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Abstract

Nuclear quantum effects such as zero-point en-
ergy are important in a wide range of chem-
ical and biological processes. The nuclear-
electronic orbital (NEO) framework intrinsi-
cally includes such effects by treating electrons
and specified nuclei quantum mechanically on
the same level. Herein, we implement the NEO
scaled-opposite-spin orbital-optimized second-
order Mgller—Plesset perturbation theory with
electron-proton correlation scaling (NEO-SOS'-
OOMP2) using density fitting. This efficient
implementation allows applications to larger
systems with multiple quantum protons. Both
the NEO-SOS’-OOMP2 method and its coun-
terpart without orbital optimization predict
proton affinities to within experimental preci-
sion and relative energies of protonated wa-
ter tetramer isomers in agreement with previ-
ous NEO coupled cluster calculations. Appli-
cations to protonated water hexamers and hep-
tamers illustrate that anharmonicity is critical
for computing accurate relative energies. The
NEO-SOS’-OOMP2 approach captures anhar-
monic zero-point energies at any geometry in
a computationally efficient manner and hence

will be useful for investigating reaction paths
and dynamics in chemical systems.
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The nuclear—electronic orbital (NEO) ap-
proach removes the Born-Oppenheimer separa-
tion between electrons and select nuclei, typ-
ically protons, treating them as a multicom-
ponent quantum system.!? By treating pro-
tons and electrons quantum mechanically at
the same level of theory, NEO automatically
captures important features such as vibrational
zero-point energy (ZPE), proton delocaliza-
tion, vibrational anharmonicity, and non-Born-
Oppenheimer effects. NEO methods carry the
same scaling as their conventional electronic
structure counterparts, thus providing a com-
putationally tractable framework for capturing
the electronic structure and nuclear quantum
effects in a single calculation. NEO density
functional theory (NEO-DFT) provides a com-
promise between efficiency and accuracy when
employing an appropriate electron-proton cor-
relation functional.®® As for any DFT-based
theory, however, NEO-DFT performance is de-
pendent on functionals that include parame-
ters and is not strictly systematically improv-
able. NEO wavefunction methods, on the other
hand, provide a systematically improvable set
of theories, but at greater computational cost.
The ideal method would be competitive with
NEO-DFT in cost but competitive with high-
level NEO wavefunction methods in accuracy
and systematic improvability.

As in conventional electronic structure the-
ory, NEO Hartree-Fock (NEO-HF) is the sim-
plest multicomponent wavefunction theory and
provides a reference state upon which higher-
level wavefunction methods can be performed.
Due to its mean-field treatment of the electron-
proton interaction, however, NEO-HF is a poor
starting point, predicting overly localized pro-
tonic densities and correspondingly inaccurate
energies and geometries.? The failure of NEO-
HF indicates that treating electron-proton cor-
relation beyond the mean-field level is a require-
ment for a successful NEO method. NEO-HF
is such a poor starting point that the lowest-
order post-HF' treatment of correlation, NEO
Mgller-Plesset second-order perturbation the-
ory (NEO-MP2), does not significantly correct
its deficiencies.®” NEO coupled cluster with
singles and doubles (NEO-CCSD), on the other

hand, provides a robust and accurate ab ini-
tio benchmark, but at the cost of O(N?®) scal-
ing, where N is a measure of system size.%8
NEO fourth-order Mgller-Plesset methods have
recently been shown to provide accuracy com-
parable to NEO-CCSD, but with O(NT) formal
scaling.?

The comparative failure of NEO-MP2 is due
in part to a lack of orbital optimization, which
occurs naturally in NEO-CCSD via orbital ro-
tations arising from the single excitation terms.
The necessity of orbital optimization is demon-
strated by the observation that NEO coupled
cluster doubles (NEO-CCD) is nearly as inac-
curate as NEO-MP2. However, CCD meth-
ods with explicit orbital relaxation via Brueck-
ner orbitals (NEO-BCCD) and variational or-
bital optimization (NEO-OOCCD) are much
more competitive with NEO-CCSD. %! The
orbital-optimized NEO-MP2 (NEO-OOMP2)
method shows improved protonic densities and
energies compared to NEO-MP2.1%12 The in-
clusion of scaling factors for opposite-spin
and electron-proton correlation in NEO-SOS'-
OOMP2! yields a method that is competi-
tive in accuracy with NEO-OOCCD and NEO-
CCSD but nominally scales as O(N®°) with the
potential for O(N*) scaling with the addition of
density fitting and the Laplace transform treat-
ment of energy denominators.

Our previous implementation of NEO-SOS'-
OOMP2 was useful to demonstrate accuracy
approaching that of NEO-CCSD, but we were
limited to proof-of-concept calculations on
small molecules with only a single quantum
proton. The main limitation of the previous
code was that it relied on explicitly comput-
ing and storing four-center two-electron repul-
sion integrals, four-center two-proton repulsion
integrals, and four-center electron-proton at-
traction integrals. In this case, the MP2 energy
and gradient calculations necessary for OOMP2
face a CPU timing bottleneck of O(NyeeNio)
floating point operations, where N,. is the
number of occupied orbitals and Npg is the
total number of atomic orbitals. In contrast,
the density fitting approximation of four-center
integrals'*'® will reduce this bottleneck to
O(N2,.N2% Nau), where Ny is the number
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of virtual orbitals and N,, is the number of
auxiliary basis functions.®'” Although N,
is typically around 3Nao, the lower exponent
leads to an overall smaller prefactor in front of
the O(N?®) cost, and a practical savings of a
factor of 10 or more in many cases.

To enable the study of larger systems with
multiple quantum protons, we implemented a
production-level NEO-SOS-OOMP2 code that
exploits the savings of density fitting. Pre-
viously we created a similar implementation
for NEO-CCSD, which enabled us to generate
benchmark calculations for the proton affinities
of 23 molecules, as well as to study the effect
of vibrational zero-point energy on the rela-
tive stabilities of protonated water tetramers,
H3;0(H,0)4, with all nine protons treated
quantum mechanically.'® In this Letter, we
replicate all of the NEO-CCSD results at com-
paratively low computational cost using NEO-
SOS-OOMP2 with density fitting. Taking ad-
vantage of the lower scaling and optimized
implementation, we then apply NEO-SOS'-
OOMP2 to systems that are nearly twice as
large as any system studied with NEO-CCSD,
computing the relative stabilities of protonated
water hexamers and heptamers, HzO(Ho0);
and H3O(H,0){, with all protons treated quan-
tum mechanically. We also test the non-
orbital-optimized method NEO-SOS’-MP2 as
an even more affordable alternative to NEO-
SOS-OOMP2. Although NEO-SOS’-MP2 car-
ries the same formal computational scaling as
NEO-SOS’-OOMP?2, in practice it is typically
faster by a factor of between 10 and 100 because
it requires only a single-point perturbative cor-
rection, rather than an iterative one.

The NEO Hamiltonian in second quantization
is

. 1
— HhPA4 _Fpbq TS
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(1)
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where afl%2-In = aglajp...af]napn...amam is the

general electronic excitation operator composed
of creation and annihilation operators, a; and
a,, respectively, for electronic spin orbital p.
Moreover, h? = (p|h¢lq) are electronic core

Hamiltonian matrix elements and g7 = g7 —
g = (rs|pq) — (rs|gp) are antisymmetrized
electron repulsion tensor elements. Lowercase
indices 1, J, k, [... denote occupied electron spin
orbitals, a, b, ¢, d... denote virtual (unoccupied)
electronic spin orbitals, and p,q,r, s... denote
general electronic spin orbitals. Uppercase in-
dices are defined analogously to denote proton
orbitals. Throughout this manuscript, summa-
tion over repeated indices is assumed.
The NEO-MP2 energy Lagrangian is

Exgo-mp2 = Exgonr + B2 + Ee(12>) + Eg))
= (0°0°| Hxgo|0°0P)
+ (007 W3 |0°0P)
+ OIS BT + 1) 0F0P),

(2)

where ENgo-HF, Eg), Eg)) and E;()%) are the
NEO-HF energy and the -electron-electron,
electron-proton, and proton-proton NEO-MP2
correlation energies, respectively. The Fock and
fluctuation operators FN and WN are the com-
ponents of the normal-ordered NEO Hamilto-
nian, Hy = Fx+ Wy — (OeOp|1fL\1Eo|OeOp)7 where
|0°0P) is the NEO-HF ground state. Moreover,

T 2(1) = /A\él)T is the first-order cluster operator,

given as 73" = 310 af) + {05 ap 61

#a0 — A\rM* 4re the unknown ampli-

where
tudes.
We use density fitting '+ to approximate the

four-center integrals (using chemist notation) as
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where M and N are electronic auxiliary basis
functions, M’ and N’ are protonic auxiliary ba-
sis functions, and we have a choice of using ei-
ther the electronic or protonic auxiliary basis
for the electron-proton attraction integrals:

gii' = (ialIA)
~ Y (ia|M')(M'|N")" (N'|TA) 39
~ > (ia| M)(M|N)~ (N|IA).

To perform orbital optimization, we rewrite
the expression for the NEO-MP2 energy La-
grangian as a function of orbital rotation pa-
rameters x:

Exgo-oompz(X) = <0e0p|{ﬁNEO}x|Oe0p>
+ (0°0P [{Wae 1 T3 0°0P) (4)
+ (0°0P| A8 ({En 1TV + (Wi k) |0°0P),

where {O}x = XX 0e* X" is a unitary trans-
formation with rotation operator X = X© +
XP =2/ + 2l and x = {z, 2/} is the set
of unknown electronic and protonic orbital ro-
tation parameters. We minimize the energy as
a function of x by finding the stationary point
of the orbital gradient w, which can be sepa-
rated into electronic and protonic parts w, and
wp, with elements defined as

- ENEoO.
( We)fz 0 NEO;TOQMPQ(X) %o =0 (53«)
and
OENEoO- (x)
T NEO-OOMP?2
W = 5b
( p)A ax? =0 ( )

We alternate optimization of the electronic
and protonic orbital rotation parameters, hold-
ing the other constant, until self-consistency is
achieved. We perform optimization using the
direct inversion of the iterative subspace (DILS)
solver,1? as suggested by Neese and cowork-
ers. 2’ Programmable equations for the NEO or-
bital gradients can be found in the supporting
information of Ref. 11.

To apply spin-component scaling, we further

separate the electron-electron NEO-MP2 corre-
lation energy in Eq. 2 into the same-spin contri-
bution (ESE(Q)) and opposite-spin contribution
(E&®):

Exgo-sos-mp2 = ENEo-HF + CssESZ(Q)
+ COSE::(Q) + CepElglz)) + EI(J?

(6)

We use the well-established scaled-opposite-
spin (SOS) prefactors of ¢s = 0 and ¢,s = 1.3
for unoptimized orbitals and ¢, = 1.2 when
orbital optimization has been applied.!321:22
For NEO-SOS-OOMP2, we scale the electron-
proton correlation energy, Eéf)), by a prefactor
that was determined previously to be co, = 1.3
or 1.2, depending on whether orbital opti-
mization has been applied. Although this is no
longer a fully parameter-free theory, the scaling
parameters are correcting for a well-known de-
ficiency of MP2 theory, the systematic underes-
timation of opposite-spin electron-electron cor-
relation energy.?! A similar underestimation of
electron-proton correlation is found for the ex-
tension to multicomponent systems. Applying
this scaling adds no computational cost, and by
neglecting the same-spin electron-electron cor-
relation, we could in principle create a fully
O(N*) implementation. In practice, our O(N?)
implementation with density fitting is quite ef-
ficient, and it is unclear whether the benefits of
lower scaling would be apparent except in very
large systems.

We implemented NEO-(SOS')-OOMP2 with
density fitting in a development version of the
Q-Chem 5.4 quantum chemistry software pack-
age.?® Our implementation was based on the
conventional OOMP2 code described in Ref. 24,
which uses the mixed Lagrangian method!” to
efficiently compute orbital gradients. Through-
out this study, we treat all quantum protons
with the PB4-F2 (4s3p2d2f) protonic basis
set,?> with an even-tempered 8s8p8d8f auxiliary
protonic basis set with exponents spanning 2v/2
to 32. Our testing shows that for a given aug-cc-
pVXZ (X=D,T,Q) electronic basis set?®?7 and
the PB4-F2 protonic basis, density fitting with
the aug-cc-pVXZ-RI electronic auxiliary basis
set?2 and the even-tempered 8s8p8d8f pro-



tonic auxiliary basis set only introduces an error
on the order of 0.01 kcal /mol in the total energy
compared to results using four-center integrals.
This level of density fitting error is consistent
with previous results for density fitting with
NEO-CCSD.!® The error in density fitting does
not systematically increase for calculations with
multiple quantum protons. We provide further
analysis of convergence with respect to the aux-
iliary basis set in the Supporting Information.
Throughout this paper, all MP2-based calcu-
lations, including both conventional and NEO,
are all-electron in that we have not employed
any frozen-core approximation.

We first tested our implementation of NEO-
SOS-OOMP2 by calculating proton affinities
for the 23 molecule test set previously used to
benchmark NEO-DFT and NEO-CCSD. 1830
The proton affinity PA(A) of molecule A is
given by PA(A) = Ex — Eya+ + 2RT, where
E is the energy of molecule A, Fy+ is the en-
ergy after adding a proton, R is the universal
gas constant, and 7' is temperature. The quan-
tity %RT accounts for conversion from energy
to enthalpy and for the change in translational
energy. We calculated 5 with conventional
electronic structure theory and Ejy,+ with the
analogous NEO method, with only the added
proton treated quantum mechanically.

NEO methods are well-suited for calculating
proton affinities because they automatically in-
clude the anharmonic vibrational ZPE of the
proton without requiring the calculation of a
nuclear coordinate Hessian or anharmonic force
constants. When calculating proton affinities
with the NEO approach, typically we assume
that the vibrational frequencies of the other nu-
clei are unaffected by the addition of a pro-
ton, and thus the associated ZPEs cancel in
Ex — Ega+, as justified by our previous calcu-
lations.® We use the same geometries as used in
our previous study with NEO-CCSD. These ge-
ometries were optimized at the level of conven-
tional electronic MP2/aug-cc-pVTZ. For the
quantum proton, we use the aug-cc-pVQZ elec-
tronic basis set with the aug-cc-pVQZ-RI aux-
iliary basis set. We use the aug-cc-pVT7Z elec-
tronic basis set with the aug-cc-pVQZ-RI aux-
iliary basis set for the other nuclei.

In Table 1, for each NEO method we present
the absolute deviation per molecule and the
mean unsigned error (MUE) for each group of
molecules and for the entire set, relative to ex-
periment.313%3% For reference, NEO-HF (not
shown here) results in a very large overall MUE
of 0.51 eV (12 kcal /mol).'® NEO-MP2 results in
only a modest improvement over NEO-HF, with
an overall MUE of 0.32 eV (7.4 kcal/mol). Or-
bital optimization leads to a small improvement
in overall accuracy, with NEO-OOMP?2 giving
an MUE of 0.29 eV (6.7 kcal/mol). NEO-SOS'-
OOMP2 and NEO-SOS’-MP2 produce a sim-
ilar MUE of 0.07 eV (1.6 kcal/mol) and 0.06
eV (1.4 kcal/mol), respectively. NEO-CCSD
achieves the best agreement with experiment
among all of these NEO methods, with a MUE
of only 0.05 eV (1.2 kcal/mol). Both NEO-
SOS’-O0OMP2 and NEO-SOS’-MP2 can be con-
sidered to achieve accuracy that is within the
experimental error bars, which is estimated to
be around 2 kcal /mol. 3!

From these results, it is clear that the SOS’
electron-proton correlation scaling is crucial for
predicting accurate proton affinities. Orbital
optimization leads to only a marginal improve-
ment over NEO-MP2. The 0.01 eV difference in
error between NEO-SOS’-MP2 and NEO-SOS/'-
OOMP2 is too small to be meaningful, as both
methods produce proton affinities within the
range of experimental accuracy. NEO-SOS'-
OOMP2 and NEO-SOS’-MP2 show similar ac-
curacy for the smaller set of molecules used to
empirically derive the ce, scaling parameter in
Ref. 11. The full results for the smaller test set
using density fitting are given in the Table S2.

The NEO-SOS-OOMP2 method, without
scaling of the electron-proton correlation, was
previously shown to result in much higher over-
all errors than the SOS’ variant.!! According
to our current calculations, it gives errors well
in excess of 2 kcal/mol and therefore does not
achieve chemical or experimental accuracy. On
the basis of this analysis, we conclude that the
major source of error in NEO-MP2 energies
is the systematic underestimation of electron-
proton correlation. Although orbital optimiza-
tion marginally alleviates this systematic error,
the SOS’ electron-proton correlation scaling



Table 1: Absolute Deviation and Mean Unsigned Error (MUE) of Proton Affinities

(in electron volts) Relative to Experiment?®

Molecule Experiment® NEO- NEO- NEO-SOS'- NEO- NEO-SOS'-
CCSDP MP2P MP2 OOMP2 OOMP2
Amines
NH; 8.85 0.03 0.28 0.05 0.20 0.05
CH3NH, 9.32 <0.01 0.26 0.01 0.19 0.09
CH3CH,NH, 9.45 0.01 0.26 0.01 0.18 0.10
CH3CH,CH;NH, 9.51 0.01 0.26 0.01 0.19 0.10
(CH3).NH 9.63 0.03 0.24 0.03 0.17 0.13
(CH;3)sN 9.84 0.05 0.25 0.05 0.19 0.16
MUE - 0.02 0.26 0.03 0.19 0.10
Inorganics
CN~— 15.31 0.10 0.37 0.10 0.29 0.01
HS~ 15.31 0.08 0.41 0.15 0.31 0.03
NO3 14.75 0.03 0.38 0.03 0.36 0.02
MUE - 0.07 0.39 0.09 0.32 0.02
Carboxylates
HCOO~ 14.97 0.01 0.35 0.05 0.34 0.02
CH3COO~ 15.11 0.04 0.32 0.03 0.31 0.05
CH3CH,COO~ 15.07 0.06 0.30 0.01 0.29 0.07
CH3CH,CH,COO~ 15.03 0.08 0.28 0.02 0.27 0.10
CH3CH,CH,CH,COO~ 15.01 0.10 0.27 0.03 0.26 0.11
CH3;COCOO~ 14.46 0.05 0.30 <0.01 0.36 0.04
CH,FCOO~ 14.71 0.01 0.37 0.07 0.38 0.01
CHF,COO~ 14.32 0.08 0.28 0.01 0.27 0.08
CF3CO0O~ 13.99 0.14 0.22 0.07 0.20 0.14
CH,CICOO~ 14.58 0.04 0.32 0.03 0.34 0.03
CH,CICH,COO~ 14.78 0.07 0.43 0.14 0.44 0.07
MUE - 0.06 0.31 0.04 0.31 0.06
Aromatics
CgH50~ 15.24 <0.01 0.39 0.10 0.44 0.05
CgH;COO~ 14.75 0.19 0.56 0.25 0.55 0.18
CgHsNH, 9.15 0.01 0.31 0.02 0.25 0.07
MUE - 0.07 0.42 0.12 0.41 0.10
Overall MUE - 0.05 0.32 0.06 0.29 0.07

@ Experimental values obtained from refs. 31-34.

P NEO-CCSD and NEO-MP2 values obtained from ref. 18.

is necessary to achieve good agreement with
experiment and competitiveness with NEO-
CCSD. We point out, however, that properties
depending more directly on the wavefunction
benefit more tangibly from orbital relaxation,
as is the case for protonic densities and nuclear
geometries.

The value of the electron-proton correlation
scaling prefactor cep, used in these calculations
was determined previously by minimizing the
MUE for the proton affinities of a smaller set
of molecules calculated using a mixed elec-
tronic basis set with aug-cc-pV'TZ on the clas-
sical nuclei and aug-cc-pVQZ on the quantum

proton.!! The use of a larger electronic basis
set on the quantum proton is common prac-
tice for NEO methods, as the higher angular
momentum basis functions assist in capturing
electron-proton correlation. We find, however,
that the proton affinities are not as accurate if
the larger aug-cc-pVQZ electronic basis set is
used for all the atoms. The physical basis for
this discrepancy is that the mixed electronic
basis set has extra electronic basis functions
from aug-cc-pVQZ only for HA™, thereby pro-
viding more variational flexibility for the elec-
trons and enhancing the electron-proton and
electron-electron correlation in HA™ in compar-



ison to A. When the aug-cc-pVQZ electronic
basis set is used for all atoms, the optimal cep
is 1.4 for NEO-SOS’-OOMP?2 and 2.0 for NEO-
SOS’-MP2. These scaling factors also perform
well when the aug-cc-pVTZ electronic basis set
is used for all atoms (Table S2). The larger scal-
ing factors are needed to quantitatively predict
proton affinities, but for applications that com-
pare relative energies with the same number of
quantum protons, the exact value of ¢, has less
impact as long as it remains within a reason-
able range. The remainder of our results are of
this latter type, and therefore we continue us-
ing the cep of 1.2 for NEO-SOS-OOMP2 and
1.3 for NEO-SOS’-MP2. More details on the
electronic basis set dependence of the electron-
proton correlation scaling factor is provided in
the Supporting Information.

After demonstrating excellent agreement in
proton affinities, we continued to benchmark
NEO-SOS-OOMP2 against NEO-CCSD by
calculating the relative energies of isomers for
protonated water tetramers with all nine pro-
tons treated quantum mechanically. At the
conventional CCSD(T)/aug-cc-pVTZ level of
theory, the relative electronic energies of the
four most stable isomers are ordered Eigen <
ring < cis-Zundel < trans-Zundel (red data in
Fig. 1). However, inclusion of harmonic vi-
brational ZPE via the conventional CCSD(T)
Hessian changes the ordering to Eigen < trans-
Zundel < cis-Zundel < ring. This ordering
is not changed any further by the inclusion of
an anharmonic correction to the ZPE computed
with vibrational second-order perturbation the-
ory (VPT2)3 at the conventional MP2/aug-
cc-pVTZ level. Therefore, we choose to show
only CCSD(T) with anharmonic ZPE included
(CCSD(T)+AZPE, blue data), as it represents
the most rigorous estimate of vibrational ZPE
available from conventional electronic struc-
ture. The disagreement in the relative energies
with and without ZPE renders this an ideal test
case for the NEO approach, which captures the
anharmonic ZPE from the quantum protons
without the need to compute any Hessian or
potential energy surface.

We computed the energies of the four
H30(H,0)3 isomers with NEO-SOS-OOMP2

Relative energy (kcal/mol)
N

= CCSD(T)
3+ o CCSD(T)+AZPE A
~ NEO-CCSD
-a- NEO-SOS’-OOMP2
-4 + NEO-SOS'-MP2

_5 1 1 1 1

Eigen Ring cis-Zundel trans-Zundel

o & 8 o &
v el Sog
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® “® © ¢
C (9
Figure 1: Relative ground-state energies of

the four most stable isomers of the pro-
tonated water tetramer, HzO(H,O)i. The
NEO-CCSD (solid green data), NEO-SOS'-
OOMP2 (dashed purple data) and NEO-SOS'-
MP2 (dashed orange curve) methods are com-
pared to conventional CCSD(T) with and with-
out an anharmonic ZPE correction (solid red
and blue data, respectively). The CCSD(T),
CCSD(T)+AZPE and NEO-CCSD results are
from Ref. 18. All three NEO methods quali-
tatively agree with CCSD(T)+AZPE, whereas
CCSD(T) is qualitatively incorrect without the
ZPE correction.

and NEO-SOS-MP2 using geometries opti-
mized at the conventional CCSD(T)/aug-cc-
pVTZ level. For direct comparison to the
NEO-CCSD results, we used the same aug-
cc-pVTZ electronic basis set with the aug-cc-
pVTZ-RI auxiliary basis set. We previously
showed agreement between the relative ener-
gies from NEO-CCSD and those of conventional
CCSD(T)+AZPE (the green and blue curves
in Fig. 1, respectively). Fig. 1 shows that
both NEO-SOS-OOMP2 and NEO-SOS'-MP2
(dashed purple and orange data, respectively)
produce excellent agreement with NEO-CCSD,
with all relative energies matching the NEO-
CCSD result to within 0.1 kecal /mol.

This system was quite computationally de-
manding to treat with NEO-CCSD, even with



density fitting. In contrast, the NEO-SOS'-
OOMP2 calculation can be performed on a
consumer-grade desktop PC in around two
hours, with the NEO-SOS’-MP2 calculation fin-
ishing in less than an hour. In both cases, the
NEO approach is more practical than conven-
tional methods for this problem because the
NEO approach provides the anharmonic ZPE
without requiring a nuclear coordinate Hes-
sian or anharmonic force constants. Of course,
NEO does not capture contributions to the ZPE
from the heavy nuclei. In the case of wa-
ter clusters, however, the vibrational energy
is dominated by the proton modes, which are
by far the most numerous and highest in en-
ergy. We confirmed that the ZPE is domi-
nated by proton motion by assigning the oxy-
gen atoms infinite mass and recomputing the
conventional Hessian, which decreased the to-
tal ZPE by less than 10%, and did not af-
fect the relative energies of the isomers. To
further demonstrate the value of NEO-SOS'-
OOMP2, we calculated the relative energies of
much larger protonated water clusters that are
inaccessible via our current implementation of
NEO-CCSD. We focus on hexamers and hep-
tamers, H3O(H,0)F and H3O(H,0)Z, where
all 13 and 15 protons, respectively, are treated
quantum mechanically. Even single-point en-
ergy calculations on systems of this size are
impractical for NEO-CCSD with density fit-
ting, whereas they require only modest com-
putational effort with our implementation of
NEO-SOS’-OOMP2. Due to the system size,
we cannot benchmark against NEO-CCSD, and
therefore we must assess the accuracy by com-
paring to conventional methods for calculating
electronic and vibrational ground state ener-
gies.

We obtained the structures of nine low-energy
isomers of the protonated water hexamer opti-
mized at the MP2/aug-cc-pVTZ level from Ref.
36. These structures represent a challenging ap-
plication for the NEO approach because their
relative energies differ by only approximately
1-2 kcal/mol, making them sensitive to sub-
tle nuclear quantum effects.?® We include data
for all nine isomers in the Supporting Infor-
mation (Fig. S1), but in this Letter we focus

6 T T
(a) Hexamers

MP2
MP2+ZPE ]
MP2+AZPE
NEO-SOS’-OOMP2 -
NEO-SOS’-MP2
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Figure 2: Relative ground-state energies for
low-lying isomers of (a) protonated water hex-
amers, H3O(H,0)7, and (b) protonated wa-
ter heptamers, H3O(H,0)s. The NEO-SOS'-
OOMP2 (purple data) and NEO-SOS’-MP2
(orange data) methods are compared to conven-
tional MP2 (red data), conventional MP2 with
a harmonic ZPE correction (blue data), and
conventional MP2 with an anharmonic ZPE
correction (green data). Both NEO methods
qualitatively disagree with the MP2+4-ZPE rela-
tive energies but agree much more closely with
the MP2+AZPE energies, highlighting the im-
portance of anharmonicity.

on five isomers that show a qualitative differ-
ence with the inclusion of ZPE. We use MP2
as the conventional electronic structure method
for consistency with Ref. 36 and 37 and be-
cause implementations with normal mode anal-
ysis are widely available. Using SOS-MP2 or
SOS-OOMP2 does not change the ordering of
the electronic energies. Fig. 2(a) shows the en-
ergies relative to the lowest energy isomer, T'1.



The relative energies calculated at the conven-
tional MP2/aug-cc-pVTZ level (red data in Fig.
2(a)) are arranged in ascending order, T1 <
Cl < E2 < E1 < Z1. When we include the
harmonic ZPE calculated via the MP2 Hessian
(MP2+ZPE, blue data) the ZPE has a dramatic
effect on the ordering, reversing the trend of the
latter four structures (Z1 < E1 < E2 < C1),
and increasing the T1-C1 relative energy from
0.3 kecal /mol to 2 kcal/mol.

The NEO-SOS-OOMP2 and NEO-SOS'-
MP2 methods predict a much more subtle
change due to nuclear quantum effects. We
performed these computations using the aug-
cc-pVTZ electronic basis set with the aug-cc-
pVTZ-RI auxiliary basis set. These NEO meth-
ods predict the same ordering as conventional
MP2 (purple and orange data in Fig. 2(a), with
the most notable difference being an increase in
the T1-C1 relative energy from 0.3 kcal/mol to
1.3 kcal/mol. To examine the discrepancy be-
tween these NEO methods and the MP2+4ZPE
approach, we tested two possible causes: the
NEO methods lacking ZPE involving the heavy
(oxygen) atoms and the MP2+ZPE approach
lacking anharmonicity. The MP2+ZPE results
computed with infinitely heavy oxygen atoms
(shown in Fig. S1) are very similar to our origi-
nal MP2+ZPE results, ruling out the treatment
of the oxygen atoms as the source of the dis-
crepancy.

Calculating the necessary anharmonic force
constants to approximate the anharmonic ZPE
for a system of this size at the conventional
MP2 level is computationally challenging. To
estimate the qualitative impact of anharmonic-
ity, we calculated the VPT2 frequencies at the
B3LYP/6-311G(d,p) level.353840 We then sub-
tracted the harmonic ZPE from the anharmonic
ZPE at this same level of theory to obtain an es-
timated correction due to anharmonicity. The
MP2+AZPE results (green data in Fig. 2(a))
are the sum of the MP2 electronic energy and
harmonic ZPE, as well as the BSLYP anhar-
monic correction. Including anharmonicity sig-
nificantly moderates the effect of the ZPE and
restores the E2 < E1 < Z1 ordering. The
MP2-+AZPE approach still predicts C1 to be
higher in energy than E2, E1 or Z1, but the

T1-C1 relative energy is now 1.5 kcal /mol com-
pared to 1.3 kcal/mol from NEO-SOS’-OOMP2
and 2 kcal /mol from MP2+4ZPE. Therefore, we
conclude that the anharmonicity plays a ma-
jor role in determining the relative energies of
large water clusters, which exhibit many nearly-
degenerate configurations. Excluding anhar-
monicity leads to an overestimation of the im-
pact of ZPE, whereas the NEO approach may
slightly underestimate the impact, although a
definitive benchmark is not available, and the
NEO methods may be more accurate than the
MP2-+AZPE approach. Regardless, the NEO
approach provides a substantially more com-
putationally efficient way to include effects of
anharmonicity than calculating the anharmonic
force constants.

Finally, we used NEO-SOS-OOMP?2 to cal-
culate the relative energies of protonated wa-
ter heptamers. We obtained the structures
of six topologically distinct low-energy isomers
from Ref. 37, in which the geometry optimiza-
tions and harmonic ZPEs were computed at the
MP2/aug-cc-pVDZ level. Fig. 2(b) shows their
MP2 electronic energies (red data) and MP2
energies with harmonic ZPE corrections (blue
data). The addition of harmonic ZPE changes
the relative energies significantly, most notably
causing 9C1 and 7R1 to be nearly degenerate
as the lowest-energy isomer, in contrast to the
separation of 3.5 kcal/mol for the purely elec-
tronic energies.

We do not observe such a stark difference for
the relative energies computed with NEO-SOS’-
OOMP2 and NEO-SOS’-MP2 (purple and or-
ange data in Fig. 2(b)). We used the same
MP2-optimized geometries in conjunction with
the aug-cc-pVDZ electronic basis set with the
aug-cc-pVTZ-RI auxiliary basis set. The NEO
methods only produce a subtle change com-
pared to the conventional MP2 electronic en-
ergies. To investigate the difference between
the NEO methods and the MP2+4+ZPE ap-
proach, we calculated the anharmonic correc-
tion to the conventional harmonic ZPE using
VPT2 at the B3LYP/6-311G(d,p) level of the-
ory. The MP2-+AZPE relative energies (green
data) again show that anharmonicity offsets the
effects of the harmonic ZPE, leading to a much



more subtle change relative to the conventional
electronic energies. Although the MP2-+AZPE
results are not in quantitative agreement with
the NEO-SOS’-(OO)MP2 results, the trends
are qualitatively similar. Moreover, as men-
tioned above, the NEO approach may be more
accurate than the MP2-+AZPE approach and is
definitely more computationally tractable.

In this Letter, we present an efficient imple-
mentation of NEO-SOS-OOMP2 with density
fitting, enabling the study of larger systems
with many nuclei treated quantum mechan-
ically. Both NEO-SOS-OOMP2 and NEO-
SOS’-MP2 predict proton affinities to within ex-
perimental accuracy. We also calculated the rel-
ative energies of four protonated water tetramer
isomers with all protons treated quantum me-
chanically. We found that both NEO-SOS’-
OOMP2 and NEO-SOS’-MP2 correctly predict
the relative energetic ordering, which is sig-
nificantly influenced by the vibrational ZPE,
and produce energies that agree with the NEO-
CCSD results to within 0.2 kcal/mol. Finally,
we computed the relative energies for proto-
nated water hexamers and heptamers with all
protons treated quantum mechanically. The
NEO-SOS-OOMP2 and NEO-SOS-MP2 re-
sults disagree qualitatively with the results
of conventional MP2 with harmonic ZPE but
agree much better with the conventional MP2
results when an anharmonic correction is ap-
plied to the conventional harmonic ZPE. Thus,
these calculations indicate that anharmonicity
is crucial for accurately capturing the relative
energies of geometries for large water clusters
and illustrate that harmonic ZPE corrections
can lead to qualitatively incorrect conclusions.

The NEO framework, specifically NEO-SOS'-
OOMP2, provides a way to capture anharmonic
ZPEs at modest computational cost for sys-
tems where conventional methods may be im-
practical. Moreover, the NEO approach pro-
vides energies that include anharmonic ZPEs
associated with the quantum protons for any
geometry, in contrast to conventional meth-
ods that are restricted to stationary points.
With this efficient implementation of NEO-
SOS-OOMP2, we have demonstrated its place
as the NEO wavefunction method with the ideal
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balance of efficiency and accuracy. We found
that the SOS’ approach to correlation energy
component scaling is the most important fac-
tor in obtaining accurate ground-state ener-
gies, as demonstrated by the close agreement
between NEO-SOS-OOMP2 and NEO-SOS'-
MP2. However, orbital optimization is still cru-
cial for computing accurate protonic densities
and will be important for avoiding spin contam-
ination in open-shell multicomponent systems.
Future implementation of analytic nuclear gra-
dients*"*? will enable us to perform geometry
optimizations and dynamics with NEO-SOS'-
OOMP2, enabling studies of geometric isotope
effects and proton transfer dynamics.
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