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Abstract. Building up on classical linear formulations, we posit that a broad class of problems in signal synthe-
sis and in signal recovery are reducible to the basic task of finding a point in a closed convex subset
of a Hilbert space that satisfies a number of nonlinear equations involving firmly nonexpansive oper-
ators. We investigate this formalism in the case when, due to inaccurate modeling or perturbations,
the nonlinear equations are inconsistent. A relaxed formulation of the original problem is proposed
in the form of a variational inequality. The properties of the relaxed problem are investigated, and
a provenly convergent block-iterative algorithm, whereby only blocks of the underlying firmly non-
expansive operators are activated at a given iteration, is devised to solve it. Numerical experiments
illustrate robust recoveries in several signal and image processing applications.

Key words. image recovery, signal synthesis, monotone operator, nonlinear observation, firmly nonexpansive
operator, variational inequality

AMS subject classifications. 46N10, 90C25, 68U10, 49J40

DOI. 10.1137/21M1420368

1. Introduction. Signal construction encompasses forward problems such as image syn-
thesis, holography, filter design, time-frequency distribution synthesis, and radiation therapy
planning, as well as inverse problems such as density estimation, signal denoising, image in-
terpolation, signal extrapolation, audio declipping, image reconstruction, or deconvolution;
see, e.g., [4, 16, 19, 29, 31, 32, 45, 47, 48, 51, 58]. Essential components in the mathematical
modeling of signal construction problems are equations tying the ideal solution T in a space
‘H to given prescriptions in a space G, say, WT = p, where W is an operator mapping H to
G. The prescription p can be a design specification in forward problems or an observation in
inverse problems.

In 1978, Youla [60] elegantly brought to light the simple geometry that underlies many
classical problems in signal construction by reducing them to the following formulation: Given
closed vector subspaces C' and D in a real Hilbert space H and a point p € D,

(1.1) find z € C such that projpx = p,

where projp denotes the projection operator onto D. In the context of signal recovery, the
original signal of interest T is known to lie in ', and some observation p of it is available in
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Figure 1. Illustration of Problem 1.1 with m prescriptions (p;)i<i<m. The ith prescription p; is the output
produced when the ideal signal T is input to a Wiener system W; = F; o L;, i.e., the concatenation of a linear
system L; and a nonlinear system F; [49]. In the proposed model, F; is a firmly nonexpansive operator.

the form of its projection onto D. A natural nonlinear extension of this setting is obtained by
considering nonempty closed convex sets C' in H and D in a real Hilbert space G, a bounded
linear operator L: H — G, and a point p € D and setting as an objective to

(1.2) find = € C such that projp(Lx) = p.

An early instance of this model appears in [1], where C'is a set of band-limited signals and p is
an observation of N clipped samples of the original signal. Thus, L: H — R is the sampling
operator and D = {y ERN | [[yloo < p} for some p € |0, +o00[. A key property of projectors
onto closed convex sets is their firm nonexpansiveness. Recall that an operator F': G — G is
firmly nonexpansive if [6]

(1.3) (VzeG)(VyeG) (z—y|Fx—Fy)>|Fz— Fy|*

In [26, 27], it was shown that many nonlinear observation processes found in signal processing,
machine learning, and inference problems can be represented through such operators. This
prompts us to consider the following formulation, whereby the prescriptions are modeled via
Wiener systems (see Figure 1).

Problem 1.1. Let I be a nonempty finite set, and let C' be a nonempty closed convex
subset of a real Hilbert space H. For every i € I, let G; be a real Hilbert space, let p; € G;,
let L;: H — G; be a nonzero bounded linear operator, and let F;: G; — §G; be a firmly
nonexpansive operator. The task is to

(1.4) find x € C such that (Vi € I) Fi(Liz) = p;.

The work of [26, 27] assumes that the prescription equations in Problem 1.1 are exact
and hence that a solution exists. In many instances, however, the prescription operators may
be imperfectly known, or the model may be corrupted by perturbations, so that Problem 1.1
may not have solutions; e.g., [17, 18, 31]. A dramatic consequence of this lack of feasibility
is that the algorithms proposed [26, 27] are known to diverge in such situations. To deal
robustly with possibly inconsistent equations, one must therefore come up with an appropriate
relaxed formulation of Problem 1.1, i.e., one that seeks a point in C' that satisfies the nonlinear
equations in an approximate sense and coincides with the original problem (1.4) if it happens to
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be consistent. To guide our design of a relaxed problem, let us consider a classical instantiation
of Problem 1.1.

Example 1.2. Specialize Problem 1.1 by setting, for every i € I,
(1.5) p;=0 and F; =1Id — projp,, where D; is a nonempty closed convex subset of G,

and note that the operators (F;);er are firmly nonexpansive [6, Corollary 4.18]. In this context,
(1.4) reduces to the convex feasibility problem [15, 19, 62]

(1.6) find x € C such that (Vi eI) Lz € D;.

Let (wi)ier be real numbers in |0, 1] such that ), ;w; = 1, and, for every i € I, let dp, be
the distance function to D;. As seen in [23] (see also [16, 17, 18, 22, 32, 61] for special cases),
a relaxation of (1.6) when it may be inconsistent is the least-squares problem

. 1 1 .
(1.7) minimize f(x), where f:xz+— 5 E widQDi (Lix) = 3 E wi|| Lix — projp, (Liz)|2.
icl el

An important property of this formulation is that f is a smooth convex function since [6,
Corollary 12.31] asserts that

) d%_ olL; )
(1.8) (Viel) VZT = Lj o (Id —projp,) o L; = L} o F; o L; — Lip;.
It can therefore be solved by the projection-gradient algorithm [6, Corollary 28.10]. Let us
also note that (1.7) is a valid relaxation of (1.6). Indeed, if the latter has solutions, then f
vanishes on C' at those points only, and (1.7) is therefore equivalent to (1.6). Historically, the
first instance of the above relaxation process seems to be Legendre’s least-squares methods
[37]. There, H = RY = C, and, for every i € I, G; = R, D; = {B;}, and L; = (- | a;), where
Bi € Rand 0 # a; € RY. Set b = (B;)icr, let A be the matrix with rows (a;)scr, and let
(Vi € I) w; = 1/cardI. Then (1.6) consists of solving the linear system Ax = b and (1.7) of
minimizing the function z + ||Az — b||%.

In general, there is no suitable relaxation of Problem 1.1 in the form of a tractable convex
minimization problem such as (1.7). For instance, in Example 1.2, we can rewrite (1.7) as

o 1
(1.9) minimize f(z), where f:z— 3 ze; will Fi (Lix) — pil|*.
K3

However, beyond the special case (1.5), f is typically a nonconvex and nondifferentiable
function [4, 43, 64], which makes it impossible to guarantee the construction of solutions.
Another plausible formulation that captures (1.7) would be to introduce in Problem 1.1 the
closed convex sets (Vi € I) D; = {y € | Fyi = pl-}. However, the resulting minimization
problem (1.7) is intractable because we typically do not know how to evaluate the operators
(projp,)ier and therefore cannot evaluate f and its gradient.

Our strategy to relax (1.4) is to forgo the optimization approach in favor of the broader
framework of variational inequalities. To motivate this approach, let us go back to Exam-
ple 1.2. Then it follows from Lemma 2.4 below and (1.8) that (1.7) is equivalent to finding
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x € C such that (Vy € C) > ,c;wi(Li(y — =) | Fi(Liz) —p;) > 0. We shall show that this
variational inequality constitutes an appropriate relaxed formulation of Problem 1.1 in the
presence of general firmly nonexpansive operators (F});c; and that it can be solved iteratively
through an efficient block-iterative fixed point algorithm. Here is a precise formulation of our
relaxed problem.

Problem 1.3. Let I be a nonempty finite set, let (w;);er be real numbers in ]0, 1] such that
Y icrwi = 1, and let C be a nonempty closed convex subset of a real Hilbert space H. For
every i € I, let G; be a real Hilbert space, let p; € G;, let L;: H — G; be a nonzero bounded
linear operator, and let F;: G; — G; be a firmly nonexpansive operator. The task is to

(1.10) find z € C such that (Vy € C) Zwi(Li(y — ) | Fiy(Lx) — p;) = 0.
i€l

The paper is organized as follows. Section 2 provides the notation and the necessary
background as well as preliminary results. It covers in particular the basics of monotone
operator theory, which will play an essential role in the paper. In section 3, we illustrate the
flexibility and the breadth the proposed firmly nonexpansive Wiener model. In section 4, we
analyze various properties of Problem 1.3, in particular as a relaxation of Problem 1.1. We
also provide in that section a block-iterative algorithm to solve Problem 1.3. Section 5 is
devoted to numerical experiments in the area of signal and image processing.

2. Notation, background, and preliminary results.

2.1. Notation. Our notation follows [6], to which one can refer for background on mono-
tone operators and convex analysis. Let H be a real Hilbert space with scalar product (- | -),
associated norm || - ||, and identity operator Id. The family of all subsets of H is denoted by
2. The Hilbert direct sum of a family of real Hilbert spaces (Hi)icr is denoted by @, Hi.

Let T: H — H. Then T is cocoercive if there exists 5 € ]0, +00[ such that

(2.1) (Vo e H)(Vy e H) (o—y|Te—Ty) > B|Te Tyl

and firmly nonexpansive if 5 = 1 above. The set of fized points of T is FixT = {af EH|Tx = x}

Let A: # — 2. The graph of A is graA = {(z,2%) € H x H | 2* € Az}, the domain of
Ais domA = {x € H | Az # @}, the range of AisranA = {z* € H | (3z € H) z* € Ax},
the set of zeros of A is zer A = {z € 1 | 0 € Az}, the inverse of Ais A™1: H — 2%: 2%
{z € H | 2* € Az}, and the resolvent of A is Jy = (Id + A)~'. Further, A is monotone if

(2:2) (V(z,27) € grad) (V(y,y") € grad) (z—yla"—y") >0,
and mazimally monotone if, for every (z,z*) € H X H,
(2.3) (z,2*) egrad < (V(y,y*) egrad) (z—y|a*—y*") >0.

If A is maximally monotone, then J4 is a single-valued firmly nonexpansive operator defined
on H. If A is monotone and satisfies

(2.4) (V(z,2*) € dom A xran A) sup{(z —y |y* —z*) | (y,y*) € grad} < +o0,

then it is 3* monotone.
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I'o(H) is the class of all lower semicontinuous convex functions from H to |—oo, +00] which
are proper in the sense that they are not identically +oo. Let f € I'g(#H). The domain of f
is dom f = {z € H | f(z) < 400}, the conjugate of f is the function

(2.5) Lo(H) > f*: 2" = sup ({z [ 27) = f(2)),

and the subdifferential of f is the maximally monotone operator
(2.6) of : H— oM. s {:U* EH|VyeH)(y—z|z")+ f(z) < f(y)}

The Moreau envelope of f is

~ _ 2
(2.7) J:H Rz inf <f(y)+”x2y”>.

For every z € H, the infimum in (2.7) is achieved at a unique point, which is denoted by
prox;z. This defines the prozimity operator proxy = Jyy of f.

Let C be a nonempty closed and convex subset of H. The distance from x € H to C is
dc(x) = infyec ||z — yl|, the indicator function of C is

0 if zeC,

2.8 tH —00, :
(2.8) Lo H — ]—00, +00] x»—>{+oo it odc

the normal cone to C at x € H is

{z*eH|(Vyel) (y—z|a*) <0} if ze€C,

%) otherwise,

(2.9) Nex = Ouo(z) = {

and the projection operator onto C' is projc = prox,, = Jn, .
The following facts will also come into play.

Lemma 2.1. Let A: H — 2™ be mazimally monotone, let u € 0, +oc[, and let v €10,1/pu].
Set B =A—ypld and B = 1 —~yu. Then J,gp: H — H is B-cocoercive. Furthermore,

J’YB = Jﬁfl,yA o (5711(1)
Proof. Let x and ¢ be in H. Since 37 !1yA is maximally monotone, its resolvent is single-
valued with domain H. Therefore,

q€ Jypr & —q€vBg
& x— g € yAq
& B e —qe B vAq
(2.10) & q=Jsg-1,4(8 "2),
which shows that Jyp = Jg-1,4 0 (87 '1d) is single-valued with domain . Finally, since M =

ByA is maximally monotone, it follows from [6, Corollary 23.26] that J,p = Jg-2) 0 (B~11d)
is B-cocoercive. |
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Figure 2. Illustration of the variational inequality principle. The point x solves (2.12) because it lies in C,
and, for everyy € C, the angle between y — x and Bx is acute.

Lemma 2.2 (see [6, Proposition 24.68]). Let H be the real Hilbert space of N x M matrices
under the Frobenius norm, and set s = min{N, M'}. Denote the singular value decomposition
of v € H by v = U, diag (01(),...,05(x))V, . Let ¢ € T'o(R) be even, and set

(2.11) F:H—H:z— U, diag (prox¢(01(x)), e ,prox¢(as(x)))VxT.

Then F' is firmly nonexpansive.

2.2. Variational inequalities. The following notion of a variational inequality was formu-
lated in [12] (see Figure 2).

Definition 2.3. Let C' be a nonempty closed convex subset of H, and let B: H — H be a
monotone operator. The associated variational inequality problem is to

(2.12) find x € C such that (Vy € C) (y—z | Bx) > 0.

Variational inequalities are used in various areas of mathematics and its applications
[8, 30, 35, 65]. They are also central in constrained minimization problems.

Lemma 2.4 (see [6, Proposition 27.8]). Let f: H — R be a differentiable convex function,
let C' be a nonempty closed convex subset of H, and let x € H. Then x minimizes f over C
if and only if it satisfies the variational inequality

(2.13) zeC and VyeC) (y—z|Vf(z)) >0.

2.3. Composite sums of monotone operators. We shall require the following Brézis—
Haraux type of theorem, which remains valid in general reflexive Banach spaces (see [10,
Théoreme 3| for the special case of the sum of two monotone operators).

Lemma 2.5. Let H be a real Hilbert space and let (G;)icr be a finite family of real Hilbert
spaces. Let A: H — 2™ be a 3* monotone operator and, for every i € I, let By: G; — 29
be a 3* monotone operator, and let L;: H — G; be a bounded linear operator. Suppose that
A+ Zie[ L o B; o L; is mazimally monotone. Then

int (ran A+ Y",.; Li(ran B;)) = intran (A + Y_,.; Lf 0 B; o L;)
(2.14)

ran A+, ;Li(ranB;) =tan (A+ Y ,c; L} o Bio L;).
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Proof. Clearly, ran (A + > ,.; Li o Bio L;) C (ranA + ) ,; Li(ran B;)). It is therefore
enough to show that
(2.15) int (ran A+ >",c; Li(ran B;)) Cran (A+ > ,.; Lf o Bj o L;)
' ran A+ > .., Li(ran B;) C tan (A+ Y ,c; Lf o Bjo L;).
Without loss of generality, set I = {1,...,m}, and introduce the Hilbert direct sum H =
HBG & @Gy, Furthermore, introduce the bounded linear operator L: H — H: z —
(z,Lqiz,...,Lyz) and the operator M: H — 2M: (z,y1,...,ym) = Az X Byy; x -+ X

B ym, which is 3* monotone since A and (B;);c; are. Note also that, since L*: H —
He (2,91, Ym) — o+ Ziel L7y;, the operator

(2.16) L*oMoL=A+Y LioBiol
i€l

is maximally monotone. We can therefore apply [42, Theorem 5] to obtain

(2.17) int L*(ran M) Cran (L* o M o L)
‘ L*(ran M) ctan (L* o M o L),

which is precisely (2.15). [ |
We consider below a monotone inclusion problem involving several operators.

Problem 2.6. Let (w;);er be a finite family of real numbers in ]0, 1] such that ), ;w; = 1,
let Ag: H — 27 be maximally monotone, and, for every i € I, let 5; € ]0,+oo[, and let
A;: H — H be Bi-cocoercive. The task is to find x € H such that 0 € Aoz + >, ;wiA;x.

Proposition 2.7 (see [24, Proposition 4.9]). Consider the setting of Problem 2.6 under the
assumption that it has a solution. Let K be a strictly positive integer, and let (I,)nen be a se-
quence of nonempty subsets of I such that (¥n € N) Uf:_ol I, =1. Lety €]0,2min;<;<m Bil,
let xg € H, and let (Vi€ I) t; 1 € H. Iterate

forn=0,1,...

for everyi € I,

L lim = Tn — YAizn
(2.18) for everyi e I\ I,
L tin =tin-1

Tne1 = Jya, (Z Witi,n> :

il

Then (xn)nen converges weakly to a solution to Problem 2.6.

3. Firmly nonexpansive Wiener models. The proposed Wiener model (see Figure 1) in-
volves a linear operator followed by a firmly nonexpansive operator acting on a real Hilbert
space G. Typical examples of linear transformations in the context of signal construction
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include the Fourier transform, the Radon transform, wavelet decompositions, frame decom-
positions, audio effects, or blurring operators. We show that firmly nonexpansive operators
model many useful nonlinearities in this context. Key examples based on those of [27] are
recalled, and new ones are proposed. Following [27], we call p € G a prozimal point of y € G
relative to a firmly nonexpansive operator F': G — G if F'y = p.

3.1. Projection operators. Asseen in section 2.1, the projection operator onto a nonempty
closed convex set is firmly nonexpansive.

Example 3.1. For every j € {1,...,m}, let G; be a real Hilbert space, and let D; C G; be
nonempty closed and convex. Suppose that G = @, <j<m G;. The operator

(3.1) F: (yj)i1<i<m = (Projp,¥j)i<j<m,

which is also the projection onto the closed convex set D = X, j<m D;, is the hard clipper of
[27, Example 2.11]. If we specialize to the case when, for every j € {1,...,m}, G; = R, we
obtain the standard hard clipping operators of [1, 31, 55].

Example 3.2. Let K C G be a nonempty closed convex cone. The operator I’ = projg
is used as a distortion model when K is the positive orthant [53, section 10.4.1]. An-
other instance of a conic projection operator arises in isotonic regression [5], where K =

{(Ecicy € RY | & <+ <én )

Example 3.3. Compression schemes such as downsampling project a high-dimensional ob-
ject of interest onto a closed convex subset of a low-dimensional subspace of G [41].

3.2. Proximity operators. As seen in section 2.1, the proximity operator of a function in
I'o(G) is firmly nonexpansive. The following construction will be particularly useful.

Example 3.4. For every j € {1,...,m}, let G; be a real Hilbert space, and let g; € T'o(G;).

Suppose that G = D¢, Gj, and set F': G = G: (yj)i<j<m = (Proxg,y;j)igj<m. Then [6,
Proposition 24.11] asserts that

m
(3.2) F =prox,, where g:G —]|-00,+00]: (yj)icj<m — Zgj(yj).
i=1

Example 3.5. In Example 3.4, suppose that, for every j € {1,...,m}, gj = ¢ 0| - ||, where
¢; is an even function in T'g(R) such that ¢;(0) = 0 and ¢; # tgoy. Set (Vj € {1,...,m})
p; = max d¢;(0). Then we derive from [11, Proposition 2.1] that

(83) F:G—G: (y)icem = ((proxy, lysl) lvils ) _

1<jsm

where |y |, = ¢ Y/ Vil 3 llvsll > o5,
7o it [y < py-

Example 3.6. Consider the special case of Example 3.5 in which, for some j € {1,...,m},
¢; is not differentiable at the origin, which implies that p; > 0. Then prox,. acts as a
thresholder with respect to the jth variable in the sense that, if |y;|| < pj;, then the jth
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Y

______________________________ L1

Figure 3. Prozimal soft clipping operators on R with saturation at £1: n +— sign(n)(1 — exp(—|n|)) [53,
section 10.6.3] (blue), n — 2arctan(n)/m [25] (red), and n— n/(1+ |n|) [39] (green).

coordinate of F'y is zero. For instance, suppose that, for every j € {1,...,m}, ¢; = pj| - |;
hence, 0¢;(0) = [—p;, pj| and g; = p;||-||. Then F'y = pis acquired though the group-shrinkage
operation [63]

(3-4) P ((1 - rmﬂﬁl!z%)y’ >1<]<m'

Example 3.7. In contrast to the hard clipping operations of Example 3.1, soft clipping
operators are not projection operators in general, but many turn out to be proximity operators
[27] (see Figure 3). For instance, consider the setting of Example 3.5 with

2
n .

(3.5) (Vje{l,....m}) ¢;j:n— =l =n(1 = nf) = 2 if ol <1,

+o0 if |n| > 1.
Then we obtain the soft clipping operator

Yi
(3.6) o (yj)ici<m = <>
JIRIEm 1+ ||YJ|| 1<j<m

used in [39]. Soft clipping operators model sensors in signal processing [4, 39, 53] and activation
functions in neural networks [25].

3.3. General firmly nonexpansive operators. Not all firmly nonexpansive operators are
proximity operators [21].
Example 3.8. Let (R;)1<j<m be nonexpansive operators on G. Then the operator

_Id—i—RlO-‘-oRm

(3.7) F .
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Input

Figure 4. The distortion operator F' in Example 3.8 for m = 2.

is firmly nonexpansive [6, Proposition 4.4], but it is not a proximity operator [21, Example 3.5].
A concrete instance of (3.7) is found in audio signal processing. Consider a distortion p € G
of a linearly degraded audio signal LZ € G modeled by

(3.8) F(L7) = p,

where L produces effects such as echo or reverberation [53, Chapter 11] and F' comprises
several simpler operations (R;)i<j<m which turn out to be firmly nonexpansive (see, e.g.,
Example 3.2, [27], and [53, section 10.6.2]). These simpler distortion operators are then used
in series and blended with a proportion of the input signal [53, section 10.9], so that the overall
process is described by (3.7) (see Figure 4). More generally F' remains firmly nonexpansive
when R; o---0 R,, is replaced by any nonexpansive operator.

3.4. Proxification. In some instances, a prescription ¢ € G may be given by an equation
of the form Qy = ¢, where @Q: G — G is not firmly nonexpansive. In this section, we provide
constructive examples of proxification, by which we mean the replacement of the equality
Qy = q with an equivalent equality F'y = p, where p € G and F': G — G is firmly nonexpansive.

Definition 3.9. Let Q: G — G, and let ¢ € ran Q. Then (Q,q) is proxifiable if there ezists a
firmly nonexpansive operator F': G — G and p € ran F' such that (Vy € G) Qy = q < Fy = p.
In this case, (F,p) is a proxification of (Q,q).

We begin with a necessary condition describing when this technique is possible.

Proposition 3.10. Let Q: G — G and q € ran Q be such that (Q,q) is prozifiable. Then

(3.9) Q! ({a}) ={y € G | Qy=yq} is closed and convex.

Proof. The proxification assumption means that there exists a firmly nonexpansive oper-
ator F: G — G and p € ran F such that Q= '({¢}) = F~1({p}). Now set T = Id — F + p.
Then it follows from [6, Proposition 4.4] that T is firmly nonexpansive and therefore from [6,
Corollary 4.24] that Q=1 ({q}) = F~*({p}) = Fix T is closed and convex. [ |

Interestingly, condition (3.9) is also assumed in various nonlinear recovery problems [45,
46, 56]. However, the solution techniques of these papers require the ability to project onto
Q'({q})—a capability which rarely occurs when dimG > 1. The numerical approach pro-
posed in section 4 will circumvent this requirement and lead to provenly convergent algorithms
which instead rely on evaluating the associated firmly nonexpansive operator F': G — G.
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Example 3.11 (see [27, Proposition 2.14]). For every j € {1,...,m}, let G; be a real Hilbert
space, let D; be a nonempty closed convex subset of G;, let ; € ]0, +00[, and set

j if dp.(y; .
projp,y; if dp,(y;) <7
and
yj+ L (projp,y; —vy;) if y; & Dj,
(311) Sji G]’ — Gj: yj — dD]- (Yj) J

Yj if y; € Dj.

Suppose that G = P, Gj, set Q1 G = G: (yj)i1<i<m = (Qj¥j)1<j<m, and let ¢ € ran Q.
Even though @ is discontinuous, (Q,q) is proxifiable. Indeed, set S: G — G: (yj)i<j<m —
(Siyiicjcms F: G = G (vi)icicm = (Sj(QjY5))1<j<m, and p = Sq. Then (F,p) is a prox-
ification of (@, q). In particular, if, for every j € {1,...,m}, D; = {0}, then @ is the block
thresholding estimation operator of [34, section 2.3].

Example 3.12. Consider Example 3.11 with, for every j € {1,...,m}, G; =R, D; = {0},
and v; = v € |0, +00[. Then each operator Q; in (3.10) reduces to the hard thresholder

if |n| >
(3.12) hard, : n+— " 1 Il >
0 if |n| <,
S;j:m—n—ysign(n), and
(3.13) S; o hard, = soft, : n — sign(n) max{|n| —~,0}

is the soft thresholder on [—~v,~]. Furthermore, it follows from Example 3.11 that (F,p) is
a proxification of (@,q). The resulting transformation @ is used for signal compression in
[28, 54] and as a sensing model in [9)].

Next, we combine Example 3.12 with Lemma 2.2 to address low rank matrix approxi-
mation. Note the properties of ¢ in Lemma 2.2 imply that prox,0 = 0. Therefore, firmly
nonexpansive operators of the form (2.11) cannot increase the rank of a matrix.

Example 3.13. Let G be the real Hilbert space of N x M matrices under the Frobenius
norm, set s = min{/N, M}, and let us denote the singular value decomposition of y € G
by y = Uy, diag (01(y),...,05(y))V,. Let p € ]0,40c[, let hard, be given by (3.12), set
S:R — R: n+—n— psign(n), and set
(3.14) Q:G—G:y— Uydiag (hardp (al(y)), ..., hard, (Us(y))>VyT
3.14
S:G—G:y— Uydiag (S(Ul(y)), .. ,S(as(y)))X/yT.

Let ¢ € ran@, and set F' = So @ and p = Sq¢. Since soft, = prox,.| and p| - | is even, it
follows from Example 3.12 and Lemma 2.2 that (F, p) is a proxification of (Q, ¢). The operator
@ is used in image compression to produce low rank approximations [3, 36, 44, 59] and the
associated firmly nonexpansive operator F' soft-thresholds singular values at level p.
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Remark 3.14. In the setting of Example 3.13, consider the compression technique per-
formed by the nonconvex projection operator R: G — G [13], which truncates singular values
at a given rank r € {1,...,s — 1}, ie., R: y — U, diag (Ul(y), ceyor(y),0, .. .,O)V;JT. Let
y € G, and set ¢ = Ry. Then, for every p € |o,41(y),0-(y)[, Qy = ¢q. Therefore, knowledge of
the low rank approximation ¢ to y can be exploited in our framework by proxifying (Q, q) using
Example 3.13. Note that p can be estimated from ¢ since one has access to o,(q) = o, (y).

Our last example illustrates how proxification can be used to handle a prescription arising
from an extension of the notion of a proximity operator for nonconvex functions.

Example 3.15. Let p € )0, +o0o[, let v €10,1/p[, set 5 =1—~pu, and let g: G — |—00, +0]
be proper, lower semicontinuous, and p-weakly convexr in the sense that g + ul - [|?/2 is
convex. For every y € G, g+ |ly — -||?/(27) is a strongly convex function in To(G) and, by
[6, Corollary 11.17], it therefore admits a unique minimizer @~4y, which defines the operator
Qvg: G — G. Now let ¢ € ranQ.,, and set A = 9(g + | - [|?/2), B = A — pld, F = BQ+g,
and p = Bg. Then A is maximally monotone, but in general, since g is not convex, @4 is not
firmly nonexpansive. However,

(.0 € Gx0) @uu=pepezer(9(rg+ LI 1P~ L2+ Ly 7))
& pezer(yA+ pld —y) =zer (Id+vB —y)
(3.15) & JyBYy = p,
so Lemma 2.1 implies that Q.4 = Jyp is B-cocoercive. Thus, (F,p) is a proxification of

(Q+g:q)- Operators of the form @, are used for shrinkage in [7, 38, 50] in the same spirit
as in Example 3.6. For instance, for G = R and p € |0, +o0], the penalty g = In(p+| - |) of
[38, 50] is p~2-weakly convex and yields

( —p+ Iy +oP—4y) 1fy>;
(3.16) Qrg:y—= 10 if [yl <

1

(y+p Vig—pl?—4y) if y<-—

3.5. Operators arising from monotone equilibria. The property that the object of in-
terest is a zero of the sum of two monotone operators can be modeled in our framework as
follows.

Example 3.16. Let A: G — 29 be maximally monotone, let 8 € ]0, +00[, and let B: G — G
be [-cocoercive. Let v € ]0, 23], and set

o | \Qb\\Q

(3.17) F= (1_45) (Id = Jyao (Id —yB)) and p=0.

Then F' is firmly nonexpansive, and, for every y € G, Fy = p < y € zer (A + B). Indeed,
set R = Jy4 0 (Id —vB). By [6, Proposition 26.1(iv)], R is (2 — v/28) !-averaged, and
zer F' = Fix R = zer (A+ B). It follows from [6, Proposition 4.39] that Id — R is (1 —v/(4/3))-
cocoercive, which makes F' firmly nonexpansive.
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Example 3.17. Let f € T'o(G), let 8 € ]0,4+00], and let g: G — R be a convex and dif-
ferentiable function such that Vg is S~ !-Lipschitzian. Consider the task of enforcing the

property
(3.18) y € Argmin (f + g).
Set A= 0f and B = Vg. Then B is -cocoercive [6, Corollary 18.17], and (3.18) holds if and

only if y € zer (A+ B). Therefore, Example 3.16 yields a proximal point representation (F,p)
of (3.18).

4. Analysis and numerical solution of Problem 1.3. We first show that Problem 1.3 is
an appropriate relaxation of Problem 1.1.

Proposition 4.1. Suppose that the set of solutions to Problem 1.1 is nonempty. Then it
coincides with the set of solutions to Problem 1.3.

Proof. Let T be a solution to Problem 1.1. Then it is clear that T solves Problem 1.3.
Now let x be a solution to Problem 1.3. Then z € C' and

(4.1) (VyeC) Y willi(x—y)| Fi(Liz) — pi) <O0.
el
Therefore, since T € C and, for every i € I, F;(L;T) = p;, we obtain
(4.2) Zwi<Lix - LT ’ Fz(LZ.I‘) — Fz(LZT» <0
el
and, by firm nonexpansiveness of the operators (F;);er,
(4.3) > will Fi(Lix) - Fi(L)|* <) wilLix — LT | Fi(Lix) — F(LiT)) <0.
iel iel

We conclude that (Vi € I) F;(L;x) = F;(L;T) = p;. [ ]

Remark 4.2. Consider the setting of Problem 1.3, and set G = @iel G, L:H—>:G:x+—
(Liz)ier, F: G = G: (Yi)ier = (Fiyi)ier, and p = (p;)icr- Note that
(4.4) Problem 1.1 admits a solution if and only if p € F(L(C)).

Thus, the quantity dp(rc))(p) provides a measure of inconsistency of Problem 1.1. We can
actually use a solution to Problem 1.3 to estimate it. Indeed, suppose that T; and T2 are
solutions to (1.10). Then (1.3) yields

ZMHF (Liz1) — Fi(Liz)||* < sz’<LiTl — Liwy | Fi(LiT1) — Fi(LiT2))

i€l i€l
=Y wilLi(@ — T2) | Fi(LiT1) — pi)
1€l
+ " wilLi(@2 — T1) | Fi(LiT2) — pi)
i€l
(4.5) <0.
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Hence, for every i € I, there exists a unique p; € G; such that every solution Z to Problem 1.3
satisfies

(4.6) Fi(Li7) = p;.

In turn, if T is any solution to Problem 1.3, then

(4.7) dp(pc)(p) = inf [p— F(La)l| < |lp— F(LD)| = > lIpi = 5ill*
el

Next, we turn to the existence of solutions.

Proposition 4.3. Problem 1.3 admits a solution in each of the following instances:
(i) Derwilip; € ran (No + >, wili o Fyo Ly).
(ii) C is bounded.
(iii) ran No + ),y wili(ran Fy) = H.
(iv) For somei € I, L} is surjective, and one of the following holds:
a) L7 (ran F;) = H.
b) F; is surjective.
&) IF(y)]| = +o00 as [lyll — +oo.
d) ran (Id — F}) is bounded.
e) There exists a continuous convex function g;: G; — R such that F; = proxg, .

Proof. Set A = N¢ and (Vi € I) B; = w;F;. Then the operators (B;);c; are cocoercive.
Now define

(4.8) M=A+) LioB;oL.

il
It follows from [6, Proposition 4.12] that B = ) ..; L o B; o L; is cocoercive and hence
maximally monotone by [6, Example 20.31], with dom B = H. On the other hand, [6, Exam-

ple 20.26] asserts that A is maximally monotone. We therefore derive from [6, Corollary 25.5(i)]
that

(4.9) M is maximally monotone.

(i) Let x € H. In view of (2.9), = solves Problem 1.3 if and only if

(4.10) — ZwiL;‘ (FZ(LzIL‘) —pi) € Ncx,
el

that is, Y ;. ;wiLip; € M.

(i) Since dom M = dom A = C' is bounded, it follows from (4.9) and [6, Corollary 21.25]
that M is surjective, so (i) holds.

(iii) It follows from [6, Example 25.14] that A is 3* monotone and from [6, Exam-
ple 25.20(i)] that the operators (B;)i;c; are likewise. Hence, in view of (4.9), we invoke
Lemma 2.5 to get

(4.11)  intran M = intran <A + Z L;oBjo Li) = int (ranA + Z L;(ran Bz)) =H.
icl icl
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So M is surjective and (i) holds.

(iv)b)=-(iv)a)=-(iii): Clear.

(iv)e)=(iv)b): Since F; is maximally monotone by [6, Example 20.30], this follows from
[6, Corollary 21.24].

(iv)d)=(iv)c): Set p = supycg, |y — Fiyl|. Then [[Fiy[| = |lyll —lly — Fiyll = llyl —p — 400
as [ly[| = +oo.

(iv)e)=(iv)b): We derive from [6, Proposition 16.27] that G; = intdomg; C domdg; =
dom (Id + dg;) = ran (Id + 9g;) ™! = ran prox,,. [ ]

Example 4.4. A simple instance when Problem 1.1 has no solution while the relaxed Prob-
lem 1.3 does is the following. Take disjoint nonempty closed convex subsets C' and D of H such
that C' is bounded, and let I = {1}, Gy = H, L; = 1d, F; = Id — projp, and p; = 0. Then the
solution set of Problem 1.1 is CND = &, while that of Problem 1.3 is Fix (proj- oprojp) # @
[33].

We have described in Example 1.2 an instance of the relaxed Problem 1.3 which is in
fact a minimization problem. The next proposition describes a general setting in which a
minimization problem underlies Problem 1.3. It involves the Moreau envelope of (2.7).

Proposition 4.5. Consider the setting of Problem 1.3, and suppose that, for every i € I,

there exists g; € I'o(G;) such that F; = prox, . Then the objective of Problem 1.3 is to

(4.12) minirgize f(x), where f:x— Z wj (g?(le) — (Ljz | pz))

xe
el

Proof. We derive from [6, Proposition 24.4] that (Vi € I) Vg:f‘ = prox,,. In turn, f is
differentiable and

(413) (Vo H) =" wiL(prox,, = wili(Fi(Liz) - pi).

el el
Consequently, (1.10) is equivalent to finding a solution to (2.13), i.e., by Lemma 2.4, to
minimizing f over C. |
Next, we present a block-iterative algorithm for solving Problem 1.3.

Proposition 4.6. Consider the setting of Problem 1.3 under the assumption that it has a
solution. Let K be a strictly positive integer, and let (I,)nen be a sequence of nonempty subsets
of I such that

(4.14) (VneN) |JIx=1
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Let xg € H, let v €]0,2[, and, for everyi € I, let t; 1 € H and set v; = /|| Li||?. Iterate

forn=0,1,...

for everyi € I,

| tin = xn — %L (Fi(Lizn) — pi)
(4.15) for everyi € I I,

L ti,n = ti,n—l

m
Tp+41 = PIOjo ( Z witi,n> .

=1

Then (zn)nen converges weakly to a solution to Problem 1.3.

Proof. Set Ag = N¢ and (Vi € I) A; = || Li|| (L} o F;0 L; — L}p;). For every i € I, since
F; is firmly nonexpansive, it follows from [6, Proposition 4.12] that A; is firmly nonexpansive,
i.e., cocoercive with 3; = 1. Thus, (4.15) is a special case of (2.18), and the conclusion follows
from Proposition 2.7. [ |

An attractive feature of (4.15) is its ability to activate only a subblock of operators (F;)cr,
at iteration n, as opposed to all of them as in classical algorithms dealing with inconsistent
common fixed point problems [16, 17, 18, 20, 22]. This flexibility is of the utmost relevance
for very-large-scale applications. It will also be seen in section 5 to lead to more efficient
implementations. Condition (4.14) regulates the frequency of activation of the operators.
Since K can be chosen arbitrarily, it is actually quite mild.

5. Numerical experiments. In this section, we illustrate the ability of the proposed frame-
work to efficiently model and solve various signal and image recovery problems with incon-
sistent nonlinear prescriptions. Each instance will use the block-iterative algorithm (4.15),
which was shown in Proposition 4.6 to produce an exact solution of Problem 1.3 from any
initial point in H. Here, we implement it with zg = 0.

Remark 5.1. In the modeling of signal construction problems as minimization problems,
it is common practice to add a function g to the objective in order to promote desirable
properties in the solutions. Several functions are thus averaged and contribute collectively to
defining solutions. A prominent example is the promotion of sparsity through the addition of
a penalty such as the ¢! norm in RY [14, 57]. In the more general variational inequality setting
of Problem 1.3, this can be mimicked by adding the prescription F'y = 0, where F' = Id—prox,,
L.e., by Moreau’s decomposition, F' = proxg. [6, Remark 14.4]. Note that exact satisfaction
of the equality Fy = 0 would just mean that one minimizes g since Fix prox, = Argmin g.
In general, when incorporated to Problem 1.3, the pair (F,p) = (Id — prox,, 0) is intended
to promote the properties ¢ would in a standard minimization problem. We investigate in
sections 5.3 and 5.4 this technique to encourage sparsity in RY through the incorporation of
the operator F' = Projp_ (0:p) = Id — PrOX, |||, where B (0; p) is the £ ball of RY centered
at the origin and with radius p € 0, 4o00].

5.1. Image recovery from phase. The goal is to recover the original image T € H = RV
(N = 2562) shown in Figure 5(a) from the following:
e Bounds on pixel values: 7 € C = [0, 255]V.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/22 to 152.14.136.32 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

100 PATRICK L. COMBETTES AND ZEV C. WOODSTOCK

(b)

Figure 5. Ezperiment of section 5.1: (a) Original image T. (b) Degraded image p1. (¢c) Recovered image.

e The degraded image p; € G; = H shown in Figure 5(b), which is modeled as follows.
The image T is blurred by Li: H — Gi, which performs discrete convolution with a
15 x 15 Gaussian kernel with standard deviation of 3.5, then corrupted by an additive
noise wy; € Gy. The blurred image-to-noise ratio is 20log; (|| L1Z||/||w1]|) = 24.0 dB.
Pixel values beyond 60 are then clipped. Altogether, p; = projp, (L1Z + w1), where
Dy = [0,60]V. This process models a low-quality image acquired by a device which
saturates at photon counts beyond a certain threshold. We therefore use Fy = projp,
in (1.10).

e An approximation of the mean pixel value ps = 138 of Z. To enforce this information,
following Example 1.2, we set Go = H, Lo = 1d, po = 0, and

SN
(5.1) Fy: (M) 1<k = <kNlnk - p2>1-

e The phase 0§ € [—m, 7]V of the 2-D discrete Fourier transform of a noise-corrupted
version of T, i.e., § = ZDFT (T + ws), where ws € H, yields an image-to-noise ratio
201og;o(|IZ]|/||ws]]) = 49.0 dB. To model this information, we set Gs = H, L3 = 1d,
p3 = 0, and, following Example 1.2, we employ

(5.2)  Fy:yw>y— IDFT (]DFT y| max { cos (Z(DFTy) — 9),0} exp(19)>.

Due to the noise present in p; and 6, and the inexact estimation po of the pixel mean,
this instance of Problem 1.1 (I = {1,2,3}) is inconsistent. We thus arrive at the relaxed
Problem 1.3 by setting w; = wy = w3 = 1/3. By Proposition 4.3(ii), since C' is bounded,
Problem 1.3 is guaranteed to possess a solution. The solution shown in Figure 5(c) is computed
using algorithm (4.15) with v = 1.9 and (Vn € N) I, = I. This experiment illustrates
a nonlinear recovery scenario with inconsistent measurements which nonetheless produces
realistic solutions obtained by exploiting all available information.

5.2. Signal recovery. The goal is to recover the original signal 7 € H = C = RY (N =
1024) shown in Figure 6(a) from the following:
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Figure 6. Ezperiment of section 5.2: (a) Original signal T. (b) Piecewise constant approzimation p1. (c)
Recovered signal.

e A piecewise constant approximation p; of Z, given by p; = projp, (T + wy), where
wy; € G1 = H represents noise and D is the subspace of signals in G; which are
constant by blocks along each of the 16 sets of 64 consecutive indices in {1,..., N}
(see Figure 6(b)). The signal-to-noise ratio is 20log;o(||Z||/||w1]]) = —2.3 dB. We
model this observation by setting Ly = Id and F; = projp, .
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A bound ps = 0.025 on the magnitude of the finite differences of Z. To enforce this
information, following Example 1.2, we set Go = RN Lo: H — Go: (&)1<icn

(§i+1 — &)1<isn—1, p2 = 0, and Fy = Id — projp,, where Dy = {y € G2 | [|ylloc < p2},
that is, using (3.13),

(53) F2: (nk)lgngfl = ( SOft"/ (nk))lgng_l

A collection of m = 1200 noisy thresholded scalar observations r3 = (x;)jes € R™ of
T, where J = {3,...,m + 2}. The true data formation model is

(5.4) (Vi eJ) x;=R({T]ej)+vj,

where (ej)jes is a dictionary of random vectors in RY with zero-mean i.i.d. entries,
the noise vector w3 = (v});cs yields a signal-to-noise ratio of 20logq(||7s]|/[|ws]]) =
17.8 dB, and R is the thresholding operator of the type found in [2, 52] (p = 0.05),
namely,

(5.5) R:R—R:no sign(n)/n* — p* if |n| > p,
0 if |n| < p.

We assume that R is misspecified and that the presence of noise is unknown, so that
the data acquisition process is incorrectly modeled as

(5.6) (Vied) x;j=Q«T|ej)),

where

(5.7) Q:RoR: 5o sign(n)\/n? — p? if |n| > p,
' ' ' 0 if [n] < p.

Note that @ is not Lipschitzian. Nonetheless, with

(5.8) S: R — R:n+— sign(n) <\/772+p2—p) )

it is straightforward to verify that S o @ = soft, and that, for every j € J, (Fj,p;) =
(soft,,Sx;) is a proxification of (@, x;). Also, for every j € J, we set G; = R and

Lj=(|e)

We thus consider the instantiation of Problem 1.3 in which I = {1,2} U J and, for every
i €I, w; =1/(card I). Since (ej);jes is overcomplete and, for every j € J, Fj is surjective,
it follows that H = {Zjejwjnjej | mj EranF;} = djeswili(ranFy) C Y2,y wili(ran Fy),
so Problem 1.3 is guaranteed to possess a solution by Proposition 4.3(iii). Algorithm (4.15)
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Figure 7. Ezperiment of section 5.2: Relative error 2010g,,(||zn — Too||/||T0 — c||) (dB) versus execution
time (seconds) for full activation (red) and cyclic activation (5.9) (green).

produces the signal shown in Figure 6(c) with v = 1.9 and the following activation strategy.
At every iteration, F; and F, are activated, while we partition J into four blocks of 300
elements and cyclically activate one block per iteration, i.e.,

(5.9) (Vn € N)(Vj € {0,1,2,3})  ILuny; = {1,2,3+3004,...,2+300(j + 1)},

which satisfies condition (4.14) with K = 4. The results show that, even when the data are
noisy and poorly modeled, Problem 1.3 produces quite robust recoveries. The execution time
savings resulting from the use of (5.9) compared to the full activation strategy (i.e., I,, = I
for every n € N) are displayed in Figure 7. Note that in very-large-scale scenarios in which all
data cannot be simultaneously loaded into memory, activation strategies such as (5.9) make
algorithm (4.15) implementable.

5.3. Sparse image restoration. The goal is to recover the original image 7 € H = RV
(N = 2562) shown in Figure 8(a) from the following:

e Bounds on pixel values: z € C = [0, 255].

e The low rank approximation ¢; € G; = H displayed in Figure 8(b) of a blurred
noisy version of T modeled as follows. The blurring operator Li: H — G ap-
plies a discrete convolution with a uniform 7 x 7 kernel, and the operators ) and
S are as in Example 3.13, with threshold p = 500. Then ¢1 = Q(L1T + wy) is
a rank-85 compression, where w; € §; induces a blurred image-to-noise ratio of
201ogo (|| L1Z||/||w1]]) = 17.6 dB. By Example 3.13, we obtain a proxification of (Q, q1)
with (Flapl) = (S ] Q,Sql).

e T is sparse. To promote this property in the solutions to (1.10), following Remark 5.1,
we set Go =H, Lo =1d, po =0, po = 1.5, and F = PrOjB_ (0:p2)-

We therefore arrive at an instance of Problem 1.3 with [ = {1,2} and w; = wy = 1/2. Since C
is bounded, Proposition 4.3(ii) guarantees that a solution exists. Algorithm (4.15) with v =1
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Figure 8. FEzperiment of section 5.3: (a) Original image T. (b) Degraded image q1. (c) Recovered image.

yields the recovery in Figure 8(c). Even though computing F; requires only one singular value
decomposition (not two, as (3.14) may suggest), it is the most numerically expensive operator
in this problem. Therefore, we choose to activate F; only every 5 iterations, i.e.,

(5.10) I - {2} if n#0 mod 5,
‘ " {1,2) ifn=0 mod 5.

Figure 10 displays the time savings resulting from the use of (5.10) compared to full activation
(both activation strategies yield visually indistinguishable recoveries). Notice that, while the
observation in Figure 8(b) is virtually illegible, many of the words in the recovery of Figure 8(c)
can be discerned.

Finally, we examine the use of the nonfirmly nonexpansive sparsity-promoting operator of
Example 3.15. Specifically, Q.4 is given by (3.16), which is induced by the logarithmic penalty
with parameters p = py and v = 0.05/p3. This implies that 0.95Q, is firmly nonexpansive
and hence that Id — 0.95Q), is likewise. Figure 9 displays the result when F% is replaced by
componentwise applications of Id—0.95(),4. In this experiment, the ¢! penalty-based operator
F5 yields a sharper recovery in Figure 8(c¢) than the recovery in Figure 9, which is induced by
the logarithmic penalty.

5.4. Source separation. This experiment incorporates nonlinear compression to a prob-
lem in astronomy, which seeks to separate a background image 7; € RY (N = 6002) of stars
from a galaxy image Zo € RY [40]. The goal is to construct the image pair (T1,72) € H =
RY x RY given the following:

e Bounds on pixel values: (Z1,72) € C = [0,255]" x [0,255]".

e The low rank approximation ¢; € G; = RY shown in Figure 11(b) of the original
superposition 1 4+ T2 shown in Figure 11(a), which is modeled as follows. Set L1 : H —
Gi: (x1,22) — 1 + x2, and let @ and S be as in Example 3.13 with p = 1500. The
resulting rank-22 approximation of T; + T3 is given by ¢1 = Q(L1(%1,T2)). It follows
from Example 3.13 that (F1,p1) = (S0 Q,Sq) is a proxification of (Q, q1).
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Figure 9. Ezperiment of section 5.3: Recovered image with logarithmic thresholding instead of soft thresh-
olding.
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Figure 10. Ezperiment of section 5.3: Relative error 201og,q(||zn — Zoo||/||To — Te||) (dB) versus execution
time (seconds) for full activation (red) and block activation (5.10) (green).

e T is sparse, and To admits a sparse representation relative to the 2-D discrete co-
sine transform L: RN — RY [40]. To encourage these properties, as discussed in
Remark 5.1, we set Go = H, La: (x1,22) — (x1, Lxa), po = 0, and F: (y1,y2) —
(PTOij(O;lo)yla proij(0;45)y2). In view of Example 3.1, F5 is firmly nonexpansive.

Thus, we arrive at an instance of Problem 1.3 with I = {1,2} and w; = wy = 1/2. By
Proposition 4.3(ii), this problem is guaranteed to possess a solution since C is bounded.
Algorithm (4.15) with v = 1 provides the solution shown in Figure 11(c)—(d). To improve
algorithmic performance, we adopt the activation strategy (5.10); see Figure 12 for time
savings compared to the full activation strategy. As can be seen from Figure 11, this approach
produces effective recoveries. Even though this problem involves a discontinuous observation
process, we can nonetheless solve it with algorithm (4.15), which exploits all of the information
at hand.
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() (d)

Figure 11. Ezperiment of section 5.4: (a) Original image T1 + T2. (b) Low rank compression of T1 + Ta.
(c) Recovered background (stars). (d) Recovered foreground (galazy).
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Figure 12. Experiment of section 5.4: Relative error 2010g,,(||Zn — Zoo||/||xo — zs||) (dB) versus execution
time (seconds) for full activation (red) and block activation (5.10) (green).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/22 to 152.14.136.32 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

SIGNAL CONSTRUCTION FROM NONLINEAR EQUATIONS 107

(12]
(13]
(14]
(15]
(16]
(17]
18]
(19]
20]
(21]
(22]
23]
24]

(25]

[

F.

F.

R.

H

REFERENCES

. S. ABEL AND J. O. SMITH, Restoring a clipped signal, Proc. Int. Conf. Acoust. Speech Signal Process.,

3 (1991), pp. 1745-1748.

ABRAMOVICH, T. SAPATINAS, AND B. W. SILVERMAN, Wawvelet thresholding via a Bayesian approach,
J. R. Stat. Soc. Ser. B Stat. Methodol., 60 (1998), pp. 725-749.

ANDREWS AND C. PATTERSON, Singular value decomposition (SVD) image decoding, IEEE Trans.
Commun., 24 (1976), pp. 425-432.

R. AVILA7 M. P. TcHEOU, AND L. W. P. BISCAINHO, Audio soft declipping based on constrained
weighted least squares, IEEE Signal Process. Lett., 24 (2017), pp. 1348-1352.

E. BARLOW AND H. D. BRUNK, The isotonic regression problem and its dual, J. Amer. Statist. Assoc.,
67 (1972), pp. 140-147.

H. BAuSCHKE AND P. L. COMBETTES, Conver Analysis and Monotone Operator Theory in Hilbert
Spaces, 2nd ed., Springer, New York, 2017.

I. BAYRAM AND S. BULEK, A penalty function promoting sparsity within and across groups, IEEE Trans.

A.

Signal Process., 65 (2017), pp. 4238-4251.
BENSOUSSAN AND J.-L. LIONS, Applications des Inéquations Variationnelles en Contréle Stochas-
tique, Bordas, Paris, 1978. English translation: Applications of Variational Inequalities in Stochastic
Control, North Holland, New York, 1982.

. BocHE, M. GUILLEMARD, G. KUTYNIOK, AND F. PHILIPP, Signal recovery from thresholded frame

measurements, Proc. 15th SPIE Wavelets Sparsity Conf., 8858 (2013), pp. 80-86.

. BREzIS AND A. HARAUX, Image d’une somme d’opérateurs monotones et applications, Israel J. Math.,

23 (1976), pp. 165-186.

. M. BRICENO-ARIAS AND P. L. COMBETTES, Convex variational formulation with smooth coupling for

multicomponent signal decomposition and recovery, Numer. Math. Theory Methods Appl., 2 (2009),
pp- 485-508.

. E. BROWDER, Nonlinear monotone operators and conver sets in Banach spaces, Bull. Amer. Math.

Soc., 71 (1965), pp. 780-785.

. A. Cabpzow, Signal enhancement-A composite property mapping algorithm, IEEE Trans. Acoust.

Speech Signal Process., 36 (1988), pp. 49-62.

. CANDES AND T. Tao, Near-optimal signal recovery from random projections: Universal encoding

strategies?, IEEE Trans. Inform. Theory, 52 (2006), pp. 5406-5425.

. CENSOR AND T. ELFVING, A multiprojection algorithm using Bregman projections in a product space,

Numer. Algorithms, 8 (1994), pp. 221-239.

. CENSOR, T. ELFVING, N. KoPF, AND T. BORTFELD, The multiple-sets split feasibility problem and

its applications for inverse problems, Inverse Problems, 21 (2005), pp. 2071-2084.

. CENSOR AND M. ZAKNOON, Algorithms and convergence results of projection methods for inconsistent

feasibility problems: A review, Pure Appl. Funct. Anal., 3 (2018), pp. 565-586.

. L. COMBETTES, Inconsistent signal feasibility problems: Least-squares solutions in a product space,

IEEE Trans. Signal Process., 42 (1994), pp. 2955-2966.

. L. COMBETTES, The convex feasibility problem in image recovery, in Advances in Imaging and Electron

Physics, Vol. 95, P. Hawkes, ed., Academic Press, New York, 1996, pp. 155-270.

. L. COMBETTES, Systems of structured monotone inclusions: Duality, algorithms, and applications,

SIAM J. Optim., 23 (2013), pp. 2420-2447.

. L. COMBETTES, Monotone operator theory in convex optimization, Math. Program., B170 (2018), pp.

177-206.

. L. COMBETTES AND P. BONDON, Hard-constrained inconsistent signal feasibility problems, IEEE

Trans. Signal Process., 47 (1999), pp. 2460—2468.

. L. COMBETTES AND L. E. GLAUDIN, Prozimal activation of smooth functions in splitting algorithms

for convex image recovery, SIAM J. Imaging Sci., 12 (2019), pp. 1905-1935.

L. CoMBETTES AND L. E. GLAUDIN, Solving composite fixed point problems with block updates, Adv.
Nonlinear Anal., 10 (2021), pp. 1154-1177.

L. COMBETTES AND J.-C. PESQUET, Deep neural network structures solving variational inequalities,
Set-Valued Var. Anal., 28 (2020), pp. 491-518.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/22 to 152.14.136.32 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

108

(26]
27]
(28]
29]
(30]
(31]
32]
(33]
(34]
(35]
(36]
37]
(38]

39]

(40]

PATRICK L. COMBETTES AND ZEV C. WOODSTOCK

P. L. COMBETTES AND Z. C. WOODSTOCK, A fized point framework for recovering signals from nonlinear

transformations, Proc. Eur. Signal Process. Conf., 2020, pp. 2120-2124.

P. L. COMBETTES AND Z. C. WOODSTOCK, Reconstruction of functions from prescribed proximal points,

S.

J. Approx. Theory, 268 (2021), 105606.
J. DitworTrH, N. J. KArTroN, D. KuTzZAROVA, AND V. N. TEMLYAKOV, The thresholding greedy
algorithm, greedy bases, and duality, Constr. Approx., 19 (2003), pp. 575-597.

M. EHRGOTT, ¢. GULER, H. M. HAMACHER, AND L. SHAO, Mathematical optimization in intensity

modulated radiation therapy, Ann. Oper. Res., 175 (2010), pp. 309-365.

F. FAccHINEI F AND J.-S. PANG, Finite-Dimensional Variational Inequalities and Complementarity

S.

Problems, Springer, New York, 2003.
FoucArT AND J. L1, Sparse recovery from inaccurate saturated measurements, Acta Appl. Math., 158
(2018), pp. 49-66.

M. GOLDBURG AND R. J. MARKS 11, Signal synthesis in the presence of an inconsistent set of constraints,

L.

P.

D.

> O >

IEEE Trans. Circuits Syst., 32 (1985), pp. 647-663.

G. GuBIN, B. T. PoLyak, AND E. V. RAIK, The method of projections for finding the common point
of convex sets, Comput. Math. Math. Phys., 7 (1967), pp. 1-24.

HaLL, G. KERKYACHARIAN, AND D. PICARD, Block threshold rules for curve estimation using kernel
and wavelet methods, Ann. Statist., 26 (1998), pp. 922-942.

KINDERLEHRER AND G. STAMPACCHIA, An Introduction to Variational Inequalities and Their Appli-
cations, Academic Press, New York, 1980.

. KNOCKAERT, B. DE BACKER AND D. DE ZUTTER, SVD compression, unitary transforms, and com-

putational complexity, IEEE Trans. Signal Process., 47 (1999), pp. 2724-2729.

. M. LEGENDRE, Nouvelles Méthodes pour la Détermination des Orbites des Cométes, Firmin Didot,
Paris, 1805.

. MALIOUTOV AND A. ARAVKIN, lterative log thresholding, Proc. Int. Conf. Acoust. Speech Signal
Process., 2014, pp. 7198-7202.

. MARMIN, A. JEZIERSKA, M. CASTELLA, AND J.-C. PESQUET, Global optimization for recovery of
clipped signals corrupted with Poisson-Gaussian noise, IEEE Signal Process. Lett., 27 (2020), pp.
970-974.

M. B. McCoy, V. CEVHER, Q. T. DINH, A. ASAEI, AND L. BALDASSARRE, Convexity in source sepa-

[41] K

42]
(43]
(44]
(45]
(46]
(47]

(48]
(49]

ration: Models, geometry, and algorithms, IEEE Signal Process. Mag., 31 (2014), pp. 87-95.

. NASROLLAHI AND T. B. MOESLUND, Super-resolution: A comprehensive survey, Mach. Vis. Appl., 25
(2014), pp. 1423-1468.

. PENNANEN, On the range of monotone composite mappings, J. Nonlinear Convex Anal., 2 (2001), pp.
193-202.

. PETERS, B. R. SMITHYMAN, AND F. J. HERRMANN, Projection methods and applications for seismic

nonlinear inverse problems with multiple constraints, Geophys., 84 (2019), pp. R251-R269.
. RANADE, S. S. MAHABALARAO, AND S. KALE, A variation on SVD based image compression, Image
Vis. Comput., 25 (2007), pp. 771-777.

. RENCKER, F. BAcH, W. WANG, AND M. D. PLUMBLEY, Sparse recovery and dictionary learning from

nonlinear compressive measurements, IEEE Trans. Signal Process., 67 (2019), pp. 5659-5670.

D. RzeEPkA, M. Miskowicz, D. KOSCIELNIK, AND N. T. THAO, Reconstruction of signals from level-

R.

crossing samples using implicit information, IEEE Access, 6 (2018), pp. 35001-35011.

. E. A. SALEH, Image synthesis: Discovery instead of recovery, in Image Recovery: Theory and Appli-

cation, H. Stark ed., Academic Press, San Diego, CA, 1987, pp. 463-498.
J. SAMWORTH, Recent progress in log-concave density estimation, Statist. Sci., 33 (2018), pp. 493-509.

M. SCHETZEN, Nonlinear system modeling based on the Wiener theory, Proc. IEEE, 69 (1981), pp. 1557—

1573.

[50] I. SELESNICK AND M. FARSHCHIAN, Sparse signal approzimation via nonseparable reqularization, IEEE

Trans. Signal Process., 65 (2017), pp. 2561-2575.

[51] N. T. SHAKED AND J. ROSEN, Multiple-viewpoint projection holograms synthesized by spatially incoherent

correlation with broadband functions, J. Opt. Soc. Amer. A, 25 (2008), pp. 2129-2138.

[62] T. Tao AND B. Vipakovic, Almost everywhere behavior of general wavelet shrinkage operators, Appl.

Comput. Harmon. Anal., 9 (2000), pp. 72-82.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/22 to 152.14.136.32 Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

SIGNAL CONSTRUCTION FROM NONLINEAR EQUATIONS 109

[53]
[54]

[55]
[56]
[57]
(58]
[59]
(60]
(61]
(62]
(63]
(64]

[65]

E. TARR, Hack Audio, Routledge, New York, 2019.

V. N. TEMLYAKOV, The best m-term approximation and greedy algorithms, Adv. Comput. Math., 8
(1998), pp. 249-265.

T. TesHiMA, M. Xu, I. SATO, AND M. SuGiyaAMA, Clipped matriz completion: A remedy for ceiling
effects, Proc. AAAI Conf. Artif. Intell., 2019, pp. 5151-5158.

N. T. THAO AND M. VETTERLI, Deterministic analysis of oversampled A/D conversion and decoding
improvement based on consistent estimates, IEEE Trans. Signal Process., 42 (1994), pp. 519-531.

R. TIBSHIRANI, Regression shrinkage and selection via the lasso: A retrospective, J. R. Statist. Soc. B,
73 (2011), pp. 273-282.

L. B. WHITE, The wide-band ambiguity function and Altes’ Q-distribution: Constrained synthesis and
time-scale filtering, IEEE Trans. Inform. Theory, 38 (1992), pp. 886-892.

J.-F. YaNG AND C.-L. Lu, Combined techniques of singular value decomposition and vector quantization
for image coding, IEEE Trans. Image Process., 4 (1995), pp. 1141-1146.

D. C. YouLA, Generalized image restoration by the method of alternating orthogonal projections, IEEE
Trans. Circuits Syst., 25 (1978), pp. 694-702.

D. C. YouLA AND V. VELASCO, Extensions of a result on the synthesis of signals in the presence of
inconsistent constraints, IEEE Trans. Circuits Syst., 33 (1986), pp. 465-468.

D. C. YouLa AND H. WEBB, Image restoration by the method of convex projections: Part 1—Theory,
IEEE Trans. Med. Imaging, 1 (1982), pp. 81-94.

M. YUAN AND Y. LIN, Model selection and estimation in regression with grouped variables, J. R. Stat.
Soc. Ser. B Stat. Methodol., 68 (2006), pp. 49-67.

C. A. ZARZER, On Tikhonov regularization with non-convex sparsity constraints, Inverse Problems, 15
(2009), 025006.

E. ZEIDLER, Nonlinear Functional Analysis and Its Applications 11/B: Nonlinear Monotone Operators,
Springer, New York, 1990.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Notation, background, and preliminary results
	Notation
	Variational inequalities
	Composite sums of monotone operators

	Firmly nonexpansive Wiener models
	Projection operators
	Proximity operators
	General firmly nonexpansive operators
	Proxification
	Operators arising from monotone equilibria

	Analysis and numerical solution of Problem 1.3
	Numerical experiments
	Image recovery from phase
	Signal recovery
	Sparse image restoration
	Source separation


