exp(—(Nylog|r])/2),

where
[—N2, N2].

The conclusion follows through iteration. For the sake of clarity we set up the next
step. Let x| be the midpoint of 1,512) and let E| = EJ[]_N"NI](xl, w). Let N{ = 3N;. We
have

&}rN"N‘J(x,a)) is the extension, with zero entries, of w}rN"N'J(x,w) to

max  dist( 124y,

E[_—Nl,Nl
Is|<[N} /2] /1

l(x, w), spec Hy - N8 (¥, @) < exp(—(Ny)

and we choose N3(x1, Eq, N]/) ~ N®. As before we obtain a refined partition 1,513),
m < (N *0))C and for each interval, there exists J3 such that

BN ) — BN (x w)) < exp(—Ny log[4]/2)

for all x in the interval. As before we can apply Proposition F’, Proposition G’, and
Lemma 8.2 to deduce the desired estimates on the eigenvectors. O

The result for general analytic potentials is analogous. Its proof is similar to that of Propo-
sition I, but we have to approximate the potential V by trigonometric polynomials in
order to be able to use Lemma 8.3.

Proposition 1. Consider the Schrodinger operator (1.1) with real-analytic V. Assume
that L(w, E) > y > 0 for any w and any E € (E', E"). Let By N o, 2. be as in
Proposition F and

BNko = Be News QN = QN

with Ny = [CXP(NI/IO)]Zk_], Ox = 3[log Ni1'°. There exists No(V, ¢, a, y) such that the
following statement holds for any N > Ny, ko > 1 and w € T. 4 \ U],,zozl Qp k. If there
exists jo such that

WV M (@, w; £N)| < exp(—coN)

for some constant ¢y < 1 and for any x in an interval I, and E][()_N’N](I, w) C (E', E"),
then I \ Uiozl BN k.o can be partitioned into subintervals I,,, m < N,g, with C an

absolute constant, so that for each I, there exist Ny = Ni(I) =~ N® and Je = jk(In),
k=1,..., ko, such that for any x € I, and k < ko — 1, we have
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|EEN M w) — BN M )] < exp(—coN),

B MMl ) — ENEN ()] < exp(—(Niy) /2).

Jk+1
|w]!17N1,Nl](X, w;, I’l)| < exp(_(|n|y)/2)’
In| > exp((log N)C(V-c:a-)y

—Nk41,N,
|,¢/[ k+1 k+l](x’ ; n)| < exp(_(|n|‘}/)/2), |Vl| > Nk,

Jk+1

[—=Ni+1,Nit11 ooy o [Nk Ned . _
1V, (x, win) =Y, (x, w;n)| < exp(=(Nky)/2), |n| = Ni. (8.4)

Proof. Let B = Ui(’zl BN k.- It follows from (6.5) that I \ B has < N,g) intervals. Note
that £; >~ 3N, so s + [—£1,£¢1] D [—N, N] for any |s| < [£1/2], and therefore by
Lemma 8.1,

| |r<r}eel74/2]dist(E][.0_N’N] (x, w), spec Hy[—¢,.¢,1(x, w)) < 2exp(—coN).
SI=1€1

Lemma 8.1 also implies that there exists jj(x) such that

|ELN M (x, w) — EFY M, )] < 2exp(—coN).

Choose V as in (3.4) with K = CN; such that, by (3.5), we have
|E./['07N‘N](x’ w) = E,['I_NI’N'](X, w)| < 3exp(—coN).

By Lemma 8.3 we can partition / into fewer than N ]C subintervals such that jj(x) can be
kept constant on each of the subintervals. Using (3.5) again, on these intervals we have

[EL NN, 0) — 7N M )] < dexp(—coN),

and one can proceed as in the proof of Proposition I'. We just note that the choice of
£ and N is such that the separation obtained from Proposition G is by exp(—N;) >

exp(—N, kll/ 2). This is crucial for obtaining the desired estimates from Lemma 8.2. O

Finally, let us note that our main results also follow from the results on stabilization
(though for general potentials the result is weaker because we have to remove a measure
zero set of bad frequencies). This is simply because we can establish the following two
analogues of Lemma 3.4. Their proofs mirror that of Lemma 3.4. For the convenience of
the reader, we include the proof for the almost Mathieu case.

Proposition 8.4. Consider the almost Mathieu operator (1.9) with |A| > 1 and v € T, 4.
There exists No(|1|, ¢, a) such that the following statement holds for any N > Ny. If there
exist jo and an interval I C T such that

|¢};N~N1(x, w; £N)| < exp(—coN), x €1,
for some constant cy < 1, then
mes(E, M1, 0)\ 8,) < exp(—a1N'/?),

with c¢1 an absolute constant.
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Proof. Let By k. be as in Proposition I'. Let Cy be as in Proposition F'. Partition 7 into
intervals I,E,O), m < exp((log 2N)€0), such that |I,510)| < exp(—(log 2N)€0). Let 1,1(11), with

m < NC exp((log 2N)€) < exp((log N)©),

be the partition of I\ By 1, obtained by applying Proposition I’ with kg = 1 on each I,,(f) ),
Since on each 1,5,1) we have

|EJ[0‘N’N](x, w) — E}le’Nll(x, w)| < exp(—cN)

with N| = NI(I,,(11)) ~ N2, Jj1= jl(I,ill)), it follows by the continuity of the parametriza-
tion of the eigenvalues that

—N,N —Ni,N
mes(ELN MDD w) 0 EEMMID | 0)) < exp(—eN),

m’
where © denotes symmetric difference. From (2.11) it follows that
mes(EjLo_N’N](BN,l,w, w)) < exp(—ch/z).

Let

Enro = Er VM By 1w, o) UJES M UD, 0) 0 EFMNID, 0)).

m
We clearly have mes(En 1,0) < exp(—ch/z).
Note that Lemma 8.1 implies that
dist(E, S,) < exp(—coN), E € E};N’N](z, w).

I_NI’NI](Ir(nl)’ w), it follows

Since any E € Ej[()_N’N](I, )\ €N 1,0 also belongs to some Ej[
from Proposition I’ and Lemma 8.1 that

dist(E, S,,) < exp(—cN1),  E € E- VNI w)\ En 10
By applying Proposition I repeatedly, we obtain sets

—N,N —Ng—1,Nk— — N, N,
Enkw = Ef M By ko, ) V(BTN AP, @) 0 ELMAD, 0))
m

such that mes(En ko) < exp(—c(N(k_z))l/z) (recall that N® = Nzk) and

k
dist(E, S,) < exp(—cN®), E € E][O_N’N](I, o)\ | En.to-
=1

Finally, we note that
EXV NI o)\ Sy € | En ko
k

and we are done. O
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Proposition 8.5. Consider the Schridinger operator (1.1) with real-analytic V. Assume
that L(w, E) > y > 0 forany w and any E € (E', E"). Let Qn i be as in Proposition 1.
There exists No(V, c, a, y) such that the following statement holds for any N > No and
any ® € Te o \ U= Qn k- If there exist jo and an interval I C T such that

|¢};N'N](x, w; £N)| < exp(—coN), x €1,

for some constant ¢y < 1, and E][O_N’N](I, w) C (E', E"), then

mes(Ej M1, )\ S,) < exp(—e1N'/?),

with ¢1 an absolute constant.
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