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Modeling unknown systems from data is a precursor of system optimization and sequential decision making.
In this paper, we focus on learning a Markov model from a single trajectory of states. Suppose that the
transition model has a small rank despite of having a large state space, meaning that the system admits a
low-dimensional latent structure. We show that one can estimate the full transition model accurately using a
trajectory of length that is proportional to the total number of states. We propose two maximum likelihood
estimation methods: a convex approach with nuclear-norm regularization and a nonconvex approach with
rank constraint. We explicitly derive the statistical rates of both estimators in terms of the Kullback-Leiber
divergence and the ¢5 error and also establish a minimax lower bound to assess the tightness of these rates.
For computing the nonconvex estimator, we develop a novel DC (difference of convex function) programming
algorithm that starts with the convex M-estimator and then successively refines the solution till convergence.

Empirical experiments demonstrate consistent superiority of the nonconvex estimator over the convex one.
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1. Introduction

In engineering and management applications, one often has to collect data from unknown systems,
learn their transition functions, and learn to make predictions and decisions. A critical precursor

of decision making is to model the system from data. We study how to learn an unknown Markov
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model of the system from its state-transition trajectories. When the system admits a large number
of states, recovering the full model becomes sample expensive.

In this paper, we focus on Markov processes where the transition matrix has a small rank. The
small rank implies that the observed process is governed by a low-dimensional latent process which
we cannot see in a straightforward manner. It is a property that is (approximately) satisfied in
a wide range of practical systems. Despite the large state space, the low-rank property unlocks
potential of accurate learning of a full set of transition density functions based on short empirical

trajectories.

1.1. Motivating Examples

Practical state-transition processes with a large number of states often exhibit low-rank structures.
For example, the sequence of stops made by a taxi turns out to follow a Markov model with
approximately low rank structure (Liu et al. 2012, Benson et al. 2017). For another example,
random walk on a lumpable network has a low-rank transition matrix (Buchholz 1994, E et al.
2008). The transition kernel with fast decaying eigenvalues has been also observed in molecular
dynamics (Rohrdanz et al. 2011), which can be used to find metastable states, coresets and manifold
structures of complicated dynamics (Chodera et al. 2007, Coifman et al. 2008).

Low-rank Markov models are also related to dimension reduction for control systems and rein-
forcement learning. For example, the state aggregation approach for modeling a high-dimensional
system can be viewed as a low-rank approximation approach (Bertsekas 1995, Bertsekas and Tsit-
siklis 1995, Singh et al. 1995). In state aggregation, one assumes that there exists a latent stochastic
process {z} C [r] such that P(s.1 |s.) =) P(z, = 2| 5,)P(s441 | 2: = 2), which is equivalent to a
factorization model of the transition kernel P. In the context of reinforcement learning, the non-
negative factorization model was referred to as the generalization to the rich-observation model
(Azizzadenesheli et al. 2016). The low-rank structure allows us to model and optimize the system
using significantly fewer observations and less computation. Effective methods for estimating the
low-rank Markov model would pave the way to better understanding of process data and more

efficient decision making.
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1.2. Our approach

We propose to estimate the low-rank Markov model based on an empirical trajectory of states,
whose length is only proportional to the total number of states. We propose two approaches
based on the maximum likelihood principle and low-rank optimization. The first approach uses
a convex nuclear-norm regularizer to enforce the low-rank structure and a polyhedral constraint
to ensure that optimization is over all probabilistic matrices. The second approach is to solve a
rank-constrained optimization problem using difference-of-convex (DC) programming. For both
approaches, we provide statistical upper bounds for the Kullback-Leibler (KL) divergence between
the estimator and the true transition matrix as well as the ¢, risk. We also provide an information-
theoretic lower bound to show that the proposed estimators are nearly rate-optimal. Note that
the low-rank estimation of the Markov model was considered in Zhang and Wang (2017) where a
spectral method with total variation bound is given. In comparison, the novelty of our methods lies
in the use of maximum likelihood principle and low-rank optimization, which allows us to obtain
the first KL divergence bound for learning low-rank Markov models.

Our second approach involves solving a rank constraint optimization problem over probabilistic
matrices, which is a refinement of the convex nuclear-norm approach. Due to the non-convex rank
constraint, the optimization problem is difficult - to the best of our knowledge, there is no efficient
approach that directly solves the rank-constraint problem. In this paper, we develop a penalty
approach to relax the rank constraint and transform the original problem into a DC (difference
of convex functions) programming one. Furthermore, we develop a particular DC algorithm to
solve the problem by initiating at the solution to the convex problem and successively refining the
solution through solving a sequence of inner subproblems. Each subroutine is based on the multi-
block alternating direction method of multipliers (ADMM). Empirical experiments show that the
successive refinements through DC programming do improve the learning quality. As a byproduct
of this research, we develop a new class of DC algorithms and a unified convergence analysis for
solving non-convex non-smooth problems, which were not available in the literature to our best

knowledge.
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1.3. Contributions and paper outline

The paper provides a full set of solutions for learning low-rank Markov models. The main contribu-
tions are: (1) We develop statistical methods for learning low-rank Markov model with rate-optimal
Kullback-Leiber divergence guarantee for the first time; (2) We develop low-rank optimization
methods that are tailored to the computation problems for nuclear-norm regularized and rank-
constrained M-estimation; (3) A byproduct is a generalized DC algorithm that applies to nons-
mooth nonconvex optimization with convergence guarantee.

The rest of the paper is organized as follows. Section 2 surveys related literature. Section 3
proposes two maximum likelihood estimators based on low-rank optimization and establishes their
statistical properties. Section 4 develops computation methods and establishes convergence of the

methods. Section 5 presents the results of our numerical experiments.

2. Related literature

Model reduction for complicated systems has a long history. It traces back to variable-resolution
dynamic programming (Moore 1991) and state aggregation for decision process (Sutton and Barto
1998). In the case of Markov process, (Deng et al. 2011, Deng and Huang 2012) considered low-
rank reduction of Markov models with explicitly known transition probability matrix, but not the
estimation of the reduced models. Low-rank matrix approximation has been proved powerful in
analysis of large-scale panel data, with numerous applications including network analysis (E et al.
2008), community detection (Newman 2013), ranking (Negahban et al. 2016), product recommen-
dation (Keshavan et al. 2010) and many more. The main goal is to impute corrupted or missing
entries of a large data matrix. Statistical theory and computation methods are well understood in
the settings where a low-rank signal matrix is corrupted with independent Gaussian noise or its
entries are missed independently.

In contrast, our problem is to estimate the transition density functions from dependent state
trajectories, where statistical theory and efficient methods are underdeveloped. When the Markov
model has rank 1, it becomes an independent process. In this case, our problem reduces to estima-

tion of a discrete distribution from independent samples (Steinhaus 1957, Lehmann and Casella
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2006, Han et al. 2015). For a rank-2 transition matrix, Huang et al. (2016) proposed an estimation
method using a small number of independent samples. Very recently there have been some works
on minimax learning of Markov chains. Hao et al. (2018) derived the minimax rates of estimat-
ing a Markov model in terms of a smooth class of f-divergences. They considered the family of
a-minorated Markov chains, i.e., all the transition probabilities are greater than a. Wolfer and
Kontorovich (2019b) computed the finite-sample PAC-type minimax sample complexity of recov-
ering the transition matrix from a state trajectory of a Markov chain, up to a tolerance in a
total-variation-based (TV-based) metric. This TV-based metric does not belong to the family of
the smooth f-divergences in Hao et al. (2018), and their class of Markov models strictly contains
the class of the a-minorated ones. Neither of these works considered low-rank Markov models
though.

The closest work to ours is Zhang and Wang (2017), in which a spectral method via truncated
singular value decomposition was introduced and the upper and lower error bounds in terms of
total variation were established. Yang et al. (2017) developed an online stochastic gradient method
for computing the leading singular space of a transition matrix from random walk data. To our
best knowledge, none of the existing works has analyzed efficient recovery of a low-rank Markov
model with Kullback-Leiber divergence guarantee.

Hidden Markov Models (HMMs) are closely related with our low-rank Markov models. Note that
the observation trajectory of an HMM is not necessarily Markovian. Therefore, an HMM can be
regarded as a relaxed variant of low-rank Markov models. There have been many works on estimat-
ing HMM, in particular through spectral approaches, e.g., Hsu et al. (2012) and Anandkumar et al.
(2014). A critical difference is: States are not fully observable in HMM, but are fully observable
in low-rank Markov models. Although HMM is more general, the low-rank Markov model is more
suitable for dynamical processes where the state space is large but fully observable, for which we
will establish tighter error bounds.

On the optimization side, we adopt DC programming to handle the rank constraint and replace

it with the difference of two convex functions. DC programming was first introduced by Pham Dinh
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and Le Thi (1997) and has become a prominent tool for handling a class of nonconvex optimization
problems (see also Pham Dinh and Le Thi (2005), Le Thi et al. (2012, 2017), Le Thi and Pham Dinh
(2018)). In particular, Van Dinh et al. (2015) and Wen et al. (2017) considered the majorized
DC algorithm, which motivated the optimization method developed in this paper. However, both
Van Dinh et al. (2015) and Wen et al. (2017) used the majorization technique with restricted choices
of majorants, and neither considered the introduction of the indefinite proximal terms. In addition,
Wen et al. (2017) further assumes the smooth part in the objective to be convex. In comparison
with the existing methods, our DC programming method applies to nonsmooth problems and is
compatible with a more flexible and possibly indefinite proximal term.

Finally, we would like to mention the probabilistic tools we used to derive the statistical results.
Recent years have witnessed many works on measure concentration of dependent random variables,
e.g., Marton (1996), Kontorovich (2007), Kontorovich and Ramanan (2008), Paulin (2015), Jiang
et al. (2018), etc. Nevertheless, these results do not suffice to establish the desired statistical
guarantee, because exploiting low-rank structure requires studying the concentration of a matrix
martingale in terms of the spectral norm, as shown in Lemma 2. The matrix Freedman inequality
(Tropp 2011, Corollary 1.3) turns out to be the right tool for analyzing the concentration of the
matrix martingale. We also used an variant of Bernstein’s inequality for general Markov chains
(Jiang et al. 2018, Theorem 1.2) to derive an exponential tail bound for the status counts of the

Markov chain X.

3. Minimax rate-optimal estimation of low-rank Markov chains

Consider an ergodic Markov chain X' = {X,, X1,..., X,,} on p states S = {s;}_, with the transi-
tion probability matrix P € RP*? and stationary distribution 7, where P;; =P(X; = s,| X, = s;) for
any i, j € [p|. Let Ty :=minjep,) 7 and mpax := max;epy 7. We quantify the distance between two
transition matrices P and P in Frobenius norm ||P — P||p = {Zijzl(ﬁij - Pij)2}l/2 and Kullback—
Leibler divergence Dxi, (P, f’) = Zf,j:l ™ Pij 10g(Pij/f)ij)1{Pij¢0}. Suppose that the unknown tran-

sition matrix P has a small rank r < p. Our goal is to estimate the transition matrix P via a state

trajectory of length n.
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3.1. Spectral gap of nonreversible Markov chains

We first introduce the right Lo-spectral gap of P (Fill 1991, Jiang et al. 2018), a quantity that
determines the convergence speed of the Markov chain X to its invariant distribution 7. Let
Lo(m):={heRP:3, , him; <oo} be a Hilbert space endowed with the following inner product:

<h1, hg)w = Z hljhgjﬂ'j.

J€l[p]

The matrix P induces a linear operator on Ly(m): h+— Ph, which we abuse P to denote. Let P*

be the adjoint operator of P with respect to Lo(7):
P* = Diag(7) 'P " Diag(n).

Note that the following four statements are equivalent: (a) P is self-adjoint; (b) P* = P; (c)
the detailed balance condition holds: m;P;; = m;P;;; (d) the Markov chain is reversible. In our
analysis, we do not require the Markov chain to be reversible. We therefore introduce the additive
reversiblization of P: (P 4+ P*)/2, which is a self-adjoint operator on Lo(7) and has the largest

eigenvalue as 1. The right spectral gap of P is defined as follows:

DEFINITION 1 (RIGHT L,-SPECTRAL GAP). We say the right £,-spectral gap of P is 1 — p, if

1
Pt = sup (P +P*)h, ), <1,
(h,1) =0, (h,h) r=1

where 1 in (h, 1) refers to the all-one p-dimensional vector.

Define the e-mixing time of the Markov chain X" as
7(€) :==min{¢ : max || (P");. — 7|lrv <€},
Jj€lp]

where [|(P?);. — m||py := 271|(P?);. — ||y is the total variation distance between P’ and 7. For

reversible and ergodic Markov chains, Levin and Peres (2017, Theorem 12.3) show that

1 1
< 1 1
< tog( ), )

which implies that the larger the spectral gap is, the faster the Markov chain converges to the

stationary distribution.
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3.2. Estimation methods and statistical results

Now we are in position to present our methods and statistical results. Given the trajectory

{Xi,...,X,}, we count the number of times that the state s, transitions to s;:

:‘{1§]€§7’L| Xk_lzsi,Xk:st.

p

i, 1. The averaged negative log-likelihood function

Let n;:=3"_ ny fori=1,....p and n:=
of P based on the state-transition trajectory {zg,...,2,} is

= —— z IOg P Xk Z Z nzg log ’Lj (2)

=1 j=1
where X, := eiejT e RP*? if x, = s, and x4 = s;. We first impose the following assumptions on P

and 7.

ASSUMPTION 1. (i) rank(P) =r; (ii) There exist some positive constants «, 3 >0 such that for
any 1 S]»kﬁp; ij € {O}U[Oé/p,ﬂ/p]

REMARK 1. The entrywise constraints on P are imposed by our theoretical analysis and may not
be necessary in practice. Specifically, the upper and lower bounds for the nonzero entries of P
ensure that (i) the gradient of the log-likelihood V/,,(P) is well controlled and exhibits exponential
concentration around its population mean (see (EC.9) for the reason we need « there); (ii) the
converter between the ly-risk |P — P|[p (|[P" — P||p resp.) and the KL-divergence Dy (P,P)
(DKL(P,I/S”) resp.) depends on « and 3, as per Lemma EC.1. The entry-wise upper and lower
bounds are common in statistical analysis of count data, e.g., Poisson matrix completion (Cao
and Xie 2016, Equation (10)), Poisson sparse regression (Jiang et al. 2015, Assumption 2.1), point

autoregressive model (Hall et al. 2016, Definition of A,), etc.

REMARK 2. If we remove 0 in the feasible range of Pj;, we obtain the (a/p)-minoration condition:
Pj, > a/p for all j, k € [p]. The (a/p)-minoration condition implies strong mixing since combining
Brémaud (1999, pp. 237-238) and Kontorovich (2007, Lemma 2.2.2) yields 1 — p, > o and we can

deduce that 7(€) < a 'log{(emmin) "} given (1).
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Next we propose and analyze a nuclear-norm regularized maximum likelihood estimator (MLE)

of P defined as follows:

P := argmin £,(Q)+ A|Q||.
(3)
S't' lezl;m O‘/pSszgﬁ/pa V1§Z7.7§p7
where A > 0 is a tuning parameter. Note that we cannot allow Q to have zero entries as in Assump-
tion 1, because otherwise we may have that ﬁij =0 and P;; > 0 for some (,j), violating the
requirement of the definition of DKL(P,f’). Our first theorem shows that with an appropriate

choice of A, P exhibits a sharp statistical rate. For simplicity, from now on we say a 2 b (a <b) if

there exists a universal constant ¢ >0 (C' > 0) such that a > cb (a < Cb).

THEOREM 1 (Statistical guarantee for the nuclear-norm regularized estimator).
Suppose the initial state X is drawn from the stationary distribution = and Assumption 1 holds.

There exists a universal constant Cy >0, such that for any &€ > 1, if we choose

2 1 1/2 1
/\:CI{ <£p Tinax 0gp> L& ogp}7

no no

then whenever nTma (1 — py ) > max{max(20,£?)logp,logn}, we have that

2
P DKL(P f’) > ErTmax 3 plogp + §Mmin <€_5+p_(5_1) +p—lo
’ ~ 7TminOégn T'PTmax log P ~ ’

and that

4 2
P Hf) _ PHQ > §rmax” logp + §p < e ¢ +p—(§—1) _|_p—10‘
B 2. atn arp*mmalogp ) ™

REMARK 3. When n < {rpmmax(logp) 3/ (mminc®/?)}2, the second terms of both the KL-Divergence

and Frobenius-norm error bounds are dominated by the first terms respectively, so that

~ P max 320 10 ~ rTmax 3 10
DKL<P,P>20P(M> and \P—Pwézop(ﬁgp) (1)

Tmin 3N 2. atn
When o =< 8 and mTygax < Tmin, we have that «,8 <1 and that myay, Tmin < 1/p. Therefore,
Dy (P, P) = Os(rplogp/n) and |P — P||2 = Op(rplogp/n). These rates are consistent with those

derived in the literature of low-rank matrix estimation (Negahban and Wainwright 2011, Koltchin-

skii et al. 2011). For a big n, the current error bounds are sub-optimal: the second terms of the
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bounds are independent of n and thus do not converge to zero as n goes to infinity. These terms are
due to the requirement of the uniform concentration of EKL(P,I?’), the empirical counterpart of
Dg.(P, f’), to Diy(P,P) (see Lemma 3). We eliminate these trailing terms through an alternative
proof strategy in Section EC.9, though the resulting statistical rates have worse dependence on «

and § and are thus relegated to the appendix.

REMARK 4. When r =1, P can be written as 1v' for some vector v € R?, and then estimating
P essentially reduces to estimating a discrete distribution from multinomial count data. The first
term of the upper bounds in Theorem 1 nearly matches (up to a log factor) the classical results of

discrete distribution estimation ¢, risks (see, e.g., Lehmann and Casella (2006, Pg. 349)).

Next we move on to the second approach — using rank-constrained MLE to estimate P:

~

P":= argmin/,(Q)
(5)
s.t. Q]‘P:]'P? a/pSQZJSﬂ/pv V1§Z7j§pv rank(Q)Sr.

Similarly to (3), we cannot allow Q to have zero entries. In contrast to 13, the rank-constrained
MLE P’ enforces the prior knowledge “P is low-rank” exactly without inducing any additional
bias. It requires solving a non-convex and non-smooth optimization problem, for which we will
provide an algorithm based on DC programming in Section 4.2. Here we first present its statistical

guarantee.

THEOREM 2 (Statistical guarantee for the rank-constrained estimator). Suppose that
Assumption 1 holds and that nmy,..(1 — py) > max(20logp,logn). There exist universal constants

C1,C5 > 0 such that for any £ >0,

3 C max 2 1 min
PJ Dt (P, Br) > max [ C/ T Plogp &7 < Che™,
Tmin QM TP max 10g P

and

N 4 2
P{HPTPH% ZmaX(Clrﬂ-maXB logp 56 >} §C26_£-

w2 atn T arp M.y logp

min
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REMARK 5. The proof of the rank constrained method requires fewer inequality steps and is more
straightforward than the that of the nuclear method. Although our upper bounds of the nuclear
norm regularized method and the rank constrained one have the same rate, the difference of their
proofs may implicitly suggest the advantage of the rank constrained method in the constant, as

futher illustrated by our numerical studies.

To assess the quality of the established statistical guarantee, we further provide a lower bound
result below. It shows that when «, 3 are constants, both estimators P and P" are rate-optimal
up to a logarithmic factor. Informally speaking, they are not improvable for estimating the class

of rank-r Markov chains.

THEOREM 3 (Minimax error lower bound for estimating low-rank Markov models).

Consider the following set of low-rank transition matrices
©:={P:Vj, k€ [p], P, € {0} U|o/p, +00), P1,=1,, rank(P) <r}.

There exists a universal constant ¢ >0 such that when p(r —1) >192log2, we have

. 1
inf sup B[P — P2 > 2 1)
P PcoO

REMARK 6. Theorem 3 shows that a smaller & makes the estimation problem harder. It still

remains to be an open problem whether 8 in Assumption 1 should be in this minimax risk or not.

Besides the full transition matrix P, the leading left and right singular vectors of P, denoted by
U,V € Q" also play important roles in Markov chain analysis. For example, performing k-means
on reliable estimate of U or V can give rise to state aggregation of the Markov chain (Zhang and
Wang 2017). In the following, we further establish the statistical rate of estimating the singular

subspace of the Markov transition matrix, based on the previous results.

THEOREM 4. Under the setting of Theorem 1, let IAJ',\A/' € QP> be the left and right singular vectors

off’ respectively. Then there exist universal constants Cy,Csy, such that for any € >0, we have that

. - . - . Crwmaxﬁ4 logp 562
max { |sin®(U, U)||3, || sin @(V,V)H%} < m1n{max< o2 (P) arpProm(logp)o2(P) ,T

min
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with probability at least 1 — Cy(e=¢ +p~ =V 4+ p~19). Here, 0,.(P) is the r-th largest singular value
of P and ||sin©(U, U) || := (r — |[UTU||2)"2 is the Frobenius norm sin® distance between U and

U.

3.3. Proof outline of Theorems 1, 2

In this section, we elucidate the roadmap to proving Theorems 1 and 2. Complete proofs are
deferred to the supplementary materials. We mainly focus on Theorem 1 for the nuclear-norm
penalized MLE 13, as we use similar strategies to prove Theorem 2.

We first show in the forthcoming Lemma 1 that when the regularization parameter X is sufficiently
large, the statistical error A :=P — P falls in a restricted nuclear-norm cone. This cone structure
is crucial to establishing strong statistical guarantee for estimation of low-rank matrices with high-
dimensional scaling (Negahban and Wainwright 2011). Define a linear subspace N :={Q:Ql, =
1,} and denote the corresponding projection operator by Iy . In other words, for any Q € N and
any j=1,...,p, the summation of all the entries in the jth row of Q equals one. One can verify
that for any Q € RP*? I\ (Q) = Q- Q117 /p. Let P=UDV T be an SVD of P, where U,V € RF*"

are orthonormal and the diagonals of D are in the non-increasing order. Define

M:={Q e R*? | row(Q) C col(V),col(Q) C col(U)},
M= {Qe R | row(Q) L col(V),col(Q) L col(U)},

where col(-) and row(-) denote the column space and row space respectively. We can write any

A € RPXP ag

I, T
N 0 o2a T R VAR VAR I

F21 F22

Define A,y as the projection of A onto any Hilbert space W C RP*P. Then,

Fll F12

Apu=Ur,V', A =U'Tyu(VYH)T, Agy=[U U [V, V4T, (6)
]_-‘21 0

The lemma below shows that A :=P — P falls in a nuclear-norm cone if \ is sufficiently large.
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LEMMA 1. If A>2|I1 (VL (P))]|l2 in (3), then we have that
1A el < 3l Al + 4P .
In particular, when P € M, we have that |P .|« =0 and that
IALL < Al + [ Al <41 Al <42 2 Allr. (7)

Lemma 1 implies that the converting factor between the nuclear and Frobenius norms of A

1/2 1/2

is merely 4(2r)'/* when P € M, which is much smaller than the worst-case factor p'/* between
nuclear and Frobenius norms of general p-by-p matrices. This property of A is one cornerstone for
establishing Theorem 1.

Next, we derive the rate of || IIx(VZ,(P))||2 to determine the order of A that ensures the condition

of Lemma 1 to hold.

LEMMA 2. Under Assumption 1, whenever nmy.,(1—py) >2logp, for any £ > 1,

2 1/2 _
P{HHN_(vgn(P))Hz Z <£p Tmax ]-ng> + fplogp} S 4p7(£71) +exp<_nﬂ-max(1 p-‘r)) .
no no 2

REMARK 7. Lemma 2 is essentially due to concentration of a matrix martingale. Many existing
results on measure concentration of dependent random variables (Marton 1996, Kontorovich 2007,
Kontorovich and Ramanan 2008, Paulin 2015) are not directly applicable because of the matrix
structure of V/, (P). The main probabilistic tool we use here is the matrix Freedman inequality
(Tropp 2011, Corollary 1.3) that characterizes concentration behavior of a matrix martingale (See
(EC.18) for details). We notice two recent works, Wolfer and Kontorovich (2019b) and Wolfer
and Kontorovich (2019a), that use the same matrix Freedman inequality. Specifically, Wolfer and
Kontorovich (2019a) applied the matrix Freedman inequality to derive a confidence interval for the
mixing time of a Markov chain based on its single trajectory, and Wolfer and Kontorovich (2019b)
used the same inequality to establish an upper bound for the sample complexity of learning a
Markov chain. Finally, we also use an variant of Bernstein’s inequality for general Markov chains
(Jiang et al. 2018, Theorem 1.2) to derive an exponential tail bound for the status counts of the

Markov chain X (See (EC.16) for details).
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Let C:={Q R |Q—P|. <4 x2V2|Q—P|r,Ql,=1,,a/p < Q;1, < 8/p,Y(j, k) € [p] x [p]}.
For any Q € C, define £(Q) := E{—1log({Q,X;))} and £,(Q) :=n"'Y"  —log({Q,X;)). Recall
that Dxi(P,Q) = L(Q) — L(P) =>"7_, mDxw(Pi, Qi) = >0y Do miPijlog(P;;/Qi;). Define the
empirical KL divergence of Q from P as

n

Dia(P,Q) 1= - > (log(P) ~0g(Q), X,) = £.(Q) — (u(P).

i=1
The final ingredient of the analysis is the uniform converegence of l~7KL(P, Q) to Dkr.(P,Q) when

Dk, (P, Q) is large.

LEMMA 3. Suppose that nmyua (1 — py) > max(20logp,logn). For any n > Tuin/(2Tmaxrplogp),
define C(n) :={Q €C: Dk (P,Q) >n}. Then there exist universal constants Cy,Cy >0 such that

Cl 7Tmaxﬁzrp lOg p }

Wmillagn

P{vQeCtn. 1D(P.Q) - Dia(P,Q)| < ) Dia (P Q)+

max 1
Zl_cﬂp(_mwogﬁ),

Tmin

Theorem 1 follows immediatley after one combines Lemmas 1, 2 and 3. As for the rank-
constrained MLE P7, let 3(?”) .= P" — P. Note that the rank constraint in (5) implies that
rank(A(r)) < 2r. Thus, |A(r)]. < (2r)/2| A(r)||p and Lemma 3 remains applicable in the statis-

tical anlaysis of P

4. Computing Markov models using low-rank optimization

In this section we develop efficient optimization methods to compute the proposed estimators for
the low-rank Markov model. From now on, we drop the constraint that o/p < Q;; < 3/p, which is
used only to derive the statistical guarantees. In other words, o and 3 are motivated by statistical

theory, and do not need to be taken into account in the optimization.

4.1. Optimization methods for the nuclear-norm regularized likelihood problem

We first consider the nuclear-norm regularized likelihood problem (3). It is a special case of the

following linearly constrained optimization problem:

min {g(X) +¢|[X][. | A(X) =b}, (9)
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where g : RP*P — (—o00,+00] is a closed, convex, but possibly non-smooth function, A : RP*P — R™
is a linear map, b € R™ and ¢ > 0 are given data. If we take « =0, 3 = p in problem (3), it becomes
a special case of the general problem (9) with ¢(X) = —/,,(X)+4§(X >0), A(X)=X1,,b=1,, and
d(+) being the indicator function.

Despite of its convexity, problem (9) is highly nontrivial due to the nonsmoothness of g and the
presence of the nuclear norm regularizer. Here, we propose to solve it via the dual approach. The
dual of problem (9) is

min g*(—E) — (b, y)
st. E4+A(y)+S=0, [S|2<¢,

where || - |2 denotes the spectral norm, and g* is the conjugate function of g given by

=)= —(log — — 1 —log(—E%,, 6(E2<0) VE e RP*P
9" () (_E_)GQ —(log — og(—Ey)) +4(E<0)
0.

with Q= {(i,7) | ni; # 0} and Q = {(i,5) | ni;; = 0}. Given o > 0, the augmented Lagrangian function

L, associated with (10) is
_ * — g p— * 1
Lo(8,9,8X) =g"(=8) = (b, y) + 5 [E+ A"(y) + S + X /o|* — —[IX]*

We consider popular ADMM type methods for solving problem (10) (A comprehensive numerical
study has been conducted in (Li et al. 2016b) and justifies our procedure). Since there are three
separable blocks in (10) (namely =, y, and S), the direct extended ADMM is not applicable. Indeed,
it has been shown in (Chen et al. 2016) that the direct extended ADMM for multi-block convex
minimization problem is not necessarily convergent. Fortunately, the functions corresponding to
block y in the objective of (10) is linear. Thus we can apply the multi-block symmetric Gauss-Sediel
based ADMM (sGS-ADMM) (Li et al. 2016b). In literature (Chen et al. 2017, Ferreira et al. 2017,
Lam et al. 2018, Li et al. 2016b, Wang and Zou 2018), extensive numerical experiments demonstrate
that sGS-ADMM is not only convergent but also faster than the directly extended multi-block
ADMM and its many other variants. Specifically, the algorithmic framework of sGS-ADMM for
solving (10) is presented in Algorithm 1.

Next, we discuss how the k-th iteration of Algorithm 1 is performed:
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Algorithm 1 An sGS-ADMM for solving (10)

Input: initial point (E° y°,S% X?), penalty parameter o > 0, maximum iteration number K,

and the step-length v € (0, (1++/5)/2)
for k=0 to K do
yF+s = arg min, £, (E*,y, 8" X*)
EF+1 = argming £, (2, yF+2, Sk, XF)
Yt = argmin, £, (2!, y, S XF)
S = argming L, (EF! y* 1 S, ; XF)
XL = XE 4 o (BFHT 4 A% (yhH) + SFH)

end for

I can be obtained

Computation of y**Z and y**+'. Simple calculations show that y*+2 and y*+
by solving the following linear systems:

yk+

Nl

= %(AA*)*l(b— Xt~ o(2F +8¥)),

1
yk+1 —_ ;(.A.A*)_l(b— Xk _ O.(Ek-H 4 Sk))
In our estimation problem, it is not difficult to verify that AA*y = py for any y € R?. Thanks to

this special structure, the above formulas can be further reduced to

1 1
= — (b—X* — (8 +8")) and y* = —

op op

y (b—X* — o (B 1 8%).

Computation of Z¥*!. To compute Z**!, we need to solve the following optimization problem:

: * — g p—
min {g"(~8) + 7S+ R},

where R* € RF*? is given. Careful calculations, together with the Moreau identity (Rockafellar

2015, Theorem 31.5), show that

1 1
Fh1 = ~[ZF — oR*] and Z* = argmin {o'g(Z) + 5HZ — URk||2} .
o Z

For our estimation problem, i.e., g(X) =¢,(X) + (X > 0), it is easy to see that Z* admits the

following form:
R+ /()2 +4ni; [ (no)
2

if (i,7) €Q and Z; = omax(R};,0) if (i,5) € Q.

97

k _
zk =
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Computation of S¥*!. The computation of S¥*! can be simplified as:
S+ —argmin { |8 + & + Ay + X /o | S]a < cf
S

Let Wy, := —(BFF! + A*y*1 + X*/5) admit the following singular value decomposition (SVD)
W, =U,.X, V], where U, and V|, are orthogonal matrices, 3, = Diag(a¥},... ,oz’;) is the diagonal
matrix of singular values of Wy, with of > ... > o/; > 0. Then, by Lemma 2.1 in (Jiang et al. 2014),
we know that

SH = U min(Zy, c) V],

where min(3;, ¢) = Diag( min(af, ¢),...,min(a¥, ¢)). We also note that in the implementation, only
partial SVD, which is much cheaper than full SVD, is needed as r < p.

The nontrivial convergence results and the sublinear non-ergodic iteration complexity of Algorithm
1 can be obtained from Li et al. (2016b) and Chen et al. (2017). We put the convergence theorem

and a sketch of the proof in the supplementary material.

4.2. Optimization methods for the rank-constrained likelihood problem

Next we develop the optimization method for computing the rank-constrained likelihood maximizer
from (5). In Subsection 4.2.1, a penalty approach is applied to transform the original intractable
rank-constrained problem into a DC programming problem. Then we solve this problem by a
proximal DC (PDC) algorithm in Subsection 4.2.2. We also discuss the solver for the subproblems
involved in the proximal DC algorithm. Lastly, a unified convergence analysis of a class of majorized

indefinite-proximal DC (Majorized iPDC) algorithms is provided in Subsection 4.2.3.

4.2.1. A penalty approach for problem (5). Recall (5) is intractable due to the non-
convex rank constraint, we introduce a penalty approach to relax. We particularly study the

following optimization problem:

min {f(X) | A(X) =b, rank(X) <r}, (11)
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where f:RP*P — (—o0,+00] is a closed proper convex, but possibly non-smooth, function. The
original rank-constraint maximum likelihood problem (5) can be viewed as a special case of the
general model (11).

Given X € R7*?, let 0¢(X) > --- > 0,(X) > 0 be the singular values of X. Since rank(X) <r if
and only o, (X) +... +0,(X) = [| X[« = I X[l =0 (IX|l¢ry =X;_, 0:(X) is the Ky Fan r-norm

of X), (11) can be equivalently formulated as
min { f(X) | [IX][]. = [IX]|¢-) =0, AX) =b} .
See also (Gao and Sun 2010, Equation (29)). The penalized formulation of problem (11) is
min { f(X) + (| X[l = [ X)) | AX) = b}, (12)

where ¢ > 0 is a penalty parameter. Since | - ||y is convex, the objective in problem (12) is a
difference of two convex functions: f(X) + c||X]|[. and ¢||X||, i.e., (12) is a DC program.
Let X* be an optimal solution to the penalized problem (12). The following proposition shows

that X! is also the optimizer to (11) when it is low-rank.
PROPOSITION 1. Ifrank(X}) <r, then X is also an optimal solution to the original problem (11).

In practice, one can gradually increase the penalty parameter ¢ to obtain a sufficient low rank
solution XZ*. In our numerical experiments, we can obtain solutions with the desired rank with a

properly chosen parameter c.

4.2.2. A PDC algorithm for the penalized problem (12). The central idea of the DC
algorithm (Pham Dinh and Le Thi 1997) is as follows: at each iteration, one approximates the
concave part of the objective function by its affine majorant, then solves the resulting convex
optimization problem. In this subsection, we present a variant of the classic DC algorithm for
solving (12). For the execution of the algorithm, we recall that the sub-gradient of Ky Fan r-norm

at a point X € ®P*? (Watson 1993) is

9|IX||y = {UDiag(¢")V' |¢" € A},
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where U and V are the singular vectors of X, and A is the optimal solution set of the following

problem

p
max{zm(xm | (1,,¢) <7, 0<¢g< 1} -
i=1

qERP
Note that one can efficiently obtain a component of 0| X||) by computing the SVD of X and
picking up the SVD vectors corresponding to the r largest singular values. After these preparations,
we are ready to state the PDC algorithm for problem (12) in Algorithm 2. Different from the classic
DC algorithm, an additional proximal term is added to ensure that solutions of subproblems (13)
exist and the difference of two consecutive iterations converges. See Theorem 5 and Remark 8 for

more details.

Algorithm 2 A PDC algorithm for solving (12)
Given ¢ > 0, a > 0, and the stopping tolerance 7, choose initial point X° € RP*?. Iterate the

following steps for k=0,1,...:

1. Choose W, € 9||XF¥||(,). Compute

. (6]
b Gan T argmlnf(X)+C(||X||*—<WkaX—Xk>—||Xk”(r))+§”X—Xk||§r (13

subject to A(X) =0b.

2. If | X*+ — X*||» <1, stop.

We say that X is a critical point of problem (12) if
O(f(X) + el X[l 4+ 0(AX) =b)) N (Ol X)) # 0.

We have the following convergence results for Algorithm 2.

THEOREM 5 (Convergence of Algorithm 2). Let {X*} be the sequence generated by Algorithm
2 and o> 0. Then {f(X*) + (|| X*||. — |X*[|)} is a non-increasing sequence. If X*t =Xk for

some integer k>0, then X* is a critical point of (12). Otherwise, it holds that

(RS eI = X4 ) = (FOK8) + (X = XK ) < = 5 IXEH = X2
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Moreover, any accumulation point of the bounded sequence {X"*} is a critical point of problem (12).

In addition, if o> 0, it holds that lim;_, . [|X*+1 — X*|| =0.

REMARK 8 (ADJUSTING PARAMETERS). In practice, a small a > 0 is suggested to ensure strict
decrease of the objective value and convergence of {||X**! — X¥||}; if f is strongly convex, one
achieves these nice properties even if & =0 based on the results of Theorem 6. The penalty param-
eter ¢ can be adaptively adjusted according to the rank of the sequence generated by Algorithm

2.

REMARK 9 (NUMBER OF ITERATIONS OF ALGORITHM 2). Let 7 > 0 be the stopping tolerance
and F™* be the optimal value of problem (12). By using the inequality in Theorem 5, it can be

shown that if o > 0, then Algorithm 2 terminates in no more than K iterations, where

2(£(X°) + c(IX°ll. = X ) — F7)

K=
an?

+ 1.

REMARK 10 (STATISTICAL PROPERTIES). The statistical rate we derived in Theorem 2 does not
carry over to the iterates of the DC algorithm here. Though we show in Theorem 5 that the DC
algorithm can converge to a critical point, it remains unclear whethere this point is close to the
global optimum and provably enjoys the statistical guarantee. Recently there have been many
works conveying positive messages on the statistical properties of the non-convex optimization
algorithms. For example, Loh and Wainwright (2015) showed that any stationary point of the
composite objective function they considered lies within statistical precision of the true parameter.

We hope to establish similar theory for the proposed DC approach in future research.

Next, we discuss how to solve subproblems (13). (13) is still a nuclear norm penalized convex
optimization problem and is a special case of model (9) with ¢(X) = f(X) + (W, X) + 2| X||3.
Hence, Algorithm 1 can directly solve these subproblems efficiently. When Algorithm 1 is executed
on this new function g, all computations, except for the update of 2, have already been discussed

in Section 4.1. To update = in the process of executing Algorithm 1 for solving (13) with ¢(X) =
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0,(X) +6(X >0)+ (W, X) + 2| X][|%, we need to solve the following minimization problem for

given R € RP*? and o > 0,
* 3 1 2
Z* = argmin ag(Z)+§\|Z—aRH :
z

Z* here can be calculated by

(0Ri; —Wi)+0+/(Ri; — Wy /0)2 4+ 4(a+ 1)n;; /(no)
2(a+1)

if (4,7) €
7 =

)

omax(R;; — Wi;/0,0) if (i,7) € Q.

4.2.3. A unified analysis for the majorized iPDC algorithm. Due to the presence of the
proximal term £[|X — X*||? in Algorithm 2, the classical DC analyses cannot be applied directly.
In this subsection, we provide a unified convergence analysis for the majorized indefinite-proximal
DC (majorized iPDC) algorithm which includes Algorithm 2 as a special instance. Let X be a
finite-dimensional real Euclidean space endowed with inner product (-, -) and induced norm || - ||.

Consider the following optimization problem

min 0(z) = g(z) +p(z) — q(2), (14)

zeX

where g: X — R is a continuously differentiable function (not necessarily convex) with a Lipschitz

continuous gradient and Lipschitz modulus L, >0, i.e.,
IVf(z) = V(@) < Lylle — '] Va,2' €X,

p: X — (—00,+00] and ¢ : X — (—o0, +00] are two proper closed convex functions. It is not difficult
to observe that penalized problem (12) is a special instance of problem (14). For general model

(14), one can only expect the DC algorithm converges to a critical point Z € X of (14) satisfying

(Vg(Z) +0p(x)) N dq(Z) # 0.

Since g is continuously differentiable with Lipschitz continuous gradient, there exists a self-adjoint

positive semidefinite linear operator G : X — X such that for any z,z’ € X

9(@) <G(z;2") £ g(2') + (Vg(a'), 2 — ') + S [lo — 2[5
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Algorithm 3 A majorized indefinite-proximal DC algorithm for solving problem (14)

Given initial point 2° € X and stopping tolerance 7, choose a self-adjoint, possibly indefinite, linear
operator T : X — X. Iterate the following steps for k=0,1,...:

1. Choose &* € dq(x*). Compute

~ 1
2" € argmin {H(w;xk)—i—Q!x—xk\gr}, (15)

zeX

where 5(x,:ck) 2 G(x; ") + p(x) — (Q(ﬂUk) + (z — mka§k>)'

2. If ||z* Tt — 2| <, stop.

We present the majorized iPDC algorithm for solving (14) in Algorithm 3 and provide the

following convergence results.

THEOREM 6 (Convergence of iPDC). Assume that inf,cx 0(x) > —oco. Let {z*} be the sequence
generated by Algorithm 3. If x*** = z* for some k >0, then z* is a critical point of (14). If
G+2T =0, then any accumulation point of {x*}, if exists, is a critical point of (14). In addition,

if G+2T =0, it holds that lim ||z"*! —z*|| =0.
—00
The proof of Theorem 6 is provided in the supplementary material.

REMARK 11. Here, we discuss the roles of linear operators G and 7. First, G makes the subproblems
(15) in Algorithm 3 more amenable to efficient computations. Theorem 6 shows the algorithm
is convergent if G + 27 = 0. This indicates that instead of adding the commonly used positive
semidefinte or positive definite proximal terms, we allow T to be indefinite for better practical
performance. The computational benefit of using indefinite proximal terms has also been observed
in (Gao and Sun 2010, Li et al. 2016a). As far as we know, Theorem 6 provides the first rigorous
convergence proof of the DC algorithms with indefinite proximal terms. Second, G and 7 also help
to guarantee that the solutions of the subproblems (15) exist. Since G+ 27 > 0 and G = 0, we
have that 2G +27 =0, i.e., G+ 7T = 0. Hence, G+ 27 =0 (G + 27 > 0) implies that subproblems
(15) are (strongly) convex. Third, the choices of G and 7 are very much problem dependent. The
general principle is that G + 7 should be as small as possible while ensuring z**! is relatively easy

to compute.
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5. Simulation results

In this section, we conduct numerical experiments to validate our theoretical results. We first com-
pare the proposed nuclear-norm regularized estimator and the rank-constrained estimator with
previous methods in literature using synthetic data. We then use the rank-constrained method to
analyze a dataset of Manhattan taxi trips to reveal citywide traffic patterns. All of our computa-
tional results are obtained by running MATLAB (version 9.5) on a windows workstation (8-core,

Intel Xeon W-2145 at 3.70GHz, 64 G RAM).

5.1. Experiments with simulated data

We randomly draw the transition matrix P as follows. Let Uy, V € P*" be random matrices with

1.i.d. standard normal entries and let
Upig = (Ugo Ug)pig/I(Uo)pigll; and Vi ;3= (Voo Vo) /I(Vo)alls, i=1,....p,5=1,...,7,

where o is the Hadamard product and INJM denotes the i-th row of U. The transition matrix
P is obtained via P = UV'. Then we simulate a Markov chain trajectory of length n =
round(krplog(p)) on p states, {Xo,..., X, }, with varying values of k.

We compare the performance of four procedures: the nuclear norm penalized MLE, rank-
constrained MLE, empirical estimator and spectral estimator. Here, the empirical estimator is the

empirical count distribution matrix defined as follows:
Th=11xp =i Xp=5)

P = (Pij)gi,jgp’ Pij = | e
1 when Y7 1y, ;=i =0.

p?

, when Y0 Tix, =iy > 15

The empirical estimator is in fact the unconstrained maximum likelihood estimator without taking
into account the low-rank structure. The spectral estimator (Zhang and Wang 2017, Algorithm
1) is based on a truncated SVD. In the implementation of the nuclear norm penalized estimator,
the regularization parameter \ in (3) is set to be C' m with constant C' selected by cross-
validation. For each method, let U and V be the leading r left and right singular vectors of the

resulting estimator P. We measure the statistical performance of P through three quantities:

nrg:=|P— f’||i,, KL = DKL(P,f’), and nyy = maX{H sin@(ﬁ,U)H%, I Siﬂ@(v,V)H%}.
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We consider the following setting with p = 1000, r» = 10, and k € [10, 100]. The results are plotted
in Figure 1. One can observe from these results that for rank-constrained, nuclear norm penal-
ized and spectral methods, nr,nxr and nyy converge to zero quickly as the number of the state
transitions n increases, while the statistical error of the empirical estimator decreases in a much
slower rate. Among the three estimators in the zoomed plots (second rows of Figure 1), the rank
constrained estimator slightly outperforms the nuclear norm penalized estimator and the spectral
estimator. This observation is consistent with our algorithmic design: the nuclear norm minimiza-
tion procedure is actually the initial step of Algorithm 2; thus the rank-constrained estimator can
be seen as a refined version of the nuclear norm regularized estimator.

We also consider the case where the invariant distribution 7 is “imbalanced”, i.e., we construct P
such that min;—, _,m; is quite small and the appearance of some states is significantly less than the
others. Specifically, given 1,72 > 0, we generate a diagonal matrix D with i.i.d. beta-distributed
(Beta(y1,72)) diagonal elements. After obtaining U and V in the same way as in the beginning of
this subsection, we compute P=UV'D. The ground truth transition matrix P is obtained after a
normalization of P. Then, we simulate a Markov chain trajectory of length n = round(krplog(p))
on p states. In our experiment, we set p = 1000, r» = 10, k € [10,100], and ; = 7o = 0.5. The detailed
results are plotted in Figure 2. As can be seen from the figure, under the imbalanced setting,
the rank-constrained, nuclear norm penalized and spectral methods perform much better than the
empirical approach in terms of all the three statistical performance measures (ng, nxz and nyy ).

In addition, the rank-constrained estimator exhibits a clear advantage over two other approaches.

5.2. Experiments with Manhattan Taxi data

In this experiment, we analyze a real dataset of 1.1 x 107 trip records of NYC Yellow cabs (Link:
https://s3.amazonaws.com/nyc-tlc/trip+data/yellow_tripdata_2016-01.csv) in January
2016. Our goal is to partition the Manhattan island into several areas, in each of which the taxi
customers share similar destination preference. This can provide guidance for balancing the supply

and demand of taxi service and optimizing the allocation of traffic resources.
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Figure 1  The first row compares the rank-constrained estimator, nuclear norm penalized estimator, spec-
tral method, and empirical estimator in terms of np = ||P — l/SH%,nKL = DKL(P,IS), and nuy =
max{ || sin O(U,U,)||%, || sin @(\A/,V)H%} The second row provides the zoomed plots of the first row

without the empirical estimator. Here, n = round(krplogp) with p=1,000, r = 10 and k ranging from

10 to 100.
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Figure 2 The first row compares the rank-constrained estimator, nuclear norm penalized estimator, spec-

tral method, and empirical estimator in terms of nr = ||P — f’H%,nKL = DKL(P,f’), and nuy =
max{ || sin @(ﬁ,U, IZ, || sin @(\A/,V)H%} with imbalanced invariant distribution. The second row pro-
vides the zoomed plots of the first row without the empirical estimator. Here, n = round(krplogp) with

p=1,000, » =10 and k ranging from 10 to 100.
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We discretize the Manhattan island into a fine grid and model each cell of the grid as a state
of the Markov chain; each taxi trip can thus be viewed as a state transition of this Markov chain
(Yang et al. 2017, Benson et al. 2017, Liu et al. 2012). For stability concerns, our model ignores
the cells that have fewer than 1,000 taxi visits. Given that the traffic dynamics typically vary over
time, we fit the MC under three periods of a day, i.e., 06: 00 ~ 11 :59 (morning), 12:00 ~ 17: 59
(afternoon) and 18:00 ~ 23 : 59 (evening), where the number of the active states p =803, 999 and
1,079 respectively. We apply the rank-constrained likelihood approach to obtain the estimator Pr
of the transition matrix, and then apply k-means to the left singular subspaces of P’ to classify
all the states into several clusters. Figure 3 presents the clustering result with » =4 and k=4 for
the three periods of a day.

First of all, we notice that the locations within the same cluster are close with each other in geo-
graphical distance. This is non-trivial: we do not have exposure to GPS location in the clustering
analysis. This implies that taxi customers in neighboring locations have similar destination pref-
erence, which is consistent with common sense. Furthermore, to track the variation of the traffic
dynamics over time, Figure 4 visualizes the distribution of the destination choice that is corre-
spondent to the center of the green cluster in the morning, afternoon and evening respectively. We
identify the varying popular destinations in different periods of the day and provide corresponding

explanations in the following table:

Time Popular Destinations Explanation
Morning New York—Presbyterian Medical Center, hospitals, workplaces,
42-59 St. Park Ave, Penn Station the train station
Afternoon 66 St. Broadway lunch, afternoon break,

short trips

Evening Penn Station go home

Finally, it might be tempting to model the taxi trips by an HMM, where regions of Manhattan

correspond to hidden states. However, such a region is always part of the current observation (i.e.,
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Figure 3 The meta-states compression of Manhattan traffic network via rank-constrained approach with r = 4:

mornings (left), afternoons (middle) and evenings (right). Each color or symbol represents a meta-state.

One can see the day-time state aggregation results differ significantly from that of the evening time.

location of taxi): It is observable and is not a hidden state that has to be inferred from all past

observations. As a result, although both HMM and the low-rank Markov model could apply to taxi

trips, the low-rank Markov model is simpler and more accurate.

6. Conclusion

This paper studies the recovery and state compression of low-rank Markov chains from empirical
trajectories via a rank-constrained likelihood approach. We provide statistical upper bounds for the
£y risk and Kullback-Leiber divergence between the estimator and the true probability transition
matrix for the proposed estimator. Then, a novel DC programming algorithm is developed to
solve the associated rank-constrained optimization problem. The proposed algorithm non-trivially
combines several recent optimization techniques, such as the penalty approach, the proximal DC
algorithm, and the multi-block sGS-ADMM. We further study a new class of majorized indefinite-

proximal DC algorithms for solving general non-convex non-smooth DC programming problems
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Figure 4 Visualization of the destination distributions corresponding to the pick-up locations in the green clusters

in Figure 3: mornings (left), afternoons (middle) and evenings (right).

and provide a unified convergence analysis. Experiments on simulated data illustrate the merits of
our approach.
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Technical lemmas and proofs
EC.1. Technical lemmas

LEMMmA EC.1. Given two discrete distributions u,v € RP, if there exist o, > 0 such that u; €

{0} Ule/p, B/p) and v; € [a/p, B/p] for any j € [p], then we have
Dy (u,v) = {par/(28) H|u — v[]3.

This implies that under Assumption 1, for any Q € C,

2532

min

IP—Qlf < Dg.(P, Q).

Proof of Lemma EC.1 By the mean value theorem, for any j € [p] such that u; # 0, there exists

€ [a/p, B/p] such that

2

vi—u; (v, —u,
g~ loguy) = 2 - (40
J J

Therefore,

Dy (u,v) = Z u;log(u;/v;) = Z (u; —v;)+ Z (u]2_§2%)

pa pa
=1- Z vt Z 252 Z Uj U Z 2/32
Jru; #0 J: uJ#O J: u]—O Jruj #0
> Y Huzul, 3 el gl
2 = 2 2
Jru; =0 Jruj#0 25 25

Then we have

2 2 g 2 2
P-Qli= Y0P~ Q<Y T D (PQu) = 0 D (P.Q).

iclr) iclp) mn

EC.2. Proof of Theorem 1

Given the definition of f’,

Diu(P,B) = = S {log(P) ~10g(P), X,) = (,(B) ~ £,(P) < A([B]. ~ [P|.) < AP - B (BC.1)

=1
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Then we have
D (P, P)=L(P) — L(P) = L(P) — £,,(P) + £,(P) — £,(P) + £,,(P) — L(P)
<LP)—1,(P)+£,(P)— L(P)+\|P—P|, (EC.2)

Define £ := {\ > 2|1y (VZ,(P))]|2}. If £ holds, then by Lemma 1 and then Lemma EC.1, we obtain

that
Dy (P,P) < Dy, (P,P) — Dyp,(P,P) +4(2r) AP — Py
?”DKL(P,f))>1/2

pﬂ-mina

For any £ > 1, an application of Lemma 3 with 1= {myin/ (rpTmax logp) yields

< D (P,P) — Dir,(P,P) + 8)\5<

TDKL(P,f’) 1/2_1_2017’7Tmax52p10gp
PTTmin&@ Wminoﬁn

P[{DKL(P,f*)gmw( +n}ms} >1— Che~€ — P(£9),

where C; and Cs are exactly the same constants as in Lemma 3. Some algebra yields that

256\?8%r | 2017 max 3plog p
pﬂ-mina 7TminOégn

PHDKL(P,ﬁ)g +n}m5] >1—Coe ¢ —P(E°).

By Lemma 2, there exists a universal constant C'3 > 0 such that if we choose

2 1 1/2 1
/\:Cg{ <€p Tnax ng) L ng}’

no no

then for any £ > 1, whenever nmy..(1 — p; ) > max(20,£?) log p, we have that

2
P DKL(P fy) > frﬂ_maxﬁ plogp + gﬂmin < e_g_i_p—(g—l) +p—10
’ ~ ﬂ-minagn rpﬂ_max logp ~ ’

as desired. The Frobenius-norm error bound follows immediately by applying Lemma EC.1.

EC.3. Proof of Theorem 2

Given the definition of 13T,

Dy (P,P7) = % Zn:(log(P) —log(P"),X;) = £,(P") — £,(P) <0. (EC.3)

i=1
Then we have

~

D (P, P")=L(P") — L(P) = L(P") — £,(P") + £,(P") — £,(P) + £,(P) — L(P)



e-companion to Zhu et al.: Estimation of Markov Models ecd

For any £ > 1, an application of Lemma 3 with 1= my,in&/(rpTmax logp) yields

2
) ga S 02€_§7
TP? Mmax lOg P

as desired. The Frobenius-norm error bound immediately follows by Lemma EC.1.

2011 Tmax S2plog p
Tin 03N

IP’{DKL(P,f’T) > max<

EC.4. Proof of Theorem 3

To simplify the notation, assume without loss of generality that p is a multiple of 4(r —1). For

any 1 <k <m, consider

k) — [ 2-a o
P =t 2lpxiy2)
Op/2)x (p/4) O(p/2)x (p/4) O(p/2)x (p/2)
n(2—a) k) *) _RK) (k) (HC.5)
+ o R R™ —R —RY 04/0)x(p/2)
k k k k
—_R® ... _R® R® R()O(p/4)><(p/2)
L lo lo J

where [y = e

%1), R® € {0,1}®/4*=1 "and 7 is some positive value to be determined later. Let

-
2—a_ + a_t
M= (plP/z plp/2> . (ECG)

First of all, regardless of the value of R*), one can see that for any k € [m)],
1. rank(P™) <7;
2. u"P®™ =47 and hence p is the invariant distribution of P();
3. PMeeo.
Let {R®}™  be ii.d. matrices of independent Rademacher entries, i.e., for any k € [m],

{REj’}ie[nm[d} are independent Rademacher variables, and {R"},c|,, are independent. For any

k #1, one can see that {‘Rl(f) - RE? } are i.i.d. uniformly distributed on {0,2}, and that

ERY -RY|=1, Vvar(RY -RY) =1, |[RY -RI|-1]=1.

By Bernstein’s inequality (Boucheron et al. 2013, Theorem 2.10), for any ¢ >0,

1/2
P{‘HR(k) ~RO||, - p(r4— 1) ‘ > <p(r;1)t> +t} <9t
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Let t = p(r — 1)/64 and m = |exp{p(r — 1)/128}/2/2]. Since p(r — 1) > 192log2, we have that

m > 2. Then a union bound yields that

—1 —1 —p(r—1
P<v1§k<l§m, p(TS )SHR(k)—R(l)nggp(;)>21—2erXp(p((;l)>>0.

Hence, there exist R, ..., R(™ C {—1,1}®/9*(=1) guch that

-1 3p(r—1
Vi<k<l<m, p(?"8 )S HR(/«)_RU)ngp(TS), (EC.7)

which, given that |[RY) — R®||2 =2|RY) — R®||;, further implies that

-1 X Ip(r—1
Vi<k<i<m, 2 >§||R(")—R<”||%§p(2). (EC.8)
Now we have that
HP(k) P(z)H 2lon(2 — ) ||R(k) . R(l)||1 > np(2 — 04)’ | P& _ P(z)H < 3np(2 — 04)’
D 16 1 16
. lon*(2—a)? n*(2 — ) 3N*(2—a)?
[P® = PUJ; = 25 [RY — RO > T e o), < 2LEZ
Besides,
p/2
DKL(X(k)HX(l)):nZWz‘DKL P P(l Z Z P log (jk)/Pi(jl))
i€[p] i=(p/2)+1 j= 1
/4
2Ma =2 —a
=— 7DKL( U, )7 fl))v
p 1=1
where u{") = 2lpa+ 2 [Rff)] e Rflk)] - Rflk)] e — Rff)]] corresponds to a (p/2)-dimensional dis-
tribution. By Zhang and Wang (2019, Lemma 4), we have that
3l 6l
Dy (ul?,ul?) < o IR - o SR —RE
Therefore,
/4
6na(2 — a)lon® < 12nal
Diy (¥, x0) = SR Ay gy g0 | < 2RO gy go,
p? — p?

< 12nalyn® 3p(r—1)  9Inna
- p? 8 8
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By Fano’s inequality (Yu 1997, Lemma 3), we have that

~ R 2 2_ 2 9 2 _1 9
infsup|[P-PZ>inf  sup  |[P-P|Ei>" (2-a) (1_ "o — log > .
P Pco P PE{P(l) P(m)} 16 logm

77777

There exist universal constants ¢;, ¢, > 0 such that when p(r — 1) > 1921og 2, choosing n = ¢, {p(r —

1)/(na)}/? yields that

~ —1
iI}fSupHP—PH%ZCzp(T )
P Peco
O
EC.5. Proof of Theorem 4
Let ﬁl, \Aﬂ € RP*(P=7) be the orthogonal complement of U and V. Since U,V, fJ, and V are

the leading left and right singular vectors of P and 13, we have

|B =P 2 OL(P -~ UUP) ;= [UTUUTP| s > [OTU] 10, (UTP) = | 5in ©(T, U)| o, (P).
Similar argument also applies to || sin @(\Af,V)H. Thus,

. - P-P
max (|| sin©(U, U) | #, [|sinO(V, V)| r) < min(H(P)‘F,rl/Q>.
O—T'

The rest of the proof immediately follows from Theorem 1.

EC.6. Proof of Lemma 1

By the inequality (52) in Lemma 3 in the Appendix of Negahban and Wainwright (2012), we

have for any A € RP*?,
1P+ Al = [Pl = [Age [l = Azl = 2[P agr [l
Besides,
0 (P +A) = 0,(P) = (VE,(P), A) = (TIy (VE(P)), A) = —[(TLy (VL (P)), A)]|

A
> =[x (Ve P)) 2| Al = =5 ([ Al + A gz [l.)-

By the optimality of P, En(f’) + )\||f’|]* </,(P)+ A|P||.. Therefore,
N N~ N
MllAzle +2Ppnll- = T Ag ) 2 APl = [Pl) = =5 (1 Azl + 1A ),

from which we deduce that

[Agze e < 3l Ax + 4P g |-
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EC.7. Proof of Lemma 2

Some algebra yields that

1
=- z:: Q X (EC.9)

For ease of notation, write Z; := —X,;/(P,X;). Note that Z; is well-defined almost surely. Besides,
p

T
€x. (o
B(Zi|Zio)) =E(Z|X;o1) =D —— Py i=—ex, 17

j=1
Thus ||Z; — E(Z|Z;_1)|2 < p/a+/p=: R < co. Define Sy, := Y% | Z;, — E(Z;|Z; 1), then {Sy}7_,

is a matrix martingale. In addition,
E{(Z: — B(Zi|Z: 1)) (Z — E(Zi|Z ) |{Sk}ih } = B{(Z: — E(Zi|Zi 1)) (Zi — B(Zi\Zi )| 20 1)

eje
=E(Z] Zi|Z; ) — B(Zi|Z; 1) "E(Zi|Zi ) <Z ’ j ) T::WEU,

Xi—1.J

and similarly,

, P ex,  €x,
E{(Z; —E(Z;|Z;1))(Z; —E(Z;|Z;—1)) "{Sk}iZ) } = (Z 1XH> —pex, . ex, , =W

= Pxiag

Write || 320, Wy as WO [0, WP ||, as W@ and max(W D, W) as W,. By the matrix

Freedman inequality (Tropp 2011, Corollary 1.3), for any ¢ >0 and o2 > 0,

t2/2
P(||S,|l2 >t <o?) <2 ——— . EC.1
([[Snll2 =t W, <0%) < pexp( 0'2—|—Rt/3) (EC.10)

Now we need to choose an appropriate o2 so that W, < ¢? holds with high probability. Note
that WY <np(a~' +1) and W < (p*a" — p)sup;cpy doisy 1ix,=s,}- In the following we derive
a bound for sup,ecp, > i 1ix,=s;3- For any j € [p], by Jiang et al. (2018, Theorem 1.2), which is a

variant of Bernstein’s inequality for Markov chains, we have that

1 — ne
P{nZ(l{Xi_Sj} - ;) >6} SeXp<—2(Alﬁ/p+A2€)>, (EC.11)

i=1
where

1+ max(py,0 1 5
A = & and Ay =1, <oy + ﬁl{p+>0}'
— P+

1 —max(py,0) 3
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Some algebra yields that for any £ >0,

A E\Y? 44,
{ Zl{xz—sj} > (4 p€> +4n§}§exp(—£)-

A union bound over j € [p] yields that

1 ¢ 4A,€logp\ ' 4A5€]
P{supZ(l{Xizsj} —7) > <150gp> +250‘o’p} <p €D,

J€[p] n i=1 np n

which implies that

1/2
<4A1£10gp> i 4142510%10} <p €D,

P{Slp zl{Xzfs]} > Tmax 1 np n

JE[P] i=1

Therefore, whenever nmy,..(1 — py) > 2logp, we have that

N max 1—
<Sup Z 1{X _s]'} Z 7Tmax> S exp <—(2p+)> .

jep

Combining this with the bounds of W and W(?, we have that

2 _
P<Wn20mp%m«) Sexp(_nﬂmwgm)>,
«

where C is a universal constant. Now choosing 0 = Cinp*m ../, we deduce that for any ¢ >0,

P([[Snll2 > 1) =P(|[Sull2 2, W, < 0?) + P(||Snll2 > £, W, > 0%)

P(||Sull2 > t, W, <0?) +P(W,, > 07)
2/2 1
ggpexp<_t/> %Xp(_ww(m))’

o2+ Rt/3 2

Equivalently, for any £ > 1,
1 gpQﬂ-max Ing 12 é-p logp nﬂ-max(]- B p+)
R e B )
no, no

no 2
Finally, observe that for any i € [n], Iy(E(Z;|Z;,—1)) = IIy(—ex, ,17) = 0. Therefore,

Iy (VE,(P))=n"'S, and the final conclusion then follows.
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EC.8. Proof of Lemma 3

We first split C(n) as the union of the sets

C = {Q €C(n):2""'n < Dk (P, Q) < 2, rank(Q) < 7“}, 1=1,2,3,....

Define
i = sup ’DKL(Pu Q) - -5KL(P7 Q)’
QEC
= sup| 5~ (og(P) ~l0g(Q). X,) ~ Eflog(P) ~ log(Q). X,)|.

i=1

First, we wish to apply Adamczak (2008, Theorem 7) to bound |y, — Ev,|. Adamczak’s bound

entails the following asymptotic weak variance

o’ := sup Var i (log(P) —log(Q), X;) — E(log(P) —1og(Q), X;) ¢ /ET>.
{

Qe i=81+1

We have that

o< supE{ S (0g(P) ~ log(Q).X.) — E(log(P) - 1og<cz>,xi>}2] /ET,

Qe

= ;Slég ;E [{i;rl(log(P) —1og(Q), X;) — E(log(P) — log(Q),Xi)} 1{T2_j}]

oo

45 log® (B/a)P(Ty = j) = 2log®(B/a)E(T5 ) = 8log*(B/ ).

j=1

<

N | —

By Adamczak (2008, Theorem 7), there exists a universal constant K > 1 such that for any £ > 0,

1/2
IP’{IW B> KEqy +210g(ﬁ/a)<2nK§> N 16Klog(ﬁn/a)£10gn} < Ket

Since n~'/2 > 2n~'logn for any positive integer n, we have that
¢ 1/2
]P’{"YI—E’M ZKE’yl—i—llKlog(B/a)(n) } <Ke - (EC.12)

Next, we bound E~;. Let {¢;}?_; be n independent Rademacher random variables. By a symmetriza-

tion argument,
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Let ¢i(t) = (o/p){log((P,X;) +t) —log((P,X;))}. Then ¢,;(0) =0 and |¢;(t)| <1 for all ¢ such that

t+ (P,X;) > a/p. In other words, ¢, is a contraction map for ¢ > min; yep)(Pjr — a/p). By the

)

=1 (EC.13)

contraction principle (Theorem 4.12 in Ledoux and Talagrand (2013)),

12&@ ((Q—P,Xi>)‘> < ‘H’E(Sup

n

lZ@(Q—P,)@

2
Ey, <P < sup
n

(67

Qecy| o Qecy

dp_ |1 &
sup ;i X, Q—PH*)SEH £:,X;|| sup |Q—P..
By Lemma EC.1,
2\
Sup||Q—P||*§SUP(27")1/2||Q_P||F§25( 7 ) : (EC.14)
Qeq; Qe PAT min

Hence, the remaining task is to bound E|ln=' >"" | €;X;||. From now on, we denote ¢;X; by Z;. One
can see that (Z;)!, is a martingale difference sequence. We wish to apply the matrix Freedman

inequality (Tropp 2011, Corollary 1.3) to bound the average of (Z;)?_,. We have that

> E(Z]Z:]X:-) ZZPXZ Lilex, ey ) (ex,_ e)) ZZPXZ 13€i€

i=1 i=1 j=1 Jj=1 i=1
n
=max P wh
je[p]; Xim1d "
and that
T T
(Zizi | X 1 ZZPXz 136X 16X, 1 i—16x;_4

=1 j=1

=max 1 = W(z)
]Ep] Z {Xz 1 J}

We first bound W". Note that for any j € [p], E(Px, , ;) =m;, and that
p
Var,(Px, ;) Zwk Py —m;) :Zwkp,fj—wfgﬂj(l—wj).
k=1
By a variant of Bernstein’s inequality for Markov chains (Jiang et al. 2018, Theorem 1.2), we have
that for any j € [p],

Lo ne?
Pl = Py o < Tl A — 1 A
<n§ i 1d — T >€> exp{ 2(A1Wj+A2€)}’

i=1



ecl0 e-companion to Zhu et al.: Estimation of Markov Models

where

14+ max(py,0 1 )
_# and AQ:: 71{p+§()}+ql{p+>0}.

A=
LT 1 —max(p,,0) 3

A union bound yields that
IP{WS) > Nax + (AnA1 Taxé logp)l/2 + 4A2§10gp} <p~ &Y, (EC.15)

Next we bound W?. Note that W\* <maxjep > 1" 1x,_ ,—s,}- Similarly, by Jiang et al. (2018,
Theorem 1.2), for any j € [p],

2

1 — ne
=y =T < S .
P{n i=1 l{Xhl_SJ} e 6} N exp{ 2(A17Tj +A25) }7 (EC 16)

Some algebra yields that for any & >0,

1< AATENY? 4As¢
P{ngl{xil—sj}_7j>( — ) + n2 }SGXP(_O'

n

By a union bound over j € [p],

1< AA T logp\ V2 4A5€1
P{male{Xi_l_sj} > Moo + <17T’£ng> + 2§0gp} <p &,
i=1

JEP] N n n

which further implies that
IP’{WT(LQ) > Nlmax + (4N A1 Tax log p) /2 + 44,6 logp} <p &b, (EC.17)

Define W, := max(W D, W), Let S,, := Y., £;X;. By matrix Freedman’s inequality (Tropp 2011,

=1

Corollary 1.3), for any ¢t >0 and o2 > 0,

t2/2
P(|S, Il >t <o) <2 —— 1= . EC.1
(H n||2_ 7Wn_0)— pexp( 02+t/3> ( C 8)

Now we need to choose an appropriate o so that W,, < o2 holds with high probability. Given that

Py >0 and nmya, > 10€1ogp/ (1 — py), combining (EC.15) and (EC.17) yields that

P(W,, > dnmrax) < 2p~ 1. (EC.19)
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Now choosing 0% = 4nm,., in (EC.18), we deduce that

P([[Snlls > 1) =P([[Sull2 > t, W, < 0®) + P([|Ss]l2 > t, W, > 0%)
SP(HS"HQ >t, W, 50—2) +P(Wn >O’2)

t?/2 (e—
§2pexp<—02+/t/3>+2p €=,

Choose £ = N7y (1 — p1)/(101log p). As long as nmp.x(1 — p5) > max(20logp,logn), we have that

1 Tmax 10 1/2
IEHSn < <m‘“gp> . (EC.20)
n n

2

Combining (EC.13), (EC.14) and (EC.20) yields that

B (21777rmax7“p 10gp>1/2

" -
~ ad/? T min T

Then combining this with (EC.12) yields that

2 N T max P lO 1/2 1/2
plaz D (B ) g (£) f e

Tmin

Let & = 2'nmyarplog p/Tmin. Then there exist universal constants Cy,Cy > 0 such that

l 1/2
P{% S GiB <2 mrmaxrplogp> } <0, exp{_ (20+ 1)777rmaxrp10gp}.

- 2
043/ TminT Tmin

We can thus deduce that there exists a universal constant C3 > 0 such that

~ 1 C max 2 1
P<|DKL(P7Q) _DKL(PuQ)‘ > 7DKL(P’Q) + = ﬁ Z’p ng>
2 Tmin "N
oo - C max 2 1
<>-r(3Qec [Pa ()~ D@ > 2 2y ETT LA
o TminQ°N

> C1B (2T maxrplogp 1/2
SZP{wzaw< .

> 2l 1 max 1 max 1
<0, - CLEV P8P (vl

Tmin

Tmin

where we use the Cauchy-Schwarz inequality in the second step.
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EC.9. Alternative statistical error analysis
EC.9.1. Main results

In this section, we provide an alternative proof strategy that follows Negahban et al. (2012) to bound
the statistical error of P and P7. This strategy resolves the inconsistency issue of Theorems 1 and
2 when n>> {rpmuax (log p) B/ (Tminc?®?) }2. For any R > 0, define a constraint set C(3, R, k) :={A €
RPP || Al max < B/p, [|Allr < R, ||Al« < 57Y/2||Allr}. An important ingredient of this statistical
analysis is the localized restricted strong convexity (Negahban and Wainwright 2011, Fan et al.
2018) of the loss function £, (P) near P. This property allows us to bound the distance in the
parameter space by the difference in the objective function value. Define the first-order Taylor

remainder term of the negative log-likelihood function /4,,(Q) around P as

The following lemma establishes the desired local restricted strong convexity.

LEMMA EC.2. Under Assumption 1, there exists a universal constant K such that for any £ > 1,

it holds with probability at least 1 — K exp(—&) that for any A € C(B, R, k),

a? 3KEN? 8K¢a?logn  KpkR [ rmmalogp\'”
5, (P+A;P)>—||A|2—-8R| — - — max . EC.21
(P+AP)> Al -sr(2h8) - S toun KOGl (M 082) T (0

Now we present the statistical rates of P and P.

THEOREM EC.1 (Alternative statistical guarantee for f’) Under the same assumptions of

Theorem 1, there exists a universal constant Cy >0, such that for any £ > 1, if we choose

2 1 1/2 1
/\201{ <§p Minax ogp> L& ogp},

no no

then whenever Npa (1 — py) > max{max(20,&?)logp,logn}, we have with probability at least 1 —

Kexp(—&) —4p~ &1 —p~1 that

)

N 2 2 1 1/2 N 6 2]

a? no na’

where K s the same constant as in Lemma EC.2.
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THEOREM EC.2 (Alternative statistical guarantee for lAy) Under the same assumptions of
Theorem 1, there exists a universal constant Cy >0, for any £ > 1, we have with probability at least

1— Kexp(—¢) —4p~ €Y —p~! that

)

N 2 2 1 1/2 N 6 2]
HPr _PHF 5 B(grp T max ng> and DKL(P,PT) 5 5/8 TmaxTP ng

a? no na’
where K is the same constant as in Lemma EC.2.

One can see from the theorems above that the derived error bounds converge to zero as n goes
to infinity. Nevertheless, their dependence on « and ( is worse than those in Theorems 1 and 2

when n < {rpmmax(logp) B/ (Tmine®?) }2. This is why we do not present this result in the main text.

EC.9.2. Proof of Lemma EC.2

Given any A € C(5, R, k), it holds that for some 0 <wv <1 that

n

3, (P+A;P)= %Vec(A)THn(P +vA)vec(A) = 1 Z : (Xi, A)?

2n - P+'UA,X1‘>2
n = (EC.22)
> 1 i<A X;)?
=9 s 4ﬁ2 s EXi/ -
Define
1 n
FnZ: su — A,Xi2—E A,Xiz .
A nZ< )" —E( )7)

i=1

We first bound the deviation of I, from its expectation EI',. Note that {X;}"_, is a Markov chain
on M :={e; ekT}g.’, w—1- Here we apply a tail inequality for suprema of unbounded empirical processes
due to Adamczak (2008, Theorem 7). To apply this result, we need to verify that {X;}? ; satisfies
the “minorization condition” as stated in Section 3.1 of Adamczak (2008). Below we characterize

a specialized version of this condition.

CONDITION 1 (MINORIZED CONDITION). We say that a Markov chain X on S satisfies the

minorized condition if there exist § > 0, a set C C S and a probability measure v on S for which

VeecVacsP(z, A) > ov(A) and V,es3nenP™(z,C) > 0.
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One can verify that the Markov chain {X;}7, satisfies Condition 1 with § =1/2, C = {ese, } and
v(ejey ) = Pjlyj—oy for j,k € [p].

Now consider a new Markov chain {(Xi,Ri)}?zl constructed as follows. Let {R;}" ; be i.i.d.
Bernoulli random variables with ER; = 4. For any i € {0,...,n — 1}, at step 4, if X; ¢ C, we
sample Xiﬂ according to P(ii,-); otherwise, the distribution of X, depends on R;: if R; =1,
the chain regenerates in the sense that we draw X, from v, and if R; =0, we draw X; from
(P(X;,-)—6v(-))/(1—5). One can verify that the sequence {X;}™_, has exactly the same distribution
as the original Markov chain {X;}! ;. Define T} :=inf{n >0: R, = 1} and T;; :=inf{n > 0:
Ryt 41,40 =1} for i > 0. Note that {7}};5o are i.i.d. Geometric random variables with ET; = 2
and |11y, <4. Let Sp:=—-1, S;:=T1+...+T; and Y, := {)Aii}isisjiﬁl for j > 1. Based on our
construction, we deduce that {);};>; are independent. Thus we chop the original Markov chain

{X}icpn into independent sequences. Finally, Adamazak’s bound entails the following asymptotic

weak variance

o%:= sup )Var{ > (A,X,;)z—IE(<A,X1;)2)}/ET2.

A€eC(B,R,k i=81+1
We have s 2
2

o< o B[{ Y @axp-scaxy)} e
A€C(B,R;k) i=51+1
1 - = 2

=—  sup E[{ <A,X¢)2—E(<A7Xi>2)} 1{T—'}}

QAEC(,B,R,N)JZ; z;%;l o

1 0 '2R2 4 . R2 4E T2 3 4R2
szj 4IB P(TQZJ): IB 4( 2): ﬁ4 .
24 1 2p P
By Adamczak (2008, Theorem 7), there exists a universal constant K such that for any £ > 0,
RB? <3K£> 12 . 64K ¢a2logn

p2

]P’{ I, —EL,|> KEL, + } < K exp(—£). (EC.23)

np?
Next, by the symmetrization argument and Ledoux-Talagrand contraction inequality (Ledoux
and Talagrand 2013), for n independent and identically distributed Rademacher variables {v;}I;,

when N7y, (1 — py) > max(20logp,logn), we have that

1 n 85 1 n
ET,<2E sup |—>» %(AX)’|<—E sup |[(= %‘Xz';A)‘
IA <R, nz_; P jAp<R, nz_;
A€EeC(B,R,k) AeC(B,R,k) (EC24>
n 1/2 n 1/2
CSHIAL gL | SRR 1S8R (rwmaxlogp> |
p n 2 p n i=1 2 n

i=1
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where the penultimate inequality is due to the fact that A € C(8, R, k), and where the last inequality
is due to (EC.20).
Finally,

2
[0
> mPRAY > FHAH%- (EC.25)

1<j,k<d

Combining all the bounds above, we have for any £ > 1, with probability at least 1 — K exp(—¢),

3KE\'? 8K¢atlogn  KprR (rTualogp)'”
L(PLAP)> A2 - . (EC.26

EC.9.3. Proof of Theorem EC.1

For a specific R whose value will be determined later, we construct an intermediate estimator
13,7 between P and P:

ﬁn:P+n(]3_P)7

where n=1if |P - P||r < R and n = R/||P — P||y if |P — P||r > R. For any & > 1, there exists a

universal constant C' > 0 such that when

\o C{ <§p27rmaxlogp> i n éplogp},

no no

we have by Lemmas EC.2 and 2 that with probability at least 1 — K exp(—¢§) —4p~ =Y —p~1,

HAH 3K§ 1/2_ 8KEa*logn  KpkR (rmmalogp 1/
8ﬁ2 B 52n I} n
< 86,(Py; P) < (I (VLL(P)), Ay) + AP — [P, )
! ! ! (EC.27)
—(Un(VLL(P)), Ay) + Al Ay < ([T (VLA (P)) [l + A) | Ay .
<A[A, 5l < 8AVT( A, |Ir,
where K is the same universal constant as in Theorem EC.2. Some algebra yields that
62 Nrg2 (€)' ¢a’logn pR (1Tmalogp)’
HAWHF ~ 9 max a2 7R E 9 62 9 /8 n . (EC28)

Letting R? be greater than the RHS of the inequality above, we can find a universal constant

Cy > 0 such that

R>

o2 no

C4B2 (grpzﬂ-max 10gp>1/2 . R
= .
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Choose R = Ry. Therefore, H&nﬂp <R and 37, = A. We can thus reach the conclusion. As to the

KL-Divergence, by Zhang and Wang (2017, Lemma 4), we deduce that
- 52 D |2 T 2
Dy (P,P) ZWJDKL )<;W\|Pj-—Pj-||2:W|P—P|Fa (EC.29)

from which we attain the conclusion.

EC.9.4. Proof of Theorem EC.2

~

Define A(r) := P* — P. Since rank(P) < 7 and rank(P") < r, rank(A(r)) < 2r. Thus
HE( )r < (27“)1/2\\A( )||«. Now we follow the proof strategy of Theorem 1 to establish the statis-
tical error bound for P’. Similarly, for a specific R > 0 whose value will be determined later, we

can construct an intermediate estimator f’:, between P” and P:
P; :P+77(Pr _P)v

where =1 if |P" = P||r < R and n= R/||P" — P|| if |[P" — P||r > R. Let an(r) ::13; —P. Since

An(r) € C(B, R,V/2), applying Lemma EC.2 yields that

3K¢ /2 8K§a2 logn KpkR [ rTymalogp 1/2
852\|A1F—8R< ) e ( - )
<00, (P P) < ~(I(VE,(P), Ay ) < TL(VE, PR, ). (BC30)

< V2L (VL (P)) ||| A, ()|,

which futher implies that there exists C; depending only on o and 8 such that

~ e\'"? €allogn pR [ rmmalogp)’’
e Y e B .

By a contradiction argument as in the proof of Theorem 1, we can choose an appropriate R large

enough such that 13; = P" and attain the conclusion.

EC.10. Proof of Proposition 1

Since rank(X}) <r, we know that X} is in fact a feasible solution to the original problem (5)

and || XZ||. — || X[/ = 0. Therefore, for any feasible solution X to (5), it holds that
FXE) = F(X0) + e(IXEl = Xl )

< S X) + (X = X)) = £(X).
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This completes the proof of the proposition.

EC.11. Convergence and o(1/k) non-ergodic iteration complexity of Algorithm
1 (sGS-ADMM)

Before deriving the desired results of Algorithm 1 for solving problem (10), we present some
notation and definitions for the subsequent analysis. Assume that the solution sets of (9) and (10)
are nonempty. Then, the primal-dual solution pairs associated with problems (9) and (10) satisfy

the following Karush-Kuhn-Tucker (KKT) system:
0e R(X,E,S), AX)=b E+A"(y)+S=0, (EC.31)

with

E+09(X)
R(X,E,S) = , (X,E,S)edomgx R x {SeR*P|[S|,<c}.

X+ 94(||S]l2 <¢)

Define the KKT residual function D :dom g x PP x R" x {S € RP*? | ||S||2 < ¢} — [0,400) as
D(X,E,y,S):=dist’(0, R(X,&,S)) + | AX) — b|* + [|E+ A" (y) + S|*.

We say (X,E,y,S) € domg x RP*P x " x {S € RP*P | [|S||, < c} be an e-approximate primal-dual
solution pair for problems (9) and (10) if D(X,E,y,S) <e. We show in the following theorem the

global convergence and the o(1/k) iteration complexity results of Algorithm sGS-ADMM.

THEOREM EC.3. Suppose that the solution sets of (9) and (10) are nonempty. Let
{(E*,9"*, 8% X*)} be the sequence generated by Algorithm 1. If 7 € (0, (14++/5)/2), then the sequence
{(E*,y*,S*)} converges to an optimal solution of (10) and {X*} converges to an optimal solution

of (9). Moreover, there exist a constant w >0 such that

min {D(X"*, B y* 8%} < % Vk>1, and k}i_}rr;@{k min {D(X’“,Ek,y’“,sk)}} =0.

1<i<k 1<i<k
In order to use (Li et al. 2016b, Theorem 3), we need to write problem (10) as following
min g* (=) = (b, y) + 6([IS[l2 < c)

s.t. F(2) + Ai(y) + G(S) =0,
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where F, A; and G are linear operators such that for all (2,y,S) € RP*? x R" x RP*P F(B) =5,
Ai(y) = A*(y) and G(S) = S. Clearly, F =G =7 where Z : RP*P — RP*? is the identity map.
Therefore, we have A; A7 -0 and FF*=GG* =7 > 0. Hence, the assumptions and conditions in
(Li et al. 2016b, Theorem 3) are satisfied. The convergence results thus follow directly. Meanwhile,

the non-ergodic iteration complexity results follows from (Chen et al. 2017, Theorem 6.1).

EC.12. Proof of Theorems 5 and 6

We only need to prove Theorem 6 as Theorem 5 is a special incidence. To prove Theorem 6, we
first introduce the following lemma.

LEmMMA EC.3. Suppose that {x*} is the sequence generated by Algorithm 3. Then 0(z*+1) < (%) —

%Hwkﬂ _wkH?j-i-?T'

For any k >0, by the optimality condition of problem (10) at z**!, we know that there exist

nk+t1 € Op(z*+1) such that
0=Vg(z") +(G+T)(""" —aF)+ 9t — ¢ =0.

Then for any k& > 0, we deduce

O(x*+1) — (k) < B(ah+;ab) — O(ak)
= p(ahtl) — p(a*) + (2 — 2k Vg(ah) — €8) + Lokt — 2812

< (Vglah) 4t — 5,2k — ) Ll — ot

= —5lla** — 2" a7
This completes the proof of this lemma.
Now we are ready to prove Theorem 6.

From the optimality condition at x**!, we have that

0€Vg(a") +(G+T) (@ —a%) +op(a") — ¢~

k+1

Since x**! = 2, this implies that

0 € Vg(a*) + ap(z*) — dg(*),



e-companion to Zhu et al.: Estimation of Markov Models ecl9

i.e., ¥ is a critical point. Observe that the sequence {#(z*)} is non-increasing since

-~ ~

O(xF ) <O(z*h %) < 0¥ 2F) = 0(2%), k>0.

Suppose that there exists a subsequence {z*i} that converging to Z, i.e., one of the accumulation

points of {z*}. By Lemma EC.3 and the assumption that G +27 = 0, we know that for all z € X

By letting 7 — oo in the above inequality, we obtain that

~

0(z;%) < 0(x; 7).

~

By the optimality condition of f(x;Z), we have that there exists @ € Op(Z) and v € 9q(Z) such that
0€Vy(z)+u—m0.

This implies that (Vg(Z) 4+ dp(z)) Ndq(Z) # 0. To establish the rest of this proposition, we obtain

from Lemma 1 that

. 1g k+1 k(2
tLIEIOOQZ;Hx oz ”g+2T
i—

< liminf (6(z°) — 0(a"")) <0(2") < +o0,

t——+o0

k+1

which implies lim; , ., [|[2*"" — 2||g4 27 = 0. The proof of this theorem is thus complete by the

positive definiteness of the operator G + 27 .



