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ABSTRACT

We consider the problem of dividing limited resources to individ-

uals arriving over ) rounds. Each round has a random number of

individuals arrive, and individuals can be characterized by their

type (i.e. preferences over the different resources). A standard no-

tion of ‘fairness’ in this setting is that an allocation simultaneously

satisfy envy-freeness and efficiency. For divisible resources, when

the number of individuals of each type are known upfront, the

above desiderata are simultaneously achievable for a large class of

utility functions. However, in an online setting when the number

of individuals of each type are only revealed round by round, no

policy can guarantee these desiderata simultaneously.

We show that in the online setting, the two desired properties

(envy-freeness and efficiency) are in direct contention, in that any

algorithm achieving additive counterfactual envy-freeness up to

a factor of !) necessarily suffers a efficiency loss of at least 1/!) .

We complement this uncertainty principle with a simple algorithm,

Guarded-Hope, which allocates resources based on an adaptive

threshold policy and is able to achieve any fairness-efficiency point

on this frontier.
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1 INTRODUCTION AND MODEL

Our work here is motivated by a problem faced by a collaborating

food-bank (Food Bank for the Southern Tier of New York (FBST))

in operating their mobile food pantry program. In these systems,

the mobile food pantry must decide on how much food to allocate

to a distribution center on arrival without knowledge of demands

in future locations. As a simplified example, every day the mobile

food pantry uses a truck to deliver � units of food supplies to

individuals over ) rounds (where each round can be thought of as

a distribution location: soup kitchens, pantries, nursing homes, etc).
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When the truck arrives at a site C (or round C ), the operator observes

#C individuals and chooses how much to allocate to each individual

(-C ∈ R
#C ) before moving to the next round. The number of people

assembling at each site changes from day to day, and the operator

typically does not know the number of individuals at later sites

(but has a sense of the distribution based on previous visits).

In offline problems, where the number of individuals at each

round (#C )C ∈[) ] are known to the principal in advance, there are

many well-studied notions of fair allocations of resources. Envy-

freeness requires that each individual prefers their own allocation

over the allocation of any other. Efficiency requires that the allo-

cations clear the available resources. For divisible resources, the

above desiderata are simultaneously achievable for a large class of

utility functions, with multiple resources, and is easily computed by

maximizing the Nash Social Welfare (NSW) objective subject to al-

location constraints. In this (simplified) setting, the fair allocation is

easily computed by allocating ->?C
=

�
# to each individual, where

# =

∑
C ∈[) ] #C is the total number of people across all rounds.

Many practical settings, however, the principal makes allocation

decisions online with incomplete knowledge of the demand for

future locations. These principals do have access to historical data

allowing them to generate histograms over the number of individu-

als for each round (or potentially just first moment information).

Satisfying any one of these properties is trivially achievable in on-

line settings. The solution that allocates -C = 0 to each individual

at location C satisfies hindsight envy-freeness as each individual is

given an equal allocation. The solution that allocates -1 = �/#1

to individuals at the first location and -C = 0 for C ≥ 2 satisfies

efficiency as the entire budget is exhausted at the first location. A

more difficult challenge in this setting is achieving low counterfac-

tual envy, ensuring that the allocations made by the algorithm (-C )

are close to what each individual should have received with the fair

solution in hindsight (�/# ).

2 APPROXIMATE FAIRNESS

In sequential settings, one way to measure the (un) fairness of any

online allocation (-0;6) is in terms of its counterfactual distance

(for both envy and efficiency) when compared to the optimal fair

allocation in hindsight (i.e., offline allocation ->?C ). Another mea-

sure is hindsight envy (when compared only to allocations made by

the algorithm). In particular, we define the counterfactual envy as

ΔEF = ‖D (-
>?C

\
, \ ) −D (-

0;6

\
, \ )‖∞ to be the maximum difference in

utility between the algorithm’s allocation and the offline allocation

where agents are characterized by their type \ , define the hind-

sight envy as Envy = maxC,C ′,\,\ ′ D (-
0;6

C ′,\ ′
, \ ) − D (-

0;6

C,\
, \ ) to be the

maximum difference between the utility individuals would have

received if given someone else’s allocations, and let Δefficiency =
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