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Finite-temperature electron-capture rates for neutron-rich nuclei near N = 50
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The temperature dependence of stellar electron-capture (EC) rates is investigated, with a focus on nuclei
near N = 50, just above Z = 28, which play an important role during the collapse phase of core-collapse
supernovae (CCSN). Two new microscopic calculations of stellar EC rates are obtained from relativistic and
nonrelativistic finite-temperature quasiparticle random-phase approximation approaches, for a conventional grid
of temperatures and densities. In both approaches, EC rates due to Gamow-Teller transitions are included. In
the relativistic calculation, contributions from first-forbidden transitions are also included and add strongly to
the EC rates. The new EC rates are compared with large-scale shell-model calculations for the specific case of
86Kr, providing insight into the finite-temperature effects on the EC rates. At relevant thermodynamic conditions
for core collapse, the discrepancies between the different calculations of this paper are within about one order
of magnitude. Numerical simulations of CCSN are performed with the spherically symmetric GR1D simulation
code to quantify the impact of such differences on the dynamics of the collapse. These simulations also include
EC rates based on two parametrized approximations. A comparison of the neutrino luminosities and enclosed
mass at core bounce shows that differences between simulations with different sets of EC rates are relatively
small (≈5%), suggesting that the EC rates used as inputs for these simulations have become well constrained.
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I. INTRODUCTION

Electron-capture (EC) rates play a key role in vari-
ous astrophysical phenomena, such as the final evolution
of intermediate-mass stars [1,2], core-collapse supernovae
(CCSN) [3–6], thermal evolution of the neutron-star crust
[7,8], and nucleosynthesis in thermonuclear supernovae
[9,10]. For a recent review the reader may refer to Ref. [11].
CCSN are particularly impacted by the rate of electron cap-
tures prior to and during the collapse phase as it defines the
electron fraction (Ye), which drives the collapse dynamics and
sets the diameter of the core at bounce [5,6]. Indeed, at the
onset of the collapse, the combination of a high stellar temper-
ature (T ≈ 10 GK), high density (ρ ≈ 1010 g cm−3), and low
entropy (s ≈ 1 kB) leads to a nuclear statistical equilibrium
[12] in the core. While the core density increases, the electron
captures on nuclei and free protons reduce Ye and produce
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electron-type neutrinos, which escape the core freely while
carrying away energy and entropy. Consequently, Ye further
decreases and the collapse accelerates. The electron-capture
reactions on nuclei dominate because the mass fraction of
free nucleons is small compared to that of nuclei [13]. Pre-
vious studies [5,6] have shown that the nuclei having the
largest impact on the evolution of Ye, and therefore on the
production of electron neutrinos, are located along theN = 50
shell closure near 78Ni and along N = 82 near 128Pd. At
ρ � 10−12 g cm−3, the electron-neutrino diffusion timescale
becomes longer than the dynamical timescale of the collapse,
the electron neutrinos become trapped, and a β equilibrium
establishes [12,14]. The core continues its collapse up to ρ �
nsat ≈ 2.81 × 1014 g cm−3. At the interface where the in-fall
velocity is equal to the speed of sound in the medium a shock
wave forms and propagates outwards. The mass of the inner
core, approximately the Chandrasekhar mass, is proportional
to Ye2 [12,14].

During the collapse, the nuclei are in thermal equilibrium
and undergo continuum EC. As the stellar density is high, the
Fermi energy is also high, and ECs can occur to states in the
daughter at relatively high excitation energy. In addition, be-
cause the temperature is also high, excited states in the parent
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are populated and ECs can occur on these states [15]. The
EC rates are mediated by Gamow-Teller (GT) transitions and
forbidden transitions [16–18]. The stellar conditions cannot
be reproduced in the laboratory and to estimate the rates at ex-
treme thermodynamic conditions one has to rely on theoretical
models. The theoretical models must be benchmarked with
experimental data where available, i.e., primarily from the
ground state of the parent nucleus. While EC and β+ decay
data provide benchmarks, the accessible Q-value window is
very limited, especially on the neutron-rich side of stability,
which contains the nuclei of most interest in the collapse
phase of supernovae. Therefore, GT strengths extracted from
(n, p)-type charge-exchange experiments [11] at intermedi-
ate energies, such as (n, p) [19–22], (d, 2He) [23–25], and
(t, 3He) [26–28] reactions, have become the most important
tool for testing theoretical models.

Fuller, Fowler, and Newman [29] (FFN) were the first to
perform calculations for a wide grid of stellar conditions and
for an ensemble of nuclei near stability with mass number
21 < A < 60. The first FFN formulation was based on strict
assumptions where a single resonance contains the total GT
strength. The energy of this resonance was determined phe-
nomenologically and the total strength was calculated with a
single-particle model. Since then, many β-decay and charge-
exchange experiments were performed (see, e.g., Ref. [11]
and references therein) and have motivated the development
of more accurate models.

Two methods arise for computing EC rates at finite tem-
perature. One can determine the rates from each of the initial
states in the parent nucleus and compute the Boltzmann-
weighted sum of these rates. The other method consists of
computing directly temperature-dependent strength functions.
The first approach is related to large-scale shell-model (SM)
calculations [13,30–34] and the second is related to random-
phase approximation (RPA) [35,36], (relativistic) quasipar-
ticle random-phase approximation (QRPA) [18,37,38], or
relativistic time blocking approximation [17] calculations.
Alternatively, one can use hybrid approaches [16,39,40], in
which the partial shell occupation numbers at finite tempera-
ture are calculated within shell-model Monte Carlo (SMMC)
or Fermi-Dirac parametrizations. Subsequently, these partial
occupation numbers are then used as inputs for RPA or QRPA
calculations.

In addition, an analytic approximation of the electron-
capture rate as a function of the Q value was proposed in
Ref. [41]. The first parametrized version of this approximation
[42] was fitted to rates on p f -shell nuclei obtained with a
hybrid SMMC-RPA approach. Then, for improving the relia-
bility of the extrapolation beyond p f -shell nuclei and far from
stability, the parametrization was extended [43] to take into
account the effect of the high electron density, temperature,
and isospin ratio.

So far, no EC rate tables from finite-temperature micro-
scopic calculations cover the region of interest for the collapse
phase of CCSN, along N = 50 near 78Ni, here referred to
as the “diamond region.” The first extensive calculations in
this region were performed with a hybrid model [30], but
only for a subset of the nuclei of interest, or with a QRPA
model [44] for all nuclei in the diamond region but without

considering temperature-dependent effects. Recently, a few
finite-temperature calculations [16,17] were performed on se-
lected nuclei in the region of interest. These studies show the
importance of including higher-order correlations and thermal
excitations for explaining the unblocking of the GT+ strength
in the nuclei near N = 50, as well as the significant contri-
bution of forbidden transitions to the total electron-capture
rate for some N = 50 nuclei. Furthermore, application of the
relativistic FT-QRPA in Ref. [18] has demonstrated the impor-
tance of including pairing correlations for temperatures below
the critical temperature of pairing collapse, as well as the
sensitivity of EC rates to the strength of the isoscalar pairing
in the residual interaction. In this paper, we will present new
finite-temperature EC rates, available in FFN grid format,
from two state-of-the-art finite-temperature QRPA calcula-
tions covering the whole diamond region (71 nuclei). In order
to have a better insight on those results, we will discuss the
effect of the detailed nuclear structure on the electron-capture
rate, using a new shell-model calculation for 86Kr. The new
results presented here will help quantifying the impact of
the thermally induced weak transitions, GT+ but also first-
forbidden (FF) transitions, on the dynamics of the CCSN.

This paper is structured as follows. In Sec. II, the formalism
used to make new finite-temperature EC rate libraries from
two nonrelativistic and relativistic finite-temperature QRPA
models is presented. The two models are presented in Secs. III
and IV, respectively. In Sec. V we give details about the
electron-capture rate results based on large-scale shell-model
calculations. Then, in Sec. VI, we compare the temperature-
dependent electron-capture rates computed from the different
formalisms introduced previously. Afterwards, in Sec. VII
the outcomes of CCSN simulations based on the new finite-
temperature EC rate libraries are compared. Finally, the main
conclusions of this paper are outlined in Sec. VIII.

II. ELECTRON-CAPTURE RATES CALCULATED
FROM QRPA STRENGTH FUNCTIONS

In a highly dense and hot presupernova environment
atoms are fully ionized, leaving free nuclei immersed in an
electron plasma described by a Fermi-Dirac distribution of
electrons. In order to derive EC rates within such an en-
vironment we follow the formalism developed by Walecka
and coworkers in Refs. [45–47]. Fermi’s “golden rule” relates
the electron-nucleus differential cross section to a transition
matrix element through

dσ

d�
= 1

(2π )2
V 2E2

ν

1

2

∑
lept.spin.

1

2Ji + 1

∑
MiMf

|〈F |ĤW |I〉|2, (1)

where V is the normalization volume, Eν is the (massless)
neutrino energy, |I〉 denotes the initial state of the nucleus-
electron system, and |F 〉 is the final state (which includes the
daughter nucleus and emitted neutrino). The nuclear state has
angular momentum Ji and projection Mi before decay and
respectively Jf and Mf after decay. We assume the current-
current form of the weak interaction Hamiltonian

ĤW = − G√
2

∫
d3r jleptμ (r)Ĵ μ(r), (2)
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where G is the Fermi constant, jleptμ (r) is the lepton current,
and Ĵ μ(r) is the hadron current. Coordinate-space vectors
are denoted by boldface symbols. Performing the multipole
expansion of 〈F |ĤW |I〉 and inserting the result into Fermi’s
“golden rule,” while performing the sums over lepton spins
we obtain the final expression for EC cross sections which
can be found in Refs. [45–47]. It contains the nuclear matrix
elements of charge M̂J , longitudinal L̂J , transverse electric
T̂ el
J , and transverse magnetic T̂ mag

J multipole operators. These
can be readily evaluated within the FT-QRPA.

While Sec. IV discusses the relativistic treatment of EC
rates including first-forbidden contributions, to simplify fur-
ther discussion we present EC rate expressions assuming
allowed Gamow-Teller transitions in the low momentum-
transfer approximation. This approach is taken in Sec. III,
and corresponds to a nonrelativistic reduction of expressions
by Walecka and coworkers [45–47]. However, differences be-
tween the two approaches are small for electrons with energies
of up to 40 MeV as exemplified in Ref. [48]. In this limit the
weak interaction reduces to the Gamow-Teller operator �σ τ̂±,
and we compute the total contribution to the stellar EC decay
rates by averaging over initial states and summing over final
states the phase-space weighted transition strength:

λ = ln 2

κ

1

Z

∑
i, f

e−βEi |〈 f |�σ τ̂+|i〉|2 f (W (i, f )
0

)
. (3)

Here κ = 6147 s, Z = ∑
i(2Ji + 1)e−βEi is the partition func-

tion, and |i( f )〉 are the initial (final) nuclear states. The
phase-space factor is dimensionless, defined in terms of the
electron mass:

f
(
W (i, f )

0

) =
∫ ∞

W (i, f )
th

pW
(
W (i, f )

0 +W
)2

× F0(Z,W )L0 fe(W ) dW, (4)

where W = Ee/(mec2) is the total electron energy,
p = √

W 2 − 1 is the electron momentum, and fe(W ) is
the electron occupation factor in a Fermi gas:

fe(W ) =
[
1 + exp

(
W − μ/(mec2)

kbT

)]−1

. (5)

The neutrino momentum is pν = W (i, f )
0 +W . It depends on

the maximum positron energy for a β+ decay from parent
state i to daughter state f :

W (i, f )
0 = (

MNi − MNf + E∗
i − E∗

f

)
/(mec

2)

= 1 + (Qβ+ + E∗i − E∗ f )/(mec
2), (6)

where Qβ+ is the β+ Q value, MNi (MNf ) is the initial (final)
nuclear mass, and E∗

i (E∗
f ) is the excitation energy of the par-

ent (daughter). The condition that pν > 0 defines a threshold
energy for the captured electron:

W (i, f )
th =

{
1 W (i, f )

0 � −1∣∣W (i, f )
0

∣∣ W (i, f )
0 < −1

. (7)

The remaining quantities needed in Eq. (4) are the electron
chemical potential μ (which includes the electron rest mass),

and the Fermi function F0(Z,W ) and Coulomb function
L0 [49].

To connect with the FT-QRPA, we use the Q-value approx-
imation of Ref. [50] for Qβ+ to expressW (i, f )

0 as a function of
the QRPA energy:

Wi, f
0 = Wk

0 ≈ −1 + (λp − λn − �Mn−H − �k )/(mec
2).

(8)

�Mn−H is the neutron-hydrogen mass difference, and λn (λp)
is the neutron (proton) Fermi energy. At a given energy, the
FT-QRPA strength function S̃F (ω) approximates the ensemble
averaged strength for all transitions with energy difference
Ef − Ei ≈ �k [51], i.e.,

Res

[
S̃F (ω)

1 − e−βω
, �k

]
≈ 1

Z

∑
i, f

e−βEi |〈 f |�σ τ̂+|i〉|2 ∀ Ef − Ei ≈ �k . (9)

The rate can therefore be expressed as a single sum over
QRPA energies:

λ = ln 2

κ

∑
k

Res

[
S̃F (ω)

1 − e−βω
, �k

]
f
(
Wk

0

)
. (10)

While the range of relevant energies is in principle from
−∞ to +∞—the lower bound to account for deexcitations
with infinitely large Q values (see Sec. III B) and the upper
bound to account for capture of infinitely energetic electrons
in the Fermi gas—the phase-space function dies off rapidly
for larger energies and the exponential prefactor in Eq. (16)
rapidly dies to zero at negative energies. Thus, in practice a
finite energy range can be chosen for a given temperature and
chemical potential μ.

III. NONRELATIVISTIC SKYRME FT-QRPA
CALCULATION

A. Computational method

In this section we discuss the details of the nonrelativis-
tic, axially deformed Skyrme FT-QRPA calculation with the
charge-changing finite amplitude method (FAM) [49]. We use
the SKO’ Skyrme functional optimized for the global calcula-
tions in Refs. [52,53]. This functional was fit with an effective
axial vector coupling of gA = 1.0, and was also used for the
electron-capture calculations in Ref. [44]. In that work, the
FAM was used to compute Gamow-Teller strength functions
at zero temperature with an artificial Lorentzian width of
0.25 MeV. Odd nuclei were treated in the equal filling ap-
proximation (EFA) [52,54,55]. These strength functions were
weighted with the temperature- and density-dependent phase-
space function, Eq. (4), to estimate stellar electron-capture
rates. Here, we extend the work of Ref. [44] by accounting
for the temperature dependence of the Gamow-Teller strength
with the FT-QRPA.

We make several adjustments to the calculations performed
in Ref. [44] to accommodate finite temperature. Odd nu-
clei in the present paper are treated by constraining the

055801-3



S. GIRAUD et al. PHYSICAL REVIEW C 105, 055801 (2022)

finite-temperature Hartree-Fock-Bogoliubov (FT-HFB) [56]
ensembles to have the desired odd particle number on average.
We cannot use the equal filling approximation because it is
based on a statistical ensemble formalism, and there is cur-
rently no method to treat the EFA ensemble simultaneously
with the finite-temperature ensemble. Additionally, rather
than using strength functions with an artificial Lorentzian
width, we compute EC rates using the complex contour in-
tegration method described in Ref. [49]. Although we do not
gain any information about the strength distribution using
this method, it is significantly less computationally expensive.
Moreover, the contour integration method eliminates the arti-
ficial width from the calculations completely, providing rates
that are comparable to those computed with the matrix form
of the FT-QRPA.

B. The finite amplitude method

An extension of the FAM to statistical ensembles was dis-
cussed in Refs. [52,57] in the context of the EFA. Here we
present a similar discussion for the finite-temperature ensem-
ble. The FT-QRPA is equivalent to the free linear response
of a finite-temperature HFB ensemble. The corresponding
linear response equations were derived in Ref. [58] and can
be written as

[S̃ − ωM]δR̃(ω) = −TF (ω), S̃ ≡ TH + E,

δR̃ ≡ T δR. (11)

In the notation of Ref. [58], we have defined matrices in an
extended 4 × 4 supermatrix space and in a two-quasiparticle
(q.p.) basis:

Tαβ,γ δ = diag[ f −
βα, (1 − f +

αβ ), (1 − f +
αβ ), f

−
βα]δγ δ,

Eαβ,γ δ = diag[E−
αβ,E+

αβ,E+
αβ,E−

αβ ]δγ δ,

Mαβ,γ δ = diag[1, 1,−1,−1]δαβ,γ δ,

Hαβ,γ δ = ∂Hαβ

∂Rγ δ

. (12)

Matrix elements of T and E depend on the quasiparticle occu-
pations fk = [1 + exp(Ek/kBT )]−1, and energies Ek for two
quasiparticles, and our shorthand notation means, e.g., E±

αβ ≡
Eβ ± Eα . The matrix H represents the residual interaction,
where expressions for its submatrices are given in Appendix B
of Ref. [58]. Finally, the vectors in Eq. (11) are the density
response, δRαβ (ω) = (Pαβ,Xαβ,Yαβ,Qαβ ), and the external
field, Fαβ (ω) = (F 11

αβ ,F 20
αβ ,F 02

αβ ,F 1̄1
αβ ).

The FAM avoids the expensive construction of the resid-
ual interaction matrix by computing the perturbation of the
Hamiltonian directly with a finite difference:

δH̃ (ω) = (δH̃11, δH̃20, δH̃02, δH̃ 1̄1 )

= ∂H

∂R

∣∣∣∣
R=R̃0

δR̃(ω)

= lim
η→0

1

η

[
H[R̃0 + ηδR̃(ω)] − H[R̃0]

]
, (13)

where R̃0 is the FT-HFB solution for the generalized density.
Equation (11) can then be rearranged to give the FT-FAM
equations:

[E − ωM]δR̃(ω) = T [δH̃ (ω) + F (ω)]. (14)

In the charge-changing case, for Skyrme functionals without
proton-neutron mixing we can directly evaluate the Hamil-
tonian perturbation with the perturbed density, i.e., δH̃ =
H[δR̃]. Once we have solved the FAM equations, the strength
function can be computed from the density response with

S̃F (ω) = F†δR̃(ω)

=
∑
k±>0

[ |〈[�k, F̂ ]〉|2
ω − �k

− |〈[�k, F̂ †]〉|2
ω + �k

]
, (15)

where the sum is over FT-QRPA modes with positive norm,
while �k† is the FT-QRPA phonon creation operator defined
in Ref. [58]. To avoid the poles in the strength function, the
FAM computes it at complex energies, ωγ = ω + iγ , which
smears the poles with Lorentzians of half-width γ .

As demonstrated in Ref. [51], the residues of Eq. (15)
contain interfering contributions of strength for the reverse
process governed by F̂ † and the forward process, F̂ . In the
zero-temperature case strength due to forward and reverse
processes is well separated, but at finite temperatures the
occurrence of deexcitations at ω < 0, in addition to the usual
excitations at ω > 0, causes them to interfere. The exponential
prefactor 1/(1 − exp−βω ) is required to eliminate contribu-
tions from the reverse process, leaving the physical strength
distribution for the forward process only:

dB

dω
= − 1

π
Im

[
S̃F (ω)

1 − e−βω

]
. (16)

Unlike the zero-temperature case, Eq. (16) is defined for both
positive and negative energies (but undefined at ω = 0 due to
the pole from the exponential factor).

C. Phase-space integrals

According to Eq. (10), the rate depends on two quantities:
the transition matrix elements and the phase-space integrals.
To fully take into account Coulomb effects, we compute the
phase-space integrals in Eq. (4) numerically. In contrast, the
analytic integral used in Refs. [44,59] requires a more approx-
imate treatment of the Fermi function.

The Fermi-Dirac distribution fe(W ) causes the phase-space
integrand to change behavior around W = μ/mec2. Below
this energy, it behaves mostly like an increasing polynomial,
while above μ/mec2 it is mostly a decaying exponential. This
suggests at least two quadratures are necessary to get an accu-
rate result [60]. We therefore use Gauss-Legendre quadrature
for energies below μ + ε and Gauss-Laguerre for energies
above this. ε is a small positive quantity that improves the
quadrature’s performance at low temperatures where the ex-
ponential decay is very steep. We use a value of ε = 0.1 MeV
and an 80 point grid for both quadratures, which provides very
reliable results.

To carry out the integration, we also require the chemical
potential, which is a function of the temperature and density.

055801-4



FINITE-TEMPERATURE ELECTRON-CAPTURE RATES FOR … PHYSICAL REVIEW C 105, 055801 (2022)

We compute the chemical potential “on the fly” by inverting
the condition of charge neutrality in the stellar medium [61]:

Yeρ =
√
2

π2NA

(
mec2

h̄c

)3

β3/2{[F1/2(η, β ′) + β ′ F3/2(η, β ′)]

− [F1/2(−η − 2/β ′, β ′) + β ′ F3/2(−η − 2/β ′, β ′)]}.
(17)

Here η = μ/(kbT ), β ′ = kbT/(mec2), and Fk (η, β ) is a gener-
alized Fermi-Dirac integral that we compute using the method
developed in Ref. [60].

D. Contour integration

As for the transition matrix elements, the FAM can com-
pute them with Eqs. (15) and (16). The complex contour
integration method converts the sum over residues in Eq. (10)
to a complex contour integration:

λ = ln 2

κ

1

2π i

∮
C
dω

S̃F (ω)

1 − e−βω
f (ω), (18)

where we take the contourC to be a circle centered on the real
axis.

As demonstrated in Ref. [51], treating finite temperatures
with this method introduces several numerical challenges. We
use the same procedure as in that work to deal with the poles
coming from the exponential prefactor in Eq. (18). When we
need to integrate strength at positive and negative energies,
so as to include contributions from both excitations and de-
excitations as discussed in Sec. III B, we use two circular
contours that pass through ω = 0. Each contour picks up half
the residue of the spurious pole at ω = 0 coming from the
prefactor. We therefore also perform a contour integration
around just this pole to subtract its contribution. For low tem-
peratures and large contours, poles from the prefactor along
the imaginary axis get close to the edge of the contours and
cause the integrals to be inaccurate. In such cases, we deform
the contours into ellipses to keep them sufficiently far away
from the poles on the imaginary axis. For temperatures below
1.0 GK, we neglect the exponential prefactor and strength
from deexcitations altogether.

For stellar EC rates, several other numerical challenges
arise. Just as in the zero-temperature case, the stellar EC
phase-space function [Eq. (4)] is not complex analytic and
must be approximated by a function that we can evaluate
in the complex plane [49]. However, the phase-space inte-
grals exhibit two problematic features. First, similarly to their
integrands, the f (ω) change behavior when the threshold
energy equals the chemical potential, i.e., when Wi, f

0 (ω) =
−μ/(mec2). Second, above this energy the exponential decay
causes f (ω) to approach zero very rapidly. A function with
these properties is not able to be approximated well by a sim-
ple analytic function, like a polynomial or rational function.

To address the former issue, for a given temperature and
density, if the ω corresponding toWi, f

0 (ω) = −μ/(mec2) lies
inside the contour bounds, we split the contour in two at that
energy. The contour at smaller QRPA energies uses a sixth-
order polynomial fit [62] to the phase-space integrals, while
the one at higher energies uses an exponential fit. As for the

FIG. 1. Schematic representations of (a) least and (b) most com-
putationally expensive contour integrations as discussed in the main
text. Poles on the real and imaginary axes are black markers, with
circles representing poles from the exponential prefactor in Eq. (16)
and crosses representing poles from the QRPA strength function.

latter issue, if the phase-space integral falls below machine
precision at an energy less than the upper bound of a contour,
we shrink the contour to exclude energies above this value.
This avoids poorly conditioned exponential fits, which can be
extremely oscillatory in the complex plane.

For the rates computed in this paper, we considered QRPA
energies from −30 to +30MeV. We use a minimum energy
cutoff defined as the energy at which the exponential pref-
actor becomes smaller than 10−20 for T > 1.0 GK, or zero
for T � 1.0 GK. For a maximum energy cutoff, we use the
energy at which the phase-space function becomes smaller
than machine precision for the given μ. If either cutoff is
less than the ±30-MeV bounds, we reduce the energy range
accordingly.

We compute the Gamow-Teller contribution to the rates
for the 78 nuclei identified in Refs. [44,63] to be important
for core-collapse supernovae on the temperature and density
grid used in Ref. [29]. While the strength function and lower
energy bound are the same for a given temperature, the μ and
upper energy bound depend also on the density. Thus, for a
given temperature and density, the number of contour inte-
grations can range from 1, if T � 1.0 GK and the threshold
energy for μ lies outside the range 0–30 MeV [Fig. 1(a)], to 4,
if T > 1.0 GK and the threshold energy for μ falls within the
relevant energy range [Fig. 1(b)]. Of course, many contours
for a given strength function will be identical, with only the
phase space changing. So, the computational expense for a
rate at a fixed temperature and for Nρ densities is less than a
factor 4Nρ of the cost of a zero-temperature calculation, but
can be much greater than a factor 1 of that cost. We use an 88
point Gauss-Legendre grid for all contours, with the region of
dense points always closest to the imaginary axis to improve
the numerical stability.

IV. RELATIVISTIC FT-QRPA CALCULATION

A. Ground- and excited-state calculations

Relativistic mean field theory (RMF) can be formu-
lated based on relativistic nuclear energy density functionals
(EDFs). A variety of different functionals exists, e.g., me-
son exchange, point coupling, nonlinear, and others [64].
Within this paper we employ the meson-exchange EDF with
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momentum-dependent self-energies D3C∗ [65]. The nucleons
are treated as point particles which interact via the min-
imal set of mesons: isoscalar-scalar σ , isoscalar-vector ω,
and isovector-vector ρ meson, as well as the electromagnetic
(e.m.) field. Thus the total Lagrangian density can be written
as [66,67]

L = LN + Lm + Lint, (19)

where LN denotes the free-nucleon Lagrangian

LN = ψ̄ (i�μ∂μ − �m)ψ, (20)

where m is the bare nucleon mass and ψ is the Dirac field.
Meson Lagrangian Lm contains free meson fields together
with the e.m. field

Lm = 1
2∂μσ∂μσ − 1

2m
2
σ σ 2 − 1

4�μν�
μν + 1

2m
2
ωωμωμ

− 1
4

�Rμν · �Rμν + 1
2m

2
ρ �ρμ · �ρμ − 1

4FμνF
μν, (21)

with meson masses mσ ,mω, and mρ and field tensors
�μν, �Rμν , and Fμν defined as

�μν = ∂μων − ∂νωμ, �Rμν = ∂μ�ρν − ∂ν �ρμ,

Fμν = ∂μAν − ∂νAμ, (22)

corresponding to ω meson, ρ meson, and the e.m. field. Lastly,
Lint is the interaction term

Lint = −gσ �ψ̄ψσ − gωψ̄�μψωμ

− gρψ̄ �τ�μψ �ρμ − eψ̄�μψAμ, (23)

with couplings gσ , gω, gρ , and e. In the above, arrows over
symbols denote vectors in the isospin space, �τ being the
isospin Pauli matrix. Within standard meson-exchange func-
tionals �μ and � reduce to usual Dirac matrices γ μ and the
unit matrix. However, within derivative coupling (DC) inter-
actions, like D3C∗, they are defined by [66]

�μ = γ νgμν + γ νYμν − gμνZ
ν, (24)

� = 1 + γμuνY
μν − uμZ

μ, (25)

with definitions [66]

Y μν = �V

m4
m2

ωωμων, Zμ = �S

m2
ωμσ. (26)

We note that �V and �S are additional couplings of DCmodels
not present in usual meson-exchange functionals. Couplings
gσ , gω, and gρ are functions of vector density ρv = √

jμ jμ

defined by the vector-current density jμ = ψ̄γ μψ with the
general functional form [64,68,69]

gi(ρv ) = gi(ρ0) fi(x), i = (σ, ω, ρ), (27)

where ρ0 is the saturation density of symmetric nuclear matter,
x = ρv/ρ0, and fi(x) is the function defined in Refs. [68,69].
This density dependence of couplings includes the so-called
rearrangement terms in the equation of motion containing
derivatives of couplings gσ , gω, and gρ with respect to the den-
sity ρv . For finite nuclei it is sufficient to consider stationary
solutions, meaning that only time components of four-vectors
are considered. Furthermore, due to charge conservation only

the third component of isospin vectors is nonvanishing. Fi-
nally, the relativistic EDF is defined as

ERMF =
∫

d3rH(r), (28)

where H(r) is the Hamiltonian density. Within this paper,
ground-state calculations are performed based on the finite-
temperature Hartree-Bardeen-Cooper-Schrieffer (FT-HBCS)
theory assuming spherical symmetry [56]. Only the isovec-
tor (T = 1, S = 0) component of the pairing interaction is
included, meaning that no proton-neutron mixing is assumed
in the ground-state calculation. The FT-HBCS equations are
derived by the minimization of grand-canonical potential �

with respect to the density as defined in Ref. [56]. Assuming
nuclei within a heat bath of temperature T with chemical po-
tential λq (q denoting protons or neutrons) the grand-canonical
potential is defined as

� = ERMF − TS − λqNq, (29)

where S is entropy and Nq is the particle number (either proton
or neutron). At finite temperature, the occupation probability
of a particular single-particle state is

nk = v2
k (1 − fk ) + u2k fk, (30)

where vk and uk are the BCS amplitudes and fk is the Fermi-
Dirac factor defined in Sec. III B. The pairing gap �k is
obtained self-consistently through the gap equation [56]

�k = 1

2

∑
k′>0

Gkk′
�k′ (1 − 2 fk′ )

Ek′
, (31)

where the monopole pairing force Gkk′ = Gδkk′ is assumed,
while the q.p. energies are Ek =

√
(εk − λq)2 + �2

k , εk being
the single-particle energies. The isovector pairing constants G
are determined by reproducing the pairing gaps obtained from
the five-point formula [70] for all nuclei considered within this
paper.

For the calculation of excited states we employ the
finite-temperature proton-neutron relativistic QRPA (FT-
PNRQRPA) which represents a small amplitude limit [see
Eq. (14)] of a more general time-dependent Hartree-Fock
equation. For the particle-hole part of the residual interac-
tion only ρ-meson and π -meson terms are present, whereas
the π -meson direct term vanishes at the ground-state level
due to parity conservation. To account for the contact part
of the nucleon-nucleon interaction, an additional zero-range
Landau-Migdal term is included of the form [71]

Vδπ = g′
(

fπ
mπ

)2

�τ1�τ2�1 · �2δ(r1 − r2), (32)

where standard values are used for the pion-nucleon couplings
f 2π /(4π ) = 0.08,mπ = 138.0 MeV, and� = (σ 0

0 σ), σ being
the Pauli matrix. The parameter g′ = 0.76 is adjusted to re-
produce the experimental excitation energy of Gamow-Teller
resonance (GTR) in 208Pb [72]. We have also verified that
such value of g′ is consistent with the more recently estab-
lished experimental GTR centroid energy in 132Sn [73], as
well as 48Ca [74] within the experimental uncertainty. For the
particle-particle part of the residual interaction both isovector
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(T = 1, S = 0) and isoscalar (T = 0, S = 1) terms contribute.
For the isovector pairing we employ the pairing part of the
Gogny D1S interaction [75], while the isoscalar pairing is for-
mulated as a combination of a short-range repulsive Gaussian
with a weaker long-range attractive Gaussian [71]:

V12 = V is
0

2∑
j=1

g je
−r212/μ

2
j

∏
S=1,T=0

, (33)

where
∏

S=1,T=0 denotes the projector on T = 0 and S = 1
states. For the ranges we use μ1 = 1.2 fm and μ2 = 0.7 fm,
and strengths are set to g1 = 1 and g2 = −2 [71]. We note that
although the self-consistency of the model is broken by using
the monopole pairing in the isovector channel of the ground-
state calculation and pairing part of the Gogny interaction at
the QRPA level, we have found that such combination proves
to be efficient for large-scale calculations. It reduces the com-
putational time needed for the evaluation of Gogny pairing
matrix elements, while being constrained by the experimental
data due to adjusting the monopole pairing strength Gn(p) to
empirical pairing gaps.

In contrast to the isovector pairing which is constrained by
the experimental data at the ground-state level, for the strength
of the isoscalar pairing we use the following functional form
[76,77]:

V is
0 = VL + VD

1 + ea+b(N−Z )
, (34)

with parameters VL = 153.2 MeV, VD = 8.4 MeV, a = 6.0,
and b = −0.8 adjusted to reproduce best all available experi-
mental half-lives in the range 8 � Z � 82 as in Ref. [78].

The FT-PNRQRPA eigenvalue problem can be derived
from Eq. (14) by expanding the perturbed density δR̃
in the configuration space of (quasi)proton-(quasi)neutron
basis. Here we omit the details and refer the reader
to Refs. [18,79,80] for additional information. We de-
note the eigenvector corresponding to eigenvalue �k as
(Pk Xk Y k Q)

T
. Calculations are symmetric with re-

spect to the isospin projection operator, meaning that they
can be split into �Tz = ±1 components, �Tz denoting the
change in isospin projection. The ensemble average appearing
in Eq. (15) is evaluated as

〈[�k, F̂ ]〉 =
∑
πν

Pk∗
πνF

11
πν ( fν − fπ ) + Xk∗

πνF
20
πν (1 − fπ − fν )

+ Y k∗
πνF

02
πν (1 − fπ − fν ) + Qk∗

πνF
1̄1
πν ( fν − fπ ),

(35)

in the quasiparticle proton-neutron (π − ν) basis. Within the
FT-HBCS the charge-changing external field operator F̂ in
�Tz = −1 direction has the form

F 11
πν = uπuν〈π |F̂ |ν〉, F 20

πν = uπvν〈π |F̂ |ν〉,
F 02

πν = vπuν〈π |F̂ |ν〉, F 1̄1
πν = vπvν〈π |F̂ |ν〉, (36)

where 〈π |F̂ |ν〉 are the single-(quasi)particle matrix elements.
The physical strength distribution dB/dω is finally calculated
from Eq. (16).

Within ground-state calculation, equations of motion are
solved by expanding nucleon and meson wave functions in the
basis of a spherical harmonic oscillator. We are using the fol-
lowing prescription: if T � 10 GK expansion in 18 oscillator
shells for both fermion and boson fields is used while for tem-
peratures T > 10 GK we expand in 20 oscillator shells. We
have verified that such approach yields excellent convergence.
Radial integrations are discretized within a spherical box of
20 fm with 24 mesh points of Gauss-Hermite quadrature. Odd
nuclei are treated by constraining neutron (proton) chemical
potential λn(p) to odd particle number within the FT-HBCS
calculation. This approach was already implemented for cal-
culation of β-decay half-lives throughout the nuclide chart in
Ref. [81], yielding reasonable agreement with experimental
data. Due to the large number of 2 q.p. states within the
FT-PNRQRPA we use two constraints: (i) maximal energy
cutoff Ecut = 100 MeV is set for the sum of q.p. energies of
a particular pair Eπ + Eν and (ii) states with |uπvν | < 0.01
or |vπuν | < 0.01 are also excluded from calculations having
quite small contribution to matrix elements. With these con-
straints our FT-PNRQRPA matrix never exceeds a dimension
of 10 000 × 10 000. Furthermore, we neglect the contribu-
tion of antiparticle states, which is a good approximation for
charge-exchange transitions [71].

B. Calculation of electron-capture rates

The relativistic calculations of EC rates are based on
the Walecka formalism as described in Sec. II, evaluated
by employing the FT-PNRQRPA for particular total angu-
lar momentum and parity Jπ . Both allowed (0+, 1+) and
first-forbidden (0−, 1−, 2−) transitions are included in the cal-
culations. We have checked that Fermi (0+) transitions at the
density of neutrino trapping (ρYe ∼ 1012 g cm−3) and temper-
atures in the range 10–15 GK have a negligible contribution to
the total EC rate. Only at a relatively high temperature of T =
30 GK does their contribution go up to 1–2% of the total EC
rate. Since the dynamics of CCSN is mainly influenced by the
EC rates before the neutrino trapping, we neglect the Fermi
transitions in the further discussion. The axial-vector coupling
constant gA is quenched from its free-nucleon value gA =
−1.26 to −1.0 based on previous calculations in Refs. [18,82]
that is also consistent with nonrelativistic calculations in this
paper. Finally, EC rates are calculated by folding the EC cross
sections with the Fermi-Dirac distribution of electrons:

λ = (mec2)3

π2h̄3

∫ ∞

Wk
th

pWσ (W ) fe(W )dW, (37)

where the threshold energyWk
th for the FT-PNRQRPA eigen-

value k with energy �k is defined in Eqs. (7) and (8). Electron
chemical potential μ is evaluated by inverting Eq. (17) which
determines the electron Fermi-Dirac factors fe(W ). In order
to solve for the EC rate in Eq. (37) we observe that, due
to the Fermi-Dirac function, the integrand displays a promi-
nent peak when plotted with respect to the electron energy
Ee = Wmec2. As a first step of the integration we search for
the energy of the peak Epeak within a predefined interval, with
upper limit Emax = μ + 20kBT , that is large enough to include
the peak. The integration array is split into three parts. If
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we define E1 = Epeak − 3kBT and E2 = Epeak + 3kBT , they
are (i) [me,E1〉, (ii) [min(E1,me),E2], and (iii) 〈E2,Emax].
Numerical integration of EC rates within all three intervals
is performed with the Gauss-Legendre quadrature. Intervals
(i) and (iii) contain 16 mesh points, while the number of mesh
points in interval (ii) is calculated as |E2 − E1|/(0.1kBT ). We
have verified that the above integration mesh yields excellent
convergence for required temperatures T and stellar densities
ρYe within this paper.

V. SHELL-MODEL CALCULATION

Although it is challenging to perform shell-model calcula-
tion on many nuclei in the N = 50 region, it is instructive to
compare the results from the QRPA calculations for a specific
case. We focus on the case of 86Kr, for which the GT strength
distribution has been measured and compared to calculations
at zero [44] and finite temperature [16]. Our shell-model cal-
culations are performed with the code NUSHELLX [83] and the
jj45c Hamiltonian, and are based on a 78Ni core with a model
space that includes the orbitals (0 f5/2, 1p3/2, 1p1/2, 0g9/2) for
the protons and (0g7/2, 1d5/2, 1d3/2, 2s1/2, 0h11/2) for the neu-
trons. The jj45c Hamiltonian is described in Ref. [28]. The
proton-neutron two-body matrix elements were obtained from
the CD-Bonn potential as described in Ref. [84]. The proton-
proton part of the Hamiltonian is taken from Ref. [85]. The
neutron single-particle energies were adjusted to reproduce
the low-lying states of 89Sr. To account for temperature-
dependent effects, GT transitions from the first 50 initial
states for each Jπ = 0, 1, 2, 3, 4, 5, 6, 7, 8+,− in 86Kr were
included, reaching to the first 500 final states for each initial
state in 86Br. These initial states cover excitation energies
up to ≈17 MeV, but the results shown here are restricted to
states with an excitation energy below 12 MeV, as it was
found that contributions to the overall electron-capture rate
from states above ≈10 MeV were negligible for all stellar
temperatures considered here. The GT strengths for the indi-
vidual transitions were used to calculate the corresponding EC
rates, with the code ECRATES previously developed and used
in Refs. [59,86,87]. EC rates from different initial states were
calculated as follows:

λEC
i = ln 2

κ
Pi

∑
j

Bi j�
EC
i j , (38)

where the constant κ = 6146 ± 6 s can be determined from
superallowed Fermi transitions. In our case Bi j = Bi j (GT+)
are the reduced transition probabilities of only the GT+
transitions and are obtained from the NUSHELLX code [83]
including a quenching of 0.77 for the Gamow-Teller operator.
�EC

i j is the phase-space integral as defined in Eq. (4). For
a parent nucleus in thermal equilibrium, at the temperature
1/β = kBT , where kB is the Boltzmann constant, the proba-
bility of populating an excited state i at the energy Ei is given
by

Pi = (2Ji + 1)e−Eiβ

Z
, (39)

where Z = ∑
i(2Ji + 1)e−Eiβ is the partition function. As can

be seen from Eq. (38), the EC rate on a given initial state
depends on three main factors: (i) the GT strength of the

individual transitions; (ii) the phase-space factor, which
depends on the temperature and density of the stellar environ-
ments and on the Q value for the specific EC transition; and
(iii) the thermal population of the initial state. It is interesting
to investigate the interplay between these three factors to
better understand the total EC rate at high stellar densities.

In the model space considered here, the key factor that
determines the GT strength for an individual transition is the
filling of the protons in the g9/2 shell, as other single-particle
contributions to GT excitations are not available. The average
population of this shell as a function of excitation energy is
shown in Fig. 2(a). Initial states with positive (negative) parity
have red (black) labels, and states with different spins have
different symbols, as indicated. At low excitation energies,
the g9/2 shell is only fractionally filled for states with pos-
itive parity. At an excitation energy of about 10 MeV, the
positive-parity states have two protons in the g9/2 shell. In
the intermediate excitation region, the average filling of the
g9/2 shell slowly increases. For negative parity states at low
excitation energy, the g9/2 shell is filled with about one proton.
Above 10 MeV, some states have three protons in the g9/2
shell, slowly increasing the average population of the g9/2
shell.

The filling of the g9/2 shell has a profound impact on the
GT strengths, as shown in Fig. 2(b). It displays the summed
GT strength from each individual initial state to all of its
associated final states. Since for the low-lying initial states
with positive parity the filling of the g9/2 shell is small,
the summed GT strengths are mostly significantly below 1.
Since the lowest-lying negative parity states (first appearing at
Ex,i ≈ 3.5MeV) have one proton in the g9/2 shell, the summed
GT strength to all its final states is significantly higher than
that for the positive-parity states. Above Ex,i ≈ 6 MeV, the
spread in summed GT strengths from the initial states in-
creases, as the population of protons in the g9/2 shell slowly
increases and transitions from positive-parity states generally
have higher summed strengths, associated with having two
protons in the g9/2 shell.

Figure 2(c) shows the EC rates (in logarithmic scale)
from each of the initial states, assuming equal population
of all initial states. Clearly, the EC rates on the low-lying
positive-parity states are much smaller than those on the
negative-parity states and the highly excited positive-parity
states. This has two causes: (i) the lower GT strengths for the
low-lying positive-parity states as shown in Fig. 2(a) and (ii)
the favorable Q value that greatly increases the phase-space
factor for transitions from states at high excitation energy.
This is due to the fact that for states at high initial exci-
tation energy it is likely that the first final states have low
excitation energies in the EC daughter. As the phase-space
factor increases exponentially with increasing (more positive)
Q value, the effects of the second cause can have a higher
impact than that due to the difference in GT strength. Above
Ex,i ≈ 5 MeV, we observe that the EC rate becomes almost
independent of spin, parity, and excitation energy of the initial
state.

Finally, one has to consider the thermal population of the
initial state. This is shown in Fig. 2(d), where the data of
Fig. 2(c) have been weighted by the thermal population factor
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FIG. 2. Five quantities are plotted against the excitation energy
in 86Kr, based on shell-model and electron-capture rate calculations
with the code NUSHELLX [83] and ECRATES [59,86,88], respectively.
(a) The average occupation of the g9/2 shell in 86Kr, (b) the total
GT strength of each initial state in 86Kr, and the logarithm of the
electron-capture rates of each initial state in 86Kr without (c) and
with (d) weighting with the probabilities of occupying the state i in
86Kr. (e) The logarithm of the cumulative electron-capture rates in-
cluding thermal population weighting. The contributions from spins
of states are represented by different symbols and the parities are
distinguished by red (positive) or black (negative) color. The results
are obtained at T = 10 GK and ρYe = 109 g cm−3. These conditions
are representative of the start of CCSN and high density burning
during SN1a.

FIG. 3. Electron-capture rate of 86Kr as a function of the tem-
perature at ρYe = 1011 g cm−3, for the shell-model calculation (SM),
and the different temperature-dependent QRPA calculations (FT-
QRPA, FT-PNRQRPA GT, and FT-PNRQRPA GT + FF including
GT and first-forbidden transitions) of this paper, as well as for the
approximation from Ref. [30] and the third version of the modified
approximation from Ref. [43].

of Eq. (39). We note that the EC rates shown here were
calculated at T = 10 GK and ρYe = 109 g cm−3. This cor-
responds to an environment relatively early in the supernova
collapse phase. At even higher densities and temperatures,
the EC rates become even less sensitive to the properties of
individual initial and final states, as more initial and final
states can contribute. The thermal population factor enhances
the contributions from the initial states with the lowest exci-
tation energies. However, it also indicates that the total EC
rate is dominated by EC rates on negative-parity states in the
initial excitation energy region between 3.5 and 6.0 MeV.
The impact of the (2Ji + 1) factor is also clear from this
figure—contributions from states with higher initial spin are
enhanced because of this factor. Figure 2(e), shows the run-
ning sum of the EC rates as a function of excitation energy
of the initial state. It saturates just above 6 MeV, after the
strong contributions from the negative-parity states between
3.5 and 6 MeV. The contributions to the total EC rate from the
low-lying positive-parity states only constitute about 1% of
the total EC rate. The model space considered here is limited,
likely causing an underestimation of the EC rates as more
complex features are ignored, such as the excitation of protons
or neutrons from 0g9/2 to 0g7/2. Still, the results indicate that
the total EC rate on nuclei in the N = 50 region depends on
an interplay between nuclear structure effects, the EC phase-
space factors, and the thermal population of initial states. As
a consequence, the total EC rate is not very sensitive to a few
nuclear transitions, but rather to the gross nuclear-structure
properties in this region.

VI. COMPARISON OF ELECTRON-CAPTURE RATES

The comparison between our new results for the electron-
capture rates on 86Kr is shown in Fig. 3, which shows the EC
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FIG. 4. Gamow-Teller strength distribution of 86Kr as a function
of the transition energy Ei f (defined in the text), for FT-PNRQRPA,
FT-QRPA, and shell-model calculations, respectively, from top to
bottom. The red dashed line indicates the ground-state threshold
(8.1 MeV for 86Kr).

rate at a density of ρYe = 1011 g cm−3 as a function of stellar
temperature. Since the first-forbidden contributions are not in-
cluded in the SM calculations, one can compare the SM to the
FT-QRPA and the FT-PNRQRPA GT results. At temperatures
below T ≈ 15 GK the SM rates are higher than the two QRPA
calculations. Above this temperature, the opposite is the case.
As already discussed in Ref. [89], the QRPA calculations are
more sensitive to the effects of increased temperatures than
the SM calculations. We show in Fig. 4 the GT+ strength
distribution, from the two QRPA and the SM calculations for
86Kr at T = 0 and 10 GK, as a function of the energy required
to make the transition Ei f = Mf − Mi + Ex, f − Ex,i. Mi (Mf )
and Ex,i (Ex, f ) are the mass and the excitation energy of
the initial (final) nucleus. Our SM calculations are limited to
Ei f � 20 MeV as the calculations were performed up to finite
excitation energies due to the strong increase in the density of
states with the excitation energy. Additionally, at T = 0 one
can notice the first state in the relativistic QRPA calculations
lies at higher Ei f than in the SM and the nonrelativistic QRPA
calculations, which is more consistent with the experimental
data [44] and recent calculations [16]. In spite of the small
differences between the calculations, the overall trends are
the same: at high temperature, GT transitions with lower Ei f

become accessible, strongly increasing the EC rates. Indeed,
at low temperatures, the GT strength distribution spreads out
to higher excitation energies in the QRPA calculations than

FIG. 5. Electron-capture rate as a function of the isospin asym-
metry (N − Z )/A at T = 10 GK and ρYe = 1011 g cm−3. Results
from various electron-capture rate prescriptions are compared:
the shell-model calculation (SM), and the different temperature-
dependent QRPA calculations (FT-QRPA, FT-PNRQRPA GT, and
FT-PNRQRPA GT + FF including GT and first-forbidden transi-
tions) of this paper, as well as for the approximation from Ref. [30]
and the third version of the modified approximation from Ref. [43].

in the SM calculation, resulting in a lower EC rate. As the
temperature increases, GT strengths at low excitation energies
are enhanced in the QRPA calculations, leading to a rapid rise
in EC rates. This is related with two main effects: (i) vanishing
of pairing correlations with increasing temperature and (ii)
thermal unblocking, which allows transitions to previously
blocked q.p. states, as demonstrated in Ref. [16]. On the other
hand, at high temperatures, the restrictions to the model space
in the SM calculations likely lead to an underestimation of
the the EC rates. By comparing the FT-PNRQRPA GT and
FT-PNRQRPA GT + FF calculations, it is clear that the con-
tributions from the FF transitions are significant. The impact
is strongest at temperatures below 30 GK because the GT
transitions are strongly Pauli blocked [44]. At higher tem-
peratures, the Pauli blocking is reduced and the contributions
to the total EC rate from GT and FF transitions become
comparable. Our results are in relatively good agreement
with the thermal quasiparticle random-phase approximation
(TQRPA) results in Ref. [16] for which, at T = 10 GK and
ρYe = 1011 g cm−3, the EC rates with all transitions included
approach 104 s−1 as the FT-PNRQRPA with 3.8 × 103 s−1.
Moreover, the relative contribution of the FF transitions to the
EC rates λFF/λ = 0.87 is reasonably close to 0.75 obtained
with Skyrme-SkO’-TQRPA in Ref. [16]. That the results from
different sets of calculations are comparable gives confidence
that the main nuclear structure features are covered in the
calculations. One may remark that the “approx. mod.” curve
in Fig. 3 follows the original approximation [30] below T = 5
GK for ρYe = 1011 g/cm−3. Because these conditions cor-
respond to the limits for which the parametrization of the
average GT transition energy of Ref. [43] holds, we choose
to follow the original parametrization [30] outside of these
limits. Above T ≈ 10 GK, the shell-model EC rates and the
predictions from the approximation of Refs. [30,43] converge.

Figures 5 and 6 illustrate comparisons of the EC rates
of all the nuclei in the region of interest for CCSN, at
T = 10 GK and ρYe = 1011 g cm−3. In Fig. 5, the EC rates
are represented as a function of the isospin asymmetry (N −
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FIG. 6. Region of the nuclear chart with nuclei dominating the
electron-capture rate during core-collapse supernovae, as defined in
Ref. [5]. The dashed lines distinguish the shell closures Z = 28
and N = 50. The color scale represents a ratio of electron-capture
rates from different prescriptions, in (a) the FT-QRPA, over the FT-
PNRQRPA, with GT transitions only, and in (b) the FT-PNRQRPA
with GT over the FT-PNRQRPA with GT and first-forbidden transi-
tions. The rates are obtained at T = 10 GK and ρYe = 1011 g cm−3.

Z )/A. Overall, the EC rates from the original approximation
[30] are higher than those from the microscopic calculations,
except the FT-PNRQRPA GT + FF for a few neutron-rich nu-
clei [(N − Z )/A � 0.25]. The modified approximation (third
parametrization in Ref. [43]) is the closest to the EC rates of
FT-PNRQRPA GT + FF for (N − Z )/A � 0.20, but strongly
decreases for more neutron-rich nuclei. This can be explained
by the refined parametrization of the average GT transition
energy in Ref. [43], which increases linearly with (N − Z )/A.
The new parametrization has been introduced to better fit the
EC rates of nuclei with low Q value. The reference rates
of Ref. [90] used in Ref. [43] are obtained with large-scale
shell-model calculations of p f -shell nuclei (45 < A < 65),
considering only a few initial states (4 to 12) and without
forbidden transitions. These assumptions can result in un-
derestimating the EC rates of neutron-rich nuclei at finite
temperature.

The agreement between the FT-QRPA and the FT-
PNRQRPA GT-only calculations is relatively good especially
around (N − Z )/A = 0.24. A more detailed comparison be-
tween these two rate sets is shown in Fig. 6(a), which shows
the ratio between the two sets as a function of neutron and
proton number. This ratio varies between 0.2 and 5.7. The
EC rates obtained with the FT-QRPA model dominate around
79As (Z = 33,N = 36), whereas the FT-PNRQRPA model
predicts higher EC rates for the nuclei around 75Co (Z =
27,N = 48) and for the most neutron-rich nuclei in general.
Such differences can be attributed to the systematic model
dependence. The FT-QRPA calculations are performed with
the nonrelativistic EDF with Skyrme SkO’ interaction, while
the FT-PNRQRPA employs the relativistic derivative coupling
EDF. Furthermore, in the nonrelativistic FT-QRPA calcula-
tions axial symmetry is assumed while the FT-PNRQRPA
assumes spherical symmetry. Although a shape-phase transi-
tion is expected from a deformed to a spherical state at high
temperatures [91,92], deformation can persist at T = 10 GK,
which leads to differences between two sets of EC rates. In
Fig. 6(b), the ratio between rates from the FT-PNRQRPA GT-
only calculation over the FT-PNRQRPA GT + FF calculation
is shown. The ratio averages around 10, but for the most
neutron-rich nuclei below Z = 31 the importance of the first-
forbidden transitions increases because Pauli-blocking effects
for the GT transitions are strongest in this region.

Furthermore, in Fig. 7, we compare the summed EC rates
of the nuclei in the diamond region for the different models,
as a function of the temperature and the density. Note that the
EC rates in Fig. 7 are not weighted by the actual populations in
the stellar medium, but still the unweighted sum gives a rough
understanding of how the EC models may affect the CCSN
scenario. As observed with the comparison of the individual
EC rates, the FT-QRPA and the FT-PNRQRPA GT calcula-
tions agree well; the largest difference is seen in Fig. 7(b)
for densities ρYe � 5 × 1012 g/cm−3. The relative contribu-
tion of the first-forbidden transitions in the FT-PNRQRPA
calculations is larger at low temperature (T � 10 GK for
ρYe = 1011 g cm−3) and high density (ρYe � 1010 g/cm−3 for
T = 10 GK). As already mentioned, agreement for tempera-
tures above 10 GK is related to the shape-phase transition. At
this point, small differences between the rates are attributed
to use of different effective interactions. As mentioned previ-
ously the “approx. mod.” curve in Figs. 7(a) and 7(b) follows
the original approximation [30] below T = 5 GK for ρYe =
1011 g/cm−3 and above ρYe = 1011 g/cm−3 for T = 10 GK,
because of the validity range of the parametrization [43]. The
EC rates of the diamond region from both approximations are
less sensitive to the temperature than temperature-dependent
QRPA calculations. The latter give lower rates at temperatures
T � 10 GK and higher rates above T ≈ 30 GK, for a density
of ρYe = 1011 g/cm−3, similar to the specific case of 86Kr.

Finally, all the new microscopic calculations of the EC
rate of the diamond region agree within around one order
of magnitude at T = 10 GK and ρYe = 1011 g/cm−3, condi-
tions where the deleptonization is relatively important during
the CCSN. Therefore, one can expect small variations in the
dynamics of CCSN associated with the choice of microscopic
calculations; this point is discussed in the next section.
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FIG. 7. Electron-capture rate as a function of the temperature (T )
for ρYe = 1011 g cm−3 (a) and as function of the density ρYe for T =
10 GK (b). Results from various electron-capture rate prescriptions
are compared: the different temperature-dependent QRPA calcula-
tions (FT-QRPA, FT-PNRQRPA GT, and FT-PNRQRPA GT + FF
including GT and first-forbidden transitions) of this paper, as well
as for the approximation from Ref. [30] and the third version of the
modified approximation from Ref. [43].

VII. CORE-COLLAPSE SIMULATIONS

In order to study the impact of the temperature-dependent
EC rates on the core-collapse dynamics we used the GR1D
numerical simulation code. This code treats the collapse and
the early stage of the postbounce phase in spherical symmetry
with general-relativistic hydrodynamics and neutrino trans-
port based on the NULIB neutrino-interaction library. Details
about GR1D and NULIB can be found in Refs. [5,93,94]. The
results presented in this section are obtained with a 15-solar-
mass, solar-metallicity star progenitor (s15WW95 [95]) and
the tabulated nuclear statistical equilibrium equation of state
SFHo [96]. We compare five simulations with different EC
rates for nuclei in the diamond region. Three simulations were
performed with the new finite-temperature EC rates presented
in this paper in Secs. III and IV with and without including the
first-forbidden transitions, as well as two simulations based
on the EC rate parametrizations [30,43] used in the previous
section.

FIG. 8. Core-collapse simulations results obtained from GR1D
[93,94] and NULIB [5] codes, with s15WW95 [95] progenitor and
SFHo [96] equation of state. Different finite-temperature electron-
capture calculations are compared; see labels in panel (a), where
the three first are the finite-temperature microscopic calculations
introduced in this paper, “approx.” corresponds to the parametriza-
tion [30], and “approx. mod.” stands for its modified version (third
parametrization in Ref. [43]). (a) The electron-fraction Ye as a func-
tion of central baryon density ρ, (b) the electron neutrino luminosity
as measured at a radius of 500 km as a function of time after bounce,
and (c) the central velocity as a function of the enclosed mass.

A comparison of the evolution of the electron fraction
(Ye) as a function of the density of the inner core is shown
in Fig. 8(a). We have shown previously in Sec. VI that the
FT-QRPA and the FT-PNRQRPA calculations without first-
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forbidden transitions give similar EC rates, within a factor
10. No significant difference on the Ye evolution is observed
when comparing these two sets. The effect of including the
first-forbidden transitions in FT-PNRQRPA calculations is
mostly notable for 8 × 1010 � ρ � 8 × 1011 g cm−3, condi-
tions at which the most abundant nuclei are in the diamond
region [5]. At ρYe = 3 × 1011 g cm−3 and T = 13.9 GK, the
Ye is reduced by 3% compared to the calculations with rates
based on Gamow-Teller transitions only, while for these ther-
modynamics conditions the EC rates are about one order of
magnitude higher when including first-forbidden transitions.
The original approximation [30] and its modified version [43]
lead to lower Ye, because the EC rates of the nuclei populated
during the deleptonization are overall higher than the EC rates
from our finite-temperature microscopic calculations.

In addition, the models with higher EC rates produce
smaller electron-neutrino luminosity, Fig. 8(b), and lower ho-
mologous inner core mass, Fig. 8(c), as already discussed
in Refs. [5,6]. Including the first-forbidden transitions to the
FT-PNRQRPA calculation reduces the amplitude of the main
electron-neutrino luminosity burst by 3% and the mass of
the homologous inner core by 4%. Although this variation
of homologous inner-core mass affects slightly the kinetic
energy available for the shock wave, the description of the EC
rates of nuclei in the diamond region is now better constrained
by the new microscopic calculations presented in this paper.

The CCSN dynamics is not strongly dependent on the EC
rate set used. The differences between the EC rate predictions
have a relative small effect on the dynamics because at high
EC rates the neutrino absorption increases and speeds up the
onset of neutrino trapping, thus reducing the effective time of
deleptonization from nuclei in the diamond region. Therefore,
unlike a scenario where the EC rates are relatively low and
sensitivities of the CCSN dynamics on variations in the rate
are high, at high EC rates, such sensitivities are strongly
reduced, as discussed earlier in Refs. [5,63].

VIII. CONCLUSION

In this paper, we have studied the temperature dependence
of EC rates for nuclei near N = 50 above 78Ni that play
an important role in the collapse phase of CCSN [5,6]. For
this purpose, two sets of newly developed finite-temperature
QRPA calculations of EC rates were performed at thermody-
namic conditions relevant for core-collapse supernovae: one
consists of a nonrelativistic FT-QRPA based on an axially de-
formed Skyrme functional (SkO’ parametrization) and using
the charge-changing finite amplitude method, and the other
consists of a relativistic FT-QRPA including nuclear pairing
in the charge-exchange channel (FT-PNRQRPA) based on the
relativistic nuclear energy density functional with momentum-
dependent self-energies (D3C* parametrization). In the latter,
both allowed (GT) and FF transitions have been included.

In addition, we have performed large-scale shell-model
calculations on 86Kr for better understanding of the effects
of finite temperature on the EC rate of Pauli blocked nuclei at
N = 50. The main unblocking mechanism appears to be the

thermal excitation of states for which the g9/2 shell is occupied
by at least one proton. The interplay between the nuclear
structure effects, the electron-capture phase-space factor, and
the thermal population of initial states is complex and the EC
rate on 86Kr is dominated by GT transitions from a small
group of excited states with negative parity.

The comparison of the EC rates for 86Kr at ρYe =
1011 g cm−3 shows that the shell model predicts higher rates
than finite-temperature QRPA models below T ≈ 15 GK,
while the rates from the FT-QRPA models are higher above
T ≈ 15 GK. The EC rates based on the shell-model GT
strengths are close to predictions from the parametrized
approximations of Refs. [30,43] above T ≈ 15 GK. From
comparisons of the rates on the neutron-rich nuclei of interest,
and at thermodynamic conditions of CCSN, the two FT-QRPA
GT-only calculations agree within a range of about an order
of magnitude. The main discrepancies emerge around 79As
(Z = 33, N = 46) and for the most neutron-rich nuclei. The
agreement improves with increasing temperature as the rates
depend less on the details of the nuclear structure. Finally,
with the FT-PNRQRPA calculations we have shown that the
contributions from the FF transitions are significant, espe-
cially at low temperature: the EC rates increase by about an
order of magnitude for T � 10 GK at ρYe = 1011 g cm−3.
The results with FT-PNRQRPA including FF contributions are
consistent with the results from Ref. [16].

Finally, the new finite-temperature electron-capture rates
have been applied in one-dimensional core-collapse simula-
tions. Although the total EC rates for nuclei in the region
of interest can vary by an order of magnitude during the
deleptonization phase, depending on the choice of the model
used, the maximum electron-neutrino luminosity and the en-
closed mass at core bounce are impacted by less than 5%. The
new microscopic calculations presented in this paper better
constrain the EC rates and uncertainties can be better quanti-
fied. Therefore, the uncertainties introduced in core-collapse
dynamical simulations due to uncertainties in EC rates are
reduced and better understood. Nonetheless, the differences
between the new finite-temperature EC rates could still have
significant impacts on the scenarios of other astrophysical
phenomena occurring at lower density, such as the thermal
evolution of the neutron-star crust [7,8] and nucleosynthesis
in thermonuclear supernovae [9,10]. It will be important to
extend studies of the temperature dependence of EC rates
to other regions of the chart of nuclei to investigate the im-
pact on other astrophysical phenomena. Present theoretical
models have proven to be instrumental in constraining the
main observables of the CCSN evolution. Theoretical calcu-
lations have now progressed to the point where models based
on completely different assumptions and effective interac-
tions (relativistic vs nonrelativistic FT-QRPA or shell-model)
provide consistent description of EC rates, and produce rea-
sonably small uncertainties in modeling the CCSN. Therefore,
we are now at the stage to perform large-scale calculations of
the EC rates across the nuclide chart and establish a consistent
table of EC rates available for the whole nuclear astrophysics
community.
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[64] T. Nikšić, D. Vretenar, and P. Ring, Prog. Part. Nucl. Phys. 66,
519 (2011).

[65] T. Marketin, D. Vretenar, and P. Ring, Phys. Rev. C 75, 024304
(2007).

[66] S. Typel, Phys. Rev. C 71, 064301 (2005).

[67] Y. Gambhir, P. Ring, and A. Thimet, Ann. Phys. (NY) 198, 132
(1990).
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