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a+?QQH Q7 JQH2+mH�` a+B2M+2b �M/ .2T�`iK2Mi Q7 S?vbB+b- �`BxQM� ai�i2 lMBp2`bBiv- SP

"Qt 3dR8y9- h2KT2- �w 38k3d@R8y9

1@K�BH, /KBi`vK!�bmX2/m
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�#bi`�+i

Ai ?�b HQM; #22M �MiB+BT�i2/ i?�i /B2H2+i`B+ +QMbi�Mib Q7 TQH�` HB[mB/b �`2 `2/m+2/

BM i?2 BMi2`7�+B�H H�v2`X _2+2Mi 2tT2`BK2Mib �M/ +QKTmi2` bBKmH�iBQMb bmTTQ`i i?2b2

2tT2+i�iBQMbX � bi`QM; `2/m+iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi Bb 7QmM/ BM i?2 /B`2+iBQM

T2`T2M/B+mH�` iQ � TH�M�` bm#bi`�i2- r?BH2 i?2 T�`�HH2H `2bTQMb2 Bb #mHF@HBF2X h?Bb

T2`bT2+iBp2 ?B;?HB;?ib `2+2Mi i?2Q`2iB+�H +�H+mH�iBQMb �M/ bBKmH�iBQMb rBi? �M 2v2 QM

`2H�iBM; i?2K iQ T`QT2`iB2b Q#b2`p�#H2 BM i?2 H�#Q`�iQ`vX h?2 �p2`�;2 BMi2`7�+2 /B@

2H2+i`B+ +QMbi�Mi +QKTmi2/ 7`QK bBKmH�iBQMb +QMM2+ib iQ i?BM }HKb 2tT2`BK2Mib- #mi

+�MMQi #2 2ti2M/2/ iQ b+`22MBM; Q7 +?�`;2bX AM +QMi`�bi iQ /B2H2+i`B+ i?2Q`B2b r?2`2 �

bBM;H2 /B2H2+i`B+ +QMbi�Mi ;�m;2b #Qi? i?2 TQH�`Bx�iBQM 2M2`;v �M/ b+`22MBM;- i?2b2 irQ

bB;M�im`2b Q7 /B2H2+i`B+ TQH�`Bx�iBQM /Bp2`;2 QM i?2 KQH2+mH�` b+�H2X h?2 `2/m+iBQM Q7

i?2 /B2H2+i`B+ +QMbi�Mi Q7 r�i2` BM i?BM }HKb Bb +m``2MiHv pB2r2/ �b � +QK#BM2/ 2z2+i

Q7 ;2QK2i`B+ +QM}M2K2Mi BKTQb2/ #v i?2 bm#bi`�i2 �M/ i?2 `2+QMbi`m+iBQM Q7 r�i2`

?v/`Q;2M #QM/b BM i?2 bm`7�+2 H�v2`X

AMi`Q/m+iBQM

lM/2`bi�M/BM; �M/ +?�`�+i2`Bx�iBQM Q7 BMi2`7�+2b `2K�BMb � ;`�M/ +?�HH2M;2 7Q` +QM/2Mb2/

K�ii2` b+B2M+2X Jm+? Q7 +?2KBbi`v �M/ �HH KQH2+mH�` #BQHQ;v #2HQM; iQ i?2 `2�HK Q7 BM@

i2`7�+B�H T?2MQK2M�X AM bQK2 +�b2b ?2i2`Q;2M2Qmb bvbi2Kb +�M #2 �M�Hvx2/ �b KBtim`2b Q7

r2HH@+?�`�+i2`Bx2/ +QKTQM2MibX h?Bb Bb MQi i?2 +�b2 rBi? 2H2+i`Qbi�iB+ BMi2`�+iBQMb �M/ 2H2+@

i`B+�HHv TQH�`Bx2/ BMi2`7�+2bX "2+�mb2 Q7 i?2 HQM;@`�M;2 +?�`�+i2` Q7 *QmHQK# BMi2`�+iBQMb-

TQH�`Bx�iBQM Q7 � KBtim`2 �`Bb2b 7`QK � b2H7@+QMbBbi2Mi bQHmiBQM BMb2T�`�#H2 BMiQ TQH�`Bx2/ +QK@

TQM2MibX h?Bb Bb FMQrM �b J�tr2HH@q�;M2` TQH�`Bx�iBQM BM i?2Q`B2b Q7 /B2H2+i`B+bXR 1ti2M/BM;

i?Bb pB2r iQ KB+`Qb+QTB+ �M/ M�MQK2i2`@b+�H2 BMi2`7�+2b Q7 TQH�` HB[mB/b �M/ �++QmMiBM; 7Q`

i?2 bT2+B}+b Q7 i?2 BMi2`7�+B�H HB[mB/ bi`m+im`2 im`M2/ Qmi iQ #2 � +?�HH2M;BM; T`Q#H2K MQi

QMHv 7`QK i?2 i2+?MB+�H pB2rTQBMi- #mi 2[m�HHv bQ 7`QK i?2 T2`bT2+iBp2 Q7 /2p2HQTBM; T?vbB@

+�HHv bQmM/ 7Q`KmH�iBQMb T`Q/m+BM; Q#b2`p�#H2b �++2bbB#H2 iQ H�#Q`�iQ`v K2�bm`2K2MibX h?2

k
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H�ii2` �bT2+i im`M2/ Qmi iQ #2 T�`iB+mH�`Hv /B{+mHi iQ �//`2bb rBi? i?2 `2+2Mi T`QHB72`�iBQM

Q7 MmK2`B+�H bBKmH�iBQMb `2TQ`iBM; ?B;?Hv /2i�BH2/ BMi2`7�+B�H bi`m+im`2b- r?B+?- M2p2`i?2@

H2bb- �`2 /B{+mHi iQ i`�MbH�i2 iQ Q#b2`p�#H2 T`QT2`iB2bX h?Bb T2`bT2+iBp2 �`iB+H2 ?B;?HB;?ib

i?2b2 /B{+mHiB2b �M/ bm#iH2 Mm�M+2b r?BH2 F22TBM; �M 2v2 QM i?2 M22/ iQ /2p2HQT T?vbB+�H

i?2Q`B2b �M/ +QKTmi�iBQM�H 7Q`K�HBbKb `2H�iBM; +QKTmi�iBQMb iQ i?2 H�#Q`�iQ`v 2tT2`BK2MiX

6QHHQrBM; �M �++QmMi Q7 `2+2Mi i?2Q`2iB+�H �M/ +QKTmi�iBQM�H �/p�M+2b- � b?Q`i Qp2`pB2r Q7

2tT2`BK2Mi�H `2bmHib �//`2bbBM; 2H2+i`B+�HHv TQH�`Bx2/ BMi2`7�+2b Bb T`2b2Mi2/X

h?2 /B2H2+i`B+ bmb+2TiB#BHBiv �M/ i?2 /B2H2+i`B+ +QMbi�Mi [m�MiB7v i?2 �KQmMi Q7 2M2`;v

biQ`2/ BM � TQH�`Bx2/ /B2H2+i`B+ U� MQM+QM/m+iBM; K�i2`B�HV �M/ �`2 2tT`2bb2/ i?`Qm;? +�T�+@

Bi�M+2 BM /B2H2+i`B+ 2tT2`BK2MibX Ai Bb TQbimH�i2/ i?�i i?2 /B2H2+i`B+ +QMbi�Mi Bb � K�i2`B�H

T`QT2`iv- i?�i Bb- Bi Bb bT2+B}+ iQ � ;Bp2M K�i2`B�H �M/ Bb BM/2T2M/2Mi Q7 i?2 b�KTH2 b?�T2Xk-j

h?Bb TQbimH�i2- r?B+? Bb bmTTQ`i2/ #v 2KTB`B+�H 2pB/2M+2- Bb +2Mi`�H iQ �HH i?2Q`B2b Q7 /B@

2H2+i`B+bXR h?Bb Bb � MQMi`BpB�H `2bmHi bBM+2- /m2 iQ i?2 HQM;@`�M;2 +?�`�+i2` Q7 *QmHQK# 7Q`+2b-

i?2 TQH�`Bx�iBQM Q7 � /B2H2+i`B+ b�KTH2 /2T2M/b QM Bib b?�T2X >Qr2p2`- r?2M �HH #QmM/�`v

+QM/BiBQMb �`2 +Q``2+iHv i�F2M BMiQ �++QmMi- i?2 `2bmHiBM; /B2H2+i`B+ +QMbi�Mi Bb � K�i2`B�H

T`QT2`ivX

h?2Q`B2b Q7 /B2H2+i`B+bR mb2 i?2 TQbimH�i2 Q7 i?2 /B2H2+i`B+ +QMbi�Mi #2BM; � K�i2`B�H T`QT@

2`iv iQ +�H+mH�i2 /B2H2+i`B+ TQH�`Bx�iBQM 7Q` b�KTH2b Q7 bBKTH2 ;2QK2i`vX � bT?2`B+�H `2;BQM

Bb ivTB+�HHv b2T�`�i2/ 7`QK i?2 K�+`Qb+QTB+ b�KTH2 �M/ +?�`�+i2`Bx2/ #v i?2 /BTQH2 KQK2Mi

J r?2M i?2 /B2H2+i`B+ Bb TQH�`Bx2/ Ub22 `27 j 7Q` � 7Q`KmH�iBQM r?2`2 i?Bb bBKTHB}+�iBQM Bb

�pQB/2/VX h?2`2 Bb MQ K�+`Qb+QTB+ /BTQH2 BM i?2 �#b2M+2 Q7 i?2 }2H/ 7Q` T�`�2H2+i`B+ UBM

+QMi`�bi iQ 72``Q2H2+i`B+V K�i2`B�HbX h?2 /B2H2+i`B+ +QMbi�Mi Bb /2}M2/ 2Bi?2` i?`Qm;? i?2

K�+`Qb+QTB+ /BTQH2 BM/m+2/ BM i?2 K�i2`B�H #v i?2 2ti2`M�H }2H/ Q` #v i?2 p�`B�M+2 Q7 i?2

K�+`Qb+QTB+ /BTQH2- /`Bp2M #v i?2`K�H �;Bi�iBQM- r?2M i?2 }2H/ Bb im`M2/ Qz UEB`FrQQ/@

PMb�;2` 2[m�iBQM- b22 #2HQrVX 6Hm+im�iBQM `2H�iBQMb +�M �HbQ #2 �TTHB2/ iQ bT2+B7v TQH�`

`2bTQMb2 �i i?2 KB+`Qb+QTB+ b+�H2 �b /Bb+mbb2/ #2HQrX

.2}MBM; i?2 /B2H2+i`B+ +QMbi�Mi BM i2`Kb Q7 i?2 HBM2�` TQH�`Bx�iBQM Q7 i?2 b�KTH2 Ui?2

j
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TQH�`Bx�iBQM `Qmi2V `2[mB`2b v2i �MQi?2` TQbimH�i2 Q7 2H2+i`Qbi�iB+b Q7 /B2H2+i`B+bX h?Bb Bb i?2

TQbimH�i2 Q7 HQ+�HBiv Q7 i?2 J�tr2HH }2H/ 1(`)X h?2 J�tr2HH }2H/ Bb i?2 ;HQ#�H UK�+`Qb+QTB+V

}2H/ +?�`�+i2`BxBM; i?2 2MiB`2 /B2H2+i`B+X Ai Bb /2}M2/ �b i?2 bi�iBbiB+�H �p2`�;2 Q7 i?2 bmK

Q7 i?2 2H2+i`B+ }2H/ Q7 2ti2`M�H +?�`;2b 10(`) �M/ i?2 2H2+i`B+ }2H/ Q7 �HH KQH2+mH�` U#QmM/V

+?�`;2b 1b(`)X h?2 �bbmKTiBQM Q7 HQ+�HBiv K2�Mb i?�i i?2 TQH�`Bx�iBQM /2MbBiv S(`) �i bQK2

TQBMi ` BM i?2 /B2H2+i`B+ Bb T`QTQ`iBQM�H iQ i?2 J�tr2HH }2H/ �i i?2 b�K2 TQBMi

S(`) = ϵ0χ1(`) = ϵ0(ϵ− 1)1(`) URV

AM i?Bb 2[m�iBQM- χ Bb i?2 /B2H2+i`B+ bmb+2TiB#BHBiv �M/ ϵ Bb i?2 /B2H2+i`B+ +QMbi�Mic ϵ0 Bb i?2

p�+mmK T2`KBiiBpBivX

h?2 TQH�`Bx�iBQM /2MbBiv S BM 2[ R Bb 7Q`K�HHv /2}M2/ #v +QMM2+iBM; Bib /Bp2`;2M+2 iQ i?2

/2MbBiv ρb Q7 i?2 #QmM/ UKQH2+mH�`V +?�`;2b

ρb = −∇ · S UkV

6Q` r�i2` BM i?2 BMi2`7�+2- ρb Bb +�H+mH�i2/ #v �//BM; �iQKB+ +?�`;2b Q7 T`QiQMb �M/ Qtv;2Mb BM

� bK�HH pQHmK2 �M/ /BpB/BM; i?2 `2bmHiBM; +?�`;2 #v i?2 pQHmK2X h?Bb Bb MQi � p2`v T`�+iB+�H

`2+BT2 BM K�Mv +�b2b �M/ QM2 �Hi2`M�iBp2Hv �TTHB2b i?2 KmHiBTQH�` 2tT�MbBQM iQ `2T`2b2Mi S

BM i2`Kb Q7 KQH2+mH�` KmHiBTQH2bX9 h?2 KmHiBTQH�` 2tT�MbBQM H2�/b iQ S ;Bp2M #v � bmK Q7

i?2 /2MbBiv Q7 /BTQH2b Sd �M/ /Bp2`;2M+2b Q7 ?B;?2` KmHiBTQH�` /2MbBiB2b bi�`iBM; 7`QK i?2

b2+QM/@`�MF i2MbQ` }2H/ Q7 i?2 /2MbBiv Q7 KQH2+mH�` [m�/`mTQH2b Z

S = Sd −
1

3
∇ · Z + . . . UjV

h?2 i2`Kb MQi b?QrM ?2`2 BM+Hm/2 i?2 /2MbBiv Q7 Q+imTQH2b �M/ Q7 ?B;?2` KmHiBTQH�` KQ@

K2MibX8

h?2 TQH�`Bx�iBQM /2MbBiv 2Mi2`BM; i?2 K�+`Qb+QTB+ 2[ R Bb �bbmK2/ iQ #2 �p2`�;2/ UBM@

9
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i2;`�i2/V Qp2` � bK�HH pQHmK2 Ω(`) BM i?2 TQH�`Bx2/ /B2H2+i`B+X h?2 /Bp2`;2M+2 Q7 Z(`)

�M/ Q7 ?B;?2` KmHiBTQH�` KQK2Mib im`Mb #v BMi2;`�iBQM BMiQ � bm`7�+2 BMi2;`�H Qp2` i?2 bm`@

7�+2 Q7 i?2 pQHmK2 2H2K2Mi Ω(`)X A7 i?Bb bm`7�+2 BMi2;`�H K�F2b � p�MBb?BM; +QMi`B#miBQM-

QM2 +�M �bbQ+B�i2 S(`) rBi? i?2 /2MbBiv Q7 i?2 /BTQH2 KQK2Mi BM i?2 +?Qb2M bK�HH pQHmK2

S(`) = Sd(`) = J(`)/Ω(`)X h?2 �#BHBiv iQ 7QHHQr i?2b2 bi2Tb `2[mB`2b i?�i i?2 pQHmK2 Ω(`)

?�b � K�+`Qb+QTB+ /BK2MbBQM bm+? i?�i i?2 /B2H2+i`B+ +QMbi�Mi ϵ `2K�BMb � K�i2`B�H T`QT2`ivX

h?Bb `2[mB`2K2Mi Bb MQi 7mH}HH2/ 7Q` TQH�`Bx�iBQM Q7 KB+`Qb+QTB+ BMi2`7�+2b- r?2M i?2 /Bbi�M+2b

Q7 BMi2`2bi �`2 Q7 i?2 KQH2+mH�` H2M;i? b+�H2- �M/ 7Q` TQH�`Bx�iBQM Q7 HB[mB/b �M/ bQHB/b �`QmM/

KQH2+mH2bX

AM �HH T`Q#H2Kb `2H�i2/ iQ TQH�`Bx�iBQM �i i?2 KQH2+mH�` b+�H2- S(`) Bb MQi r2HH /2}M2/

bBM+2 QM2 +�MMQi K2�bm`2 TQH�`Bx�iBQM /2MbBiv �i � TQBMiX h?Bb T`Q#H2K KB;?i b22K Tm`2Hv

i2+?MB+�H- #mi 2[ R +�``B2b � KQ`2 7mM/�K2Mi�H T`Q#H2K `2H�i2/ iQ i?2 7�+i i?�i i?2 BM?QKQ@

;2M2Qmb J�tr2HH }2H/ 1(`) +�MMQi #2 K2�bm`2/ 2Bi?2`e U� 7mM/�K2Mi�H /B{+mHiv `2�HBx2/

�H`2�/v #v h?QKTbQMdVX h?2 QMHv T�`�K2i2` i?�i ?�b � T?vbB+�H K2�MBM; Bb i?2 HBM2 BMi2;`�H

Q7 i?2 J�tr2HH }2H/- r?B+? `2T`2b2Mib i?2 TQi2MiB�H /Bz2`2M+2 ∆φ #2ir22M irQ TQBMib

∆φ =

∫
dℓ · 1 U9V

h?Bb `2bi`B+iBQM BKTHB2b i?�i i?2 J�tr2HH }2H/ +�M #2 /2}M2/ QMHv r?2M Bi +�M #2 pB2r2/ �b

+QMbi�Mi #2ir22M irQ `272`2M+2 TQBMibX hQ /2}M2 i?2 J�tr2HH }2H/ rBi? KB+`Qb+QTB+ T`2+B@

bBQM- QM2 ?�b iQ K2�bm`2 i?2 TQi2MiB�H /Bz2`2M+2 rBi? i?2 b�K2 T`2+BbBQMX AM KQbi T`�+iB+�H

+�b2b- Bi K2�Mb i?�i i?2 J�tr2HH }2H/ ?�b iQ #2 mMB7Q`K iQ #2 r2HH /2}M2/X h?Bb Bb i?2 +QM@

/BiBQM �bbmK2/ BM i?2 /B2H2+i`B+ 2tT2`BK2Mi r?2`2 i?2 TQi2MiB�H /`QT ∆φ Bb �TTHB2/ #2ir22M

irQ TH�i2b Q7 i?2 TH�M2 +�T�+BiQ` b2T�`�i2/ #v i?2 /Bbi�M+2 dX h?2 �p2`�;2 J�tr2HH }2H/ Bb

/2}M2/ �b ⟨E⟩ = ∆φ/dX PM2 ?�b iQ bi`2bb i?�i i?Bb /2}MBiBQM /Q2b MQi T`2+Hm/2 p�`B�iBQMb

Q7 i?2 J�tr2HH }2H/ BM i?2 BMi2`7�+B�H `2;BQMb �M/- 2p2M BM i?Bb bBKTHB}2/ +QM};m`�iBQM- QM2

8

Page 5 of 39

ACS Paragon Plus Environment

The Journal of Physical Chemistry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



2tT2`BK2Mi�HHv /2�Hb rBi? i?2 bT�iB�H �p2`�;2 U6B;m`2 RV

⟨E⟩ = ∆φ

d
=

1

d

∫ d

0

dzE U8V

h?2b2 �`;mK2Mib K�F2 +H2�` i?�i #Qi? p2+iQ` }2H/b- S(`) �M/ 1(`)- �`2 BHH@/2}M2/ QM

i?2 KB+`Qb+QTB+ H2M;i? b+�H2 �M/ BM 7�+i +�MMQi #2 K2�bm`2/X PM2 rQM/2`b B7 i?2 b+�H�`

T�`�K2i2` ϵ +QMM2+iBM; i?2b2 BHH@/2}M2/ p2+iQ` }2H/b +�M biBHH #2 �bbQ+B�i2/ rBi? i?2 K�i2`B�H

/B2H2+i`B+ +QMbi�Mi `2TQ`i2/ #v i?2 K�+`Qb+QTB+ /B2H2+i`B+ 2tT2`BK2MiX h?Bb [m2biBQM �TTHB2/

iQ BMi2`7�+2b Bb i?2 K�BM iQTB+ Q7 i?Bb �`iB+H2X "27Q`2 im`MBM; iQ BMi2`7�+B�H TQH�`Bx�iBQM- r2

r�Mi iQ [mB+FHv /r2HH QM i?2 HBKBi�iBQMb Q7 2[ R r?2M �TTHB2/ iQ #mHF /B2H2+i`B+bX

d

δ

ϵw

ϵint

ϵint δ
x

z

6B;m`2 R, .B�;`�K Q7 i?2 /B2H2+i`B+ }HK pB2r2/ �b � H�v2`2/ bi`m+im`2 rBi? BMi2`7�+2 /B2H2+i`B+
+QMbi�Mi ϵBMi BM i?2 BMi2`7�+2 Q7 r�i2` rBi? i?2 +�T�+BiQ` TH�i2b �M/ i?2 #mHF /B2H2+i`B+ +QMbi�Mi
ϵw ≃ 80 BM i?2 `2bi Q7 i?2 b�KTH2X

h?2 �bbmKTiBQM Q7 HQ+�HBiv Q7 i?2 TQH�`Bx�iBQM /2MbBiv �M/ J�tr2HH }2H/b Bb �M �TT`Qt@

BK�iBQM- �b 2bi�#HBb?2/ #v KB+`Qb+QTB+ i?2Q`B2b �M/ +QKTmi2` bBKmH�iBQMb QT2`�iBM; QM i?2

KB+`Qb+QTB+ b+�H2X q?2M KB+`Qb+QTB+ ;`�MmH�`Biv Q7 i?2 K�i2`B�H Bb BMpQHp2/- QM2 ?�b iQ `2@

TH�+2 i?2 /B2H2+i`B+ bmb+2TiB#BHBiv χ BM 2[ R rBi? � b2+QM/@`�MF i2MbQ`B�H 7mM+iBQM χ(` − `′)

/2T2M/BM; QM i?2 /Bbi�M+2 #2ir22M irQ TQBMib BM bT�+2 ` �M/ `′X *Q``2bTQM/BM;Hv- i?2 HQ+�H

+QMbiBimiBp2 `2H�iBQM U2[ RV Bb `2TH�+2/ rBi? i?2 `2�H@bT�+2 +QMpQHmiBQM BMi2;`�H �++QmMiBM; 7Q`

MQM@HQ+�HBiv Q7 i?2 J�tr2HH }2H/ QM i?2 KB+`Qb+QTB+ H2M;i? b+�H2 Q7 � 72r KQH2+mH�` /B�K2i2`b

S(`) = ϵ0

∫
d`′χ(` − `′) · 1(`′) UeV

S?vbB+�HHv- i?Bb 2[m�iBQM BKTHB2b i?�i TQH�`Bx�iBQM �i bQK2 TQBMi BM bT�+2 Bb MQi 2MiB`2Hv

/2}M2/ #v i?2 J�tr2HH }2H/ �i i?2 b�K2 TQBMi- #mi BMbi2�/ #v i?2 J�tr2HH }2H/ BM bQK2

e
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KB+`Qb+QTB+ `2;BQM BM r?B+? /BTQH2b Q7 i?2 K�i2`B�H `2K�BM +Q``2H�i2/X h?Bb `2bmHi Bb mbm�HHv

+�bi BM i2`Kb Q7 i?2 bT�iB�H 6Qm`B2` i`�Mb7Q`K �HHQrBM; QM2 iQ 2HBKBM�i2 i?2 `2�H@bT�+2 +QM@

pQHmiBQM �M/ +QMp2`i 2[ e BMiQ �M �H;2#`�B+ 2[m�iBQM- S̃ = ϵ0χ̃ · 1̃- 7Q` i?2 `2+BT`Q+�H@bT�+2

}2H/b BM/B+�i2/ rBi? iBH/2bX h?Bb HBM2�` `2H�iBQM /2}M2b i?2 k@/2T2M/2Mi /B2H2+i`B+ 7mM+iBQM

ϵ̃(k) = A + χ̃(k)- Iαβ = δαβX Ai Bb � b2+QM/@`�MF i2MbQ` #2+�mb2 i?2 r�p2p2+iQ` F BMi`Q/m+2b

�tB�H bvKK2i`v iQ i?2 BbQi`QTB+ HB[mB/X h?2 �tB�H b2+QM/@`�MF i2MbQ` Bb /2}M2/ #v irQ b+�H�`

7mM+iBQMb `2T`2b2MiBM; i?2 `2bTQMb2 T�`�HH2H iQ F UHQM;Bim/BM�H- GV �M/ T2`T2M/B+mH�` iQ F

Ui`�Mbp2`b2- hVX3 h?2 irQ b+�H�` +QKTQM2Mib i2M/ iQ i?2 #mHF /B2H2+i`B+ +QMbi�Mi ϵ �i k → 0XN

h?2 `2+BT`Q+�H@bT�+2 /B2H2+i`B+ 7mM+iBQM ?�b � r2HH@/2}M2/ T?vbB+�H K2�MBM; �M/ ?�b #22M

+�H+mH�i2/ 7`QK HB[mB/@bi�i2 i?2Q`B2bRy �M/ KQH2+mH�` /vM�KB+b bBKmH�iBQMbXRR L2p2`i?2H2bb-

Bib /B`2+i K2�bm`2K2Mi #v 2tT2`BK2Mi ?�b MQi #22M �+?B2p2/ bQ 7�`X 6`QK i?2 [m�HBi�iBp2

bi�M/TQBMi- ϵ̃(k) /2b+`B#2b i?2 TQH�` `2bTQMb2 �i i?2 H2M;i? b+�H2 ℓ = 2π/k bT2+B}2/ #v

i?2 r�p2p2+iQ` kX h?Bb T?vbB+�H K2�MBM; Q7i2M BMpBi2b �M�HQ;B2b rBi? i?2 `2bTQMb2 Q7 TQH�`

HB[mB/b BM +QM}M2K2MiX h?2 +QMM2+iBQM Bb 7�` 7`QK /B`2+i bBM+2 ϵ̃(k) /Q2b MQi BM+Q`TQ`�i2 irQ

BKTQ`i�Mi 2z2+ib bB;MB}+�Mi iQ mM/2`bi�M/BM; i?2 BMi2`7�+B�H TQH�` `2bTQMb2, UBV i?2 2z2+i

Q7 ;2QK2i`B+ +QM}M2K2Mi- BX2X- i?2 `2/m+iBQM Q7 i?2 bT�+2 �p�BH�#H2 iQ i?2 TQH�` KQH2+mH2b

iQ /2p2HQT Q`B2Mi�iBQM�H +Q``2H�iBQMb �M/ UBBV T?vbB+�H Q`B2Mi�iBQM�H bi`m+im`2 Q7 BMi2`7�+2bX

hQ BHHmbi`�i2 i?2 /BbiBM+iBQM #2ir22M ϵ̃(k) Q7 #mHF HB[mB/b 7`QK i?2 /B2H2+i`B+ `2bTQMb2 Q7

BMi2`7�+2b- 6B;m`2 k b?Qrb i?2 i`�Mbp2`b2 /B2H2+i`B+ +QMbi�Mi Q7 aS*f1 r�i2` +�H+mH�i2/Rk

7`QK i?2 /BTQH�` i`�Mbp2`b2 bi`m+im`2 7�+iQ` ST (k) `2TH�+BM; 2�+? KQH2+mH�` /BTQH2 rBi? �

TQBMi /BTQH2

ϵ̃T (k) = 1 + 3yST (k) UdV

r?2`2 y = βρm2/(9ϵ0) ≃ 6.2 7Q` aS*f1 r�i2`X PM2 }M/b i?�i i?Bb 7mM+iBQM bi�`ib rBi? i?2

#mHF /B2H2+i`B+ +QMbi�Mi ϵ̃T (0) = ϵw ≃ 71 �i k = 0 �M/ �TT`Q�+?2b i?2 `2bmHi 7Q` i?2 B/2�H

;�b Q7 /BTQH2b ϵB/ = 1 + 3y ≃ 20 r?2M �HH /BTQH�` +Q``2H�iBQMb /Bb�TT2�` �i k → ∞ Uϵ̃(k)

7m`i?2` /2+�vb �i k → ∞ r?2M /Bbi`B#mi2/ BMi`�KQH2+mH�` +?�`;2 Bb i�F2M BMiQ �++QmMiRyVX

h?2 p�Hm2 ϵB/ Bb i?2 HQr2bi /B2H2+i`B+ +QMbi�Mi Q7 #mHF r�i2` +QMbB/2`2/ �b �M 2Mb2K#H2 Q7

d
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/BTQH2bX �b /Bb+mbb2/ #2HQr- i?2 /B2H2+i`B+ +QMbi�Mib BM +QM}M2K2Mi �M/ BM BMi2`7�+2 �`2 Km+?

HQr2`- r?B+? `2[mB`2b bT2+B}+ �MiBT�`�HH2H Q`B2Mi�iBQMb Q7 i?2 M2B;?#Q`BM; /BTQH2b Ub?Q`i@`�M;2

+Q``2H�iBQMbV `2/m+BM; i?2 EB`FrQQ/ 7�+iQ` #2HQr mMBivX h?Bb `2bmHi +QK2b BM +QMi`�bi iQ MQ

/BTQH�` +Q``2H�iBQMb U2Bi?2` HQM;@`�M;2/ Q` b?Q`i@`�M;2/V H2�/BM; iQ ϵB/X

6B;m`2 k, h`�Mbp2`b2 /B2H2+i`B+ 7mM+iBQM ϵ̃T (k) U2[ dV Q7 #mHF aS*f1 r�i2` �i jyy ERk `2�+?BM;
i?2 #mHF p�Hm2 ϵw ≃ 71 �i k = 0 �M/ i?2 /B2H2+i`B+ +QMbi�Mi Q7 �M B/2�H ;�b Q7 /BTQH2b
ϵB/ = 1 + 3y �i k → ∞X

h?2 i`�Mbp2`b2 /B2H2+i`B+ +QMbi�Mi ϵ̃T �`Bb2b 7`QK i?2 i`�Mbp2`b2 bmb+2TiB#BHBiv BM `2+BT@

`Q+�H bT�+2 χ̃T (k) = ϵ0(ϵ̃T (k) − 1) = 3yϵ0ST (k)X h?Bb bmb+2TiB#BHBiv �M/ i?2 HQM;Bim/BM�H

bmb+2TiB#BHBiv χ̃L(k) = ϵ0(1 − ϵ̃L(k)−1) = 3yϵ0SL(k) bT2+B7v i?2 7`22 2M2`;v Q7 bTQMi�M2Qmb

?�`KQMB+ ~m+im�iBQMb Q7 TQH�`Bx�iBQM /2MbBiv Q7 � #mHF TQH�` HB[mB/

F [S̃] =
1

2

∑

F,a=L,T

χ̃a(k)
−1|S̃a(F)|2 U3V

h?2 `2[mB`2K2Mi Q7 i?2`KQ/vM�KB+ bi�#BHBiv BKTQb2b i?2 +QM/BiBQM Q7 TQbBiBpBiv QM #Qi? bmb@

+2TiB#BHBiv 7mM+iBQMb, χ̃a(k) > 0- a = G,hX h?Bb +QM/BiBQMb �HHQrb ϵ̃L(k) < 0 �i BMi2`K2/B�i2

r�p2p2+iQ`bXN AM +QMi`�bi iQ bBM;mH�`BiB2b b?QrM #v ϵ̃L(k)- i?2 HQM;Bim/BM�H bmb+2TiB#BHBiv Bb

� TQbBiBp2 �M/ �M�HviB+ 7mM+iBQM Q7 i?2 r�p2p2+iQ`X

Zm�/`�iB+- �i bK�HH k- /2pB�iBQMb Q7 χ̃a(k) 7`QK i?2 K�+`Qb+QTB+ HBKBi k = 0 /2i2`KBM2

3
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i?2 2tTQM2MiB�H /2+�v Q7 TQH�`Bx�iBQM ~m+im�iBQMb δSa(r) BM /B`2+i bT�+2Rj-R9

⟨δSa(r) · δSa(0)⟩ ∝ r−1e−r/Λa UNV

r?2`2 Λa Bb i?2 +Q``2H�iBQM H2M;i?X h?2 HQM;Bim/BM�H +Q``2H�iBQM H2M;i? K�BMi�BMb Bib KB+`Q@

b+QTB+ +?�`�+i2`, ΛL i2M/b iQ ?�H7 Q7 i?2 KQH2+mH�` /B�K2i2` σs/2 �i ϵ → ∞X AM +QMi`�bi-

ΛT → ∞ �i ϵ → ∞XRj-R9 h?2 HQM;@`�M;2 +?�`�+i2` Q7 /BTQH�` +Q``2H�iBQMb BM TQH�` HB[mB/b

i?mb `2bB/2b BM i?2 bi�iBbiB+b Q7 i`�Mbp2`b2 TQH�`Bx�iBQMX >Qr2p2`- bQHp�iBQM Q7 bT?2`B+�H BQMb

Bb ;Bp2MR8 BM i2`Kb Q7 i?2 HQM;Bim/BM�H bmb+2TiB#BHBiv χ̃L(k) �M/ ΛL 2Mi2`b i?2 +Q``2bTQM/BM;

bQHp�iBQM 2M2`;B2bXR9 h?Bb Q#b2`p�iBQM +QMM2+ib i?2 T`Q#H2K Q7 BQM bQHp�iBQM iQ i?2 T`Q#H2K

Q7 BMi2`7�+B�H TQH�`BivX �b r2 /Bb+mbb #2HQr- Bi Bb i?2 HQ+�H HQM;Bim/BM�H bmb+2TiB#BHBiv i?�i

Bb KQbiHv KQ/B}2/ #v i?2 T`2b2M+2 Q7 i?2 BMi2`7�+2- r?BH2 i?2 i`�Mbp2`b2 `2bTQMb2 Bb H2bb

�z2+i2/X

h?2 [m2biBQM Q7 r?�i Bb i?2 H2M;i? b+�H2 `2[mB`2/ iQ pB2r i?2 /B2H2+i`B+ +QMbi�Mi �b �

K�i2`B�H T`QT2`iv ?�b 7�b+BM�i2/ i?2 `2b2�`+?2`b 7Q` � HQM; iBK2X Ai ?�b #22M �MiB+BT�i2/ i?�i

� bH�# Q7 i?2 /B2H2+i`B+ b?QmH/ /2KQMbi`�i2 � HQr2` /B2H2+i`B+ +QMbi�Mi B7 i?2 /Bbi�M+2 #2ir22M

i?2 TH�i2b Q7 i?2 TH�M2 +�T�+BiQ` Bb `2/m+2/ iQ � 72r KQH2+mH�` /B�K2i2`bXReĜR3 6Q` BMbi�M+2-

i?2 ai2`M �M/ BMM2` >2HK?QHix H�v2`b �i i?2 bm`7�+2 Q7 � TQH�`Bx2/ K2i�H 2H2+i`Q/2 BKK2`b2/

BM � TQH�` HB[mB/ �`2 Q7i2M pB2r2/ �b +�``vBM; � HQr2` p�Hm2 Q7 i?2 /B2H2+i`B+ +QMbi�MiX8 �b r2

/Bb+mbb #2HQr- `2+2Mi 2tT2`BK2MibR3 /Q MQi bmTTQ`i i?Bb +QMD2+im`2 BM `2;�`/ iQ i?2 /Bzmb2

H�v2`X L2p2`i?2H2bb- iQ BM+Q`TQ`�i2 i?Bb bm;;2biBQM- � TQbBiBQM@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi

ϵ(`) Bb Q7i2M BMi`Q/m+2/

S(`) = ϵ0(ϵ(`)− 1)1(`) URyV

r?2`2 i?2 TQbBiBQM ` Bb mb2/ iQ H�#2H i?2 /Bbi�M+2 7`QK � bm#bi`�i2 Q` � bQHmi2 BMiQ i?2 HB[mB/

bQHp2MiX PM2 i?2`27Q`2 �MiB+BT�i2b ϵ(r) → ϵ �i r → ∞X

h?2 T`2pBQmb /Bb+mbbBQM K�F2b Bi +H2�` i?�i 2[ Ry +QK#BM2b i?`22 7mM+iBQMb Q7 i?2 TQbBiBQM

BM i?2 BMi2`7�+2 M2Bi?2` Q7 r?B+? +�M #2 K2�bm`2/ BM i?2 H�#Q`�iQ`v 2tT2`BK2MiX PM2 ?�b iQ

N
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HQQF 7Q` �M �Hi2`M�iBp2 iQ i?Bb mM7Q`imM�i2 bBim�iBQM iQ #2 biBHH �#H2 iQ +?�`�+i2`Bx2 BMi2`7�+B�H

TQH�`Bx�iBQMX h?Bb �Hi2`M�iBp2 +�M #2 bQm;?i 7`QK K2�bm`BM; i?2 2H2+i`Qbi�iB+ TQH�`Bx�iBQM

7`22 2M2`;v Q7 � i?BM }HK b�M/rB+?2/ #2ir22M irQ 2H2+i`Q/2b BM � ;2QK2i`v bBKBH�` iQ i?2

TH�M2 +�T�+BiQ` Q7 i?2 +QMp2MiBQM�H /B2H2+i`B+ 2tT2`BK2MiX h?2b2 ivT2b Q7 K2�bm`2K2Mib

#2+�K2 TQbbB#H2 rBi? i?2 /2p2HQTK2Mi Q7 �iQKB+ 7Q`+2 KB+`Qb+QTv U�6JV �M/- KQ`2 bT2+B7@

B+�HHv- i?`Qm;? 2H2+i`B+�H 7Q`+2 KB+`Qb+QTv U16JV-RN r?B+? +QK#BM2b i?2 7Q`+2 K2�bm`2K2Mi

rBi? i?2 pQHi�;2 �TTHB2/ #2ir22M i?2 +�MiBH2p2` iBT �M/ i?2 bm#bi`�i2X 6QHHQrBM; 2�`HB2` `2@

TQ`ib-Rd-ky-kR /B`2+i K2�bm`2K2Mib ?�p2 #22M `2+2MiHv `2TQ`i2/ 7Q` i?2 /B2H2+i`B+ +QMbi�Mi Q7

r�i2` BM +QMi�+i rBi? � ;`�T?Bi2 bm#bi`�i2 �b � 7mM+iBQM Q7 i?2 r�i2` }HK i?B+FM2bbXkk h?2

/B2H2+i`B+ +QMbi�Mi BM i?2 /B`2+iBQM T2`T2M/B+mH�` iQ i?2 ;`�T?Bi2 TH�M2 r�b 7QmM/ iQ #2 �b

HQr �b ∼ 2 rBi?BM i?2 H�v2` Q7 r�i2` ∼ 7 ³ BM i?B+FM2bbX

6B;m`2 j, .B2H2+i`B+ +QMbi�Mi ϵ2z Q7 i?2 r�i2` H�v2` pb i?B+FM2bb dX 1tT2`BK2Mi�H TQBMib
U1tTV 7`QK `27kk U`2/- }HH2/ +B`+H2bV �M/ 7`QK `27Rd U`2/- QT2M +B`+H2bV �`2 b?QrM rBi?Qmi
2``Q` #�`bX h?2 /�b?2/ `2/ HBM2 `2T`2b2Mib i?2 }i Q7 }HH2/ +B`+H2b iQ 2[ Rk rBi? ϵBMi = 2.1
�M/ δ = 0.74 MKX 6BHH2/ #Hm2 TQBMib UaBKV b?Qr i?2 bBKmH�iBQM `2bmHib 7Q` aS*f1 r�i2`kj

�M/ i?2 #Hm2 /�b?2/ HBM2 Bb i?2 }i iQ 2[ Rk rBi? ϵBMi = 2.3 �M/ δ = 0.29 MK Uϵw = 71.2
7Q` aS*f1 r�i2`VX h?2 QT2M #Hm2 TQBMib `272` iQ bBKmH�iBQMb Q7 hASjS r�i2`Xk9 �/�Ti2/
rBi? T2`KBbbBQM 7`QK `27bXRd-kkĜk9 *QTv`B;?i kyyy 1Hb2pB2`- kyR3 �K2`B+�M �bbQ+B�iBQM 7Q`
i?2 �/p�M+2K2Mi Q7 a+B2M+2- �M/ kyky �K2`B+�M *?2KB+�H aQ+B2ivX

h?2 K2�bm`2K2Mib Q7 }HK +�T�+Bi�M+2 �`2 r2HH /2b+`B#2/ #v i?2 H�v2`2/ +�T�+BiQ` KQ/2H

U6B;m`2 RV BM r?B+? QM2 �bbmK2b i?�i i?2 +HQb2bi iQ i?2 bm#bi`�i2 H�v2` rBi? i?2 i?B+FM2bb

δ Bb /2b+`B#2/ #v i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi ϵBMi �M/ i?2 `2bi Q7 i?2 H�v2` #2ir22M irQ

BMi2`7�+B�H `2;BQMb Bb �bbB;M2/ i?2 #mHF /B2H2+i`B+ +QMbi�Mi Q7 r�i2` ϵrX h?2 HBM2 BMi2;`�H BM

Ry
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2[ 9 #2+QK2b

∆φ =

∫ d

0

dzEz(z) = D

(
2δ

ϵBMi
+

d− 2δ

ϵr

)
URRV

r?2`2 i?2 z@�tBb Q7 i?2 H�#Q`�iQ`v 7`�K2 Bb /B`2+i2/ T2`T2M/B+mH�` iQ i?2 +�T�+BiQ` TH�i2b

�M/ D Bb i?2 2H2+i`B+ /BbTH�+2K2Mi bT2+B7vBM; i?2 /2MbBiv Q7 7`22 +?�`;2b �i i?2 +�T�+BiQ`

TH�i2bX *�biBM; i?Bb 2[m�iBQM BM i2`Kb Q7 i?2 +�T�+Bi�M+2 C = ϵ0Aϵ2z/d UA Bb i?2 2H2+i`Q/2

�`2�V- QM2 Q#i�BMb i?2 2z2+iBp2 /B2H2+i`B+ +QMbi�Mi /2T2M/BM; QM i?2 }HK i?B+FM2bb d

ϵ2z(d) =
[
ϵ−1

r + (2δ/d)
(
ϵ−1

BMi − ϵ−1
r
)]−1 ≈

[
ϵ−1

r + 2δ/(ϵBMid)
]−1 URkV

r?2`2 BM i?2 H�bi bi2T ϵBMi ≪ ϵr ?�b #22M mb2/X h?2 K2�bm`2K2Mib i?mb 2z2+iBp2Hv `2TQ`i

i?2 T�`�K2i2` δ/ϵBMiX h?2 p�Hm2 Q7 i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi ϵBMi ≃ 2.1 r�b }t2/

#v Q#b2`pBM; i?�i i?2 /B2H2+i`B+ +QMbi�Mi biQTb +?�M;BM; �i d < 1 MKc i?2 }i Q7 i?2 +m`p2

;Bp2b i?2 i?B+FM2bb Q7 i?2 BMi2`7�+B�H H�v2` δ = 0.74 MK U}HH2/ +B`+H2b BM 6B;m`2 jVX S`2pBQmb

K2�bm`2K2MibRd b?Qr2/ bQK2r?�i H�`;2` p�Hm2b ϵBMi ≃ 4 �i d ≃ 1 MK UQT2M +B`+H2b BM

6B;m`2 jVX h?2b2 /�i� r2`2 2ti`�+i2/ 7`QK }iiBM; 7Q`+2@/Bbi�M+2 +m`p2b 7Q` i?2 �6J iBT

TH�+2/ �i /Bz2`2Mi b2T�`�iBQMb 7`QK i?2 KB+� bm#bi`�i2X aBKBH�` K2�bm`2K2Mib 2KTHQvBM;

i?2 ?v/`QT?Q#B+ bBHB+QM bm#bi`�i2 T`Q/m+2/ ϵBMi ≃ 11Xk8

hQ +QM+Hm/2 i?Bb Qp2`pB2r Q7 i?2 #�bB+ `2bmHib Q7 /B2H2+i`B+ i?2Q`B2b r?2M �TTHB2/ iQ BMi2`@

7�+2b- Bi Bb BKTQ`i�Mi iQ MQi2 i?�i K�Mv #`Q�/Hv �++2Ti2/ `2bmHib Q7 i?2 i?2Q`v Q7 /B2H2+i`B+b

?�p2 iQ +?�M;2 QM+2 i?2 MQiBQM Q7 i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi Bb �/QTi2/X �b �M BHHmbi`�@

iBp2 2t�KTH2- QM2 +�M im`M iQ i?2 i2ti#QQF T`Q#H2KR Q7 i?2 /B2H2+i`B+ bT?2`2 TQH�`Bx2/ #v i?2

2ti2`M�H }2H/ U6B;m`2 9VX h?2 bi�M/�`/ 7Q`KmH�iBQM `2[mB`2b QM2 iQ }M/ i?2 }2H/ BMbB/2 i?2

bT?2`2 TQH�`Bx2/ #v i?2 2ti2`M�H }2H/ E0 = E0,z /B`2+i2/ �HQM; i?2 z@�tBb Q7 i?2 H�#Q`�iQ`v

7`�K2X h?2 /2TQH�`BxBM; }2H/ Bb +�mb2/ #v i?2 bm`7�+2 +?�`;2 /2MbBiv σ(θ) = σ1 +Qb θ- r?2`2

σ1 `272`b iQ i?2 2tT�MbBQM i2`K BM i?2 }`bi@Q`/2` G2;2M/`2 TQHvMQKB�H P1(+Qb θ) = +Qb θX h?2

}2H/ BMbB/2 i?2 bT?2`2 Bb � bmK Q7 i?2 2ti2`M�H }2H/ �M/ i?2 }2H/ Q7 i?2 bm`7�+2 +?�`;2 /2MbBiv
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7Q` r?B+? QM2 +�M �/QTi σ1 = ϵ0(ϵBMi − 1)EX h?2 `2bmHi Q7 BMi2;`�iBQM Qp2` i?2 bm`7�+2 Bb

E = E0 −
ϵBMi − 1

3
E URjV

ϵ

E

E0 z

ϵint

θ

σ(θ)

6B;m`2 9, SQH�`Bx�iBQM Q7 i?2 /B2H2+i`B+ bT?2`2 #v i?2 }2H/ Q7 2ti2`M�H +?�`;2b E0X h?2
bT?2`B+�H b�KTH2 Bb +?�`�+i2`Bx2/ #v i?2 #mHF /B2H2+i`B+ +QMbi�Mi ϵ �M/ i?2 BMi2`7�+2 /B2H2+i`B+
+QMbi�Mi ϵBMi

h?2 /BTQH2 KQK2Mi BM/m+2/ BM i?2 bT?2`B+�H b�KTH2 rBi? i?2 pQHmK2 V Bb 7QmM/ 7`QK i?2

}`bi@Q`/2` T2`im`#�iBQM i?2Q`v BM i2`Kb Q7 i?2 2ti2`M�H }2H/ E0X h?Bb H2�/b iQ i?2 7QHHQrBM;

2tT`2bbBQM 7Q` i?2 BM/m+2/ /BTQH2

⟨M⟩E
V

= β
⟨M2⟩
V

E0 = ϵ0(ϵ− 1)E UR9V

r?2`2 ⟨. . . ⟩E `272`b iQ i?2 bi�iBbiB+�H �p2`�;2 BM i?2 T`2b2M+2 Q7 i?2 2ti2`M�H }2H/ �M/

β = (k"T )−1X AM i?2 +�b2 Q7 � MQMTQH�` HB[mB/ rBi? KQH2+mH�` TQH�`Bx�#BHBiv α- QM2 �/QTib

⟨M⟩E = NαE 7Q` N KQH2+mH2b BM i?2 pQHmK2 V X 6Q` � KQ`2 ;2M2`�H +�b2 Q7 � TQH�` K�i2`B�H-

i?2 �++QmMi 7Q` 2[ Rj H2�/b iQ i?2 KQ/B}2/ *H�mbBmb@JQbbQiiB 2[m�iBQM r?B+? im`Mb iQ i?2

bi�M/�`/ 7Q`K �i ϵBMi = ϵ
ϵ− 1

ϵBMi + 2
= β

⟨J2⟩
9ϵ0V

UR8V

h?Bb KQ/B}+�iBQM Bb `2H2p�Mi 7Q` i?2 /B2H2+i`B+ `2bTQMb2 Q7 +QM}M2/ r�i2` �z2+i2/ #v � +QM@

}MBM; TQi2MiB�HXke h?2 bm`7�+2@r�i2` BMi2`�+iBQM �Hi2`b i?2 bi`m+im`2 Q7 i?2 bm`7�+2 H�v2`- �M/

i?2 `2bmHiBM; /B2H2+i`B+ +QMbi�Mi Q7 i?2 b�KTH2 /2T2M/b QM i?2 bm`7�+2@r�i2` TQi2MiB�HXkdĜkN

q2 MQr im`M iQ bT2+B}+b Q7 i?2 �M�HvbBb Q7 MmK2`B+�H bBKmH�iBQMb �BKBM; iQ +�H+mH�i2 TQH�`
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`2bTQMb2 Q7 BMi2`7�+B�H r�i2`X

h?2Q`2iB+�H 7Q`K�HBbKb

*QKTmi2` bBKmH�iBQMbkj-jy Q7 bH�#b Q7 aS*f1 r�i2` b�M/rB+?2/ #2ir22M irQ ;`�T?2M2 TH�M2b

+�M #2 }ii2/ iQ 2[ Rk- #mi `2[mB`2 � b?Q`i2` b�im`�iBQM H2M;i? δ Q7 �#Qmi QM2 r�i2` /B�K2i2`

U#Hm2 }HH2/ b[m�`2b �M/ /�b?2/ HBM2 BM 6B;m`2 jV +QKT�`2/ iQ δ 2[m�H iQ irQ r�i2` /B�K2i2`b

2ti`�+i2/ 7`QK 2tT2`BK2MiXkk AKTQ`i�MiHv- }iiBM; bBKmH�iBQMb �HbQ `2[mB`2b � p2`v bK�HH p�Hm2

Q7 ϵBMi ≃ 2- �Hi?Qm;? r�i2` Bb MQMTQH�`Bx�#H2 BM bBKmH�iBQMb �M/ i?Bb `2bmHi +Q``2bTQM/b iQ

� ;`2�i2` Qzb2i rBM/Qr #2ir22M i?2 BMi2`7�+B�H /B2H2+i`B+ +QMbi�Mi �M/ i?2 HBKBi Q7 7`Qx2M

`2bTQMb2 Q7 KQH2+mH�` /BTQH2b Uϵw = ϵ∞ 7Q` H�#Q`�iQ`v r�i2` �M/ ϵw = 1 7Q` aS*f1 r�i2`VX

aBKBH�` `2bmHib r2`2 Q#i�BM2/ 7Q` hASjS r�i2` BMi2`�+iBM; rBi? � bBM;H2 b?22i Q7 Qtv;2M �iQKb

KQ/2HBM; i?2 bm#bi`�i2k9 U#Hm2 QT2M b[m�`2b BM 6B;m`2 jVX Pp2`�HH- i?2 bHQr b�im`�iBQM Q7

ϵ2z(d) BM 6B;m`2 j /Q2b MQi `2~2+i T?vbB+�H HQM;@`�M;2/ +Q``2H�iBQMb BM i?2 HB[mB/- #mi- BMbi2�/-

`2T`2b2Mib i?2 HBM2�` ∝ d b+�HBM; Q7 i?2 HBM2 BMi2;`�H BM 2[ RRX 6m`i?2`- 7`QK i?2 T2`bT2+iBp2

Q7 +Q�`b2@;`�BM2/ T�`�K2i2`b /2b+`B#BM; TQH�`Bx�iBQM Q7 i?2 BMi2`7�+2- i?2`2 Bb HBiiH2 b2Mb2

BM /2}MBM; � bKQQi? 7mM+iBQM ϵ(z) BMi2`TQH�iBM; #2ir22M ϵBMi �M/ ϵw bBM+2 bm+? � 7mM+iBQM

Kmbi +?�M;2 QM � p2`v b?Q`i H2M;i? b+�H2 �M/ +�M ?�`/Hv #2 K2�bm`2/X �i T`2b2Mi- � bBM;H2

BMi2`7�+B�H T�`�K2i2` ϵBMi b22Kb iQ #2 � `2�bQM�#H2 i`�/2Qz #2ir22M i?2 M22/ iQ T�`�K2i2`Bx2

i?2 BMi2`7�+B�H `2bTQMb2 �M/ iQ �pQB/ BMi`Q/m+BM; +QM+2Tib �M/ T�`�K2i2`b MQi �++2bbB#H2

2tT2`BK2Mi�HHvX Ai Bb �HbQ BKTQ`i�Mi iQ bi`2bb i?�i ϵBMi �M/ ϵ +�``v p2`v /Bz2`2Mi K2�MBM;b,

r?BH2 i?2 7Q`K2` Bb �M BMi2`7�+2 T`QT2`iv b2MbBiBp2 iQ BMi2`�+iBQMb rBi? i?2 bm#bi`�i2- i?2

H�ii2` Bb � #mHF K�i2`B�H T`QT2`ivX q2 MQr im`M iQ +QKTmi�iBQM�H �TT`Q�+?2b �//`2bbBM; i?2

K�;MBim/2 Q7 ϵBMiX

h?2 /2`Bp�iBQM BM 2[ RR b?Qrb i?�i- bBKBH�`Hv iQ i?2 bi�M/�`/ /B2H2+i`B+ 2tT2`BK2Mi- }HK

K2�bm`2K2Mib `2TQ`i i?2 bT�iB�HHv �p2`�;2/ J�tr2HH }2H/ U2[ 8VX h?2 K2�bm`2K2Mib �HbQ

BM/B+�i2 i?�i i?2 TQH�`Bx�iBQM Q7 i?2 }HK biQTb +?�M;BM; �i d ≤ 2δX PM2 i?2`27Q`2 +�M bT2+B7v

Rj
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i?2 �p2`�;2 TQH�`Bx�iBQM Q7 i?2 bm`7�+2 H�v2` #v i�FBM; i?2 /BTQH2 KQK2Mi BM/m+2/ #v i?2

}2H/ ⟨M(d)⟩E �M/ /BpB/BM; Bi #v i?2 H�v2` pQHmK2 dA

⟨P ⟩E =
⟨M(d)⟩E

dA
= ϵ0 (ϵBMi − 1)EBMi, d < 2δ UReV

r?2`2 EBMi Bb i?2 �p2`�;2 J�tr2HH }2H/ ⟨E⟩ rBi?BM i?2 BMi2`7�+2 H�v2` d < 2δX

h?2 �bbQ+B�iBQM Q7 i?2 BMi2`7�+2 TQH�`Bx�iBQM rBi? i?2 BMi2`7�+2 /BTQH2 �++mKmH�i2/ rBi?BM

� bm{+B2MiHv i?BM H�v2` Qz2`b � T`�+iB+�H +QMM2+iBQM #2ir22M H�#Q`�iQ`v K2�bm`2K2Mib �M/

�M�HviB+�H i?2Q`B2b �M/ MmK2`B+�H bBKmH�iBQMbX h?2 �p2`�;2 /BTQH2 KQK2Mi Q7 i?2 KB+`Q@

b+QTB+ H�v2` +�M #2 +�H+mH�i2/ 7`QK +QM};m`�iBQMb T`Q/m+2/ #v +QKTmi2` bBKmH�iBQMbX am+?

bi�iBbiB+�H �p2`�;2b `2[mB`2 bi`QM; 2H2+i`B+ }2H/b iQ �+?B2p2 bm{+B2Mi b�KTHBM;- r?B+? Q7i2M

/`Bp2 i?2 bvbi2K Qmi Q7 i?2 `�M;2 Q7 HBM2�` TQH�`Bx�iBQMXjR � KQ`2 T`�+iB+�H �TT`Q�+?- r?B+?

/Q2b MQi `2[mB`2 �TTHvBM; 2H2+i`B+ }2H/b BM i?2 bBKmH�iBQM T`QiQ+QH- Bb iQ mb2 HBM2�` `2bTQMb2X

Ai +QMM2+ib i?2 /BTQH2 BM/m+2/ #v i?2 }2H/ ⟨M(d)⟩E iQ bi�iBbiB+�H +Q``2H�iBQMb +QKTmi2/ QM

+QM};m`�iBQMb BM i?2 �#b2M+2 Q7 i?2 2ti2`M�H 2H2+i`B+ }2H/X h?2 `2+2Mi bm`;2 Q7 +QKTmi�iBQM�H

2zQ`i iQ �//`2bb i?2 T`Q#H2K Q7 BMi2`7�+B�H TQH�`Bx�iBQM ?�b KQbiHv 7QHHQr2/ i?Bb `Qmi2X aiBHH-

�M �Hi2`M�iBp2 �TT`Q�+?- H�`;2Hv �pQB/BM; i?2 M22/ 7Q` 2ti2MbBp2 b�KTHBM;- Bb iQ T2`7Q`K bBK@

mH�iBQMb �i i?2 +QM/BiBQMb Q7 � +QMbi�Mi p�Hm2 Q7 2H2+i`B+ /BbTH�+2K2Mik9-jk +QMbBbi2Mi rBi?

i?2 /B2H2+i`B+ 2tT2`BK2Mi }tBM; i?2 pQHi�;2 QM i?2 +�T�+BiQ` TH�i2bX

h?2 +HQb2bi +QMM2+iBQM iQ 2[ Re r�b `2�HBx2/ BM bim/B2b Q7 i?2 /B2H2+i`B+ +QMbi�Mi Q7 r�i2`

�i i?2 bm`7�+2 Q7 � bT?2`B+�H bQHmi2 TQH�`BxBM; r�i2` #v � bK�HH T`Q#2 +?�`;2 q TH�+2/ �i

Bib +2Mi2`XjjĜj8 h?2 /BTQH2 KQK2Mi Q7 r�i2` Bb +�H+mH�i2/ BM i?2 `�/B�H b?2HH rBi? i?2 `�/Bmb

r = a + d +QKTQb2/ Q7 i?2 bQHmi2 `�/Bmb a �M/ r�i2` b?2HH rBi? i?2 i?B+FM2bb dX S2`im`#�@

iBQM i?2Q`v +QMM2+ib ⟨M(d)⟩E BM 2[ Re iQ i?2 bi�iBbiB+�H +Q``2H�iBQM #2ir22M ~m+im�iBQMb Q7

i?2 /BTQH2 KQK2Mi Q7 i?2 `�/B�H r�i2` b?2HH δM(d) �M/ i?2 ~m+im�iBQM Q7 i?2 2H2+i`Qbi�iB+

TQi2MiB�H δφb T`Q/m+2/ #v r�i2` �i i?2 TQbBiBQM Q7 i?2 T`Q#2 +?�`;2X h?Bb +Q``2H�iBQM 2Mi2`b
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i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi

ϵ−1
BMi = 1 +

β

d
⟨δφbδM(d)⟩ URdV

6B;m`2 8, *�H+mH�iBQM Q7 i?2 bHQT2 rBi? i?2 b?2HH i?B+FM2bb 7Q` i?2 +`Qbb@+Q``2H�iBQM Q7 i?2 b?2HH
/BTQH2 rBi? i?2 r�i2` 2H2+i`Qbi�iB+ TQi2MiB�H BM 2[ RdX 1�+? bQHB/ HBM2 +Q``2bTQM/b iQ � bQHmi2
rBi? /Bz2`2Mi bBx2 a BM aS*f1 r�i2`Xj9 h?2 /�b?2/ HBM2b �`2 HBM2�` }ib mb2/ iQ /2i2`KBM2 i?2
bHQT2 BM 2[ RdX _2T`BMi2/ rBi? T2`KBbbBQM 7`QK `27Xj9 *QTv`B;?i kyRe �K2`B+�M AMbiBimi2 Q7
S?vbB+bX

h?2 �TTHB+�iBQM Q7 i?Bb �H;Q`Bi?K Bb BHHmbi`�i2/ BM 6B;m`2 8- r?2`2 i?2 `�/B�H T`QD2+iBQM Q7

i?2 b?2HH /BTQH2 Bb +�H+mH�i2/ #v bmKKBM; mT �HH `�/B�HHv T`QD2+i2/ KQH2+mH�` /BTQH2b rBi?BM

i?2 b?2HHj9-je

M(d) =
∑

rj<a+d

ˆ̀j · Kj, ˆ̀j = `j/rj UR3V

PM2 +�M �Hi2`M�iBp2Hv mb2 i?2 +QMM2+iBQM #2ir22M i?2 /2MbBiv Q7 #QmM/ UKQH2+mH�`V +?�`;2

ρb iQ i?2 TQH�`Bx�iBQM /2MbBiv U2[ kV iQ /2i2`KBM2 i?2 TQH�`Bx�iBQM Q7 i?2 `�/B�H b?2HH

M(d) = −4π

∫ d

0

drr2(d− r)ρb(r) URNV

h?Bb 2[m�iBQM ;Q2b #2vQM/ i?2 /BTQH�` �TT`QtBK�iBQM �M/ BM+Q`TQ`�i2 ?B;?2` KmHiBTQH2b BM

i?2 b?2HH TQH�`Bx�iBQMXjd

h?2 ~m+im�iBM; /BTQH2 KQK2Mi Q7 i?2 `�/B�H b?2HH 7`QK 2Bi?2` 2[ R3 Q` 2[ RN Bb +Q``2H�i2/ BM

R8
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2[ Rd rBi? i?2 2H2+i`Qbi�iB+ TQi2MiB�H �i i?2 TQbBiBQM Q7 i?2 T`Q#2 +?�`;2X h?2 H�ii2` +�M #2 �

T?vbB+�H Q` � }+iBiBQmb +?�`;2X h?2 +�H+mH�iBQMb �`2 T2`7Q`K2/ 7Q` � M2mi`�H pQB/ BM i?2 H�ii2`

+�b2X 6BM�HHv- i?2 bHQT2 Q7 i?2 +`Qbb +Q``2H�iBQM Bb i�F2M iQ �``Bp2 �i ϵBMiX h?2b2 +�H+mH�iBQMb

T`Q/m+2/ ϵBMi ≃ 3 − 9 �i i?2 bm`7�+2 Q7 bT?2`B+�H MQMTQH�` �M/ +?�`;2/ bQHmi2b rBi? i?2

`�/BB BM i?2 `�M;2 9Ĝky ³Xj9 h?2b2 MmK#2`b `2[mB`2 �M mTr�`/ `2pBbBQM r?2M +Q``2+i2/ 7Q`

}MBi2@bBx2 2z2+ibXj3 h?2 i`2M/ 7Q` ϵBMi Bb iQ /`QT rBi? BM+`2�bBM; bQHmi2 bBx2 Ub22 #2HQr 7Q` �

/Bb+mbbBQMV- rBi? i?2 TQi2MiB�H Q7 `2�+?BM; HQr p�Hm2b Q7 ϵBMi `2TQ`i2/ 7Q` ~�i bm`7�+2b U6B;m`2

jVX

*QKTmi2` bBKmH�iBQMb T`QpB/2 T�`�K2i2`b MQi �++2bbB#H2 iQ H�#Q`�iQ`v K2�bm`2K2Mib

�M/ �HHQr QM2 iQ +�H+mH�i2 i?2 BMbi�Mi�M2Qmb �M/ bi�iBbiB+�HHv �p2`�;2/ p�Hm2b Q7 i?2 TQH�`@

Bx�iBQM /2MbBiv ⟨S⟩ �M/ Q7 i?2 KB+`Qb+QTB+ 2H2+i`B+ }2H/ ⟨1KB+⟩X h?2 H�ii2`- BM+Hm/BM; #Qi?

i?2 2ti2`M�H }2H/ �M/ i?2 }2H/ Q7 KQH2+mH�` +?�`;2b- +�M #2 �bbQ+B�i2/ rBi? i?2 J�tr2HH

}2H/ Q7 2H2+i`Qbi�iB+ i?2Q`B2bX h?2b2 irQ �p2`�;2 }2H/b +�M #2 +QK#BM2/ iQ 2bi�#HBb? i?2

TQbBiBQM@/2T2M/2Mi ϵ(`) 7`QK 2[ RyX �b K2MiBQM2/ �#Qp2- bm+? +�H+mH�iBQMb `2[mB`2 �TTHvBM;

bB;MB}+�Mi 2ti2`M�H }2H/b Q7i2M /`BpBM; i?2 HB[mB/ Qmi Q7 2[mBHB#`BmKkj-jR-jN-9y �M/ T`Q/m+BM;

� `2/m+iBQM Q7 i?2 /B2H2+i`B+ +QMbi�Mi UMQMHBM2�` /B2H2+i`B+ 2z2+i- E0 ≥ 0.2 of³ 7Q` +QM}M2/

r�i2`kj-jNVX �M �Hi2`M�iBp2- r?B+? Bb KQ`2 Q7i2M 2tTHQ`2/- Bb iQ mb2 T2`im`#�iBQM i?2Q`B2b BM

i2`Kb Q7 i?2 T2`im`#�iBQM +�mb2/ #v i?2 }2H/ Q7 2ti2`M�H +?�`;2b

H ′ = −
∫

d`S(`) · 10(`) UkyV

h?2 /B{+mHiv Q7 i?Bb �TT`Q�+?- r?B+? +�bib i?2 �p2`�;2b BM i2`Kb Q7 10- Bb i?�i i?2 /B2H2+i`B+

+QMbi�Mi Bb 2tT`2bb2/ �b � HBM2�` `2bTQMb2 iQ i?2 HQ+�H J�tr2HH }2H/ U2[ RV BMbi2�/ Q7 i?2

2ti2`M�H }2H/X 6Q` � TH�M2 +�T�+BiQ`- ⟨E⟩ = ∆φ/d Bb }t2/ #v i?2 pQHi�;2 �i i?2 TH�i2b- r?BH2

E0 Bb bT2+B}2/ #v i?2 /2MbBiv Q7 7`22 +?�`;2 +�``B2`b �i i?2 +�T�+BiQ` TH�i2bX h?2 +QMM2+iBQM

#2ir22M i?2 }2H/ Q7 2ti2`M�H +?�`;2b �M/ i?2 J�tr2HH }2H/ /2T2M/b QM i?2 b�KTH2 b?�T2

�M/ i?2 `2bmHiBM; ~m+im�iBQM `2H�iBQMb `2[mB`2 �++QmMi Q7 i?2 ;2QK2i`v BMpQHp2/Xje >2`2- r2

Re
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/Bb+mbb i?2 KB+`Qb+QTB+- TQbBiBQM@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi 7Q` i?2 KQbi Q7i2M +QMbB/2`2/

bH�# ;2QK2i`v- r?2M i?2 2[m�iBQMb �`2 bBKTHB}2/ #v i?2 7�+i i?�i i?2 2H2+i`B+ }2H/ 10 Bb

T2`T2M/B+mH�` iQ i?2 bH�#X h?2 }2H/ K�;MBim/2 E0 = D/ϵ0 Bb /B`2+iHv `2H�i2/ iQ i?2 2H2+i`B+

/BbTH�+2K2Mi DX

�MQi?2` bB;MB}+�Mi �/p�Mi�;2 Q7 i?2 bH�# ;2QK2i`v Bb i?�i i?2 `2bTQMb2 K2�bm`2/ T2`T2M@

/B+mH�` �M/ T�`�HH2H iQ i?2 bm#bi`�i2 ;Bp2 /B`2+i �++2bb iQ- +Q``2bTQM/BM;Hv- HQM;Bim/BM�H �M/

i`�Mbp2`b2 bmb+2TiB#BHBiB2b3 /2}M2/ 7`QK +Q``2bTQM/BM; `2+BT`Q+�H@bT�+2 7mM+iBQMb �i k → 0

U6B;m`2 k �M/ i?2 /Bb+mbbBQM T`2+2/BM; 2[ 3VX �b K2MiBQM2/ �#Qp2 U2[ NV- i?2 HQM;Bim/BM�H

bmb+2TiB#BHBiv Bb b?Q`i@`�M;2/ �M/ �HH HQM;@`�M;2 T�i?QHQ;B2b Q7 /BTQH�` BMi2`�+iBQMb �`2 +QM@

i�BM2/ BM i?2 i`�Mbp2`b2 +QKTQM2MiX :Bp2M i?�i 2tT2`BK2Mib +QM/m+i2/ bQ 7�` ?�p2 �TTHB2/

i?2 2ti2`M�H }2H/ T2`T2M/B+mH�` iQ i?2 bm#bi`�i2- QMHv HQM;Bim/BM�H `2bTQMb2 ?�b #22M �+@

+2bb2/X *�H+mH�iBQMb Q7 i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi �i i?2 bm`7�+2 Q7 � bT?2`B+�H bQHmi2

BM 2[ Rd �HbQ T`QpB/2 �++2bb iQ i?2 HQM;Bim/BM�H `2bTQMb2X

�TTHvBM; i?2 }2H/ T2`T2M/B+mH�` iQ i?2 bm#bi`�i2- bBKmH�iBQMb `2bQHp2 i?2 TQbBiBQM@/2T2M/2Mi

HQM;Bim/BM�H `2bTQMb2 ∝ 1− ϵ⊥(z)−1 �M/ vB2H/ i?2 TQbBiBQM@/2T2M/2Mi KB+`Qb+QTB+ /B2H2+i`B+

+QMbi�Mi ϵ⊥(z)X q?2M i?2 }2H/ Bb �TTHB2/ T�`�HH2H iQ i?2 bm#bi`�i2 TH�M2- i?2 i`�Mbp2`b2

`2bTQMb2 ∝ ϵ∥(z) − 1 Bb K2�bm`2/ �M/ H2�/b iQ i?2 T�`�HH2H /B2H2+i`B+ +QMbi�Mi ϵ∥(z)X *QK@

Tmi2` bBKmH�iBQMb ?�p2 b?QrM i?�i i?2 `2bTQMb2 Q7 BMi2`7�+B�H r�i2` Bb ?B;?Hv �MBbQi`QTB+X

h?2 /B2H2+i`B+ 7mM+iBQM #2+QK2b � b2+QM/@`�MF �tB�H i2MbQ` rBi? T�`�HH2H �M/ T2`T2M/B+mH�`

/B�;QM�H T`QD2+iBQMb 2tT`2bb2/ i?`Qm;? i?2 ~m+im�iBQM 7Q`KmH�bje-jd-9R

ϵ−1
⊥ (z) = 1− (β/ϵ0)⟨δPz(z)δMz⟩,

ϵ∥(z) = 1 + (β/ϵ0)⟨δPx(z)δMx⟩
UkRV

r?2`2 δPx,z �M/ δMx,z bT2+B7v /2pB�iBQMb 7`QK i?2 �p2`�;2 p�Hm2b BM i?2 ;2QK2i`v b?QrM BM

6B;m`2 RX 6Q` bBKmH�iBQMb Q7 T2`BQ/B+�HHv `2THB+�i2/ bH�#b rBi?BM � ǳiBM@7QBHǴ #QmM/�`v- i?2

+Q``2H�iBQM 7mM+iBQM ⟨δPz(z)δMz⟩ M22/b iQ #2 /BpB/2/ #v 1+ (β/ϵ0V )⟨(δMz)2⟩ iQ �++QmMi 7Q`

TQH�`Bx�iBQM BM/m+2/ #v BK�;2b Q7 i?2 T`BK�`v +2HH rBi? i?2 pQHmK2 V X9k

Rd
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6B;m`2 e, ϵ−1
⊥ (z) 7`QK J. bBKmH�iBQMb Q7 r�i2` BM +QMi�+i rBi? i?2 ?v/`QT?BHB+ /B�KQM/

bm`7�+2jd UaS*f1 r�i2` KQ/2H- `2/V �M/ rBi? ;`�T?Bi2 UhAS9Sfkyy8 r�i2` KQ/2H- #Hm2VX9j

h?2 bQHB/ HBM2b BM/B+�i2 Pz(z) +�H+mH�i2/ rBi? i?2 7mHH KmHiBTQH�` 2tT�MbBQM 7Q` r�i2`Ƕb #QmM/
+?�`;2b �M/ i?2 /�b?2/ HBM2b BM/B+�i2 i?2 /BTQH�` �TT`QtBK�iBQM 7Q` i?2 TQH�`Bx�iBQM /2MbBivX
�/�Ti2/ rBi? T2`KBbbBQM 7`QK `27bjd �M/9j *QTv`B;?i kyRR �K2`B+�M S?vbB+�H aQ+B2iv �M/
kyR9 �K2`B+�M *?2KB+�H aQ+B2ivX

1�+? T`QD2+iBQM /2}M2b i?2 TQH�` `2bTQMb2 Q7 i?2 BMi2`7�+B�H r�i2` BM � H�v2` b2T�`�i2/

#v i?2 /Bbi�M+2 z 7`QK i?2 bm#bi`�i2X h?2 T2`T2M/B+mH�` /B2H2+i`B+ KQ/mHmb ϵ−1
⊥ (z) Bb �

?B;?Hv Qb+BHH�iQ`v 7mM+iBQM T�bbBM; i?`Qm;? KmHiBTH2 x2`Qbjd-9j-99 U6B;m`2 eVX 1�+? x2`Q Q7 i?2

/B2H2+i`B+ KQ/mHmb +Q``2bTQM/b iQ � bBM;mH�`Biv Q7 i?2 T2`T2M/B+mH�` /B2H2+i`B+ 7mM+iBQMX99

�M �M�HQ; Q7 i?Bb T?2MQK2MQHQ;v 7Q` i?2 k@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi ϵ̃L(k) Bb FMQrM �b

Qp2`b+`22MBM;-R8 #mi Bi /Q2b MQi +�``v �M 2[m�HHv +H2�` K2�MBM; 7Q` i?2 /Bbi�Mi@/2T2M/2Mi

/B2H2+i`B+ +QMbi�MiX q?�i Bb +QKKQM iQ i?2b2 T`Q#H2Kb Bb i?�i Bi Bb MQi i?2 /B2H2+i`B+ +QMbi�Mi

Bib2H7- #mi i?2 HQM;Bim/BM�H bmb+2TiB#BHBiv ∝ 1− ϵ−1
⊥ i?�i +�``B2b i?2 T?vbB+�H K2�MBM; Q7 i?2

HQM;Bim/BM�H TQH�` `2bTQMb2- �M/ Bi Bb i?2 bmb+2TiB#BHBiv i?�i Bb `2[mB`2/ iQ #2 TQbBiBp2 iQ

K�BMi�BM i?2`KQ/vM�KB+ bi�#BHBiv U2[ 3VX

�b K2MiBQM2/ �#Qp2- i?2 TQH�`Bx�iBQM /2MbBiv Pz(z) Q7 i?2 bm++2bbBp2 H�v2`b +�M #2 +�H+m@

H�i2/ #v �bbB;MBM; i?2 /BTQH2 KQK2Mi iQ 2�+? KQH2+mH2 rBi?BM i?2 H�v2` Q`- KQ`2 +Q``2+iHv- iQ

BM+Hm/2 �HH KQH2+mH�` KmHiBTQH2b UKQbiHv KQH2+mH�` [m�/`mTQH2- #mi �HbQ i?2 Q+imTQH28VX h?2

/BbiBM+iBQM #2ir22M i?2b2 irQ �H;Q`Bi?Kb Bb BM/B+�i2/ #v i?2 bQHB/ �M/ /�b?2/ HBM2b BM 6B;m`2

e- r?2`2 +�H+mH�iBQMbjd-9j /QM2 7Q` irQ /Bz2`2Mi r�i2` KQ/2Hb UaS*f1 �M/ hAS9Sfkyy8V QM

irQ /Bz2`2Mi bm#bi`�i2b �`2 `2T`Q/m+2/X JQH2+mH�` [m�/`mTQH2 Bb T�`iB+mH�`Hv BKTQ`i�Mi 7Q`

R3
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r�i2` �M/ Bb H2bb bB;MB}+�Mi 7Q` Qi?2` +QKKQM TQH�` HB[mB/bX

.2bTBi2 i?2 /2i�BH2/ KB+`Qb+QTB+ BM7Q`K�iBQM T`QpB/2/ #v ϵα(z)- α =⊥, ∥- Bi Bb �HbQ +H2�`

i?�i M2Bi?2` i?2 /B2H2+i`B+ KQ/mHmb ϵ−1
⊥ (z) MQ` i?2 T�`�HH2H /B2H2+i`B+ +QMbi�Mi ϵ∥(z) �`2 �+@

+2bbB#H2 2tT2`BK2Mi�HHv �b 7mM+iBQMb Q7 zX � /B`2+i +QMM2+iBQM #2ir22M i?2b2 i?2Q`2iB+�H

+�H+mH�iBQMb �M/ 2tT2`BK2Mi�H K2�bm`2K2Mib Bb �+?B2p2/ #v MQiBM; i?�i i?2 T2`T2M/B+mH�`

TQH�`Bx�iBQM /2MbBiv BM/m+2/ #v i?2 }2H/- PE(z)- Bb `2H�i2/ iQ i?2 HQM;Bim/BM�H /B2H2+i`B+

bmb+2TiB#BHBiv3

PE(z) = ϵ0
(
1− ϵ−1

⊥ (z)
)
E0 UkkV

h?2 TQH�`Bx�iBQM Q7 i?2 b�KTH2 rBi? i?2 i?B+FM2bb d BM 2[ Re Bb i?mb ;Bp2M BM i2`Kb Q7 i?2

�p2`�;2 /B2H2+i`B+ KQ/mHmb BM i?2 T2`T2M/B+mH�` T`QD2+iBQMkj-kd-9y-9jĜ98

⟨P ⟩E = ϵ0
(
1− ⟨ϵ−1

⊥ ⟩
)
E0 UkjV

r?2`2

⟨ϵ−1
⊥ ⟩ = 1

d

∫ d

0

dzϵ−1
⊥ (z) Uk9V

PM2 �HbQ Q#i�BMb 7`QK 2[ Re

ϵ−1
BMi = ⟨ϵ−1

⊥ ⟩. Uk8V

h?Bb `2H�iBQM +QMM2+ib i?2 7Q`K�HBbK Q7 i?2 /Bbi�Mi@/2T2M/2Mi /B2H2+i`B+ +QMbi�Mi rBi?BM i?2

/B2H2+i`B+ bH�# iQ i?2 +�H+mH�iBQM Q7 i?2 �p2`�;2 /BTQH2 rBi?BM i?2 d@b?2HH BM 2[ RdX >Qr2p2`-

Bi Bb +H2�` i?�i /B`2+i BMi2;`�iBQM Q7 ϵ−1
⊥ (z) Bb MQi T`�+iB+�H ;Bp2M Bib B``2;mH�` K�i?2K�iB+�H

7Q`K U6B;m`2 eV �M/ QM2 BMbi2�/ M22/b iQ T`Q/m+2 ϵ−1
BMi 2Bi?2` 7`QK 2[ Rd Q` #v mbBM; i?2

bi�M/�`/ ~m+im�iBQM `2H�iBQM 7Q` i?2 HQM;Bim/BM�H bmb+2TiB#BHBiv3

ϵ−1
BMi = ⟨ϵ−1

⊥ ⟩ = 1− (β/Ωϵ0)⟨(δMz)
2⟩ = 1− 9yg⊥ UkeV

r?2`2 Ω Bb i?2 /B2H2+i`B+ pQHmK2 �M/ g⊥ Bb i?2 T2`T2M/B+mH�` T`QD2+iBQM Q7 i?2 EB`FrQQ/

RN
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7�+iQ`X LQi2 i?�i 2[ ke `2[mB`2b bBKmH�iBQM Q7 i?2 HB[mB/ bH�# #2ir22M irQ TH�M2 r�HHb

b2T�`�i2/ #v i?2 /Bbi�M+2 d ≤ 2δX

�MQi?2` /B{+mHiv Q7 /B`2+i �TTHB+�iBQM Q7 2[ k9 HB2b BM Bib ?B;? b2MbBiBpBiv9y iQ i?2 +?QB+2 Q7

i?2 2z2+iBp2 H2M;i? d2z `2[mB`2/ iQ `2T`Q/m+2 i?2 2tT2`BK2Mi�H /�i� b?QrM BM 6B;m`2 jX h?2

p�Hm2 Q7 d U6B;m`2 RV BM i?2 �M�HvbBb Q7 2tT2`BK2Mikk r�b +?Qb2M �b d ≃ L−0.34 MK iQ `2~2+i

/2r2iiBM; Q7 r�i2` BMi2`7�+BM; � ?v/`QT?Q#B+ bm#bi`�i2 �M/ i?mb HQr2`BM; i?2 r�i2` i?B+FM2bb

+QKT�`2/ iQ i?2 /Bbi�M+2 L #2ir22M irQ bm#bi`�i2 H�v2`bX � i?BM H�v2` Q7 bi`QM;Hv `2/m+2/

r�i2` /2MbBiv r�b BM 7�+i 7QmM/ BM `2+2Mi bBKmH�iBQMbk9 r?2`2 � i?`22@H�v2` +�T�+BiQ` KQ/2H

r�b mb2/ iQ }i i?2 QT2M b[m�`2b BM 6B;m`2 jX AMbi2�/ Q7 � bBM;H2 H�v2` δ rBi? ϵBMi- irQ H�v2`b

rBi? ϵ1 ≃ 1.2 �M/ ϵ2 ≃ 17.3 r2`2 bm;;2bi2/X h?2 /2+�v Q7 i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi

rBi? BM+`2�bBM; `�/Bmb Q7 � bT?2`B+�H bQHmi2j9 KB;?i �HbQ #2 `2H�i2/ iQ T�`iB�H /2r2iiBM;X h?2

/B2H2+i`B+ +QMbi�Mi ≃ 17 Q7 i?2 �+im�H BMi2`7�+B�H H�v2` im`Mb Qmi iQ #2 +HQb2 iQ i?2 p�Hm2

≃ 12− 15 +�H+mH�i2/ 7Q` aS*f1 r�i2` �i i?2 bm`7�+2 Q7 *60
j8 �M/ rBi? �6J K2�bm`2K2Mib

H2�/BM; iQ ϵBMi ≃ 11 QM i?2 ?v/`QT?Q#B+ bm#bi`�i2Xk8

h?2 T�`�HH2H /B2H2+i`B+ +QMbi�Mi ϵ∥ Bb ivTB+�HHv 7QmM/ iQ #2 +HQb2 iQ i?2 #mHF /B2H2+i`B+

+QMbi�Mi-9y #mi Bi +�M 7�HH �#Qp29eĜ9N Q` #2HQr9R-8y i?2 #mHF p�Hm2 /2T2M/BM; QM i?2 bvbi2K

bim/B2/X � p2`v bB;MB}+�Mi BM+`2�b2 Q7 ϵ∥ U�b ?B;? �b ∼ 700V Qp2` i?2 #mHF p�Hm2 r�b `2@

TQ`i2/ 7Q` r�i2` BM +�`#QM M�MQim#2bX9e-93 � bBKBH�`Hv H�`;2 2M?�M+2K2Mi Bb `2TQ`i2/ 7Q`

r�i2` +QM}M2/ #2ir22M T?QbT?QHBTB/ TH�M2bX9y GQ+�H /2MbBiv b22Kb iQ TH�v � K�DQ` `QH2

BM i?Bb 2M?�M+2K2MiX aBKBH�`Hv- i?2 Qp2`�HH /BTQH2 KQK2Mi p�`B�M+2 ⟨(δJ(d))2⟩ +�H+mH�i2/

rBi?BM bT?2`B+�H b?2HHb �`QmM/ � bT?2`B+�H bQHmi2 b+�H2b rBi? i?2 HQ+�H /2MbBiv �M/ Bb ivTB+�HHv

2M?�M+2/ +QKT�`2/ iQ i?2 #mHFX8R �M�HQ;Qmb b+�HBM; Q7 i?2 /B2H2+i`B+ +QMbi�Mi rBi? /2MbBiv

?�b #22M `2TQ`i2/ 7Q` +�`#QM M�MQim#2b9e �M/ 7Q` bHBi TQ`2bX9y-9N h?2 bBim�iBQM rBi? ~mB/b

+QM}M2/ BM bH�#b �M/ M�MQim#2b Bb- ?Qr2p2`- KQ`2 +QKTH2t +QKT�`2/ iQ HQ+�H /2MbBiv T`Q}H2b

�`QmM/ bQHmi2b bBM+2 QM2 ?�b iQ K�BMi�BM 2[m�H +?2KB+�H TQi2MiB�Hb #2ir22M i?2 #mHF �M/

+QM}M2/ +QKTQM2Mib- �M/ i?�i `2[mB`2b �Hi2`BM; i?2 HQ+�H /2MbBiv BM +QM}M2K2MiX9R

�MBbQi`QTv Q7 i?2 /B2H2+i`B+ +QMbi�Mi Kmbi p�MBb? r?2M d �TT`Q�+?2b i?2 K�+`Qb+QTB+

ky
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HBKBiX 1Bi?2` Q7 irQ ~m+im�iBQM `2H�iBQMb BM 2[ kR +�M #2 mb2/ BM i?Bb HBKBi �M/ QM2 +�M

/2}M2 i?2 �p2`�;2 T�`�HH2H T`QD2+iBQM BM i2`Kb Q7 i?2 i`�Mbp2`b2 /B2H2+i`B+ bmb+2TiB#BHBiv3

ϵBMi = ⟨ϵ∥⟩ = 1 + (β/Ωϵ0)⟨(δMx)
2⟩ = 1 + 9yg∥ UkdV

r?2`2 g∥ Bb i?2 T�`�HH2H T`QD2+iBQM Q7 i?2 EB`FrQQ/ 7�+iQ`X 1[m�iBQMb ke �M/ kd +�M M2ti

#2 +QK#BM2/ iQ Q#i�BM i?2 p�`B�M+2 Q7 i?2 iQi�H /BTQH2 KQK2Mi Q7 i?2 b�KTH2 ⟨(δJ)2⟩ =

⟨(δMz)2⟩ + 2⟨(δMx)2⟩X h?2 b+�H�` T`Q/m+i Bb BMp�`B�Mi iQ `Qi�iBQMb Q7 i?2 H�#Q`�iQ`v 7`�K2

�M/ iQ i?2 b?�T2 Q7 i?2 b�KTH2X h?Bb BMp�`B�M+2 Bb 2tT`2bb2/ #v i?2 EB`FrQQ/@PMb�;2`

2[m�iBQMR 7Q` i?2 #mHF /B2H2+i`B+ +QMbi�Mi ϵBMi → ϵ

(ϵ− 1)(2ϵ+ 1)

9ϵ
=

β

9ϵ0Ω
⟨(δJ)2⟩ = y

(
g⊥ + 2g∥

)
→ ygK Uk3V

hrQ 2[m�iBQMb U2[ kRV 7Q` i?2 T2`T2M/B+mH�` �M/ T�`�HH2H /B2H2+i`B+ T`QD2+iBQMb ?2M+2 +�M

#2 +QK#BM2/ BMiQ � bBM;H2 EB`FrQQ/@PMb�;2` 2[m�iBQM 7Q` i?2 #mHF /B2H2+i`B+ +QMbi�Mi Q7 �

K�+`Qb+QTB+�HHv H�`;2 b�KTH2 r?2M i?2 i?B+FM2bb Q7 i?2 bH�# ;`Qrb iQ i?2 K�+`Qb+QTB+ /B@

K2MbBQMb �M/ BMi2`7�+B�H �MBbQi`QTv p�MBb?2bX :Bp2M i?�i #Qi? ⟨(δJ)2⟩ ∝ N �M/ Ω ∝ N

b+�H2 HBM2�`Hv rBi? i?2 MmK#2` Q7 T�`iB+H2b N �M/ i?2 p�`B�M+2 Q7 i?2 /BTQH2 KQK2Mi /Q2b MQi

/2T2M/ QM i?2 b�KTH2 b?�T2- i?2 /B2H2+i`B+ +QMbi�Mi #2+QK2b �M BMi2MbBp2 K�i2`B�H T`QT2`ivX

"Qi? bBKmH�iBQMbkj-kd-k3-jy-8k �M/ 2tT2`BK2MiRd-kk b?Qr i?�i b�im`�iBQM iQ i?2 K�+`Qb+QTB+

HBKBi Q++m`b QM � H�`;2 b+�H2 Q7 ∼ 10 MK U6B;m`2 jV `2~2+iBM; i?2 bHQr ;`Qri? Q7 i?2 HBM2

BMi2;`�H BM 2[ RRX h?2 HQr p�Hm2 Q7 ϵBMi `2[mB`2b +Q``2bTQM/BM;Hv HQr K�;MBim/2b Q7 i?2 EB`F@

rQQ/ +Q``2H�iBQM 7�+iQ` U2[ keVX h?2 p�Hm2 g⊥ ≃ 0.2 r�b +�H+mH�i2/ 7Q` /BTQH�` T`QD2+iBQMb

T2`T2M/B+mH�` iQ i?2 bH�#Xk3-8j aBM+2 2[ ke `2[mB`2b 9yg⊥ < 1- i?Bb `2bmHi b?QmH/ #2 pB2r2/

�b T`2HBKBM�`v iQ +?�`�+i2`Bx2 i?BM H�v2`b rBi? d < 2δ U6B;m`2 RVX L2p2`i?2H2bb- M2;�iBp2

+Q``2H�iBQMb #2ir22M Q`B2Mi�iBQMb Q7 i?2 M2B;?#Q`BM; /BTQH2b99 Kmbi #2 T`2b2Mi iQ �HHQr HQr

p�Hm2b Q7 ϵBMiX h?Bb `2bmHi +QK2b Bb +QMi`�bi iQ QM �p2`�;2 TQbBiBp2 Q`B2Mi�iBQM�H +Q``2H�iBQMb

Q7 /BTQH2b BM #mHF H�#Q`�iQ`v r�i2` H2�/BM; iQ i?2 ?QKQ;2M2Qmb EB`FrQQ/ 7�+iQ` 2biBK�i2/

kR
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�b gK ≃ 2.6 − 2.8X89 .2bTBi2 bK�HH g⊥- r�i2` Bb MQi bi`m+im`�HHv 7`Qx2M BM i?2 bm`7�+2 H�v2`

�M/ Bib `2bB/2M+2 iBK2 Bb ≃ 12 TbX88 6m`i?2`- bK�HH p�Hm2b Q7 i?2 EB`FrQQ/ 7�+iQ` /m2 iQ

T`272`2MiB�H �HB;MK2Mi �`2 2M+QmMi2`2/ �HbQ BM #mHF TQH�` HB[mB/b, gK ≃ 0.62 Bb 7QmM/8e /m2

iQ T`272`2MiB�H �MiBT�`�HH2H �HB;MK2Mi Q7 �+2iQMBi`BH2 KQH2+mH2b TQbBiBQM2/ 2[m�iQ`B�HHv iQ �

i�;;2/ /BTQH2X

AM �M �ii2KTi iQ +QMM2+i i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi ϵBMi iQ �TTHB+�iBQMb Q7 2H2+@

i`Qbi�iB+b iQ KQH2+mH�` T?2MQK2M�- QM2 +�M im`M iQ irQ +H�bbB+�H T`Q#H2Kb Q7 KQH2+mH�`

2H2+i`Qbi�iB+b, UBV 2H2+i`Qbi�iB+ bQHp�iBQM �M/ UBBV b+`22MBM; Q7 +?�`;2b BM TQH�` /B2H2+i`B+bX

1p2M 7Q` � K�+`Qb+QTB+ b�KTH2- i?2 }2H/ +`2�i2/ #v � TQH�`Bx2/ /B2H2+i`B+ BM 7`22 bT�+2 Bb

bT2+B}2/ #v i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mijj U6B;m`2 9VX PM2 +�M pB2r i?2 7`22 bT�+2 �b

� pQB/ BM i?2 /B2H2+i`B+X h?Bb Bb i?2 +QM};m`�iBQM /B`2+iHv `2H�i2/ iQ 2H2+i`Qbi�iB+ bQHp�iBQMX

h?2 2H2+i`Qbi�iB+ TQi2MiB�H rBi?BM � bQHmi2 TH�+2/ BM � TQH�` bQHp2Mi Bb � bmK Q7 i?2 TQi2MiB�H

Q7 bQHmi2Ƕb 7`22 +?�`;2b φ0 �M/ i?2 TQi2MiB�H Q7 i?2 bm`7�+2 +?�`;2 �i i?2 /BpB/BM; bm`7�+28d

φ(`) = φ0(`) + φs(`) = φ0(`) +
∮

S

d`′ σ(`S)
4πϵ0|` − `S|

UkNV

h?2 /2MbBiv σ(`S) Q7 i?2 bm`7�+2 +?�`;2 /Bbi`B#mi2/ Qp2` i?2 /BpB/BM; bm`7�+2 S Bb ;Bp2M �b i?2

TQH�`Bx�iBQM /2MbBiv ⟨Pn⟩E Q7 i?2 BMi2`7�+2 T`QD2+i2/ QM i?2 MQ`K�H iQ i?2 /BpB/BM; bm`7�+2

�M/ /B`2+i2/ Qmir�`/ 7`QK i?2 HB[mB/X9

h?2 bQHp2Mi /B2H2+i`B+ Bb Q#pBQmbHv Qp2`�HH M2mi`�H �M/ QM2 rQM/2`b r?�i Bb i?2 T?vbB+�H

K2�MBM; Q7 i?2 bm`7�+2 +?�`;2X Ai `2T`2b2Mib i?2 2z2+iBp2 7Q`+2 Q` 2H2+i`Qbi�iB+ 2M2`;v `2+Q`/2/

BM i?2 pQB/ �b T`Q/m+2/ #v �M BM?QKQ;2M2Qmb /Bbi`B#miBQM Q7 i?2 BMi2`7�+B�H /BTQH2b U/BTQH�`

TQH�`Bx�iBQM /2MbBivVX 1p2M i?Qm;? i?2 Qp2`�HH +?�`;2 Bb x2`Q- i?2 Q`B2Mi2/ 2M/b Q7 KQH2+mH�`

/BTQH2b HQ+�i2/ +HQb2` iQ i?2 TQBMi Q7 Q#b2`p�iBQM rBHH +QMi`B#mi2 KQ`2 iQ i?2 2H2+i`Qbi�iB+

TQi2MiB�H �M/ i?2 2H2+i`Qbi�iB+ 7Q`+2 2tT2`B2M+2/ #v � T`Q#2 +?�`;2 TH�+2/ BMbB/2 i?2 pQB/X

aBKmH�iBQMb Q7 +�pBiB2b BM r�i2` ?�p2 b?QrM i?�i Q`B2Mi�iBQM�H T`272`2M+2b Q7 BMi2`7�+B�H r�i2`

KmHiBTQH2b U#Qi? /BTQH2b �M/ [m�/`mTQH2bV T`Q/m+2 �M Qp2`�HH TQbBiBp2 TQi2MiB�H BMbB/2 i?2

kk
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+�pBivX83-8N h?2 2z2+iBp2 bm`7�+2 +?�`;2 /2MbBiv `2bTQMbB#H2 7Q` i?Bb +�pBiv TQi2MiB�H +�M #2

+�H+mH�i2/ 7`QK i?2 ~m+im�iBQM 7Q`KmH�jj

σ = −β⟨δPnδE
C⟩ UjyV

r?2`2 δEC =
∑

i qiδφsi Bb i?2 ~m+im�iBQM Q7 i?2 *QmHQK# BMi2`�+iBQM 2M2`;v Q7 i?2 bQHmi2

+?�`;2b qi rBi? i?2 bQHp2MiX h?2 7`22 2M2`;v Q7 2H2+i`Qbi�iB+ bQHp�iBQM ∆Fs Bb � bmK Q7 �p2`�;2

2H2+i`Qbi�iB+ TQi2MiB�Hb ⟨φsi⟩ Q7 i?2 bQHp2Mi �i i?2 TQbBiBQMb Q7 2�+? bQHmi2 +?�`;2 qi KmHiBTHB2/

#v i?Qb2 +?�`;2b

∆Fs =
1

2

∑

i

qi⟨φsi⟩ UjRV

AM i?Bb 7`�K2rQ`F- bQHp�iBQM i?2`KQ/vM�KB+b Bb /2}M2/ #v i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi

ϵBMi- `2~2+iBM; i?2 /Bbi`B#miBQM Q7 i?2 bm`7�+2 +?�`;2- �M/ MQi #v i?2 #mHF /B2H2+i`B+ +QMbi�Mi ϵX

6Q` bQHp�iBQM Q7 � +?�`;2 �i i?2 +2Mi2` Q7 � bT?2`B+�H `2TmHbBp2 KQH2+mH�` +Q`2- i?Bb bi�i2K2Mi

BKTHB2b /2pB�iBQMb 7`QK i?2 "Q`M KQ/2H 7Q` BQM bQHp�iBQMX

h?Bb /2}MBiBp2 bBim�iBQM /Q2b MQi 2ti2M/ iQ b+`22MBM; Q7 +?�`;2b BM TQH�` HB[mB/bX h?2

/B2H2+i`B+ +QMbi�Mi Bb /2}M2/ �#Qp2 �b i?2 K2�bm`2 Q7 i?2 2H2+i`Qbi�iB+ 7`22 2M2`;v biQ`2/ BM

i?2 TH�M2 +�T�+BiQ`X h?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi }ib i?Bb /2}MBiBQM- �M/ Bi [m�MiB}2b i?2

2H2+i`Qbi�iB+ 7`22 2M2`;v biQ`2/ BM � TH�M2 +�T�+BiQ` QMHv � 72r KQH2+mH�` /B�K2i2`b i?B+F Ui?2

2× δ@H�v2`- 6B;m`2 RVX h?2 #mHF /B2H2+i`B+ +QMbi�Mi ?�b �M �Hi2`M�iBp2 K2�MBM; BM i?2Q`B2b Q7

/B2H2+i`B+b iQ [m�MiB7v i?2 `2/m+iBQM Q7 *QmHQK# BMi2`�+iBQMb #2ir22M +?�`;2b BM /B2H2+i`B+b

+QKT�`2/ iQ p�+mmKX PM2 rQM/2`b B7 i?Bb /2}MBiBQM 2ti2M/b iQ KB+`Qb+QTB+ /BK2MbBQMbX

h?2 BMi2`�+iBQM #2ir22M +?�`;2b BM TQH�`Bx�#H2 K2/B� Bb /2b+`B#2/ #v i?2 TQi2MiB�H Q7

K2�M 7Q`+2 Ui?2 7`22 2M2`;vV 2[m�H iQ i?2 `2p2`bB#H2 rQ`F iQ #`BM; +?�`;2b q1 �M/ q2 7`QK

BM}MBiv iQ i?2 /Bbi�M+2 d

U(d) =
q1q2
4πϵ0d

+ Fs(d) UjkV

h?2 b2+QM/ i2`K BM i?Bb 2[m�iBQM- r?B+? �//b iQ i?2 BMi2`�+iBQM 2M2`;v Q7 irQ +?�`;2b BM

p�+mmK- Bb i?2 `2p2`bB#H2 rQ`F Q7 TQH�`BxBM; i?2 /B2H2+i`B+X Ai +�M #2 +�H+mH�i2/ 2Bi?2` #v

kj
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6B;m`2 d, LQ`K�HBx2/ �miQ+Q``2H�iBQM 7mM+iBQM Q7 i?2 /BTQH2 KQK2Mi U2[ j8V 7Q` aS*f1
r�i2`k3 �M/ aiQ+FK�v2` /BTQH�` ~mB/X9R h?2 i?B+FM2bb Q7 i?2 bH�# Bb 8 MK Ur�i2`V �M/ RXd
MK U/BTQH�` ~mB/VX �/�Ti2/ rBi? T2`KBbbBQM 7`QK `27b9R �M/k3 *QTv`B;?i kyyd �M/ kykR
�K2`B+�M AMbiBimi2 Q7 S?vbB+bX

BMi2;`�iBM; i?2 7Q`+2 Qp2` /Bbi�M+2 Q` 7`QK � ~m+im�iBQM 7Q`KmH� +Q``2H�iBM; i?2 ~m+im�iBQMb

Q7 i?2 bQHp2Mi 2H2+i`Qbi�iB+ TQi2MiB�H δφsi �i irQ +?�`;2b Ui = 1, 2VRk-ey

Fs(d) = −βq1q2⟨δφs1δφs2⟩ UjjV

h?2 #mHF /B2H2+i`B+ +QMbi�Mi /2}M2b i?2 d → ∞ �bvKTiQi2

Fs(d → ∞) = − q1q2
4πϵ0d

(
1− 1

ϵ

)
Uj9V

�;�BM /BbTH�vBM; i?2 HQM;Bim/BM�H /B2H2+i`B+ bmb+2TiB#BHBiv3 ∝ (1−ϵ−1)X >Qr2p2`- �i /Bbi�M+2b

2t+22/BM; i?2 +HQb2bi �TT`Q�+? #v � 72r bQHp2Mi /B�K2i2`b U2.87 ³ 7Q` r�i2`V- Fs(d) #2+QK2b

�M Qb+BHH�iBM; 7mM+iBQM Q7 deR �M/ MQ bBKTH2 `2H�iBQM iQ ϵBMi +�M #2 /`�rMX Pb+BHH�iBQMb Q7

Fs(d) �`2 +�mb2/ #v Qp2`/�KT2/ +QHH2+iBp2 2t+Bi�iBQMb BM i?2 TQH�` HB[mB/ U/BTQH�`QMbekV

�TT2�`BM; �b bBM;mH�`BiB2b Q7 i?2 HQM;Bim/BM�H bmb+2TiB#BHBiv 1− ϵ̃L(k∗)−1 BM i?2 +QKTH2t TH�M2

Q7 r�p2p2+iQ`bXRk h?2 +QKTH2t T�`i Q7 i?2 bBM;mH�`Biv k∗- ϵ̃L(k∗,ω) = 0 Bb `2bTQMbB#H2 7Q` �M

2tTQM2MiB�H /Bbi�M+2 /2+�v Q7 /BTQH�`QMb U2[ NV K�FBM; i?2K #Qi? bT�iB�HHv HQ+�HBx2/ �M/

2tTQM2MiB�HHv /2+�vBM; BM iBK2Xej >Qr2p2`- �M Qb+BHH�iQ`v UmM/2`/�KT2/V /2+�v Q7 i?2 iBK2

k9
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+Q``2H�iBQM 7mM+iBQMb 7Q` i?2 T2`T2M/B+mH�` T`QD2+iBQM Q7 i?2 /BTQH2 KQK2Mi

ΦM(t) = ⟨Mz(t)Mz(0)⟩/⟨M2
z ⟩ Uj8V

r�b 7QmM/ BM bBKmH�iBQMb Q7 r�i2`k3-jN �M/ /BTQH�` aiQ+FK�v2` ~mB/b9R BM bH�#b U6B;m`2 dVX

h?2b2 Q#b2`p�iBQMb bm;;2bi � i`�MbBiBQM 7`QK �M 2tTQM2MiB�H i2KTQ`�H /2+�v Q7 /BTQH�`QMb

BM #mHF HB[mB/b iQ Qb+BHH�iQ`v- mM/2`/�KT2/ /vM�KB+b BM +QM}M2K2MiX h?Bb i`�MbBiBQM b?QmH/

/BbTH�v Bib2H7 �b � b?B7i Q7 k∗ �i r?B+? ϵ̃L(k∗,ω) = 0 7`QK i?2 +QKTH2t TH�M2 iQ i?2 `2�H �tBb

r?2`2 Bi b?QmH/ bT2+B7v i?2 /BbT2`bBQM ω(k∗) Q7 /BTQH�`QMbX

h?2 b+`22MBM; T�`i Q7 i?2 TQi2MiB�H Q7 K2�M 7Q`+2 #2ir22M irQ +?�`;2b U2[ jjV 2K2`;2b �b

�M BM}MBi2 bmK Qp2` �HH /BTQH�`QM 2t+Bi�iBQMbX :Bp2M K�Mv KB+`Qb+QTB+ r�p2H2M;i?b BMpQHp2/-

Bi Bb +m``2MiHv mM+H2�` B7 �Mv +QMM2+iBQM +�M #2 /`�rM #2ir22M i?2 2H2+i`Qbi�iB+ 2M2`;v biQ`2/

BM � i?BM }HK Q7 � TQH�` HB[mB/ �M/ b+`22MBM; Q7 *QmHQK# BMi2`�+iBQMb #2ir22M TQBMi +?�`;2b

�i � bBKBH�` H2M;i? b+�H2X � +QKTH2t 7mM+iBQM�H 7Q`K Q7 i?2 TQi2MiB�H Q7 K2�M 7Q`+2 �i b?Q`i

/Bbi�M+2b bm;;2bib i?�i MQ bBKTH2 `2H�iBQM +�M #2 2bi�#HBb?2/ #2ir22M b+`22MBM; �M/ � bBM;H2

b+�H�` /B2H2+i`B+ +QMbi�Mi +?�`�+i2`BxBM; i?2 BMi2`7�+B�H H�v2`X h?Bb r�b +H2�`Hv /2KQMbi`�i2/

BM `2+2Mi bBKmH�iBQMbe9 BM r?B+? i?2 BQM T�B` TQbBiBQM2/ MQ`K�HHv iQ � ;`�T?2M2 b?22i BM i?2

r�i2`@;`�T?2M2 BMi2`7�+2 r�b ~BTT2/X h?2 `2bmHiBM; *QmHQK# �ii`�+iBQM #2ir22M irQ BQMb

im`M2/ Qmi iQ #2 mM2[m�H BM irQ +QM};m`�iBQMb- i?mb T`2+Hm/BM; i?2 mb2 Q7 � bBM;H2 b+�H�`

b+`22MBM; T�`�K2i2`X

h?2 K�BM `2bmHi 2K2`;BM; 7`QK i?2 +QKT�`BbQM Q7 i?2 BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi- mb2/

iQ [m�MiB7v i?2 7`22 2M2`;v biQ`2/ BM � i?BM +�T�+BiQ`- rBi? i?2 b+`22MBM; Q7 +?�`;2b Bb i?�i

i?2 H�ii2` T`Q#H2K `2[mB`2b � +QKTH2t Qb+BHH�iQ`v TQi2MiB�H Q7 K2�M 7Q`+2 �i +?�`;2 b2T�@

`�iBQM Q7 i?2 Q`/2` Q7 i?2 KQH2+mH�` /B�K2i2` �M/ �TT`Q�+?2b �bvKTiQiB+�HHv i?2 bi�M/�`/

`2bmHi Q7 /B2H2+i`B+ i?2Q`B2b �i d → ∞X �b 2tT2+i2/- i?2 b+`22MBM; Q7 +?�`;2b BM /B2H2+i`B+b

Bb bT2+B}2/ #v i?2 #mHF /B2H2+i`B+ +QMbi�Mi ϵ �i /Bbi�M+2b Km+? 2t+22/BM; i?2 KQH2+mH�` /B@

�K2i2`X h?Bb `2bmHi +QMM2+ib iQ ϵ2z → ϵ 7Q` K�+`Qb+QTB+ /B2H2+i`B+ b�KTH2b U2[b Rk �M/ k3VX

k8
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L2p2`i?2H2bb- bQHp�iBQM Q7 +?�`;2b rBi?BM +�pBiB2b +`2�i2/ BM HB[mB/b Bb /2i2`KBM2/ #v ϵBMiX

hrQ /Bz2`2Mi /B2H2+i`B+ +QMbi�Mib M22/ iQ #2 mb2/ 7Q` T`Q#H2Kb Q7 bQHp�iBQM �M/ /B2H2+i`B+

b+`22MBM;X a+`22MBM; Q7 +?�`;2b �i b?Q`i /Bbi�M+2b BM i?2 BMi2`7�+2 +�MMQi #2 `2/m+2/ iQ �

b+�H�` T�`�K2i2` bBM+2 Bi +�``B2b #`2�FBM; Q7 bvKK2i`v BM `2bT2+i iQ i?2 BQM 2t+?�M;2Xe9

AMi2`T`2i�iBQM �M/ 2tT2`BK2Mi�H 2pB/2M+2

h?2 2tT2`BK2Mi�H 2pB/2M+2Rd-kk-k8 7Q` � HQr p�Hm2 Q7 i?2 T2`T2M/B+mH�` /B2H2+i`B+ +QMbi�Mi

rBi?BM i?2 r�i2` H�v2` Q7 δ ≃ 1 MK ?�b T`QpQF2/ b2p2`�H T?vbB+�H 2tTH�M�iBQMbX h?2v KQbiHv

+QM/2Mb2 �`QmM/ i?2 B/2� i?�i i?2 HQr p�Hm2 Q7 i?2 BMi2`7�+2 EB`FrQQ/ 7�+iQ` g⊥ `2[mB`2/

iQ `2�+? bm+? � HQr BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi +�M #2 `2H�i2/ iQ i?2 +QK#BM2/ 2z2+i Q7

;2QK2i`B+ +QM}M2K2Mi #v � HQr@/B2H2+i`B+ K2/BmK- T`QKQiBM; �MiBT�`�HH2H Q`B2Mi�iBQMb- �M/

� bT2+B}+ `2+QMbi`m+iBQM Q7 i?2 ?v/`Q;2M@#QM/ M2irQ`F Q7 r�i2` BM i?2 BMi2`7�+2 T`Q?B#BiBM;

/BTQH�` ~m+im�iBQMb BM i?2 /B`2+iBQM T2`T2M/B+mH�` iQ i?2 bm#bi`�i2X

3D 1D 2D

6B;m`2 3, *�`iQQM Q7 i?2 T`272`2MiB�H �HB;MK2Mi Q7 i?2 M2B;?#Q`BM; /BTQH2b BM i?2 #mHF Uj.V-
BM � +?�BM UR.V- �M/ QM i?2 bm`7�+2 Q7 � bm#bi`�i2 Uk.VX �M Q+i�?2/`�H }`bi@b?2HH +QQ`/BM�iBQM
Bb mb2/ 7Q` BHHmbi`�iBQMX

h?2 B/2� i?�i ;2QK2i`B+ +QM}M2K2Mi #v � HQr@/B2H2+i`B+ K2/BmK +�M b?B7i i?2 /B2H2+@

i`B+ +QMbi�Mi iQ 2Bi?2` ?B;?2` Q` HQr2` p�Hm2b ?�b K2`Bib U6B;m`2 3VX �b � HBKBiBM; +�b2- �

QM2@/BK2MbBQM�H +?�BM Q7 /BTQH2b UǳR.Ǵ BM 6B;m`2 3V ?�b � bB;MB}+�MiHv HQr2` i2KT2`�im`2

Q7 i`�MbBiBQM iQ i?2 72``Q2H2+i`B+ T?�b2- r?2M i?2 /B2H2+i`B+ +QMbi�Mi /Bp2`;2b- i?�M � i?`22@

/BK2MbBQM�H /BTQH�` HB[mB/Xe8 � bBM;H2 +?�BM Q7 r�i2` KQH2+mH2b i?mb �``�M;2b BM � 72``Q2H2+i`B+

bi`m+im`2 +�``vBM; � MQM@x2`Q K2�M /BTQH2 KQK2MiXee h?2 `2�bQM 7Q` � ;`2�i2` i2M/2M+v Q7

� /BTQH�` +?�BM iQ 2bi�#HBb? 72``Q2H2+i`B+ Q`/2` Bb i?2 2HBKBM�iBQM Q7 2[m�iQ`B�H /BTQH2b- r?B+?
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i2M/ iQ Q`B2Mi �MiBT�`�HH2H iQ � ;Bp2M i�;;2/ /BTQH2 BM i?2 #mHF K�i2`B�H Uǳj.Ǵ BM 6B;m`2

3VX3 AM +QMi`�bi- i?2 `2H�iBp2 r2B;?i Q7 2[m�iQ`B�H �MiBT�`�HH2H Q`B2Mi�iBQMb Bb 2M?�M+2/ �i i?2

bm`7�+2 Q7 � bm#bi`�i2 r?2M �i H2�bi QM2 /BTQH2 T�`�HH2H iQ � i�;;2/ /BTQH2 Bb ;2QK2i`B+�HHv

2HBKBM�i2/ Uǳk.Ǵ BM 6B;m`2 3VX h?Bb TB+im`2 r�b /Bb+mbb2/ BM � `2+2Mi bim/v-8j r?B+? MQi2b

ǳi?2 /B2H2+i`B+ +QMbi�Mi `2/m+iBQMĘBb /m2 iQ i?2 /BTQH�` }2H/ �MBbQi`QTv �M/ i?2 `2TH�+2@

K2Mi Q7 r�i2` KQH2+mH2b rBi? � MQMTQH�`Bx�#H2 r�HH BM � `2;BQM r?2`2 /BTQH2b �`2 TQbBiBp2Hv

+Q``2H�i2/ǴX h?2 [m�HBi�iBp2 TB+im`2 bF2i+?2/ BM 6B;m`2 3 +�M #2 �TTHB2/ iQ i?2 T2`T2M/B+@

mH�` T`QD2+iBQM Q7 � i�;;2/ /BTQH2 �M/ /Q2b MQi `2[mB`2 i?2 bm`7�+2 KQH2+mH2 iQ #2 Q`B2Mi2/

T2`T2M/B+mH�` iQ i?2 bm#bi`�i2X Pp2`�HH- 2tT2`BK2Mi�H �M/ i?2Q`2iB+�H `2bmHib BM/B+�i2 i?�i

+QM}M2K2Mi #v 2ti2M/2/ irQ@/BK2MbBQM�H bm`7�+2b T`QKQi2b HQ+�HHv �MiBT�`�HH2H T2`T2M/B+@

mH�` /BTQH�` T`QD2+iBQMb H2�/BM; iQ HQr p�Hm2b Q7 g⊥X AM +QMi`�bi iQ g⊥- i?2 EB`FrQQ/ 7�+iQ`

gK = (SL(0) + 2ST (0))/3 Bb i?2 i`�+2R9 BM+Hm/BM; #Qi? i?2 HQM;Bim/BM�H- SL(0)- �M/ i`�Mb@

p2`b2- ST (0) U2[ dV- bi`m+im`2 7�+iQ`b BM i?2 K�+`Qb+QTB+ HBKBi k → 0 Ub22 �`;mK2Mib H2�/BM;

iQ 2[ k3VX 1p2M r?2M +�H+mH�i2/ �b � 7mM+iBQM Q7 i?2 +miQz /Bbi�M+2-8j gK /Q2b MQi T`QpB/2

�++2bb iQ i?2 HQM;Bim/BM�H `2bTQMb2X 6`QK i?Bb T2`bT2+iBp2- Bi Bb BM+Q``2+ied iQ �TTHv i?2

EB`FrQQ/@PMb�;2` 2[m�iBQM iQ +�H+mH�i2 ϵ⊥(z)X8j-e3

J2�bm`2K2Mib Q7 TQH�`Bx�iBQM BM `2bTQMb2 iQ bi�iB+ }2H/b +�MMQi /BbiBM;mBb? #2ir22M i?2

;2M2`B+ 2z2+i Q7 ;2QK2i`B+ +QM}M2K2Mi �M/ � KQ`2 bT2+B}+ +QMi`B#miBQM Q7 BMi2`7�+B�H ?v@

/`Q;2M #QM/bX � +QKTmi�iBQM�H `2TQ`i Q7 � HQr ϵBMi 7Q` � #`Q�/ HBbi Q7 TQH�` HB[mB/bkj Qz2`b

bmTTQ`i iQ i?2 7Q`K2` b+2M�`BQX h?2 irQ b+2M�`BQb +�M #2 /BbiBM;mBb?2/ 2tT2`BK2Mi�HHv #v

K2�bm`BM; T2`T2M/B+mH�` TQH�`Bx�iBQM �i 7`2[m2M+B2b 2t+22/BM; ivTB+�H 7`2[m2M+B2b Q7 KQH2+m@

H�` `Qi�iBQMbX h?Bb ;Q�H r�b �+?B2p2/ BM `2+2Mi 2tT2`BK2Mib r?2`2 HQ+�HBx2/ bm`7�+2 TH�bKQMb

T`Q#2/ i?2 T2`T2M/B+mH�` T`QD2+iBQM Q7 r�i2`Ƕb `27`�+iBp2 BM/2t BM bH�#b rBi? +QM}M2K2Mi

;�Tb `�M;BM; 7`QK Ry MK iQ 3y MKXeN :Bp2M i?�i r�i2` KQH2+mH2b �`2 M2�`Hv BbQi`QTB+�HHv

TQH�`Bx�#H2- i?2 Qmi+QK2 Q7 i?2b2 K2�bm`2K2Mib b?QmH/ MQi #2 �z2+i2/ #v Q`B2Mi�iBQM�H `2@

bi`B+iBQMb BKTQb2/ #v BMi2`7�+B�H ?v/`Q;2M #QM/bX � bm#bi�MiB�H `2/m+iBQM Q7 i?2 `27`�+iBp2

BM/2t bm;;2bib i?�i K2`2 +QM}M2K2Mi Bb #2?BM/ i?2 `2/m+iBQM Q7 i?2 /B2H2+i`B+ `2bTQMb2X8j
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h?2 `27`�+iBp2 BM/2t Bb 7m`i?2` `2/m+2/ #v brBi+?BM; 7`QK � ?v/`QT?BHB+ iQ � ?v/`QT?Q#B+

bm#bi`�i2- r?B+? Kmbi `2~2+i � `2/m+iBQM Q7 i?2 BMi2`7�+B�H /2MbBiv �i � ?v/`QT?Q#B+ bm`7�+2-

r?B+? Bb �HbQ BM HBM2 rBi? i?2 `2+2Mi +QKTmi�iBQM�H }M/BM; Q7 � bK�HH ;�T #2ir22M r�i2` �M/

� KQ/2H ?v/`QT?Q#B+ bm#bi`�i2Xk9

1p2M i?Qm;? K2�bm`2K2Mib Q7 i?2 `27`�+iBp2 BM/2t bmTTQ`i i?2 TB+im`2 Q7 ;2QK2i`B+ +QM@

}M2K2Mi �b i?2 T`BK�`v Q`B;BM Q7 i?2 /B2H2+i`B+ +QMbi�Mi `2/m+iBQM- QM2 +�MMQi +QKTH2i2Hv

/Bb`2;�`/ i?2 MQiBQM i?�i BMi2`7�+B�H r�i2` Bb KQ`2 bi`m+im`2/ i?�M #mHF r�i2`X h?Bb Bb

bmTTQ`i2/ #v i?2 �TT2�`�M+2 Q7 i?2 B+2 T2�F BM i?2 P@> bi`2i+? `2;BQM `2+Q`/2/ BM i?2 bmK@

7`2[m2M+v ;2M2`�iBQM Ua6:V bT2+i`mKXdy � KQ`2 bm#iH2 TB+im`2 �HbQ +QK2b 7`QK bBKmH�iBQMb

r?B+? b?Qr i?�i ϵBMi +?�M;2b 7Q` r�i2` �i i?2 bm`7�+2 Q7 7mHH2`2M2b +�``vBM; /Bz2`2Mi +?�`;2bXj8

h?2 +?�M;2 Bb +�mb2/ #v � bi`m+im`�H i`�MbBiBQM Q7 BMi2`7�+B�H r�i2` +QMM2+i2/ iQ i?2 `2H2�b2

Q7 /�M;HBM; P@> #QM/b,dR ϵBMi T�bb2b i?`Qm;? � T2�F �i i?2 i`�MbBiBQM TQBMiX h?2b2 `2bmHib

bm;;2bi i?�i i?2 M2irQ`F Q7 ?v/`Q;2M #QM/b BM i?2 BMi2`7�+2 +QMi`B#mi2b iQ i?2 HQr p�Hm2

Q7 ϵBMi- �Hi?Qm;? Bi Bb HBF2Hv MQi i?2 K�BM +QMi`B#miQ` iQ i?2 `2/m+iBQM Q7 ϵBMi `2H�iBp2 iQ ϵX

h?2 +`QbbQp2` 7`QK BM@TH�M2 Q`B2Mi�iBQMb Q7 BMi2`7�+B�H r�i2`b- ivTB+�H 7Q` ?v/`QT?Q#B+ bQH@

p�iBQM-dk iQ � H�`;2 TQTmH�iBQM Q7 /�M;HBM; P@> #QM/b r�b `2+Q`/2/ #v s@`�v �#bQ`TiBQM Q7

r�i2` QM ;QH/ bm#bi�i2b mM/2` � M2;�iBp2 #B�bXdj h?2 2z2+i Q7 i?2 bm#bi`�i2 #B�b QM ϵBMi Bb

i?2`27Q`2 i2biB}�#H2 2tT2`BK2Mi�HHv- 7Q` BMbi�M+2 #v }iiBM; i?2 7Q`+2@/Bbi�M+2 +m`p2b T`Q/m+2/

#v �6JXRd-k8 �//BiBQM Q7 K2i?�MQHdy �M/ Qi?2` bm`7�+i�Mibd9 iQ r�i2` r�b b?QrM iQ [m2M+?

/�M;HBM; P@> #QM/b �M/ iQ bi`QM;Hv KQ/B7v i?2 7Q`+2 #2ir22M �M �B` #m##H2 �M/ i?2 �6J

iBTXkR :Bp2M i?2 2z2+i Q7 P@> /�M;HBM; #QM/b QM ϵBMi-j8 i?Bb Q#b2`p�iBQM Qz2`b �M �//BiBQM�H

2tT2`BK2Mi�H T�`�K2i2` iQ p�`v BM bim/B2b Q7 BMi2`7�+B�H /B2H2+i`B+ +QMbi�MiX

h?2 `2/m+iBQM Q7 i?2 HQ+�H /2MbBiv �i � ?v/`QT?Q#B+ bm#bi`�i2 b?QmH/ �HHQr � bi`QM;2`

M2irQ`F Q7 ?v/`Q;2M #QM/bX q�i2` mM/2` p�`vBM; T`2bbm`2 2z2+iBp2Hv #2?�p2b �b � KBtim`2

Q7 ?B;?@/2MbBiv �M/ HQr@/2MbBiv +QKTQM2MibX AM+`2�bBM; T`2bbm`2 #`2�Fb ?v/`Q;2M #QM/b

+QMp2`iBM; r�i2` iQ � T`2/QKBM�MiHv ?B;?@/2MbBiv- 7`�;BH2 HB[mB/-d8 r?B+? Bb �MiB+BT�i2/ iQ

+�``v T`QT2`iB2b Q7 K�Mv +HQb2Hv@T�+F2/ TQH�` HB[mB/bX �M QTTQbBi2 2z2+i Q7 /2MbBiv 2tT�M@
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bBQM �i � ?v/`QT?Q#B+ bm#bi`�i2 b?QmH/ T`QKQi2 bi`QM;2` ?v/`Q;2M #QM/b �M/ +QMbi`�BM i?2

T2`T2M/B+mH�` TQH�` `2bTQMb2X h?2`27Q`2- B7 i?2 TB+im`2 Q7 ?v/`Q;2M #QM/ `2bi`m+im`BM; iQ

�z2+i ϵBMi BM �//BiBQM iQ ;2QK2i`B+ +QM}M2K2Mi Bb +Q``2+i- QM2 +�M �MiB+BT�i2 �M BM+`2�b2 Q7

ϵBMi r?2M T`2bbm`2 Bb 2H2p�i2/ BM i?2 #mHFX h?2 i2KT2`�im`2 /2T2M/2M+2 ϵBMi(T ) b2`p2b �b �M

�//BiBQM�H BM/B+�iQ` Q7 �M 2M?�M+2/ bi`m+im`2 Q7 BMi2`7�+B�H r�i2`, i?2 HQ;�`Bi?KB+ /2`Bp�@

iBp2 ∂ HM ϵ/∂ HMT Bb ≃ −1.37 7Q` #mHF r�i2` U≃ −1.14 7Q` aS*f1 r�i2`deV- r?BH2 i?2 b�K2

/2`Bp�iBp2 7Q` aS*f1 r�i2` �i i?2 bm`7�+2 Q7 � +?�`;2/ *−3
60 Bb QMHv −0.37 �i T = 300 EXj8

�b K2MiBQM2/ �#Qp2- b+`22MBM; Q7 *QmHQK# BMi2`�+iBQMb #2ir22M 7`22 +?�`;2 +�``B2`b Bb

MQi /B`2+iHv `2H�i2/ iQ ϵBMi- #mi biBHH `2~2+ib i?2 bT2+B}+b Q7 i?2 BMi2`7�+2 BM r?B+? b+`22MBM;

Q++m`bX9y-e9 h?2 2H2+i`Qbi�iB+ TQi2MiB�H +`2�i2/ #v i?2 BMi2`7�+2 �i � bm#bi`�i2 +�M #2 BM72``2/

7`QK b2+QM/ ?�`KQMB+ ;2M2`�iBQM Ua>:V bT2+i`Qb+QTvXdd h?2 i?B`/@Q`/2` TQH�`Bx�iBQM Q7 i?2

BMi2`7�+2 Bb i?2 T`Q/m+i Q7 2H2+i`B+ }2H/b Eω Q7 irQ BM+B/2Mi T?QiQMb �M/ i?2 bi�iB+ BMi2`7�+B�H

2H2+i`B+ }2H/X AMi2;`�iBQM Q7 i?Bb TQH�`Bx�iBQM i?`Qm;? i?2 BMi2`7�+B�H `2;BQM `2bmHib BM i?2

+QMi`B#miBQM 2[m�H iQ χ(3)EωEω⟨φs⟩ iQ i?2 b2+QM/@Q`/2` TQH�`Bx�iBQMX >2`2- χ(3) Bb i?2 i?B`/@

Q`/2` MQMHBM2�` bmb+2TiB#BHBiv �M/ ⟨φs⟩ Bb i?2 �p2`�;2 bm`7�+2 TQi2MiB�H T`Q/m+2/ #v i?2

K2/BmKX Ai KQbiHv +QK2b 7`QK 2H2+i`QHvi2 BQMb �M/- �i bm{+B2MiHv bK�HH BQMB+ +QM+2Mi`�iBQMb

U< 10 KJV- i?2 p�`B�iBQM Q7 i?2 a>: bB;M�H rBi? i?2 2H2+i`QHvi2 +QM+2Mi`�iBQM �HHQrb �++2bb

iQ �M 2z2+iBp2 /B2H2+i`B+ +QMbi�Mi `2bTQMbB#H2 7Q` +?�`;2 b+`22MBM;XR3 Ai r�b 7QmM/ i?�i i?2

/B2H2+i`B+ +QMbi�Mi `2T`2b2MiBM; b+`22MBM; Q7 +?�`;2b rBi?BM i?2 .2#v2 b+`22MBM; H2M;i? Bb

r2HH `2T`2b2Mi2/ #v i?2 #mHF p�Hm2X h?Bb +QM+HmbBQM Bb BM HBM2 rBi? i?2Q`2iB+�H �`;mK2Mib

`2[mB`BM; /Bz2`2Mi /B2H2+i`B+ +QMbi�Mib 7Q` /2b+`B#BM; b+`22MBM; Q7 +?�`;2b �M/ TQH�`Bx�iBQM Q7

i?2 BMi2`7�+B�H H�v2`X

*QM+HmbBQMb

�M Qp2`pB2r Q7 i?2Q`2iB+�H K2i?Q/b T`2b2Mi2/ ?2`2 Bb K2�Mi iQ b?Qr i?�i QM2 +�M +QMbBbi2MiHv

/2}M2 i?2 /B2H2+i`B+ +QMbi�Mi Q7 � i?BM BMi2`7�+B�H H�v2` �M/ +QMM2+i i?Bb /2}MBiBQM iQ i?2

kN
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H�#Q`�iQ`v 2tT2`BK2Mi K2�bm`BM; i?2 +�T�+Bi�M+2 Q7 � i?BM }HKX h?2 ;2M2`�H Qmi+QK2 Q7

#Qi? i?2Q`2iB+�H �M/ 2tT2`BK2Mi�H bim/B2b Bb i?�i �HH TQH�` HB[mB/b UT`QiB+ �M/ MQMT`QiB+V

/2KQMbi`�i2 � `2/m+2/ T2`T2M/B+mH�` /B2H2+i`B+ +QMbi�Mi BM i?2 BMi2`7�+2X h?Bb ;2M2`�H `2bmHi

Bb HBF2Hv `2H�i2/ iQ i?2 2z2+i Q7 ;2QK2i`B+ +QM}M2K2Mi T`QKQiBM; �MiBT�`�HH2H Q`B2Mi�iBQMb Q7

i?2 BMi2`7�+B�H /BTQH2b U6B;m`2 3VX q�i2` b?Qrb � rB/2` BMi2`7�+B�H `2;BQM Q7 `2/m+2/ TQH�`Biv

+QKT�`2/ iQ Qi?2` TQH�` HB[mB/b #2+�mb2 Q7 2M2`;2iB+ T`272`2M+2b Q7 BMi2`7�+B�H ?v/`Q;2M #QM/b

2ti2M/BM; bm`7�+2@BM/m+2/ T2`im`#�iBQM 7m`i?2` BMiQ i?2 #mHFX Ai �TT2�`b i?�i i?2 ?v/`Q;2M@

#QM/ M2irQ`F BM i?2 }`bi bm`7�+2 H�v2` Q7 r�i2` �KTHB}2b i?2 ;2M2`�H i`2M/ 7QmM/ 7Q` �HH TQH�`

HB[mB/b #v bi�#BHBxBM; BM@TH�M2 Q`B2Mi�iBQMb Q7 r�i2` KQH2+mH2bX h?2 +QMp2`;2M+2 iQ i?2 #mHF

HBKBi rBi? BM+`2�bBM; bH�# i?B+FM2bb Bb i?2`27Q`2 bHQr2` 7Q` r�i2` i?�M 7Q` MQMT`QiB+ HB[mB/bXkd

PM2 Bb M2p2`i?2H2bb r�`M2/ MQi iQ #HBM/Hv 2ti2M/ i?2 /B2H2+i`B+ `2bTQMb2 BM i?BM }HKb iQ

b+`22MBM; Q7 +?�`;2b BM i?2 BMi2`7�+2X h?2 BMi2`7�+B�H /B2H2+i`B+ +QMbi�Mi [m�MiB}2b i?2 �#BHBiv

Q7 i?2 HB[mB/ H�v2` iQ TQH�`Bx2 �M/ biQ`2 2H2+i`Qbi�iB+ 7`22 2M2`;v- r?BH2 b+`22MBM; [m�MiB}2b

i?2 `2/m+iBQM Q7 *QmHQK# BMi2`�+iBQMb #v TQH�`Bx2/ /BTQH2bX AM +QMi`�bi iQ /B2H2+i`B+ i?2Q`B2b

7Q` r?B+? � bBM;H2 /B2H2+i`B+ +QMbi�Mi Bb mb2/ iQ ;�m;2 #Qi? i?2 TQH�`Bx�iBQM 2M2`;v �M/

b+`22MBM;- i?2b2 irQ T`QT2`iB2b Q7 /B2H2+i`B+ TQH�`Bx�iBQM /Bp2`;2 QM i?2 KQH2+mH�` b+�H2 �M/-

TQi2MiB�HHv- 2p2M QM i?2 K2bQb+�H2X 1H2+i`Qbi�iB+ bQHp�iBQM Q7 KQH2+mH2b Bb /2b+`B#2/ #v i?2

BMi2`7�+2 /B2H2+i`B+ +QMbi�Mi- �M BMi2`7�+B�H T`QT2`iv- #mi b+`22MBM; Q7 +?�`;2b +�MMQi #2

/2b+`B#2/ #v � bBM;H2 b+�H�` T�`�K2i2` +?�`�+i2`BxBM; i?2 BMi2`7�+B�H TQH�` `2bTQMb2X

�+FMQrH2/;2K2Mi

h?Bb `2b2�`+? r�b bmTTQ`i2/ #v i?2 L�iBQM�H a+B2M+2 6QmM/�iBQM U*>1@R3yyk9jVX

_272`2M+2b

URV a+�B72- "X EX SX S`BM+BTH2b Q7 .B2H2+i`B+bc *H�`2M/QM S`2bb, Pt7Q`/- RNN3X

jy
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UkV _�Kb?�r- CX .X 1tbBbi2M+2 Q7 i?2 /B2H2+i`B+ +QMbi�Mi BM `2;B/@/BTQH2 ~mB/b, h?2 /B`2+i

+Q``2H�iBQM 7mM+iBQMX CX *?2KX S?vbX RNdk- 8d- ke39X

UjV >Ǡv2- CX aXc ai2HH- :X ai�iBbiB+�H K2+?�MB+b Q7 TQH�` bvbi2KbX CX *?2KX S?vbX RNde- e9-

RN8kX

U9V C�+FbQM- CX .X *H�bbB+�H 1H2+i`Q/vM�KB+bc qBH2v, L2r uQ`F- RNNNX

U8V "QMi?mBb- .X CXc :2FH2- aXc L2ix- _X _X S`Q}H2 Q7 i?2 bi�iB+ T2`KBiiBpBiv i2MbQ` Q7 r�i2`

�i BMi2`7�+2b, *QMb2[m2M+2b 7Q` +�T�+Bi�M+2- ?v/`�iBQM BMi2`�+iBQM �M/ BQM �/bQ`TiBQMX

G�M;KmB` kyRk- k3- dedNĜdeN9X

UeV S�Q- uX >X AM J2+?�MB+b hQ/�vc L2K�i@L�bb2`- aX- 1/Xc S2`;�KQM S`2bb AM+X, Pt7Q`/-

lE- RNd3c TT kyNĜjy8X

UdV h?QKTbQM GQ`/ E2HpBM- qX _2T`BMi Q7 S�T2`b QM 1H2+i`Qbi�iB+b �M/ J�;M2iBbK- kM/

2/Xc J�+JBHH�M �M/ *QX, GQM/QM- R339- b2+ 9dNX

U3V J�//2M- SXc EBp2HbQM- .X � +QMbBbi2Mi KQH2+mH�` i`2�iK2Mi Q7 /B2H2+i`B+ T?2MQK2M�X

�/pX *?2KX S?vbX RN39- 8e- 9edĜ8eeX

UNV .QH;Qp- PX oXc EB`x?MBib- .X �Xc J�FbBKQp- 1X :X PM �M �/KBbbB#H2 bB;M Q7 i?2 bi�iB+

/B2H2+i`B+ 7mM+iBQM Q7 K�ii2`X _2pX JQ/X S?vbX RN3R- 8j- 3RĜNjX

URyV _�BM2`B- 6X PXc _2b�i- >Xc 6`B2/K�M- >X GX ai�iB+ HQM;Bim/BM�H /B2H2+i`B+ 7mM+iBQM Q7

KQ/2H KQH2+mH�` ~mB/bX CX *?2KX S?vbX RNNk- Ne- jye3X

URRV 6QMb2+�- hXc G�/�MvB- "X JX q�p2 p2+iQ` /2T2M/2Mi bi�iB+ /B2H2+i`B+ T`QT2`iB2b Q7 �b@

bQ+B�i2/ HB[mB/b, J2i?�MQHX CX *?2KX S?vbX RNNy- Nj- 3R93Ĝ3R88X

URkV a2v2/B- aXc J�`iBM- .X _Xc J�ivmb?Qp- .X oX a+`22MBM; Q7 *QmHQK# BMi2`�+iBQMb BM HB[mB/

/B2H2+i`B+bX CX S?vbX, *QM/2Mb2 J�ii2` kyRN- jR- jk8RyRX

jR
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URjV q2`i?2BK- JX aX 1t�+i bQHmiBQM Q7 i?2 K2�M bT?2`B+�H KQ/2H 7Q` ~mB/b Q7 ?�`/ bT?2`2b

rBi? T2`K�M2Mi 2H2+i`B+ /BTQH2 KQK2MibX CX *?2KX S?vbX RNdR- 88- 9kNRĜ9kN3X

UR9V J�ivmb?Qp- .X oX aQHp2Mi `2Q`;�MBx�iBQM 2M2`;v Q7 2H2+i`QM i`�Mb72` BM TQH�` bQHp2MibX

CX *?2KX S?vbX kyy9- Rky- d8jkĜd88eX

UR8V EQ`Mvb?2p- �X �Xc amiK�MM- :X h?2 b?�T2 Q7 i?2 MQMHQ+�H /B2H2+i`B+ 7mM+iBQM Q7 TQH�`

HB[mB/b �M/ i?2 BKTHB+�iBQMb 7Q` i?2`KQ/vM�KB+ T`QT2`iB2b Q7 2H2+i`QHvi2b, � +QKT�`�@

iBp2 bim/vX CX *?2KX S?vbX RNNe- Ry9- R8k9X

UReV .2#v2- SXc S�mHBM;- GX h?2 BMi2`@BQMB+ �ii`�+iBQM i?2Q`v Q7 BQMBx2/ bQHmi2bX AoX h?2

BM~m2M+2 Q7 p�`B�iBQM Q7 /B2H2+i`B+ +QMbi�Mi QM i?2 HBKBiBM; H�r 7Q` bK�HH +QM+2Mi`�iBQMbX

CX �KX *?2KX aQ+X RNk8- 9d- kRkNĜkRj9X

URdV h2b+?F2- PXc *2QiiQ- :Xc .2 aQmx�- 1X 6X AMi2`7�+B�H �[m2Qmb bQHmiBQMb /B2H2+i`B+ +QMbi�Mi

K2�bm`2K2Mib mbBM; �iQKB+ 7Q`+2 KB+`Qb+QTvX *?2KX S?vbX G2iiX kyyy- jke- jk3Ĝjj9X

UR3V "Q�K�?- JX .Xc P?MQ- SX 1Xc :2B;2`- 6X JXc 1Bb2Mi?�H- EX "X _2H�iBp2 T2`KBiiBpBiv BM

i?2 2H2+i`B+�H /Qm#H2 H�v2` 7`QK MQMHBM2�` QTiB+bX CX *?2KX S?vbX kyR3- R93- kkk3y3X

URNV "mii- >X CX 1H2+i`Qbi�iB+ BMi2`�+iBQM BM �iQKB+ 7Q`+2 KB+`Qb+QTvX "BQT?vbX CX RNNR- ey-

dddĜd38X

UkyV h2b+?F2- PXc *2QiiQ- :Xc /2 aQmx�- 1X 6X AMi2`7�+B�H r�i2` /B2H2+i`B+@T2`KBiiBpBiv@T`Q}H2

K2�bm`2K2Mib mbBM; �iQKB+ 7Q`+2 KB+`Qb+QTvX S?vbX _2pX 1 kyyR- e9- yRRey8X

UkRV h2b+?F2- PXc /2 aQmx�- 1X 6X q�i2` KQH2+mH2 +Hmbi2`b K2�bm`2/ �i r�i2`f�B` BMi2`7�+2b

mbBM; �iQKB+ 7Q`+2 KB+`Qb+QTvX S?vbX *?2KX *?2KX S?vbX kyy8- d- j38eĜj3e8X

UkkV 6mK�;�HHB- GXc 1b7�M/B�`- �Xc 6�#`2;�b- _Xc >m- aXc �`2b- SXc C�M�`/�M�M- �Xc u�M;- ZXc

_�/?�- "Xc h�MB;m+?B- hXc q�i�M�#2- EX 2i �HX �MQK�HQmbHv HQr /B2H2+i`B+ +QMbi�Mi Q7

+QM}M2/ r�i2`X a+B2M+2 kyR3- jey- RjjNĜRj9kX

jk
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UkjV JQi2p�b2HB�M- JX >Xc �Hm`m- LX _X lMBp2`b�H `2/m+iBQM BM /B2H2+i`B+ `2bTQMb2 Q7 +QM}M2/

~mB/bX �*a L�MQ kyky- R9- RkdeRĜRkddyX

Uk9V .2BĽ2M#2+F- 6Xc 6`2vbQH/i- *Xc hQ/Q`Qp�- JXc L2m;2#�m2`- CXc qBTT2`K�MM- aX .B2H2+i`B+

T`QT2`iB2b Q7 M�MQ@+QM}M2/ r�i2`, � +�MQMB+�H i?2`KQTQi2MiBQbi�i �TT`Q�+?X S?vbX _2pX

G2iiX kykR- Rke- Rje3yjX

Uk8V h2b+?F2- PXc .2 aQmx�- 1X 6X 1H2+i`Qbi�iB+ `2bTQMb2 Q7 ?v/`QT?Q#B+ bm`7�+2 K2�bm`2/

#v �iQKB+ 7Q`+2 KB+`Qb+QTvX �TTHX S?vbXG2iiX kyyj- 3k- RRkeĜRRk3X

UkeV JmƢQx@a�MiB#m`+BQ- .Xc J�`t- .X *QM}M2K2Mi@+QMi`QHH2/ �[m2Qmb +?2KBbi`v rBi?BM

M�MQK2i`B+ bHBi TQ`2bX *?2KX _2pX kykR- RkR- ekNjĜejkyX

UkdV JQM/�H- aXc �+?�`v�- aXc "�;+?B- "X �Hi2`2/ TQH�` +?�`�+i2` Q7 M�MQ+QM}M2/ HB[mB/

r�i2`X S?vbX _2pX _2bX kyRN- R- yjjR98X

Uk3V JQM/�H- aXc "�;+?B- "X �MQK�HQmb /B2H2+i`B+ `2bTQMb2 Q7 M�MQ+QM}M2/ r�i2`X CX *?2KX

S?vbX kykR- R89- y998yRX

UkNV _mBx@"�``�;�M- aXc JmƢQx@a�MiB#m`+BQ- .Xc Eƺ`MBM;- aXc J�`t- .X Zm�MiB7vBM;

�MBbQi`QTB+ /B2H2+i`B+ `2bTQMb2 T`QT2`iB2b Q7 M�MQ+QM}M2/ r�i2` rBi?BM ;`�T?2M2 bHBi

TQ`2bX S?vbX *?2KX *?2KX S?vbX kyky- kk- Ry3jjĜRy3jdX

UjyV w?�M;- *X LQi2, PM i?2 /B2H2+i`B+ +QMbi�Mi Q7 M�MQ+QM}M2/ r�i2`X CX *?2KX S?vbX

kyR3- R93- R8eRyRX

UjRV u2?- AX@*Xc "2`FQrBix- JX GX .B2H2+i`B+ +QMbi�Mi Q7 r�i2` �i ?B;? 2H2+i`B+ }2H/b, JQH2+@

mH�` /vM�KB+b bim/vX CX *?2KX S?vbX RNNN- RRy- dNj8ĜdN9kX

UjkV w?�M;- *Xc aT`BF- JX *QKTmiBM; i?2 /B2H2+i`B+ +QMbi�Mi Q7 HB[mB/ r�i2` �i +QMbi�Mi

/B2H2+i`B+ /BbTH�+2K2MiX S?vbX _2pX " kyRe- Nj- R99kyRX

UjjV J�ivmb?Qp- .X oX 1H2+i`Qbi�iB+b Q7 HB[mB/ BMi2`7�+2bX CX *?2KX S?vbX kyR9- R9y- kk98yeX

jj
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Uj9V .BMT�DQQ?- JXc J�ivmb?Qp- .X oX .B2H2+i`B+ +QMbi�Mi Q7 r�i2` BM i?2 BMi2`7�+2X CX *?2KX

S?vbX kyRe- R98- yR98y9X

Uj8V a�`?�M;B- aX JXc q�bF�bB- JX JXc >�b?2KB�Mx�/2?- aX JXc J�ivmb?Qp- .X 1z2+iBp2

/B2H2+i`B+ +QMbi�Mi Q7 r�i2` �i i?2 BMi2`7�+2 rBi? +?�`;2/ *60 7mHH2`2M2bX CX S?vbX *?2KX

" kyRN- Rkj- jRj8ĜjR9jX

UjeV "�HH2M2;;2`- oXc >�Mb2M- CX@SX .B2H2+i`B+ T2`KBiiBpBiv T`Q}H2b Q7 +QM}M2/ TQH�` HB[mB/bX

CX *?2KX S?vbX kyy8- Rkk- RR9dRRX

UjdV "QMi?mBb- .X CXc :2FH2- aXc L2ix- _X _X .B2H2+i`B+ T`Q}H2 Q7 BMi2`7�+B�H r�i2` �M/ Bib

2z2+i QM /Qm#H2@H�v2` +�T�+Bi�M+2X S?vbX _2pX G2iiX kyRR- Ryd- ReeRykX

Uj3V .BMT�DQQ?- JXc J�ivmb?Qp- .X oX .B2H2+i`B+ +QMbi�Mi �i i?2 bm`7�+2 Q7 � bT?2`B+�H bQHmi2,

1r�H/ bmK +Q``2+iBQMbX CX S?vbX *?2KX " bm#KBii2/X

UjNV .2 Gm+�- aXc E�MM�K- aX EXc hQ//- "X .Xc 6`�b+QHB- 6Xc >�Mb2M- CX aXc .�BpBb- SX CX 1z2+ib

Q7 +QM}M2K2Mi QM i?2 /B2H2+i`B+ `2bTQMb2 Q7 r�i2` 2ti2M/b mT iQ K2bQb+�H2 /BK2MbBQMbX

G�M;KmB` kyRe- jk- 9de8Ĝ9ddjX

U9yV GQ+?2- SXc �v�x- *Xc qQH/2@EB/�M- �Xc a+?H�B+?- �Xc L2ix- _X _X lMBp2`b�H �M/ MQMmMB@

p2`b�H �bT2+ib Q7 2H2+i`Qbi�iB+b BM �[m2Qmb M�MQ+QM}M2K2MiX CX S?vbX *?2KX " kyky-

Rk9- 9je8Ĝ9jdRX

U9RV 6`QHibQp- oX �Xc EH�TT- aX >X GX .B2H2+i`B+ `2bTQMb2 Q7 TQH�` HB[mB/b BM M�``Qr bHBi TQ`2bX

CX *?2KXS?vbX kyyd- Rke- RR9dyjX

U9kV ai2`M- >X �Xc 62HH2`- aX 1X *�H+mH�iBQM Q7 i?2 /B2H2+i`B+ T2`KBiiBpBiv T`Q}H2 7Q` � MQMmMB@

7Q`K bvbi2K, �TTHB+�iBQM iQ � HBTB/ #BH�v2` bBKmH�iBQMX CX *?2KX S?vbX kyyj- RR3-

j9yRĜj9RkX

U9jV S�`2x- aXc SǼ2/Qi�- JXc J�+?2bFv- JX .B2H2+i`B+ T`QT2`iB2b Q7 r�i2` �i `miBH2 �M/

j9

Page 34 of 39

ACS Paragon Plus Environment

The Journal of Physical Chemistry

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



;`�T?Bi2 bm`7�+2b, 1z2+i Q7 KQH2+mH�` bi`m+im`2X CX S?vbX *?2KX * kyR9- RR3- 93R3Ĝ

93j9X

U99V a+?H�B+?- �Xc EM�TT- 1X qXc L2ix- _X _X q�i2` /B2H2+i`B+ 2z2+ib BM TH�M�` +QM}M2K2MiX

S?vbX _2pX G2iiX kyRe- RRd- y93yyRX

U98V C�H�HB- >Xc :?Q`#�M72F`- >Xc >�KB/- AXc L22F@�K�H- JXc _�b?B/B- _Xc S22i2`b- 6X JX

Pmi@Q7@TH�M2 T2`KBiiBpBiv Q7 +QM}M2/ r�i2`X S?vbX _2pX 1 kyky- Ryk- ykk3yjX

U9eV _2MQm- _Xc axvK+xvF- �Xc J�m`BM- :Xc J�H7`2vi- SXc :?Qm}- �X amT2`T2`KBiiBpBiv Q7

M�MQ+QM}M2/ r�i2`X CX *?2KX S?vbX kyR8- R9k- R39dyeX

U9dV JQM/�H- aXc "�;+?B- "X q�i2` BM +�`#QM M�MQim#2b, S`QMQmM+2/ �MBbQi`QTv BM /B2H2+i`B+

/BbT2`bBQM �M/ Bib KB+`Qb+QTB+ Q`B;BMX CX S?vbX *?2KX G2iiX kyRN- Ry- ek3dĜekNkX

U93V GQ+?2- SXc �v�x- *Xc a+?H�B+?- �Xc l2K�ibm- uXc L2ix- _X _X :B�Mi �tB�H /B2H2+i`B+

`2bTQMb2 BM r�i2`@}HH2/ M�MQim#2b �M/ 2z2+iBp2 2H2+i`Qbi�iB+ BQM@BQM BMi2`�+iBQMb 7`QK

� i2MbQ`B�H /B2H2+i`B+ KQ/2HX CX S?vbX *?2KX " kyRN- Rkj- Ry38yĜRy38dX

U9NV JQi2p�b2HB�M- JX >Xc �Hm`m- LX _X *QM}M2K2Mi@BM/m+2/ 2M?�M+2K2Mi Q7 T�`�HH2H /B@

2H2+i`B+ T2`KBiiBpBiv, amT2` T2`KBiiBpBiv mM/2` 2ti`2K2 +QM}M2K2MiX CX S?vbX *?2KX

G2iiX kyky- RR- Ry8jkĜRy8jdX

U8yV ZB- *Xc w?m- wXc q�M;- *Xc w?2M;- uX �MQK�HQmbHv HQr /B2H2+i`B+ +QMbi�Mi Q7 Q`/2`2/

BMi2`7�+B�H r�i2`X CX S?vbX *?2KX G2iiX kykR- Rk- NjRĜNjdX

U8RV 6`B2b2M- �X .Xc J�ivmb?Qp- .X oX GQ+�H TQH�`Biv 2t+2bb �i i?2 BMi2`7�+2 Q7 r�i2` rBi? �

MQMTQH�` bQHmi2X *?2KX S?vbX G2iiX kyRR- 8RR- k8eĜkeRX

U8kV AiQ?- >Xc a�FmK�- >X .B2H2+i`B+ +QMbi�Mi Q7 r�i2` �b � 7mM+iBQM Q7 b2T�`�iBQM BM � bH�#

;2QK2i`v, � KQH2+mH�` /vM�KB+b bim/vX CX *?2KX S?vbX kyR8- R9k- R39dyjĜRRX

j8
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U8jV PHBpB2`B- CX@6Xc >vM2b- CX hXc G��;2- .X *QM}M2/ r�i2`Ƕb /B2H2+i`B+ +QMbi�Mi `2/m+iBQM Bb

/m2 iQ i?2 bm``QmM/BM; HQr /B2H2+i`B+ K2/B� �M/ MQi iQ BMi2`7�+B�H KQH2+mH�` Q`/2`BM;X

CX S?vbX *?2KX G2iiX kykR- Rk- 9jRNĜ9jkeX

U89V J�ivmb?Qp- .X oX AM LQMHBM2�` .B2H2+i`B+ aT2+i`Qb+QTvc _B+?2`i- _X- 1/Xc aT`BM;2`,

*?�K- arBix2`H�M/- kyR3c TT RĜj9X

U88V JQM/�H- aXc "�;+?B- "X q�i2` H�v2` �i ?v/`QT?Q#B+ bm`7�+2, 1H2+i`B+�HHv /2�/ #mi /v@

M�KB+�HHv �HBp2\ L�MQ G2iiX kyky- ky- 3N8NĜ3Ne9X

U8eV 6`B2b- SX >Xc _B+?�`/B- CXc E`B2MF2- >X .B2H2+i`B+ �M/ bi`m+im`�H `2bmHib 7Q` HB[mB/ �+2iQMB@

i`BH2- �+2iQM2 �M/ +?HQ`Q7Q`K 7`QK i?2 ?vT2`M2ii2/ +?�BM KQH2+mH�` BMi2;`�H 2[m�iBQMX

JQHX S?vbX RNNd- Ny- 39RĜ38jX

U8dV >QMB;- "Xc LB+?QHHb- �X *H�bbB+�H 2H2+i`Qbi�iB+b BM #BQHQ;v �M/ +?2KBbi`vX a+B2M+2 RNN8-

ke3- RR99ĜRR9NX

U83V �b?#�m;?- >X aX *QMp2`;2M+2 Q7 KQH2+mH�` �M/ K�+`Qb+QTB+ +QMiBMmmK /2b+`BTiBQMb Q7

BQM ?v/`�iBQMX CX S?vbX *?2KX " kyyy- Ry9- dkj8Ĝdkj3X

U8NV .QvH2- *X *Xc a?B- uXc "2+F- hX GX h?2 BKTQ`i�M+2 Q7 i?2 r�i2` KQH2+mH�` [m�/`mTQH2

7Q` 2biBK�iBM; BMi2`7�+B�H TQi2MiB�H b?B7ib �+iBM; QM BQMb M2�` i?2 HB[mB/Ĝp�TQ` BMi2`7�+2X

CX S?vbX *?2KX " kyRN- Rkj- jj93Ĝjj83X

UeyV 6B;m2B`B/Q- 6Xc .2H "mQMQ- :X aXc G2pv- _X JX PM }MBi2@bBx2 2z2+ib BM +QKTmi2` bBKm@

H�iBQMb mbBM; i?2 1r�H/ TQi2MiB�HX CX *?2KX S?vbX RNN8- Ryj- eRjjĜeR9kX

UeRV >mbiQM- aX 1Xc _QbbFv- SX CX 6`22 2M2`;B2b Q7 �bbQ+B�iBQM 7Q` i?2 bQ/BmK@/BK2i?vH T?Qb@

T?�i2 BQM T�B` BM �[m2Qmb bQHmiBQMX CX S?vbX *?2KX RN3N- Nj- d333Ĝd3N8X

UekV SQHHQ+F- 1X GXc �H/2`- "X CX 6`2[m2M+v@/2T2M/2Mi /B2H2+i`B+ `2bTQMb2 BM TQH�` HB[mB/bX

S?vbX _2pX G2iiX RN3R- 9e- N8yĜN8jX

je
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UejV *?�M/`�- �Xc "�;+?B- "X *QHH2+iBp2 2t+Bi�iBQMb BM � /2Mb2 /BTQH�` HB[mB/, >Qr BKTQ`i�Mi

�`2 /BTQH�`QMb BM i?2 TQH�`Bx�iBQM `2H�t�iBQM Q7 +QKKQM /BTQH�` HB[mB/b\ CX *?2KX S?vbX

RNN3- Nk- e3jjX

Ue9V CBKûM2x@�M;2H2b- 6Xc >�`KQM- EX CXc L;mv2M- hX .Xc 62Mi2`- SXc PHp2`� /2 H� *`mx- JX

LQM`2+BT`Q+�H BMi2`�+iBQMb BM/m+2/ #v r�i2` BM +QM}M2K2MiX S?vbX _2pX _2bX kyky- k-

y9jk99ĜR3X

Ue8V J�ivmb?Qp- .X oX .B2H2+i`B+ `2bTQMb2 Q7 QM2@/BK2MbBQM�H TQH�` +?�BMbX CX *?2KX S?vbX

kyyd- Rkd- y89dykX

UeeV Eƺ}M;2`- CXc >mKK2`- :Xc .2HH�;Q- *X J�+`Qb+QTB+�HHv Q`/2`2/ r�i2` BM M�MQTQ`2bX

S`Q+X L�iHX �+�/X a+BX la� kyy3- Ry8- RjkR3ĜRjkkkX

UedV GQ+?2- SXc qQH/2@EB/�M- �Xc a+?H�B+?- �Xc "QMi?mBb- .X CXc L2ix- _X _X *QKK2Mi QM

ǳ>v/`QT?Q#B+ bm`7�+2 2M?�M+2b 2H2+i`Qbi�iB+ BMi2`�+iBQM BM r�i2`ǴX S?vbX _2pX G2iiX

kyRN- Rkj- y9NeyRX

Ue3V a�iQ- hXc a�b�FB- hXc P?MmFB- CXc lK2x�r�- EXc h�F�MQ- JX >v/`QT?Q#B+ bm`7�+2 2M@

?�M+2b 2H2+i`Qbi�iB+ BMi2`�+iBQM BM r�i2`X S?vbX _2pX G2iiX kyR3- RkR- kyeyykĜ8X

UeNV G2- hX >X >Xc JQ`Bi�- �Xc h�M�F�- hX _27`�+iBp2 BM/2t Q7 M�MQ+QM}M2/ r�i2` `2p2�Hb Bib

�MQK�HQmb T?vbB+�H T`QT2`iB2bX L�MQb+�H2 >Q`BxX kyky- 8- RyReĜRyk9X

UdyV a?2M- uX _X amK 7`2[m2M+v ;2M2`�iBQM 7Q` pB#`�iBQM�H bT2+i`Qb+QTv, �TTHB+�iBQMb iQ

r�i2` BMi2`7�+2b �M/ }HKb Q7 r�i2` �M/ B+2X aQHB/ ai�i2 *QKKX RNN3- Ry3- jNNĜ9yeX

UdRV _B+?KQM/- :X GX JQH2+mH�` #QM/BM; �M/ BMi2`�+iBQMb �i �[m2Qmb bm`7�+2b �b T`Q#2/ #v

pB#`�iBQM�H bmK 7`2[m2M+v bT2+i`Qb+QTvX *?2KX _2pX kyyk- Ryk- keNjĜkdk9X

UdkV a?2M- uX _Xc Pbi`Qp2`F?Qp- oX amK@7`2[m2M+v pB#`�iBQM�H bT2+i`Qb+QTv QM r�i2` BM@

i2`7�+2b, SQH�` Q`B2Mi�iBQM Q7 r�i2` KQH2+mH2b �i BMi2`7�+2bX *?2KX _2pX kyye- Rye-

RR9yĜRR89X

jd
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UdjV o2H�b+Q@o2H2x- CX@CXc qm- *X >Xc S�b+�H- hX �Xc q�M- GX 6Xc :mQ- CXc S`2M/2`;�bi- .Xc

a�HK2`QM- JX AMi2`7�+B�H r�i2`X h?2 bi`m+im`2 Q7 BMi2`7�+B�H r�i2` QM ;QH/ 2H2+i`Q/2b

bim/B2/ #v t@`�v �#bQ`TiBQM bT2+i`Qb+QTvX a+B2M+2 kyR9- j9e- 3jRĜ3j9X

Ud9V *�`T2Mi2`- �X SXc h`�M- 1Xc �HiK�M- _X JXc _B+?KQM/- :X GX 6Q`K�iBQM �M/ bm`7�+2@

bi�#BHBxBM; +QMi`B#miBQMb iQ #�`2 M�MQ2KmHbBQMb +`2�i2/ rBi? M2;HB;B#H2 bm`7�+2 +?�`;2X

S`Q+X L�iHX �+�/X a+BX la� kyRN- RRe- NkR9ĜNkRNX

Ud8V aBM;?- GX SXc Abb2MK�MM- "Xc *�mTBM- 6X S`2bbm`2 /2T2M/2M+2 Q7 pBb+QbBiv BM bmT2`+QQH2/

r�i2` �M/ � mMB}2/ �TT`Q�+? 7Q` i?2`KQ/vM�KB+ �M/ /vM�KB+ �MQK�HB2b Q7 r�i2`X S`Q+X

L�iX �+�/X a+BX la� kyRd- RR9- 9jRkĜ9jRdX

UdeV h2THmF?BM- �X oX h?2`KQ/vM�KB+ �M/ bi`m+im`�H +?�`�+i2`BbiB+b Q7 aS*f1 r�i2` �i kNy

E �M/ mM/2` ?B;? T`2bbm`2X CX ai`m+iX *?2KX kyRN- ey- R8NyĜR8N3X

UddV w?�Q- sXc PM;- aXc q�M;- >Xc 1Bb2Mi?�H- EX "X L2r K2i?Q/ 7Q` /2i2`KBM�iBQM Q7 bm`7�+2

TEa mbBM; b2+QM/ ?�`KQMB+ ;2M2`�iBQMX *?2KX S?vbX G2iiX RNNj- kR9- kyjĜkydX

j3
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hP* :`�T?B+

ϵint ϵw

+ +
U(d)

d

d
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