Single-particle eigenstate thermalization in quantum-chaotic quadratic Hamiltonians
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We study the matrix elements of local and nonlocal operators in the single-particle eigenstates
of two paradigmatic quantum-chaotic quadratic Hamiltonians; the quadratic Sachdev-Ye-Kitaev
(SYK2) model and the three-dimensional Anderson model below the localization transition. We
show that they display eigenstate thermalization for normalized observables. Specifically, we show
that the diagonal matrix elements exhibit vanishing eigenstate-to-eigenstate fluctuations and that
their variance is proportional to the inverse Hilbert space dimension. We also demonstrate that the
ratio between the variance of the diagonal and the off-diagonal matrix elements is 2, as predicted by
the random matrix theory. We study distributions of matrix elements of observables and establish
that they need not be Gaussian. We identify the class of observables for which the distributions are

Gaussian.

I. INTRODUCTION

Whether isolated quantum many-body systems ther-
malize after being taken far from equilibrium has fasci-
nated researchers since the early days of quantum me-
chanics [1]. It has been experimentally demonstrated in
several ultracold-gas quantum simulators that they do
under certain conditions [2-5]. On the theory side, we
have learned that thermalization occurs generically in
many-body interacting (quantum-chaotic) systems, and
that quantum chaos can be identified, among other ways,
by the following properties of the many-body eigenener-
gies and eigenstates of the Hamiltonian: (i) the statistics
of energy levels agrees with the predictions of the random
matrix theory (RMT) [6-17], (ii) the matrix elements of
observables in energy eigenstates comply with the eigen-
state thermalization hypothesis (ETH) [18-24], and (iii)
the structure of energy eigenstates is chaotic [15] as man-
ifested by, e.g., a maximal volume-law entanglement en-
tropy [25-33].

While the matrix elements of observables have been
widely studied computationally in lattice models in
many-body eigenstates of quantum-chaotic Hamiltoni-
ans [16, 21, 34-59], we are not aware of parallel studies in
single-particle eigenstates of quantum-chaotic quadratic
Hamiltonians. We stress that we refer to Hamiltonians of
interacting systems for which the many-body spectrum
exhibits quantum chaos as quantum-chaotic interacting
Hamiltonians, and to quadratic Hamiltonians for which
the single-particle spectrum exhibits quantum chaos as
quantum-chaotic quadratic Hamiltonians [60]. Exam-
ples of quantum-chaotic quadratic models in a lattice in-
clude the three-dimensional Anderson model below the
localization transition [61-66] and the quadratic SYK2
model [60, 67, 68]. For the latter, the agreement with
the RMT predictions is guaranteed by construction. Our
goal in this work is to explore the properties of matrix
elements of observables in single-particle eigenstates of
quantum-chaotic quadratic Hamiltonians, as well as to

identify similarities and differences with the properties
of matrix elements of observables in many-body eigen-
states of quantum-chaotic interacting systems.

We focus on the previously mentioned examples of
quantum-chaotic quadratic Hamiltonians; the quadratic
SYK2 model in its Dirac fermion formulation and the
three-dimensional (3D) Anderson model below the lo-
calization transition. We study the matrix elements
of observables in the single-particle energy eigenstates
{|a)}, where H|a) = E,|a) and E, is the eigenenergy
corresponding to |a). We show that properly normal-
ized observables [with a unit Hilbert-Schmidt norm, see
Eq. (5)] exhibit eigenstate thermalization. Specifically,
we show that: (i) For the diagonal matrix elements,
the average eigenstate-to-eigenstate fluctuations decrease
o« 1/3/V while the variance decreases oc 1/V, where
V' is the number of lattice sites and hence the dimen-
sion of the single-particle Hilbert space. Similar scalings
are observed in quantum-chaotic interacting systems af-
ter replacing V' — D, where D is the dimension of the
many-body Hilbert space [38, 41, 43, 45, 46, 48-50, 54—
57, 69]. (ii) The ratio between the variance of diagonal
and off-diagonal matrix elements is 2, as predicted by the
RMT [22]. Such a ratio has been observed in quantum-
chaotic interacting systems [45, 48, 54, 58].

For the matrix elements of an observable O in the
single-particle eigenstates of quantum-chaotic quadratic
Hamiltonians, the ETH ansatz [20, 22] can be written as

(alO1B) = O(E)das + p(E) " F(E,w)Ras , (1)

where E = (E, + E)/2, w = Ez — E,, O(E) and
F(E,w) are smooth functions of their arguments, and
p(E) = §N/SE| g is the single-particle density of states at
energy E. The latter typically scales as V. The distribu-
tion of matrix elements is described by the random vari-
able R g, which has zero mean and unit variance. For ob-
servables studied in quantum-chaotic interacting models
on a lattice, the distribution of matrix elements has been
found to be Gaussian [42, 47, 49, 51, 52, 55, 57, 70-72].



Here we show that the distribution of matrix elements
for observables in single-particle eigenstates of quantum-
chaotic quadratic models need not be Gaussian. One of
our goals is to identify which classes of single-particle
observables exhibit Gaussian versus non-Gaussian distri-
butions, and to understand the origin of the difference
with their many-body counterparts in quantum-chaotic
interacting Hamiltonians.

The presentation is organized as follows. In Sec. II,
we introduce the models and observables under inves-
tigation. We define two “versions” of each observable:
(i) the traditionally known version, which is measured
in experiments involving many-particle systems, and (ii)
the version that has a unit Hilbert-Schmidt norm in
the single-particle Hilbert space (the normalized ver-
sion). In Sec. ITI, we study the behavior of diagonal and
off-diagonal matrix elements of these observables in the
single-particle eigenstates of the Hamiltonians of interest.
We focus on how they behave as functions of the single-
particle energy eigenvalues (diagonal matrix elements)
and their differences (off-diagonal matrix elements). Sec-
tion IV is devoted to the study of the eigenstate-to-
eigenstate fluctuations of the diagonal matrix elements,
and the variances (and the ratios thereof) of the diagonal
and off-diagonal matrix elements. In Sec. V we discuss
the distributions. We contrast one-body observables that
exhibit non-Gaussian distributions to those that exhibit
Gaussian ones. A summary and discussion of our results
is presented in Sec. VI.

II. MODELS AND OBSERVABLES

We consider two quadratic models in a lattice with V'
sites. The models are particle-number conserving and
we only study the single-particle sector, so the particle
statistics plays no role. The first model is the quadratic
Sachdev-Ye-Kitaev model in the Dirac fermion formula-
tion (in short, the Dirac SYK2 model). We construct its
Hamiltonian as a random matrix drawn from the Gaus-
sian orthogonal ensemble in the position basis,

v
Hgyio = Y Ajele;, (2)

ij=1

where the diagonal (off-diagonal) elements of the sym-
metric matrix A are real random numbers that are nor-
mally distributed with zero mean and 2/V (1/V) vari-

ance. The operator éj (¢;) creates (annihilates) a particle
at site i. In the thermodynamic limit, the mean single-
particle energy is (Hgyks) = %Tr{HSYKz} = 0 and the

variance is (H3y,) = 1. Since the single-particle den-
sity of states forms a Wigner semicircle distribution, for
which the ratio between the maximal value and the stan-
dard deviation is 2, we expect the single-particle eigenen-
ergies of Hsykso to approximately belong to the interval
E, €1]-2,2].

The second model is the 3D Anderson model on a cubic
lattice,

w Y
Hy ==t el + 5 3 adlen, (3)
) i=1
where ¢ = 1 is the hopping integral between nearest

neighbor sites (defined as (i,7)), {€;} are independent
and identically distributed random numbers drawn from
a uniform distribution in an interval [—1,1], and W
is the disorder strength. We assume periodic bound-
ary conditions. The indices in Eq. (3) are defined as
i=x+(y—1)L+ (2 —1)L? with (x,y, 2) standing for
the Cartesian coordinates of sites, each belonging to the
set [1,..., L] with L = V/3,

The localization transition in the 3D Anderson model
occurs at W, =~ 16.5 [73]. Unless otherwise specified,
we focus on W = 1, which is well below the localization
transition, so that we have a quantum-chaotic quadratic
model [60]. (Results for the 3D Anderson insulator at
W > 16.5 are also briefly discussed, and reported in Ap-
pendix A.) As for the Hgyks, the mean single-particle
energy in the thermodynamic limit is (ﬁA> =0, and the
variance is a constant that does not scale with the volume
of the system (specifically, (H3) = 6 + W?2/12 [66]). At
weak disorder, the single-particle eigenenergies lie to a
good approximation within the free fermion bandwidth,
E, € [—6,6]. The single-particle density of states evolves
with increasing W from the 3D free fermion distribution
at W = 0 towards the box distribution at W = oo, see,
e.g., Ref. [74]. The 3D Anderson model has been widely
studied in the literature, in particular from the perspec-
tive of its transport properties, spectrum fluctuations,
and the structure of its single-particle eigenfunctions (see,
e.g., Refs. [66, 74-76] for reviews).

In the single-particle sector of the Hilbert space, the
Hamiltonians (2) and (3) can be written in a general form
H = YV, Hili)(j|, where Hy; = (i|H|j) and {|i)}
is the single-particle site-occupation basis. The V x V
matrix H, with matrix elements H;;, is diagonalized by
a unitary V x V matrix U, with matrix elements U;, =
(i|o). The resulting diagonal matrix D = UTHU has
matrix elements Dog = Eq0qg.

Note that we refer to the models under consideration
as quantum-chaotic quadratic since the statistical prop-
erties of their single-particle spectra agree with the RMT
predictions [61-66]. This type of quantum chaos is some-
times referred to as single-particle quantum chaos. In
contrast to previous studies of these models, our focus is
on the expectation values of observables O in the single-
particle energy eigenstates {|a)} of the Hamiltonians in
Egs. (2) and (3).

Throughout the presentation, observables 0 (i-e., using
underlined letters) are traceless

(0) = O} =0, (4)



and normalized
N 1 ~2
10]]* = - T{0"} = 1, (5)

namely, they have a unit Hilbert-Schmidt norm (also
known as the Frobenius norm). The normalized coun-
terparts of observables are important for the compari-
son of the numerical results reported here to those for
quantum-chaotic interacting systems, because the ETH
ansatz in Eq. (1) is written having normalized observ-
ables in mind [49, 50]. In contrast, we label the exper-
imentally measured one-body observables using letters
that are not underlined. Most of them, such as the ones
in Egs. (6)-(8), have a unit Hilbert-Schmidt norm in the
many-body Hilbert space. This is not the case in the
single-particle Hilbert space.

We focus on the following observables: (i) The site
occupation

N At . 1 .

n; = CICZ», n, = \/ﬁ(‘/nl — 1) . (6)
Without loss of generality, we fix ¢ = 1 and replace n; —
7 and fi; — f to simplify the notation. (ii) The next-
nearest neighbor correlation

hiy =cle;+cle, by = \/5?% . (7)

We fix i = 1, coordinates (1,1,1), and j = 2 + L, co-
ordinates (2,2,1), such that the correlations are mea-
sured along the diagonal within a plane, and replace
ﬁ1,2+L — h and ﬁ1,2+L - h. (iii) The occupation of
the zero quasi-momentum state

1 < 1
o = 17 i]zzjl ey, g = = (Vg —1) . (8)
We note that for local Hamiltonians, such as the
3D Anderson model, the site occupation and the next-
nearest neighbor correlation are local operators, while the
occupation of the zero quasi-momentum state is nonlo-
cal. We also highlight that the experimentally measured
observables 7, ﬁ, Mo and their normalized versions 7, ﬁ,
my differ by multiplicative factors that depend on the
number of lattice sites V. In addition, we note that the
expectation values of these observables in single-particle
energy eigenstates are expected to vanish when V — oo,
because the average site occupation vanishes as 1/V.
We study another local operator that does not suffer
from the latter drawback, namely, the “kinetic energy”
operator. Having a cubic lattice in mind, it can be writ-
ten in the following form,

~ o o ~ 1 -
T=-3 (derea), T=r O
(4.4)
where (i,7) stands for nearest neighbor sites. We note
that T and T differ by a system-size independent mul-
tiplicative factor, and their expectation values in single-

particle energy eigenstates do not need to vanish in the
limit V' — oo.

We stress that we only study one-body observables.
In the single-particle sector (in systems with a particle
number conservation), the matrix elements of multi-body
observables can either be written in terms of matrix ele-
ments of one-body observables or they vanish.

For brevity, we will denote the matrix elements of ob-
servables in single-particle energy eigenstates as

Oap = (al0]5). (10)

In what follows we drop the “single-particle” prefix as our
focus is on the single-particle sector, while we keep the
“many-body” prefix when many-body states are consid-
ered.

IIT. STRUCTURE OF MATRIX ELEMENTS
A. Diagonal matrix elements

We first study the diagonal matrix elements of observ-
ables in all eigenstates of the 3D Anderson and Dirac
SYK2 models. Our goal is to unveil how they behave as
functions of the energy when increasing the number of
lattice sites. Since we are dealing with a single particle
in an increasingly large lattice, we multiply the matrix
elements of 0, iz, and Mg by V to ensure that the scaled
matrix elements are of order 1. The quantitative analysis
of the eigenstate-to-eigenstate fluctuations and variances
of the diagonal matrix elements is carried out in Sec. IV
(for the normalized observables).

In Fig. 1, we show results for the 3D Anderson model
(left column) and for the Dirac SYK2 model (right col-
umn). For the Dirac SYK2 model, the diagonal matrix el-
ements are structureless and the eigenstate-to-eigenstate
fluctuations of O,V do not significantly change with
increasing system size (see Sec. IV). This signals that
the fluctuations of the traditional and normalized observ-
ables, like their expectation values, vanish in the thermo-
dynamic limit. Another interesting aspect of the Dirac
SYK2 model is the striking similarity between the matrix
elements of 7V and moV, see Figs. 1(b) and 1(f). This
can be easily understood because those operators are oc-
cupation operators in two different spaces, and the base
kets of those two spaces can be equivalently considered
as random vectors in the eigenbasis of Hgyko [22].

The diagonal matrix elements of observables in the
3D Anderson model, in contrast, may exhibit nontrivial
structures. For example, h,.V has a quadratic struc-
ture, see Fig. 1(c), which may be understood [50] as be-
ing a consequence of a nonzero projection of hV onto
the square of the Hamiltonian. Particularly interesting
is the structure of (mg)aeV in Fig. 1(e). The ground-
state matrix element dominates the spectrum, i.e., its
value is several orders larger than these of excited-states
matrix elements [note the logarithmic scale in Fig. 1(e)],
and (mp)aaV appears to be an exponentially decaying
function of a single-particle eigenenergy FE,. This is a
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FIG. 1. Diagonal matrix elements of the observables (a),(b) 7,
(¢),(d) h, and (e),(f) 7m0 as functions of the eigenenergies E,.
Results are shown for the 3D Anderson model (left column)
and the Dirac SYK2 model (right column). Each panel shows
results for two system sizes V = 16% and 36% with 20 (for V =
16%) and 3 (for V = 36%) different Hamiltonian realizations.
The points are half-transparent, which means that the darker
the color, the more overlapping points.

consequence of the proximity of the W = 1 case consid-
ered to the translationally-invariant free fermion point
at W = 0. The large value of the ground-state matrix
element will impact the analysis of fluctuations and dis-
tributions of normalized observables in Secs. IV and V,
respectively.

In Fig. 2, we show the diagonal matrix elements of
the kinetic energy T' from Eq. (9). They are linearly de-
pendent on the eigenenergies in the 3D Anderson model
[Fig. 2(a)], while (as expected) there is no structure in
the Dirac SYK2 model [Fig. 2(b)]. The linear dependence
in the 3D Anderson model originates from the nonzero
projection of T onto the Hamiltonian Ha from Eq. (3),
which is the sum of T and onsite disorder. A detailed
inspection of T,, as a function of E, in small systems,
see Fig. 2(a;), reveals a fine structure beyond this lin-
ear dependence, which becomes less pronounced with in-
creasing system size. When studying the variances of
the diagonal matrix elements in the next sections, we
subtract the moving average, Tna — Tua — Lna, Where
Tre is the arithmetic mean of closest diagonal matrix
elements about «. The relation between T,, and FE,
after the subtraction of the moving average is shown in
Fig. 2(az). Note that the eigenstate-to-eigenstate fluctu-
ations of T, both in the 3D Anderson [Fig. 2(a)] and
Dirac SYK2 [Fig. 2(b)] models, decrease with increasing
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FIG. 2. Diagonal matrix elements of T vs. the eigenenergies
E,. Results are shown for (a) the 3D Anderson model and
(b) the Dirac SYK2 model. Each panel shows results for two
system sizes V = 16% and 36° with 10 (for V = 16%) and
3 (for V' = 36%) different Hamiltonian realizations. The in-
set (a1) is a close-up of the main panel including 200 (for
V = 16*) and 2000 (for V = 36%) diagonal matrix elements
from the center of the spectrum. The inset (az) shows the
same matrix elements as (al) after the moving average E
is removed. For the target eigenstate a, the moving average
Too is computed using the matrix elements of 20 closest eigen-
states. The points used to show the diagonal matrix elements
are half-transparent.

system size.

B. Off-diagonal matrix elements

We next focus on the structure of the square of the off-
diagonal matrix elements. They are multiplied by an ap-
propriate power of V', such that the scaled coarse-grained
matrix elements are V-independent, i.e., we study Oi 3 V2

where O = #,h and 7ng, and T2,V. We restrict the
pairs of eigenstates |«), |3) to a narrow energy window A
around a target energy Eiar, |(Ea+Eg)/2— Erar| < A/2.
We take the target energy to be the mean energy of the
entire spectrum, and the width to be A = (Ey — E7)/100
(E7 and Ey are the ground state and the highest excited
state energies, respectively). Even though Eiar is very
close to zero in finite systems (and Ei,, = 0 in the ther-
modynamic limit), we calculate both Eiar and A numer-
ically for each Hamiltonian realization.

Figure 3 shows the density plots of the logarithms
of off-diagonal matrix elements, log;o[(mo)25V?] and

log,o(T23V), as functions of the energy difference w =
|Eo — Eg|. To smooth out fluctuations, we carry out an
average over 20 different Hamiltonian realizations, and
denote the realization averaged results as ((...)). The cor-
responding density plots for the site occupation n and the
next-nearest neighbor correlation h are shown in Fig. 12
of Appendix B. Figures 3 and 12, as well as a detailed in-
spection of individual off-diagonal matrix elements (not
shown), demonstrates that the off-diagonal matrix ele-
ments are dense, i.e., there is no set comprising a consid-
erable number of off-diagonal matrix elements that are
zero (or below numerical precision). This is similar to
what is observed in quantum-chaotic interacting systems.



0.1
Anderson -:I:- SYK2

<<log10 (T)(215V>> < <log10 (mo)iaV2>>

FIG. 3. Density plots of the off-diagonal matrix elements of
the observables (a),(b) o and (c¢),(d) T' as functions of the
energy difference w = |E, — Eg|. We consider V = 20® for
(a),(b) and V = 223 for (c),(d). Results for the 3D Ander-
son model (left column) and the Dirac SYK2 model (right
column) are shown for pairs of eigenstates that belong to
the target energy window, as explained in the text. For a
given disorder realization, we discretize both axes and calcu-
late log,o[(mo)23V 7] and log,(T23V) in each bin. We then
average these values over 20 Hamiltonian realizations, yield-
ing ((log;o(mo)2sV?)) and ((log,, TazV)). The black lines
denote the moving averages of the results ({log,, (mg)§BV2))

and ((log, @V}) (see text for details).

The black lines in Fig. 3 show results obtained for mov-
ing averages as functions of w. Specifically, we order the
scaled matrix elements in w, and divide them into 150
w-bins. Next, we calculate the mean O2,V" (= 1 or 2)
within each w-bin, and then average the logarithm of the
latter over different Hamiltonian realizations, yielding
((logyg OiBV"». For the Dirac SYK2 model (right pan-
elsin Fig. 3), the results for the moving averages make ap-
parent something that was already visible at the level of
the density plots, namely, that the off-diagonal matrix el-
ements are structureless. Note that ({log;o O2;V")) ~ 0

implies that O2 5 ~ 1/V", i.e., the coarse-grained matrix
elements are nearly identical throughout the spectrum.
This is expected (after properly normalizing the observ-
ables) within the random matrix theory [22].

On the other hand, the results for the 3D Anderson
model (left panels in Fig. 3) may exhibit a structure. To
highlight it, when present, we show the moving averages
of observables my and T for different V' in Fig. 4. Notice
that the results for different system sizes, away from the
w — 0 and w — |Ey — FE4] limits, exhibit excellent data
collapse. For 7y, see Fig. 4(a), the coarse-grained values
of the off-diagonal matrix elements increase at high w,
indicating that there are large matrix elements between
energy eigenstates in the lowest and highest part of the
energy spectrum (which, in single-particle systems, has a
bandwidth independent of V). For T, see Fig. 4(b), the
coarse-grained values of the off-diagonal matrix elements
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FIG. 4._Moving averages (a) ((logyq (m0)2;V?)) and (b)
((logy( T25V)) versus w for different system sizes in the 3D
Anderson model (see text for details).

are nearly w-independent at high w. In quantum-chaotic
interacting systems, in contrast, the matrix elements be-
come exponentially small at high w [22].

As a technical remark we note that we excluded the
matrix elements between excited states and the ground
state from the results reported for the off-diagonal ma-
trix elements of the quasi-momentum occupation mg.
The reason is that those matrix elements are several
orders of magnitude larger than the others, and give
rise to pronounced fluctuations of the moving average
((logyg (mo)iBV2>>. A similar exceptionally large value
was observed for the ground-state diagonal matrix ele-
ment of 7 in Fig. 1(e).

IV. FLUCTUATIONS OF MATRIX ELEMENTS
A. Eigenstate-to-eigenstate fluctuations

We now turn our attention to the quantitative anal-
ysis of the fluctuations of the matrix elements. We
first study the eigenstate-to-eigenstate fluctuations of
the diagonal matrix elements of normalized observables:

00, =040—041,4-1- We calculate the average of the
absolute values of these differences
80, = IA|I71 D 160, (11)
la)eA

where A is a set of states |a) that comprise 80% of eigen-
states in the middle of the spectrum, i.e., ||A]| = 0.8V.
We also calculate the maximal difference as

5Q = max|a>eA|5Qa| . (12)

max
In practice, we first calculate d0,,, and 00, .. for a single
Hamiltonian realization from 80% (200) of eigenstates in
the middle of the spectrum for f, h, myg (i), and then
average the results over 100 (20) Hamiltonian realizations
for V < 283 (V > 283). We denote the latter averages as
((00,,)) and ({60, ,...)), respectively. The analysis of the
fluctuations between Hamiltonian realizations, and their
scaling with the number of lattice sites, is presented in
Appendix C.
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FIG. 5. Eigenstate-to-eigenstate fluctuations in (a) the 3D
Anderson model, and (b) the Dirac SYK2 model. Filled
symbols: ((60,.)) versus V, see Eq. (11). Open symbols:
((00,1ax)) versus V, see Eq. (12). The matrix elements of 1,
in (a) are multiplied by a constant v = 420, as explained in
the text. The matrix elements of 7" in (a) are multiplied by
8 for clarity. All fluctuations are calculated from 80% of the
spectrum about the mean energy. The exception is ((6T,,..))
in the 3D Anderson model, for which we only include 200
eigenstates about the mean energy (see also the main text).
An averaging over 100 (20) Hamiltonian realizations is carried
out for V' < 28% (V > 28%). The solid and dashed lines show
fits of a/V¢ to (my),,, for the largest five system sizes. We
find ¢ = 0.50 for ((§(mg)av)) in both models (solid lines), and
¢ = 0.30 (0.47) for ((d(mg)max)) in the 3D Anderson (Dirac
SYK2) model (dashed lines). The dashed-dotted line follow-
ing the results for ((§7, .. )) in the 3D Anderson model shows
a/VO'5 and serves as a guide to the eye.

The eigenstate-to-eigenstate fluctuations were pro-
posed as a simple measure to test the eigenstate ther-
malization in quantum-chaotic interacting systems [41].
A particularly strong indicator of the eigenstate thermal-
ization is the vanishing of maximal differences 60O, ., (12)
with increasing system size. In quantum-chaotic interact-
ing systems, numerical studies of several models showed
polynomial decay of 6O, ., with the Hilbert space dimen-
sion [43, 44, 48]. For the models considered here, since
the Hilbert space dimension is V', an analogous scaling
would imply a decay o 1/V¢ with ¢ > 0.

Results for ((00,,)) and ((60,,..)) for the 3D Ander-
son model and the Dirac SYK2 model are presented in
Fig. 5. We indeed find power-law decays with V. Specif-
ically, we find that the average ((60,,)) is o 1/V0-50
for all observables in both models, see the solid lines in
Fig. 5. The maximum ((60,,,.)) is also oc 1/VS, but
with a slightly smaller ¢, as shown by the dashed lines
in Fig. 5 for the case of the quasi-momentum occupa-
tion ((0(mg)max)). For I in the 3D Anderson model,
((00,1ax)) exhibits large fluctuations but it is still con-
sistent with a power law decay o 1/V%5 (shown as a
dashed-dotted line). We also fitted the results for the
other observables to a/V¢ (not shown), and obtained
0.3 < ¢ < 0.5. The fact that the values of { approach 0.5
with increasing system size in the SYK2 model [see the
fit of ((00,,.,.)) in Fig. 5(b)] suggests that the deviations

of ¢ from 0.5 found in our numerical calculations may
result from finite-size effects.

We note that in Fig. 5(a) some operators are multi-

plied by a global constant for clarity. Such a multipli-
cation does not modify the exponent ¢ in the power-law
scalings of the eigenstate-to-eigenstate fluctuations [lines
in Fig. 5(a)]. Specifically, the matrix elements of the
kinetic energy T in the 3D Anderson model are multi-
plied by a global constant 8, and the matrix elements
of the quasi-momentum occupation 1, are multiplied by
a global constant v (defined below). In the latter case,
such a multiplication is convenient due to the exception-
ally large ground-state matrix element (mg),, as shown
in Fig. 1(e), which, by the virtue of the Hilbert-Schmidt
norm (5), strongly reduces the values of other matrix ele-
ments. The specific value of 7y chosen is the ratio between
the standard deviation of the diagonal matrix elements
of n and of 1y, in the small energy window comprising
200 eigenenergies around the mean energy of the entire
energy spectrum. We find v to be between 400 and 450
for systems with V' < 363, and choose v = 420 for the
results shown in Fig. 5(a). (Similar multiplications are
carried out in Figs. 6-8.)

Another technical remark is that the calculation of
((0T hax)) in the 3D Anderson model is sensitive to the
fine structure of T',, beyond the linear dependence of
T, on E, [see Fig. 2(a)]. To reduce the finite-size ef-
fects, we restrict the number of eigenstates to 200, and
we only consider systems with V' > 163.

In Appendix A, we report results for the eigenstate-to-
eigenstate fluctuations in the 3D Anderson model deep
in the localized regime (at W = 35). Even though the
average fluctuations of 7 and h decay o 1 JV¢ with ¢ ~
0.5, see Fig. 10(a), the maximal fluctuations diverge o
V¢ with ¢ ~ 0.5, see Fig. 10(b). The latter indicates
the breakdown of the single-particle version of the ETH,
which goes in parallel with the lack of quantum chaos in
the energy spectrum.

B. Variances of matrix elements

Next we study the variances of matrix elements. The
variance of the diagonal part is

2

Oing = ILIITY D Q% = [IITITH D Oua | (13)

|ayer |ayel

where T is a set of 200 eigenstates (||T'|| = 200) around
the mean energy. Analogously, the variance of the off-
diagonal part is

2
Ugff = ||1—‘/||71 Z Qiﬂ - ||1—‘/||71 Z Qa,B )
lo),|8) €T la),|B)eT
la)#1B) o) #18)
(14)

where |[T”]| = ||T||? — ||T|| = 39800. We calculate U(Qﬁag

and o2; for each Hamiltonian realization, and then av-
erage over 100 different Hamiltonian realizations. We
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FIG. 6. Variances of the diagonal and off-diagonal matrix
elements of observables in the 3D Anderson model. The ma-
trix elements of M, are multiplied by v = 420, as explained
in Sec. IV A. The solid and dashed lines in the main panel
show 1/V and 2/V, respectively. The inset shows the ratio of
variances $2. For systems with V' > 123, the ratio lies within
a small interval around 2, i.e., £? € [1.9, 2.1].

denote the latter averages as <<O’§iag>> and {((c%4)), re-
spectively.

Under the assumption that the eigenstates of a normal-
ized observable O are random vectors in the eigenbasis of
the Hamiltonian under investigation [22], one can show
that the associated variances in the Dirac SYK2 model
are ((03;,,)) = 2/V and ((023)) = 1/V, so that their ra-
tio is 2. Hence, in what follows we focus on the variances
in the 3D Anderson model.

The variances of the matrix elements of 7, E and 1
in the 3D Anderson model are shown in Fig. 6. They ex-
hibit the behavior advanced by the random matrix the-
ory. Namely, both ((aﬁiag» and ((c%;)) are o< 1/V, as
shown in the main panel of Fig. 6. In quantum-chaotic
interacting models, the scaling ((03;,,)) o 1/D (where
D is the dimension of the Hilbert space) is a hallmark of
eigenstate thermalization for normalized observables [22].
On the other hand, the scaling ({(023)) &< 1/D is not nec-
essarily the result of eigenstate thermalization, it can also
be found in integrable models [49], and can be understood
as a consequence of the normalization (5) of observables.

We also note that the ratio of variances

o2,
22 _ << d21ag>> (15)

((o2e))

shown in the inset in Fig. 6, is very close to the RMT
prediction ¥? = 2. This is again a hallmark of the va-
lidity of the ETH in quantum-chaotic interacting sys-
tems [45, 48, 58]. We emphasize that we also find ¥2 = 2
for the quasi-momentum occupation 1y, which exhibits
a peculiar structure of the diagonal matrix elements, see
Fig. 1(e). This structure gives rise to much smaller vari-
ances of the matrix elements in the bulk of the spectrum

as compared to those of the site occupation 7 and next-
nearest neighbor correlation E, but does not change the
ratio of variances.

We emphasize that the ratio of variances is a good
indicator of quantum chaos. As shown in Appendix A
for the 3D Anderson model deep in the localized regime
[see Fig. 11(a) and a related discussion], the variances of
diagonal and off-diagonal matrix element decay o 1/V
for my,, but their ratio is clearly smaller than the RMT
prediction 32 = 2.

Finally, we would like to mention that the calculation
of the variance of diagonal matrix elements of the kinetic
energy 1 requires the removal of the linear structure, as
was discussed in Sec. III. Although not shown, we have
confirmed that after the moving average T, is removed,
the square of the variance of the diagonal matrix elements
T T, is oc 1/V. Furthermore, the ratio of variances

Zaa

%2 ~ 2 for V > 20, see also Fig. 9.

V. DISTRIBUTIONS OF MATRIX ELEMENTS

In this section, we study the distributions of matrix
elements of observables. In Sec. V A, we show that the
probability density functions (PDFs) of the matrix ele-
ments of 7, ﬁ, and 1y, are non-Gaussian. Specifically, we
find them to be described by the chi-square distribution
with degree one, the Bessel function of the second kind,
and the exponential distribution. In Sec. V B, we focus on
T, which exhibits a Gaussian distribution. We also dis-
cuss the conditions that are necessary for an observable
to exhibit a Gaussian distribution of matrix elements.

A. Non-Gaussian distributions

Here we focus on the site occupation #, the next-
nearest neighbor correlation ﬁ, and the quasi-momentum
occupation my, as defined in Eqgs. (6)—(8). Numerical re-
sults for the distributions of the diagonal matrix elements
are shown as symbols in Fig. 7 for the 3D Anderson model
(upper row) and the Dirac SYK2 model (lower row). The
corresponding numerical results for the off-diagonal ma-
trix elements are presented in Fig. 8. We consider two
system sizes V = 162 and 363, and compute the matrix
elements in 200 eigenstates around the mean energy.

The distributions of diagonal and off-diagonal matrix
elements in Figs. 7 and 8 exhibit two important features.
First, they are all non-Gaussian distributions. This is in
striking contrast to quantum-chaotic interacting systems,
for which previous studies reported solely Gaussian dis-
tributions [42, 47, 49, 51, 52, 55, 57, 70-72]. Second, the
numerical results in Figs. 7 and 8 (symbols) are well de-
scribed by the closed-form analytical expressions (lines),
which we discuss below. Recently, the analysis of the ma-
trix elements of operators dubbed behemoths (which are
nonlocal operators in many-body systems with diverg-
ing Hilbert-Schmidt norm) showed non-Gaussian distri-
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FIG. 7. Distributions of the diagonal matrix elements of observables in (a)—(c) the 3D Anderson model and (d)—(f) the
Dirac SYK2 model. Points are numerical results for 200 eigenstates around the mean energy, averaged over 100 Hamiltonian
realizations. The observables are: (a),(d) @, (b),(e) h, and (c),(f) 7i,. Solid lines are the PDFs: (a),(d) Py, from Eq. (17),
(b),(e) Pn,, from Eq. (19), and (c),(f) Pung)en from Eq. (21). The results in (a), (c), (d), and (f) are shifted in the z-axis by

1/v/V (so that all the plots start at zero), while the axes in (c) are scaled by the parameter v, which equals 442.5 and 428.1

for V =16% and V = 36, respectively (see Sec. IV A for details).

butions [47]. The analytical forms of the distributions
for the behemoths share several similarities with the dis-
tributions for one-body observables in quantum-chaotic
quadratic Hamiltonians studied here.

As a first step to obtain analytical expressions for
the distributions, we note that n; and iLij (reintroduc-
ing site indices for generality) have a simple structure in
the single-particle site occupation basis {|i)}, f; = |@) (i
and hi; = [i)(j| + |j)(i|, while quasi-momentum occupa-
tions my (introducing quasi-momentum indices for gener-
ality) have a simple structure in the single-particle quasi-
momentum occupation basis {|k)}, my = |k)(k|. For the
sake of keeping the discussion general for those three ob-
servables, and for others with a similar structure, let us
think of our observables of interest as having a simple
structure in some single-particle occupation basis {|n)}.
We then write the energy eigenstates |a) in that basis

o) = upaln) (16)
n

where u,, = (n]a).

The key insight in the analytical derivation of the
distributions is that u,. behaves as a random variable
drawn from a normal distribution with zero mean and
variance 02 = 1/V. We refer to this assumption as
the RMT assumption further on. As mentioned be-
fore, this allows one to show that the ratio of variances,

cf. Eq. (15), is 2 [22]. Moreover, the distributions of ma-
trix elements expressed through the probability density
functions (PDFs) can be derived using the algebra for
random variables. The details of the analytical calcula-
tions can be found in Appendix D. The main results are
summarized below.

The distribution of diagonal matrix elements of the
site occupation 7 from Eq. (6) is related to that of the
square of normal random variables (see Appendix D 1).
It is described by a chi-square distribution with degree 1,

1/4
Py, (@) = V—,Qﬁ = FlEl
Y T+ —=
VvV

The distribution of the corresponding off-diagonal matrix
elements is related to that of the product distribution
of normal random variables (see Appendix D2). It is
described by a modified Bessel function of the second
kind,

P, (z) = ks (Wm) . (18)

n (@) = 7
The distribution of diagonal matrix elements of the
next-nearest neighbor correlation h from Eq. (7) also fol-

lows from the product distribution of normal random
variables, however with a different prefactor than the one
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from Eq. (22). The axes in (c) are scaled by the parameter 7, which equals

441.3 and 425.9 for V = 16® and V = 36, respectively (see Sec. IV A for details).

in Eq. (18). It reads

P )= 4V, (@m) )

To obtain the distribution of the corresponding off-
diagonal matrix elements, one needs to calculate a sum
distribution (see Appendix D 3), which yields the expo-
nential distribution

Py, () = \/ge_m Il (20)

Within this framework, the distributions of the matrix
elements of the quasi-momentum occupation 7i2,, Eq. (8),
are identical to the distributions of matrix elements of the
site occupation in Egs. (17) and (18), respectively,

Plng)oa (@) = Pa,_ (2), (21)
Ping)as (@) = Py, () . (22)

This is because, within the RMT assumption, both the
site occupation eigenkets and the quasi-momentum oc-
cupation eigenkets are random vectors in the eigenbasis
of energy eigenstates.

The agreement between our numerical results for the
SYK2 model and the analytic expressions, see the lower
panels in Figs. 7 and Fig. 8, validates the correctness
of our analysis and its relevance for the system sizes and

averages over realizations considered. The agreement be-
tween our numerical results for the 3D Anderson model
and the analytic expressions, see upper panels in Figs. 7
and Fig. 8, is also remarkable. Below we discuss two
observations about the PDFs in the 3D Anderson model.

The first one is related to the distribution of diagonal
matrix elements of the next-nearest neighbor correlation
h, see Fig. 7(b). One can see that the tails of the PDF do
not entirely overlap with the analytical prediction from
Eq. (19). The agreement slightly improves with increas-
ing system size. However, even for the largest system size
under investigation, V = 363, the PDF is slightly skewed
towards the negative values. Larger system sizes need to
be studied for this observable.

The second observation is related to the distributions
of matrix elements of the quasi-momentum occupation
g, see Figs. 7(c) and 8(c). While the agreement be-
tween the numerical and analytical results is excellent,
we note that the axes are scaled by a constant . The
origin of such a scaling was discussed in Sec. [VA. It is a
consequence of anomalously large matrix elements at and
close to the ground state, which make other matrix ele-
ments smaller due to the fixed Hilbert-Schmidt norm (5).
Interestingly, even though such anomalously large matrix
elements in the vicinity of the ground state may suggest
that the RMT treatment is not appropriate for my,, the
distributions presented in Figs. 7(c) and 8(c) show that
this is not the case.
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FIG. 9. Distributions of (a) diagonal and (b) off-diagonal ma-
trix elements of the observable 7" in the 3D Anderson model,
and distributions of (c¢) diagonal and (d) off-diagonal matrix
elements of the same observable in the Dirac SYK2 model.
We removed the moving average from the diagonal matrix el-
ements in the 3D Anderson model prior to the calculation of
their distribution. Points are numerical results for 200 eigen-
states near the mean energy, averaged over 100 [20] Hamil-
tonian realizations for V = 22% in (a)(d) and V = 36° in
(a),(b) [for V = 36% in (c),(d)]. The solid lines are Gaussian
distributions with zero mean and variance (a) o® = 0.013/V,
(b) 0.0066/V, (c) 2.0/V and (d) 1.0/V for V = 36%. Note
that the ratio of variances is 32 ~ 2.

B. Gaussian distributions

The results in the previous section make clear that
some of the experimentally accessible local and nonlo-
cal observables, which are traditionally studied in many-
body systems, do not exhibit Gaussian distributions
of diagonal and off-diagonal matrix elements in single-
particle eigenstates of quantum-chaotic quadratic Hamil-
tonians. Our analysis also shows why this is the case,
namely, the matrix elements of these observables are “too
simple” when written in terms of random amplitudes uyq,
where 17 marks states from a certain occupation basis,
while o marks states from the Hamiltonian eigenbasis.
This is very different from what happens in the many-
body eigenstates of quantum-chaotic interacting Hamil-
tonians.

To exemplify the emergence of Gaussian distributions
in quantum-chaotic quadratic Hamiltonians, we study
the matrix elements of the kinetic energy operator T in
Eq. (9). Numerical results for the distributions are shown
as symbols in Fig. 9, while lines are Gaussian functions
with the variances computed numerically directly from
the matrix elements. The agreement is excellent. It
should be emphasized that we removed the linear struc-
ture from diagonal matrix elements in the 3D Anderson
model prior to the calculation of their distribution.

We can understand the emergence of Gaussian distri-
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butions of the matrix elements of i if we rewrite this
operator in terms of its eigenvalues —2(cos ky + cos ky +
cos k) and eigenvectors |k),

. 1
T=— —2(cosk, + cosk, + cosk,)|k)(k|. 23
T \/ézk: ( v k) (k| (23)

We then see that Gaussian distributions of matrix ele-
ments are a consequence of the central limit theorem,
which is satisfied because the overlaps (k|a) behave as
random variables and 7' is an extensive (in V) sum of
projector operators |k)(k|.

More generally, we expect Gaussian distributions to
emerge in observables of the form:

v
. 1 A
i=—= > mulle; =T |, (24)
N ij=1
where r;; = rj;; are real numbers, N' = Eij /i?j/V —

ZZ—]— Kiikj;/V?, and T = Z:le Kii. It is, of course,
needed that the eigenvalues {gu} of g do not have any
special structure that may render the central limit theo-

rem inapplicable. Note that the creation f';r and annihila-
tion ¢; operators in the site occupation basis in Eq. (24)
can be replaced by creation and annihilation operators
in a different basis, provided that the eigenstates in the
latter basis have sufficiently random overlaps with the
eigenstates of the Hamiltonian. We report results for
some specific local and nonlocal realizations of § in Ap-
pendix E. a

The central limit theorem emerges naturally in many-
body systems even for the one-body observables stud-
ied in Sec. VA, i.e., the observables for which the ma-
trix elements do not exhibit Gaussian distributions in
single-particle energy eigenstates. In many-body sys-
tems, many-body energy eigenkets |&) can be written
as |&) = Y. uma|m), where /) are many-body basis
kets. For concreteness, let us consider the local oper-
ator n in the many-body site occupation basis, where
|m) = H{mj} éinj |0), and {m;} are the occupied sites in
|m). For the diagonal matrix elements, we have

(@l ]a) = S (il uZ ;- (25)

m

Assuming that u;g is a normally distributed random
variable, and noticing that (m|f;|m) equals 1 for an expo-
nentially large (in V') number of states |/m), explains why
the distribution of diagonal matrix elements is Gaussian.
A similar analysis can be carried out for the off-diagonal
matrix elements and for other one-body observables.

VI. SUMMARY AND DISCUSSION

We studied two paradigmatic quantum-chaotic
quadratic Hamiltonians, the Dirac SYK2 model and



the 3D Anderson model at weak disorder. Focusing
on the matrix elements of observables in single-particle
eigenstates, we showed that they exhibit eigenstate
thermalization. ~ Namely, that: (i) the variance of
diagonal matrix elements is proportional to the inverse
single-particle Hilbert space dimension (to 1/V’), and
(ii) the ratio between the variance of diagonal and
off-diagonal matrix elements is 2. On the other hand, we
demonstrated that the traditionally studied one-body
observables (with Gaussian distributions of matrix
elements in many-body eigenstates of quantum-chaotic
interacting systems) can exhibit non-Gaussian distribu-
tions of matrix elements in single-particle eigenstates of
quantum-chaotic quadratic models.

While it is remarkable to observe eigenstate thermal-
ization in single-particle eigenstates of the 3D Anderson
model, it is important to emphasize some differences be-
tween the thermodynamic limit in the single-particle and
many-body cases. An important difference is that the
density is not fixed in the former, namely, the average
site occupation in single-particle eigenstates vanishes in
the thermodynamic limit. The same fate befalls O(E)
in Eq. (1) for the observables 7, h, and 1y and their
normalized versions. On the other hand, O(E) does not
vanish for certain observables that are extensive sums of
single-particle operators, such as 7. Those observables
behave like the ones traditionally studied in the context
of ETH in many-body interacting systems. The second
difference is the dimension of the Hilbert space, and ev-
erything that scales with it or has a structure related
to it. In the single-particle case the dimension of the
Hilbert space is the number of lattice sites, while in the
many-body case it is exponential in the number of lattice
sites, e.g., D = 2" for qubit based systems. This leads
to a different scaling of variances with a system size in
both cases. Furthermore, the equivalent of F(E,w) in
Eq. (1) for single-particle systems lacks the frequency
scales available in many-body systems, in which the level
spacing is o< 1/D.
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Appendix A: Eigenstate-to-eigenstate fluctuations in
Anderson insulator

In the main text, we studied the 3D Anderson model in
the quantum-chaotic regime by setting W = 1 in Eq. (3).
Here, we complement this analysis by studying the 3D
Anderson model in the localized regime. The Ander-

V.1073

V.1073

FIG. 10. (a) Average and (b) maximal eigenstate-to-
eigenstate fluctuations in the 3D Anderson model at W = 35.
Systems with V' < 36 (V = 36°) have been averaged over
100 (20) Hamiltonian realizations. Lines are a/V° fits to the
numerical results. For ((60,,)), we get ¢ = 0.50 when O=n
and 7,. Due to pronounced fluctuations, we fix {( = 0.5
when O = h. For ((00,1ax))s We get ¢ = —0.56, —0.44 and
0.35 when Q =n, ﬁ and 1, respectively.

son localization transition takes place at W, =~ 16.5 [73].
We set the disorder strength to W = 35, so that the
main effects of localization are robust already in finite
systems [66, 74, 75].

We first study the eigenstate-to-eigenstate fluctuations
of diagonal matrix elements of normalized observables,
which were introduced in Sec. IV A. In the quantum-
chaotic regime at W = 1, the average ((60,,)) de-
cays as o< 1/V/? see Fig. 5(a), and the maximal value
((60,,.)) decays as oc 1/VS with 0 < ¢ < 0.5, see
Fig. 5(b).

In Fig. 10, we plot the eigenstate-to-eigenstate fluctu-
ations of the observables 7, ﬁ and m, at W = 35. The
average fluctuations ((60,,)) decay for all three observ-
ables o< 1/V¢, see Fig. 10(a), where ¢ = 0.50 for i and
1y, and ¢ &~ 0.5 for b (see the figure caption for de-
tails). However, the system-size dependence of the max-
imal fluctuations ((00,,..)) is drastically different for 7

—=—max
and h, see Fig. 10(b), where ¢ < 0. This is a clear signa-
ture of the breakdown of the ETH in the localized regime.

The numerical results presented in Fig. 10 highlight the
need to study both ((60,.)) and ((60,,..)) in ETH anal-
yses. This can be illustrated using as example the site
occupation operator 7w = f,;. Deep in the Anderson in-
sulating regime, one can consider two classes of diagonal
matrix elements: (i) those that are nonvanishing, which
correspond to localized eigenstates that are peaked at (or
very close to) the site 4; (ii) those that are vanishing, for
which the site index ¢ belongs to the tails of the localized
eigenstates. The latter class represents the overwhelm-
ing majority of matrix elements, and hence it governs
the behavior of the average fluctuations ({60, )). Conse-
quently, ((60,,)) are small and decay with increasing V.
On the other hand, the maximal fluctuations ((6O,,..))
are governed by the difference between the occupation at
the peaks and the tails of the localized orbitals, which
diverge oc V1/2 for the normalized operator 7 defined in
Eq. (6), as observed in Fig. 10(b).

Identifying the breakdown of the RMT description of
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FIG. 11. The ratio of variances £? of the observables (a) nig
and (b) g in the 3D Anderson model. The all-to-all couplings
Kij in g are normally distributed numbers with zero mean and
variance 02 = 2/V (0% = 1/V) for diagonal (off-diagonal) ma-
trix elements. Points are numerical results for 200 eigenstates
near the mean energy. The averaging is carried out over 100
[20] Hamiltonian realizations for V' < 36% in (a) [V = 36% in
(a) and all system sizes in (b)]. The insets show the variances
of the diagonal matrix elements as functions of the system
size. The line in (a) is a a/V fit to the numerical results with
a = 0.85, while the line in (b) is 2/V.

the matrix elements of the zero quasi-momentum occu-
pation my, in the Anderson insulator requires a more
detailed analysis. Figure 10(b) shows that for this ob-
servable the maximal fluctuations ({0, ,..)) decay with
increasing the system size, similar to the maximal fluc-
tuations at W = 1, see Fig. 5. Moreover, the variance
of diagonal matrix elements defined in Eq. (13) decays
as <<U§iag>> x 1/V, as shown in the inset of Fig. 11(a).
These results are not surprising because the eigenkets of
my, are delocalized in the eigenbasis of H. The breakdown
of the RMT description is apparent when one computes
the ratio of variances in Eq. (15), which is shown in the
main panel of Fig. 11(a). One can see there that it does
not approach the value 2 = 2 predicted by the RMT.

One can, of course, always construct single-particle
nonlocal operators for which the RMT description is valid
even if the Hamiltonian is not quantum chaotic. To show
this, we compute the matrix elements of the operator g
from Eq. (24) in the Anderson localized regime. The
all-to-all couplings k;; in § are normally distributed ran-
dom numbers, such that the operator can be seen as an
independent realization of the SYK2 Hamiltonian (2),
but traceless and properly normalized (the same oper-
ator is also studied in Appendix E1). In Fig. 11(b)
we show that the matrix elements of § comply with the
ETH: the variances of diagonal matrix elements decay as
((08iag)) o< 1/V, and the ratio of variances equals 33* ~ 2.
The latter is very close to 2 already in relatively small
systems with V' = 103 lattice sites. This is a direct con-
sequence of the fact that the projections of eigenstates of
g onto energy eigenstates are random numbers [see Eq.
(24) and recall that energy eigenstates correspond to site
occupation eigenstates in the limit of infinite disorder].
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Appendix B: Off-diagonal matrix elements

In Sec. ITI B we showed results for the off-diagonal ma-
trix elements of the observables mg and T. Here we
complement those results with density plots of the off-
diagonal matrix elements of observables 1 and iL, shown
in Fig. 12. The squares of matrix elements are multiplied
by V2 to ensure that the corresponding moving averages
(black solid lines in Fig. 12) do not change when chang-
ing V. For both observables, one can see that there is
almost no dependence on w, and the results in the 3D
Anderson model (left column in Fig. 12) are very similar
to the results in the Dirac SYK2 model (right column in
Fig. 12).

0.3 0.2 0.1 0
Anderson T e ol SYK?2

FIG. 12. Density plots of the off-diagonal matrix elements
of the observables (a),(b) 7 and (c),(d) h as functions of the
energy difference w = |E, — Eg|. We consider V = 20

The black lines denote the moving averages ((log;, niﬁ‘ﬂ))

and ((log,, @V)) Results for the 3D Anderson model (left
column) and the Dirac SYK2 model (right column) have been
established in the same protocol as results in Fig. 3.

Appendix C: Variances over Hamiltonian
realizations

In the main text, we considered indicators of eigen-
state thermalization in the single-particle sector of the
3D Anderson and Dirac SYK2 models. The results were
averaged over different Hamiltonian realizations. Here we
study the variances over Hamiltonian realizations for the
eigenstate-to-eigenstate fluctuations studied in Sec. IV A.
Specifically, we define the variance of the average

oo = ((002,)) = ((30u))*

and the variance of the maximal eigenstate-to-eigenstate
fluctuations

Jr2nax = <<5012nax>> - <<5Omax>>2 )

(C1)

(C2)
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FIG. 13. Variances of (a) the average and (b) the maximal
eigenstate-to-eigenstate fluctuations over Hamiltonian real-
izations. Filled (open) symbols correspond to the numerical
results for the 3D Anderson (Dirac SYK2) model. 60, and
dOmax are calculated from 80% (100) of the single-particle
eigenstates in the middle of the spectrum for 7, h, and Mg (i)
100 (20) Hamiltonian realizations are considered for V < 28°
(V > 28%). In the 3D Anderson model, o2, and o2, of my,
are multiplied by ~2, while o2, of T is multiplied by 64. The
latter is consistent with Fig. 5. For clarity, no multiplication
is done for ¢2,,, of T. Lines in (a) and (b) correspond to 1/V>
and 1/V, respectively.

with respect to the Hamiltonian realizations Asin Fig. 5)
for the 3D Anderson model, we multiply 02 and o2, of

my by 72, and o2, of T by 64. No multiplicatlon is done
for 02, of 7.

Figure 13 shows the variances o2, ax for ob-

servables 7, ﬁ, Mg, and T. Results for the 3D Anderson
model are shown using filled symbols while results for
the SYK2 model are shown using open symbols. One
can see that o2, and o2, are very small for all observ-
ables, and they decrease with increasing the system size.
The decrease appears to be consistent with o2, oc 1/V?2
and O’max x 1/V, see the lines in Fig. 13. The vanishing
of 02, and o2, in the thermodynamic limit suggest that
the results reported in the main text are valid for a typ-
ical realization of the Hamiltonians under investigation.

and o2

Appendix D: Derivation of distributions of
matrix elements

Next, we derive the closed-form expressions for the
PDFs of the matrix elements of the observables 7 and
b reported in Eqs. (17)-(20) of the main text. For both
observables one can interpret Eq. (16) as the expansion
of the Hamiltonian eigenstate |«) in the site occupation
basis, where |n) = |i) = ¢/|#). Note that the site occupa-
tion basis is the eigenbasis for f; but not for EZ] Still,
for the derivation of the specific distributions it is conve-
nient to use this basis for both observables. The diagonal
matrix elements of 7 = n,; are

\%4 1
oo = <Oé‘ éjéz ‘Oé> -

V-1 V-1

Voo, 1

, (D1)
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and the off-diagonal matrix elements are

v
n = —/——————Uj Ui -
Lap m B

To simplify the expressions in Egs. (D1) and (D2), we
replace V' —1 — V having in mind V' > 1. The diagonal
matrix elements of i = h . are

v
hoo =1\ 5 (@lE]e; + cjé;|a)

=1/ g(uiauja + ujaum) =V 2Vuiauja , (D3)

(D2)

<

and the off-diagonal matrix elements are

1%
hop =1/ 5 (Wiaujs + ujatiip)

The starting point for the derivation of the distribu-
tions is the RMT assumption about the coefficients wu;q,
i.e., that they are normally distributed real random vari-
ables with zero mean and variance 0% = 1/V/,

(D4)

Py (x) =

1 x2 (D5)
exp| ——= 1 .
V2mo? P 202
Below we review some basic results for random variables

that have a direct application in the derivation of the
PDFs of the matrix elements from Eqs. (D1)-(D4).

1. Functions of normal random variables

Let u be a random variable and v = g(u) be a function
of u. If g is differentiable and invertible, such that u =
h(v) with h = g~!, the PDF of v can be written as

(D6)

Py(y) = Pu (h(y)) ‘M‘ |

dy
For example, if v = g(u) = au, with a being a constant,

it follows that h(v) = v/a and |dh(v)/dv| = 1/]a|, such
that

(D7)

If one further adds a constant b to v such that v = g(u) =
au + b, then h(v) = (v —b)/a and

Py(y) = ﬁPu (yT_b> :

One the other hand, if g is not invertible but there exist
a finite number of z; such that y = g(z;) [z; and y are
possible outcomes of u and v, respectively], then

() z\dq

(D8)

\ @', (DY)



A simple illustration of the latter case is the function
v = g(u) = u?, for which u = +yv = gl_%(v) o
|dgfé (v)/dv| = 1/(24/v). Using Eq. (D9) one gets

Pu(=vy) - (D10)

Py(y) = ngpum) + ng

If P, is a Gaussian function as in Eq. (D5), one gets

1 1 Y
- (),
VYV 2mo? 202

which is also known as the chi-square distribution x? with
degree k = 1.

Application. The distribution P, () of the diagonal
matrix elements n,, in Eq. (D1) is derived using first
Eq. (D11) followed by Eq. (D8), and results in Eq. (17)
in the main text.

P,(y) (D11)

2. Product distribution of normal random variables

Let w and u’ be two independent random variables with
the corresponding PDFs P, (x) and P, (2') [x and 2’ are
possible outcomes of u and v, respectively], and let v =
uu’ be the product of these two variables. The product
distribution of the latter is denoted as P,(y) and can be
obtained as

P,(y) = e P,(z)Py(2")6(zx’ — y)dwdx'
/;DO /;OQ
<1

- / (o Po(e) Puuf )i (D12)

If P, and P, are both normal distributions with the same
variance, then the product distribution P, is

o) 2 2 /2
Pu(y) = 1/ 1exp<—x +y/x)dx

2n0? J_ o || 202

1 1y
-~ g (¥
o2 O<02) ’

where K is the modified Bessel function of the second
kind.
Applications.

(D13)

The distribution P,  (z) of the off-
diagonal matrix elements n,5 in Eq. (D2) is derived us-
ing first Eq. (D13) followed by Eq. (D7), and results in
Eq. (18) in the main text. Similarly, the distribution
Py, (z) of the diagonal matrix elements h,,, in Eq. (D3)
is derived using identical steps, and results in Eq. (19) in
the main text.

3. Sum distributions

Let v and %' be two independent random variables
with the corresponding PDFs P, (z) and P,/ (z'), and let
v = u + ¢’ be the sum of these two variables. The sum
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distribution of the latter is denoted as P,(y) and can be
obtained by the convolution

Py) = [ Pule)Puty - o).

—00

(D14)

A convenient way of calculating the sum distribution
is through the so-called characteristic functions, i.e.,
the Fourier transforms of the PDFs. Let R,(q) be
the Fourier transform of P, (z), defined as R, (q) =
[ €' P, (z)dz. Since the Fourier transform of P,(y)
from Eq. (D14) can be expressed as a product of two
Fourier transforms, R,(¢q) = R.(q)Ru. (q), one can calcu-
late P, using the relation

P,(y) = FT! [Ru(Q)Ru’(Q)] . (D15)

If the distributions P, and P, are identical and given
by the modified Bessel function of the second kind from
Eq. (D13), then their characteristic function is R,(q) =

1/4/1 4+ ¢?0*, and the sum distribution is

1 [ ‘ 1
Py(y) = o exp (—igy) § ey dgq
1

(D16)

Application.  The distribution P,__ () of the off-
diagonal matrix elements h,z in Eq. (D4) is derived us-
ing first Eq. (D16) followed by Eq. (D7), and results in
Eq. (20) in the main text.

Appendix E: Distributions of matrix elements of
observables g

In Sec. VB we showed that the matrix elements of the
operator T exhibit a Gaussian distribution. Below we
consider the operator § from Eq. (24), which is defined
in a general form using k;; as the coupling between the
sites i and j. In particular, we study two instances of the
operator ¢ that can be viewed as independent realizations
of the Dirac SYK2 and the 3D Anderson Hamiltonians.
We show that in both cases the distributions of matrix
elements are Gaussian.

1. An independent realization of the
SYK2 Hamiltonian

We first consider the case in which the coefficients
Kij in g (24) are normally distributed random variables
with a variance of diagonal matrix elements that is twice
that of off-diagonal ones. We consider a single realiza-
tion of those coefficients (defining a single observable §
that can be seen as an independent realization of the
SYK2 Hamiltonian, but traceless and properly normal-
ized) and carry out averages over different Hamiltonian
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FIG. 14. Distributions of (a) diagonal and (b) off-diagonal
matrix elements of the observable ¢ in the 3D Anderson
model, and distributions of (c) diagonal and (d) off-diagonal
matrix elements of the same observable in the Dirac SYK2
model. The system size is V = 16%. The all-to-all couplings
Kij in g [see Eq. (24)] are normally distributed random num-
bers with zero mean and variance o® = 2/V (0 = 1/V) for
the diagonal (off-diagonal) matrix elements. The parameters
ki; are fixed, so averages are carried out only over Hamilto-
nian realizations. Points are numerical results for 200 eigen-
states near the mean energy, averaged over 100 and 20 Hamil-
tonian realizations in (a),(c) and (b),(d), respectively. The
solid lines are Gaussian distributions with zero mean and vari-
ance (a),(c) 0? = 2/V and (b),(d) 0® = 1/V.

realizations. The resulting distributions of matrix ele-
ments are shown in Figs. 14(a) and 14(b) for the 3D An-
derson model, and in Figs. 14(c) and 14(d) for the Dirac
SYK2 model. The PDFs are, as expected, Gaussian. We
checked (not shown) that similar results are obtained if
k;; are random variables with a box distribution, or if
the diagonal elements k;; are normally distributed ran-
dom variables while the off-diagonal elements are zero.

2. An independent realization of the
3D Anderson Hamiltonian

Next we consider the case in which the diagonal val-
ues k;; in § (24) are random variables with a box distri-
bution in the interval [—1/2,1/2], while the off-diagonal
values k;; are -1 for nearest neighbor sites in the cubic
lattice and zero otherwise. This instance of the opera-
tor g can be seen as an independent realization of the
3D Anderson Hamiltonian Ha (3) at W = 1 with a unit
Hilbert-Schmidt norm.

The main panel in Fig. 15 shows the diagonal matrix
elements of § in a single Hamiltonian realization. They
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can be seen to be close to, but fluctuating about, a linear
function of E, [similar to the diagonal matrix elements
of T in Fig. 2(a)]. The fluctuations are more visible in

3.0f (a) 0.04 -
0
1.5
3
5 0.0
-1.5
3.0} 10,04 T
-6 -3 0 3 6
Eq

FIG. 15. Diagonal matrix elements of the observable g in the

3D Anderson model vs the energy eigenvalue E, for V = 223.
The diagonal k;; in § [see Eq. (24)] are random numbers with
a box distribution in the interval [—1/2,1/2], while the off-
diagonal k;; are -1 for the nearest neighbors on the cubic
lattice and zero otherwise. We study a single realization of
g. Gray/dark (red/light) symbols are numerical results for all
eigenstates (200 eigenstates around the mean energy). Insets:
(a) A close-up of the diagonal matrix elements around the
mean energy of the entire spectrum. (b) The same matrix el-
ements as in (a) but with the moving average g subtracted.
For a target eigenstate «, the moving average Q_Taais computed
using the matrix elements of the 20 closest eigenstates.

Fig. 15(a), where we show a close-up about the mean en-
ergy of the spectrum. When calculating the variance and
distributions of diagonal matrix elements, it is important
to subtract any global structure, so that the resulting ma-
trix elements have the same mean throughout the spec-
trum. We achieve this in our analysis of the central 200
eigenstates [marked with red/light color in Fig. 15(a)]
by subtracting the moving average, see Fig. 15(b). The
moving average is computed using the matrix elements
for the closest 20 states. The distribution of the struc-
tureless matrix elements is then well described by the
Gaussian function, see Fig. 16(a). Similar distributions
were observed for the operators presented in Fig. 14.

In the case of off-diagonal matrix elements, the struc-
ture in the frequency space does not play any signifi-
cant role, so one can directly study the distributions ob-
tained from 200 eigenstates around the mean energy, as
in Fig. 14. The results in Fig. 16(b) show a very good
agreement with a Gaussian distribution.

For both Gaussian functions in Fig. 16 (lines) the vari-
ance was computed numerically directly using the matrix
elements. We also find, not shown, that the ratio of the
variances is %2 2~ 1.9 (close to the RMT result X2 = 2).
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FIG. 16. Distributions of (a) diagonal and (b) off-diagonal
matrix elements of the observable § (the same observable as in
Fig. 15) in the 3D Anderson model for V' = 22°. The structure
of diagonal matrix elements was removed before determining
the distribution (see text, and Fig. 15, for details). Points are
numerical results for 200 eigenstates around the mean energy,
averaged over 100 and 20 Hamiltonian realizations in (a) and
(b), respectively. Solid lines are Gaussian distributions with
zero mean and variances (a) o® = 0.0498/V and (b) 0? =
0.0267/V, which are calculated from the numerical results.
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