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Abstract

A well-known result by Hedetniemi states that for every graph G there
is a graph H whose center is G. We extend this result by showing under
which conditions there exists, for a given graph G in which each vertex v
has an integer label ℓ(v), a graph H containing G as an induced subgraph
such that the eccentricity, in H, of every vertex v of G equals ℓ(v). Such a
labelled graph G is said to be eccentric, and strictly eccentric if there exists
such a graph H such that no vertex of H−G has the same eccentricity in H
as any vertex of G. We find necessary and sufficient conditions for a labelled
graph to be eccentric and for a forest to be eccentric or strictly eccentric in
a tree.

Keywords: distance, eccentricity, subgraph, tree.

2010 Mathematics Subject Classification: 05C12, 05C05.

1. Introduction

If G is a connected graph and v a vertex of G, then the eccentricity of v, de-
noted e(v), is the maximum distance from v to any vertex of G. The minimum
eccentricity of any vertex in G is its radius, rad G, while the maximum such ec-
centricity is its diameter, diam G. Knowledge of the eccentricities of the vertices
of a graph provides information about the distance structure of that graph, and
has been applied, for example, to facility location problems (a vertex of mini-
mum eccentricity is an optimal location for a facility that minimizes maximum
response time, see, for example, [18]) and as a predictor of the anti-HIV activity
of dihydroseselins (via the eccentric distance sum [10, 14]).

Eccentricity is well-studied. The eccentric sequence (also called eccentric-
ity sequence) of a graph or digraph, defined as the non-increasing sequence of
the eccentricities of its vertices, has attracted much attention in the literature.
The general problem of characterising eccentric sequences of connected graphs
appears difficult. Lesniak [13] showed that a sequence s of nonnegative inte-
gers is eccentric if some subsequence that contains all values that appear in s is
eccentric (since every sequence is a subsequence of itself, this does not lead to
an algorithm to determine if a sequence is the eccentric sequence of a graph or
digraph). She also characterised eccentric sequences of trees. Oellermann and
Tian [17] extended these results to n-Steiner eccentric sequences. Apart from
trees, maximal outerplanar graphs are the only other important class of graphs
whose eccentric sequences have been characterised (see [5]). So-called minimal
eccentric sequences were studied in [16] and [11]. Ferrero and Harary [8] gave a
short survey on results on eccentric sequences of graphs.

The number of vertices of given eccentricity has also been studied. Lesniak
[13] showed that the eccentric sequence has no gaps, i.e., every number between
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the smallest and largest number appears in the sequence, and — with the pos-
sible exception of the smallest value — every value appears at least twice in the
sequence. In [4] it was shown that in k-connected graphs the entries that are
not too far from twice the radius of the graph appear at least 2k times in the
eccentric sequence. Upper and lower bounds on the number of vertices of given
eccentricity in a graph in terms of order and diameter were given by Mubayi and
West [15].

Eccentric sequences of digraphs have been investigated. Gimbert and López
[9] proved that a sequence s of nonnegative integers is the eccentric sequence of a
digraph if some subsequence that contains all values that appear in s is eccentric.
The same authors further characterised eccentric sequences of strong digraphs of
order n, diameter n − 1 and out-radius n − 2 or n − 3. Eccentric sequences of
tournaments have been characterised by Harminc and Ivanc̆o [12].

Suppose that we wish to specify not only an allowed sequence of eccentricities
but also the structure of the subgraph in which they appear. For example, we
might ask whether there is a graph H that contains an induced subgraph G whose
vertices have the eccentricities shown in Figure 1.

G :
2 3 3 2

2

Figure 1. A labelled graph.

Hedetniemi’s well-known proof [1] that every graph is the center of a connected
graph shows that if every vertex of G has label 2, then we can always find a
suitable ambient graph H. In [6], the analogous problem for various classes of
digraphs is considered. In this paper, we consider the problem for undirected
graphs.

2. Eccentric Labelled Graphs

Throughout this paper we assume that our graphs are finite and simple. For
convenience, we use interval notation to denote integer rather than real intervals,
e.g., [3, 6) = {3, 4, 5}. If G and H are graphs, then by G∪H we mean the graph
with V (G ∪H) = V (G) ∪ V (H) and E(G ∪H) = E(G) ∪ E(H). We denote by
G + H the graph obtained from G ∪ H by joining every vertex of G to every
vertex of H. If k is a positive integer, then kG denotes the disjoint union of k
copies of the graph G. The Cartesian product of G and H is the graph G × H
with V (G×H) = V (G)× V (H) and where two vertices (u1, u2) and (v1, v2) are
adjacent if and only if (u1 = u2 and v1v2 ∈ E(H)) or (v1 = v2 and u1u2 ∈ E(G)).
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If n is a positive integer, then the complete graph of order n is the graph Kn with
n vertices that are pairwise adjacent, while the path of order n is the graph Pn

with V (Pn) = {v1, . . . , vn} and E(Pn) = {vivi+1 : i ∈ [1, n − 1]}. For n ≥ 3, the
cycle of order n is the graph obtained from Pn by joining vn to v1. If S ⊆ V (G),
then the subgraph induced by S is the graph G[S] with vertex set S and edge set
E(G[S]) = {uv : u, v ∈ S and uv ∈ E(G)}. If G is a subgraph of H, we call H
an ambient graph (of G). A vertex of degree 1 is an endvertex. For notation not
defined here, we follow [2].

If G is a graph and ℓ : V (G) → N a labelling that assigns a positive integer
ℓ(v) to every vertex v of G, then we denote by Gℓ the associated labelled graph.
If there is no possible ambiguity, we shall denote the labelled graph Gℓ simply
by G. We define ℓ(G) = {ℓ(v) : v ∈ V (G)}, ℓmin(G) = min ℓ(G) and ℓmax(G) =
max ℓ(G). If there exists a graph H such that (i) G is an induced subgraph of
H, and, (ii) for all v ∈ V (G), eH(v) = ℓ(v), then we say that G has an eccentric

embedding in H and that G is eccentric in H. If there exists at least one graph H
in which the labelled graph G is eccentric, then G is eccentric. As an example,
consider the labelled graph G with ℓmin(G) = 3 and ℓmax(G) = 4 shown on the
left side of Figure 2. On the right hand side is an eccentric embedding of G in a
graph H. Hence the labelled graph G is eccentric.

4 3 4 3 4

4 3 4 3 4

2

3

4

G : H :

Figure 2. On the left is shown a labelled graph G, and on the right G as an eccentric
subgraph of a graph H. Each vertex of H is labelled with its eccentricity.

There are three obvious necessary conditions for a labelled graph to be ec-
centric (we shall shortly see that these conditions are also sufficient). Suppose
that G is a labelled graph and H a graph such that G is eccentric in H. If v
is a vertex of G with label 1, then v must be adjacent to every other vertex of
G (such a vertex is frequently called universal). Since the eccentricities of ad-
jacent vertices in a graph cannot differ by more than 1, we must have that for
every pair u, v of adjacent vertices of G, |ℓ(u) − ℓ(v)| ≤ 1. Furthermore, since
ℓmax(G) ≤ diam H ≤ 2 rad H ≤ 2ℓmin(G), we must have ℓmax(G) ≤ 2ℓmin(G).
This leads directly to the following observation.

Observation 1. If a labelled graph G with ℓmax = 2ℓmin is eccentric in a graph

H, then rad H = ℓmin and diam H = ℓmax.
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If ℓ(G) = [ℓmin, ℓmax], then we say ℓ(G) is connected. If G is a connected
labelled graph and u, v vertices of G with ℓ(u) = ℓmin(G) and ℓ(v) = ℓmax(G),
then there is a u − v path P . If G is eccentric, then consecutive vertices of P
have labels that differ by at most 1. Hence we have the following.

Observation 2. If G is a labelled graph that is connected and eccentric, then

ℓ(G) is connected.

If G and H are graphs, then the strong product of G and H, which we denote
G ⊠ H, is the graph with V (G ⊠ H) = V (G) × V (H) and where two vertices
(u1, v1) and (u2, v2) are adjacent if and only if (i) u1 = u2 and v1v2 ∈ E(H),
or, (ii) v1 = v2 and u1u2 ∈ E(G), or, (iii) u1u2 ∈ E(G) and v1v2 ∈ E(H). It is
well-known that G ⊠H is connected if and only if G and H are connected, and
dG⊠H((u1, v1), (u2, v2)) = max{dG(u1, u2), dH(v1, v2)}. The next result, which is
also well-known, follows from this.

Lemma 3. If G and H are connected graphs and (u, v) ∈ V (G) × V (H), then
eG⊠H(u, v) = max{eG(u), eH(v)}. Furthermore, rad G⊠H = max{rad G, rad H}
and diam G⊠H = max{diam G, diam H}.

We shall in part of the proof below use a modified version of Hedetniemi’s
construction [1]. For some integer r ≥ 2, let Ĝr be the graph obtained from
G ∪ 2Pr by joining one endvertex of each Pr to every vertex of G. Then in Ĝr,
every vertex of G has eccentricity r and rad Ĝr = r.

Theorem 4. A labelled graph G is eccentric if and only if (i) ℓmax(G) ≤ 2ℓmin(G),
(ii) |ℓ(u)− ℓ(v)| ≤ 1 for every pair u, v of adjacent vertices of G, and, (iii) every
vertex w of G with ℓ(w) = 1 is universal. If G is eccentric, then for every pair

r, d of positive integers with r ≤ d ≤ 2r and ℓmin(G), ℓmax(G) ∈ [r, d], there is a

graph H of radius r and diameter d such that G is eccentric in H.

Proof. The necessity of the conditions has already been discussed, so we turn
our attention to the other direction of the proof.

Suppose that G is a labelled graph satisfying conditions (i), (ii), and (iii),
and let r and d be positive integers such that r ≤ d ≤ 2r and ℓmin, ℓmax ∈ [r, d]
(where, for convenience, we have written ℓmin for ℓmin(G) and ℓmax for ℓmax(G)).
We show that there is a graph H of radius r and diameter d in which G is
eccentric. Suppose that ℓmin = 1. If d = 1, then ℓmax = 1, i.e., ℓ(v) = 1 for every
vertex v of G and the graph G is complete, so we may take H = G. Suppose then
that d = 2. If ℓmax = 1, we let H = G+K2. If, on the other hand, ℓmax = 2, then
take H to be the graph formed from G by adding a new vertex x and joining x
to every universal vertex of G.

Suppose that ℓmin ≥ 2. If r = 1, then d = 2 = ℓmin = ℓmax, and we may take
H to be the graph formed from G by joining every vertex of G to one vertex of
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P2. If r = 2 and d = 2, then ℓmin = ℓmax = 2 and we may let H be the graph
obtained by adding an edge between the two endvertices of Ĝ2. If r = 2 and
d = 3, then there are three possibilities: (a) ℓmin = ℓmax = 2, in which case we
let H be the graph obtained by deleting an endvertex of Ĝ2, or, (b) ℓmin = 2 and
ℓmax = 3, in which case we let H be the graph obtained by joining one endvertex
of P3 to every vertex of G and then the middle vertex of P3 to all the vertices v
of G with ℓ(v) = 2, or, (c) ℓmin = ℓmax = 3, in which case we let H be the graph
obtained by joining one endvertex of P3 to every vertex of G. If r = d = 3, then
ℓmin = ℓmax = 3 and we may take H to be the graph obtained by joining every
vertex of G to both endvertices of P6.

We hence assume that r ≥ 2 and d ≥ 4. Let Cr,d be the graph formed from
C2r and Pd−r : xr+1, xr+2, . . . , xd by joining a vertex xr of C2r to xr+1. Note that
Cr,d has radius r and diameter d and for each i ∈ [r, d], we have eCr,d

(xi) = i.

Let H = Ĝ2 ⊠ Cr,d. Since rad Ĝ2 = 2 and diam Ĝ2 = 4, by Lemma 3 we have
rad H = r and diam H = d. Consider the subgraph G∗ of H induced by the
set S = {(v, xℓ(v)) : v ∈ V (G)}. By Lemma 3, for every vertex v of G, we have
eH((v, xℓ(v))) = ℓ(v). We claim that G∗ ∼= G. If uv ∈ E(G), then |ℓ(u)−ℓ(v)| ≤ 1,
which implies that xℓ(u)xℓ(v) ∈ E(Cr,d). Hence, (u, xℓ(u))(v, xℓ(v)) ∈ E(G∗), and
hence G ≤ G∗. Suppose now that (u, xℓ(u))(v, xℓ(v)) ∈ E(G∗). If uv 6∈ E(G), then
u = v and xℓ(u)xℓ(v) ∈ E(Cr,d), which from our choice of the set S is impossible.
It follows that G∗ ≤ G, and hence that G∗ is an induced subgraph of H that is
isomorphic to G and in which the vertices have the required eccentricities.

In the proof of Theorem 4, we made use of the fact that the graph Cr,d

contains a path xr, xr+1, . . . , xd such that for each i ∈ [r, d], we have eCr,d
(xi) = i.

If G′ is a connected graph with radius r and diameter d that contains such a path,
then it is easy to see that the graph Cr,d can be replaced by G′. It’s worth noting,
though, that not every graph has this property (see, for example, Figure 3).

3. Strictly Eccentric Labelled Graphs

Hedetniemi’s construction implies that the subgraph induced by all the vertices
of minimum eccentricity can have arbitrary structure. Suppose that we are inter-
ested in the subgraph induced by all vertices from a specified set of eccentricities.
What structure can such a subgraph have? To address this question, we make
the following definitions. For a labelled graph G, let ℓ(G) = {ℓ(v) : v ∈ V (G)}.
If G is eccentric in H and there is no v ∈ V (H) \V (G) with eH(v) ∈ ℓ(G), then
G is strictly eccentric in H.

We note some obvious necessary conditions for a labelled graph G to be
strictly eccentric. Clearly, every graph that is strictly eccentric is eccentric, and
hence we must have that ℓmax ≤ 2ℓmin, every edge uv satisfies |ℓ(u)−ℓ(v)| ≤ 1, and
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Figure 3. A graph of radius 4 and diameter 6 (the labels on the vertices are their eccen-
tricities) that does not contain a path of length 2 between a vertex of eccentricity 4 and
a vertex of eccentricity 6.

every vertex with label 1 is universal. If ℓmax(G) = 2ℓmin(G), ℓ(G) = [ℓmin, ℓmax],
and G is strictly eccentric, then by Observation 1, we must have that ℓmin(G) and
ℓmax(G) are, respectively, the radius and diameter of the ambient graph H, and
hence that G = H. Hence, if ℓmax(G) = 2ℓmin(G) and ℓ(G) = [ℓmin, ℓmax], then
G is strictly eccentric if and only if eG(v) = ℓ(v) for all v ∈ V (G). Lesniak [13]
proved that for every connected graph G and for every integer k ∈ (r(G), d(G)],
there are at least two vertices of eccentricity k in G. We shall shortly strengthen
this result.

Let G be a labelled graph that is connected and strictly eccentric in a graph
H. We denote by Vi the set of vertices of H of eccentricity i in H. If u, v are
vertices of G for which dG(u, v) = |ℓ(u) − ℓ(v)|, then since dH(u, v) ≤ dG(u, v),
we have dH(u, v) = |ℓ(u)− ℓ(v)|. If, on the other hand, dH(u, v) = |ℓ(u)− ℓ(v)|,
then, since G is strictly eccentric in H, every vertex on a u − v geodesic in H
is a vertex of G, and thus dG(u, v) = |ℓ(u) − ℓ(v)|. If u and v are vertices of
G such that dG(u, v) = |ℓ(u) − ℓ(v)| = dH(u, v), we say that u and v are an ℓ-
monotone pair, or simply a monotone pair (and note that this relation is reflexive
and symmetric). If u and v are a monotone pair and P a u− v geodesic, then we
say P is ℓ-monotone or simply monotone. For a vertex v, we define

ℓ+(v) = max{ℓ(w) : v and w are a monotone pair}.

Trivially, ℓ+(v) ≥ ℓ(v).

Theorem 5. Let G be a labelled graph that is connected and strictly eccentric, and

let v ∈ V (G). For every integer k ∈ [ℓmin, ℓ
+(v)] there exists a vertex w ∈ V (G)

with ℓ(w) = k and dG(v, w) ≥ ℓ(v) + k − 2 ℓmin.

Proof. Suppose G is strictly eccentric in H and v ∈ V (G). Suppose, first, that
k ∈ [ℓmin, ℓ(v)]. Then there exists a vertex v′ with dH(v, v′) = ℓ(v). Necessarily,
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eH(v′) ≥ ℓ(v). Let u ∈ Vℓmin
and P a shortest u− v′ path in H. Then P contains

a vertex w ∈ Vk. Since dH(u, v′) ≤ eH(u) = ℓmin, we have

(1) dH(u,w) + dH(w, v′) = dH(u, v′) ≤ ℓmin.

On the other hand, the triangle inequality yields

(2) dH(v, w) + dH(w, v′) ≥ dH(v, v′) = ℓ(v).

Subtracting (1) from (2), we get

dH(v, w)− dH(u,w) ≥ ℓ(v)− ℓmin,

and so

dG(v, w) ≥ dH(v, w) ≥ ℓ(v)− ℓmin + dH(u,w) ≥ ℓ(v)− ℓmin + k − ℓmin,

as desired. Suppose then that k ∈ (ℓ(v), ℓ+(v)] and let z ∈ Vℓ+(v) be in a monotone
pair with v. By the first part of the proof, there exists w ∈ Vk for which dG(z, w) ≥
ℓ(z)+k−2ℓmin, so dG(v, w) ≥ dG(z, w)−dG(v, z) ≥ ℓ(z)+k−2ℓmin−(ℓ(z)−ℓ(v)) =
ℓ(v) + k − 2ℓmin.

Note that Theorem 5 is no longer true if we allow k > ℓ+(v) (see, for example,
Figure 4).

4 3 2 3

3
3

v 3
4

3 4

Figure 4. The vertices of the graph G shown above (taken from [3]) are labelled with
their eccentricities. Every vertex u in this graph has ℓ+(u) = 4 except the black vertex v,
which has ℓ+(v) = 3. Every vertex u ∈ V (G) \ {v} has a vertex with label 4 at distance
ℓ(u) + 4− 4 = ℓ(u) or more. Every vertex of eccentricity 4 is, however, distance 2 away
from v.

Theorems 4 and 5 collectively give a set of necessary conditions for a labelled
graph to be strictly eccentric. A natural question is whether these conditions are
also sufficient (i.e., if G is a labelled graph for which (i) ℓmax ≤ 2ℓmin, (ii) every
vertex with label 1 is universal, (iii) uv ∈ E(G) =⇒ |ℓ(u) − ℓ(v)| ≤ 1, and, (iv)
for every vertex v ∈ V (G) and every integer k ∈ [ℓmin, ℓ

+(v)] there exists a vertex
w ∈ Vk for which dG(v, w) ≥ ℓ(v)+k−2 ℓmin, is G strictly eccentric?) The answer
is no. To see this, let G be the labelled graph shown in Figure 5 and v, x, y, z the
indicated vertices.



On Subgraphs with Prescribed Eccentricities 9

6

x

5

z

4 5

v

4 5 6

y

Figure 5. A labelled graph G that satisfies Theorems 4 and 5 but which is not strictly
eccentric.

It is easy to verify that G satisfies Theorems 4 and 5. Suppose that G is
strictly eccentric in some graph H, let v′ be an eccentric vertex of v, and note
that eH(v′) ≥ eH(v) = 5. Since v is distance 3 or less from every vertex of
G, we have v′ ∈ V (H) \V (G) and diam H ≥ 7, and thus rad H = 4. Then
dH(x, v′) = 2 = dH(y, v′) (otherwise v′ is too far from a vertex with label 4),
there is a cycle containing x and y and dH(x, y) ≤ 4. Thus every eccentric vertex
x′ of x is in V (H) \V (G), but then dH(z, x′) ≥ 7, a contradiction.

We now explore some consequences of Theorem 5.

Corollary 6. Let G be a labelled graph that is connected and strictly eccentric.

Then for every vertex v ∈ V (G) there exists a vertex w ∈ V (G) with ℓ(w) = ℓ(v)
and dG(v, w) ≥ 2(ℓ(v)− ℓmin).

Corollary 7. Let G be a labelled graph and k ∈ N with ℓ(v) = k for all v ∈ V (G).
Let r ∈ N with r < k ≤ 2r. The following are equivalent.

(i) G is strictly eccentric in some graph of radius at most r.

(ii) rad G ≥ 2(k − r).

Proof. (i) ⇒ (ii): Assume that G is strictly eccentric in a graph H with radius
not more than r. Then H contains a vertex of eccentricity r. Let G′ = H[Vr∪Vk]
and ℓ′ be the labelling of the vertices of G′ that assigns r to the vertices in Vr

and k to the vertices in Vk. Then G′ has a strictly eccentric embedding in H. By
Corollary 6, every vertex of Vk is at distance at least 2(k − r) in G from some
other vertex in Vk. Hence rad G ≥ 2(k − r).

(ii) ⇒ (i): Assume that radG ≥ 2(k − r). We construct a graph H and
show that G has a strictly eccentric embedding in H. Let the vertices of G be
u1, u2, . . . , un. For i = 1, 2, . . . , n let P (i) be a path on the vertices vir, v

i
r+1, . . . , v

i
2r.

Let H be obtained from the disjoint union of the P (i) by identifying the vertices

v1r , v
2
r , . . . , v

n
r to a single vertex vr, and then adding an edge between v

(i)
k and v

(j)
k

whenever uiuj ∈ E(G). Let Vk =
{

vik : i = 1, 2, . . . , n
}

. Then clearly H[Vk] = G.
We now determine the eccentricity of every vertex of H. Clearly, eH(vr) = r.

We show that for i ∈ {r + 1, r + 2, . . . , 2r} and j ∈ {1, 2, . . . , n} we have

(3) eH

(

vji

)

= i.

Since dH
(

vji , vr
)

= i−r, and since eH(vr) = r, there exists a path from vji through

vr of length at most (i−r)+r to every vertex ofH, so eH
(

vji
)

≤ i. In order to prove
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(3) it remains to show that eH
(

vji
)

≥ i. By our assumption rad G ≥ 2(k − r) we
have eG(uj) ≥ 2(k−r), so there exists a vertex uj′ of G with dG(uj , uj′) ≥ 2(k−r).

We show that dH

(

vji , v
j′

2r

)

≥ i. Let P be a
(

vji , v
j′

2r

)

-path. If P contains vr, then

P has length at least dH
(

vji , vr
)

+ dH

(

vr, v
j′

2r

)

= (i − r) + r = i. If P does

not contain vr, then P contains necessarily vjk and vj
′

k , and so P has length at

least dH

(

vji , v
j
k

)

+ dH

(

vjk, v
j′

k

)

+ dH

(

vj
′

k , v
j′

2r

)

= |i− k|+ 2(k − r) + (2r − k) =

|k − i|+ k ≥ i. Hence (3) follows.

It follows from (3) that the vertices of the set
{

v1k, v
2
k, . . . , v

n
k

}

are exactly
the vertices of eccentricity k in H. But H

[{

v1k, v
2
k, . . . , v

n
k

}]

= G, so G is strictly
eccentric in H.

Corollary 8. Let G be a graph and k ∈ N, k ≥ 2. Then G is the subgraph

induced by the vertices of eccentricity k of some graph if and only if radG ≥ 2.

4. Tree-Eccentric Labelled Graphs

Every labelled tree T that satisfies the conditions of Theorem 4 is eccentric.
However, since the strong product of two nontrivial connected graphs contains
a cycle, the ambient graph H containing T will almost always not be a tree. If
a labelled forest or tree T is eccentric in a tree T ′, we shall say that T is tree-

eccentric. Recall that every tree is central (if the center is K1) or bicentral (if
the center is K2). If T is a central tree, then diam T = 2 rad T , while if T is a
bicentral tree, then diam T = 2 rad T − 1. If u and v are vertices of a tree T ,
then the unique u−v path in T is denoted [u, v]. A vertex x is said to lie between

u and v if x lies on a shortest u−v path, i.e., d(u, v) = d(u, x)+d(x, v). We shall
need the following results.

Lemma 9 [7]. Let u and v be two vertices of a tree T having e(u) = e(v).

• If d(u, v) is odd, then T is bicentral and the center of T is the center of [u, v].

• If d(u, v) is even, then T may be central or bicentral, and the central vertex

of [u, v] lies between u and the center of T .

The next result is well-known (see, for example, [7]).

Lemma 10. If T is a tree, v ∈ V (T ) and C is the center of T , then e(v) =
rad T + d(v, C).

If T is a labelled tree and v a vertex of T with ℓ(v) = ℓmin(T ), we shall call
v an ℓ-central vertex.
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Lemma 11. If a labelled tree T is eccentric in a tree T ′, then T has no more

than two ℓ-central vertices. If T has one ℓ-central vertex, u, then u lies between

the center of T ′ and every vertex of T . If T has two ℓ-central vertices u1 and u2,
then T ′ is bicentral and u1 and u2 are the adjacent central vertices of T ′.

Proof. If T has one ℓ-central vertex, the result follows immediately from Lemma
10. Suppose then that u1, u2 are ℓ-central vertices of a tree T that is eccentric in
a tree T ′. If d(u1, u2) is even, then by Lemma 9, the central vertex z of [u1, u2]
lies between u1 and the center of T ′, but then z ∈ [u1, u2] ⊆ T and by Lemma
10, ℓ(z) < ℓmin, a contradiction. If, on the other hand, d(u1, u2) is odd, then by
Lemma 9 the tree T ′ is bicentral and both central vertices of T ′ lie on [u1, u2].
Since [u1, u2] ⊆ T , it follows that the center of T ′ is in T and hence that u1 and
u2 are central vertices of T . Hence, if there are two ℓ-central vertices, then they
are adjacent and central in T ′ (and consequently, there cannot be three ℓ-central
vertices).

It follows from Lemmas 10 and 11 that if v is a vertex in a tree-eccentric
labelled tree T and c is the ℓ-central vertex closest to v, then ℓ(v) = ℓ(c)+d(u, v).
We hence define two classes of labelled trees.

• If T is a labelled tree with exactly one ℓ-central vertex u, and, for each vertex
v ∈ V (T ), we have ℓ(v) = ℓmin(T ) + d(u, v), we say that T ∈ T1.

• If T is a labelled tree with exactly two ℓ-central vertices u1, u2, these two
vertices are adjacent, and, for each vertex v ∈ V (T ), we have ℓ(v) = d({u1,
u2}, v) + ℓmin(T ), we say that T ∈ T2.

Theorem 12. A labelled tree T is tree-eccentric if and only if ℓmax ≤ 2ℓmin and

T ∈ T1, or ℓmax ≤ 2ℓmin − 1 and T ∈ T2. If T ∈ T1 and d ∈ [ℓmax, 2ℓmin], then
there exists a tree T ′ of diameter d and radius ⌈d/2⌉ in which T is tree-eccentric.

If T ∈ T2 and T is tree-eccentric in T ′, then T ′ is bicentral, rad T ′ = ℓmin and

diam T ′ = 2ℓmin − 1.

Proof. The necessity is provided by Lemma 11 and the preceding discussion. We
prove the sufficiency. Suppose first that T ∈ T1, let u be the ℓ-central vertex of T ,
and z a vertex of T with ℓ(z) = ℓmax. Let T

′ be the tree obtained from T and two
paths P : x0, x1, . . . , xℓmin

and Q : y0, y1, . . . , yd−ℓmax
by identifying u with x0 and

z with y0. Every vertex v of T is distance at most (ℓ(v)− ℓmin)+ (ℓmax− ℓmin) ≤
ℓ(v) from every vertex of T , distance ℓ(v)−ℓmin+ℓmin from xℓmin

, and distance at
most ℓ(v) from every vertex of Q, so eT ′(v) = ℓ(v) as required and T is eccentric
in T ′, which has diameter d as required. Suppose, then, that T ∈ T2 and let the
two ℓ-central vertices of T be u1 and u2. Let T1 and T2 be the components of
T − u1u2 that contain the vertices u1 and u2, respectively. Let z1, z2 be vertices
of T1 and T2, respectively, with ℓ(z1) = ℓmax(T1) and ℓ(z2) = ℓmax(T2), and for
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i ∈ {1, 2} define δi = 2ℓmin − ℓ(zi) − 1. Let T ′ be the tree obtained from T by
adding paths P1 : x0, x1, . . . , xδ1 and P2 : y0, y1, . . . , yδ2 and identifying z1 with
x0 and z2 with y0. If, without loss of generality, v ∈ V (T1), then v is distance at
most (ℓ(v)− ℓmin) + (ℓ(z1)− ℓmin) + δ1 = ℓ(v)− 1 from every vertex of T1 ∪ P1,
distance (ℓ(v)−ℓmin)+1+(ℓ(z2)−ℓmin)+δ2 = ℓ(v) from yδ2 , and distance at most
ℓ(v) from every vertex of T2 ∪ P2. Hence eT ′(v) = ℓ(v) and thus T is eccentric in
T ′. Furthermore, rad T ′ = ℓmin and diam T ′ = 2ℓmin − 1.

If a labelled forest F is tree-eccentric, then every component of F is tree-
eccentric. If T is a component of a tree-eccentric forest, we shall adopt the
convention that T ∈ T1∪T2 if the underlying tree T together with the restriction of
ℓ to V (T ) is in T1∪T2 (i.e., to judge which vertices of a component T are ℓ-central,
we set ℓmin = ℓmin(T )). It follows from Theorem 12 that if F is a tree-eccentric
labelled forest, then every component of F is in T1 ∪ T2. A component of F that
contains an ℓ-central vertex (i.e., a component T of F with ℓmin(T ) = ℓmin(F ))
is an ℓ-central component.

Theorem 13. A labelled forest F is tree-eccentric if and only if exactly one of

the following holds.

1. F has exactly two ℓ-central vertices, they are adjacent, the ℓ-central compo-

nent Tc is in T2, ℓmax ≤ 2ℓmin − 1, ℓmin(F − Tc) ≥ ℓmin(F ) + 2, and every

component of F − Tc is in T1.

2. F has no adjacent ℓ-central vertices, every component of F is in T1, and

exactly one of the following holds.

(a) ℓmax ∈ {2ℓmin − 1, 2ℓmin}, there is a unique ℓ-central component Tc, and

ℓmin(F − Tc) ≥ ℓmin(F ) + 2.

(b) ℓmax ≤ 2ℓmin − 2.

Proof. Suppose that F is a labelled forest that is eccentric in a tree T . If
two ℓ-central vertices u1, u2 are adjacent, then by Lemma 11 the vertices u1
and u2 are central in T , every component of F − Tc is in T1, the tree T ′ is
bicentral, and consequently ℓmax ≤ 2ℓmin − 1. If some component of F − Tc

contains a vertex v with ℓ(v) = ℓmin(F ) + 1, then v is adjacent in T to an ℓ-
central vertex in Tc, a contradiction. We suppose, then, that no pair of ℓ-central
vertices of F is adjacent. If ℓmax = 2ℓmin, then by Observation 1, diam T = ℓmax

and rad T = ℓmin, hence T is central, every ℓ-central vertex of F is central in
T , and consequently there is exactly one ℓ-central vertex. Suppose, then, that
ℓmax = 2ℓmin−1. If there are two or more ℓ-central vertices, then rad T ≤ ℓmin−1,
implying that diam T ≤ 2ℓmin − 2, a contradiction. Thus there is exactly one
ℓ-central vertex and, by the same argument, ℓmin = rad T . Whether ℓmax = 2ℓmin

or ℓmax = 2ℓmin−1, in either case the ℓ-central vertices are central in T and hence,
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as previously, ℓmin(F − Tc) ≥ ℓmin(F ) + 2. This completes the first direction of
the proof.

Suppose now that F is a labelled forest that satisfies exactly one of the stated
conditions. If F satisfies condition 1, by Theorem 12 there exists a bicentral tree
T ′ with rad T ′ = ℓmin and diam T ′ = 2ℓmin − 1 in which Tc is eccentric. Form a
new tree T ′′ from T ′ as follows. Add a path P of length rad T ′ − 1, identify an
end-vertex of P with a central vertex of T ′, then for each component T of F −Tc

join the ℓ-central vertex of T to that vertex v of P for which eT ′′(v) = ℓmin(T )−1.
Since no vertex of F − Tc is adjacent to a central vertex of T ′, the forest F is an
induced subgraph of T ′′, and it can be shown as previously that F is eccentric
in T ′′. A similar argument holds for case 2(a). Suppose, then, that F satisfies
condition 2(b). Let T ′′ be the tree obtained from F by adding a path P of length
2ℓmin − 2 and for each component T of F joining the ℓ-central vertex u of T to a
vertex v of P having eP (v) = ℓ(u) − 1. Then F is an eccentric subgraph of the
tree T ′′ with rad T ′′ = ℓmin − 1 and diam T ′′ = 2ℓmin − 2.

A labelled tree or forest is strictly tree-eccentric if it is strictly eccentric
in a tree. We consider first the general question of when a labelled forest is
strictly tree-eccentric. A forest that is strictly tree-eccentric is tree-eccentric and
hence must satisfy Theorem 13. Furthermore, every component of a strictly tree-
eccentric forest is tree-eccentric, but not necessarily strictly (see, for example,
Figure 6).

4 3 3 4 4 3 2 3 4
F : T :

Figure 6. A labelled forest F that is strictly tree-eccentric in a tree T while, by Corollary
6, neither component of F is strictly tree-eccentric.

Suppose that F is a labelled forest. If for some integer t ∈ (ℓmin, ℓmax) there
is no vertex labelled t, then t is called an ℓ-gap (or just a gap if there is no possible
ambiguity); similarly, a set S ⊆ Z is a gap if every integer in S is a gap. If T is
a component of a strictly tree-eccentric forest F with ℓmin(T ) > ℓmin(F ), then,
by essentially the same argument used in the proof of Theorem 13, ℓmin(T ) − 1
is a gap. Consequently, if T, T ′ are components of F with ℓ(T ) ∩ ℓ(T ′) 6= ∅, then
ℓmin(T ) = ℓmin(T

′). If F is a labelled forest, recall that a u − v path in F is
ℓ-monotone (or simply monotone) if d(u, v) = |ℓ(u)− ℓ(v)|. A monotone path is
maximal if it is not properly contained in another monotone path. If a, b ∈ ℓ(F )
with a ≤ b, then an (a, b) virtual ℓ-path (or simply (a, b) virtual path) is a sequence
P1, . . . , Pk of maximal monotone paths such that a ∈ ℓ(P1), b ∈ ℓ(Pk), for each
i ∈ [1, k − 1], we have ℓmax(Pi) < ℓmin(Pi+1), and if c ∈ ℓ(F ) ∩ [a, b], then
c ∈ ℓ

(
⋃k

i=1 V (Pi)
)

. If P : P1, . . . , Pk is a virtual path, we let V (P ) =
⋃k

i=1 V (Pi).
The intersection of two virtual paths P and Q is V (P )∩V (Q); two virtual paths
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with an empty intersection are disjoint. The ℓ-center of a labelled tree T is the
subgraph induced by its ℓ-central vertices.

Theorem 14. A labelled forest F is strictly tree-eccentric if and only if exactly

one of the following three conditions holds.

1. F has exactly two ℓ-central vertices, they are adjacent, and all of the following

conditions are satisfied.

(a) ℓmax(F ) ≤ 2ℓmin(F )− 1,

(b) the ℓ-central component Tc is in T2,

(c) if T ′ is a component of F − Tc, then T ′ ∈ T1 and ℓmin(T
′) − 1 is a gap,

and,

(d) there exist two disjoint (ℓmin, ℓmax) virtual paths.

2. F has two or more ℓ-central vertices, they are pairwise non-adjacent, and all

of the following conditions are satisfied.

(a) ℓmax(F ) ≤ 2ℓmin(F )− 2,

(b) if T ′ is a component of F , then T ′ ∈ T1 and ℓmin(T
′)− 1 is a gap, and,

(c) there exist two disjoint (ℓmin, ℓmax) virtual paths.

3. F has exactly one ℓ-central vertex and all of the following conditions are

satisfied.

(a) ℓmax(F ) ≤ 2ℓmin(F ),

(b) if T ′ is a component of F , then T ′ ∈ T1 and ℓmin(T
′)− 1 is a gap, and,

(c) there exist two (ℓmin, ℓmax) virtual paths whose intersection is the ℓ-central
vertex.

Proof. Suppose first that F is a labelled forest that is strictly eccentric in a
tree T . We consider two cases.

Case 1. F has two adjacent ℓ-central vertices, u1 and u2. By Lemma 11 and
Theorem 12, T is bicentral, u1 and u2 are central vertices of T , conditions 1(a)
and 1(b) in the current theorem are satisfied, and every component T ′ of F that
is not ℓ-central is in T1. If v ∈ V (T ′) with ℓ(v) = ℓmin(T

′), then there is a vertex
x ∈ NT (v) \V (F ) with eT (x) = ℓ(v)−1, which implies that ℓmin(T

′)−1 is a gap.
If e1 is an eccentric vertex of u1 in T , then the u1 − e1 path in T consists of u1,
the central edge u1u2, and the u2−e1 path P21. Since F is strictly eccentric in T ,
every vertex y of P21 with eT (y) ∈ ℓ(F ) is a vertex of F . Hence there is a vertex
z of P21 with e(z) = ℓmax(F ). Let P1, . . . , Pk be the components of the subgraph
induced by those vertices of P21 that are in F , numbered such that for each
i ∈ [1, k − 1], we have ℓmax(Pi) < ℓmin(Pi+1). Clearly, u1 ∈ V (P1) and the vertex
with label ℓmax is in Pk. If c ∈ ℓ(F ) − ℓ

(
⋃k

i=1 V (Pi)
)

, then there is a vertex of
V (P21) \V (F ) that is labelled c, contradicting the fact that F is strictly eccentric
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in T . Thus P1, . . . , Pk is an (ℓmin, ℓmax) virtual path. A similar argument proves
the existence of a disjoint second (ℓmin, ℓmax) virtual path containing u1. Thus F
satisfies all of the conditions 1(a)–(d).

Case 2. No ℓ-central vertices of F are adjacent. Then by Lemma 11, every
component T ′ of T is in T1 and, as before, ℓmin(T

′)− 1 is a gap.

Case 2.1. F has two or more ℓ-central vertices. Since these are not adjacent,
rad T ≤ ℓmin − 1, which implies that ℓmax(F ) ≤ 2ℓmin − 2. As previously, we can
find two disjoint (ℓmin, ℓmax) virtual paths.

Case 2.2. F has exactly one ℓ-central vertex, u. Since F is strictly eccentric
in T , by Lemma 11 the vertex u is the central vertex of T and we get the desired
(ℓmin, ℓmax) virtual paths from two maximum length paths starting at u.

We now prove that a labelled forest F satisfying the stated conditions is
strictly tree-eccentric. The construction is similar for all three cases, so we con-
sider only the first. Suppose that F is a labelled forest satisfying the condi-
tions 1(a)–(d). Let the ℓ-central vertices of F be p and q. Let P : P1, . . . , Pk

and Q : Q1, . . . , Qk be disjoint (ℓmin, ℓmax) virtual paths, where p ∈ V (P1) and
q ∈ V (Q1). We now construct a tree T as follows. Let X = [ℓmin, 2ℓmin−1]−ℓ(F )
and for each c ∈ X, add two new vertices pc and qc. For each i ∈ [2, k], the num-
ber ℓmin(Pi) − 1 = ℓmin(Qi) − 1 is by assumption a gap. Hence there exist pc
and qc with c = ℓmin(Pi) − 1, so join pc (respectively, qc) to that vertex v of the
component of F containing Pi (Qi) that has ℓ(v) = ℓmin(Pi). Whenever there
are two consecutive integers c and c + 1 in X, join pc to pc+1 and qc to qc+1. If
2ℓmin − 1 > ℓmax, then join pℓmax+1 to a vertex of Pk with label ℓmax and qℓmax+1

to a vertex of Qk with label ℓmax. Finally, for each component T ′ of F that
does not contain some Pi or Qi, join the vertex v of T ′ with ℓ(v) = ℓmin(T

′) to
either pℓmin(T ′)−1 or qℓmin(T ′)−1 (the construction is illustrated in Figure 7). It is
straightforward to prove that F is strictly eccentric in the tree T .

9 8 7

p

7

q

8

8

9

9

9
p10

q10
p11

q11

12

12

12 13

13

13

Figure 7. The construction of Theorem 14 applied to a labelled forest F to produce a
tree T containing F as a strictly eccentric subgraph. Vertices of F are black and vertices
of T − F are white.

We now turn our attention to the special case when the forest F is a tree. If
a, b are integers with a ≤ b and P an (a, b) virtual path that consists of a single
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monotone path, then we shall call P an (a, b) path. An immediate consequence
of Theorem 14 is the following.

Corollary 15. A labelled tree T is strictly tree-eccentric if and only if

1. T ∈ T2, ℓmax(T ) ≤ 2ℓmin(T ) − 1, and there exist two disjoint (ℓmin, ℓmax)
paths, or,

2. T ∈ T1, ℓmax(T ) ≤ 2ℓmin(T ), and there exist two (ℓmin, ℓmax) paths whose

intersection is the ℓ-central vertex.

With a little work, we can restate this result in simpler language. If T ∈ T1
and there exist two (ℓmin, ℓmax) paths whose intersection is the ℓ-central vertex,
or if T ∈ T2 and there exist two disjoint (ℓmin, ℓmax) paths, then the labelled tree
T is ℓ-balanced. A tree T is ℓ-centered if T ∈ T1 ∪ T2 and its ℓ-center and center
are equal. This is equivalent to the statement that there exists an integer k such
that for all v ∈ V (T ), ℓ(v) = e(v) + k.

Lemma 16. A labelled tree is ℓ-balanced if and only if it is ℓ-centered.

Proof. Let T be a labelled tree and suppose first that T is ℓ-balanced. If T ∈ T1
and u is the ℓ-central vertex, then e(u) = ℓmax − ℓmin, while for v ∈ V (T ) \ {u}
we have e(v) ≥ 1+ ℓmax − ℓmin. Thus u is a central vertex of T . If on other hand
c is a central vertex of T , then e(c) ≥ d(c, u) + ℓmax − ℓmin, which implies that
d(c, u) = 0 and c = u. Thus T is ℓ-centered. A similar proof is easily found when
T ∈ T2. Suppose then that T is ℓ-centered. If T ∈ T1, then T is a central tree
with radius ℓmax − ℓmin and diameter 2(ℓmax − ℓmin), implying the existence of
a pair of vertices with label ℓmax that are in different components of T − u. A
similar proof holds when T ∈ T2.

The next results follow directly from Theorem 14 and Lemma 16.

Corollary 17. A labelled tree T is strictly tree-eccentric if and only T is tree-

eccentric and ℓ-centered.

Corollary 18. A labelled tree T is strictly tree-eccentric if and only if there exists

an integer k such that ℓ(v) = e(v) + k for all v ∈ V (T ).

5. Further Directions

Theorem 4 gives a complete characterization of eccentric labelled graphs. We have
not, however, found an equivalent characterization of strictly eccentric labelled
graphs. While such graphs must satisfy the conditions stated in Theorems 4 and
5, the discussion on page 8 shows that these conditions are not sufficient for a
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labelled graph to be strictly eccentric. It would clearly be interesting to find such
a set of conditions.

In this paper, we have given necessary and sufficient conditions for a tree (or
forest) to be eccentric or strictly eccentric in a tree. In a similar vein, given a
class C of graphs, one might ask under what conditions a graph G ∈ C is eccentric
or strictly eccentric in some graph H ∈ C.
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