
CLASSIFICATION OF

ASYMPTOTICALLY CONICAL CALABI-YAU MANIFOLDS

RONAN J. CONLON AND HANS-JOACHIM HEIN

Abstract. A Riemannian cone (C, gC) is by definition a warped prod-
uct C = R+×L with metric gC = dr2⊕r2gL, where (L, gL) is a compact
Riemannian manifold without boundary. We say that C is a Calabi-Yau
cone if gC is a Ricci-flat Kähler metric and if C admits a gC-parallel
holomorphic volume form; this is equivalent to the cross-section (L, gL)
being a Sasaki-Einstein manifold. In this paper, we give a complete
classification of all smooth complete Calabi-Yau manifolds asymptotic
to some given Calabi-Yau cone at a polynomial rate at infinity. As a
special case, this includes a proof of Kronheimer’s classification of ALE
hyper-Kähler 4-manifolds without twistor theory.

1. Introduction

1.1. Motivation and overview. Recall that a complete noncompact d-
dimensional Riemannian manifold (M, g) with one end is called asymptot-
ically locally Euclidean (ALE) of order λ < 0 if there exist a compact set
K ⊂M , a finite subgroup Γ of SO(d) acting freely on the unit sphere Sd−1,
and a diffeomorphism Φ : (Rd \B1(0))/Γ→M \K such that for all j ∈ N0,

(1.1) |∇jg0(Φ∗g − g0)|g0 = O(rλ−j),

where g0 denotes the standard Euclidean metric on Rd or on the flat cone
Rd/Γ.

Kronheimer’s classification of ALE hyper-Kähler 4-manifolds [69, 70] is a
foundational result of 4-dimensional Riemannian geometry. Its significance
can be explained as follows. On one hand, the classification is completely
explicit in terms of the geometry and topology of the so-called Kleinian
surface singularities C2/Γ (here Γ is a finite subgroup of SL(2,C) acting
freely on C2 \ {0}) and of their resolutions and deformations [39, 71]. On
the other hand, a complete Ricci-flat Riemannian 4-manifold of maximal
volume growth is necessarily ALE [11, 20, 22, 98], so if it is Kähler, it has to
be a finite quotient of a hyper-Kähler ALE space [94, 103]. As a consequence,
Kronheimer’s results give us a handle on the possible metric degenerations
of Kähler-Einstein surfaces with fixed volume and bounded diameter. See
the surveys [7, 102] for some of the many developments of this idea.

Our results in this paper may be viewed as a generalization of Kron-
heimer’s work to dimensions d > 4. One main difficulty of any generalization
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of this kind is that the strictly 4-dimensional tools of twistor theory that
Kronheimer used in [69, 70] are no longer available. Let us briefly sketch the
existing higher-dimensional theory to show how our results fit into a general
picture.

Every d-dimensional complete Ricci-flat Riemannian manifold (M, g) of
maximal volume growth has tangent cones at infinity : any sequence ti → 0
has a subsequence tij → 0 such that the sequence (M, t2ijdistg, p) of pointed

Riemannian manifolds (here p ∈ M is an arbitrary basepoint) converges
in the pointed Gromov-Hausdorff sense to the metric cone C = C(L) over
some complete geodesic metric space L of diameter 6 π [19, 21]. The link
L is a smooth Riemannian manifold of dimension d− 1 away from a closed
rectifiable subset of Minkowski dimension 6 d − 5 [22, 61]. The possible
singularities of L are a source of major difficulties if d > 4. There exist
many interesting (mostly very recent) examples where L is indeed singular
[14, 15, 31, 34, 63, 74, 95].

It is widely expected that every sequence ti → 0 and subsequence tij → 0
as above leads to the same tangent cone C = C(L). This is the well-known
open problem of uniqueness of tangent cones. Uniqueness is known if at
least one tangent cone has a smooth link L [23, 27]. In the Kähler case, this
smoothness assumption is unnecessary thanks to the breakthrough work of
Donaldson-Sun [38] if M itself arises as a blow-up limit of a sequence of
compact polarized Kähler-Einstein manifolds. Crucially, in this situation,
[38] establish a close algebraic relationship between M and C. Liu [75] has
removed the assumption of M being a blow-up limit from [38] if at least
one tangent cone of M has a smooth link. The results of [38, 75] on the
algebraic relationship between M and C amount to a more general but less
precise version of some of our results, which we will now describe. 1

Consider a complete Ricci-flat Kähler manifold of maximal volume growth
at least one of whose tangent cones has a smooth link, so that the tangent
cone is unique by [23, 27, 38, 75]. General Riemannian methods yield a
convergence rate of M to C no better than O((log r)λ) for some λ < 0 unless
C satisfies a certain integrability property [23]. While this logarithmic rate
is expected to be optimal in general, all Kähler examples are now known to
converge at a polynomial rate, as in (1.1), thanks to the very recent paper
[93]. In this paper, we completely characterize this case, thus completing our
previous work in [32, 33]. For example, the following uniqueness theorem
will be a typical application of our methods (see Theorem C in Section 1.3):

Let M be a complete Ricci-flat Kähler manifold of real di-
mension d = 2n > 4 whose metric is polynomially asymp-
totic to the unique SO(n+1)-invariant Ricci-flat Kähler cone

1Our methods in this paper are independent of [38, 75]. A previous version of this paper
dealing with the case where L is a regular or quasi-regular Sasaki-Einstein manifold was
posted to the arXiv in 2014. The current version includes the irregular case, relying
crucially on the latest version of Li’s work [72], which is also independent of [38, 75].
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metric on C = {z2
0 + · · · + z2

n = 0} ⊂ Cn+1 up to diffeo-
morphism. Then modulo scaling and diffeomorphism, either
M = T ∗Sn together with Stenzel’s metric [92], or n = 3 and
M = OP1(−1)⊕2 together with Candelas-de la Ossa’s metric
[17].

In addition, we also prove an existence theorem (Theorem A) that exhausts
all possible examples of asymptotically conical Calabi-Yau manifolds, in-
cluding those asymptotic to irregular cones.

1.2. Preliminaries.

1.2.1. Riemannian, Kähler, and Calabi-Yau cones.

Definition 1.1. Let (L, gL) be a compact connected Riemannian manifold.
The Riemannian cone with link L is defined to be the manifold C = R+×L
with metric gC = dr2⊕ r2gL. For simplicity we will usually write g0 instead
of gC if the cone C is given.

We now consider Riemannian cones whose metric is a Kähler metric. The
links of such cones are called Sasaki manifolds. The book [16] is an excellent
general reference for Sasaki geometry.

Definition 1.2. A Kähler cone is a Riemannian cone (C, g0) such that g0 is
Kähler, together with a choice of g0-parallel complex structure J0. This will
in fact often be unique up to sign. We then have a Kähler form ω0(X,Y ) =
g0(J0X,Y ), and ω0 = i

2∂∂r
2 with respect to J0.

The Reeb vector field ξ = J0(r∂r) of a Kähler cone is a holomorphic
Killing field tangent to the link. The closure of the 1-parameter subgroup of
Isom(C, g0) generated by ξ is a compact torus T of holomorphic isometries
called the Reeb torus of the cone. We say that the cone is regular if T = S1

acting freely, quasi-regular if T = S1 not acting freely, and irregular if
dimT > 1.

A transverse automorphism of a Kähler cone is an automorphism of the
complex manifold (C, J0) that preserves the Reeb vector field ξ, or equiv-
alently the scaling vector field r∂r = −J0ξ. We denote the group of all
transverse automorphisms by AutT (C). This contains the scaling action of
R+.

The completion C∪{o} carries a unique structure of a normal affine alge-
braic variety extending the given complex manifold structure on C. More-
over, we can take the action of T to be linear on the ambient affine space
in such a way that all weights of the action of ξ lie in R+. See [101, §3.1]
and [28, §2.1], and see [33, §4.2.3] for an example. The key point is that
every periodic vector field ξ′ ∈ Lie(T) with 〈ξ, ξ′〉 > 0 exhibits C as the total
space of a negative holomorphic C∗-orbibundle over the compact complex
orbifold C/〈etξ′〉. The desired algebraic structure on C ∪{o} is given by the
Remmert reduction [47, p.336, §2.1] (i.e., the contraction of the zero section)
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of the total space of the associated negative holomorphic line orbibundle.
This structure is independent of ξ′.

Definition 1.3. A quadruple (C, g0, J0,Ω0) is a Calabi-Yau cone if (C, g0, J0)
is a Ricci-flat Kähler cone of complex dimension n, the canonical bundle KC

of the complex manifold (C, J0) is trivial, and Ω0 is a g0-parallel holomorphic

section of KC with ωn0 = in
2
Ω0 ∧Ω0. We note here that J0 can be recovered

from Ω0 using the fact that Λ1,0
J0
C = ker[Λ1

CC 3 α 7→ Ω0 ∧ α ∈ Λn+1
C C].

If we fix the complex manifold (C, J0) and the scaling vector field r∂r,
then the Calabi-Yau cone structure (g0,Ω0) is unique up to scaling and up
to the action of AutT0 (C) [78, 79].

The links of Calabi-Yau cones are called Sasaki-Einstein manifolds. See
[16, §11.4] for a nice set of regular, quasi-regular, and irregular examples.
The recent paper [29] characterizes Sasaki-Einstein manifolds completely in
terms of K-stability, providing many new examples.

1.2.2. Asymptotically conical Calabi-Yau manifolds.

Definition 1.4. Let (C, g0, J0,Ω0) be a Calabi-Yau cone as above. Let
(M, g, J,Ω) be a Ricci-flat Kähler manifold with a parallel holomorphic vol-

ume form such that ωn = in
2
Ω ∧ Ω. We call M an asymptotically conical

Calabi-Yau manifold with asymptotic cone C if there exist a compact subset
K ⊂ M and a diffeomorphism Φ : {r > 1} → M \ K such that for some
λ1, λ2 < 0 and all j ∈ N0,

|∇jg0(Φ∗g − g0)|g0 = O(rλ1−j),(1.2)

|∇jg0(Φ∗J − J0)|g0 = O(rλ2−j),(1.3)

|∇jg0(Φ∗Ω− Ω0)|g0 = O(rλ2−j).(1.4)

We abbreviate the words “asymptotically conical” by AC.

Remark 1.5. (1) Φ is not required (and typically cannot be chosen) to be
(J0, J)-holomorphic.

(2) Condition (1.2) already implies that (1.3) and (1.4) hold, with λ2 6
λ1, for some g0-parallel tensors J0,Ω0, simply because J,Ω are g-parallel.
However, it is often possible to take λ2 < λ1.

(3) [32, Lemma 2.14] tells us that the optimal exponents in (1.3) and (1.4)
are a priori equal.

In this paper, we work with AC Calabi-Yau manifolds for simplicity even
though it may be more natural to consider the larger class of all AC Ricci-
flat Kähler manifolds. The following proposition, which was inspired by [94,
§4], clarifies the difference between these two classes.

Proposition 1.6. Let (M, g, J) be a Ricci-flat Kähler manifold asymptotic
to a Ricci-flat Kähler cone (C, g0, J0) in the sense that (1.2) and (1.3) hold.

Then π1(M) is finite and the universal cover (M̃, g̃, J̃) is an AC Calabi-Yau
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manifold. Moreover, (M, g, J) is itself an AC Calabi-Yau manifold if and
only if (C, g0, J0) is a Calabi-Yau cone, i.e., admits a compatible Calabi-Yau
structure Ω0.

Proof. Let L denote the link of C. Fix a compact set K ⊂ M such that
M \K is diffeomorphic to (0,∞)×L. Let p : M̃ →M be the universal cover

of M and consider the preimage K̃ = p−1(K). Since π1(M) is finite [6, 73]

as a result of the Bishop-Gromov volume comparison theorem, K̃ will be
compact and M̃ \ K̃ will consist of finitely many connected components. If

the number of components was two or greater, then M̃ would split off a line
by the Cheeger-Gromoll splitting theorem applied to g̃, contradicting the
maximal volume growth of g̃. So there is only one connected component,
and this then takes the form (0,∞) × L̃ for some connected finite covering

space L̃ → L. This is a normal covering with deck transformation group
π1(M). In particular, M̃ is an AC Ricci-flat Kähler manifold asymptotic to a

Ricci-flat Kähler cone C̃ with link L̃ via a π1(M)-equivariant diffeomorphism

Φ̃. Since π1(M̃) = {0}, we may trivialize KM̃ by a g̃-flat section Ω̃, which

then clearly has a limit Ω̃0 on C̃, proving that M̃ is AC Calabi-Yau.
It remains to prove that if (C, g0, J0) has a compatible Calabi-Yau struc-

ture Ω0, then (M, g, J) has a compatible Calabi-Yau structure Ω asymptotic

to Ω0 via Φ. For this we pass to the universal cover M̃ →M as above, not-
ing that C̃ now comes equipped with a Calabi-Yau structure Ω̃0 which is
π1(M)-invariant. Because KM̃ is flat without holonomy and (crucially) be-

cause M̃ is one-ended, we can easily construct a Calabi-Yau structure Ω̃ on
M̃ asymptotic to Ω̃0 via Φ̃. As Φ̃ is π1(M)-equivariant and Ω̃0 is π1(M)-

invariant, we obtain that γ∗Ω̃ is asymptotic to Ω̃ for all γ ∈ π1(M). But

γ∗Ω̃ = h(γ)Ω̃ for some homomorphism h : π1(M) → U(1), so h is actually
trivial. �

The following uniqueness theorem, which follows from our previous work
[32, Thm 3.1] and which we state here for the reader’s convenience, will play
a crucial role in this paper.

Theorem 1.7. Let (M, gi, J,Ω), i = 1, 2, be two AC Calabi-Yau manifolds
asymptotic to the same Calabi-Yau cone with respect to the same diffeomor-
phism. If g1 and g2 lie in the same Kähler class of (M,J), then g1 = g2.

1.2.3. Deformations of negative ξ-weight. Let C be a Kähler cone. We will
not distinguish between C and the associated normal affine variety C ∪{o}.
Let T be the Reeb torus of C, generated by the flow of the Reeb vector
field ξ = J(r∂r) ∈ Lie(T). Our main results (Theorems A–B in Section 1.3)
characterize AC Calabi-Yau manifolds in terms of deformations of negative
ξ-weight of their cones. Unfortunately our definition of these deformations
is rather technical; however, it turns out to be easy to check in practice. We
suspect that there exists a more natural definition.
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Definition 1.8. An affine variety V is a deformation of negative ξ-weight
of C if and only if there exists a sequence ξi of elements of Lie(T) and a
sequence ci of positive real numbers such that

(1) ξi → ξ as i→∞;
(2) the vector field −J(ciξi) generates an effective algebraic C∗-action on

C;
(3) there exists a C∗-equivariant deformation of V to C, i.e., a triple

(Wi, pi, σi), where

• Wi is an irreducible affine variety,
• pi : Wi → C is a regular function with p−1

i (0) ∼= C and p−1
i (t) ∼= V for

t 6= 0 (hence automatically a flat morphism because Wi is irreducible
[53, p.257, Ch III, Prop 9.7]), and
• σi : C∗ ×Wi → Wi is an effective algebraic C∗-action on Wi such

that
• pi(σi(z, x)) = zµipi(x) for some µi ∈ N and all z ∈ C∗, x ∈ Wi,

and
• σi restricts to the C∗-action on p−1

i (0) ∼= C generated by−J(ciξi);

(4) limz→0 σi(z, x) = o for every x ∈ Wi, where o ∈ C is the apex of the
cone; and

(5) the sequence λi := −(kiµi)/ci is uniformly bounded away from zero,
where ki ∈ N ∪ {∞} is the vanishing order of the deformation (Wi, pi), i.e.,
the supremum of all k ∈ N such that (Wi, pi) becomes isomorphic to the
trivial deformation of C after base change to Spec C[t]/(tk).

If V satisfies this condition, then we define the ξ-weight of V to be the infi-
mum over all possible sequences ξi and (Wi, pi, σi) as above of lim supi→∞ λi.
This is a negative real number λ.

Example 1.9. As an illustration of the above definition, consider the affine
variety

V = {z ∈ C3 : z2
1 + z2

2 + z3
3 = 1}.

We claim that this is a deformation of negative ξ-weight of the cone

C = {z ∈ C3 : z2
1 + z2

2 + z3
3 = 0}.

Note that C is the Kleinian surface singularity of type A2, namely the flat
cone C2/Z3. The Reeb vector field is generated by the restriction of the C∗-
action with weights (3, 3, 2) acting on the ambient C3. This is a quasi-regular
Reeb vector field, so the sequence ξi is constant equal to ξ and ci = c = 1.
The required 1-parameter degeneration is then given by the affine variety

W = {(z, t) ∈ C4 : z2
1 + z2

2 + z3
3 = t}

under the C∗-action with weights (3, 3, 2, 6) on the ambient C4. Thus, in
particular, µi = µ = 6. Also, of course, ki = k > 1, so that λ 6 −6. The
variety V is well-known to admit an ALE Calabi-Yau metric.
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For an irregular example (a 3-fold V degenerating with ξ-weight λ 6 −3 to
a Calabi-Yau cone C, where C is a non-complete intersection of 14 quadrics
in C8 and ξ is an irrational vector in (iR+)8) we refer to Section 4.3.

1.3. Main results.

Theorem A (Existence). Let C be a Calabi-Yau cone with dimC > 2, with
Ricci-flat Kähler form ω0 and Reeb vector field ξ. View C as a normal affine
variety in the only possible way.

(1) Let the affine variety V be a deformation of negative ξ-weight of C.
Then V is Gorenstein with at worst finitely many singularities and with
trivial canonical bundle. Moreover, complements of suitable compact subsets
of C and of V are diffeomorphic to each other.

(2) Let π : M → V be a holomorphic crepant resolution such that the
complex manifold M admits a Kähler form. Then M is a quasi-projective
algebraic manifold.

(3) There exists a diffeomorphism Φ between complements of compact
subsets of C and V such that for any resolution π : M → V as in item
(2), for any class k ∈ H2(M,R) such that 〈kd, Z〉 > 0 for all irreducible
subvarieties Z of Exc(π), d = dimZ > 0, and for every g ∈ AutT (C), there
exists an AC Calabi-Yau metric ωg ∈ k such that Φ∗ωg is asymptotic to
g∗ω0.

The rate λ2 of (1.3), (1.4) may be taken to be λ + ε for any ε > 0,
where λ is the ξ-weight of V . The best possible metric rate λ1 as in (1.2) is
λ1 = max{λ,−2} + ε if k|L 6= 0, where L denotes the link at infinity of V ,
and λ1 = max{λ,−2n}+ ε if k|L = 0, where n = dimC.

Theorem A contains all known Tian-Yau type existence theorems for AC
Calabi-Yau manifolds [12, 32, 33, 46, 62, 99, 100] as a special case but is
strictly more general. In particular, Theorem A is the first result of this
type where C is allowed to be an irregular cone; cf. Section 4.3.

Note that if n > 3, then C may admit deformations that are not of
negative ξ-weight. Also, if V is a deformation of negative ξ-weight of C,
then V may not admit any crepant resolutions at all, or may admit several
distinct crepant resolutions not all of which are Kähler.

Theorem B (Classification). Every AC Calabi-Yau manifold (M, g, J,Ω) is
equivalent to one of the examples produced by the proof of Theorem A up to
diffeomorphism.

As a consequence of Theorem B, every AC Calabi-Yau manifold with a
quasi-regular asymptotic cone arises from the refinement of the Tian-Yau
construction [99] given in [33]. The basic idea of the proof of Theorem B
in this case is to compactify M complex-analytically using the given cone
model by adding the quotient of the cone by C∗ as a divisor at infinity. After
blowing down any compact analytic cycles in M , we obtain a projective
variety whose deformation to the normal cone of the compactifying divisor
provides the 1-parameter degeneration described in Theorem A.
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Any complex affine variety with finite singular set admits a versal family
of deformations, which is an affine family over an affine base [9, 40]. Any
small deformation of the given variety is locally isomorphic to a fiber of this
family. In the presence of a C∗-action, it is often possible to globalize this
isomorphism. This idea is one of the keys to Kronheimer’s classification of
ALE hyper-Kähler 4-manifolds [70, (2.5)], so we recover this classification
here as a consequence of Theorem B.

The same idea applies more generally. For example, it allows us to prove
the following.

Theorem C (Uniqueness). Let (M, g, J,Ω) be an AC Calabi-Yau manifold
with asymptotic cone C. Then the following uniqueness statements hold for
(M, g, J,Ω) up to scaling and diffeomorphism.

(1) If C = {z2
0 + · · · + z2

n = 0} ⊂ Cn+1 with its canonical SO(n + 1)-
invariant Calabi-Yau cone structure, then either M = T ∗Sn with the Calabi-
Yau structure of [92] (if n = 2, this is true only up to hyper-Kähler rotation),
or n = 3 and M = OP1(−1)⊕2 with the Calabi-Yau structure of [17].

(2) If D = BlpP2 and C is the blow-down of the zero section of KD with
the irregular Calabi-Yau cone structure of [45], then M is either KD or its
flop with one of the Calabi-Yau structures of [46].

(3) If C = C4/{±Id}, then M does not exist.

See Section 4.2 for additional examples as well as alternative proofs of
some of these uniqueness results using the classification theory of del Pezzo
varieties rather than deformation theory.

In [64] a G2 analog of Theorem C(1) concerning the Bryant-Salamon
manifolds was proved using a very interesting method of extending Killing
fields from the asymptotic cone.

Our proofs of Theorems B–C crucially rely on the fact that KM is trivial,
but for ALE spaces as in Theorem C(3) it turns out that no conditions on
KM are required at all [56].

1.4. Open questions. (1) We still know only one concrete example of an
AC Calabi-Yau manifold that is a smoothing of an irregular Calabi-Yau cone.
This is the example of our previous paper [33], which was constructed using
complicated ad hoc computations and some lucky numerology. Thanks to
Theorem A, it is now very easy to reproduce this example via toric geometry
and to find its true decay rate, which was not known (see Theorem 4.3). Can
one find new examples in this way?

(2) Can one define a deformation of negative ξ-weight without approx-
imating the action of ξ by C∗-actions? The necessary deformation theory
results seem to be unknown except for toric cones. Do the infinite sequences
of compactifications of a fixed manifold that arise in the current version of
our construction have a deeper geometric meaning?

(3) It should be possible to describe the ξ-weight λ of V as an eigenvalue
of the linear operator induced by ξ on the infinitesimal deformation space of
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C. What can be said about this eigenvalue? For regular Calabi-Yau cones,
λ < −1, and for 3-dimensional toric Calabi-Yau cones, λ = −3.

(4) Is the parameter g of Theorem A always caused by diffeomorphism
and scaling? This is easy to see in special cases but seems far from clear in
general.

(5) Even in view of recent progress [14, 24, 25, 31, 34, 38, 74, 95, 96]
it seems difficult to generalize our work to the setting of asymptotic cones
with singular links, one problem being that algebraic cones with non-isolated
singularities have an infinite-dimensional deformation theory.

1.5. Organization of the paper. In Section 2 we will prove Theorem A.
This proof requires a large number of auxiliary results for which we were
unable to find a reference in the literature, and which may be of some in-
dependent interest. We collect these together in four appendices: a suitable
concept of deforming an orbifold to the normal cone of a suborbifold (Ap-
pendix I), a discussion of Type I deformations of Sasaki structures with
estimates (Appendix II), a new Gysin type theorem for orbifold S1-bundles
(Appendix III), and a review and extension to the quasi-regular case of Li’s
main results in [72] (Appendix IV). Theorem B will be proved in Section
3. This proof is relatively easy compared to the proof of Theorem A be-
cause we have tried to make Theorem A as strong as possible. In Section
4, we first review some background from deformation theory (Section 4.1)
and then apply this to prove Theorem C (Section 4.2) and to state a clean
existence theorem in the case of toric cones (Section 4.3). In Section 4.1, we
will also explain why the same arguments allow us to recover Kronheimer’s
classification of 4-dimensional hyper-Kähler ALE spaces [69, 70].

1.6. Acknowledgments. We thank V. Apostolov, T. Collins, A. Corti,
S. Donaldson, M. Faulk, M. Haskins, C. LeBrun, C.-C. M. Liu, I. Morrison,
R. Rasdeaconu, F. Rochon, S. Sun, I. Şuvaina, G. Székelyhidi, R. Thomas,
F. Tong, V. Tosatti, M. Verbitsky and J. Viaclovsky for useful discussions
over many years. Special thanks go to C. Li for writing [72] and for showing
us Example I.3, which revealed a mistake in an earlier version of this paper.
RC is partially supported by NSF grant DMS-1906466. HH is partially sup-
ported by NSF grant DMS-1745517 and by the DFG under Germany’s Ex-
cellence Strategy EXC 2044-390685587 “Mathematics Münster: Dynamics-
Geometry-Structure,” as well as by the CRC 1442 “Geometry: Deformations
and Rigidity” of the DFG.

2. Theorem A

Let C be an n-dimensional Calabi-Yau cone (n > 2) with Reeb vector field
ξ and Reeb torus T. Let the affine variety V be a deformation of negative
ξ-weight of the cone C, viewed as a normal affine variety as usual. Thus, we
have sequences ξi ∈ Lie(T) and ci ∈ R+ such that

(1) ξi → ξ as i→∞,
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(2) the vector field −J(ciξi) generates an effective C∗-action on C,
(3) there exists a 1-parameter degeneration pi : Wi → C of V to C,

equivariant with respect to some C∗-action σi : C∗ ×Wi → Wi that
restricts to the action of (2) on the central fiber C and with respect
to the standard C∗-action of weight µi ∈ N on the base,

(4) limz→0 σi(z, x) = o, the apex of C, for all x ∈Wi,
(5) and the sequence λi := −(kiµi)/ci is uniformly bounded away from

zero, where ki ∈ N ∪ {∞} is the supremum of all k ∈ N such that
the base change of the family pi from Spec C[t] to Spec C[t]/(tk) is
isomorphic to a trivial product family.

Given this set-up, Theorem A will be proved as follows.

Step 1. Let Di be the orbifold quotient of C by the effective C∗-action of item
(2). Generalizing an idea of Pinkham [81], we construct a C∗-equivariant
affine embedding φi : Wi → C × CNi such that pi = prC ◦ φi and such that
the corresponding weighted projective closure V i of V ∼= φi(p

−1
i (1)) is an

orbifold near infinity with compactifying divisor V i \ V = Di. Moreover,
after removing Di, the deformation of V i to the normal cone of Di in V i (see
Appendix I) is C∗-equivariantly isomorphic to the base change of pi from
Spec C[t] to Spec C[s] under the map t = sµi .

Step 2. The existence of the projective compactifications V i allows us to
prove Theorem A(1). The triviality of KV requires many ingredients, in-
cluding the theory of Type I deformations of Sasaki structures (see Appendix
II) and a new Gysin type theorem for orbifolds (see Appendix III).

Step 3. A minor generalization of one of the key results of [72] (see Appendix
IV) immediately tells us that the embedding of Di into V i is (kiµi − 1)-
comfortable. Using a method of [33, 55, 72], this allows us to construct a
diffeomorphism Φi between neighborhoods of infinity in C and in V such
that |Φ∗i (J)− J0|g0,i = Oi(r

λi
i ) as ri →∞, where J is the complex structure

on V , g0,i is a certain Kähler cone metric on C with Reeb vector field ξi (see
Appendix II), and ri is the radius function of g0,i. By construction, r1−εi 6
ri 6 r1+εi on {r > 1}, where εi → 0. Thus, J is asymptotic to J0 with
respect to g0 at rate λ + ε for all ε > 0. Note that λ := lim supi→∞ λi < 0
by assumption.

Step 4. For a Kähler crepant resolution π : M → V and a class k ∈ H2(M,R)
that pairs positively with all subvarieties of Exc(π), we will prove that k
contains the restriction of a Kähler form ωi on M ∪ Di. As an aside, we
will also prove in this step that M is quasi-projective, i.e., Theorem A(2).
Any such form ωi automatically satisfies |Φ∗i (ωi)|g0,i = Oi(r

−2
i ) as ri → ∞.

Thus, in analogy with Step 3, for all ε > 0 there exist Kähler forms on M
of decay rate −2 + ε with respect to g0.
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Step 5. We are now able to construct AC Ricci-flat Kähler metrics on M in
the class k by solving a complex Monge-Ampère equation as in [32]. This
proves Theorem A(3).

2.1. Step 1. This step follows from Theorem 2.2 below, which generalizes
the idea of [81, Thm 4.2] by using weighted rather than unweighted (cf. the
set-up in [81, §3.1]) projective completions.

The following definition is a minor extension of a definition of Tian-Yau
[99, Defn 1.1(iii)].

Definition 2.1. Let Y be a reduced, irreducible, compact complex space.
A reduced and irreducible hypersurface D of Y is an admissible divisor if
there is an open neighborhood U of D such that U is a complex orbifold
without codimension-1 singularities and D is a complex suborbifold of U
with U sing ⊂ D. We then have an associated Q-Cartier divisor or a Q-line
bundle [D] on Y .

Note that, unlike in [99], Y is allowed to have singularities in the com-
plement of the open set U , and these singularities are not required to be of
orbifold type. We will always work in the orbifold category on U . Thus, for
instance, a section of [D] is a section in the usual sense on Y \ D, and is
given by invariant sections on the local uniformizing charts of the orbifold
structure on U .

If [D] is ample on Y , then Y admits a deformation to the “normal cone”
of D; see Appendix I.

Theorem 2.2. Let C be an irreducible affine variety with a unique singular
point o ∈ C. Let W be an irreducible affine variety and let p : W → C be a
regular function such that p−1(0) ∼= C. Let σ : C∗ ×W →W be an effective
algebraic C∗-action such that

• p(σ(z, x)) = zµp(x) for some µ ∈ N and all z ∈ C∗, x ∈W , and
• limz→0 σ(z, x) = o for all x ∈W .

Then the following hold.
(1) There exist µ1, . . . , µN ∈ N coprime and an embedding φ : W →

Ct × CNz1,...,zN such that

• p = t ◦ φ, and
• φ(σ(z, x)) = diag(zµ, zµ1 , . . . , zµN ) · φ(x) for all z ∈ C∗, x ∈W .

(2) Denote the affine variety p−1(1) by V . Let V be the closure of φ(V )
in the weighted projective space P(µ, µ1, . . . , µN , 1) ⊃ Ct × CNz1,...,zN and let

D = V \φ(V ) be the compactifying divisor. Then D is admissible in V with
respect to the orbifold structure inherited from P(µ, µ1, . . . , µN , 1).

(3) The base change of p from Ct to Cs under the map t = sµ is C∗-
equivariantly isomorphic to the deformation of V to the normal cone of D
with its compactifying divisor removed.

Proof. (1) Decompose the coordinate ring of W as the algebraic direct
sum of the eigenlines of the C∗-action induced by σ. Note that p is a
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µ-eigenfunction. If f is any nonconstant λ-eigenfunction, then λ > 0 by
letting z → 0 in the identity f(σ(z, x)) = zλf(x), where f(x) 6= f(o). Given
an affine embedding of W , we can decompose each coordinate function into
eigenfunctions of the C∗-action. The set of all eigenfunctions obtained in
this way defines a new affine embedding of W because the new functions
still separate points and Zariski tangent directions. The new embedding is
obviously equivariant, with coprime eigenvalues because σ is effective. We
may add p as a coordinate.

To prove (2) and (3), we begin by observing that the ideal of φ(W ) is
generated by a finite set of polynomials that are homogeneous with respect
to the C∗-action with weights µ, µ1, . . . , µN . Clearly these polynomials can
be written in the form fi(z1, . . . , zN )+ tgi(t, z1, . . . , zN ) (i = 1, . . . , I), where
fi, gi are homogeneous polynomials as well. Let [τ, ζ1, . . . , ζN , w] denote the
natural homogeneous coordinates on P(µ, µ1, . . . , µN , 1), so that the inclu-
sion of C× CN as an affine chart is given by

(2.1) τ = twµ, ζn = znw
µn (n = 1, . . . , N)

and the closure of φ(W ) is cut out by the equations

fi(ζ1, . . . , ζN ) + τgi(τ, ζ1, . . . , ζN ) = 0 (i = 1, . . . , I).(2.2)

For t ∈ C, let Vt = p−1(t), let V t denote the closure of φ(Vt), and let
Dt = V t \ φ(Vt) denote the compactifying divisor. A priori V t may be
arbitrarily singular at or near the hyperplane w = 0, and if V t does not
intersect this hyperplane transversely then Dt may carry multiplicities. The
content of item (2) is precisely to rule out these possibilities for t = 1 by
using the fact that the picture for t = 0 is completely understood and that
we have a family of varieties connecting V to V 0.

By construction, V 0 intersects the hyperplane w = 0 transversely in a
reduced and irreducible subvariety D0, which is a connected suborbifold
of P(µ1, . . . , µN ) isomorphic to (C \ {o})/C∗ as an orbifold. In particular,
because φ(V0) is smooth in a neighborhood of infinity, D0 is admissible in
V 0. Moreover, D0 is cut out by the equations fi(ζ1, . . . , ζN ) = 0. For t 6= 0,
it directly follows from (2.1) and (2.2) that Dt is a subscheme of D0, but
in general this inclusion could be strict. However, since W is irreducible,
all fibers of p are purely of dimension (dimW ) − 1. Thus, Dt is a full-
dimensional projective subscheme of the irreducible projective variety D0,
and hence Dt = D0. In particular, Dt is reduced, so V t intersects the
hyperplane w = 0 transversely. We abbreviate Dt = D0 = D.

We now prove item (2) by studying the family V t locally near an arbitrary
point x of its common compactifying divisor D. Pick any n ∈ {1, . . . , N}
such that ζn(x) 6= 0. As usual, the locus ζn 6= 0 in P(µ, µ1, . . . , µN , 1) can
be identified with CN+1/Zµn , where a µn-th root of unity ξ ∈ Zµn acts by
the diagonal matrix diag(ξµ, ξµ1 , . . . , ξµn̂ , . . . , ξµN , ξ). Let x̃ be a preimage
of x in CN+1 and let Γ be the stabilizer of x̃ in Zµn . Then we may write

a small open neighborhood of x as Ũ/Γ, where Ũ is a ball centered at x̃ in
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CN+1. Let Ṽt, D̃ denote the corresponding local lifts of V t, D. Thus, D̃ is a
smooth submanifold of Ũ containing x̃, and Ṽt is a pure-dimensional analytic
subvariety of Ũ containing D̃ as a divisor. In particular, dim Ṽt = (dim D̃)+1

for all t ∈ C. We already know that Ṽ0 is smooth in Ũ , and to prove (2) we

need to show that Ṽ1 is smooth at x̃.
Let (τ̃ , ζ̃1, . . . , ζ̃n̂, . . . , ζ̃N , w̃) denote the natural affine coordinates on CN+1

provided by the above construction. Then an element z ∈ C∗ acts via σ by
fixing the first N coordinates and multiplying w̃ by z−1. Thus, by con-
struction, if t is a small positive real number, then the action of t−1/µ via σ
identifies Ṽt with a (smaller and smaller as t → 0+) tubular neighborhood

of D̃ in Ṽ1. We therefore reduce to proving that Ṽt is smooth at x̃ for all
sufficiently small values of t 6= 0.

To prove this, recall that the union of the varieties Ṽt in Ũ is cut out by
the equations

fi(ζ̃1, . . . , 1, . . . , ζ̃N ) + τ̃ gi(τ̃ , ζ̃1, . . . , 1, . . . ζ̃N ) = 0,

and that, for any fixed t ∈ C, the variety Ṽt is cut out by the additional
equation

τ̃ = tw̃µ.

Since Ṽt is purely ((dim D̃) + 1)-dimensional, the proof of [50, p.100, Prop

1.104] now tells us that there exists an explicit set of polynomials in τ̃ , ζ̃1, . . . ,

ζ̃n̂, . . . , ζ̃N , w̃ and t that cut out the singular locus of Ṽt for all t ∈ C. Since
Ṽ0 is smooth, it follows that Ṽt is smooth at x̃ for t 6= 0 small.

(3) We may view the weighted homogeneous coordinate function w on
P(µ, µ1, . . . , µN , 1) ⊃ V as a global section of the line orbibundle O(1). The
zero locus of this section on V is the admissible divisor D with multiplicity
1. It follows that the Q-line bundle induced by D on V is L = O(1)|V .
This is a line bundle away from D and a line orbibundle in a small tubular
neighborhood of D, and is ample as a Q-line bundle. Let π : L→ V denote
the bundle projection. Let σ denote the section of L that cuts out D, which
is given by the restriction to V of the section w. Then away from its central
fiber, the deformation of V to the normal cone of D can be written as

{(q, s) ∈ L× C∗ : s · q = σ(π(q))},(2.3)

where s is the family parameter. We now pass to the dual line bundle and
contract its zero section to a point. By definition, (L∗)× is the weighted
affine cone C(V ) over V in CN+2. Write a general point of CN+2 as p =
(τ, ζ1, . . . , ζN , w). In this picture, (2.3) turns into

(2.4) {(p, s) ∈ C(V )× C∗ : w = s}

because away from the divisor D, the section of L∗ = O(−1)|V dual to σ

picks out the unique point with w = 1 in each C∗-orbit in C(V ), so the
equation dual to s · q = σ(π(q)) is exactly w = s. This equation is still
correct at s = 0 because the central fiber of the deformation to the normal
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cone is the hyperplane section w = 0 of (L∗)× = C(V ). Now recall that
C(V ) is cut out by

fi(ζ1, . . . , ζN ) + τgi(τ, ζ1, . . . , ζN ) = 0, τ = wµ.

Then it is clear that the family (2.4), extended to s = 0, is the base change
of the original family W or φ(W ) ⊂ Ct ×CNz1,...,zN under the map t = sµ, as
required. �

Remark 2.3. As in [81, Thm 4.2], the singularity o ∈ C is not required to be
normal, even though in our applications it always will be. If this singularity
is not normal, then Proposition 2.2 yields an example of a “deformation to
the normal cone” whose central fiber is not actually isomorphic to the normal
cone of the compactifying divisor (but is still normalized by it); cf. Example
I.4.

2.2. Step 2. We now establish Step 2 of the outline at the beginning of this
section. Step 1 yields a sequence of projective compactifications V i of our
negative weight deformation V of the Calabi- Yau cone C. For i � 0 each
of these can be used to prove Theorem A(1). This is the content of our next
theorem. The proof actually yields a more technical but stronger statement
(see Remark 2.5), which will be needed later on to complete Step 4 of the
outline.

Theorem 2.4. The affine variety V is Gorenstein with at worst finite sin-
gular set and KV is trivial. Complements of suitable compact subsets of C
and of V are diffeomorphic to each other.

Proof. We treat the surface case separately, using an argument due to Kron-
heimer [70, (2.5)] that will also give us Kronheimer’s classification of hyper-
Kähler ALE 4-manifolds once Theorem B has been proved. As the details
of this argument will be explained in a broader context in Section 4.1, we
will be brief here. If dimC = 2, then C = C2/Γ for some finite group
Γ ⊂ SU(2) acting freely on S3. In particular, C is quasi-regular, i.e., the
Reeb torus of C is a circle, so the above sequence Wi collapses to a single
element W (cf. Example 1.9). It is a classical result going back to Klein
that C can be embedded into C3 as a quasi-homogeneous surface. Thanks
to Slodowy’s construction [91] of a C∗-equivariant semi-universal deforma-
tion of any quasi-homogeneous complete intersection, we can now conclude
that V itself embeds into C3 as a perturbation of C by polynomials of lower
weighted degree. Here we crucially rely on the presence of a C∗-action in
order to globalize the classifying map from W to the semi-universal family
of C. This classification makes the claimed properties of V checkable.

We now give a more abstract argument that covers all cases where dimC >
3.

Proposition 2.2(2) tells us that V i is an orbifold in a neighborhood of
the compactifying divisor Di such that all of the singularities of V i in this
neighborhood are contained in Di. In particular, this neighborhood is orb-
ifold diffeomorphic (fixing the zero section) to a neighborhood of the zero



Classification of asymptotically conical Calabi-Yau manifolds 15

section in the orbifold normal bundle to Di in V i, i.e., in the compactified
cone C ∪ Di. Also, the singular set of the affine variety V is then clearly
compact and hence finite. The fact that the singular points are Gorenstein
follows from [60, Thm 9.1.6], using the given deformation of V to C.

Since V is Gorenstein, the canonical divisor class of V defines a line bundle
KV . Similarly, since V i = V ∪Di is an orbifold in a tubular neighborhood of
Di, the canonical bundle KV i

makes sense as a line orbibundle near Di and
as a Q-line bundle globally. We will prove that for all i� 0 there exists an
integer αi (in fact αi > 1) such that KV i

+ αi[Di] is an honest line bundle

on V i, and is actually trivial as a line bundle. This clearly suffices to prove
the theorem.

We first note that Di must be a Fano orbifold for all i� 0. This is because
the theory of Type I deformations of Sasaki structures (see Theorem II.4)
provides us with a sequence of cone metrics g0,i on C that are Kähler with
respect to the given complex structure, with Reeb vector field ξi, such that
g0,i converges to the Ricci-flat Kähler cone metric g0 locally smoothly as
i → ∞. It follows that the link of g0,i has strictly positive Ricci curvature
for i� 0, and hence that Di is Fano.

Fix any large enough index i such that Di is Fano, and suppress the
subscript i.

Our next step is to prove that the desired result is true to leading order
around D, i.e., that an analogous statement holds on the normal cone to D
in V . More precisely, let p : N → D denote the total space of the normal line
orbibundle to D in V . We wish to prove that there exists an integer α > 1
such that KN + α[D] is an honest line bundle on N , and is actually trivial
as a line bundle. To this end, we first observe that KN is trivial away from
the zero section of N because the affine cone (N−1)× is exactly the given
Calabi-Yau cone C. On the other hand, one easily shows by using transition
functions that KN = p∗(KD − N), where p∗ is understood in the sense of
[42, Rmk 4.30]. Thus, applying Theorem III.1 and switching to additive
notation, we see that there exists an α ∈ Z such that KD − N = −αN
as C∞ line orbibundles on D. Notice that α > 1 because D is Fano and
N is positive. Again because D is Fano, the orbifold Picard group of D is
discrete, so it follows that KD−N = −αN as holomorphic line orbibundles.
Since p∗N = [D], we learn that the holomorphic line orbibundle KN +α[D]
is trivial, hence in particular that it is an honest line bundle.

We now consider the Q-line bundle Q = KV +α[D] on V . By construction,
this is an honest line bundle away from D and a line orbibundle in a tubular
neighborhood of D. By the previous step, Q|D is trivial. In particular,
Q|D is an honest line bundle on D. Moreover, since Q and KN + α[D]
are isomorphic as C∞ line orbibundles in a tubular neighborhood of D, it
follows that Q is a true line bundle in this neighborhood, hence globally
on V . Pick a trivializing section s ∈ H0(D,Q|D). We will now prove the
following sequence of statements, where (3) completes the proof.
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(1) The section s extends to every infinitesimal neighborhood mD (m ∈ N,
m > 2) of D in V .

Proof. Taking cohomology in the sequence

0→ OD(Q)⊗ JmD |D → OmD(Q)→ O(m−1)D(Q)→ 0,

whose exactness can be checked on stalks by averaging over the uniformizing
groups, we get

H0(OmD(Q))→ H0(O(m−1)D(Q))→ H1(OD(Q)⊗ JmD |D).

A section of Q|(m−1)D therefore lifts to a section of Q|mD if H1(OD(Q) ⊗
JmD |D) = 0. Since Q|D is trivial, this is equivalent to H1(JmD |D) = 0. As
in the manifold case, the sheaf JmD |D is naturally isomorphic to the sheaf
of sections of the line orbibundle −mN . The desired vanishing of H1 then
follows from the Kodaira vanishing theorem for orbibundles because N is
positive and dimD > 2. By induction, s ∈ H0(D,Q|D) lifts to a section of
Q|mD for all m > 2.

(2) The section s extends to a small pseudoconcave tubular neighborhood
U of D in V .

Proof. For this we take cohomology in the exact sequence

0→ OU (Q)⊗ JmD → OU (Q)→ OmD(Q)→ 0,

which results in the exact sequence

H0(OU (Q))→ H0(OmD(Q))→ H1(OU (Q)⊗ JmD ).

If D is a smooth divisor with dimD > 2 and with positive normal bundle,
then the H1 term vanishes for m� 1 by [51, p.379, Thm III]. This is proved
using the identification of JmD with the sheaf of sections of −m[D], the

theory of ∂-harmonic forms on manifolds with boundary, and the Bochner
technique. All of these go through for admissible orbifold divisors. Together
with the fact proved in item (1) above that s extends to mD for all m > 2,
this then tells us that s extends to U .

(3) The line bundle Q is globally trivial on V .
Proof. Thanks to item (2), Q is trivial in some tubular neighborhood

U of D in V , after shrinking U to ensure that s does not vanish on U .
Choose k ∈ N sufficiently large and divisible such that k[D] is a very ample
Cartier (rather than Q-Cartier) divisor on V . We may then perturb the
supporting Weil divisor kD in its linear system, replacing it with a generic
smooth hyperplane section H ⊂ U . Then Q|H will be trivial because Q|U
is. Because dimH > 2, the Grothendieck-Lefschetz theorem for normal
projective varieties [82, Thm 1] now tells us that Q is globally trivial. �

Remark 2.5. We note for later reference that the above proof shows that
V is Gorenstein, V i is Q-Gorenstein for all i, Di is Fano for all i� 0, and if
Di is Fano then there exists an integer αi > 1 such that the Q-line bundle
KV i

+ αi[Di] is an honest line bundle on V i, and is actually trivial.
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2.3. Step 3. By Theorem IV.4, the orbidivisor Di is (kiµi−1)-comfortably
embedded in V i. (This result is valid only for n > 3, but for n = 2 there
is no need to work with approximating sequences, so Theorem IV.4 is not
needed either.) Thus, by [72, §3.1] (see also [33, App B.1] and [55, Prop
4.5]), there exists a diffeomorphism Φi of neighborhoods of infinity in C
and V such that Φ∗i J converges to J0 at rate −kiµi with respect to any J0-
Kähler cone metric on C whose scaling vector field generates the effective
C∗-action by which we have quotiented C to obtain Di. We would now like
to rewrite this information in terms of ξi. Recall that ci was defined as the
unique positive real number such that −J(ciξi) generates the C∗-action we
just mentioned, and −kiµi/ci = λi also holds by definition. Now, the metric
growth rate of a section of T ∗C ⊗ TC with respect to any cone metric is
equal to the section’s homogeneity with respect to the scaling vector field
of the cone metric. Thus, if g0,i is a J0-Kähler cone metric on C with Reeb
vector field ξi, and if ri denotes the radius function of this cone metric,
then |∇kg0,i(Φ

∗
i J − J0)|g0,i = Ok,i(r

λi−k
i ) as ri → ∞ for all k ∈ N0. Such

metrics g0,i exist by Theorem II.4. In addition, by (II.7), we can assume
that for all K ∈ N and ε > 0, g0,i converges to g0 in the weighted CKε
norm associated with g0 as i → ∞. Thus, for all i > i(K, ε), we have that
|∇kg0(Φ∗i J − J0)|g0 = OK,ε,i(r

λ+ε−k) as r → ∞ for all k ∈ {0, . . . ,K}. This
will be good enough for us even though Φi and the constants in the OK,ε,i
notation may (at least in theory) diverge as i→∞.

2.4. Step 4. Given a Kähler crepant resolution π : M → V , our goal in
this step is to find Kähler forms with good asymptotics in as many classes
k ∈ H2(M,R) as possible. We will explain how to do this after proving the
following technical theorem.

Theorem 2.6. Let V be an affine variety with at worst isolated singularities.
Let V be a projective compactification of V such that D = V \V is an ample
admissible divisor in V . Let M be a complex manifold together with a proper
surjective holomorphic map π : M → V which is a biholomorphism away
from compact sets. Construct a compact complex orbifold X = M ∪ D by
using π to identify neighborhoods of infinity in V and in M . Then the
following hold.

(1) The orbifold de Rham cohomology of X satisfies Hodge decomposition
and Hodge symmetry.

(2) If V is Gorenstein and if π is crepant, then the singularities of V are
canonical.

(3) If in addition there exists an α ∈ N such that the Q-line bundle KV +

α[D] is an honest line bundle on V , and is actually trivial as a line bundle,
then h0,i(X) = 0 for all i > 0.

(4) If in addition α > 1, then every smooth closed real 2-form on M
is de Rham cohomologous to the restriction to M of a smooth closed real
(1, 1)-form on X.
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(5) Assume in addition that M admits a smooth closed real (1, 1)-form β
whose restriction to some open neighborhood U of Exc(π) is i∂∂-cohomologous
to a Kähler form on U . Then X is projective, and any such β is i∂∂-
cohomologous to the restriction to M of a smooth Kähler form on X.

Proof. (1) Abuse notation by denoting the obvious extension of π from M
to X by π as well.

We first show that the blow-up σ : X̂ → X of X along a suitable ideal
sheaf supported in X\D produces a projective orbifold X̂. This follows from
[58, p.321, Thm 1]. More precisely, by applying the proof of this theorem
to a small neighborhood of every singularity of V , we obtain a coherent
analytic ideal sheaf J on V with support on V sing such that the blow-up
f : X̂ → V of V along J , which is projective by GAGA, factors as f = π◦σ,
where σ : X̂ → X is then the desired map.

If X is smooth, the modification σ : X̂ → X can be used to prove that
the de Rham cohomology of X satisfies Hodge decomposition and Hodge
symmetry [76, Thm 2.2.18]. The same proof goes through in the general
orbifold case if one uses orbifold differential forms, thanks to the fact that
σ is an orbifold diffeomorphism near the orbifold singularities of X̂ and X.
Moreover, this proof also shows that the pullback map σ∗ in orbifold de
Rham or Dolbeault cohomology is injective.

(2) By assumption, π is a crepant resolution of the singularities of V . If
π is algebraic, it follows by definition that V has canonical singularities. In
general, we just need to consider the algebraic map f = π ◦ σ instead of π,
whose discrepancies over V sing are nonnegative because M is smooth.

(3) Thanks to the injectivity of σ∗, it suffices to prove that H i(X̂,OX̂) = 0
for i > 0. Note that the direct image functor Rqf∗ on coherent sheaves can be
computed locally in the analytic topology. This implies that Rqf∗OX̂ = 0 for

q > 0 because V has canonical singularities away from D by item (2) above,
which are rational by [68, Thm 5.22], and because f is a biholomorphism

onto its image in a neighborhood of D. Thus, H i(X̂,OX̂) = H i(V ,OV ) by

the Leray spectral sequence. To prove that H i(V ,OV ) = 0 for i > 0, we
begin with the following claim; cf. [33, p.526].

Claim 1. If a holomorphic line orbibundle Q on X̂ admits a Hermitian
metric whose curvature form is nonnegative on X̂, and is strictly positive
somewhere, then H i(X̂,KX̂ +Q) = 0 for all i > 0.

Proof of Claim 1. Since X̂ is projective, hence Kähler, this follows from
the usual Bochner formula proof of the Kodaira vanishing theorem together
with the real-analyticity of harmonic forms. This argument is due to [83,
Thm 6] in the smooth case and it clearly works for orbifolds as well. �

To proceed, write D̂ for the preimage of D in X̂. Note that KX̂ +α[D̂] is

an f -exceptional divisor on X̂ because KV + α[D] = 0 on V . This implies
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that f∗(KX̂ + α[D̂]) = 0 and hence

H i(V ,OV ) = H i(V , f∗(KX̂ + α[D̂])).

We can further rewrite this as a cohomology group on X̂ by using the Leray
spectral sequence one more time. To this end, we require the following claim.

Claim 2. We have that Rqf∗(KX̂ + α[D̂]) = 0 for all q > 0.

Proof of Claim 2. By [68, Prop 2.69], it suffices to prove that Hq(X̂,KX̂ +

α[D̂] + f∗H) = 0 for all q > 0 and all sufficiently ample line bundles H on
V . This vanishing follows from Claim 1. Indeed, D is an ample Q-Cartier
divisor on V . Thus, for m ∈ N sufficiently large and divisible, the map

X̂
f−→ V

|mD|−→ PN

is everywhere defined, and is an isomorphism onto its image on X̂ \Exc(f).
Then the pullback of the Fubini-Study Hermitian metric on OPN (1) under

this map is a metric of nonnegative curvature on m[D̂] with strictly positive

curvature on X̂ \ Exc(f). Taking the m-th root, we obtain a metric with

the same properties on [D̂], and this metric can be used in Claim 1. �

Thanks to Claim 2, the Leray spectral sequence now tells us that

H i(V , f∗(KX̂ + α[D̂])) = H i(X̂,KX̂ + α[D̂]).

This vanishes again due to Claim 1 and the fact that [D̂] admits a suitable
Hermitian metric.

(4) We need to show that the restriction map H1,1(X,R)→ H2(X \D,R)
is surjective. This will be similar to the proof of [33, Prop 2.5]. By items
(1) and (3), H1,1(X,R) = H2(X,R). Moreover, since α > 1, D is Fano by
adjunction. Thus, by the orbifold Calabi-Yau theorem, D admits Kähler
metrics of positive Ricci curvature, so H1(D,R) = 0 by the usual Bochner
argument and orbifold Hodge theory. Now recall the Gysin exact sequence

· · · → Hk−2(D,R)→ Hk(X,R)
i∗→ Hk(X \D,R)→ Hk−1(D,R)→ · · ·

in orbifold de Rham cohomology [33, Prop B.4], where i : X \ D → X
is the inclusion. Combining these facts, surjectivity of the restriction map
H1,1(X,R)→ H2(X \D,R) is now obvious.

(5) Let β be a smooth closed real (1, 1)-form on M such that for some
open neighborhood U of Exc(π) we have that β|U = ω − i∂∂ϕ, where ω
is a Kähler form on U and ϕ : U → R is a smooth function. Thanks to
item (4) above, there exist a closed (1, 1)-form ξ on X and a 1-form η on M
such that β = ξ|M + dη. Note that M is strictly pseudoconvex at infinity
because the compactifying divisor D = X \M has positive normal bundle.
Moreover, KM is trivial because KV is trivial and π : M → V is crepant.
Thus, H1(M,OM ) = 0 by [49, p.278, Korollar]. Since dη is of type (1, 1),
the usual proof of the i∂∂-lemma then tells us that dη = i∂∂u for some



20 Ronan J. Conlon and Hans-Joachim Hein

function u on M . Now let γ denote the pullback of the Fubini-Study Kähler
form on PN under the map

X
π−→ V

|mD|−→ PN

for any sufficiently large and divisible m ∈ N. Then, as in the proof of Claim
2 above, γ is a smooth nonnegative closed (1, 1)-form on X, strictly positive
on X \ Exc(π) and i∂∂-exact on M = X \ D. Let χ be a cut-off function
with compact support on M such that the support of dχ is contained in
U \ Exc(π). Then, clearly, for C � 1 sufficiently large,

ξ + i∂∂(χ(u+ ϕ)) + Cγ

defines a Kähler form on X whose restriction to M is i∂∂-cohomologous to
ξ, hence to β. This in particular tells us that X is a Kähler orbifold. Thus,
using the vanishing h0,2(X) = 0 from item (3), X is projective algebraic by
the Kodaira-Baily embedding theorem [10]. �

Remark 2.7. If X is actually a manifold, then several steps of the above
proof can be simplified. For example, it is then not necessary to ensure that
σ is an isomorphism near D, which allows us to quote a standard property
of Moishezon manifolds [76, Thm 2.2.16] instead of [58]. Moreover, the
vanishing h0,i(X) = 0 follows from [49, Satz 2.1] because all sheaves in sight
are locally free.

We are now ready to complete Step 4. If i ∈ N is large enough, then
by Remark 2.5 the projective compactification V i = V ∪Di constructed in
Step 2 satisfies all of the hypotheses of Theorem 2.6. Thus, if π : M → V is
a Kähler crepant resolution, then M is quasi-projective by Theorem 2.6(5),
and every class k ∈ H2(M,R) contains a closed (1, 1)-form β by Theorem
2.6(4). Thanks to these two properties, [30, Thm 1.1] now tells us that
if k pairs positively with all irreducible subvarieties of Exc(π) in the sense
of Theorem A(3), then there exist an open neighborhood U of Exc(π) in
M and a smooth function ϕ : U → R such that β|U + i∂∂ϕ > 0. Again
by Theorem 2.6(5), there exists a smooth Kähler form ωi on the projective
compactification Xi = M ∪Di such that ωi|M ∈ k.

We now return to the diffeomorphisms Φi constructed in Step 3. These
are actually exponential-type maps [33, Defn 4.5] from some tubular neigh-
borhood of the zero section in NDi/Xi to a tubular neighborhood of Di in
Xi itself. Since ωi is smooth on Xi, a scaling argument (compare the end

of the proof of [33, Prop 2.5]) then shows that |∇kg0,iΦ
∗
iωi|g0,i = Ok,i(r

−2−k
i )

as ri → ∞ for all k ∈ N0. Note the following subtlety: here, unlike in Step
3, we are discussing sections of T ∗C ⊗ T ∗C rather than T ∗C ⊗ TC, so the
same quadratic decay rate holds with respect to any J0-Kähler cone metric
on C whose Reeb vector field is a positive scalar multiple of ξi. However,
we can now conclude by the same approximation argument as in Step 3
that given any arbitrary K ∈ N and ε > 0, it holds for all i > i(K, ε) that
|∇kg0Φ∗iωi|g0 = OK,ε,i(r

−2+ε−k) as r →∞ for all k ∈ {0, . . . ,K}.
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2.5. Step 5. Let π : M → V be a Kähler crepant resolution. Let k ∈
H2(M,R) be a class that pairs positively with all irreducible subvarieties of
Exc(π). Given any arbitrary K ∈ N and ε > 0, we now fix a large enough
index i > i(K, ε) in Steps 3–4. This provides us with a Kähler form ωK,ε ∈ k
and a diffeomorphism ΦK,ε of neighborhoods of infinity in C and in M such
that

|∇kg0(Φ∗K,εJ − J0)|g0 = OK,ε(r
λ+ε−k), |∇kg0(Φ∗K,εωK,ε)|g0 = OK,ε(r

−2+ε−k)

as r →∞ for all k ∈ {0, . . . ,K}. We are now finally in a position to invoke
the existence theorem for AC Calabi-Yau metrics of [32, Thm 2.4]. This was
proved by solving a complex Monge-Ampère equation on M with respect to
an AC reference metric constructed using ωK,ε in the class k.

A simplification compared to [32] is that, in the notation of [32], we
can assume ω = ξ on M here instead of having to consider the case that
ω − ξ = dη on M \K. This eliminates the complicated i∂∂-lemma of [32,
Cor A.3(ii)]. Thus, while the simpler i∂∂-lemma of [32, Cor A.3(i)] is still
needed, this part of the existence theory now goes through in all dimensions,
with no need for any special arguments in dimension 2; see [32, Rmk 2.5].
We thank F. Rochon for these observations.

A small difficulty is that the decay conditions in [32] and in Definition
1.4 were phrased in terms of infinitely many derivatives. Here we only
have a finite but arbitrarily large number K of derivatives for a fixed AC
diffeomorphism ΦK,ε. This suffices to prove the existence of AC Calabi-Yau
metrics of arbitrarily high but finite order with no changes to the proof.
Assuming this, we then obtain the AC property to all orders by constructing
a Bianchi gauge in weighted Hölder spaces on C.

3. Theorem B

Let (M, g, J,Ω) be a Calabi-Yau manifold of complex dimension n > 2
which is AC with respect to some diffeomorphism Φ identifying the asymp-
totic cone C with M at infinity. Assume that the decay rate of J is λ < 0.
Write g0, J0,Ω0 for the Calabi-Yau structure and ξ = J0(r∂r) for the Reeb
vector field of C. Let T denote the associated Reeb torus, i.e., the real
torus acting holomorphically and isometrically on (C, g0, J0) generated by
the flow of ξ. Then, by construction, we clearly have that ξ ∈ Lie(T). Let
ξi be a sequence of vector fields in Lie(T) such that some scalar multiple of
ξi generates a C∗-action on C and such that ξi → ξ as i→∞. For technical
reasons, we assume that ξi is chosen using Dirichlet’s theorem on diophan-
tine approximation for vectors. Thus, for some fixed choice of a norm on
Lie(T) we have that

(3.1) |ξi − ξ| = O(c
−1− 1

d
i ) as i→∞,

where d = dimT and where ci is the unique positive real number such that
ciξi generates an effective C∗-action on C. (This step is not essential but
will save us a fair amount of technical work later; see the proof of Claim 1
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below.) By the Reeb field perturbation results of Appendix II, for all i there
exists a quasi-regular J0-Kähler cone metric g0,i on C whose Reeb vector
field is exactly ξi. Furthermore, if ri denotes the radius function of g0,i,
then, by Theorem II.4, for all K ∈ N and ε > 0 there exists an i(K, ε) ∈ N
such that for all i > i(K, ε) we have that

(3.2) |∇kg0,i(Φ
∗J − J0)|g0,i = OK,ε(r

λ+ε−k
i ) as ri →∞

for all k = 0, . . . ,K. Precisely, it suffices to choose i(K, ε) so that |ξi − ξ|
is less than ε times a small constant depending only on K for i > i(K, ε).
Here, whereas the metric g0,i depends on i, the map Φ and the constants
implicit in the OK,ε notation do not, unlike in the proof of Theorem A.

Let Di be the orbifold quotient of C by the effective C∗-action generated
by ciξi. As in the proof of Theorem 2.4, Di is Fano for i � 0 because
it admits a Kähler metric of positive Ricci curvature. Following the same
proof, since Di is Fano and KC is trivial, we can show using Theorem III.1
that C with the C∗-action generated by ciξi is equivariantly isomorphic to

1
αi−1KDi with its zero section blown down for some integer αi > 1. Thus,

r2
i = hcii for some Hermitian metric hi on this bundle.

Thanks to (3.2), using [72, Thm 1.6] we can holomorphically compactify
M to obtain a compact complex orbifold Xi = M ∪Di, where Di is an ad-
missible divisor in Xi whose normal orbibundle is isomorphic to − 1

αi−1KDi .
Technically, we need to fix ε < |λ|, K > 2n + 1, i > i(K, ε), and use the
slightly more specific result of [72, Prop 6.1], which says that 2n+ 1 deriva-
tives in (3.2) are enough to compactify. (The extension of these results from
manifolds to orbifolds is immediate.)

Proposition 3.1. For all i � 0, the orbifold Xi = M ∪ Di satisfies the
following properties.

(1) The holomorphic line orbibundle KXi + αi[Di] on Xi is trivial.
(2) There exists a holomorphic map π : M → V onto a normal affine

variety V , both independent of i, and a holomorphic extension πi : Xi → Yi
of π onto a normal projective variety Yi such that

• πi is an isomorphism onto its image in a neighborhood of Di,
• the Q-Cartier divisor [πi(Di)] is ample on Yi = V ∪ πi(Di),
• all of the singularities of V are isolated and canonical,
• π is a crepant resolution of V , and
• the Q-Cartier divisor KYi + αi[πi(Di)] on Yi is trivial.

(3) Xi is projective.

Proof. (1) The point is to prove that the given holomorphic volume form Ω
on M = Xi \Di extends to a meromorphic volume form on Xi with a pole
of order αi along Di.

Consider the model form Ω0 on the cone C, which we identify with the
complement of the zero section in NDi/Xi . Note that Ω0 is bounded with
respect to g0, hence grows at worst polynomially with respect to g0,i by
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(II.7). Using the analog of (3.2) for Ω, we then see that the same is true for
Ω. Recall that in [72] the compactification Xi = M ∪ Di was constructed
by using (3.2) to find local J-holomorphic coordinates asymptotic to local
J0-holomorphic coordinates centered at any point of Di in the compactified
cone C ∪ Di. Thus, Ω blows up at worst polynomially near Di in these
local coordinates. By Riemann’s removable singularities theorem, Ω extends
meromorphically.

Since Ω is meromorphic, using local coordinates as above, we can extract
a leading term from Ω, which is a meromorphic volume form, Ωi, on a
tubular neighborhood of the zero section in NDi/Xi . Recall that NDi/Xi is
isomorphic to − 1

αi−1KDi , whose total space carries a tautological volume
form Ω0,i with a pole of order αi along the zero section. Then Ωi = fΩ0,i

for some meromorphic function f without zeros and with poles at worst
along Di. Now dimC = n > 1, so H1(L,R) = 0, and hence away from the
zero section we have f = eg for some holomorphic function g. Then g =
O((log ri)

2) because Re g = log |f | = O(log ri) and d(Im g) = −d(Re g)◦J0 =
O((log ri)/ri) by standard scaled elliptic estimates. The 3-annulus lemmas
of [38, Section 3.2] then imply that g is constant because otherwise g would
grow at least polynomially (there are no decaying modes because n > 1, see
[57, Lemma 2.13(2)]). Thus, Ωi is a constant multiple of Ω0,i, which finishes
the proof.

As an aside, note that Ω0 = const · Ω0,i by the same reasoning, and

|Φ∗Ω − Ω0|g0,i = O(rλ+ε
i ) by assumption, but this does not seem to imply

the desired behavior of Ω directly.
(2) Here we can essentially follow the proof of [41, Lemma 2.1], as we

already did in our previous paper [33, Lemma 2.3]. Since NDi/Xi is posi-
tive, we can easily show that M = Xi \ Di is 1-convex (i.e., M admits a
smooth proper function which is strictly plurisubharmonic outside a com-
pact subset), so that we may take its Remmert reduction π : M → V .
See e.g. [32, App A] for details and references on Remmert reductions, in
particular for the fact that V is Stein (although not necessarily an affine
variety) and that the singularities of V are normal and isolated. Moreover,
π is an isomorphism onto its image in a neighborhood of infinity. Thus, we
may compactify V as a normal compact complex space Yi by adding the
orbifold Di as an admissible divisor. Then we have an obvious holomorphic
extension πi : Xi → Yi of π. In the following, we will write Di instead of
πi(Di) for simplicity and show that Yi is projective.

The projectivity of Yi follows from a very strong Nakai-Moishezon/Kodaira
embedding type theorem for compact complex spaces due to Grauert, which
only requires positivity of the normal bundle of some divisor and the absence
of compact analytic cycles in the complement of this divisor. To be precise,
let m ∈ N be sufficiently large and divisible such that mDi is a Cartier divi-
sor on Yi. Then, by [47, p.347, Satz 4], the associated line bundle [mDi] is
positive in the sense of [47, p.342, Defn 2]. Thus, by the proof of [47, p.343,
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Satz 2], Yi admits an embedding into some PN given by the global sections
of m′[mD] for some m′ ∈ N. Thus, Yi is projective, Di is ample, and V is
affine.

The remaining properties stated in item (2) are now clear from item (1)
and from the definitions of a canonical singularity and a crepant resolution,
except for the following two subtleties. First, we need to check that V is
Gorenstein, i.e., that the Weil divisor KV is Cartier. Second, the property of
being canonical should be tested using an algebraic rather than a complex-
analytic resolution of singularities. These two points can be addressed by
quoting a local version of Hironaka’s flattening theorem [58, p.321, Thm 1]

as in the proof of Theorem 2.6(1). This gives us a projective variety X̂i

and a morphism f : X̂i → Yi, the blowup of Yi in an ideal sheaf with sup-
port in V sing ⊂ V ⊂ Yi, such that f = πi ◦ σ for some holomorphic map
σ : X̂i → Xi. Then σ∗Ω is a rational n-form on X̂ by GAGA, regular on
f−1(V ) and nowhere vanishing on f−1(V reg). Thus, (f−1)∗Ω is an algebraic
trivializing section of KV reg , and the discrepancies of f over V sing are non-
negative because f factors through a crepant resolution of V . This implies
the two properties that we needed to show.

(3) This is a direct application of item (2) together with Theorem 2.6(5).
�

Proof of Theorem B. Given the original AC Calabi-Yau manifold (M, g, J,Ω),
we have proved that M is a crepant resolution of an affine variety V (with
at worst isolated singularities, all of which are canonical, and with trivial
canonical bundle). The class k ∈ H2(M,R) represented by the Ricci-flat
Kähler form obviously pairs positively with all components of the exceptional
set. We will now show that V is a deformation of negative ξ-weight of C by
verifying Definition 1.8.

To construct (Wi, pi, σi), we consider the projective varieties Yi = V ∪Di

of Proposition 3.1(2), where abusing notation we write Di instead of πi(Di).
Recall that C together with the C∗-action generated by ciξi is equivariantly
isomorphic to the conormal bundle to Di in Yi. Upon removing the C∗-
invariant divisor of Theorem I.1(1), the test configuration of Theorem I.1
(i.e., the deformation of Yi to the normal cone of Di) yields a C∗-equivariant
degeneration pi : Wi → C with general fiber p−1

i (1) = V , and with special

fiber p−1
i (0) an affine variety equivariantly normalized by our cone C. By

Theorem I.1(2), p−1
i (0) will be isomorphic to C, as required, if the restriction

maps

H0(Yi,OYi(mDi))→ H0(Di,ODi(mDi))

are surjective for every m ∈ N. Taking cohomology in the restriction se-
quence

0→ OYi((m− 1)Di)→ OYi(mDi)→ ODi(mDi)→ 0,

whose exactness can be checked on stalks by averaging over the local uni-
formizing groups (a more abstract argument is given in [56, Lemma 2.9]), we
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find that these restriction maps will be surjective if H1(Yi,OYi((m−1)Di)) =
0 for all m ∈ N. To prove this vanishing, we will imitate the proof of Theo-
rem 2.6(3), replacing the projective orbifold X̂ there by our Xi because here
we already know that Xi is projective from Proposition 3.1(3) (an applica-
tion of Theorem 2.6(5)). In short, using the generalized Kodaira vanishing
theorem from Claim 1 of that proof and the fact that −KXi = αi[Di] with
αi > 0, we obtain that Rq(πi)∗(OXi((m − 1)Di)) = 0 for all q > 0 as in
Claim 2 of that proof. Then the Leray spectral sequence tells us that for all
q > 0,

Hq(Yi,OYi((m− 1)Di)) = Hq(Xi,OXi((m− 1)Di)),

and the latter vanishes again by Claim 1 and because −KXi = αi[Di] with
αi > 0.

We have now constructed a sequence (Wi, pi, σi) of C∗-equivariant degen-
erations of V to C such that the induced C∗-action on the central fiber is
the one generated by the flow of ξi. Definition 1.8 also requires us to check
that the sequence −kiµi/ci is eventually uniformly bounded away from 0,
where ki is the vanishing order of the i-th deformation, µi is the weight of
the induced C∗-action on the base (for us, µi = 1 by construction), and ci
is the unique positive real scaling factor such that ciξi generates an effective
C∗-action. As mentioned before Proposition 3.1, ci can be characterized by
the property that r2

i = hcii , where hi is a Hermitian metric on the conormal
bundle to Di in the projective compactification Yi. Also recall that thanks
to Theorem IV.4, ki can be characterized as the biggest integer such that
Di is (ki − 1)-comfortably embedded in Yi. Thus, by the arguments of [72,
pp.1461–1462], the complex structure rate of (3.2) provides a lower bound

ki > dci(|λ| − ε)e,

valid for all ε < |λ|, K > 2n+1, and i > i(K, ε). Since µi = 1, this is exactly
the required property that −kiµi/ci is eventually uniformly bounded away
from 0. (Again, Theorem IV.4 is valid only for n > 3, but for n = 2 there is
no need to pick an approximating sequence to begin with.)

We have now exhibited V as a deformation of negative ξ-weight of C
using a particular rational approximating sequence ξi → ξ and an associated
sequence of degenerations (Wi, pi, σi) constructed using Proposition 3.1 and
Theorem I.1. We will prove Theorem B by showing that if we apply the
proof of Theorem A to this particular sequence of degenerations (Wi, pi, σi),
then the resulting AC Calabi-Yau metric in the class k on M is equal to our
original AC Calabi-Yau metric g for i� 0.

Fix ε̃ > 0 and K̃ > 1 as parameters for the construction of Theorem A.
Then, for all i ∈ N that are sufficiently large depending on ε,K and ε̃, K̃,
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we have a diagram

Yi \ Di V i \ Di

C V p−1
i (0) \Di p−1

i (1) \Di

Hi
∼=

ΦYi

H0,i

∼=
H1,i

∼=

Φ
V i

where the solid arrows commute and the spaces and maps are defined as

follows:

• Yi → C denotes the deformation to the normal cone of the pair Di ⊂
Yi of Proposition 3.1; Di ⊂ Yi is the compactifying divisor, which
together with the induced fibration Di → C is naturally isomorphic
to (Di×C, prC); and C, V are fibers of Yi \Di → C by construction.
• pi : V i → C is the analogous deformation for the pair Di ⊂ V i from

the proof of Theorem A.
• Hi is any equivariant isomorphism of test configurations as in The-

orem 2.2(3).
• ΦV i

is the diffeomorphism from [72, §3.1] used in Step 3 of the proof
of Theorem A.
• ΦYi is the diffeomorphism used to construct the compactification
Yi = V ∪Di in the first place. More precisely, ΦYi = Φ◦Ni, where Φ is
as in (3.2) and Ni is the deformation of IdC given by the Newlander-
Nirenberg type construction of [72, Prop 6.1], so that Φ∗YiJ extends
smoothly to the natural compactification of C by Di.

Moreover, the proof of Theorem A produces an AC Calabi-Yau metric ωi ∈ k
such that

K̃∑
k=0

rk|∇kg0([H−1
1,i ◦ ΦV i

◦H0,i]
∗gi − g0)|g0 = OK̃,ε̃,i(r

max{λ,−2}+2ε̃) as r →∞,

(3.3)

where g0 is the given Calabi-Yau cone metric on C with radius function r.
To see this, first observe that the construction of Theorem A takes place on
the right-hand side of the diagram, so we need to consider the base change
of π : (M, k)→ V via H−1

1,i and fix a Calabi-Yau cone metric on p−1
i (0) \Di

as input. For this we use the pushforward of ω0 under H0,i, which is an
equivariant isomorphism of cones. Then we apply the proof of Theorem A
and perform a base change under H1,i.

We can now complete the proof of Theorem B in three steps.

Claim 1. For all i � 0 we define a diffeomorphism of neighborhoods of
infinity in C by

Ψi := H−1
0,i ◦ Φ−1

V i
◦H1,i ◦ ΦYi .
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Theorem B will follow if we can prove that for all i� 0 it holds for k ∈ {0, 1}
that

(3.4) rki |∇kg0,i (Ψ∗i g0,i − g0,i) |g0,i = Oi(r
−1/ci
i ) as ri →∞.

Here we recall again that ri is the radius function of the Kähler cone metric
g0,i with Reeb vector field ξi chosen at the beginning of this section, and the
numbers ci > 0, ci → ∞, are characterized by the property that r2

i = hcii
for some Hermitian metric hi on the conormal bundle N−1

Di/Yi
.

Proof of Claim 1. Suppose (3.4) holds for all i � 0 and for k ∈ {0, 1}. We
would first like to replace ri by r and g0,i by g0 in this statement, increasing
i if necessary. Theorem II.4 allows us to do so at the cost of increasing the
exponent on the right-hand side by O(|ξi − ξ|), where we are fixing some
norm on Lie(T). Thanks to the Dirichlet approximation estimate, (3.1), we
obtain that

(3.5) rk|∇kg0(Ψ∗i g0 − g0)|g0 = Oi(r
νi) as r →∞

for all i� 0 and k ∈ {0, 1}, where the exponents νi go to zero as i→∞ but
are strictly negative. (With a good amount of extra work it is possible to
achieve this without using Dirichlet’s theorem. The key step is to improve
the exponent −1/ci in (3.4) to −ki/ci, which is uniformly negative, by using
the (ki− 1)-comfortable property of the embeddings Di ⊂ Yi and Di ⊂ V i.)

Given (3.3) and (3.5), it follows from the triangle inequality and a pullback
trick that

rk|∇kg0(Φ∗Yigi − g0)|g0 = Oi(r
νi) as r →∞

for all i� 0 and k ∈ {0, 1}. On the other hand, the same statement holds for
g instead of gi. This follows from Φ∗g being asymptotic to g0 in the space
C∞λ (g0), together with the fact that Ni in the definition of ΦYi is a C∞

diffeomorphism of the end of C converging to IdC in CKλ+ε(g0,i). (As stated,

[72, Prop 6.1] only implies that Ni is a C2n+1 diffeomorphism converging
to IdC in C2n+1

λ+ε (g0,i), but local C∞ and global CKλ+ε(g0,i) regularity of Ni
follow from the proof of this proposition.)

We can now apply Theorem 1.7 to conclude that gi = g for all i � 0.
Note that the proof of this theorem only requires the two metrics to be
asymptotic in C1

−δ for some δ > 0. �

Thus, it remains to prove the estimate (3.4). This is precisely the ex-
pected behavior if Ψi extends to an exponential-type map [33, Defn 4.5]
on a neighborhood of Di in Ci := C ∪ Di. By definition this means that
Ψi(p) = p for all p ∈ Di, dΨi|p is complex linear for all p ∈ Di, and, after

identifying Ci = NDi/Ci
= T 1,0Ci|Di/T 1,0Di, it holds for all p ∈ Di and

v ∈ NDi/Ci,p
⊂ T 1,0

p NDi/Ci
that

dΨi|p(v) + T 1,0Di = v.(3.6)
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The next two claims make this picture rigorous, thereby completing the
proof of Theorem B.

Claim 2. Fix i � 0 and identify Ci = C ∪ Di with the total space of the
normal bundle to Di in Ci. Then Ψi extends to an exponential-type map of
class C6 on a neighborhood of Di.

Proof of Claim 2. First, there exists a natural C∗-equivariant and fiber-
preserving biholomorphism H i : Yi → V i extending Hi. The point here is
that the compactifying divisors Di in the fibers of Yi are canonically iden-
tified with each other by the deformation to the normal cone construction;
this also holds for the compactifying divisors Di in the fibers of V i; and the
map H i on these divisors is simply the C∗-equivariant map of cones H0,i

after quotienting by C∗ on each cone.
Second, ΦV i

extends to a smooth exponential-type map by construction.
Third, ΦYi = Φ◦Ni also extends to an exponential-type map by construc-

tion. (The Φ factor may seem confusing but recall that the compactification
Yi = V ∪Di was defined by pulling the complex structure on V back by Φ
and comparing it to the model complex structure on Ci = C ∪ Di, which
then defines the normal bundle to Di in Yi.) The statement and proof of
[72, Prop 6.1] only ensure that this extension, while C∞ away from Di, is

Cmin{K,dci(|λ|−ε)e−1} at the points of Di. However, by choosing K, i large
enough we can certainly arrange that its regularity is at least C6.

Given these facts, it is now clear that Ψi extends to a C6 map on a tubular
neighborhood of Di in Ci for all i� 0. Moreover, this extension obviously
fixes every point of Di, and its differential at all points of Di is complex linear
because H i is holomorphic and ΦV i

,ΦYi extend to exponential-type maps.

It remains to verify (3.6). To this end, it suffices to show under the iden-
tification of infinity divisors described above that dH0,i|p(v) = dH1,i|p(v),

where H0,i := H i|Ci and H1,i := H i|V i .
This property follows from the equivariance of H i. More precisely, let

ϕt denote the time t flow of the vector field on Yi and V i induced by the
Euler vector field on C∗ via the respective C∗-actions. Then the fact that
ϕt preserves Di implies that we have an induced map

dϕt|q : NDi/fiber,q → NDi/fiber,ϕt(q)

for all points q on the compactifying divisor Di ∼= Di×C in either Yi or V i.
These normal bundles are also naturally identified with each other via the
deformation to the normal cone construction, and in this sense dϕt|q = e−tId.

Hence the C∗-equivariance of H i implies that

dH1,i|p = dϕ−t|Hi(ϕt(p))
◦ dH i|ϕt(p) ◦ dϕt|p = dH i|ϕt(p).

Letting t→ −∞ now gives us what we need. �

Claim 3. For any given i� 0, let W be an open neighborhood of Di in Ci
and let Υ : W → Ci be an exponential-type map of class C6. Then it holds
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for k ∈ {0, 1} that

rki |∇kg0,i(Υ
∗g0,i − g0,i)|g0,i = OΥ,i(r

−1/ci
i ) as ri →∞.

Proof of Claim 3. Very similar computations can be found in [33, §2.2], so
we will be brief here. We identify Ci with the total space of the normal
bundle to Di in Ci. Then, in a neighborhood of an arbitrary point on Di,
we let (w1, . . . , wn) be holomorphic coordinates on a uniformizing chart with
wn the coordinate along the fibers, so that Di is locally given by {wn = 0}.
Then ri = ef |wn|−ci , where f = f(w1, . . . , wn−1) is a smooth real-valued
function. We find from [33, Lemma B.3] that

(3.7) Υ∗wn = wn +A
[4]
n,1w

2
n +A

[4]
n,2wnwn +A

[4]
n,3w

2
n,

where a symbol A[`] denotes a function of class C`. Similarly, for all j < n,

(3.8) Υ∗(wj −A[5]
j (w1, . . . , wn−1)wn) = wj +A

[3]
j,1w

2
n +A

[3]
j,2wnwn +A

[3]
j,3w

2
n,

and any C6 function h of the variables (w1, . . . , wn−1) satisfies

(3.9) Υ∗h = h+A
[5]
h,1wn +A

[5]
h,2wn.

In addition, a scaling argument shows that

wj = O(1) with infinitely many g0,i-derivatives for all j < n,(3.10)

w±1
n = O(r

∓(1/ci)
i ) with infinitely many g0,i-derivatives,(3.11)

and hence that every function A[`] is O(1) with ` many g0,i-derivatives.
From (3.7), (3.11) and (3.9) we easily find that

(3.12) Υ∗ri = ri +O(r
1−(1/ci)
i ) with four g0,i-derivatives.

Using also (3.8), the computations of [33, §2.2.4] together with [32, Lemma
2.14] imply that

(3.13) Υ∗J0 − J0 = O(r
−1/ci
i ) with two g0,i-derivatives.

Using the formula ω0,i = −1
4d(dr2

i ◦J0) and (3.12), (3.13), we can now show
that

Υ∗ω0,i − ω0,i = O(r
−1/ci
i ) with one g0,i-derivative.

Combining this with (3.13) we obtain Claim 3, and Theorem B is proved.�

To summarize, every AC Calabi-Yau manifold (M, g, J,Ω) is diffeomor-
phism equivalent to one of the examples constructed in the proof of Theorem
A. Given a Calabi-Yau cone (C, g0, J0,Ω0), the input for Theorem A con-
sists of a deformation V of negative ξ-weight of C, a crepant resolution M
of V , and a Kähler class k on M . But even if we fix all of these data, some
freedom to carry out our construction remains, and in the proof of Theorem
B we had to make choices to recover the given manifold (M, g, J,Ω). More
precisely, the following degrees of freedom still exist:
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(1) Pull back g0 by an automorphism of (C, ξ) without changing the
identification of V and C at infinity. The statement of Theorem A
already reflects this.

(2) Pull back the AC Calabi-Yau metric constructed on M by an auto-
morphism of (M, k).

(3) Pick different sequences ξi → ξ. Even for a fixed sequence, our
uniqueness theorem may only apply if i is bigger than the first index
for which we have existence.

(4) There might exist different equivariant degenerations pi : Wi → C
from V ∼= p−1

i (1) to C.

One can ask whether these choices lead to non-isometric AC Calabi-Yau
metrics in the class k. For (1) we already asked this in the Introduction.
For (2) this is not the case by definition. It also seems quite unlikely that
(3)–(4) can generate non-isometric metrics; for example, (3) is an issue only
for irregular cones, and in Section 4 we will prove that (4) is impossible in
certain examples.

4. Theorem C, and the case of toric cones

4.1. Background from deformation theory. In order to obtain concrete
classification results for AC Calabi-Yau manifolds with a fixed tangent cone
C at infinity, we need to be able to determine explicitly the deformations of
negative ξ-weight of the cone C in question.

Consider an affine algebraic variety with a unique singular point. Sch-
lessinger [87] constructed a formal deformation of the singularity which is
semi-universal in the category of formal deformations. By work of Grauert
[48], this deformation can be lifted to a complex-analytic deformation which
is semi-universal in the category of complex-analytic deformations. Simi-
larly, by work of Artin [9] and Elkik [40], Schlessinger’s deformation can
be lifted to an affine algebraic deformation, although the correct semi-
universality property then involves classifying maps which are not necessar-
ily globally defined and algebraic but which only exist in an étale neighbor-
hood of the singularity. See [8, p.175, Example 4.5] for a concise statement
of the final result in this direction.

Consider now a Kähler cone C with Reeb vector field ξ. Then, by the
above, as an affine variety with an isolated singularity, C admits an Artin-
Elkik semi-universal deformation W → S, which is a flat affine morphism
over an affine base. To classify the deformations of negative ξ-weight of
C we require some additional properties of the family W → S. Let ξ̃ be
a periodic Reeb vector field on C obtained by a Type I deformation of ξ.
Abusing notation, we identify ξ̃ with the unique effective algebraic C∗-action
on C generated by a positive real multiple of −Jξ̃. Then we assume that:

(1) The C∗-action ξ̃ on C ⊂ W extends to an algebraic C∗-action on W
and the map W → S is equivariant with respect to this action and
some algebraic C∗-action on S.
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(2) All equivariant flat algebraic deformations of (C, ξ̃) admit an equi-
variant complex-analytic classifying map to the family W → S in
some small neighborhood of the apex of C.

If C is either toric with ξ in the Lie algebra of the torus, or quasi-regular and
a complete intersection of quasi-homogeneous hypersurfaces, then (1) holds
thanks to work of Altmann [5] and Slodowy [91, p.9, Theorem]. In these
works, the Artin-Elkik deformation is also constructed directly for these two
types of cones. Slodowy [91, pp.12–13, Remarks 1)–2)] sketches a proof of
the fact that (1) implies (2) for arbitrary cones by showing how a classifying
map given by formal power series can be made equivariant in such a way
that convergent power series remain convergent.

It is unclear to us whether (1) is known for any other class of cones.
In the formal category, (1) was established for all cones and all actions of
linearly reductive groups [81, 84], which is of course the expected generality
(see [36] for a counterexample without reductivity). In the complex-analytic
category, (1) was established for all cones and all C∗-actions [54, p.25, Thm
5(c)].

Properties (1)–(2) allow for the classification of deformations of negative
ξ-weight of C. In the case of 2-dimensional Calabi-Yau cones, i.e., Kleinian
surface singularities, this argument was used by Kronheimer in his classifica-
tion of gravitational instantons [70], relying on a suitable version of Theorem
B that he had proved using twistor theory in his setting [70, p.691]. We now
formalize this argument as a lemma, which is implicit in Kronheimer’s work
[70, (2.5)].

Lemma 4.1. Let (C, ξ) be a Kähler cone whose Artin-Elkik deformation
W → S satisfies property (1) above. Let the affine variety V be a deforma-
tion of negative ξ-weight of C. Then V is isomorphic as an affine variety
to a connected component of some fiber of the family W → S.

Proof. Fix any element ξ̃ of the sequence ξi → ξ from Definition 1.8 and
consider the corresponding equivariant degeneration W → C of V to (C, ξ̃).
Let 0 denote the origin in C as well as the point of S over which C lies. Let
o denote the apex of C. By [91, pp.12–13], (1) implies (2), so there exist a
C∗-equivariant map H : (C, 0)→ (S, 0) of germs of complex-analytic spaces
and an isomorphism I : (W, o) → H∗(W, o) of germs of C∗-equivariant
deformations of (C, o).

We now globalize H and I by exploiting their equivariance. The key point
is the negative weight condition on the family W → C. In particular, the
induced C∗-action on the base is nontrivial, so for any x ∈ C there exists
a t ∈ C∗ such that t · x lies in the domain of H and we can extend H via
Ĥ(x) := t−1 ·H(t · x). Since H is equivariant, this extension is well-defined
and equivariant. Thus, if we embed S into some CN in such a way that
the C∗-action on S becomes diagonal, then every component of Ĥ will be a
homogeneous polynomial. We can now consider the pullback Ĥ∗W → C in
the algebraic category. By assumption, the map I provides a local analytic
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isomorphism between the equivariant algebraic deformations W → C and
Ĥ∗W → C of (C, ξ̃) in some neighborhood of o. We may then globalize I in
the same way as H, using the fact that the C∗-action on W sends every point
of W into arbitrarily small neighborhoods of o. This yields a well-defined
equivariant and fiber-preserving bijection Î from W onto Î(W ) ⊂ Ĥ∗W. In

fact, Î(W ) is open in the analytic topology and Î is a local biholomorphism

onto Î(W ) because in the definition of Î, i.e., Î(x) := t−1 · I(t · x) for all
x ∈ W and t ∈ C∗ such that t · x lies in the domain of I, we can choose
t ∈ C∗ to be locally independent of x ∈ W , as can be seen from Theorem
2.2(1) applied to W .

Embed Ĥ∗W into some CN in such a way that the C∗-action on Ĥ∗W
becomes diagonal. Every component function of CN either restricts to zero
on the germ (Ĥ∗W, o) or has positive C∗-weight because composition with
I produces a holomorphic function on the germ (W, o) that vanishes at o
and is homogeneous under the given C∗-action, which contracts W into o.
(As an aside, this shows that the components of I, hence of Î, are actually

polynomials.) Now, a regular function on Ĥ∗W vanishes identically on this
germ if and only if it vanishes identically on all irreducible components of
Ĥ∗W that meet the germ, or equivalently (by continuity of the C∗-action)

that meet its C∗-orbit, i.e., the complex-analytically open set Î(W ). Thus,

the union of all the irreducible components of Ĥ∗W that meet Î(W ) lies
in an invariant linear subspace of CN on which the C∗-action has positive
weights. Scaling now shows that this union is equal to Î(W ). Thus, Î(W )

is a connected component of Ĥ∗W, hence is a disjoint union of connected
components of Artin-Elkik fibers.

We already know that Î is injective, locally (hence globally) biholomor-

phic onto some connected component of Ĥ∗W, and algebraic. Moreover, as
the key to the proof of all of this, Î is equivariant with respect to C∗-actions
on both sides that contract the respective variety into the point o. The
same properties can now be proved for Î−1 by reversing the role of domain
and target. This shows that Î is an isomorphism of affine varieties. Be-
cause Î , Î−1 are by construction fiber-preserving, the lemma now follows by
restricting Î to the generic fiber, V , of the family W → C. �

4.2. Proof of Theorem C. We now prove the following expanded version
of Theorem C. Thanks to Theorem B it suffices to identify the underlying
complex manifolds, which is what we do here.

Theorem 4.2. Let D be a Kähler-Einstein (resp. a toric non-Kähler-Einstein)
Fano manifold. For k ∈ N dividing c1(D) (resp. for k = 1), let Mn be an
AC Calabi-Yau manifold with asymptotic cone C = ( 1

kKD)× given by the

Calabi ansatz (resp. by [44]). If D is a del Pezzo surface of degree > 7, P3,
or a quadric Qn−1 ⊂ Pn with k = n − 1, then Table 1 lists the possibilities
for M 6= Cn.
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D k realizations of C = ( 1
kKD)× M structure of M

(i) P2 1 C3/Z3 [rigid] KD D

(ii) P1 × P1 1 {
∑4

i=1 z
2
i = 0 in C4}/Z2 KD D

T ∗RP3 smoothing

(iii) P1 × P1 2
∑4

i=1 z
2
i = 0 in C4 OP1(−1)⊕2 P1

T ∗S3 smoothing

(iv) Qn−1, n > 4 n− 1
∑n+1

i=1 z
2
i = 0 in Cn+1 T ∗Sn smoothing

(v) BlpP2 1 20 quadrics in C9 [13] KD D
[rigid] the flop of KD P2

∨
p P1

(vi) Blp,qP2 1 14 quadrics in C8 [80] KD D
one of three BlpP2

∨
q P1

distinct flops P2
∨
p P1

∨
q P1

of KD (P1 × P1)
∨
P1

BlpP3 \ BlpQ
2 smoothing

(vii) P3 2 C4/Z2 [rigid] none none
(viii) P3 1 C4/Z4 [rigid] KD D

Table 1. Classification results for special cones. M is al-
ways either a smoothing or a resolution of C (necessarily the
latter if C is rigid). For resolutions the last column shows
the exceptional set.

∨
denotes a one-point union of subvari-

eties.

The general construction of the flops mentioned here can be found in [66,
Example 4.8].

Proof. Each cone in Table 1 is toric or a complete intersection singularity,
so its Artin-Elkik family satisfies property (1) from Section 4.1 thanks to
[5, 91]. Hence, by Lemma 4.1, every C∗-equivariant deformation of negative
ξ-weight of one of these cones is isomorphic to a connected component of a
fiber of the Artin-Elkik family of the cone. Now, the cone in (i), (v), (vii)
and (viii) is rigid, whereas the others have exactly one deformation, which
is smooth. For (i), (vii), (viii) this follows from [88], for (v), (vi) from [5,
(9.1)], and for (iii), (iv) from [65]. In principle, case (ii) is also covered by
[5], but since we have no explicit reference for this computation we instead
argue as follows.

In fact, some of these cases can also be treated by applying the classi-
fication of log-Fano varieties [90, Defn 2.1.1] to the compactified Remmert
reduction (Y, [D]) of M , rather than via deformation methods. In (i) and
(ii), (Y, [D]) is a del Pezzo 3-fold of degree 9 resp. 8 [90, Defn 3.2.1]. Ac-
cording to [90, Rmk 3.2.6 and Thm 3.3.1], the only possible examples are
(P3,O(2)) and projective cones. In (iii) and (iv), Y must be a quadric by
[90, Thm 3.1.14], and hence a projective cone.
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It remains to classify all possible crepant resolutions M of C, or at least
those carrying a Kähler form. To this end, we will make use of the fact
that M is quasi-projective by Theorem A(2). For (i), (ii), (iii), (v), and
(vi), observe that C admits an obvious crepant resolution M0. By a result
of Mori [67, Thm 3.5.1], it therefore suffices to classify all possible flops of
M0 [67, Defn 2.2.1]. In (i), (ii), and (viii), M0 = KD cannot be flopped
because D does not contain any contractible curves; see [67, Defn 2.1.1.2].
Regarding (iv) and (vii), it is easy to see that in these cases C is terminal,
so that the blow-down morphism M → C would have to be small. But
[32, p.2879, footnote] shows that this is not possible because in these cases
D has Picard rank 1. Finally, in (iii), M0 = OP1(−1)⊕2, and in (v) and
(vi), M0 = KD. The possible flops of these resolutions are commensurate
with the contractible curves in their exceptional set [67, Prop 2.1.2], with
the uniqueness of each flop guaranteed by [67, Prop 2.1.6]. In case (iii), the
unique flop of M0 is isomorphic to M0 itself, whereas in (v) and (vi), we
obtain one resp. three distinct flops with exceptional sets as outlined in the
table. �

4.3. The case of toric cones. An application of Theorem A allows for a
clean way of constructing examples of AC Calabi-Yau manifolds asymptotic
to toric Calabi-Yau cones. Because toric Calabi-Yau cones of dimension at
least 4 are rigid [5, (6.3)], we only consider the case of dimension 3. Via the
Delzant construction, a toric Kähler cone of dimension 3 can be identified
combinatorially with a “good” rational polyhedral cone in R3 [26, Defn 3.1].
Such cones of “height 1”, i.e., those defined by primitive vectors whose first
component may be taken to be 1 [26, Defn 3.2], describe Gorenstein cones,
which are in fact Calabi-Yau cones by the results of [44]. A construction
of a torus-equivariant semi-universal deformation (with connected fibers) of
the Gorenstein cone singularity is then given by Altmann [5], where the
torus action on the total space restricts to the action of the Reeb torus on
the cone. By Lemma 4.1, every deformation of negative ξ-weight of the
cone must be isomorphic to some fiber of Altmann’s family. The following
theorem provides a converse to this statement.

Theorem 4.3. Let C be a 3-dimensional toric Calabi-Yau cone with cone
metric ω0 and Reeb vector field ξ. Then every fiber V of the Altmann family
of C is a deformation of negative ξ-weight of C, of ξ-weight 6 −3. Let
π : M → V be a Kähler crepant resolution. Assume that k ∈ H2(M,R)
pairs positively with every component of Exc(π). Then k contains a family
of AC Calabi-Yau metrics ωg (g ∈ (C∗)3) asymptotic to g∗ω0 under a fixed
diffeomorphism independent of k, g.

As remarked after the statement of Theorem A, the complex structure
rate λ2 of these new AC Calabi-Yau metrics may be taken to be −3 + ε
for any ε > 0, and the metric rate λ1 may be taken to be λ1 = −2 + ε
if k|L 6= 0, where L denotes the link at infinity of V , and λ1 = −3 + ε if
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k|L = 0. Clearly, if V is itself smooth, which is of course the generic case,
then M = V and k ∈ H2(M,R) is arbitrary. Thus, one recovers the main
theorem of our previous article [33] on the smoothing of the irregular cone
over Blp,qP2, with essentially zero effort and with vastly improved decay
rates: in the trivial Kähler class, k = 0, the rate is now seen to be −3 + ε as
compared to −0.0128 in [33].

Proof. Identify the Lie algebra t of the maximal compact torus acting on C
with Z3 ⊗ R by choosing a basis of the weight lattice of t. As mentioned
before Theorem 4.3, this basis can be chosen in such a way that the Delzant
polytope of C is generated by vectors in Z3 whose first coordinate is 1. Let
Ω0 denote the canonical holomorphic volume form on C, let r denote the
radius function of ω0, and let J0 denote the complex structure on C. As
in [77, Section 2], the Reeb vector field ξ of ω0 lies in the set S ⊂ t of all

Reeb vector fields ξ̃ for which Lr̃∂r̃Ω0 = 3Ω0, where J0(r̃∂r̃) = ξ̃. By [77],
S maps to an open polygon in the plane {(3, x, y) ∈ R3 : x, y ∈ R}. Thus,
ξ = (3, a, b) for some a, b ∈ R.

Choose a sequence of quasi-regular Reeb vector fields ξi = (3, ai, bi) in S
with ai, bi ∈ Q such that ξi → ξ. For each i we obtain a C∗-equivariant
degeneration from V to C by considering the flow of −J(ciξi) on the total
space of the Altmann family, where ci ∈ N is minimal such that ciξi ∈ Z3.
The base of the Altmann family is a subscheme of T 1

C and the torus action
induced by equivariance on the base agrees with the torus action on T 1

C

induced by the torus action on C. The only weight of ξi on T 1
C is −3 (see

[4, p.168, Theorem (i)] or [3, (2.9)]), so the weight of the induced C∗-action
on the base of this 1-parameter degeneration is µi = 3ci > 0 and Definition
1.8(4) is satisfied. The fact that the Altmann family is semi-universal implies
that each of these sub-deformations vanishes to order ki = 1. Thus, λi =
−kiµi/ci = −3 for all i as in Definition 1.8(5), so that V is seen to be a
deformation of negative ξ-weight of C in our sense, with ξ-weight at most
−3.

The remainder of Theorem 4.3 then follows from Theorem A. �

In the example of [33] one can see explicitly how this proof works. In this
example, C is cut out by 14 homogeneous quadrics in C8 [33, (B.11)] and V
is obtained by adding on linear terms to some of these quadrics [33, (B.8)].
The action of ξ on C8 is diagonal [33, (4.3)], and the ξ-weighted degree of
the linear smoothing terms is exactly 3 less than the ξ-weighted degree of
the main terms.

Returning to Theorem 4.3, if V is singular, the question remains as to
which crepant resolutions of V , if any, carry a Kähler form. V itself is
almost never toric but its isolated singularities do have this property; in
fact, they themselves are toric cones [59, Cor 2.12]. Isolated toric Gorenstein
non- terminal 3-dimensional conical singularities always admit a crepant
resolution via iterated blowups [35, Prop 3.3.15 and 11.4.17], and V is quasi-
projective by Theorem A(2). Thus, V always admits a quasi-projective
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partial crepant resolution V ′ with only terminal isolated toric Gorenstein
conical singularities. Such singularities are ordinary double points [35, Thm
11.4.21(b)], and consequently V ′ admits small (hence crepant) resolutions.
Since V ′ is 1-convex, a small resolution of V ′ is Kähler if and only if no
positive integral linear combination of the exceptional curves is homologous
to zero [2]. Thus, V will admit at least one Kähler crepant resolution M if
and only if this is the case.

Appendix I. Deformation to the normal cone

Here we slightly generalize the standard fact that a tubular neighborhood
of a smooth complex hypersurface of a complex space can be degenerated
to the total space of the hypersurface’s normal bundle. There exist several
versions of this “deformation to the normal cone” in the literature. We will
show that the version of interest to us, which, assuming that the ambient
space is compact and the divisor is ample, degenerates the complement of
the tube to a singular point compactifying the normal bundle, still works for
admissible divisors. Moreover, we clarify the subtle but crucial point that
the complex structure of the resulting Thom space is not entirely determined
by the normal bundle itself. This is less standard even in the smooth case
but is well-known to experts.

Theorem I.1. Let Y be a projective variety. Let D ⊂ Y be an admissible
divisor whose associated Q-line bundle L is ample. Let Y0 denote the normal
projective variety obtained by contracting the ∞-section of the P1-orbibundle
P(N ⊕ C), where N is the normal orbibundle to D in Y .

(1) There exists a test configuration [37, 85] p : (Y,L) → C with general
fiber (Y, L) such that

• there exists an equivariant holomorphic homeomorphism F from Y0

onto the central fiber Y0 such that if v is the apex of Y0, then F |Y0\{v}
is a biholomorphism onto its image, and
• L is the Q-line bundle associated with a C∗-invariant admissible di-

visor on Y that intersects the general fiber in D ⊂ Y and the central
fiber in D = F (P(0⊕ C)).

(2) The map F : Y0 → Y0 is the normalization morphism of Y0. It is an
isomorphism if and only if the restriction map H0(Y, Lm)→ H0(D,Nm) is
surjective for every m ∈ N.

Remark I.2. As is implicit in the definition of a test configuration, the
C∗-action on Y covers the standard C∗-action of weight 1 on the base C.

Proof of Theorem I.1. We begin by recalling the well-known general con-
struction that leads to (1). Let p̂ : Ŷ → P1 be the deformation to the

normal cone [43, §5.1] associated with (Y,D). Thus, Ŷ is the blowup of
P1 × Y in {0} ×D, and p̂ is the induced projection onto P1. Then:

• p̂ is a flat projective morphism.
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• All fibers of p̂ except for the central one, Ŷ0 = p̂−1(0) = Y ∪P(N⊕C),
are isomorphic to Y .
• The two components of Ŷ0 intersect along D = P(N⊕0) ⊂ P(N⊕C).
• p̂ is equivariant with respect to the natural C∗-action on P1 and its

lift to Ŷ.
• The strict transform of P1 × D defines a C∗-invariant admissible

divisor D̂.
• D̂ intersects the general fiber in D ⊂ Y and the central fiber in
D = P(0⊕ C) ⊂ P(N ⊕ C).

In order to construct the desired test configuration p : Y → C, in addition
to removing the fiber Ŷ∞ = p̂−1(∞) from Ŷ, we also need to contract the

component Y ⊂ Ŷ0 to a point. This is a local process taking place in a
small analytic neighborhood of this component, and we use here that L is
ample. To see that Y can indeed be contracted, it is helpful to realize that
Ŷ can also be written as the blowup of P(L ⊕ C) in D ⊂ Y = P(0 ⊕ C),

with exceptional divisor D̂ = P(N ⊕N). Then Y ⊂ Ŷ0 equals the preimage
of the ∞-section P(L ⊕ 0), which can be contracted precisely because L is
positive [47, p.340, Satz 5]. Item (1) of the theorem is clear now.

To prove item (2), it suffices to compare the coordinate rings of the
two affine algebraic varieties Y0 \ D and Y0 \ D. By construction, Y0 \ D
is the image of N∗ = L∗|D under the contraction map L∗ → (L∗)× =
Spec

⊕
m∈N0

H0(Y,Lm), whereas Y0 \ D = Spec
⊕

m∈N0
H0(D,Nm) [52,

p.177, §8.8]. This yields a morphism Y0 \ D → Y0 \ D, which is an iso-
morphism if and only if the restriction map H0(Y,Lm) → H0(D,Nm) is
surjective for every m ∈ N. The underlying map of topological spaces is
clearly equal to the homeomorphism F of item (1), which is a biholomor-
phism away from v. Since Y0 \D is normal, [86, Thm 6.6] now tells us that
F must be the normalization of Y0 \D. �

Example I.3. We are grateful to C. Li for the following example, which
shows that Y0 need not be isomorphic to Y0. Let Y be a smooth Riemann
surface. Let D be a point on Y . Then Y0 = P1. However, if Y0 = P1, then
Y = P1 because the arithmetic genus is constant in flat families.

Example I.4. We can apply Proposition 2.2 to construct a more explicit
example; cf. Remark 2.3. The notation in this example will be analogous to
the notation in the proof of Proposition 2.2. We apply the proposition with
W = (z3

1 = z2
2 + tz2) ⊂ Ct×C2

z1,z2 , with weights (µ, µ1, µ2) = (3, 2, 3). Then

the central fiber C is the cuspidal cubic z3
1 = z2

2 in C2, which is irreducible
but not normal, whereas the fibers for t 6= 0 are smooth. Compactifying
V = W ∩ {t = 1} in P(3, 2, 3, 1), we obtain a smooth elliptic curve V . To
see this, we set up an orbifold chart

C3 → C3/Z2 ↪→ P(3, 2, 3, 1), (τ̃ , ζ̃2, w̃) 7→ [τ̃ , 1, ζ̃2, w̃],

where −1 ∈ Z2 acts via −IdC3 . Then V lifts to the Z2-invariant curve
ζ̃2

2 + τ̃ ζ̃2 = 1, τ̃ = w̃3, which is smooth at the preimage x̃ = (0, 1, 0) of the
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compactifying point D = [0, 1, 1, 0]. The stabilizer Γ of x̃ in Z2 is trivial, so
the orbifold structure at D is trivial and V is smooth as desired. We now
read from Proposition 2.2(3) that after a base change t = s3, the family
W turns into the deformation of Y = V to the normal cone of D with
D̂ removed. Thus, Y0 = P1, but Y0 is a rational curve with a cusp, and
F : Y0 → Y0 is a holomorphic homeomorphism but not a biholomorphism.

See [56] for some concrete examples of Theorem I.1 with nontrivial orbifold
points on D.

Remark I.5. Consider again the smooth elliptic curve degenerating to a
cusp of Example I.4. It is instructive to see why the base change t = s3

is necessary to recover the deformation to the normal cone. Of course, the
C∗-weight on the base must be equal to 1, but there is a more interesting
test: the fiber over ∞ must be isomorphic to the original variety Y . Before
performing the base change t = s3 in Example I.4, the fiber over t = ∞ is
the curve ζ3

1 = ζ2
2 + τζ2 in P(3, 2, 3). Except for the compactifying point

D = [0, 1, 1], this curve is contained in the image of the orbifold chart

C2 → C2/Z3 ↪→ P(3, 2, 3), (ζ̃1, ζ̃2) 7→ [1, ζ̃1, ζ̃2],

where ξ ∈ Z3 acts on C2 via diag(ξ2, 1). In this chart our curve lifts to

(ζ̃3
1 = ζ̃2

2 + ζ̃2) = Y \D, but this means that the fiber over t =∞ is not Y but
rather a Z3-quotient of Y . The effect of the base change t = s3 is precisely
to undo this quotient map. Note that C2/Z3

∼= C2 via (ζ̃1, ζ̃2) 7→ (ζ̃3
1 , ζ̃2),

identifying Y/Z3 with a conic. Moreover, the cover Y → Y/Z3 has exactly

three branch points, all of order 3; on ζ̃3
1 = ζ̃2

2 + ζ̃2 these are the points (0, 0)
and (0,−1) and the point at infinity.

Appendix II. Type I deformations of Kähler cones

Consider a Kähler cone C with radius function r, link L, cone metric gC =
dr2 ⊕ r2gL, parallel complex structure J , and Reeb vector field ξ = J(r∂r).
This structure can be equivalently encoded in terms of a Sasaki structure
(Φ, ξ, η, gL) on L, where η is a 1-form on L given by η(X) = gL(ξ,X) and
Φ is an endomorphism of TL given by Φ(X) = J(X − η(X)ξ). Here we will
not write down the compatibility conditions between these data that allow
one to construct a Kähler cone structure on R+×L from a quadruple of the
form (Φ, ξ, η, gL). However, using these compatibility conditions, Takahashi
proved the following remarkable theorem [97, Thm A].

Theorem II.1 (Takahashi). Let (L,Φ, ξ, η, gL) be a Sasaki manifold. Let ξ̃
be a vector field on L that preserves the tensors Φ, ξ, η, gL and that satisfies
η(ξ̃) = gL(ξ, ξ̃) > 0 pointwise on L. Then a new Sasaki structure on L with
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Reeb vector field ξ̃ can be defined by setting

η̃(X) := η(ξ̃)−1η(X),(II.1)

Φ̃(X) := Φ(X − η̃(X)ξ̃),(II.2)

g̃L(X,Y ) := η(ξ̃)−1gL(X − η̃(X)ξ̃, Y − η̃(Y )ξ̃) + η̃(X)η̃(Y ).(II.3)

This theorem is useful in complex geometry for two reasons. First, if L
is irregular as a Sasaki manifold, i.e., ξ generates a torus T of isometries of
dimension > 1, then every element ξ̃ ∈ Lie(T) sufficiently close to ξ satisfies
the hypotheses of the theorem. Second, the Kähler cone defined by the
Sasaki structure with Reeb vector field ξ̃ is actually biholomorphic to the
Kähler cone defined by the Sasaki structure with Reeb vector field ξ. This
is a well-known folklore observation. In our next proposition, we prove this
fact as well as a useful estimate for the biholomorphism.

Proposition II.2. Let L be compact without boundary. Let (gC , J) and

(g̃C , J̃) be the Kähler cone structures on C = R+ × L associated with the

Sasaki structures (Φ, ξ, η, gL) and (Φ̃, ξ̃, η̃, g̃L) on L. Extend ξ̃ from L to C

by scale invariance. Let Ψt denote the time-t flow of the vector field −Jξ̃ on
C. Define a proper diffeomorphism Ψ : C → C by setting

Ψ(r, x) = Ψlog r(1, x).(II.4)

Then Ψ preserves the vector field ξ̃ and satisfies Ψ∗J = J̃ . Moreover, for
all r > 0,

min{rλ1 , rλ2} 6 r ◦Ψ 6 max{rλ1 , rλ2},(II.5)

where λ1 = minL gL(ξ, ξ̃) and λ2 = maxL gL(ξ, ξ̃).

Proof. For the first property, fix (r, x) ∈ C. Let (rs, xs) ∈ C denote the

integral curve of ξ̃ through (r, x). Then rs = r because ξ̃ is scale-invariant
and tangent to the slices of the cone, and hence

Ψ∗(ξ̃|(r,x)) =
d

ds

∣∣∣∣
0

Ψlog rs(1, xs) = Ψlog r
∗ (ξ̃|(1,x)) = ξ̃.

The last equality holds because Ψt is the flow of −Jξ̃, and [−Jξ̃, ξ̃] = 0

because ξ̃ is J-holomorphic. Indeed, both J and ξ̃ are scale-invariant, and
ξ̃ preserves Φ, ξ, η on the link L = {r = 1}.

Next, for λ ∈ R+, let Sλ : C → C denote the scaling map (r, x) 7→ (λr, x).
Then clearly

(II.6) Ψ ◦ Sλ = Ψlog λ ◦Ψ.

Using the fact noted above that ξ̃, hence −Jξ̃, is J-holomorphic, this implies
that

S∗λΨ∗J = Ψ∗(Ψlog λ)∗J = Ψ∗J.

Thus, Ψ∗J is scale-invariant as well. It therefore suffices to prove the equality
Ψ∗J = J̃ at r = 1. For this we need to prove that JΨ∗X = Ψ∗J̃X for all
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vectors X ∈ TC at r = 1. If X ∈ TL ⊂ TC, then Ψ∗X = X. Thus, if
J̃X ∈ TL as well, which is equivalent to X ∈ ker η̃ = ker η, then it suffices
to note that JX = J̃X by definition. It remains to check the cases X = ξ̃
and X = ∂r. To do so, first note that taking d

dλ |λ=1 of the identity (II.6) at
r = 1 yields that

Ψ∗∂r = −Jξ̃ at r = 1.

Using this, we easily obtain the desired equalities

JΨ∗ξ̃ = Jξ̃ = −Ψ∗∂r = Ψ∗J̃ ξ̃ and JΨ∗∂r = ξ̃ = Ψ∗ξ̃ = Ψ∗J̃∂r at r = 1.

Finally, to prove the inequalities stated in (II.5), write Ψt(1, x) = (rt, xt),
so that r ◦ Ψ = rt for t = log r. Then, because the flow Ψt is generated by
the vector field −Jξ̃,

drt
dt

= gC(−Jξ̃|(rt,xt), ∂r) = gL(ξ̃|xt , ξ|xt)rt,

and hence eλ1t 6 rt 6 eλ2t for t > 0 and eλ2t 6 rt 6 eλ1t for t 6 0. �

Remark II.3. Using the fact that ξ, ξ̃ are commuting Killing fields for gL,
one checks that

X(gL(ξ, ξ̃)) = −2gL(∇gL
ξ̃
ξ,X) = −2gC(J∇gC

ξ̃
∂r, X) = −2gL(Φξ̃, X)

for all X ∈ TL. This shows that the above biholomorphism Ψ : (C, J̃) →
(C, J) is an isometry with respect to g̃C and gC if and only if ξ̃ = ξ. In fact,

already for ξ̃ = λξ (λ 6= 1), the links (L, g̃L) and (L, gL) are not isometric
at all, with (L, g̃L) being a nontrivial Berger deformation of (L, gL).

Proposition II.2 shows that if we deform a Kähler cone as in Theorem II.1
(a “Type I” deformation of Sasaki structures), then by applying a diffeo-
morphism we can arrange that the complex structure stays fixed, but this
diffeomorphism will distort the radius function in a polynomial manner. So
if the pointwise value of a scalar function on the underlying complex man-
ifold decays polynomially as the original radius goes to infinity, it will also
decay polynomially in terms of the deformed radius. However, an analogous
statement for the lengths of tensor fields with respect to the deformed cone
metric (e.g., for the derivatives of a scalar function) does not follow from
Proposition II.2, and work in our previous paper [33] shows that such a

statement can actually be false unless ξ̃ is much closer to ξ than Theorem
II.1 requires. In fact, in the example studied in [33], the main difficulty was
to find a neighborhood U of ξ in Lie(T) large enough such that a certain

interesting vector ξ̃ lies in U , but small enough such that for ξ̃ ∈ U , certain
tensors known to decay with respect to the deformed cone metric also decay
with respect to the original one. In this paper, thanks to Li’s work [72],
we only need to consider this issue for arbitrarily small deformations of ξ,
which is easier.

To state the result we need, let (gC , J) be a fixed Kähler cone structure
on C = R+ × L as above, with Reeb vector field ξ and Reeb torus T. Then
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every ξ̃ ∈ Lie(T) with gL(ξ, ξ̃) > 0 gives rise to a deformed Kähler cone

structure (g̃C , J̃) as in Theorem II.1, and we have a diffeomorphism Ψ given

by Proposition II.2 such that Ψ∗J = J̃ . Define g̃′C := (Ψ−1)∗g̃C . Then g̃′C is
a cone metric, Kähler with respect to J , with radius function r̃′ := r ◦Ψ−1

and with Reeb vector field Ψ∗ξ̃ = ξ̃. Note that by (II.5), the diffeomorphisms
Ψ,Ψ−1 preserve each of the regions {r > 1} and {r 6 1}.

Theorem II.4. For all K ∈ N and ε ∈ (0, 1) there exists a neighborhood

UK,ε of ξ in Lie(T) such that for all ξ̃ ∈ UK,ε, the following estimates hold
on the region {r > 1}:

r1−ε 6 r̃′ 6 r1+ε, (1− ε)r−εgC 6 g̃′C 6 (1 + ε)rεgC ,

K∑
k=1

rk|∇kgC g̃
′
C |gC 6 εr

ε.

(II.7)

In fact, it will be clear from the proof that if we fix any norm on Lie(T),
then UK,ε may be chosen to contain a cKε-ball around ξ, where cK > 0
depends only on (L, gL), ξ, and K.

Proof. The statement about the radius functions is clear from Proposition
II.2.

To prove the pointwise inequalities of metric tensors, we first pull these in-
equalities back by Ψ, obtaining an equivalent statement in terms of Ψ∗g̃′C =
g̃C , Ψ∗gC , and r ◦ Ψ. Up to renaming ε, we can then replace r ◦ Ψ by r
without loss. We can also replace g̃C by gC because g̃C and gC are cone
metrics with the same scaling vector field, hence are uniformly equivalent
over the whole cone C, and by Theorem II.1 the equivalence constants are
bounded by 1± ε for all ξ̃ in a sufficiently small neighborhood of ξ. Thus, it
suffices to prove that for all ξ̃ sufficiently close to ξ, all p = (r, x) ∈ C with
r > 1, and all v ∈ TpC, we have that

(1− ε)r−ε|v|gC 6 |Ψ∗|pv|gC 6 (1 + ε)rε|v|gC .(II.8)

To prove (II.8), recall that Ψ(r, x) = Ψlog r(1, x), where Ψt denotes the

flow of −Jξ̃. Using the fact that the vector field X = −Jξ̃ + Jξ commutes
with −Jξ = r∂r, we can rewrite this definition as Ψ(r, x) = Φlog r(r, x),
where Φt denotes the flow of X. Thus,

Ψ∗|pv = Φlog r
∗ |p(v + r−1dr(v)X|p).(II.9)

Now, according to a general identity (the case k = 0 of Lemma II.5 below,
see (II.19)),

∇gC
dt

(Φt
∗|pw) = ∇gCX|Φt(p)(Φ

t
∗|pw)(II.10)

for all w ∈ TpC. Also, because X is scale-invariant, we can assume after
shrinking UK,ε that

supC(r−1|X|gC + |∇gCX|gC ) 6 ε.(II.11)
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Thus, letting w be the argument of Φlog r
∗ |p on the right-hand side of (II.9)

and applying Gronwall’s lemma to the ODE (II.10) up to time t = log r,we
exactly obtain the desired estimate (II.8).

We are now left with proving the higher-order estimates in (II.7). View
the differential Ψ∗ as a section of the vector bundle T ∗C ⊗Ψ∗TC equipped
with the metric and connection induced by gC . Then we claim that it suffices
to prove that for some constant A = AK ,

K∑
k=1

rk|∇kgCΨ∗|gC 6 Ar
ε.(II.12)

Indeed, after renaming ε, it is clear from (II.12) that (II.12) also holds
for the tensor Ψ∗gC instead of the tensor Ψ∗, which allows us to compare
the connections of gC and of Ψ∗gC . Then notice that |g̃C − gC |gC 6 ε

and rk|∇kgC g̃C |gC 6 ε for k ∈ {1, . . . ,K} because g̃C , gC are cone metrics
with the same scaling vector field. Together with the above comparison of
connections, this yields

K∑
k=1

rk|∇kΨ∗gC g̃C |gC 6 εr
ε.

Pulling back by Ψ−1 and using the C0 estimates in (II.7), we obtain the
desired CK estimate.

Thus, it remains to prove (II.12). We will do so by computing the k-
th derivative of (II.9) using the chain rule. However, before doing this
computation, we will first prove a preliminary estimate, (II.14), which will
allow us to estimate the terms that arise from the chain rule.

The key ingredient is Lemma II.5 below. The case k = 0 of this lemma
was already used above. For a general k and for all v1, . . . , vk+1 ∈ TpC, the
lemma yields an ODE of the form
(II.13)
∇gC
dt

[(∇kgCΦt
∗)(v1, . . . , vk+1)] = ∇gCX|Φt(p)[(∇

k
gC

Φt
∗)(v1, . . . , vk+1)] + Θt.

The vector field Θt along the curve Φt(p) depends on ∇jgCΦt
∗ and ∇jgCR for

j ∈ {0, . . . , k − 1} and on ∇jgCX for j ∈ {2, . . . , k + 1}, where R denotes
the curvature tensor of gC . The fundamental solution of the corresponding
homogeneous ODE is bounded by e±εt in operator norm thanks to (II.11)
and Gronwall’s lemma. Using variation of parameters and the explicit form
of Θt from (II.18) (i > 2), one can then prove by induction on k ∈ {0, . . . ,K}
that

|Θt|gC 6 Ae
(−1+ε)t, |∇kgCΦt

∗|gC 6 Ae
εt.

Here A depends only on K but we need to shrink the neighborhood UK,ε in
each step of the proof. Similar but slightly easier arguments then also show
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that for all k, ` ∈ {0, . . . ,K},∣∣∣∣∇`gCdt` (∇kgCΦt
∗)

∣∣∣∣
gC

6 Aeεt.(II.14)

Indeed, the case ` = 0 is what we just proved, the case ` = 1 follows from
this using (II.13), and we then simply differentiate (II.13) by t to continue
(no ODE solution formulas are required).

We are now finally in position to differentiate (II.9) and thus prove (II.12).
To actually calculate the k-th derivative of (II.9), it is convenient to use Faà
di Bruno’s formula. To estimate the resulting terms, we use (II.14) evaluated
at t = log r. We thus obtain that |∇kgCΨ∗|gC is bounded by

A
∑

d,m1,...,md∈N0
m1+2m2+···+dmd=k

 ∑
`1,`2∈N0

`1+`2=m1+···+md

∣∣∣∣∣∣∇
`1
gC

dt`1
(∇`2gCΦt

∗)

∣∣∣∣∣
t=log r

∣∣∣∣∣∣
gC

 d∏
j=1

∣∣∣∣∇jgC(log r, Id +
dr

r
X

)∣∣∣∣mj
gC

,

which is in turn bounded by

A
∑

d,m1,...,md∈N0
m1+2m2+···+dmd=k

 ∑
`1,`2∈N0

`1+`2=m1+···+md

rε

 d∏
j=1

r−jmj 6 Ar−k+ε.

This proves (II.12) and hence the CK estimate in (II.7). �

It remains to prove the covariant differentiation formula for linearized
flows that we used above. This should be well-known but since we were
unable to find a reference, we will prove it here.

For k ∈ N0, we write Sk+1 to denote the permutation group of {1, . . . , k+
1}. Given any function f : Sk+1 → R and any real vector space V , we define
the associated shuffle operator by
(II.15)

S : V ⊗(k+1) → V ⊗(k+1), v1 ⊗ · · · ⊗ vk+1 7→
∑

f(σ)vσ(1) ⊗ · · · ⊗ vσ(k+1).

Here the sum runs over all σ ∈ Sk+1. This is a minor generalization of a
well-known definition from combinatorics. Given i ∈ {1, . . . , k + 1}, we also
define Ii,k := {α ∈ Ni0 : |α| + i = k + 1}. If M is a smooth manifold and
Φ : M → M is a smooth map, we view the differential Φ∗ as a section of
the bundle T ∗M ⊗Φ∗TM . Any connection ∇ on TM induces a connection
on this bundle, which we also denote by ∇. For α ∈ Ii,k, we then define a
bundle homomorphism

(II.16) ∇αΦ∗ := ∇α1Φ∗ ⊗ · · · ⊗ ∇αiΦ∗ : TM⊗(k+1) → Φ∗TM⊗i.

This is a polynomial differential operator of order maxα in terms of Φ∗.
Thus, the highest possible order of an operator of this form is k, and this is
attained only for α = (k) ∈ I1,k.
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Lemma II.5. For all k ∈ N0, i ∈ {1, . . . , k+1}, α ∈ Ii,k, and j ∈ {0, . . . , i−
2}, there exist shuffles Sα and Sα,j such that S(k) = Id and such that
the following holds. Let M be a smooth manifold, let ∇ be a torsion-free
connection on TM , and let R be the type (3, 1) curvature tensor of ∇. Let
X be a smooth vector field on M with maximal local flow Φt. Then the
homomorphism
(II.17)

Lk,t : (TM)⊗(k+1) → (Φt)∗TM, v1⊗· · ·⊗vk+1 7→
∇
dt

[(∇kΦt
∗)(v1, . . . , vk+1)],

can be expressed in terms of X,R and their covariant derivatives via

Lk,t =

k+1∑
i=1

∑
α∈Ii,k

{
∇iX|Φt ◦ ∇αΦt

∗ ◦Sα +

i−2∑
j=0

((∇j•R)(∇i−2−j
• X, •)•)|Φt ◦ ∇αΦt

∗ ◦Sα,j

}
.

(II.18)

Notice that the sum over j is empty unless i > 2, and if i > 2 then
maxα 6 |α| 6 k − 1. Thus, (II.18) contains only one term of the highest
possible order of differentiation, k, with respect to Φt

∗. As expected, this
term takes the form ∇X|Φt ◦ ∇kΦt

∗, with no need to shuffle the arguments.

Proof. We prove this by induction on k. Assume that the lemma is true
with k replaced by k − 1. Choose an arbitrary point p ∈ M and tan-
gent vectors v1, . . . , vk+1 ∈ TpM , and consider the vector field V (t) =

(∇kΦt
∗)(v1, . . . , vk+1) along the integral curve γ(t) = Φt(p) of X starting at

p. We need to compute the covariant derivative of V along γ. To this end,
for δ = δ(p) > 0 sufficiently small, extend γ to a map ג : (−δ, δ)k+2 → M
such that ,0)ג . . . , 0) = p and such that if s1, . . . , sk+1, t are the standard
coordinates on (−δ, δ)k+2, then

,si(0ג . . . , 0) = vi for all i, and ,s1)ג . . . , sk+1, t) = Φt(γ(s1, . . . , sk, 0)).

For k = 0, using our assumption that ∇ is torsion-free, we now compute

∇V
dt

=
s1ג∇
∂t

=
tג∇
∂s1

= ∇X|Φt(p)(Φ
t
∗v1),(II.19)

which agrees with (II.18). For k > 1, by unpacking the definitions,

∇V
dt

=
∇
∂t

(
∇
∂s1

[(∇k−1Φt
s2ג)(∗ , . . . , sk+1ג

)]

)
− ∇
dt

(k+1∑
`=2

(∇k−1Φt
∗)(v2, . . . ,

`sג∇
∂s1

, . . . , vk+1)

)
.

(II.20)

Commuting covariant derivatives, the first term here can be rewritten as

∇
∂s1

(
∇
∂t

[(∇k−1Φt
s2ג)(∗ , . . . , sk+1ג

)]

)
+R(X|Φt ,Φt

∗v1)((∇k−1Φt
∗)(v2, . . . , vk+1)).

(II.21)

The R term has the desired form with i = 2, α = (0, k − 1) ∈ I2,k, j = 0
in (II.18). There is no need to permute the arguments v1, . . . , vk+1 for this
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term, so we can set Sα,j = Id for these values of α, j, and if the same α, j
reappear with permuted arguments later, we simply update Sα,j by adding
the relevant permutation. Now, by induction, the first term in (II.21) is
equal to

k∑
i=1

∑
α∈Ii,k−1

([
∇v1

{
(II.18)

}]
(v2 ⊗ · · · ⊗ vk+1) +

k+1∑
`=2

{
(II.18)

}[
v2 ⊗ · · · ⊗

`sג∇
∂s1

⊗ · · · ⊗ vk+1

])
.

The second term here cancels with the second term in (II.20) by induction,
and the first term can easily be brought into the desired form by shifting
the indices i, α, j. This concludes the inductive step. Notice that terms of
the form (∇v1(∇αΦt

∗))(v2 ⊗ · · · ⊗ vk+1) with i > 2 force us to introduce
nontrivial shuffles of the arguments, and i > 2 is possible as soon as k > 2.
However, there are no shuffles for i = 1 (the unique term of highest order
with respect to Φt

∗), so that S(k) = Id. �

Appendix III. A Gysin type theorem for orbifold circle bundles

The purpose of this section is to prove the following theorem.

Theorem III.1. Let p : N → D be a C∞ complex orbifold line bundle on
a C∞ orbifold D. Let L be the unit circle bundle of N with respect to some
Hermitian metric on N . Let Q be a C∞ complex orbifold line bundle on D.
Then (p|L)∗Q is trivial as a C∞ complex orbifold line bundle on L if and
only if Q is isomorphic to N−α as a C∞ complex orbifold line bundle on D
for some α ∈ Z.

Note that there is no obvious general definition of the pullback of an
orbifold vector bundle along a map of orbifolds. However, the relevant map
in the theorem is the projection of an orbifold fiber bundle onto its base,
and for such maps the pullback is defined carefully in [42, Rmk 4.30].

The convention −α for the exponent is chosen to match conventions else-
where in this paper.

If D is actually a manifold, then by identifying C∞ complex line bundles
with their first Chern classes, the theorem becomes equivalent to the state-
ment that ker((p|L)∗ : H2(D,Z) → H2(L,Z)) is the subgroup generated
by c1(N). This is a well-known consequence of the Gysin sequence over
Z. There does exist an orbifold version of the Gysin sequence over Q [16,
Prop 4.7.9]. This suffices to prove a slightly weaker version of Theorem A,
which would only state that KV is torsion in general, and that KV is trivial
whenever there exists a Kähler crepant resolution π : M → V .

Our proof of Theorem III.1 bypasses the use of Chern classes even when
D is a manifold. We are grateful to C.-C. M. Liu for suggesting the key
idea, which is to view (p|L)∗Q as an S1-equivariant line bundle on L and to
classify the possible actions of S1 on the trivial line bundle L× C.

Proof of Theorem III.1. Cover D by an atlas of uniformizing charts that
trivializes L as a principal S1-orbibundle and Q as a complex line orbibundle.
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Thus, for each chart ϕ : Ũ → U of the atlas we may write L|U = (Ũ ×
S1)/Γ and Q|U = (Ũ × C)/Γ, where Γ is the local uniformizing group of D

acting effectively on Ũ and where the action of Γ on the fibers is given by
homomorphisms Γ→ S1 for L and Γ→ C∗ for Q. The fiberwise right action
of S1 on Ũ ×S1 commutes with the left action of Γ and with the left action
of the transition functions of L. We therefore obtain a right action of S1 on
L with finite stabilizers, and with trivial stabilizers on the open dense set
L|Dreg . The pullback bundle (p|L)∗Q takes the form (Ũ × S1 ×C)/Γ locally
for the product action of Γ on S1×C, and its transition functions are pulled
back from Ũ under the projection Ũ×S1 → Ũ . This picture allows us to lift
the right action of S1 by orbifold diffeomorphisms on L to a right S1-action
by orbibundle automorphisms on (p|L)∗Q. In fact, we can simply let S1

act trivially on the local C-factors. Then the original orbibundle Q can be
recovered as the S1-quotient of (p|L)∗Q. The same construction would have
gone through for any other Lie group G instead of S1 as the structure group
of L, and amounts to a version of the isomorphism KG(X) ∼= K(X/G) of
[89, Prop 2.1].

We will now use the S1-action on (p|L)∗Q constructed in the previous
paragraph to characterize the case that (p|L)∗Q is trivial as a complex line
orbibundle. More precisely, we will prove that up to a gauge transformation
of L× C, the only possible S1-actions on L× C are those of the form

(`, z)g = (`g, gαz)

for some α ∈ Z and all (`, z) ∈ L×C and g ∈ S1. The theorem follows from
this. Indeed, it suffices to observe that L × C together with the S1-action
(`, z)g = (`g, gαz) is equivariantly isomorphic to (p|L)∗N−α. To see this, we
go through the above construction of an S1-action on (p|L)∗N−α, using the
same trivializations for the principal S1-orbibundle L and for the complex
line orbibundle N . In the resulting local charts, the desired isomorphism
from (p|L)∗N−α to L× C is given by

(Ũ × S1 × C)/Γ→ ((Ũ × S1)/Γ)× C,
[(ũ, h, z)] 7→ ([(ũ, h)], hαz).

One easily checks that this is well-defined, equivariant, and consistent under
changes of charts.

It remains to classify all possible S1-actions on L × C. Any such action
takes the form

(`, z)g = (`g, F (`, g)z)

for some smooth map F : L × S1 → C∗. By definition, for all ` ∈ L and
g, h ∈ S1,

(III.1) F (`, gh) = F (`g, h)F (`, g).

We are free to apply a gauge transformation of the trivial complex line
bundle L × C, i.e., a smooth map E : L → C∗. This changes F to FE
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defined by
FE(`, g) := E(`g)−1F (`, g)E(`).

Our goal is to find an E such that FE(`, g) = gα for some α ∈ Z and for all
` ∈ L, g ∈ S1.

Fix any point `0 ∈ L. Then the smooth map F (`0, ·) : S1 → C∗ has a
winding number α ∈ Z, which is independent of `0. As the winding number
is additive under pointwise multiplication, and is equal to zero if and only
if the map has a well-defined smooth log, we may write

F (`0, g) = gαef(`0,g)

for some smooth function f : L× S1 → C unique up to a constant in 2πiZ.
After changing f by a suitable constant, the cocycle condition (III.1) may
be rewritten as

(III.2) f(`, gh) = f(`g, h) + f(`, g).

Using (III.2), we will now construct the desired gauge transformation E by
working in local charts for the bundle L and checking that our definition is
consistent under changes of charts.

Fix a uniformizing chart ϕ : Ũ → U for D with local group Γ. Consider
the local representation L|U = (Ũ×S1)/Γ, where Γ acts on the left on S1 via
some homomorphism ι : Γ→ S1. Note that ι is not required to be injective,
which would be equivalent to L|U being a manifold. Let F̃ , f̃ denote the lifts

of F, f from L|U × S1 to (Ũ × S1) × S1, respectively. Given any h0 ∈ S1,
consider

Ẽh0 : Ũ × S1 → C∗,

(ũ, h) 7→ ef̃((ũ,h0),h−1
0 h)−Ch0 (ũ),

where by definition

Ch0(ũ) := −
∫
S1

f((ũ, h0), h−1
0 g) dg.

Then the following properties (1)–(5) lead to the desired gauge transforma-
tion E.

(1) The lift f̃ : (Ũ × S1)× S1 → C∗ satisfies the cocycle property

(III.3) f̃(˜̀, gh) = f̃(˜̀g, h) + f̃(˜̀, g) for all ˜̀∈ Ũ × S1 and g, h ∈ S1.

Proof. For ˜̀ ∈ Ũ × S1, let ` be the projection of ˜̀ to the quotient
(Ũ × S1)/Γ = L|U . Then it suffices to apply (III.2) and observe that ˜̀g
projects to `g in the quotient space by construction.

(2) For any two elements h0, h
′
0 ∈ S1 it holds that Ẽh0 = Ẽh′0.

Proof. Thanks to (III.3) it holds for all (ũ, h) ∈ Ũ × S1 that

f̃((ũ, h′0), (h′0)−1h) = f̃((ũ, h0), h−1
0 h) + f̃((ũ, h′0), (h′0)−1h0).

The second term depends on ũ but not on h. Thus,

f̃((ũ, h′0), (h′0)−1h)− Ch′0(ũ) = f̃((ũ, h0), h−1
0 h)− Ch0(ũ).
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Property (2) is now obvious. In particular, this allows us to write Ẽ instead

of Ẽh0 .

(3) The map Ẽ : Ũ × S1 → C∗ is smooth and Γ-invariant.

Proof. Smoothness is clear from the definition of Ẽ = Ẽh0 for any fixed
h0 ∈ S1. To prove Γ- invariance, consider an arbitrary element γ ∈ Γ. Then
for all (ũ, h) ∈ Ũ × S1 and h0 ∈ S1,

Ẽ(γ(ũ, h)) = Ẽh0(γũ, ι(γ)h) = ef̃((γũ,h0),h−1
0 ι(γ)h)−Ch0 (γũ).(III.4)

Note for later reference that

Ch0(γũ) = −
∫
S1

f((γũ, h0), h−1
0 g) dg = −

∫
S1

f((γũ, h0), h−1
0 ι(γ)g) dg.(III.5)

Going back to (III.4), using the fact that S1 is abelian, (III.3), and the

Γ-invariance of f̃ ,

f̃((γũ, h0), h−1
0 ι(γ)h) = f̃((γũ, h0)ι(γ), h−1

0 h) + f((γũ, h0), ι(γ))

= f̃((γũ, ι(γ)h0), h−1
0 h) + f((γũ, h0), ι(γ))

= f̃((ũ, h0), h−1
0 h) + f((γũ, h0), ι(γ)).

The second term depends on ũ but not on h. Thus, using (III.5),

f̃((γũ, h0), h−1
0 ι(γ)h)− Ch0(γũ) = f̃((ũ, h0), h−1

0 h)− Ch0(ũ).

This tells us that Ẽ(γ(ũ, h)) = Ẽ(ũ, h), as desired.

(4) The Γ-invariant smooth maps Ẽ : Ũ × S1 → C∗ patch up to a smooth
map E : L→ C∗.

Proof. Let (ũ, h0) ∈ Ũ × S1 correspond to (ũ′, ψ(ũ′)h0) in a different

uniformizing chart Ũ ′ × S1, where ũ 7→ ũ′ represents a transition map of
D and ψ(ũ′) ∈ S1 represents the associated transition map of the principal

orbibundle L. Because f is a globally defined function on L×S1, the lift f̃ ′

of f to Ũ ′ × S1 satisfies for all h ∈ S1 that

f̃((ũ, h0), h−1
0 h) = f̃ ′((ũ′, ψ(ũ′)h0), h−1

0 h) = f̃ ′((ũ′, h′0), (h′0)−1h′),

where h′0 = ψ(ũ′)h0 ∈ S1 and h′ = ψ(ũ′)h ∈ S1. The average of the left-
hand side with respect to dh is the constant Ch0(ũ), and the average of the
right-hand side with respect to dh′ is the analogous constant C ′h′0

(ũ′) defined

using the chart Ũ ′ × S1. Since h′ = ψ(ũ′)h, we obtain that

Ch0(ũ) = C ′h′0
(ũ′).

Thus, writing Ẽ′ for the analog of Ẽ defined using the chart Ũ ′ × S1,

Ẽ(ũ, h) = Ẽh0(ũ, h) = Ẽ′h′0
(ũ′, h′) = Ẽ′(ũ′, h′).

This is the desired patching property. Notice that h′0 depends not only on
h0 but also on ũ′.

(5) The smooth gauge transformation E satisfies FE(`, g) = gα for all
` ∈ L, g ∈ S1.
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Proof. Let ϕ : Ũ → U be a uniformizing chart for D with p(`) ∈ U . Let
˜̀= (ũ, h) ∈ Ũ × S1 be a lift of ` ∈ L|U = (Ũ × S1)/Γ under the local group

Γ. Then ˜̀g is a lift of `g by construction. It therefore suffices to verify for
an arbitrary h0 ∈ S1 that

Ẽh0(˜̀g)−1F̃ (˜̀, g)Ẽh0(˜̀) = gα.

This is straightforward. Indeed, by definition,

Ẽh0(˜̀g)−1F̃ (˜̀, g)Ẽh0(˜̀) = e−f̃((ũ,h0),h−1
0 hg)+Ch0 (ũ)gαef̃(˜̀,g)ef̃((ũ,h0),h−1

0 h)−Ch0 (ũ),

so it suffices to show that

f̃((ũ, h0), h−1
0 hg) = f̃((ũ, h), g) + f̃((ũ, h0), h−1

0 h).

But this is immediate from the cocycle property (III.3).
As explained above, property (5) concludes the proof of the theorem. �

Appendix IV. Review and extension of a theorem of Chi Li

Our goal in this appendix is to prove Theorem IV.4, an orbifold version
of a difficult result of Li [72, Thm 1.5]. We review Li’s proof in Section
IV.1. Fortunately, the most difficult steps carry over verbatim to the spaces
studied in this paper. The remaining steps need to be generalized and
this generalization is almost completely formal as well. However, to reach
the point where the manifold case and the orbifold case become formally
identical, we need one nonobvious fact: the deformation of an orbifold to the
normal cone of a suborbifold is trivial on small open sets. This fact allows
us to encode properties of this deformation in terms of Čech cohomology
classes in the same way as in the manifold case. We will explain this in
Section IV.2 as a consequence of Proposition IV.6.

In this section, cohomology means Čech cohomology with respect to suf-
ficiently fine coverings by Stein open sets, with coefficients in the sheaf of
sections of a holomorphic (orbi-)vector bundle.

IV.1. Review. In [72], Li considers the following situation. Let D be a
smooth compact complex manifold with dimD > 2, let L be an ample
holomorphic line bundle on D, and let the affine cone C be the dual of
L with its zero section contracted to a point o. Suppose X is a projective
variety, U is an open subset of Xreg, and D is embedded into U as a complex
submanifold with normal bundle L. Consider the deformation of X to the
normal cone of D as in Theorem I.1. This is a C∗-equivariant degeneration
{Xt}t∈C covering the C∗-action of weight 1 on the base. The central fiber X0

is a projective variety, which may not be normal but is always normalized by
the compactified cone C ∪D. Assume (crucially) that X0 actually is normal
and is therefore equal to C ∪D.

Li’s main result for our purposes [72, Thm 1.5] may then be stated as
follows:
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Theorem IV.1. In the above situation, the supremum of all positive in-
tegers k such that the affine family {Xt \ D}t∈C becomes trivial after base
change to Spec C[t]/(tk) is equal to the supremum of all positive integers k
such that the embedding D ↪→ U is (k − 1)-comfortable.

The first quantity appearing in this statement is simply the vanishing
order of the affine family; see Definition 1.8(5). The notion of comfortable
embeddedness is much more subtle and we will not state the general defi-
nition here [1, Defn 3.1]. It is a concept valid for any complex submanifold
of a complex manifold. However, for a divisor of dimension at least 2 with
positive normal bundle it turns out to be equivalent to the more familiar
notion of triviality of infinitesimal neighborhoods. In order to explain, we
recall the following definition [1, Defn 4.1]:

Definition IV.2. A complex submanifold S of a complex manifold M is
k-linearizable if its k-th infinitesimal neighborhood (S,OM/J k+1

S ) in M is

isomorphic to its k-th infinitesimal neighborhood (S,ON/J k+1
S ) in the nor-

mal bundle N = NS/M , where S is identified with the zero section of N .

(k−1)-comfortable is an intermediate condition between (k−1)-linearizable
and k-linearizable. In our situation, the embedding D ↪→ U is (k − 1)-
comfortable if and only if the complex structures on U and on C are as-
ymptotic at rate O(r−k/δ) with respect to any Kähler cone metric of the
form i∂∂h−δ on C, where h is any positively curved Hermitian metric on L
and δ > 0 [72, Prop 1.3]. In particular, the embedding D ↪→ U is always
0-comfortable, and the complex structures on U and on C are always as-
ymptotic at rate O(r−1/δ), but the embedding is 1-linearizable if and only
if its tangent sequence splits [72, Rmk A.5], which is not always true [33,
Section 3].

Lemma IV.3. If dimM > 3 and S is a smooth compact divisor in M with
positive normal bundle, then S is (k− 1)-comfortably embedded in M if and
only if S is (k − 1)-linearizable in M .

This is proved by applying the Kodaira-Nakano vanishing theorem on S
[72, Rmk A.7]. Thus, in our situation, (k − 1)-linearizability (rather than

k-linearizability) is actually already enough to ensure O(r−k/δ) convergence
of the complex structures with respect to i∂∂h−δ.

We now comment on the proof of Theorem IV.1. The main point is
a remarkable comparison of cohomology classes. Using ideas of Artin-
Schlessinger, and crucially using the fact that X0 \ D = C has a normal
and isolated singularity, one first constructs a Kodaira-Spencer type class
KS(k) in T 1

C (a finite-dimensional cohomology space attached to the punc-
tured cone C \ {o}) if the vanishing order of the affine family is at least k.

This satisfies KS(k) = 0 if and only if the vanishing order is at least k + 1.
On any finite annulus Y ⊂ C \ {o} = L \D we have two restriction maps

(IV.1) T 1
C ↪→ H1(Y,ΘY )

∼=← H1(L,ΘL).
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Then the key result of Li’s paper [72, Prop 2.15] identifies the image of

KS(k) in H1(Y,ΘY ) with the image of the so-called k-th order Kodaira-
Spencer class θk ∈ H1(L,ΘL) of the deformation to the normal cone in
U ⊃ D. The class θk can be defined only if the embedding D ↪→ U is at
least (k−1)-comfortable, but then its definition is analogous to the definition
of the classical Kodaira-Spencer class of a deformation of complex manifolds
in terms of a suitable atlas.

By construction, θk lies in the (−k)-weight spaceH1(L,ΘL)[−k] ⊂ H1(L,ΘL)
with respect to the natural action of C∗ on C or on L. [72, Prop 3.3] provides
us with an exact sequence

(IV.2) H1(D, (N∗D)k)→ H1(L,ΘL)[−k]→ H1(D,ΘD ⊗ (N∗D)k)

under which θk maps to the obstruction, gk, to k-splitting of the embedding
D ↪→ U [1, Defn 2.1]. k-splitting is a necessary condition for being able
to define k-comfortable embeddedness. If gk = 0, then [72, Prop 3.3] also
shows that θk lifts to the obstruction, hk, to the latter property.

To prove Theorem IV.1, we can assume by induction that the vanishing
order of the affine family is at least k and that the embedding is at least
(k−1)-comfortable. If gk 6= 0, then the embedding cannot be k-comfortable

by definition. On the other hand, necessarily θk 6= 0 and hence KS(k) 6= 0,
so the vanishing order must be equal to k. If gk = 0, then the embedding is
at least k-comfortable if and only if hk = 0. However, H1(D, (N∗D)k) = 0 by
the Kodaira-Nakano vanishing theorem (this step is essentially equivalent to
the proof of Lemma IV.3), so hk = 0 trivially. But then θk vanishes as well,

so KS(k) = 0, so the vanishing order is at least k+ 1. This proves Theorem
IV.1.

IV.2. Extension. We would now like to generalize Theorem IV.1 to the
setting of this paper, where D is a compact complex orbifold, L is a positive
holomorphic orbifold line bundle on D, and D is embedded as an admissible
divisor with normal orbibundle L into some open subset U ⊂ X which is
itself an orbifold. By the definition of an admissible divisor, U \D is actually
a manifold. We are also still assuming that dimD > 2 and that X0 is normal,
so that X0 = C ∪D.

Formally the definitions of k-splitting, k-comfortable and k-linearizable
in [1] still make sense for an orbifold embedding S ↪→ M because they
only involve the sheaves JS ⊂ OM and JS ⊂ ONS/M . Thus, the verbatim
extension of Theorem IV.1 to our new setting is meaningful as well:

Theorem IV.4. In the above situation, the supremum of all positive in-
tegers k such that the affine family {Xt \ D}t∈C becomes trivial after base
change to Spec C[t]/(tk) is equal to the supremum of all positive integers k
such that the embedding D ↪→ U is (k − 1)-comfortable.

We now need to ask whether this theorem is true and whether the (k−1)-
comfortable property has the same meaning in terms of complex structure
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asymptotics as in the manifold case. Fortunately, the construction and prop-
erties of KS(k) as well as the embedding T 1

C ↪→ H1(Y,ΘY ) of (IV.1) can be
stated and proved intrinsically in terms of the affine family {Xt \ D}t∈C.
Thus, as far as this part of the proof is concerned, the manifold setting and
the orbifold setting are actually identical.

On the other hand, the fact that the restriction map H1(L,ΘL)→ H1(Y,ΘY )
is an isomorphism in every degree [72, Lemma 4.6], the construction of
the exact sequence (IV.2), the construction and properties of the classes
θk, gk, hk, and the interpretation of comfortable embeddedness in terms of
complex structure asymptotics need to be generalized from manifolds to
orbifolds. In the manifold case, all of these properties follow from explicit
computations with atlases and Čech cocycles. Thus, one would expect that
these computations can be extended verbatim to the orbifold case by using
orbifold atlases and invariant Čech cocycles on the local uniformizing charts.
Perhaps surprisingly, this is not true unless the orbifold atlases used satisfy
a strong compatibility condition.

Definition IV.5. Let Mn be a complex orbifold. Let Sn−k ⊂ Mn be a
complex suborbifold. Call a holomorphic orbifold atlas {(Uα,Γα, ϕα)}α∈A
of M adapted to S if, for all α ∈ A:

(1) Γα is a subgroup of GL(n,C) acting linearly on Uα ⊂ Cn;
(2) ϕ−1

α (S) = {z ∈ Uα : zn−k+1 = · · · = zn = 0} in the standard
coordinates of Cn; and

(3) Γα is actually contained in the block diagonal subgroup GL(n −
k,C)×GL(k,C).

We have been unable to find this definition in the literature. It is a
classical fact that (1) by itself can be achieved for the local uniformizing
groups of any complex orbifold, and (2) by itself is simply the definition of a
complex suborbifold. (1) and (2) imply that the groups Γα are contained in
the block upper triangular matrices relative to the splitting Cn = Cn−k⊕Ck,
and then the induced atlas on the total space of the normal bundle to S in
M satisfies (3). Taken together, (1)–(3) imply that the deformation of M
to the normal cone of S is trivial on small open sets.

We will now prove that adapted atlases always exist in our situation.
After this, we will briefly explain why the adapted condition allows us to
generalize the computations in [72] to orbifolds.

Proposition IV.6. Let U ⊂ Cn be a domain containing the origin. Let Γ be
a finite cyclic subgroup of Aut(U) fixing the origin and preserving the section

H = U∩{zn = 0}. Then there exist domains Ũ ⊂ U and U ′ ⊂ Cn containing

the origin, with sections H̃ = Ũ ∩ {zn = 0} and H ′ = U ′ ∩ {zn = 0}, and

an isomorphism ψ : Ũ → U ′ with ψ(0) = 0 and ψ(H̃) = H ′ such that Ũ is
Γ-invariant and such that ψ ◦ Γ ◦ ψ−1 acts on U ′ by linear transformations
in GL(n− 1,C)× C∗.
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Proof. Proceeding as in [18, Lemme 1], we define a holomorphic map σ :
U → Cn by

σ :=
1

|Γ|
∑
γ∈Γ

(dγ)−1 ◦ γ,

where the summation, scalar multiplication and action of dγ are with re-
spect to the linear structure of Cn. Then σ maps H into the hyperplane
{zn = 0} because Γ preserves H. Moreover, dσ|0 = Id, so σ restricts to
an isomorphism onto its image on any sufficiently small concentric domain
Ũ ⊂ U and σ(H̃) contains a neighborhood of 0 in {zn = 0}. By replacing Ũ

by
⋂
γ∈Γ γ(Ũ), we can make Ũ invariant under Γ. Observe that σ◦γ = dγ◦σ

for each γ ∈ Γ. Thus, the subgroup σ ◦ Γ ◦ σ−1 of Aut(σ(Ũ)) acts by linear
transformations preserving the hyperplane {zn = 0}. For any sufficiently

small invariant open set V ⊂ σ(Ũ) with 0 ∈ V , the section V ∩{zn = 0} will

be contained in σ(H̃), so by replacing Ũ by σ−1(V ) we can assume without

loss that σ(H̃) = σ(Ũ) ∩ {zn = 0}.
Let A ∈ GL(n,C) be a generator of the finite cyclic group σ ◦ Γ ◦ σ−1.

Our goal is now to find a matrix R ∈ GL(n,C) preserving the hyperplane
{zn = 0} such that RAR−1 is not only block upper triangular but in fact
block diagonal with respect to the decomposition Cn = Cn−1 ⊕ C. If this
can be done, then setting ψ := R◦σ and U ′ := ψ(Ũ) will complete the proof
of the proposition.

Since A preserves H, we must have that

A =

(
B c
0T d

)
with B ∈ GL(n−1,C), c and 0 column vectors in Cn−1, and d ∈ C∗. Because
A generates a finite subgroup of GL(n,C), it follows that B preserves a
Hermitian metric on Cn−1, hence is conjugate to a unitary matrix in GL(n−
1,C) by the Gram-Schmidt process, and hence to a diagonal matrix Λ =
diag(λ1, . . . , λn−1) with all entries unit complex numbers (indeed, roots of
unity). Similarly, d is a root of unity as well. We may thus assume without
loss of generality that

A =

(
Λ c
0T d

)
(IV.3)

because if R can be found for A of this form, then the general case follows by
multiplying R by an element of the block diagonal subgroup GL(n− 1,C)×
{1} of GL(n,C).

For A as in (IV.3) we now seek R ∈ GL(n,C) of the form

R =

(
Id r
0T 1

)
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for some column vector r ∈ Cn−1 such that

RAR−1 =

(
Λ 0
0T d

)
.

This is easily seen to be equivalent to the linear system

(IV.4) (λi − d)ri = ci (1 6 i 6 n− 1)

for the components of r and c. Let N denote the number of λi that are equal
to d. If N = 0, then (IV.4) has a solution, so we are done. If N > 1, then
we may assume without loss of generality that d = λ1 = λ2 = . . . = λN , and
it remains to prove that ci = 0 for all 1 6 i 6 N because then (IV.4) again
has a solution. We do so by contradiction. If ci 6= 0 for some 1 6 i 6 N ,
then, for all k ∈ N, an easy computation shows that the (1, i)-th entry of Ak

has absolute value equal to∣∣∣∣∣∣
k−1∑
j=0

djλk−1−j
i

 ci

∣∣∣∣∣∣ = |kdk−1ci| = k|ci| → ∞ as k →∞,

but clearly this is not possible because A is of finite order. �

We now sketch how Proposition IV.6 lets us complete the proof of The-
orem IV.4. In the setting of the theorem, let {(Uα,Γα, ϕα)}α∈A be an
open covering of a neighborhood of D by uniformizing charts of X, each
of which is an isotropy chart centered at a point of D. On each open set
Uα, we have centered holomorphic coordinates zα = (z1

α, . . . , z
n
α) such that

D ∩ Uα = {znα = 0} and Γα is a cyclic subgroup of Aut(Uα) (if Γα was
not cyclic, Uα \ D could not be a manifold). Proposition IV.6 now allows
us to assume without loss of generality that in every uniformizing chart
(Uα,Γα, ϕα), the action of Γα on Uα is linear in the coordinates zα and
the matrices representing the elements of Γα are block diagonal. Given
any two uniformizing charts (Uα,Γα, ϕα) and (Uβ ,Γβ , ϕβ) and any point
p ∈ D ∩ ϕα(Uα) ∩ ϕβ(Uβ), there exists a third uniformizing chart (U,Γ, ϕ)
with p ∈ ϕ(U), together with embeddings λα : U → Uα and λβ : U → Uβ .
We then have a change of coordinates map

Fβα := λα ◦ λ−1
β : λβ(U) ⊂ Uβ → λα(U) ⊂ Uα.

We write the components of Fβα as

Fβα(zβ) = (F 1
βα(zβ), . . . , F nβα(zβ)) = zα = (z1

α, . . . , z
n
α).

Clearly, this map is equivariant with respect to the action of Γ.
Using this setup, a lengthy routine check shows that those parts of the

proof of Li’s Theorem IV.1 that rely on computations with Čech cocycles
go through verbatim in the orbifold setting. Here we only point out how
this works for one of the most delicate computations, which would actu-
ally fail without part (3) of the adapted atlas condition (Definition IV.5).
Specifically, we will show that the Abate-Bracci-Tovena cocycle (gk)βα (see
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[1, Prop 2.2]) is Γ-invariant and hence defines an orbifold cohomology class.
For clarity, we will only consider the case k = 1. By definition,

(IV.5) (g1)βα(p) =
n−1∑
i=1

∂F iβα
∂znβ

∣∣∣∣
zβ(p)

∂

∂ziα

∣∣∣∣
zα(p)

⊗ dznβ |zβ(p)

for all p ∈ D. Similarly, for every γ ∈ Γ we have that

(IV.6) (g1)βα(γp) =
n−1∑
i=1

∂F iβα
∂znβ

∣∣∣∣
zβ(γp)

∂

∂ziα

∣∣∣∣
zα(γp)

⊗ dznβ |zβ(γp).

To prove that γ maps (IV.5) to (IV.6), we first note that the action of γ
is represented by matrices αγ, βγ ∈ GL(n,C) in the two charts. We will
assume for now that these are block upper triangular but not necessarily
block diagonal. Then we have that

γ · ∂

∂ziα

∣∣∣∣
zα(p)

=
n∑
j=1

αγji
∂

∂zjα

∣∣∣∣
zα(γp)

,

γ · dznβ |zβ(p) =
n∑
k=1

(βγ−1)nkdz
k
β |zβ(γp) =

1
βγnn

dznβ |zβ(γp).

Thus, the desired equality, γ · (IV.5) = (IV.6), holds if and only if

n−1∑
i=1

αγji
∂F iβα
∂znβ

∣∣∣∣
zβ(p)

=

βγnn
∂F jβα
∂znβ

∣∣∣
zβ(γp)

for 1 6 j 6 n− 1,

0 for j = n.
(IV.7)

This is true for j = n because αγ is block upper triangular. To deal with the
case 1 6 j 6 n− 1, we differentiate the relation Fβα(βγ · zβ) = αγ · Fβα(zβ)
with respect to znβ . This yields that

(IV.8)

n∑
i=1

βγin
∂F jβα
∂ziβ

∣∣∣∣
zβ(γp)

=

n∑
i=1

αγji
∂F iβα
∂znβ

∣∣∣∣
zβ(p)

for all 1 6 j 6 n.

For j = n, again because αγ is block upper triangular, we can deduce from
this that

(IV.9)
n∑
i=1

βγin
∂Fnβα
∂ziβ

∣∣∣∣
zβ(γp)

= αγnn
∂Fnβα
∂znβ

∣∣∣∣
zβ(p)

.

Fixing 1 6 j 6 n− 1 and combining (IV.8) with (IV.9), we can rewrite the
left-hand side of (IV.7) for this particular value of j as

n∑
i=1

βγin

[
∂F jβα
∂ziβ

∣∣∣∣
zβ(γp)

−
αγjn
αγnn

∂Fnβα
∂ziβ

∣∣∣∣
zβ(γp)

]
.

If both αγ and βγ are block diagonal, then this is trivially equal to the
right-hand side of (IV.7), as desired, whereas otherwise there seems to be
no reason for this to be true.
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Société Mathématique de France, Paris, 1974.

82. G. Ravindra and V. Srinivas, The Grothendieck-Lefschetz theorem for normal pro-
jective varieties, J. Algebraic Geom. 15 (2006), 563–590.
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