TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY, SERIES B
Volume 9, Pages 322-342 (April 19, 2022)
https://doi.org/10.1090/btran/102

SMALL DEVIATIONS AND CHUNG’S LAW OF ITERATED
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ABSTRACT. A small ball problem and Chung’s law of iterated logarithm for
a hypoelliptic Brownian motion in Heisenberg group are proven. In addition,
bounds on the limit in Chung’s law are established.
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1. INTRODUCTION

Let E be a topological space and {X;}(<,<; be an E-valued stochastic process
with continuous paths such that Xy = 2o € E a.s. Denote by Wy, (E) the space
of E-valued continuous functions on [0, 1] starting at xg, then we can view X; as

a Wy, (E)-valued random variable. Given a norm || - || on Wy, (E), the small ball
problem for X; consists in finding the rate of explosion of
—log P (|| X[ <€)

as € — 0. More precisely, a process X; is said to satisfy a small deviation principle
with rates a and g if there exist a constant ¢ > 0 such that

(1.1) lin}) —%loge|PlogP (|| X|| <€) =c.
e—

The values of a, and ¢ depend on the process X; and on the chosen norm on
Wy (E). Small deviation principles have many applications including metric en-
tropy estimates and Chung’s law of the iterated logarithm. We refer to the survey
paper [15] for more details. In our paper we are mostly interested in connections
of a small deviation principle to Chung’s law of the iterated logarithm.
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We say that a process X; satisfies Chung’s law of the iterated logarithm with
rate a € Ry if there exists a constant C' such that

a
(1.2) lim inf (bgl_ogt) max | X;| = C.
t— 00 t 0<s<t

When X, is a Brownian motion, it was proven in a famous paper by K.-L. Chung
in 1948 that (1.2) holds with a = § and C = T 1 Wa, (E) is a Banach space,
and the law p of X; is a Gaussian measure on W, (E), then one can use a scaling
property of the process X; to prove Chung’s law of the iterated logarithm from a
small deviation principle.

Small deviation principle for a Brownian motion and related processes have been
extensively studied, we mention only a few most relevant to our results. In [2] the
authors considered the case of a one-dimensional Brownian motion and Holder
norms, in [14] a Brownian sheet in Holder norms has been considered, [13] studied
the integrated Brownian motion in the uniform norm, and [6] the m-fold integrated
Brownian motion in both the uniform and L?-norm. In [18] a small deviation
principle and Chung’s law of iterated logarithm are proven for some stochastic
integrals and in particular for Lévy’s stochastic area.

In the current paper we consider a hypoelliptic Brownian motion g; on the
Heisenberg group H starting at the identity e in H. The group H is the simplest
example of a sub-Riemannian manifold, and it comes with a natural left-invariant
distance, the Carnot-Carathéodory distance d... We then consider the uniform
norm

lgllwo e = max g

on the path space Wy (H) of H-valued continuous curves starting at the identity,
where | - | is a norm on H equivalent to the Carnot-Carathéodory distance d... We
refer for details to Section 2.

Our main results include Theorem 3.2 where we prove Chung’s law of the iterated
logarithm with a = % for a hypoelliptic Brownian motion g;. As a consequence of
Theorem 3.2, we prove Theorem 3.4 which represents a small deviation principle
for the hypoelliptic diffusion g; with respect to the norm || - ||y, ). More precisely,
we prove that there exists a finite positive constant ¢ such that (1.1) holds with
a =2 and § =0, and we provide a lower and upper bound on ¢. Note that finding
the constant ¢ explicitly is difficult even in more studied cases, see for example
[13, Remark 2.2].

Let us explain now how our setting differs from known results. First observe
that the hypoelliptic Brownian motion g¢; is an R3-valued stochastic process, but it
is not a Gaussian process. Therefore we cannot rely on the properties of Gaussian
measures on Banach spaces, such as log-concavity and Anderson’s inequality which
are common tools in the subject. We refer to [1,5] for more details about Gaussian
measures on Banach spaces. These properties have been used to show the existence
of a small deviations principle for some processes such as an integrated Brownian
motion in [13], and a Brownian motion with values in a finite dimensional Banach
space in [7].

Generally, if a small deviation principle is known, then it can be used together
with scaling properties of the process to show Chung’s law of the iterated logarithm.
For example, in [18] a small deviation principle for Lévy’s stochastic area A; is first

d
proven and then, using that A, @ €Ay for any t and € > 0, Chung’s law of the
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iterated logarithm for the process A; follows. For related work we also refer to [8].
It is also possible to prove the converse. In [13] the authors first prove Chung’s

law of the iterated logarithm for the integrated one-dimensional Brownian motion

fg b.ds. Then, using the scaling property fost bsds @ .3

fot bsds, a small deviation
principle for fot bsds is shown.

Most relevant to our work is [13], where the existence of the limit (1.1) for
X, = fot bsds follows from Anderson’s inequality for Gaussian measures. Chung’s
law of the iterated logarithm is then used to prove that the limit is finite. This
method cannot be used directly in our setting since the hypoelliptic Brownian
motion g; is not a Gaussian process, and therefore we cannot rely on Anderson’s
inequality. In our case we first prove in Proposition 4.3 that if the limit (1.1) exists
then it is strictly positive and finite. We then prove Chung’s law of the iterated
logarithm for g; and use it in place of Anderson’s inequality to show the existence of
the limit (1.1). As a by-product we have bounds on this limit in terms of the lowest
Dirichlet eigenvalues as given in Theorem 5.6. The mathematical literature on the
subject is vast, and we mention only the most relevant in terms of the techniques
and results. In particular, a similar state space is considered in [16,17] though the
results are different.

The paper is organized as follows. In Section 2 we describe the Heisenberg
group H and the corresponding sub-Laplacian and hypoelliptic Brownian motion.
In Section 3 we state the main results of this paper, namely Chung’s law of the
iterated logarithm in Theorem 3.2 and a small deviation principle in Theorem 3.4.
Section 4 contains estimates that are needed to prove Theorem 3.2 and Theorem
3.4. We conclude Section 5 with the proof of the main results.

2. HYPOELLIPTIC BROWNIAN MOTION ON THE HEISENBERG GROUP

2.1. Heisenberg group as Lie group. The Heisenberg group H as a set is R? =
R? x R with the group multiplication given by

1

(vi,21) - (V2,22) = | @1 + 22,91 + Y2, 21 + 22 + ¥ (vi,va) |,

where vy = (21,11), V2 = (22,12) € R?,

w:R?2xR? — R,

w (Vl, V2) = T1Y2 — T2Y1
is the standard symplectic form on R%. The identity in H is e = (0,0,0) and the
inverse is given by (v,z) " = (—v, —z).

The Lie algebra of H can be identified with the space R = R? x R with the Lie

bracket defined by

[(a1,c1) , (a2, c2)] = (0,w (a1, a2)) -
The set R? 2 R? x R with this Lie algebra structure will be denoted by b.
Let us now recall some basic notation for Lie groups. Suppose G is a Lie group,
then the left and right multiplication by an element k& € G are denoted by
Ly : G — G, g— k™ lg,
Ry : G — G, g — gk.
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Recall that the tangent space T.G can be identified with the Lie algebra g of left-
invariant vector fields on G, that is, vector fields X on G such that dLyoX = X oLy,
where dLj, is the differential of Li. More precisely, if A is a vector in T.G, then
we denote by A € g the (unique) left-invariant vector field such that A(e) = A.
A left-invariant vector field is determined by its value at the identity, namely,
A(k) =dLj o Ale).

For the Heisenberg group the differential of left and right multiplication can be
described explicitly as follows.

Proposition 2.1. Let k = (k1, ko, k3) = (k, k3) and g = (91, 92,93) = (8, g3) be two
elements in H. Then, for every v = (v1,v2,v3) = (v,v3) in T,H, the differentials
(pushforward) of the left and right multiplication are given by

ALy = Ly : TgH — T}, H,
de = Rpy : TgH — Tng,

1
dLy(v) = <v1,v2,v3 + §w(v,k)> ,

(2.1) dRy(v) = <m, Vs, U3 + %w(v,k)) .

2.2. Heisenberg group as a sub-Riemannian manifold. The Heisenberg group
H is the simplest non-trivial example of a sub-Riemannian manifold. We define X,
Y and Z as the unique left-invariant vector fields satisfying X, = 0, Y. = 0, and
Z, = 0, which are given by

1

X:az_ 5 627
2y
Y:(’?y—i—%xaz,

Z = 0,.

Note that the only non-zero Lie bracket for these left-invariant vector fields is
[X,Y] = Z, so the vector fields {X,Y} satisfy Hérmander’s condition. We define
the horizontal distribution as H = span{X,Y} fiberwise, thus making #H a sub-
bundle in the tangent bundle TH. To finish the description of the Heisenberg group
as a sub-Riemannian manifold we need to equip the horizontal distribution H with
an inner product. For any p € H we define the inner product (-, )3, on H, so that
{X (p),Y (p)} is an orthonormal (horizontal) frame at any p € H. Vectors in H,,
will be called horizontal, and the corresponding norm is denoted by || - |3,

In addition, Hérmander’s condition ensures that a natural sub-Laplacian on the
Heisenberg group

(2.2) Ay =X*+Y?

is a hypoelliptic operator by [10].

We recall now another notion in sub-Riemannian geometry, namely, of horizontal
curves. Suppose y(t) = (z (t),y (t),z (t)) = (x(t), z (¢)) is an absolutely continuous
curve with values in H, and the corresponding tangent vector 4/(t) in TH., ) is

V()= (" (), (1),2 (1) = (&' (1), 2 (1))
We denote by ¢, the Maurer—Cartan form on H, ie. the h-valued 1-form on H
defined by ¢4 (v) = dLg4v, v € T,H. Note that the pushforward of a vector in T,H
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along the left translation can be found explicitly. Namely for v(t) = (x (¢), 2 (t))
the Maurer-Cartan form is

23) &) (1) = (1) = dLgs) (7/(1))
= (¥ 0.0 - g0 X @),
where we used Proposition 2.1.

Definition 2.2. An absolutely continuous curve t — ~(t) € H,t¢ € [0,1] is said
to be horizontal if ' (t) € H. for a.e. t, that is, the tangent vector to v (t) is
horizontal for a.e. ¢. Equivalently we can say that v is horizontal if ¢, (¢) € H. for
a.e. t.

Equation (2.3) can be used to characterize horizontal curves in terms of the
components as follows. An absolutely continuous curve 7 is horizontal if and only
if

1

(2.4) Z(t) = 5wlx (), x (1)) = 0 ae. .

The horizontal length is defined as

L) = [ e () .

where we set Ly (7) = oo if 7 is not horizontal. The Heisenberg group as a sub-
Riemannian manifold comes with a natural left-invariant distance.

Definition 2.3. For any g1,92 € H the Carnot-Carathéodory distance is defined
as

dec(91,92) = 1nf {L (7),7:[0,1] — H,7(0) = g1,7(1) = g2} .

Another consequence of Hérmander’s condition for left-invariant vector fields X,
Y and Z is that by the Chow—Rashevskii theorem there exists a horizontal curve
connecting any two points in H, and therefore the Carnot-Carathéodory distance
is finite on H.

In addition to the Carnot-Carathéodory distance on the Heisenberg group, we
will use the following homogeneous distance

1

(2.5) p(g1:92) = (%1 = X2llge + |21 — 22 +w(x1,x2)?) ¥,
which is equivalent to the Carnot-Carathéodory distance, that is, there exist two
positive constants ¢ and C' such that

(2.6) cp(91,92) < dec(91,92) < Cp(g1,92)

for all g1, g2 € H. We denote by |-| the norm on H induced by p, that is, |g| = p(g, €)
for all g € H. In particular, by the left-invariance of p we have that for any g1, g2 € H

2.7) g tail=p (95" 91.€) = plg1,92) < plgr,e) + plga,e) = |g1] + g2l

This is discussed in a more general setting in [4, Proposition 5.1.4].

Finally, we need to describe a hypoelliptic Brownian motion with values in H.
This is a stochastic process whose generator is the sub-Laplacian %AH defined by
Equation (2.2).
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Notation 2.4. Throughout the paper we use the following notation. Let (Q, F, F;, P)
be a filtered probability space. We denote the expectation under P by E.

By a standard real-valued Brownian motion {Bt}t>0 we mean a continuous
adapted R-valued stochastic process on (2, F, F;,P) such that for all 0 < s < ¢
the increment B; — B; is independent of F; and has a normal distribution with
mean 0 and the variance ¢t — s.

Definition 2.5. Let W, = (W1(t), Wa(t),0) be an h-valued stochastic process,
where W, := (Wy(t), Wa(t)) is a standard two-dimensional Brownian motion. A
hypoelliptic Brownian motion g; = (g1(t), g2(t), g3(t)) on H is the continuous H-
valued process defined by

(2.8) gt == (Wi, Ay),
where A, := % fotw (W, dWy) is Lévy's stochastic area.

Note that we used Itd’s integral in this definition rather than Stratonovich’ in-
tegral. However, these two integrals are equal in our setting since the symplectic
form w is skew-symmetric, and therefore Lévy’s stochastic area functional is the
same for both integrals as was observed in [9, Remark 4.3].

One can also write a stochastic differential equation for g; = (z, yt, 2t), go =
(0,0,0) = e € H as a stochastic differential equation for a Lie group-valued Brow-
nian motion

(2.9) Ly« (dg) = g; 'dg, = dWy,
go = €.

Equation (2.8) gives an explicit solution to this stochastic differential equation for
the Heisenberg group.

3. MAIN RESULTS

Notation 3.1. Let X; be a stochastic process with values in a metric space (X, d)
with Xo =« € X, then X; denotes the process defined by
X/ = Orgggtd (X5, Xo) .
For X = H we use the homogeneous distance p with Xy = e, and on X = R" we

consider the standard Euclidean norm. Before formulating Chung’s law of iterated
logarithm for the hypoelliptic Brownian motion g; we introduce the notation

(1) = /logiogt.

Theorem 3.2 (Chung’s law of iterated logarithm). Let g; be the hypoelliptic Brown-
ian motion on the Heisenberg group H defined by (2.8). Then there exists a constant
¢ € (0,00) such that

(3.1) liminf ¢ (t) gy =c¢  a.s.

t—o0

Remark 3.3. Note that the hypoelliptic Brownian motion g; has the same scal-
ing property with respect to the norm induced by the homogeneous norm p as a
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standard Brownian motion in a Euclidean space. Indeed,

|get| == p (gie, €) = \/|Bee|* + AL

@ </|\/EBt‘4 + (241 = Vep (g1, €) = VElgi-

Therefore it is not surprising that the process ¢g; and the standard Brownian motion
have the same rate ¢(¢) in Chung’s law of iterated logarithm.

As a consequence of Theorem 3.2 we can prove a small deviation principle for
gt-

Theorem 3.4 (Small deviation principle). The limit

(3.2) lim —e2logP (g} <¢) =¢?
e—0

exists with constant ¢ being defined by (3.1).

Remark 3.5. Using scaling properties of g, we can formulate a small deviation
principle over an interval [0,7]. Let 7' > 0 be fixed, then by Theorem 3.4 and
Remark 3.3 we have that

: _ 2 * — 2
611_1)1(1) elogP (g7 <¢e) =c*T.
Indeed,

. 62 * : 62 * € 2

Elgr})—?log]?(gT <g)= ;%—Tlog]}” <91 < ﬁ) = c”.
Remark 3.6. One might expect that the value of the limit, ¢, is the first Dirichlet
eigenvalue for the hypoelliptic generator of the Brownian motion g; in the unit ball
with respect to the homogeneous norm. Equivalently this constant can be expected
to be described by the first exit time from this ball. This is a delicate issue since
the infinitesimal generator is a hypoelliptic operator and the ball has a non-smooth
boundary. We will address this problem in a forthcoming paper. Note that if the
constant c¢ is indeed the first Dirichlet eigenvalue for the hypoelliptic operator in
this set, then Theorem 5.6 gives bounds for its value.

4. PRELIMINARY ESTIMATES

We collect here several preliminary estimates that will be used throughout the
paper.

Proposition 4.1. Let Y; be a positive real-valued process and assume there exist
two finite positive constants 0 < a < b < 0o such that

o 1

(4.1) htrglogf—g logP(Y; <1)>a
1

(4.2) limsup ——logP (¥; < 1) < b.
t—o0 t

Let ¢, x and y be real numbers such that ¢ > 1, and 0 < x < a < b < y, then there
exists an ng € N such that

oo
(4.3) > P(Y., <1) < o0,

n=ngo
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where sy, := %log logc™, and

oo

(4.4) Y PV, <1) =00,

n=no

where v, s any positive sequence such that v, — oo as n — oo, and v, <
%log logn™ for all n = ny.

Proof. Let us first show (4.3). By (4.1) we have
PY;<1)<e ™

for all large enough t. Therefore there exists an n; € N such that

n=nq n=nq
o) e} a
— § efgloglogcn — E 1 *
nlogc
n=mni n=mni

which is a convergent series since z < a.
Let us now show (4.4). By (4.1) we have that

P(Y;<1)>e

for all large enough ¢, and hence there exists an ne € N such that

o0 (o9}
S P(Y,, <1)= Y et
n=nsq n=ns
> b 1 n > 1 %
— — loglogn
>Zey o :Z<nlogn)
n=nsg n=nsg

which is divergent since b < y. The proof is then completed by taking ny =
max (ny,ng). O

We first prove a weaker version of Theorem 3.4, namely that if the limit in (3.2)
exists, then it is finite and strictly positive. The estimates in Proposition 4.3 will
be used in the proof of Chung’s law of iterated logarithm. First we introduce the
following notation.

Notation 4.2 (Dirichlet eigenvalues in R™). We denote by )\gn) the lowest Dirichlet
eigenvalue of —%ARTL on the unit ball in R™, where 0 < Ai"’ < )\én) < ... are Dirich-
let eigenvalues for the Laplacian —1Ag» in the unit ball D := {z € R", |z| < 1}.

Recall that the lowest Dirichlet eigenvalues appear in a small deviation principle
for a Brownian motion in R™, see e.g. [11, Lemma 8.1]. Namely, suppose b; is a
standard Brownian motion in R”, then

(4.5) lim —£?logP (b} < ¢) = /\(171)7
e—0

where )\gn) is as in Notation 4.2, and

b} := max |b¢|gn.
0<t<1

Itx
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Proposition 4.3. Let g, be the hypoelliptic Brownian motion on the Heisenberg
group H. Set

 Timinf 2 x
c_ = hran_}(r)lf elogP (g7 < ¢),
¢y = limsup —e?log P (g} < ¢).
e—0
Then
(4.6) )\52) e <eyp<c (/\gl), /\(12)> ,
where

c(AAP) = ft) = inf f @),

z€(0,1)

AP . AV =

v1ii—=z 4x
. \/ (A2 4 32AWAE — gp

xr = )

2 (0 D)

f(z) =

and )\(1") are the lowest Dirichlet eigenvalues on the unit ball as defined in Notation
4.2.

Proof. The lower bound in (4.6) follows from the small deviation principle 4.5 for
R™-valued Brownian motion and the fact that P (¢ < e) < P (B} < ¢).
Let us prove now the upper bound. For any = € (0,1) we have

P(g; <e¢) —]P’<Or£1ax (|Bslge + |ASlR) < € >

>P(Bi‘<(1—x)za, A*{<\/552).

It is well-known that At = bT(t) where b; is a one-dimensional Brownian motion

independent of B, and 7(t) = fo | Bs |22 ds, see for example [11, Chapter 7, Section
6, Example 6.1]. Therefore we have

 sup [bryls < ﬁ)

0<t<1

=

P (Bf <e(l—ux)
IP’ B1 <E(1—$)% sup |blr < €2V
0<t<r(1)
1

B <e(l—x)%, sup lbelr < €2V
ogtg%(kz)f

" 26\/2)

IP’ Bl<5 1—x)%>P<b1‘ (QEf )

1—2x)

»b|>—4
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Thus
i 2
log P (g5 <€) > logP (B; < =(1-)}) +logP (b < —Y* ),
(1—2)%
and hence
2 ¥ 2 3 * 1 1
—c"logP (g7 <€) < —¢ (1—x)2log]P’(Bl <5(1—a§)4) S
(1—a)
4 2 1— )2
_52—x110gp b>1k< \/51&_ ( Z‘) .
(1-x)? (1- )7 iz

From the small deviation principle (4.5) for a R™-valued Brownian motion applied
to B; and b, it follows that

AP AT
li _ 21 P(g* < < 1 4 1
H;’ljélp € log (gl 5) m dx
for all z in (0,1). Note that
N NV
Vi—=z 4z

always has a local minimum over (0, 1) even if we do not rely on the known values

f(z):= > 0 for all z € (0,1)

of the eigenvalues )\52) and /\(11). It is easy to see that this minimum is achieved at

. \/ (A2 4 32PN ga
v @ _ (D) €01
2 (P =)

which gives Equation (4.6). O

5. PROOF OF THE MAIN RESULTS

5.1. Chung’s law of iterated logarithm for g,. The goal of this section is to
prove Theorem 3.2. Later in Proposition 5.5 we prove that ¢ := liminf;_, . ¢(¢t)gr

loglogt
t

is constant a.s., where ¢ (t) := . For now c¢ is a random variable for which

we first show lower and upper bounds in Proposition 5.1 and Proposition 5.3.

Proposition 5.1 (Lower bound). For the lowest eigenvalue /\(12) as introduced in
Notation 4.2 we have

T 5 0@ s
c 11g£f¢(t)gt/ A as

Proof. While this proof is motivated by [18], we provide a detailed argument for

completeness. Let 7 > 0 be such that 0 <r < )\§2). Then we can find a constant

M > 1 such that M < /\(12). We will show that

Plece<r)=0foral 0<r< )\(12).
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‘We have

P(c<r)=P (ligglf d(t)gr < r)

<P i :

NuU {Mnggéwa ¢(t)g; < r}
k>1n>k

1 n *

<P m U {MQS(M ) 9n <7‘}
k>1n>k

—P {g ( (M )2)<1} ,
k>1n>k

where g* (M" 2¢ (M™) ) =g% 2 o) Here we used that
2

for any 0 < a < b < co. It is enough to show that

o (o) <) =

and then the result follows from the Borel-Cantelli Lemma. By (4.6) and the scaling
property of g;, it follows that

(2)<- . 2 * — Tim; _ 2
A \llgl_)lélf e“P (g7 <€) 11£n_>1(r)1f E]I"(max |g1 |<1>

0

o 1 o «
= 11trgloro1f—z]P <0r£1a§ lgs| < 1> = lltrgloglf—EP(gt <1).

st

Moreover,
AIn—2 2 1 "
2 ¢ (M") ::Egg;gloglogﬂl ;
and hence we can apply Proposition 4.1 with ¥; = ¢/, a = )\52), Sp = %1og log M™,
and x = M?r?, since M?r? < )\(12). O

Our next step is to show that c is finite almost surely. To do so, we need Lemma
5.2.

Lemma 5.2. Set t, =n™. Then for everye >0

(5.1) PN U{ewe >} =0

k=21nzk
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Proof. Tt is enough to show that for any € > 0

(5.2) PO U {¢(tn)3; >5} =0 and

n—1
k>1n>k

(5.3) PO U {¢(tn)2A;"n_1 > g} —0.

k>1n>k

{o(t)gi, , > <} = {(b(tn)‘* max  (|Byfhs + |A,2) > 54}

0<s<tn—1

€ . g2
o )

and hence

Let us first prove (5.2). For every ¢ fixed we have that

{w : limsup ¢ (t,) max |Bs(w)|r2 —O}

n—o0 0<s<tn—1
C U ﬂ {w Do (tn) o DB |Bs(w)|r2 < e}.
k>1nzk

Moreover, by [12, Lemma 1] we have that for ¢, = n”

li ¢ Blge =0 as..
lﬂsolip(b( ”)0%%}571' sle2 as

Combining everything together we have that for ¢, = n"

1=P <lim sup ¢ (t,,) [ nax | Bs|rz = 0>

n—00 <s<tn—1

<P U ﬂ {¢<t")o<rsn<at)jl |Bs(w) g2 < 5} ,

k>1n>k
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and (5.2) is proven since

NU{ew) B, ><}

k>1n>k

—1-p(UN {¢<tn>0<g1<ag§1|33<w>mz <s}

k>1n>k

Let us now prove (5.3). It follows from [3, Example on pp. 449-451] that there

exists a finite constant d > 0 such that with probability one we have Ay = <
dt2_ ¢ (t,_1)” eventually, that is,
U ﬂ {A:,L71 < dti—l(b(tn—l)Q} =L
k>21n>k
For any ¢ > 0 there exists an N, such that for any n > N, we have that
dt%—lﬁﬁ (tnfl)Q ] (tn)Q <e.
Set
Bri= ({ot)’ 41, <d2_i6(ta-1)6 )%}
n>k
Then the family Fj is an increasing sequence of sets, and it the follows that
Un {A;“n_l <d2_ ot } UEic U B
k21n>k k=1 k=N,
= U N{ew) 4, <di o tas)? ¢<tn>2}
k2N n>k
c U n{(j)(tn)QAj;ﬂ <efcUN{ewra <<
k2N n>k k21n>k
Therefore for any € > 0 we have that
UN{et) 4, <} | =1,
k>1nzk
and so (5.3) is proven. O

Proposition 5.3 (Upper bound). Let ¢ ()\gl), )\§2)> be as in Proposition 4.3, then

c= litm info(t)g;y <4/c ()\gl), A§2)> a.s.
— 00
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Proof. Set t, = n"™. We will show that P(¢>r) =0 for any r > /¢ ()\gl), )\52))

Since

P (lminf o(t)g; > r) <P | {J () {o(tn)gr, >}

k>1n>k

=1-P( () U {eta)gr, <r}].

k>1n>k

it is sufficient to show that for any r >, /¢ ()\gl), )\§2)>

(5.4) Pl U {ét)g, <r}| =1

k>1n>k

Fix r > 4/c ()\gl),)\?)) and choose 7, such that 4/c (/\(11),)\52)) <71y <r. Let

us define the events

An:={¢(tn) max Igtflgs<"1}>

tn—1<s<tn

Byi={o e, , <57}

Then by (2.7) on the event A, N B,, we have

* -1
O(tn) g, SO (tn) gp, , +0(tn)  max |ge,_.g;," sl

< O(tn)gr, , +(tn)lge, |+ & (tn) max g " gl
tn—1<s<tn

r—"Tr T—T"r

2 2

N

and hence

By Lemma 5.2 we have P (ﬂk>1 Unsk BfL) =0, and therefore

—1
P U {ott, mox 1ol gl <

k>1n>k

=P U4 | =P U AnB)

k>1n>k k>1n>k

<P ﬂ U {6 (tn) g (tn) <7}

k>1n>k
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Equation (5.4) holds if we can show that

—1 _
Pl AU o, o gl <) ) <1

k>1nzk
Note that gt_nlflgs"!‘tn—l @ gs and it is independent of F;, ;. Indeed,

-1
Gt 19s+tn_1

1 [otine 1
(5‘5) = (Bs+tn1 - Btn—l’ 5 /t w (Bu’ dBu) + gw (Bs+tn17Btn1)>

n—1

@ (Bs,l/ w(Bu,dBu)> — ..
2 0

The assumptions of the Borel-Cantelli Lemma are satisfied, therefore we only need
to show that the series with the term

P (o)

—1
max g Gs+t, <7r
0<5<tn—tn 1 | tn_195ttn 1|

diverges. We have

<tn—tn_

]P’( max M|gs| < 1)
1

0Ss<Ktn—tn—1

P (g* (—t” _T;"’l ¢ (tn)2> < 1) ,

tn—tn— 2 -—
where g* <T1¢(tn) ) = gtn_fz"*lqﬁ(tn)z'

By (4.6) and the scaling propertly of g; it follows that

P (o0, max, ol e, <1 )

c <)\§1), )\52)) > limsup —?P (¢} < ¢) = limsup —°P (011132(1 91| < 1)

e—0 e—0

1 1
=i ——P 1) =1i ——P(gF < 1).
im sup (012322 |gs] < ) im sup — - (9 <1)

t—o0 t
Moreover,
tn - tn—l 2 1 tn - tn—l
——¢(t,)" = w——loglogt
2 ¢ (tn) 2 g, loslostn
1 1 "
< — loglogt,, = — loglogn
1 1

and hence we can apply Proposition 4.1 with ¥; = g;, b = ¢ ()\gl),)\?)), Uy =

Remark 5.4. In the proof of Proposition 5.3 we used left increments g;nl_lgsﬂn_l.
It is easy to check that the argument does not work if one considers the right
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increments gsy¢,_, 9y, 11_ instead. Indeed,

1

—1
Gs+tn_19¢,_4

1 S+tn—1 1
= (Bs+tn_1 =B, ., 5/ w (Buy,dBy) — 3¢ (Bs+tn_1aBtn_1)>

tn—1

1 s
= (Bertnl =By, 5/0 w (Bu+tn,1 - Btn,lydBqutn,l)

1 [° 1
+§/ w (B, ,,dButt,_,) — 3¢ (Bs+tn_1,Btn_1))
0

1 S
= <Bs+tn1 — B, ., 5/ w (Butt,_, — Bt,_,,dBuys,_,)
0
1 1
tow (Bt,_y>Bstt,_y — Bi,_,) — o (Bs+tnuBtn1)>

1 S
= (BS-Hnl - Btn—l’ 5 / w (Bu"l'tn—l - Btnfl’dBqutnfl)
0

+w (Btn_1,Bs+tn—1 - Btn—l))

@ L
=~ ( B,, 5[ @ (Bu,dB,) +w (By, ., Bs)
0

(md [ wtnim) <o

This is a consequence of our choice of the (left) Brownian motion g; defined by the
left translation in (2.9).

The next statement completes the proof of Theorem 3.2.

Proposition 5.5. Let ¢ be the random variable defined by (3.1), then c is constant
a.s.

Proof. Let T, := o {B,, r 2 u}, and T := Nyu>07T, be the tail o-algebra generated
by the Brownian motion, which is trivial by Kolmogorov’s 0-1 law. We will show

that
1 [ 2
Bat + (5/ w(Bv,dBv))

This means that the random variable ¢ is 7,-measurable for every u and hence
T-measurable. Since 7 is trivial, then c is constant a.s. because T is trivial. Let
us now prove (5.6). Suppose u is fixed, and note that

4 s 4
(5.6) c 711g£1>g>1f¢(t) Jnax,

(5.7) c= htrggolf o(t) max, lgs|-

UISX

Indeed,

< <
Jnax, lgs| < Joax, lgs| < Inax, lgs| + Joax g,
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and (5.7) follows from the fact that lim; , ¢(t) = 0. Using the triangular inequality
one can show that

s 2
B+ <%/ w(Bv,dBv))

max — A2 —2|A,| max |A,]
uLs<t 0<s<t
<
(5.8) < Jnax, lgs|*
< max ||Bg)* + 1 Sw(B dBy) i +2A42 +|A,| max |A,]
x u<ost s 2 5 v v u u 0<sst sl
Indeed,
_ 4 2
23, loel" = o 1B+ 4]
[ 1 s 2
= Imax |BS|4+ <_/ W(BU,dBU)+Au>
uLs<t 2 w
: 1 s 2 s
= max |Bs|* + <§/ W(BU7dBv)) —|—AZ—|—AU/ w (By,dBy,)
uLs<t w w
- ) s 97
< max |Bs|* + (5/ w(BU,dBU)) + A2 4 |A,| max \/ (B,,dB,)|
uLs<t u u<s<t
- ) . 97
= max |BS|4 + (—/ w(BU,dBv)) + A% +|A,| max |A, — A,
uLs<t 2 w uLs<t
- . =
< max ||Bs|* + (—/ w(BU,dBv)) +2A42% +|A,| max |A,],
us<t 2 /. 0<s<t
and the upper bound in (5.8) is proven. Let us now show the lower bound. We
have that
1 [® 2
44 (2 _ 4 _ 2
ma |84+ (5 [ wBoam) ) | = e 1810 (4= 4]

= max [|B,|*+ A2+ A2 — 24,4,] < max |g,|* + A + 2 max (—A4,A,)
uLs<t uLs<t

uLs<t

< max [go|* + A% +2|A, \ tnax, \A [,

uss<t

and the lower bound is also proven.
Before finishing the proof we recall that by [18, Theorem 1]

™

hmlnf¢( )2 [nax, |As| = 725
Then (5.6) follows by (5.8) and the fact that lim; o ¢(f) = 0. O

We have actually proven a more quantitative version of Theorem 3.2 as follows.

Theorem 5.6 (Chung’s law of iterated logarithm with bounds). The constant
¢ =liminf, ,o ¢(t)g; in Theorem 3.2 satisfies

AP <egyfe (Af), A{”),
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where )\52 is defined in Notation 4.2, and c ()\( ) /\(2)) is defined in Proposition
4.3.

5.2. Small deviations for g;. We are now ready to prove Theorem 3.4, that is,
the small deviation principle for the hypoelliptic Brownian motion g;.

Proof of Theorem 3.4. We recall the notation
c_ :=liminf —e?logP (¢} <€),
e—0

cy = limsup —?logP (g} <€),

e—0

and

¢ = liminf ¢(¢)g;

t—o00

We first show that
(5.9) cy <

Let k € (0,cy) be a fixed number, that is, k¥ < limsup,_,, —e2logP (g7 < ¢). This
means that there exists an £(k) such that

(5.10) P(gy <e) <exp (——) ,

for any € < (k).

Now fix R > 1 and a number ~ such that 0 < Ry < k. Define ¢, = R" > 1, and
en =en(k,v, R) = W Note that €,, goes to zero as n goes to infinity, and
hence there exists an N = N(k,~, R) such that ¢, < e(k) for any n > N(k,~, R).
Then we have that

P (s < ot ) =7 (55 < ) ~Pi <
k k tn,
< exp <a> = exp (——gzﬁ( n+1) n) = exp <_;tj+1 log logth)

k
k 1 Ry
= oxp (‘aIOglogR"+l> = (m> :

foralln > N(k,~, R), which is a term of a convergent series since Ry < k. Therefore
forany 0 <k <cy, R>1,0< Ry <k, and t, = R" we have that

> v <g gm) <o

n=1

Hence by the Borel-Cantelli Lemma we have

ﬂU{ \/_ } =0, that is,

E>1n>k (tnt1)

P(UN ez 50050 -t

k>21n>k
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Therefore almost surely for all large n, g; > ¢(t—¢1) The function ¢(t) is decreasing
for t > 1, therefore ¢ € [t,, t,4+1] we have

* * v v
A
¢ (thrl) ¢ (t)
which yields
c:= litm inf o(t)g; = /7 as.
—00

for any v < % < %, and hence (5.9) is proven by letting first R go to 1, and then
k to cy.
Let us now show that

(5.11) <.

Suppose k > c_, then k > liminf. ,o —e%?logP (¢} < ¢). Therefore there exists an
¢’(k) such that

k

(5.12) P(g7 <) > exp <—6—2) )
for any ¢ < ¢'(k). Now set t,, = n™ and define

en = en(k) == i !

" " ’ AVASEY/ ty _tnflqs (tn),

1
EF .=
" {tn%}%tn 91,7901 < \/_¢>( )}

Note that &,, goes to zero as n goes to infinity, and hence there exists an N (k) such
that &, < ¢'(k) for any n > N(k). We claim that, for any k > c_, Y7 | P (EF) =

oo. Indeed, since by (5.5) the left increment g;nl_lgsﬂn_l @ gt, we can use (5.12)
to see that for n > N (k)

ko1
kY _ —1
P =r(, max, ool < Wn))

=P k: 1
=P, 1000 900 YEw
k p—
f <€")/exp< 6%) ( k tn loglogt>

c_ 1
> _— =
= exp ( ’ log log tn) (nlogn)

This yields Y 2 | P (Ek) = oo since k > c_. Note that the events F,, are indepen-
dent because the increments are independent and

_IP’< max  |gs| <

0Ss<Stn—tn—1

ﬁw

—1 —1
max g gs| = max g Gs+t,_
tn 1 <5<ty 190,-,95] ogsgtn—t,ﬂ' T
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and g;/l_lgs“n_l is independent of F;, , as shown in the proof of Proposition 5.3.
Hence by the Borel-Cantelli Lemma we have that

k
. k) _ —1 fpp— =
P <hmsup En) =P ﬂ U {¢ (tn) tnjng;(gtn ‘gtnf1gs| < o } L

nree j=1n>j

which yields

k
liminf ¢ (t,) max |g;' g;| < —= as. forall k>c_,

n—oo tn—1<s<tn \/C_,
and hence
. . 71
. < _ .S.
(5.13) liminf ¢ (tn) —max g, g5 < oo s

We will show later in the proof that
(5.14) ILm ¢(tn)gi,_, =0 as.
Assume (5.14) for now, we can use (2.7) to see that

¢ (tn) g, < O (tn)gr, , + ¢ (tn) , max |gs]

-1
< ¢ (tn) gt*n,l + ¢ (tn) tﬂ_??g(gtn |gtn,198‘ + ¢ (tn) l9t,_, |

<20 (t)gr,, +(ta), max g1, g.l.

Therefore by (5.13) and (5.14) we have that

c:=liminf ¢(t)g; <liminf ¢ (¢,) gy,

n—oo tn—1<S<tn

<timint (26 (6)gi,_, + 60, max ool ) < Ve as.

which proves (5.11). Let us now show (5.14). By Lemma 5.2 we have that for any
e>0

1=P U ﬂ {gb(tn) gt , < 5} <P (limsupgé(tn)g;;_1 < 5) .

E>1n>k n—roo
So for every ¢ we have that

limsup ¢ (t,) g7, _, <e as.,

n—o0

and hence limsup,, , ¢ (t,)g{ _, = 0 a.s., which implies (5.14). O
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