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ABSTRACT: The ability to maintain high electrical conductivity and optical
transparency simultaneously under mechanical deformation has made transparent
metallic films (TMFs) the best candidates among transparent conductive films
(TCFs). However, there is a lack of suitable models to predict the overall
performance of the TMFs. Here, empirical relationships for resistance Rs based on
the network resistor model, Kirchoff’s rules, and the thickness-dependent resistivity
and transmission T based on the effective medium theory, the geometric model,
and the Beer−Lambert law are proposed. A systematic thickness t- and perforation
area ratio PR-dependent study on the silver nanohole array TMF has been
performed. Both models fit well with our experimental data as well as the data
reported in the literature, regardless of the lattice structure of the TMFs. A general
and comprehensive figure-of-merit (FOM) expression for TMFs, Φ = Tβ/Rs, is obtained. Both the experimental data and the
theoretical predictions show that β = 5 is better to characterize the performance of nanohole array TMFs as compared to β = 10 for
TCFs. The observed empirical models and the FOM expression not only can be used to assess the overall quality of any type of
TMFs but also provide guidance for fabrication.

■ INTRODUCTION

The increasing interest in developing high-performance and
low-cost flexible optoelectronic devices has led to intense
research activities on transparent metallic films (TMFs), which
enable electrical conductivity and optical transparency
simultaneously under mechanical deformation.1 In general,
TMFs are perforated thin metallic networks with nano- and/or
microstructures.2 There are two forms of TMFs, the porous
metal thin films and the percolated metal nanowire (NW)
network. The connectivity of the metal network guarantees
good conductivity, while the porosity allows light to transmit
through to achieve high transparency. Efforts have been
dedicated to improve the transmittance and electrical
conductivity of TMFs by adjusting the thickness,3,4 size,5

and/or periodicity4 of the quasi-2D porous structure as well as
using different metallic materials.4,6,7

For a TMF, the sheet resistance Rs and transmission T are
two most important parameters to characterize its performance
and both are mainly determined by the thickness t and porosity
or perforation area ratio PR (PR = 1 − Am/A0, where A0 is the
total area of the film and Am is the metal covered area) of the
structure. However, the t and PR have a different influence on
Rs and T. Rs of a TMF is inversely proportional to t, Rs = ρt−1,
but positively associated with PR. In addition, the intrinsic
resistivity ρ of the film or NW network also depends on t and
the quality of the film/NW. If t is close to the mean free path
lM of the electron in the metal, surface/interface scattering can
contribute significantly to ρ; thus, ρ can increase significantly
with the decrease of t.8 Similarly, the quality of the thin film,
such as surface roughness and grain boundaries, has a

considerable influence on ρ.9,10 Similarly, the diameter, the
smoothness of the NW as well as NW junctions, or surface
modifications determine the corresponding ρ. However, in
most TMF modeling works on Rs, people did not consider
these effects. For example, Reilly and Tenent established a
resistance model based on the percolation theory to study the
relationship between Rs and PR of the metallic nanohole
(MNH) array with Rs = A·(PRcrit − PR)x, where A is the pre-
exponential factor, PRcrit is the critical nanohole coverage
condition where the probability of a conducting pathway in the
film falls to 0, and x is the 2D conductivity exponent.11

However, the model is only applicable to the randomly
distributed MNH structure. Li et al. believed that Rs increased
linearly with the increase of diameter of the NH,1 which is
contradictory to most of the current work on the square metal
NW network.3,12 For the 2D square metal NW network with N
× N wires, Rs was calculated directly according to Kirchhoff’s

rules, R N
N

L
tW

L
tWs 1

= ≈ρ ρ
+ , where L is the spacing of the NW

and W is the width of the NW.3,12

Similar to Rs, the T of a TMF is also closely related to t, PR,
and the quality of the film/network. In general, the skin depth

δ of a metal ( 2

0 r

δ = ρ
ωμ μ

) and the Beer−Lambert law give the
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t-dependent transmission (T ∝ e−αt), where the optical

absorption coefficient 2α =
δ . The PR governs the effective

dielectric function εeff of the TMF. If 1 − PR is close to 0,
according to the Maxwell-Garnett approximation, εeff ≈ (1 −
PR)·εm + PR·εAir, where εAir and εm are the dielectric functions
of air and metal, respectively.13 The thickness of the metal film
or the spacing and width of the NW determine the intrinsic
transmission and extinction property of the structure.
However, many structures used in TMFs are also composed
of subwavelength holes or even hole arrays, such as the NH
array fabricated by nanosphere lithography (NSL), with a
strong plasmonic effect; in particular, the extraordinary optical
transmission (EOT) effect will occur.14,15 In this case, both the
Beer−Lambert law and effective medium theory are not valid,
rather the surface plasmonic waves and the localized surface
plasmon resonance (SPR) dominate the transmission property.
In addition, the quality of the film or NW has a significant
effect on the optical property of the structure since the skin
depth δ is proportional to ρ . Numerical analysis methods
such as finite difference time domain (FDTD) methods7,16 and
finite element methods (FEMs)1,4 are used to predict Rs and T
of TMFs. These methods are effective for regularly spaced
MNHs; however, they are time-consuming and computation-
ally expensive.
Clearly, for a high-performance TMF, it is desired that Rs be

as small as possible while T be close to 1. The small Rs requires
a thicker and less porous film, while the large T imposes that t
shall be small and PR should be close to 1. These two
requirements result in a contradictory. Thus, to obtain a good
TMF, compromise is needed for the values of Rs and T. To
assess the performance of a TMF, a figure of merit (FOM), ΦH
= Tβ/Rs, called the “Haacke” number, has been suggested by
Haacke, where β is an exponent.17 Originally, the ΦH was
proposed to characterize the performance of continuous
transparent conductive films (TCFs) such as indium tin
oxide thin films, of which T follows the Beer−Lambert law, T
∝ e−αt, and Rs scales inversely with thickness, Rs = ρt−1, so that
ΦH ∝ te−αβt ρ−1.17 For the traditional continuous TCFs, the β
was chosen to be equal to 10 so that T ∼ 90% when ΦH
reaches its maximum, while few transparent conductor
applications require more than 90% transmission.17 Currently,
for the TMFs, many works still use the same β = 10 to evaluate
the FOM.18−21 However, due to the influence of surface
roughness and grain boundaries, the porosity of the TMFs, and
the EOT effect, the relationships, Rs ∝ t−1 and T ∝ e−αt, are not
always satisfied. Thus, ΦH with β = 10 is not necessarily the
best parameter to evaluate the performance of the TMFs.

Either a case-by-case analysis or a systematic study is needed to
obtain the best exponent β for TMFs.
In this work, we have systematically varied t and PR of the

hexagonally arranged Ag NH array and investigated the
corresponding transmission and sheet resistance both exper-
imentally and theoretically. A general expression of Rs and T as
a function of t and D/L, where D is the diameter of the NH
and L is the periodicity of the NH array, is obtained, and the
relationships fit very well with our experimental data as well as
the results from various literature studies. Based on the
experimental results as well as the two empirical expressions, a
comprehensive ΦH expression with β ≈ 5 is proposed for
TMFs.

■ EXPERIMENTAL SECTION

Materials. Polystyrene nanospheres (PSNSs) with diame-
ters of 500 and 750 nm (polyscience, Lot# 679675 and Lot#
687640) and ethanol (Sigma-Aldrich, 98%) were used to form
the nanosphere monolayers on cleaned glass slides (Gold Seal,
Part# 3010). Sulfuric acid (Fisher Scientific, 98%), ammonium
hydroxide (Fisher Scientific, 98%), and hydrogen peroxide
(Fisher Scientific, 30%) were used to clean the substrates.
Silver (Trillion Metals Co., Ltd., 99.99%) and titanium pellets
[Zhongnuo Advanced Material (Beijing) Technology Co.,
99.995%] were purchased as the evaporation materials.
Deionized water (18 MΩ cm) was used throughout the
experiments. All chemicals and materials were used without
further purification.

Fabrication of Ag NH. The fabrication process of NH
utilized NSL and the shadowing growth technique.22−25 A
hexagonally close-packed monolayer of PSNS with an initial
diameter of L = 500 or 750 nm was prepared on glass
substrates by an air−water interface method. The procedure
was described in detail in several previous publications.26−28

The size of the PSNS on the substrates was shrunk to a smaller
diameter D via reactive ion etching (RIE, L-451D-L,
ANELVA) with varied etching times. The etched PSNS
monolayer-coated substrates were loaded into a custom-built
electron-beam deposition system and mounted on a substrate
holder. The vacuum chamber was pumped down under a base
pressure of <10−6 Torr, and the PSNS monolayer-coated
substrates were positioned to face normal to the vapor
deposition direction. All the deposition thicknesses and rates
were monitored using a quartz crystal microbalance facing the
source. First, 3 nm thick Ti was deposited to promote the
adhesion of the subsequent Ag layer. Then, the Ag layer with
different thicknesses was deposited at a deposition rate of 0.05

Figure 1. (a) Schematic of the infinite two-dimensional hexagonal lattice of identical resistors R0. (b) Schematic of the unit resistor R0. (c) Power
law fitting of the sheet resistance RT vs thickness t for continuous Ag thin films.
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nm/s to form the NH structure. After the Ag deposition, the
PSNS monolayer was removed using Scotch tape.
Morphological, Optical, and Electrical Character-

izations. The morphology of the resultant MNH structures
was characterized by field-emission scanning electron micros-
copy (Zeiss GeminiSEM 500). The SEM images were analyzed
by the ImageJ software (NIH). The sheet resistances of the Ag
NH arrays were measured by a four-point probe method (4
Dimensions Inc., 280SJ). The optical transmission spectra of
the structures were characterized using an ultraviolet−visible
spectrophotometer (Perkin Elmer Lambda 35).
Numerical Calculations. A commercial software package

(Ansys Lumerical 2020 R2 Finite Difference IDE) was used to
calculate the transmission spectra of the Ag NH structures. A
unit cell was set as the calculation area with periodic boundary
conditions in the two lateral dimensions. Perfectly matched
layer boundary conditions were used on the top and bottom
surfaces of the calculation domain. Monitors of “frequency-
domain field and power” were set up to determine the
transmission spectra. The optical parameters for Ag and the
glass (SiO2) substrate were taken from Palik’s handbook.29

■ RESULTS AND DISCUSSION
Resistor and Transmission Models for TMF. For a

hexagonal MNH structure shown in Figure 1a, it can be treated
as an infinite honeycomb resistor network of identical unit
resistors (the yellow squares shown in Figure 1a,b) with a
resistance of R0. Based on Ohm’s law and the geometric
relationship in the hexagonal lattice, the resistance R0 can be

expressed as R l
w t t0 (1 )

3
6

1
4ρ ρ= · = ·
η

η·

+

− · , where η = D/L. Details

are shown in Figure S1 in the Supporting Information. Based
on the work by Atkinson and van Steenwijk30 and Cserti,31 the
resistance RNH between the origin (0,0) and a given lattice
point (m,n) of a two-dimensional hexagonal resistor network
can be calculated as

R K R K
t(1 )NH 0

3
6

1
4ρ
η

η
= · = · ·

+

− · (1)

where K x yd dmx ny
x y x y

3
4

1 cos( )
3 cos cos cos( )2∫ ∫=

π π

π

π

π

− −
− +

− − − +
. For a tet-

ragonal MNH structure shown in Figure S2 of the Supporting

Information, a similar expression, R K R K
tNH 0 (1 )

1
2

2
4ρ= · = · ·

η

η

+

− · ,

is obtained, with K x yd dmx ny
x y

1
4

1 cos( )
2 cos cos2∫ ∫=

π π

π

π

π

− −
− +
− −

.30,31

Therefore, it is expected that a general expression for the
resistance R versus η for any TMFs can be written as

R
K
t

a
b

ρ η
η

= · · +
− (2)

where a and b are unitless factors determined by the lattice

symmetry. Thus, for TMFs, the sheet resistance R K
t

a
bs = ·ρ η

η
′· +

−
is supposed to be inversely proportional to t. However, when
the film thickness t is close to the electronic mean free path lM
of a metal or the quality of the film is poor, the resistivity ρ is
no longer a constant equal to the bulk resistivity ρ0.

9,10,32 In
fact, ρ depends on the film thickness, the surface roughness,
and the grain boundary of the metallic thin film and increases
nonlinearly with the decrease of t,32 as explained by the
F u c h s − S o n d h e i m e r t h e o r y , 3 3

t t t1 (1 p) ( ) d
p0

3
2 0

1 3 1 e
1 e

1t

t

/

/∫ρ ρ= − − −
κ

−
−

−κ

κ

−

−

Ä
Ç
ÅÅÅÅÅÅÅ

É
Ö
ÑÑÑÑÑÑÑ , w h e r e

t l/ Mκ = and p is the probability that an electron will be
specularly reflected upon scattering from one of the surfaces.
Typical values for p are 0 for polycrystalline films and 0.5 for
single-crystal films. Characteristics such as roughness can be
considered to be included in parameter p since they directly
affect the way electrons are scattered.32 We have performed a
systematic experiment to measure the sheet resistance RT of
the e-beam evaporated Ag thin film as a function of t, as shown
in Figure 1c. The RT increases as a power law of t, RT ∝ tγ, with
γ = −1.75 ± 0.07. Therefore, for an arbitrary TMF, the general
relationship for the sheet resistance Rs, t, and η can be adjusted
to

R K
a
b

ts
η
η

= ′· +
−

· γ

(3)

Here, RT = aK′tγ/b represents the sheet resistance of the
corresponding thin film with the same t when D → 0 (η → 0).
The transmission model is also important for providing

guidance for the exploration of high-quality TMFs. For the
TMFs with different structures, T is related to the structure,
that is, the diameter, periodicity, and the arrangement of the
perforated apertures. Based on the effective medium theory,
the effective dielectric function of the thin film εeff ≈ εAg + PR·
(εAir − εAg), where PR = A0η

2 and A0 is a shape factor. Also,

according to the Fresnel equations, ( )T 1 n
n

1
1

2
eff

eff
= − −

+
, where

neff effε= . Thus, in the limit where PR is close to 1,

T(PR1) 1
1

1

2( )

1

( 1)
(PR 1)

Air

Air

2
Air Ag

Air

Air

Air
3

ε
ε

ε ε

ε
ε
ε

⃗ ≈ −
−
+

−
−

·
−
+

· −

i

k
jjjjj

y

{
zzzzz

T

v

A

(PR1) 1
1

1

2( )

1

( 1)
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3
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(4)

Thus, when the PR is very close to 1, the relationship
between T and the ratio η can be approximated by the
following equation:

T A B2η= + (5)

where A and B are the corresponding expressions determined
in eq 4. This equation is, in fact, consistent with the equation
proposed based on simple geometric models in many
studies.3,18,34 For the geometric model, the apertures are
assumed to be 100% transmission and the metal areas are
believed to be 100% reflection.18 Ignoring surface plasmon
absorption, the percent transmission follows T = 100% × PR.
However, for a thin metal film, the transmission should be
larger than 0. For example, Figure S3 in the Supporting
Information shows the transmission spectra T(λ) of Ag thin
films with different t (10−120 nm). In addition, for TMFs with
ordered NH structures, the transmission efficiency through the
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apertures may be larger than 100% due to the EOT effect
caused by the SPR.35 Assuming that the light transmitted
through the area of the apertures is TA and that through a Ag
thin film with the same thickness are TM (TA > TM ≥ 0), the
transmission of the TMFs follows an empirical equation: T =
TA × PR + TM × (1 − PR) = (TA − TM) × PR + TM, with

PR
2 3

2

= πη for the hexagonally arranged MNH structure and

PR
4

2

= πη for the tetragonally arranged MNH structure.

Clearly, such a result is similar to eq 5 but with TA close to
1 and TM close to 0.
However, eq 5 does not take the influence of t on T into

account. Considering the Beer−Lambert law, eq 5 should be
modified to

T A B e t2η= [ · + ]· α− (6)

Equation 6 is a general expression which can be used to
study the transmittance of TMFs with different structures as
well as thicknesses.
To test whether eq 6 is valid or not, we have carried out the

FDTD calculations on ordered MNH to explore the T, η, and t
relationships. The calculated transmission spectra T(λ) of
hexagonal Ag NH with different t (L = 500 nm and D = 340
nm) and η (L = 500 nm and t = 50 nm) are shown in Figure
S4 of the Supporting Information. When t or η is relatively
large, the T(λ) spectra have two characteristic EOT peaks (P1
and P2) caused by the SPR at the air−Ag and the Ag−glass
interfaces.35 However, with the decrease of t, P2 red-shifts,
while the spectra shape changes from a sharp peak to a clear
transmission dip. This is due to the weakening of SPR at the
two interfaces and the enhancement of the dip mode. The dip
mode is attributed to the short-range surface plasmon
polaritons associated with the symmetric coupled mode

Figure 2. (a) Plot of TP2 (indicated in Figure S4) extracted from FDTD-calculated T(λ) for Ag NH with different t, L = 500 nm, and D = 340 nm.

(b) Plot of TP2 extracted from FDTD-calculated T(λ) for Ag NH with different η, L = 500 nm, and t = 50 nm.

Figure 3. (a) Plot of Rs vs t for Ag MNHs (L = 500 nm, D = 344 nm and L = 720 nm, D = 613 nm). (b) Plot of Rs vs η for Ag MNH (L = 500 nm
and L = 720 nm) with a fixed t = 50 nm. (c) Plot of TP2 vs t for Ag MNH (L = 500 nm, D = 344 nm and L = 720 nm, D = 613 nm). The

transmission at λ = 800 nm for the Ag thin film with the same t is also shown in the figure. (d) Plot of TP2 vs η for Ag MNH with L = 500 nm.
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between the two interfaces.36 The TP2 for Ag NH with different
t is plotted in Figure 2a. The black-dashed curves show the
fitting result according to eq 6, TFDTD = 0.893 × e−0.0013×t. The
mismatch between the fitting and experimental results in the
area of smaller t is due to the disappearance of the EOT effect
due to the weakening of SPR at the two interfaces.
With the increase of η, peak P2 red-shifts with the

transmission of the resonance peaks and their spectral widths
increase, as shown in Figure S4b of the Supporting
Information. When η approaches 1, which means that D is
very large and the MNH is close to an open area, the spectra
shape changes from sharp peaks to a very broad peak which is
determined mainly by the direct transmission without coupling
with the discrete resonant state. This is because the effect of
SPR at the two interfaces becomes less significant.36 Figure 2b
plots TP2 versus η, and the dashed curve shows the fitting result
according to eq 6. Overall, the proposed T−η relationship in
eq 6 fits well with the FDTD results, with TFDTD = (1.99η2 +
0.09) × e−0.0013×50. The fitting parameter A (=1.99) is larger
than 1, while B (=0.09) is close to 0. This satisfies the
geometric model where A represents the over 100% trans-
mission efficiency of the NH due to the EOT effect and B
represents the near 0 transmittance through the metallic film.
However, there exists mismatch between the fitting and
experimental results in large η. Also, when η = 0.68, the

coefficient before the exponent is 1.01 for the fitting in Figure
2b, larger than the 0.893 obtained from the fitting for t-
dependence relationship in Figure 2a. This is due to the
disappearance of the EOT effect when η approaches 1.

■ SYSTEMATIC EXPERIMENTAL RESULTS

To experimentally validate the Rs and T relationship shown in
eqs 3 and 6, we have systematically fabricated various Ag
MNH arrays with different t (from 10 to 120 nm), L (720 and
500 nm), and D. Figures S5 and S6 show some representative
SEM images of Ag NH structures with different D and L. The
Rs of the Ag NH structures with L = 500 nm, D = 344 nm and
L = 720 nm, D = 613 nm of different t are plotted in Figure 3a
and show a quick decrease with the increase of t. The best
fitting result using eq 3 gives R720 = 1360 × t−1.43Ω/□(η =
0.85) and R500 = 1000 × t−1.60Ω/□(η = 0.69). Regardless of
the L and D, both sets of data give a similar exponent γ, −1.43
and −1.60. Figure 3b plots the measured Rs versus η for a fixed
t = 50 nm and L = 500 and 720 nm. Clearly, Rs increases
monotonically with η. For the L = 500 nm samples, the fitting

in Figure 3b gives R t0.36500
880
0.98

1.60= · ·η
η

+
−

− . The correspond-

ing K′atγ/b = 0.624 Ω/□ is very close to RT = 0.761 Ω/□ of
the corresponding thin film (t = 50 nm). In addition, if η is set
to 0.69, this fitting gives a factor of 1093 Ω/□ in front of t−1.60,

Figure 4. (a) Rs vs t plots of various TMFs: (black and red squares) hexagonal Au NH fabricated by NSL,37 (pink dots) calculated hexagonal Au
NH,1 (green, blue, and cyan dots) disordered dual-size Ag NH fabricated by NSL,38 and (yellow and dark-yellow dots) disordered Ag NH
fabricated by phase separation lithography.39 (b) Rs vs η plots of various TMFs: hexagonal Ag NH fabricated by NSL,18 laser-processed ordered Cu
NH,4 hexagonal ordered Ag NH fabricated by NSL,5 random Ag NH fabricated by NSL,11 the square Ag NW network,12 and laser-perforated Ag
NHs.34 (c) T vs t plots of various TMFs: hexagonal Au NH (TP1) fabricated by NSL,

37 the calculated square array of Ag NH (TP2),
36 calculated Ag

on Al stack hexagonal ordered NH (T at λ = 900 nm),7 the calculated square array of Au NH (TP1),
40 and disordered Ag NH fabricated by phase

separation lithography (T at λ = 550 nm).39 (d) T vs η plots of various TMFs: hexagonal Ag NH (average fractional transmission 350−1200 nm)
fabricated by NSL,18 laser-processed ordered Cu NH (T at λ = 550 nm),4 random Ag NH (TP1) fabricated by NSL,11 and the square Ag NW
network (T at λ = 550 nm).12 The dashed curves are the fitting results based on eqs 3 and 6.
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which is very close to the prefactor 1000 Ω/□ obtained from
the L = 500 nm samples in Figure 3a. This indicates that for
the L = 500 nm samples, both the Rs versus t and Rs versus η
data give consistent results. The fitting for the L = 720 nm

samples gives R t0.12 /720
1300
0.98

1.43= · · Ω □η
η

+
−

− with K′atγ/b =

0.617 Ω/□. This K′atγ/b is also similar to RT (=0.761 Ω/□)
of the corresponding thin film. Similarly, the prefactor before tγ

at η = 0.85 equals to 1115 Ω/□, also close to 1360 Ω/□
obtained from Rs−t fitting for the L = 720 nm samples in
Figure 3a.
Figure S7 shows the transmission spectra T(λ) of Ag NH

structures with different t for L = 720 and 500 nm. Similar to
the FDTD-calculated results in Figure S4, with the decrease of
t, the transmission of the resonance peaks and their spectral
widths increase. When t is smaller than 20 nm, the spectral
shape changes to a clear transmission dip. TP2 versus t for t >
20 nm with both L = 500 nm, D = 344 nm and L = 720 nm, D
= 613 nm is plotted in Figure 3c. For both cases, TP2

decreases

almost linearly with t, similar to the results obtained from
FDTD calculations (Figure 2a). The transmission at λ = 800
nm for the Ag thin film with the same t is also shown in Figure
3c. The black-dashed curves show the fitting results from eq 6,
and good agreements have been achieved. For the L = 720 and
500 nm samples and the thin-film samples, we obtain T720 =
0.98 × e−0.0009×t, T500 = 0.91 × e−0.0028×t, and TT = 0.942 ×
e−0.0894×t, respectively. For the D-dependent T(λ) shown in
Figure S8, the transmission of the resonance peaks and their
spectral widths decrease with the decrease of D. TP2 versus η

for L = 500 nm and t = 50 nm is plotted in Figure 3d. The
dashed curves show the fitting results based on eq 6, T500 =
(0.86η2 + 0.47) × e−0.0028×50. When η = 0.69, the coefficient
before the exponent function equals to 0.88, which is close to

0.91 based on the fitting of the T500−t relationship from Figure
3c.
Clearly, for both sheet resistance and transmission, good

agreements have been observed between the experimental data
and the proposed general eqs 3 and 6.
Data from literature studies of various TMFs are also

extracted to validate eqs 3 and 6. The fitting results of the
resistance model (eq 3) from different TMF structures with
different t or η are shown in Figure 4a,b, and the fittings based
on eq 6 are presented in Figure 4c,d. The corresponding fitting
parameters are listed in Table S1 of the Supporting
Information.

Comparing the General Equations and Literature
Results. There are only few experimental Rs−t reports in the
literature.37−39 The log−log plots of Rs−t relationship of Au
and Ag NHs in Figure 4a clearly show the power law
behaviors. As shown in Table S1, the fitting exponent γ of Ag
NHs in the literature varies from −1.41 to −3.9, all less than
−1, and our experimental values, −1.43 and −1.60, are well
within this region. The absolute value of γ reflects how strongly
the other phenomena, such as the size, the roughness, and the
grain boundary, affect the resistance of the resulting TMFs.
The larger the |γ| value, the worse the quality of the TMFs. For
example, higher quality of TMFs was achieved for Au NHs as
0>γ > −1 based on both the experimental results37 and the
FDTD calculations.1 The huge difference of the |γ| value for Ag
and Au TMFs could also be resulted from their intrinsic
material difference during the deposition (melting point,
adatom surface processes, etc.). Figure 4b shows that eq 3 can
fit the Rs−η relationships very well, regardless of materials
(Ag5,11,18 or Cu4), structures (ordered4,5,12,18,34 or random11),
and even NW networks.12 The fitting parameter b varies from
−0.67 to 1.30, while a changes significantly from −0.17 (which
is close to 0) to 890. All these results demonstrate that eq 3 is a

Figure 5. (a) Plot of FOM vs t and (b) FOM vs η for Ag NH (L = 500 nm and D = 344 nm) with β = 1 (black), 5 (red), and 10 (green). The
colored dots are the experimental data, while the solid curves are plots based on eq 7. The plot of (c) optimal thickness t0 (eq 8) and (d) optimal η0
(eq 9), where the maximum FOM appears as a function of β.
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good and reasonable empirical model to describe the resistance
of any types of TMFs.
The fitting results of T versus t (Figure 4c) and T versus η

(Figure 4d) by eq 6 for TMFs with different materials, lattice
structures, and networks also show excellent agreements. The
t-dependent fitting gives α ranging from 0.0021 to 0.027 nm−1,
and most of the α values stay in between 0.0114 and 0.027
nm−1. Our experimental values, 0.0009 and 0.0028 nm−1, are
significantly smaller than most results obtained in the
literature, demonstrating higher optical quality. The η-
dependence fittings in Figure 4d give the fitting parameters
A ranging from 0.80 to 1.66 and B from 0 to 0.36, which are
consistent with our experimental results shown in Figure 3d,
where A = 0.86 and B = 0.47. In addition, as shown in Figure
4d, except for Cu NH, almost all other transmission data from
different Ag TMFs collapse together, following more or less
the same function of η.
Thus, in summary, both our own experimental data and data

from the literature support the fact that the models for
resistance (eq 3) and transmission (eq 6) of TMFs are very
effective.
FOM of TMFs. The quality of the TMFs is ultimately

determined by their FOMs. The most widely used FOM in the
TCF community is the “Haacke” FOM ΦH (=Tβ/Rs), as
discussed in the Introduction section.17 For a TCF, β = 10,
which is based on Beer−Lambert’s law and the simple Ohm’s
law for a thin film.17 Such a parameter strongly weights the
optical transmission.21 However, as has been shown previously,
for the TMFs, both the resistance and the transmission are
functions of η and t, while the resistance follows a power law of
t, rather than simply t−1. Thus, β = 10 for ΦH is not necessarily
the best value to characterize the FOM of the TMFs.
Therefore, it is important to determine a more reasonable β-
value to characterize the FOM of the TMFs.
Based on eqs 3 and 6 as well as the definition of ΦH, the

FOM of any TMFs can now be expressed as

b A B
K a t

( ) e
( )

t

H

2η η
η

Φ = − [ + ] ·
′ +

β

γ

−αβ

(7)

Clearly, the FOM of TMFs is a complex function of t and η.
The optimal thickness to and ηo for a TMF where the

maximum FOM value appears are determined by 0
t
H =∂Φ

∂
and

0H =∂Φ
∂η , respectively, which gives the following two equations:

t /o γ= − αβ (8)

A b a a b A B2 ( )( ) ( )( )o o o o
2βη η η η− + = + + (9)

Thus, both to and ηo can be determined independently. For
example, based on the fittings on the L = 500 nm samples
shown in Figure 3, γ = −1.60, α = 0.0028 nm−1, a = 880, b =
0.98, A = 0.86, and B = 0.47, we can obtain to

4000
7

=
β nm, and

ηo−β relationship can be numerically calculated using eq 9.
Figure 5a,b shows the plot of FOM as a function of t and η

for Ag NH (L = 500 nm, D = 344 nm) with different β-values
(=1, 5, and 10, respectively). The colored dots are the
experimental results, while the solid curves are calculated based
on eq 7. As shown in Figure 5a, β = 1 gives a monotonically
increasing relationship between FOM and t when t < 120 nm
for both experiments and eq 7, which implies that the
maximum FOM occurs at a relatively large film thickness. Such
an exponent (β = 1) weighs FOM too much in favor of Rs, thus

resulting in a maximum FOM at a large film thickness (>120
nm) with very low transmission (<65%). A larger β (=5)
causes the maximum experimental FOM to appear at t0 = 80
nm with TP2 = 72.4% and Rs = 1.17 Ω/□. Equation 7 predicts

that t0 = 112.7 nm with TP2 = 65.9% and Rs = 0.51 Ω/□, which
qualitatively agree with the experimental results. However, if β
= 10, the experimental t0 decreases significantly to 40 nm
(about half of the value for β = 5) with TP2 = 80.77% and Rs =
3.02 Ω/□, that is, the transmission only increases ∼11%, while
the resistance increases 2.6 times, compared to the β = 5 case.
A similar trend is observed based on eq 7, with t0 = 57 nm
(half), TP2 = 77.18% (17% increment), and Rs = 1.55 Ω/□ (3
times increment). Clearly, when β changes from 5 to 10, a
large resistance increase of nearly 3-fold is observed with only
<20% transmission increment. The high β-value (=10) weighs
FOM too much in favor of T for the TMFs. This suggests that
β = 5 is a better choice to determine the FOM.
The η-dependent FOM in Figure 5b also demonstrates that

β = 5 is a better choice for FOM for the TMFs. The following
major observations are obtained from Figure 5b: first, all the
calculated FOMs based on eq 7 for different β-values match
well with the experimental data. Second, a similar trend is
observed to that of Figure 5a, that is, β = 1 leads to a
monotonical decrease of FOM versus η and no η0 is suggested;
the experimental FOMs for β = 5 and 10 show a monotonical
increase versus η, while the theoretical FOMs based on eq 7
demonstrate an η0 appearing at 0.833 and 0.901, respectively,
with TP2 = 92.7%, Rs = 4.07 Ω/□ and TP2 ≈ 100%, Rs = 7.56
Ω/□. The Rs value is almost doubled when β increases from 5
to 10, and few transparent conductor applications require more
than 90% transmission. Clearly, β = 5 gives a better choice to
determine the FOM.
To further evaluate the effect of β on t0 and η0, Figure 5c,d

plots t0 and η0 versus β based on eqs 8 and 9 as well as the
fitting parameters discussed above. The corresponding trans-
missions are also plotted. Figure 5c shows that with the
increase of β, t0 decreases dramatically, while TP2 increases
slowly. When β is smaller than 5, t0 is larger than 120 nm,
which is beyond the experimental conditions. When β
increases from 5 to 15, t0 decreases from 112.7 to 37.6 nm,
and the corresponding TP2 and Rs increase from 65.9% and
0.51 Ω/□ to 81.6% and 3.0 Ω/□, respectively. In this case, Rs

increases nearly 6-fold, while TP2 increases only 15%. Thus,
selecting a smaller β could better balance the effect of
transmission and sheet resistance on the FOM. Figure 5d
shows the η0 versus β plot by solving eq 9. In contrast to the
t0−β relationship, with the increase of β, η0 increases
monotonically. When β increases from 2 to 5, η0 increases
from 0.602 to 0.833, while the corresponding TP2 and Rs

increase from 68.0% and 1.59 Ω/□ to 92.9% and 4.08 Ω/□,
respectively. These changes are significant. When β changes
from 5 to 15 (β = 5 is marked by the red-dashed line in Figure
5d), the increment of η0 versus β becomes slower, from 0.833
to 0.925, while the TP2 and Rs also increase slowly from 92.9%
and 4.08 Ω/□ to ∼100% and 11.03 Ω/□, respectively. The Rs

is doubled while the change in TP2 is only ∼7%. Compared to
the change in small β-values, these variations are insignificant.
In fact, few transparent conductor applications require more
than 90% transmission. Thus, it is suggested that β between 2
and 5 could better evaluate the FOM and balance the effect
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from transmission and sheet resistance. Therefore, based on
Figure 5c,d, for the ordered Ag NH TMFs in our report, we
select β = 5. For other TMFs, the results from both Figures 4
and 5 also suggest that β would be significantly smaller than
10.

■ CONCLUSIONS
In summary, a systematic thickness and PR-dependent study
on the Ag NH TMF has been performed, and empirical
relationships for resistance and transmission are proposed. The
empirical resistance model is based on the network resistor
model, the Kirchoff’s rules, and the thickness-dependent
resistivity, which counts for both the thickness and the PR.
The transmission model is based on the effective medium
theory, the geometric model, and the Beer−Lambert law. Both
models fit well with our systematical experimental data as well
as the data reported in the literature, regardless of the lattice
structure of the TMFs. Based on these models, a general and
comprehensive FOM expression (eq 7) for TMFs is obtained
as a function of both film thickness and PR. Both the
experimental data and the theoretical predictions show that β =
5 is better to characterize the performance of TMF as
compared to β = 10 for TCFs. The observed empirical models
as well as the FOM expression can be used to characterize any
type of TMFs and can be used to assess the overall quality of
the TMFs.
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