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1. Introduction

We first concisely state main contributions of the paper with the caveat that detailed definitions and formulations will
be provided in the following. Consider a sample of functions X;(t), t € T, such that each of them has the same distribution
as X. The Karhunen-Loéve expansion is X(t) = Z;’:O] &vj(t). The functions v; are the functional principal components
(FPCs) and the random variables &; are their scores. We want to estimate extremal dependence of & and &y. We define
a measure of such a dependence, which we denote by D(§;, ). We then define an estimator of D(§j, £/) and formulate
conditions under which it is consistent (Theorem 1) and asymptotically normal (Theorem 2). The main difficulty is that
the population scores &; = (X;, v;) are not observable.

This paper thus makes a contribution at the nexus of functional data analysis (FDA) and extreme value theory (EVT).
We assume that the reader is familiar with mathematical foundations of functional data analysis and central principles
of extreme value theory. The FDA background given in Chapters 2 and 3 of Horvath and Kokoszka [17] is sufficient, and
more detailed treatment is provided in Hsing and Eubank [18]. Recent advances in FDA are surveyed in Goia and Vieu
[15], Aneiros et al. [1], and Cuevas [5].

Chapters 2 and 6 of Resnick [31] provide sufficient background in extreme value theory. Other references are cited
when needed. We assume that all functions are elements of the space L[> = [?(7"), where the measure space 7 is such
that L>(7), with the usual inner product, is a separable Hilbert space. This will be ensured if the measure on 7 is o-finite
and defined on a countably generated o -algebra, see e.g. Proposition 3.4.5 in Cohn [2]. In particular, 7 can be taken to be
a complete separable metric space (Polish space).
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Fig. 1. The first three sample FPCs of intraday returns on Walmart stock based on sample of 1378 curves.

Suppose Xi, ..., X, are mean zero iid functions in L? with E|IX;]|> < oo, and denote by X a generic random function
with the same distribution as each X;. A main dimension reduction tool of functional data analysis is to project the infinite
dimensional functions X; onto a finite dimensional subspace spanned by the FPCs. We now recall the required definitions.
Consider the population covariance operator of X, defined by

C(x) = E[(X,x)X], xe¢€ I (m

The eigenfunctions of C are the FPCs, denoted by v;,j > 1, i.e., C(v;) = Ajvj, where the A; are the eigenvalues of C. The
FPCs lead to the commonly used Karhunen-Loéve expansion

Xi(t) = Zsijvj(t), Sij = (X,', vj) s EEUZ = )\j. (2)
=1

The FPCs v; and the eigenvalues }; are estimated by 9; and 4;, which are solutions to the equations
E(z‘;j)(t) = ):jf)j(t), foralmostallt € T, (3)

where C is the sample covariance operator defined by

n

~ 1
e =~ Z X, x)X;, xel’
i=1
Each curve X; can then be approximated by a linear combination of a finite set of the estimated FPCs v;, i.e., Xi(t) ~
Z}’Zl &;0;(t), where the &; = (X;, f)]-) are the sample scores. Each &; quantifies the contribution of the curve 3; to the shape

of the curve X;. Thus, the vector of the sample scores, [én, RN éip]T, encodes the shape of X; to a good approximation. To
illustrate, Fig. 1 displays the first three sample FPCs, 01, 0, 03, for intraday return curves R;, 1 < i < 1378, for Walmart
stock from July 05, 2006 to Dec 30, 2011. These data are described in detail in Section II of the supplement. The curves R;
show how a return on an investment changes throughout a trading day as two examples are shown in Fig. 2. The curve
U is a monotonic trend throughout the day. If the score corresponding to it is large, trading in this stock on a given day
was dominated by a systematic increase (or decline if the score is negative) in the price of the stock. Notice the gradually
decreasing slope of vy, which reflects the well-known fact that the most intense trading takes place after the opening of
the trading floor. The second FPC, ¥,, has a large score, if there is a significant reversal in investor sentiment during a
given trading day. These observations are illustrated in Fig. 2.

The main interest in this paper is the estimation of extremal dependence between the scores corresponding to
different FPCs. Extremal dependence is a tendency of large values of one component to be coupled with large values
of another component of a random vector. In the context of our Walmart stock example, extreme dependence between
the first and second scores indicates that an extremely high monotonic trend and a pronounced reversion tend to occur
simultaneously. We assess extremal dependence of the scores by means of the extremal dependence measure (EDM),
which is constructed based on the theory of heavy-tailed regularly-varying random vectors. There has been considerable
research on quantifying the tail dependence between extreme values in a heavy-tailed random vector. Ledford and Tawn
[23,24,25] defined the coefficient of tail dependence, which was later generalized to the extremogram by Davis and
Mikosch [7]. While these approaches are essentially based on the exponent measure of a random vector, the EDM is
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Fig. 2. Walmart intraday cumulative return curves on two trading days and their approximations by Z?:, é,-jf)j(t). In the left panel, & = —4.7, &, =

0.4, &5 = —0.1, observed on October 7, 2008. In the right panel, & = 0.8, & = 1.2, & = 0.1, observed on November 18, 2008.

defined in terms of the spectral measure. The EDM was introduced by Resnick [30] and further investigated by Larsson
and Resnick [22]. Important related papers are Genton et al. [14] and Cooley and Thibaud [3].

In this paper, we quantify extremal dependence of scores using the EDM. To estimate the EDM of population scores,
we consider an extension of the estimator proposed by Larsson and Resnick [22]. It is important to emphasize that in our
functional setting, the estimator can only be computed using the sample scores &; = (Xi, f)j) not the population scores
& = <X,, v,) because the &; are unobservable. Establishing large sample properties of any estlmator based on sample scores
requires taking the effect of the estimation of the scores into account. Since the estimator Cin (3) depends on the whole
sample X1, ..., X;, the vectors [“;‘,1, .. S,p]T are no longer independent, even if Xi, ..., X, are i.i.d functions. They form
a triangular array of dependent 1dent1cally distributed vectors of dimension p. We also note that the population scores
satisfy Cov(&;, &) = 0 if j # j and the sample correlation of the sample scores éu and 511’ is also zero. However, the
correlation is a measure of the overall dependence, and there may be strong dependence, e.g. between the positive parts
E* and 5 in particular there may be extremal dependence in specific quadrants. Another point to keep in mind is that
for regularly varying observations, zero covariance does not imply independence.

The remainder of the paper is organized as follows. In Section 2, we introduce preliminaries on multivariate regular
variation and the EDM, and extend the concept of the EDM to multivariate data. Our main large sample results are
presented in Section 3, which deals with the EDM for scores of functional observations. Section 4 presents a number
of preliminary results. These results allow us to streamline the exposition of the proofs of the results of Section 3, which
are presented in Section 5.

The paper is accompanied by online Supplementary Material, which contains several sections. Section 1 explains how
to normalize tail indexes of components of multivariate vectors. This is a well-researched topic in EVT, but may be less
known in the FDA community, so a brief account needed to understand the application in Section 2 of the supplement is
provided. Sections 2 and 3, present, respectively, an application to functional return data and a simulation study. Section 4
contains additional tables discussed in Section 3.

We hope that this work will be received with some interest by researchers working in two exciting and dynamic fields:
functional data analysis and extreme value theory.

2. Multivariate regular variation and the EDM

We start by introducing multivariate regular variation for random vectors with positive components because the
extremal dependence measure (EDM) was defined in such context. Following Resnick [31], we denote by E4 = [0, co]?\ {0 }
the nonnegative orthant compactified at infinity. We denote by M, (E4) the space of Radon measures on E4, and by 5
the vague convergence in M (Ey). An E4-valued random vector Z = [Z1, ..., Zy]" with distribution function F is regularly
varying with index —«, o > 0, if there exist a sequence b(n) — oo and a Radon measure v on E4 such that v(t-) =t~ v(-),
and

Z v
nPr (m € ) — v, in M (Eg). (4)

Unless stated otherwise, all limits are taken as n — oco. We assume that one-dimensional marginal distributions of v
are nondegenerate. In (4), all components are normalized by the same sequence {b(n)}, which means that all marginal
distributions are tail equivalent with the index —c«, see Remark 6.1 in Resnick [31]. A possible choice for b(n) is the
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quantile function, defined by Pr(Z; > b(n)) = n~!. When b(n) = n, all marginal distributions are tail equivalent to the
standard Pareto distribution with « = 1, which is called the standard case.

There are various equivalent formulations of multivariate regular variation, see Theorem 6.1 of Resnick [31]. The
formulation with a polar coordinate representation is commonly used due to its computational convenience and intuitive
interpretation. Fix a norm || - || in R% and set S¢ = {x € RY : ||x|| = 1} N Ey, the unit sphere in the nonnegative orthant. A
d-dimensional random vector Z = [Z, ... ,Zd]% is regularly varying if and only if there exist a sequence bg(n) — co and
an angular probability measure I” on Si such that for (R, @) = (||Z]|, Z/||Z])),

(n)

where v, (x, 00] = x ™ and ¢ = v{x : ||X|| > 1} > 0. The sequence {bg(n)} in (5) is defined by Pr(R > bg(n)) = n~', so in
this case bg(-) depends on the choice of the norm || - ||. Definitions (4) and (5) can be extended directly to an R%-valued
random vector with v on R?\ {0} and I" on $! = {x € R? : ||x|| = 1}, see, e.g., Propositions 2.2.5 and 2.2.6 of Meiguet
[27]. In practice, the components of a random vector might not be tail equivalent. The case of different tail indexes of the
coordinates, and transformations which make the coordinates tail equivalent are discussed in Section I of the supplement.

We now turn to the EDM. Given a regularly varying nonnegative bivariate random vector Z = [Z;, Z,]", Larsson and
Resnick [22] define the EDM by

R v
"Pr«f’ @> ¢ ) Y v x I, in ML((0, 00] x 54, ®)
R

1

EDM(Zl,Zz) = / alaZF(da). (6)
%2
The EDM takes the minimal value of zero, EDM(Z;, Z,) = 0, iff the coordinates of Z are asymptotically independent.
This means that the angular measure I" concentrates on {(1,0)/|(1, 0)||, (0, 1)/]/(0, 1)||}, or equivalently, the exponent
measure v concentrates on the axes. Also, if the norm is symmetric, EDM(Z;, Z,) achieves its maximal value iff the
distribution of Z has asymptotic full dependence; i.e., I' has mass on {(1, 1)/]|(1, 1)||}, or equivalently, v concentrates
on the line {t(1, 1), t > 0}.

Larsson and Resnick [22] show that the EDM can be interpreted as the limit of cross moments between normalized Z;
and Z, conditional on large values of R = || Z||;

. 212
EDM(Z,Z;) = imE| ——=|R>r1].
r—o00 R R

Based on this relation, they propose an estimator for EDM(Z;, Z,), defined by

n

1 Zin Zip
Di(Z1,25) = X ,2; EEIR;ER(W (7)
where Z; = [Z, Z»]", 1 < i < n are iid copies of Z = [Z1,Z,]", R = ||Z;]|, and Ry is the kth largest order statistics with
the convention R;;) = max{Ry, ..., Rq}.

Larsson and Resnick [22] consider non-negative bivariate vectors. To be able to work with the vectors of scores of
functional data, we first have to extend their definitions to a setting of multivariate random vectors of an arbitrary
dimension. Our first objective is to generalize (6) to a d-dimensional vector Z = [Zy, ..., Z4]". We formulate the EDM
between the components Z; and Z, for simplicity. We first assume that all components are positive. Given the angular
measure I” on Si for Z, we define the EDM for Z; and Z; as

a az
oz, 2:) = | I(da) (8)
st (a1, a2,0,...,0)[
We set a;a,/ ||(a1, a2, 0, . .., 0)]|> = 0 when a; = a, = 0. Definition (8) is different from a simple extension of (6) given
by
D'(Z1,Z,) = / aia; " (da). (9)
s

We will now argue that for a d-dimensional vector Z, with d > 3, D is a better measure for assessing extremal dependence
between Z; and Z, than D'. Suppose that a random vector Z = [Z;, Z», Z3]" is regularly varying with an angular measure
I' on Si, and fix the Euclidean norm || - || in Ri. Consider the following four cases:

1. The angular measure I has unit mass on (1, 1, 10)/4/102; the exponent measure v; concentrates on {t(1, 1, 10),t > 0}.
2. The angular measure I3 has unit mass on (1, 1, 1)/«@; the exponent measure v, concentrates on {t(1, 1, 1), t > 0}.
3. The angular measure I3 has unit mass on (7, 7, 2)/+/102; the exponent measure v3 concentrates on {t(7,7,2),t > 0}.
4. The angular measure I has mass 1/2 on each (1,1, 10)/4/102 and (7,7, 2)/+/102; the exponent measure vy
concentrates on {t(1, 1, 10), t > 0} U {t(7,7, 2), t > O}.
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Suppose Z has a Pareto distribution with index « > 0. The following random vectors have extremal distribution

corresponding to each of the above cases:

VW =1(z,2 1021, ¥ =1z, 2z, 21, 7I® =171z, 7Z, 27],

W =¢(z, z, 1021+ (1 — €)[7Z, 7Z, 2Z],

where & is a Bernoulli random variable with probability of success 1/2.
Set P1, = {[t1, t2, 0], t1, t; € R}. The projections of the random vectors Z(V, Z®), Z®), and Z® onto P;, are, respectively,

70 =1z, 21, Z® =z, z1, Z® =[72, 72], Z¥ =2+ 7(1 — £)Z, €Z +7(1 — £)Z].

For all of the projected random vectors, the two components are equal, so a good measure of extremal dependence
between them should attain its maximal value. Since we use the Euclidean norm and I" is normalized to unity, the
maximum value of both D and D’ is 1/2. Direct verification shows that we achieve the maximum value for all cases
using the measure D. The measure D’ however does not give the maximum value. For each case:

1 34
1r7(1) (1) 117(2) £(2)
D'(Z;",Z,’) = — D'(Z:7,Z2y7) = —
(Z,".2,") 103’ (2,7, 2,7) 102"
49 11 49 1 25
D 2(3),2(3 D’ Z(4),Z(4 4 ==
@ )= 102 @50 = 1022 71022 102
It can be further shown that, for any norm || - || in RY, the measures D and D', defined for d-dimensional vector Z with
d > 3, are not equivalent in the sense of Definition 1 on p.234 of Larsson and Resnick [22], which we now recall. For a
given Z, let pi(Z de i(@)I"(da) for some nonnegative map k; : S +— R.. Then p{(Z) and p,(Z) are equivalent if and

only if there are constants O <m <M < oo such that
mp1(Z) < pa(Z) < Mp1(Z).
It is obvious that the measures D and D’ are equivalent for a bivariate vector Z. We formalize the nonequivalence between

the measures for a d-dimensional vector Z with d > 3 in the following proposition.

Proposition 1. Suppose that a Eq-valued random vector Z = [Z, ..., Z4]" is regularly varying with angular measure I" on
Si, with d > 3. Then D(Zy, Z,) and D'(Zy, Z,), defined in (8), (9), respectively, are not equivalent for any norm || - || in R%.

Proof. Proposition 1 of Larsson and Resnick [22] shows that p{(Z) and p,(Z) are equivalent if and only if there are
constants 0 < m < M < oo such that

mki(a) < kp(a) < Mki(a), VYaesi. (10)

Observe that the ratio of the integrand in D'(Z, Z,) to the integrand in D(Z;, Z,) is ||(a1, a2, 0, . .., 0)||. This ratio is clearly
zero at a = 0, violating (10), but 0 ¢ SE‘P We therefore consider a path in Si defined by

ax) = (x,x,1,0,...,0)/[I(x,x,1,0,...,0), x0.
Then,

l(x,%,0,0,...,0)>
ai(x), ax(x), 0,0, ...,0)|*> = 0,
(a1 (x), ax(x) )] ||(x,x,l,0,...,0)||2_)

as x \, 0 because every norm in R¢ is equivalent to the Euclidean norm. 0O

Another question of interest is the relationship between D(Z;, Z;) in (8) and EDM(Z, Z,) in (6). We clarify it in the
following proposition. Related results are derived in Opitz [28], de Fondeville [12] and de Fondeville and Davison [13].

Proposition 2. Suppose that the exponent measure and angular measure of a d-dimensional regularly-varying random vector
Z=1[Z,...,2Z4]" are, respectively, v on Eq and I" on S‘i. Denote the exponent measure and angular measure of the bivariate
vector [Z1,Z,]", respectively, by v, on E; and I; on S%. Then,

D(Z1,2) = f N I(da)= / bib, I(db) = EDM(Zy, Z3)
st (a1, a2,0,...,0) $2

and, for any Borel set G C E,,
12(G) = v(G x [0, 00]?72).
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Proof. We first clarify the connection between the measure v on E4 and the measure v, on E,. By (4), for any measurable
rectangle A x B C E,,
V(A x Bx[0,00]%%)  nPr(Z/b(n) €A x B x [0, 00]"?)

12(A X B) oo nPr(Zi/b(n) € A Z,/b(n) € B)
We conclude that the measure v, is obtained by integrating the entire measure v over all coordinates except for the first
two.
According to formulas on page 239 of Larsson and Resnick [22], EDM(Z;, Z;) can be expressed as

1 1y
/ bibyI(db) = ———— — 2y (dydy,).
s2 v2 (I y2l > D) Jygqmi=1 11, y2)Il
Therefore, using the relationship between v, and v,
1 y1y
/ bib Iy(db) = —— =2 (dy).
s2 VY Y1, Y2, 0, .-, 00 > 1) Jiyigyy9.0,.001=13 171, Y2, 0, ..., 0)]]
Applying the polar transformation T defined by T(y) = (|lyll, ¥/ llyll) for y € E4, we obtain
1
bib, I(db) = foT (r,a) voT \(dr x da),
];1 vy : 11,52, 0, ..., 00l > 1) Jr(y:101.9.0,...001> 1)
where f(y) = y1y2/l(y1.¥2, 0, ..., 0)|/% First observe that
TAy: Iy, ¥2,0,...,0) > 1) ={(r, (a1, a2, ..., ag)) : l(raq, 12, 0, ..., 0)|| > 1}
={(r.(a1,az,....a4)) : 7 > [(a1,a,,0,...,0)|"'}.
Using the fact that v o T~! = cv, x I', where ¢ = v (|ly|| > 1), we obtain
VAY 31,20, 0 > 1) =vo T (T {y: [(1.¥2.0,....0)| > 1}))
=cvy x I'({(r. (a1, a2, ..., aq)) : 7 > [[(a1, 2. 0,...,0)|'}) = cl(ar,a2.0,...,0)]*.
Therefore,
1 aa,
b1by I3(db) = = / / cve(dr)I(da)
/gi cli(ar, az,0,.... O Jst Jisjiarap0....0-1 ll(@1, @2, 0, ..., 0)]?

aa
:/ 172 5 I(da). O
st (a1, a2, 0, ..., 0)

By Proposition 2 we can use the estimator (7), originally introduced for EDM(Z;, Z,), to estimate D(Z;, Z,) as well.

A further extension of the EDM (6) is that from the nonnegative quadrant to the four quadrants, as a vector of the
scores takes on values in R%. Larsson and Resnick [22] define the EDM for a nonnegative random vector, but (6) can be
readily generalized to a random vector Z = [Z;, Z,]" with real components. Suppose that Z = [Z;, Z,]" in R? is regularly
varying with an angular measure I on S%. Then, we define the EDM for Z = [Z;, Z,]" by

EDM(Zl, Zz) = / alazfz(da). (11)
s2
The above definition allows us to quantify the strength of the extremal dependence between Z; and Z, in R?. Unlike (6),
(11) can take a negative value depending on which quadrants I has its mass on, so careful interpretation is needed.
To explore the dependence spectrum that (11) can measure, we fix the Euclidean norm || - | in R2. Then, (11) has
a range from —1/2 to 1/2. The maximal value, 1/2, indicates a perfect positive extremal dependence; here, “positive”
means that Z; and Z, have the same signs, and “perfect” means that the magnitudes of Z; and Z, show asymptotic full
dependence, i.e., I, concentrates on {(1, 1)/«/5, (-1, —l)/ﬁ}. Similarly, the minimum value, —1/2, indicates a perfect
negative extremal dependence; “negative” means that Z; and Z, have the opposite signs, and in this case I" has mass on
(=1, 1)/v/2, (1, =1)/+/2}.

Note that if Z exhibits asymptotic independence, i.e., its exponent measure concentrates on the standard axes, then
(11) is 0, but the reverse does not necessarily hold true. For example, if I, concentrates equally on each element of

(1, 1)/V2, (=1, 1)/v2, (=1, -1)/¥/2, (1, -1)/+/2},

then (11) is 0, but each quadrant shows the perfect dependence. To avoid this issue and take into account the extremal
dependence in each quadrant, we suggest to complement (11) on the unit sphere S? with its decomposition into the
four quadrants. Let S(z+’+) = §? N {(x1,%x2) € R* : x; > 0,x, > 0}. Similarly, let S(Z_Hr) =8N{x < 0,x, > 0},

6
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S(z o= SN {x; <0,x, < 0}, and 82 o= S$? N {x; > 0,x, < 0}. We define the supplementary measure for (11) by
splitting the EDM into the four quadrant spheres,
[/ aya;1>(da), / a,a;1>(da), / a,a;13(da), / alaze(da)} . (12)
s? s? s? s2
++) ) =) +.-)

To estimate each of the components in (12), we slightly modify (7); for example, an estimator for fs(z : aia, ' (da) is
+.+

1 Zin Zip
D(+ +)(Zl ZZ) k Z }é RI IR1>R(,<)IZ,1>OZ,2>0

To elaborate, we first order the n bivariate vectors by norm and consider the top k vectors with large norm. We then use
only those for which Z;; > 0 and Z;; > 0 from the k vectors. Estimators for the other components in (12) can be obtained
in the same manner reflecting the different quadrants.

We conclude this section with an analog of Proposition 2. Given an R¢-valued random vector [Z;, ..., Zs]", we can
measure extremal dependence between Z; and Z, using (8), but integrated over the whole sphere S. Following the steps
in the proof of Proposition 2, it is readily shown that D(Z;, Z,) for two components of an R%-valued vector is in fact the
same as (11).

Corollary 1. Suppose the angular measure of a R%-valued random vector [Z;, ..., Zs]" is I" on S and the angular measure
of [Z1, 251" is I, on S2. Then,
aa;

sd [I(as, az, 0,

D(Zy,2;) = N I'(da) = / b1byI5(db) = EDM(Z1, Z,).
S2

3. The EDM for scores of functional data

In this section, we consider the estimation of the EDM of scores of functional data. Following the framework introduced
in Section 1, recall that Xi, ..., X, are mean zero iid functions in [? with E ||X;||> < oo, and that each X; admits the
Karhunen-Loéve expansion (2). The unknown population scores &; = (Xi, vj) in (2) are estimated by the sample scores

éij = <X,<, f),-), where the 9 are estimators of the FPCs v;. We introduce the following random variables:

=[5, ... &) H=Xv), Y =&, ... &l &=(X.v).

=[&,....8", &= (X, ﬁj>, ?,d =&, ..., Eal', &= (Xi, 13;)-
To quantify the extremal dependence between components &; and & in Y¢, we consider the EDM, D(§;, &), defined in (8).
Then, by Corollary 1,

D(. &) = / a0,y (da), (13)

where I}y on §? is the > angular measure of the bivariate random vector [, &1
Set Y; = [&;, &]17 Y = [SU, S,j , 1 < i < n, where we suppress the dependence of the bivariate vectors on j and j'.
In light of (7), we cons1der two random variables that approximate D(&;, &):

& &y
Du(§. &) ,{Z Iz,

Bil, &) = ZS"E" . (14)

R R
i Ri (k)

where R; = ||Yil|, R = ||Y I, and Ry and R: (i are the respective largest order statistics. There is a fundamental difference

between D, (&, &) and D,,(gj, &) Dn(§j, &) is an infeasible estimator because the FPCs v; are not observable, so the &;
cannot be computed from the data. The estimator based on the sample scores, D (Sj, &), is what we can actually compute.
Therefore, the consistency of D 2(&, &) for D(&;, &) must be established. As noted in the Introduction, the sample scores
§,~j are no longer independent in i (nor in j); they form a triangular array of dependent identically distributed vectors of
dimension d. This new aspect of EDM estimation is specific to functional data. To handle it rigorously, we must introduce
a suitable framework for regular variation of functional data. We follow Hult and Lindskog [19] and Meiguet [27].

Hult and Lindskog [19] introduced a framework based on M, convergence, where M, is the space of measures on a
complete separable metric space. Meiguet [27] further investigated regular variation in Banach spaces using the notion
of My convergence. We define a regularly varying function in a separable Banach space B as follows.

7
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Definition 1. Denote the norm in B by || - ||z and the unit sphere in B by S := {x € B : ||x||z = 1}. A random element X
in B is regularly varying with index —«, o > 0 if any of the following conditions hold:

(i) There exist a measure v and a regularly varying sequence b(n) — oo with index 1/« such that

pr X Mo 15
n r(b(n)e~>—>v(~), n— oo, (15)

where v is a non-null measure (exponent measure) on the Borel o-field B(By) of Bo = B \ {0}.
(ii) There exist a probability measure I" on S and a regularly varying sequence bg(n) — oo such that, for any y > 0,

nPr(|X|ls > ybr(n), X/IX|ls € -) —> ¢y *I'(-), n— oo, (16)

There are several equivalent definitions, see Section 2.2 of Meiguet [27], which also contains all details. The quantile
function b(t) in (15) admits the representation

b(t) = tVoL(t), t >0, (17)

where L is slowly varying as t — oo, see e.g. Resnick [31] p. 20, for the definition. An analogous representation holds for
the function bz. With the choice of bg(n), defined by Pr([|X ||z > bg(n)) = n~!, we get ¢ = 1in (16) since I'(S) = 1 for
any y > 0.

We briefly review the theory of My convergence. Let B, := {z € B : ||z||z < ¢} be the open ball of radius ¢ > 0 centered
at the origin. A Borel measure v defined on By, is said to be boundedly finite if v(A) < oo, for all Borel sets that are bounded
away from 0, i.e., ANB, = @, for some ¢ > 0. Let M, be the collection of all such measures. For v,, v € M, the v, converge
to v in the My topology, if v,(A) — v(A), for all bounded away from 0, v-continuity Borel sets A4, i.e., v(dA) = 0, where 0A
is the boundary of A. If B is an Euclidean space, Definition 1 is equivalent to regular variation as defined in Section 2.

We work in the Hilbert space L?, so in the following we replace the general Banach space B with a separable Hilbert
space H. We define the finite-dimensional projection of z € H on the subspace spanned by fi, ..., f; € H by

We claim in the following proposition that regular variation in H implies regular variation of the finite-dimensional
projections in RY. To lighten the notation, we suppress the subscript f, ..., f; so that 7(z) = 7f,,...5(2). Let B(S?) be
the Borel o-field on S?. For any set S in B(S?), define a set of elements in H by

Ax(S)={z e H: n(2)| > 1, n(2)/lI7(2)] € S}. (18)

Proposition 3. If a random element X in H is regularly varying with index —a, a > 0, and v(A,(S9)) > 0, then 7(X) is
regularly varying in R¢ with index —a.

In our FDA context, the functions fi, . . ., fy of interest are the FPCs vy, ..., vq. We work under the following assumption.

Assumption 1. The functions X, ..., X, are i.i.d copies of X, which is regularly varying in L? according to Definition 1

..... , g is defined according to (18)).

By Proposition 3, under Assumption 1, the projection Y¢ = Tu,,....vg(X) is regularly varying in R?¢ with the same index
as X. The assumption « > 2 ensures that E[|X||> < oo, so that the FPCs can be defined. If « = 2, then either E|IX||> = o0
or E||X||? < oo are possible, and complex assumptions on the slowly varying function L would be needed to ensure that
E|X||*> < oo. Similarly, if « = 4, then either E||X||* = oo or E[|X|* < oo are possible. There is a phase transition at
o = 4 found in the functional context by Kokoszka et al. [21]. The phase transitions at « = 2 and ¢ = 4 in various
context related to regular variation have been well-known since the 1980s, see, e.g., Theorem 3.5 in Davis and Mikosch
[6], earlier papers of Davis and Resnick [8,9,10], and Embrechts et al. [11] for a broad picture. We therefore exclude o = 2
and o = 4 from our analysis. In the context of research on regularly varying and heavy-tailed random elements, the chief
restriction is @ > 2, needed to ensure that the FPC are readily defined. It is conceivable that in the context of functions
whose projections are heavy-tailed, data-driven bases different from the FPC might be appropriate, but such bases have
not been devised yet. .

As noted earlier, the sample scores &; = (X,~, fzj> form a triangular array whose elements are dependent across i and j.
We now review bounds on the distance 9; — vj. As noted in the Introduction, these bounds apply to sign ((f)j, vj)) vj — vj,
but the sign always cancels in final formulas, so we assume that sign ((f)j, vj)) = 1. Recall that v; is the jth eigenfunctioE
of the covariance operator C in (1) corresponding to the eigenvalue 2;, and ¥; is the jth eigenfunction of its estimator C
in (3). By Lemma 2.3 in Horvath and Kokoszka [17],

195 — vjll < AIC —Cll, (19)
provided d; > 0, where A; = 2+/2/d;, and
di = A1 — Ay, dj = min {)\.];1 — )»j, )»j — }‘j+l} s ] > 2. (20)

8
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Fig. 3. The graph of the function y(«) for @ € (2, 6).

The asymptotic properties of the distance between C and C are separated into two cases depending on the range of «. If
o > 4, then E||X||* < oo, so, by Theorem 2.5 in Horvath and Kokoszka [17],

E[C—C|>=o0(n"). (21)
Using (19), we have
Elld; — vill> = o(n™ ). (22)

The case of regularly varying X with tail index o e (2, 4), which implies E||X||> < oo and E|[X||* = oo, is studied
in Kokoszka et al. [21]. Under week conditions, relation (21) must be replaced by
EIIC = CII% < L(mn P12/ v B € (0,/2), (23)

where Lg is a slowly varying function. For a fixed «, the strongest bound is obtained as 8 7 «/2, in which case
B(1—-2/a) /1 «/2—1.Asa / 4and B8 /' «/2, relation (23) thus approaches, in a heuristic sense, relation (21).
From (19) and (23), we get the condition

Elfy —vlf =o(n™), Ve (1, %) Vie (o, B (1 - g)) (24)

To see this, observe that
n“E||9; — v|lf < An“E||IC — C|I% < AjLy(n)n—PO=2/0rHe,

Since —8(1 — 2/a) + k < 0, by Proposition 2.6 (i) of Resnick [31], we obtain (24).
Assumption 2 thus always holds as long as the eigenvalue separations d; defined by (20) are positive, but this is a
sufficient condition, so we state what is needed for our results to hold.

Assumption 2. The estimators ¥; satisfy (22) if « > 4 and (24) if ¢ € (2, 4).

Asymptotic properties in extreme value theory are typically derived as the number of upper order statistics, k,
tends to infinity with the sample size n, in such a way that k/n — 0. This condition remains to be sufficient for
Dn(§, &) A D(&;, &), since the population scores Y; are i.i.d. and regularly varying under Assumption 1. In our setting,
however, we estimate the EDM based on D,(&j, §) calculated from the observed approximations Y;. It can be therefore
expected that this additional approximation will, to some extent, restrict the rate at which k tends to infinity with n. We
formulate a sufficient condition on the order of k in Assumption 3. We first define the function

6—«

—_—, a € (2,4],
o+ 2
y(a) = (25)
o —2
R o € (4, 00).
200 — 2

Fig. 3 shows that y(-) is continuous at the phase transition point « = 4 with y(4) = 1/3. It increases on (4, co) with
limg o0 y(a) = % For o € (2, 4), y(a) decreases with limy\» y(«) = 1. For each value of o > 2, the interval (y(«), 1) is
not empty. We write

k >>n?, forsome y € (0, 1), if k/n” — oo.
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Assumption 3. We assume that k >> n” for some y € (y(«), 1), with y(«) defined in (25).

Assumption 3 implies that k > /n always works if @ > 4, but as « \ 2, almost all observations must be used to
ensure the consistency of the estimator.
With all assumptions formulated and explained, we are ready to state the first main result of this section.

Theorem 1. Recall the definitions of the EDM D(§;, &) and its estimator Bn(?;‘j, &) given, respectively, in (13) and (14). Under
Assumptions 1, 2, and 3,

Du(&, &) — D(&, & ).

Recall that D(§;, &) integrates extremal dependence over the whole sphere S?, so we decompose D(§;, &) into
components measuring dependence over the four quadrants:

[D*H(g, &), DI (E, &), D&, &), D (g, &)
= |:/ a10; 1y (da), a1a; T (da), / aazly(da), / a1a21"jj/(da):| :
Sz 2 2 2

(+.) Seh S St
The corresponding estimators for the components are given by, respectively,

(+ +) Elj Sl] é:U SU
;5_] Z = A R >R(k) gu>0 g >0 n SJ’ SJ k Z IR >R(k) gy<0 5 4>0°
Sg -‘Eu Su Su
SJ’ sj Z > A R1>R(I<) 51}<0 5 7 <0° " SJ’ & )= k Z IR1>R(I<) &=0, 5 jy=<0° (26)

Note that k in (26) is the same as in (14). In application, we first select k, the number of upper order statistics k\m and
then use it to compute (14) and (26). We will describe this with details in Section 2 of the supplement.
We establish the consistency of these estimators in the following corollary.

Corollary 2. Under Assumptions 1, 2, and 3,
~ P
DS (g, &) > D, &), D, &) - DCE, &),

D (. 5) = DT &) DYl &) > D ).

Theorem 1 and Corollary 2 are proven in Section 5. Our approach to prove the consistency for the EDM is based on
weak convergence of tail empirical measures. Set ®; = Y;/|Y;||. The estimator D,(&;, §/) can then be written as an integral
of a tail empirical measure, i.e.,

Dn(%‘jvéj’)=/ Cllazr‘n(da Iy = k Z (-)@7?

The key argument to prove the consistency is therefore to show
=TIy inM,(s?), (27)

with Ty in (13). Relation (27) is established by proving a series of weak convergence results.

We now turn to the asymptotic normality. The asymptotic normality of the estimator for the EDM is proven for i.i.d.
bivariate observations in Larsson and Resnick [22]. To show the asymptotic normality of an estimator based on heavy-
tailed data, additional conditions are required even in fully observable i.i.d. settings. For example, for the Hill estimator,
second-order regular variation with restrictions on the rate of k is assumed, see Haeusler and Teugels [ 16], Csorg6 et al. [4],
Resnick and Stdrica [32,33]. The aforementioned condition is a univariate concept, which is not applicable to our context.
Instead, we use a multivariate version of second-order regular variation, defined by Resnick [29]. With some constraint
on k, i.e., v/kA(b(n/k)) — 0, where A is defined in formula (15) in Resnick [29], the multivariate second-order regular
variation implies the following weaker condition, which is also assumed by Larsson and Resnick [22].

Assumption 4. The R;, O; satisfy

R o
ﬁ[z Pr((b(n}k), @1) c ) — Cvy X rﬂ} 20 in My((0, 00] x S2).

Assumption 4 means that Ry and @, are asymptotically independent. We emphasize that this assumption applies
to population quantities, which are not observable in our setting. We now formulate the asymptotic normality of our
estimator for the EDM, which is based on projections of functional data.

10
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Theorem 2. Under Assumptions 2, 3 and 4
Vi (Du(&. &) — D&, &)) = N(0, 02),

where 0% = Var((:)1(7)2) > 0, with ©; and ©, being the components of a random vector with distribution .

4. Preliminary results

We put together several preliminary results in this section to avoid burdening the proofs in Section 5, so that readers
can keep track of the main flow of the argument made in Section 5.
The first lemma follows from Lemma 3.7 of Kim and Kokoszka [20] and is needed to prove Lemma 2.

Lemma 1. Suppose random variables Hy,(n), m,n > 1, satisfy 0 < Hp(n) < 1andVm > 1, Hy(n) A 0, asn — oo.

Then, Y~ 2" ™Hpm(n) L0, asn— oo

In the following lemma, we present a sufficient condition to guarantee the convergence between random measures
defined on a nice space. We denote a locally compact topological space with countable base by E. Following page 51
of Resnick [31], the vague metric d(-, -) on M, (E) is defined by

- i) — i)l A1
g ) = 3 I IAOINT oy ), (28)
i=1

for some sequence of functions f; € CK+ (E) where C,}L(IEI) is the space of continuous functions with compact support on E.
By Lemma 1, the following is readily proven.

Lemma 2. Suppose that w,, v, are random measures in M (E). If, for any f € C,?(]E), [n(f) — va(F) £ 0, n — oo, then
P
d(n, vp) = 0.

In the following lemma, we show that a continuous mapping with a compactness condition preserves convergence of
random measures. Suppose that E; and E, are locally compact topological spaces with countable base. Denote by K(E) a
set of all compact subsets of E.

Lemma 3. Suppose that H : E; — E; is a continuous function such that

HU(Ky) € K(Eq), VK; € K(E,). (29)
If random measures [y, v, in M (Eq) satisfy d(jin, vs) £ 0, as n = oo, then d(pno H Y, vy o H™ ) £ 0 in M (E;).
Proof. By Lemma 2, it suffices to show that, for any f € C,?“ (Ey),

tn o H(f) = va o HTI(f) 5 0. (30)

Using the change of variables, we have (u, —v,)oH™'(f) = fEZf(eZ)(Nn —vp)oH Y(dey) = f]E] f(H(eq))(pn —va)(deq). Thus,
we have (pn — vp) o H7Y(f) = (n — va)(f o H). Since f and H are both continuous, and with (29), we get f oH € CK+(E1),
see page 142 of Resnick [31]. Then, since d(u,, vy) Lo by assumption, we get (30). O

Consider the polar coordinate transform T : [—o0, 0o]? \ {0} — (0, co] x S? defined by, for x € [—o0, 00]? \ {0},

T(x) = (nxu, i). (31)

Il

Note that T is not bijective since its boundaries at infinity are included. Thus, Lemma 3 cannot be directly applied to T
to show that it preserves convergence of random measures. Instead, we will show that by using, say, “restrict and then
extend space” strategy, which is used in a different setting on page 176~179 of Resnick [31]. We follow the technique in
the proof of the next lemma.

Lemma 4. Suppose that random measures iy, vy satisfy
P .
d(pen, va) = 0, in My([—o00, 00 \ {0}), (32)

asn — oo. Then, d(jty o T, v, 0 T71) A 0, in M.((0, oo] x S?).

11
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Proof. Consider the transform T’ : (—o0, 00)? \ {0} — (0, co) x S? defined by (31). Our first claim is that (32) implies
P .
d(ftn, v) = 0, in My((—00, 00)* \ {0}). (33)
Let f; € Cf ((—o0, 00)? \ {0}), and suppose that K; € K((—00, 00)* \ {0}) is the compact support of f;. Letf = fi(*X)kex;,

then f; € ¢ ([—o0, 0o]? \ {0}). Observe that d(un, vy) = Zfil 27 (un — v ) = 300, 27 (e — )l £ 0, by (32),
so we get (33).
Our second claim is that (33) implies

d(tn o (T'Y 1, a0 (T 1) 5 0, in My ((0, 00) x S2). (34)

This is readily proven by Lemma 3, since T’ is continuous and satisfy (29).
The last step is now to extend T’ to the bigger space, where oo is included. Let f; € CK+ ((O, 0o] % S2), and set
Ifill = supf; < co. We define a smooth truncation function of r, for fixed M, §, by

o(r; M, 8) := locr<m + {—(r — M)/8 + WHm<r<mys-
Then, observe that

d(unonl,vnoT”):Zz*H n—vn)oT™ (ﬁ|—22 n—vn) o T \(fid)]

o0

+ 27 (n = va) o T (figh)] — Zfl(un —vn) o (T')'(fig)l + Zﬂ( —vn) o (T') (i)l = A+B+C.
i=1 i=1 i=

Now, we will show that each of the components goes to 0. First, observe that

A<22 Zz I

Taking a suff1c1ently large M, then A gets arbitrarily small. Next, for each M,

B<Zz Ifi ‘/

Since fi(r, 0)¢(r; M, 8) € Cf ((0, 00) x S?), the last term C goes to 0 by (34). O

The next lemma shows that the distance between a population score and its corresponding approximation is
asymptotically negligible.

/ F(r6)(1 = (st — va) o T~ (dr d6)| <
(0,00]xS2

/ (hn — va) o T '(dr. d6))
M, 00]xS?

—vp) o (T~ — (1)~ N)dr, de)‘ =

M]><S2

Lemma 5. Under Assumptions 1, 2, for a > 4, E|§ — &| = O(n~"/?), and for 2 < a < 4, E|§; — ?,-‘jlr = o(n~"/#), for some
r > 0 satisfying
2
re 2P (35)
B+2

where k, (8 are defined in (24).

Proof. For o > 4, by the Cauchy-Schwarz inequality, |§j — & < IIXIII; — v;ll, so by Assumption 2,
El& — &I < (EIXIPY{END; — v]1*}/? = O(n™").
Now consider the case of 2 < a < 4. Since for any S, m < B, condition (35), implies that r < 8. Applying Holder's

inequality with p = 8/r > 1and q = B/(8 —r), we get E|& — é,%j|r < {E|Id; — vj||5}ﬁ{E||X||Tq}1/q. Direct verification shows
that condition (35) is equivalent to

2p2
_ < 2,
(B+2)B—T)
which implies rq < 2. Hence, by Assumption 1, {E[X||""}"/9 < occ. Therefore, by (24), E|§ — §j|r =o(n™/#). O
In the following lemmas, we verify the continuity of functions that will be used in Section 5 with the continuous
mapping theorem.

Lemma 6. Suppose that the map H : M, ((0, o] x Sz) x (0, 00) = M,((0, 0o] x S?), defined by for any measurable set
A x B C(0,00] x §?,

H(U, x)(A x B) = U(XA x B).
The map H is continuous at (v, x T}y, X).

12
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Proof. Suppose W, — v, x [}y in My ((0, 0] x §?), and x, — x in (0, 00). Then we must show that
H(Wn» xn) = Wn((Xn') X ) _U) H(Vot X I—b‘/, X) = Vg X I—Jj’((x') X )

To verify this, it suffices to show that for any f € G/ ((0, o] x S?),

Wal(%e-) x -)f) = f

(0,00]xS2

F(t, ) Wa(xadt, da) = / F(0/%s 3) Waldy, da)

(0,00]xS2
S v x Ty((x) x ) = /( T vl da) = /( SO @y
0,00 xS2 0,00 xS2

The following verification is mostly based on pp. 83-84 of Resnick [31], whose test functions are univariate. Our test
functions are however bivariate. We must employ a product metric to apply uniform continuity of the test functions.
First observe that

f( F(y/%0, 2) Wa(dy, da) — / F(y/x a) veldy) T}y (da)
o.oo]xs%r

(0,00]xS2

<

/( f(y/xn, @) Wy(dy, da) — / fly/x, a) Wy(dy, da)
0,00]xS2

(0,00]xS2

+

/( fly/x, a) Wy(dy, da) — f f(y/x, a) vy (dy)Tjy(da)
0,00]xS2

(0,00]xS2

Since W, 5 ve X Iy and f(5,-) € CK+((0, 00] x S§?), the second term of the right-hand side goes to zero. Now, we focus
on the first term. Since f has compact support in (0, co] x S?, we can take § > 0 such that the supports of f(,) and
f(;, .), for large n, are contained in [8, oo] x S%. Then we get the bound

/( T, Widy. da) - / F(y/x. ) Wy(dy. da)
0,00 ><S%r

2
(0,0<:>]><SJr

y=>5, aeS?

< f [f(v/%n, @) — f(y/x, )| Wy(dy, da) < sup  |f(y/xn, @) — f(y/x, @)l Wu([8, 00] x S?).
[8,00]><S3_

Since Wy([8, oo] x S?) is bounded, it remains to show that as x, — x,

sup |f(y/xn, @) —f(y/x.a)| — 0. (36)

y>6, aeS?

We use the fact that a continuous function with compact support is uniformly continuous. The metric on (0, co] x S? is
given by dproa((u, @), (v, b)) = do o01(u, v) + dg2(a, b), see p.57 of Resnick [31]. Define the metric on (0, oo] by

do.co)(, v) = Ju™" — v

)

for u, v € (0, oo], which measures the distance between points in (0, co] with one point compactification at co. Since
X, — xand y > &,
|Xn - X| |Xn - X|
dprod ((V/Xn, @), (V/x, @) = T S 0.
0

Therefore, by the uniform continuity of f, we get (36). O

Lemma 7. The function g on M. ((0, o0] x S?) defined by for any measurable sets A C (0, 0o], B C §?, g(U) = U (A x B)
is continuous at v, x Ij.

Proof. Suppose W, 5 vy x Ty in M4 ((O, 0] x Sz). Since A x B is relatively compact in (0, co] x S?, by Theorem 3.2
of Resnick [31] g(Wy) = W, (A x B) = g(vy X Tjy) = vo(A)T}y(B). O

Lemma 8. The function h on M, (S?) defined by for B € {S?, S(z+,+), S(Z_,H, S(z_._), S(z+’_)}, h(U) = [, 6:16,U(d) is continuous
at ITU'/.

Proof. Suppose W), 5 Iy in My (Sz). Consider amap f : S — R, defined by f(#) = 0,6,]p<p. Note that every continuous
function on a compact space has compact support. Since f is continuous with compact support, by the definition of vague
convergence,

13
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h(W,) = /6192Wn(d0) — h(Iy) = /Olez@r(de). a
B B
5. Proofs of the results of Section 3

Proof of Proposition 3. First, note that ||w(X)|| > yb(n) and 7(X)/||7(X)| € - iff (yb(n))~'X € A.(-). Observe that, for
any set S in B(S%),

X
nPr(|lz (X)|| > yb(n), 7(X)/||7(X)| € S) = nPr( b(n) An(S)).

To prove the regular variation of 7(X) in RY, we will apply Theorem 2.3 of Lindskog et al. [26]. To do this, we must show
that the A, (S) are continuity sets of v, i.e,, v(3.4;(S)) = 0. The verification uses the same idea described in the proof
of Proposition 3.1 of Kokoszka et al. [21], but the difference is that we work with the different projection r(z) and its
relevant set A (S).

By (18), we have

0A(S)={zel: Izl =1, n(2)/IIx@2)ll €5}, 0 A(S))={z e H: |n(2)|l =1, n(2)/l=(2)Il €S}.
Note that d(rA,(S)) = rd.A,(S), and the sets d(r.A,(S)) are all disjoint in r. We assume v(d.A,(S)) > 0 and get a
contradiction. Since A, (S) D Uy=13(n"%A,(S)), for all @ > 0, and v is homogeneous,
(o] (o]
V(A(8)) = Y v(n"*9A(S)) =Y ' v(dA(S)) = 00
n=1 n=1
This contradicts to the fact that v is boundedly finite. Therefore, the .A,(S) are continuity sets of v.
Now, by Theorem 2.3 of Lindskog et al. [26] and (15), we obtain
nPr([lw(X)Il > yb(n), w(X)/lI7xX)Il € S) = v(yAz(S)) =y *v(Ax(S)).
Setting

rey="210 s e, 37)

we get the claim.

Proof of Theorem 1. Recall that
Y =[&. 617, R=IIYill, @ =Yi/R, Yi=[&.&17, Ri=[Yil, ©; =Yi/R.

Under Assumption 1, the Y; are regularly varying with index —« by Proposition 3. More specifically, there exist a sequence
{b(n)} (the same as in (15)) and a probability angular measure [}y defined as (37) satisfying

Ri v .
nPr ((m @,—) € ) = cvy x Iy in My((0, 00] x §?). (38)

The constant ¢ depends on the choice of b(n). In the following, we assume ¢ = 1 to keep the notation simple.
Our approach is to establish several weak convergences of tail empirical measures. We start with an empirical measure
based on i.i.d. Y;:

n

1 .
Un=x ;I(Ri/b(n/k), 6) = Va X Ty in My ((0,00] x §%). (39)
We then extend (39) to

51 .
- TZ (Rybnjio, ;) = Ve X T in M. (0, 00] x §?). (40)

Since the Y,~ are no longer independent, this requires techniques involving the Slutsky theorem. We further proceed to
replace the unknown sequence b(n/k) by its estimate R):

Uy =1 Z (R &) = Ve Iy in My ((0, 00] x §?). (41)
Applying the continuous mapping theorem, we finally get (27), i.e.,

~ 1< .
R Ylakea, = Ty i ().

i=1
The consistency of ﬁn(éj, &) for D(&j, &) is then established because ﬁn(éj, &)= sz a1a2fn(da).
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We now present a series of the results mentioned above, of which Proposition 4 is the most essential and important
step toward Theorem 1. The following lemma verifies (39), which is readily proven from (38) by Theorem 5.3 (ii) of Resnick

[31].

Lemma 9. Under Assumption 1, relation (39) holds.

The next result shows that the infeasible samples Y; in (39) can be replaced by their approximations ?i.

Proposition 4. Under Assumptions 1, 2, and 3, relation (40) holds.

Proof. By Lemma 9 and the Slutsky theorem, it suffices to prove that

~ 1w 1w P
d(Un, Un) = d (k Z’(ﬁi/b(n/k), 0:) k gl(Ri/b("/k>- &-)) — 0.
i

To show (42), we set Vi := 1 Y01 K siyr Vi == 7 2ie1 Ivi/bnyi» and prove

d(Vna Vo) = d( Z Yi/b(n/k) 7, X Zh,/b(n/k) — 0.

Applying the polar transformation defined in (31), we get (42) from (43) by Lemma 4.
To prove (43), it suffices to show that, by Lemma 2, for any f € CJ([—00, 00]? \ {0}), and any 7 > 0,

1< 7 1< Y,
Pr( k ;f (b(n/k)) Tk ;f (b(n/k)) T) -0

Since f has compact support in [—o0, 0o]? \ {0}, set

a :=inf{[s|| : s € supp(f)} > 0

To prove (44), we consider a decomposition using the following sets. For 0 < n < a/2, set

S wml = [l =)
Alk)=31<i=<n - a—n
b(n/k)  b(n/k) b(n/K)
Bu(k):=11<i< v Y| Y
R N D B ‘b(n/k) H <a_”}’
Ck):=311<i<n: ?i Yi
(k) =1 =i=n s~ hk |~ "}'

Then, we have

Pr( ;if(b(n/k )- ’Zf<

S(An) =7

Y, Y,
(b(n/k)) - (b(n/k)) ’

and S(B,) and S(C,) are defined analogously with ZieBn(k) and Ziecn(k), respectively.

where

i€An(k)

) < Pr(S(An) > 7/3) + Pr(S(Bn) > 7/3) + Pr(S(Cy) > /3),

(42)

(43)

(44)

(45)

We will show that each of the three parts goes to 0. We first investigate Pr(S(A,) > t/3). Since f is uniformly

continuous,
wy(f) = sup [f(x) = f(y)l = 0, n — 0.
Ix—yll<n, x,ye[—00,001%\{0}
Note that

S(An) < wn(f);#{l <i<n: “

Y;
— = Un(Eq—p),
b(n/k) 77} wn(f) n(Eq n)
with the measure U, defined in (39), and with the set E, C (0, co] x S? defined by
Ey={(r,0)€(0,00] x§*:r > b}, b>0.
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Now consider the function g on M, ((0, co] x S?), defined by, for any measurable set A C (0, oc], g(U) = U (A x S?).

Then, by Lemma 7 and the continuous mapping theorem, for a fixed n, U,(Eq—,) A ve(a —n, oo] = (a — n)~“. Therefore,

lim sup Pr(S(An) > 7/3) < Pr (w,(f)a — 1) > t/3) < Pr(w,(f) > 27%a"7/3).
n—oo
By taking sufficiently small 5, we can ensure that Pr (w,,(f) > 2*"a°‘r/3) =0, hence lim,_, , Pr(S(A;) > 7/3) = 0.
Next, we consider the second probability in the decomposition. Observe that for each i € B, (k),
?,' ?,' Yi Yi
- + a,
b(n/k) b(n/k)

—.

b(n/k)  b(n/k) b(n/k)

Thus, the two points ?,-/b(n/k), Yi/b(n/k) are outside of the support of f for all i € B,(k), so S(B,) = 0 by construction,
and so Pr(S(B,) > t/3) = 0.
It remains to show that for any n > 0, lim,_,» Pr(S(G;) > 7/3) = 0. Set

Ifllo = sup  If(X)I. (46)

x€[—00,00]2\{0}

First, consider the case of @ > 4. By Markov’s inequality,

Y, \ 6lfllo . | N,
! (b(n/k)) ! (b(n/k))’ = ok E{;"”"”b‘"/’“}

6lflc n
™y kb(n/k)

3
PrS(G)) > 7/3) = — E >

ieCn(k)

6lfllon ) (& 37
< TOOEPr(HY,-—Y,»H>r;b(n/k))§ ENY: —Yill.

Since all norms in R? are equivalent, we get
¥ - Yill = € (16 — &1 + & — &1), (47)

for some C > 0. Since E[Y; —Yi|| < O(n~"/2) by Lemma 5, we have Pr(S(C,) > 7/3) = 0 (n'/2/{kb(n/k)}). By Assumption 3
and (17), Pr(S(C,) > t/3) = o(1).

Now consider the case of o € (2,4). We will use Lemma 5, which refers to relation (24). Observe that since
B < a/2 < 2 in (24), it holds that % < 1. This implies that r satisfying (35) also satisfies r < 1. Applying Markov’s and
Lyapunov’s inequalities, we thus obtain

)
2(f oo T\ G | 1
Pr(S(Gy) > 7/3) < Pr (k E Lg v 1> b(nsk) > 3]= 4frkio E 0 § :IH?ﬁY,-\bnb(n/k)
i=1

i=1

.
61 I on” 1 ¢ 6 If I
< VB S 2 v | | = e (Y= Yill > mb(n/k)"
i=1

Tk k"

Applying Markov’s inequality with the same r again and (47), we obtain

Pr(S(G,) > t/3) < CW {E [max (|§ij — &l |§ij’ - ‘EU’|>r:|}r’

for some ¢ > 0. Then by Lemma 5 and (17)

nr—Krz/ﬂ nr—/(rz//i—rz/oz
P(S(G) > t/3) =0 | ——= | =o| ———].
kr{b(n/k)}" kr—re/e

Let

Then, y is smaller than 1 for all 2 < o < 4, as /B gets close to 0, and it attains its smallest value as « /8 approaches its

largest possible value, i.e., 1 — 2/a, see (24). We now set a lower bound of y as a function of r for « fixed,
1-2-(-2y a—ar+r
n(r; o) = “1 — = . (48)
i oa—7T

Since 28/(B + 2) in (35) is an increasing function of 8 and attains its upper limit when 8 = «/2, see (24), we obtain
r < 2a/(a + 4). Then, since y(r; «) is an decreasing function of r, y can be arbitrarily close to y;(2a/(a + 4); @) =
(6 — «@)/(a + 2). Thus, by Assumption 3, k > n”, and we get Pr(S(C,) > t/3) =0(1). O
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The following proposition is used to prove the asymptotic normality in Theorem 2. We put it in this section to help
readers follow its proof easily since it uses several elements of the proof of Proposition 4. The claim is similar to (42), but
1/k is replaced by a suitably chosen power of k, so a more delicate argument is needed.

Proposition 5. Suppose that Assumptions 2 3 and 4 hold. Then,
e 1 P
d (ﬁ ;I(ﬁ,‘/b(n/kl @i)’ ﬁ ;I(Ri/b(n/k), @)) - 0.

Proof. We follow the approach used in the proof of Proposition 4, so we skip fully analogous parts and focus on the new
aspects. To get the claim, it suffices to show that

Y;
( ( b(n/k) ) f(b(n/k))‘ ~ T) -0

for every f € C,?r([—oo, 0c]?\ {0}). For 0 < 1 < a/2, with a defined in (45), set

-~

Ay ={1<i<n: |2 i |- |5
WO= == bk T kb | = kb = 4T
) Y, Y; Y;

B, =11 : [ — _ ,
W= t=i=n kb(n/l) ~ Jeb(n/k) | =" | e/ "}
. Yl Yi
Cu(k) =11 : —
(k) SUET  ebmk) b/l ”}’

where p is a positive constant such that pmin{r, 1} = 1/2 for some r satisfying (35). Except for the factor k?, these sets
of indexes are analogous to those used in the proof of Proposition 4. Then, we have

(fz‘f<b(n/k ) f(b(:;k))

Y;
(b(n/k) f<b(”/’<)) ’

and S(B,) and S(C,) are defined analogously with } ;g and ;¢ . respectively. Our claim is that each of the three
terms converges to 0. Before we proceed, we note some results about p in kP to facilitate the understanding of the proofs;

> r) < Pr(S(An) > t/3) 4+ Pr(S(By) > t/3) + Pr(S(Cp) > 7/3),

where

n

IEA

1 1
pr:5f0r2<a<4, pzifora>2. (49)

To see this, observe that 8 < «/2 in (24) and 5 in (35) is increasing of . It thus holds that r < sz < m This implies
that 0 <r < 1for2 <o <4, and0<r<2f0roc>2
First, observe that

1w 1o
S(A)) < 2||f||oo\/kﬁ ;I\\yi/kﬂb(n/k)l\zﬂ—n =cvk (k ZIR,-/b(n/k)zkp(a—n) — ve(KP(a — 1), OO]) + ck'/27P¥(q — )7,

i=1
where |f || is defined in (46) and c is a positive constant. The last term goes to 0 since pa > p > 1/2 for @ > 2. Now,
we focus on the first term. Assumption 4 implies

1 — P
MUn = \/E (k ZIR,-/b(n/k) - Vot) — 0. (50)

i=1

Consider the map gy on M (0, co], defined by gy (U) = U([M, oc]). We must show that gia—n)(tn) A 0. This follows

. . P .
from the following more general argument. We have a sequence of signed measures on (0, oo], such that u, — 0. Since
we can decompose [, into positive and negative parts, we can assume that the pu, are positive. For a, — oo (in our

case a, = kP(a — n)), we claim that u,([a,, co]) £ oo By Lemma 7, the map gy is continuous, so for each fixed M,
un([M, oo]) £ 0. For sufficiently large n, a, > 1, un([an, 00]) < ua([1, o)), and the claim follows.
Next, we obtain Pr(S(B,) > t/3) = 0 in the same manner in Proposition 4.
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For S(C,), we first consider the case of « > 4. Observe that by Markov’s inequality,

160flc n S
Pr(S 3 —E[Y; - Yill.
(S(Ca) > T/ ) < [ - ka(n/k) IY; il
By Lemma 5, E|[Y; — Yi| = O(n~"2), so Pr(S(C,) > 1/3) = O (n'/2=Ve /kV/2P=1/%) We must thus verify that

nl/2=1/e j1/24p=1/¢ _ 0, We know that n” /k — 0 if y > y(a). We use the factorization
1

n1/2=1/a ar\ a1\t a 2y tay
m:<?) <;) :

Since o > 2, 5~ — - > 0, so we must be able to claim that 5 +p — 1 — 5+ i > 0. Since p > 1, this will follow from

4
-5 - E) > 0. A few algebraic manipulations show that the above 1nequa11ty is equ1va1ent toy > “0;2 = y(a).
For the case of a € (2, 4), we apply Markov’s and Lyapunov’s inequalities, just as we did in Proposition 4. Then, by
Lemma 5 and (49) we obtain

nr—xrz/ﬂ—rz/a nr—xrz/ﬁ—rz/a
PI'(S(CH) = T/3) =0 kr/2+pr2—r2/a =0 kr—rz/a :

It is verified at the end of the proof of Proposition 4 that the last quantity tends to zero under Assumption 3. O

The next lemma will be used in Proposition 6 to replace b(n/k) in (40) with ﬁ(k).

Lemma 10. Under Assumptions 1, 2, and 3, ﬁ(k)/b(n/lc) £

Proof. Fix ¢ > 0 and set

Ek) /ﬁ(k)
P =P 1 , P_ =P 1-— .
. (n) r (b(n/k) > 14 8) (n) r (b(n/k) < e
Observe that

1 ~
Pi(n)=Pr (Iﬁ(k)/b("/k)(l +¢e,00] = ]) <Pr (k Zlﬁi/b(n/k)(l +¢&,00] > 1) = Pr (U, (14 ¢, 00] x SZ) >1).
i=1

A similar argument shows that P_(n) < Pr (ﬁn ((1 —&,00] x SZ) < 1) . The claim follows because by Lemma 7 and the
continuous mapping theorem, we obtain ﬁn((l + g, 00] x §?) £ Ve(l4+e,00] =(1+e)% < 1; ﬁn((l —¢&,00] X $?)
A Ve(l—e,00]=(1—¢)*>1. O

Proposition 6. Under Assumptions 1, 2, and 3, relation (41) holds.

Proof. By Propositions 4 and 10, we obtain joint weak convergence <Un, B/ ) = (ve x T}y, 1) in My ((0 oo] x Sz)

(0, 00). Consider the operator H : M, (( oo] x SZ) (0 o0) — M+((O oo] x §?), defined by for any measurable set
AxB C (0, 00]xS2, H(U, X)(AxB) = U(xAxB). Since H (U, Ryo/b(n/k)) = 1 S0, ( &) H (vy X Iy, 1) = v x Ty,

we get (41) by Lemma 6 and the continuous mapping theorem. O

Ri/Rky

Proof of Theorem 1. Consider the map g : M, ((0, oo] x §?) — M, (Sz), defined by for any measurable set A C S?,
g(U) = U ([1, co] x A). Then, by Lemma 7 and the continuous mapping theorem, we obtain (27) from (41). Now we
consider the map h on M+(SZ) defined by h(U) sz 616,U(d#). By Lemma 8 and the continuous mapping theorem, we
obtain, from (27), [, 016, T,(d6) = Js2 6262 T3(d#). Since

/9192F (d) = ZIR,>R,()f ‘919219,-ed0:ﬁn(§ij»§ij/)7

we get the claim.
Proof of Corollary 2. Consider the map h on M, (S?) defined by
h(S) :[ 016,5(d®).
S

2
(+.+)

Applying the map to (27), we obtain the con51stency of D{™ H(é‘], &) for DI+ “(SJ, &), by Lemma 8 and the continuous
mapping theorem. The consistency of the remaining estimators can be proven in the same way, just using different
quadrant domains in the map h.
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Proof of Theorem 2. Define the empirical process based on the sample scores by

T -~ ~
Wi(t) = = Y (61O — E[618,]) I jyup-1ar €= 0.
i=1

The main argument to prove the asymptotic normality is the weak convergence of W, to the standard Brownian motion
w;
W, = W, in D[0, co), (51)

where D[0, o0) is the usual Skorokhod space. Once we verify (51), then by Lemma 10 we obtain the joint convergence

E(k) - .
(Wn(-), <b(n/k)> ) = (W(-),1), in D[0, c0) x [0, 00).

Applying the composition map (x(-), c) — x(c), we conclude that

_ - Ro \
Vk (Du(§. &) — E[6162]) = o W, (( b(n(j)k)) ) = oW(1).

The general strategy is thus similar to the one employed to prove Theorem 1 in Larsson and Resnick [22]. However, in
our setting, new arguments are needed to establish relations (53) and (54). These terms are zero in the proof of Larsson
and Resnick [22].
Now, to show (51), consider the following decomposition
n

1 < ~ ~ 1 PR
Walt) = —= Y~ (0nOn — E[010;]) I sinpge-ve + —= D (On Ok jyinjioe-1ie — Ot Ol i1/ )
ok i=1 ok i=1

1 &~ ~
+ oIk Y E[0160:] (It sinoze- 1o = Ryjpinpoz-1ie) -
i=1

We will verify that

1 < - .
S Z (@n@iz —E [@1@2]) Ig, jbnjiy=(y-1/e = W, in D[O, 00), (52)
and for any s > 0,
1 < ,
sup |—= 01 Opks e — O Ol e ‘ Ly 52
o<t=s | ok g( TPR2TR; bin k)=t 121R; /b(n/k)=t )

E[8:0,] sup Lo (54)

0<t<s

1 n
ok Z (IRi/b(ﬂ/k)Zf*]/“‘ - Iﬁi/b(”/k)ZFl/o‘)
i=1

We begin with (52). Since the empirical process in (52) is based on i.i.d. population scores, if we verify

n Ry n Ry | : 2
ﬁ[k Pr((b(n/k), @1) € ) - Pr(b(n/k) € ) x rﬂ,] 50, in My((0, 0o] x S?), (55)

then (52) readily holds by Theorem 1 of Larsson and Resnick [22]. Their theorem is proven for nonnegative random vectors,
but the proof also works for random vectors in RY, with a small modification.

To prove (55), we use the equivalent conditions for vague convergence presented in Theorem 3.2 of Resnick [31].
Take any relatively compact set B € (0, co]. Then, B x S? is also relatively compact in (0, co] x S?, so we obtain from
Assumption 4,

(n R4
Vk % Pr (b(n/k) € B) - va(B)] - 0. (56)

The constant c in Assumption 4 depends on the choice of b(n), so we set ¢ = 1 for simplicity. Now, take any relatively
compact set A x S € (0, o] x S?, and observe that

[n R, n Ry
vk _E Pr ((b(n/k)’ @1> €A X S) % Pr <b(n/k) € A) X I“]-]-/(S):|

n R4 n Ry
=k [E Pr <<b(7k)’ @1> €A X S) - va(A)Fjj/(S)] + vk [ua(A) % Pr (b(n/k) € A)] Iy (S) — 0.

=
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The first term vanishes by Assumption 4. Also, since A is relatively compact in (0, oo] and 0 < I}(S) < 1, the second
term goes to 0 by (56).
For (53) and (54), we Proposition 5, i.e.,

1« 1 « P
ﬁ ;I(ﬁi/b(n/k), @,-) - ﬁ ;I(Rf/b(n/k), o) — 0. (57)

Consider the map h : M ((0, o] x SZ) — M (0, co], defined by h(U) = sz 616,U(dr, d@). Applying h to (57), by Lemma 8
and the continuous mapping theorem we obtain

P
On = \/E Z @n@szA/b(n/k O @izlk,»/b(n/k)) — 0. (58)

. P . .
We thus have a sequence of signed measures on (0, oo], such that ¢, — 0. Since a signed measure can be decomposed
into positive and negative parts, we can assume that the ¢, are positive. Now, consider the map gy on M (0, oo], defined

by gn(U) = U([M, oo]). By Lemma 7, the map gy is continuous, so for each fixed M, ¢,([M, co]) A 0. Therefore, for any
s > 0, taking M such that M > s, we obtain

o of Z B Bol, ogujigzc-11e — OOl jinyigze-1ie) | < $allM, 001) >
Similarly, considering the map ¢ : M, ((0 oo] x SZ) — M, (0, oo], defined by £(U fgz U(dr, d@), we conclude (54).
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