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' used in the literature to describe the blood transport process in mammalian vascular
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systems. In particular, the deformations of the boundary interface (thin layer) are
described via the two dimensional elastic equation. The present work constitutes

f‘liyig-osgi.cture interaction an investigation of the extent of the stabilizing effects of the underlying fluid
Multilayered system dissipation — across the boundary interface — upon both the thick and thin structural
Semigroup components. (All three PDE components evolve on their respective geometries.) In
Rational decay this regard, our main result is the derivation of uniform decay rates for classical

solutions of this multilayered PDE model. To obtain these estimates, necessary a
priori inequalities for certain static multilayered PDE models are generated here to
ultimately allow an application of a wellknown resolvent criterion for rational decay.

© 2022 Elsevier Inc. All rights reserved.

1. Introduction

The fluid structure interaction (FSI) phenomena constitutes a broad area of research with applications in
variety of real world problems [12,26,30]. In particular, mammalian blood vascular walls, being composed of
viscoelastic materials, undergo large deformations due to hemodynamic forces generated during the blood
transport process. As such, there is a coupling of respective blood flow and wall deformation dynamics. This
physiological interaction between arterial walls and blood flow plays a crucial role in the physiology and
pathophysiology of the human cardiovascular system, and can be mathematically realized by multilayered
FSI PDE. In such FSI modeling, the blood flow is governed by the fluid flow PDE component (incom-
pressible Stokes or Navier Stokes); the displacements along the elastic vascular wall are described by the
structural PDE component (e.g., systems of elasticity). In this regard, the multilayered FSI modeling with
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Fig. 1. Multilayered structure-fluid interaction domain.

a view to understanding the incidence of aneurysm caused by arterial wall deformations during the blood
transportation process has recently been a topic of great interest, see e.g. [15,39] and reference within.

In this paper, we consider a simplified multilayered structure-fluid interaction (FSI) system where the
coupling of the 3D fluid (blood flow) and 3D elastic (structural vascular wall) PDE components is realized
via an additional 2D elastic system on the boundary interface.

The PDE Model

Let the fluid geometry 2y C R? be Lipschitz, and the structure domain €, C R? be a convex polyhedron
which is strictly contained in Qy (see Fig. 1). Moreover, fluid boundary is decomposed via 9Q; =T'y UT,

where I's = 99, and so I'y N T’y = . Thus, I'y is the boundary interface between fluid geometry Qf and
K __

structure geometry Q,. The boundary interface is further decomposed via I'y = |J I'j, where each T; is
j=1

an open polygonal domain, with I'; N T'; = 0 for ¢ # j. In addition, for 1 < j < K, n; denotes the unit

normal vector which is exterior to dT';. Also, as pictured in Fig. 1, v(z) denotes the unit outward normal

with respect to Q (and so v(z) is inward with respect to ).

For said {Q7,Ts,Q}, the multilayered structure-fluid FSI system in solution variables u(t,x) (corre-
sponding to the fluid velocity), h;(t,z) (1 < j < K) (thin layers displacements), and w(¢,z) (thick layer

displacement) is as follows:

uy—Au=0 in (0,T) x Qy
ulp, =0 on (0,T)x Ty

For1 <j <K,
2 7 u
gzhi — Ahj +hy = Gelr, — Gilr, on (0,T) x T;

hj|ar. or, — hl‘arnar
ong | om] on (0,7) x (AT; NATY), ¥ 1<1<K; OL;NAT, #0

anj BFjﬁaFl (‘BF]ﬂc’?Fl

ong

Wit — Aw =0 in (O,T) X Qs
wt|r‘j = %hj = u|F], on (0,T)xT;, forj=1,..,K

[U(O), hy (O)a ahalt(O) PRREY h’K(O)7 ahalt(O) s ’UJ(O), 'U)t(o)} = [u07 h’017 h’OQa ey h0K7 h’OKa Wo, 'U}ﬂ €H (4)

where the finite energy space H is given by



G. Awvalos et al. / J. Math. Anal. Appl. 514 (2022) 126284 3

K
H= {[UO,h()l,hog,...,hoK,hoK,wo,w1] S LZ(Qf) X H [Hl(Fj) X LZ(F]')} X Hl(Qs) X LQ(QS) :
j=1

(i) wolp, = hoj;
() Alor nor, = Milor,nor, on (0.T) x (9T NOTY) ¥ 1< 1< K such that 9T; N 9T} # @}.

The H-inner product is

K
(CD(), fi)o) uo Uo —|— Z [ Vhoj, V}Nloj)rj + (hoj, iloj)rj:|

Jj=1

K
+Z hu,hu + (Vwo, Vi), + (w1, 1) g, (6)
Jj=1

for (I)O = [Uo, h()l, hll(t)...., hOKa th, wo, 11)1] and éo = [’fbo, iL()l, iLll(t)...., FLOK, illK, ’11)0, ’11)1] € H.

We should note that the boundary interface does not evolve with time. However, it is well-accepted that
if the boundary interface displacements between structure and fluid are small relative to the scale of the
geometry, the resulting FSI models are physically relevant and reliable; (see [24,31]).

Notation
Throughout, for a given domain D, the norm of corresponding space L?(D) will be denoted as || - || p
(or simply || - || when the context is clear). Inner products in L?(O) or L?(O) will be denoted by (-,-)o

whereas inner products L?(90) will be written as (-, -)so. We will also denote pertinent duality pairings as
(-+-) xx x+ for a given Hilbert space X. The space H*(D) will denote the Sobolev space of order s, defined
on a domain D; H§(D) will denote the closure of Cg°(D) in the H*(D)-norm || - || (p). We make use of
the standard notation for the boundary trace of functions defined on O, which are sufﬁmently smooth: i.e.,
for a scalar function ¢ € H*(O), 3 < s < 3, v(¢) = (b’ao’
on this range of s, owing to the Sobolev Trace Theorem on Lipschitz domains (see e.g., [37], or Theorem
3.38 of [33]). Also, C' > 0 will denote a generic constant.

which is a well-defined and surjective mapping

2. Literature

Stability analyses of fluid structure interaction (FSI) PDE systems have been an ongoing object of study
(2,3,5,6,25,38]. Because of their utility in mathematically describing fluid or flow dynamics as they interact
with elastic materials, such FSI models arise in biomedicine, biomechanics and aeroelasticity, see e.g. [12,23].
The main motivation of the current problem comes from the mathematical modeling of vascular blood
flow: the corresponding modeling PDE dynamics accounts for the fact that blood-transporting vessels are
generally composed of several layers. Such multilayered FSI PDE models have a crucial role in understanding
the physiology of the human cardiovascular system [9,28,36].

Examples of single layered FSI — i.e., only one elastic PDE (describing three dimensional bulk elasticity
or some lower-dimensional model of plate/shell type) models the structural dynamics; the displacement
along the interaction interface is not modeled via any elastic equation — appear extensively in the literature,
see e.g. [5,8,10,20,22,24,29,35] and references within. However, many biomedical devices (such as stents) are
being developed with the view that vascular wall structures are composed of composite materials and not
of single layer; see [16-19,36]. In short, some degree of physical realism is lost if the FSI PDE does not
adequately describe arterial wall layers of composite type.

Compared to the extensive work undertaken for single layered FSI, there is a relative paucity of results
for multilayered FSI systems. A multilayered FSI (2D heat-1D wave-2D wave) system was initially studied
n [36] with a focus on showing wellposedness. Therein, the authors exploited an underlying regularity
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which was available by the presence of the additional wave equation. A simplified 1D model was studied in
[34] where the optimal regularity result was proved. In [7], wellposedness and strong stability of a higher
dimensional linear version of the system considered in [36] were studied. In particular, to prove strong
decay, the authors of [7] appealed to the wellknown spectral criteria in [1]. Very recently, an alternative
resolvent criterion approach to strong decay, with respect to a multilayered Lamé-heat system was given in
[4]. However, up to the present time, there has not been, to the best of our knowledge, any investigations
into uniform decay properties — with respect to either finite energy or higher norm — of multilayered FSI
PDE models. Accordingly, the question in the present work is, is the dissipation emanating from the thermal
component of the FSI system (1)-(4) strong enough to elicit polynomial decay?

3. Novelty and challenges

As noted above, despite extensive research activity on single-layer FSI models in the last twenty years
or so, a comprehensive long term analysis theory for multilayered FSI — in which the boundary interface
coupling between fluid and structure components is realized via an additional elastic equation — is largely
absent. Having established in [7] the strong (asymptotic) stability for the multilayered FSI model (1)-(4),
the authors in the present work address the issue of obtaining rational decay rates for solutions of the
coupled 3D heat-2D wave-3D wave dynamics under consideration. These rational decay rates will pertain
to solutions of (1)-(4) which correspond to smooth initial data; i.e., initial data drawn from the domain of
the associated heat-wave-wave Cp-semigroup generator A : D(A) C H — H in (7) below.

Our approach here for solving the rational decay problem will entail an appropriate estimation of the
resolvent of the corresponding semigroup generator, with a view of invoking the wellknown resolvent criterion
in [13] for polynomial decay. Ultimately, we will obtain an explicit decay rate of O(t~11). This is Theorem 3
below. As far as we can tell, this is the first such polynomial stability result obtained for multilayered FSI.
By way of obtaining the rational decay result, we will operate in the frequency domain and deal with a
static FSI system — which is essentially the Laplace transformed version of the original system (1)-(4) — and
the resolvent of the generator of the dynamical system. In this regard, challenging issues associated with
the analysis are as follows:

(i) Majorizing the solution to the resolvent equation in terms of the heat component. Having obtained in
our previous work [7] an understanding of the spectral properties of the corresponding semigroup generator
A : D(A) C H — H (of (7) below), we proceed with considering the resolvent system in (11) below and
discern an inherent (static) fluid dissipative relation. Analogous to what the analysis undertaken in the time
domain for control of PDE’s in general — see e.g., [40] — we will strive here to exploit the static dissipation
by majorizing the solution ® of (10) in terms of the heat component u. However the key issue here will be
an appropriate estimate for the 3D thick wave component w.

(ii) Sharpening Poincaré’s Inequality for the thermal component. In order to deal with critical boundary
trace terms and ultimately majorize them with respect to the static heat dissipation, we will need to refine

some of the estimates concerning the boundary term % . This will require us to prove a sharpening of

Poincaré’s Inequality; in particular, we will need to properl|§1: Smajorize the L2-norm of the thermal component
in such a way so as to ultimately secure the given decay rate.

(iii) Control of the critical three wave boundary terms. As we pointed out in (i), the main challenge here
will be the appropriate estimate for the 3D thick wave component w. The use of a certain “Dirichlet” map
will ultimately enable us to homogenize this thick wave component of (11), via a new variable z, which has
zero Dirichlet boundary trace. To this new variable z, we subsequently apply frequency domain versions of
known vector identities for the control of (uncoupled) waves. However, the obtained preliminary estimate
on the thick wave component will still contain the problematic boundary term % ‘I‘s’ a term which should

be controlled in L?-sense. The desired estimate of this flux term will require the invocation of the thin layer



G. Awvalos et al. / J. Math. Anal. Appl. 514 (2022) 126284 5

h-equations in (11) and some sharp interpolation inequalities. It is the estimation of this boundary term
which ultimately dictates the obtained rational decay rate.

4. Preliminaries

Tt is shown in [7] that the multilayered PDE system (1)-(4) can be described via the matrix operator
A : D(A) C H — H defined by

A 0 0 0 0 0 0
0 0 I 0 0 0 0
o) o)

_Eyrl (A-1I) 0 0 0 %]Fl 0

A — : N : : : . (7)

0 0 0 0 I 0 0
o) 9

—5|FK 0 0 (A—=1) 0 m\rk 0
0 0 0 0 0 0 I

0 0 0 0 0 A 0]

with
D(A) = {[uo, ho1, h11(t)...., hox, hik, wo, w1] € H :

(Ad)  (a) up € H'(S2y), (b) hy; € HY(T) for j =1,..., K, (c) w1 € HY(Qy);
(Adi)  (a) Aug € L%(Qy), (b) Awg € L3(Qy), (c) Ahgy — 2o |Fj + Qwo| e L2(Ty) for j=1,... K,

) Yo H=3(30;) for j =1,..., K;
( ) 6nj 6F_7' € 2( J) or j ’ )
(A.iil) (a) uolp, =0, (b) wolp; = hi; = wilp,; for j =1,..., K;
f J j
(Aiv) For j=1,..., K such that 9T'; N oL, # 0:
_ . Oho; oh
(a) hlj|6F,~ﬂ6Fl = hll|arjmarl ) ( ) anoj or, o, = BnOLl 8an8n}.

This is to say, ®(t) = [u(t), hi(t), %hl(t)....7 hi(t), %hK,w(t),wt(t)] satisfies the PDE model (1)-(4) if
and only if these variables solve the following ODE in Hilbert space H:

d
Eq)(t) = A(I)(t) on (07T), (I)(O) = (I)o = [’LL(], h017h027 ...,h(][(, hoK,’U.)O,’wl] € H. (8)

We recall the wellposedness result given in [7]:

Theorem 1. The linear operator A : D(A) C H — H, as defined in (7), generates a Cy-semigroup
{eAt}tzo of contractions on H. Thus, for ®y = [ug, ho1, ko2, .-, hok, hor, wo, w1] € H, the solution

D(t) = [u(t), b1 (t), Zh1(t)...., hic (), Zhuc, w(t), we(t)] of (1)-(4) is given (continuously) by
d(t) = eAldy € C([0,T); H).
5. Main result

Our present work mainly focuses on analyzing the long time behavior of solutions to the given multilayered
system (1)-(4), with a view of obtaining rational decay rate of these solutions. Our main proof of stability
will be based on an ultimate appeal to wellknown resolvent criterion of A. Borichev and Y. Tomilov [13,
Theorem 2.4]:
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Theorem 2. Let {T'(t)},5, be a bounded Co-semigroup on a Hilbert space H with generator A such that
iR C p(A). Then for fixed a > 0 the following are equivalent:
(i) [R(is; A)l| = O(|s|"), |s| = oo;

1

(ii) ||[T(t) A~ z|| = o(t~ =), t = o0, € H.
Given this operator theoretic result, it will suffice to establish the “frequency domain” PDE estimate in

(9); the proof of this estimate will constitute the bulk of the effort in the present paper. Now, we give our
main result of polynomial decay for solutions which correspond to smooth initial data as follows:

Theorem 3. In regard to the multilayered PDE system in (1)-(4) (or equivalently (8)): if ®9 =
[wo, ho1, P02, -y hokc s horc, wo, w1] € D(A), then the corresponding solution of (1)-(4) (or equivalently (8))
satisfies the estimate,

C
1@l =< = [1®ollpea) - (9)
That is, the solution to (1)-(4) (or equivalently (8)), which corresponds to smooth initial data, decays at a
rate of O(t~11).

Proof of Theorem 3

The proof relies on the resolvent criterion given in Theorem 2, and presupposes that there is no intersection
of o(A) with the imaginary axis. In fact it was shown in [7, Proposition 7, Lemma 9, Corollary 10] — see
Section 4 therein — that iR C p(A).

Subsequently, given parameter § € R and data ®f = [u*, hi;, hbe, - Roxs R i, w5, wi] € H, we consider
the resolvent equation

i — A]® = @, (10)

with solution ® = [u, ho1, ho2, .-, hok, hor s wo, w1] € D(A). From the definition of A, this abstract equation
can be written explicitly as

ibu — Au=u* in Qy
u|1"f =0on Ff

iﬂhoj - hlj = haj in Fj
—B2ho; — Ahgj + hoj + 5% — %40 = k%, +iBhy; in T
For all 1 <! < K such that 6T'; N9, # ()

hojlor;nar, = hotlar;ner,
Ohgj Ohoi
anj BFjﬁaFl ony 6Fjﬂ(9F],7

w1 = Z,B’LUO - wé in Qs
—B%wy — Awg = ifwi + wi in Qg
[iﬁwo - wS]pj = hlj = u|r‘j on Fj.

We will give our proof step-wise, estimating each solution component separately:
Step 1: A static dissipation relation for heat component u:

We will start with an inherent (static) fluid dissipative relation which will be the key ingredient for future
steps. First, we take the H-inner product of both sides of (10) with respect to pre-image ®. This gives
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. 2 2 K

B9+ [Vullfy, — 20215, [0 (Tha, Thoy)p, + I (ki hoj), 12)
—2¢Im (Vﬂ)l, V’wo)QS = ((136, (I)o)H ;

and then the following dissipation relation:

|Vul3, = Re (85, )y (13)

In view of relation (13), we should strive to majorize solution ® of (10) in norm in terms of the static heat
dissipation. With this theme in mind, from the mechanical compatibility conditions in (5), and the resolvent
relations and matching velocity BC’s in (11), we have for j = 1,..., K,

[iﬂhoj — haj]l“j = h1j|1‘j = U|Fj . (14)

Combining this relation with the Sobolev Trace Theorem (and Poincaré’s Inequality), we then have for
1=1.,K,

18hojll 3 .y < C (IVullg, + 1196l ) - (15)
H2(Ty) f

Moreover, via an integration by parts we get

ou
o <A \V/
Ha” n-bony <H o, u”Qf)
which, in turn, gives
ou
v =0 v ) ) - 17
Hay oo (181 lullg, + [Vl + 15l a7

We should note that this estimate can be refined with respect to §. In fact, for our particular multilayered
PDE model, we have the following “sharpening” of Poincaré’s Inequality:

Proposition 4. For |B| > 0, the heat solution component of (11) obeys the estimate
1 *
9% o, < € (I9ulg, + 19 5) (18)

Proof. The details of the proof are taken in large part from Lemma 5.2 of [5] and [6]. Given heat component
u of (11), let variable uy solve

(19)

AU1 :zﬁu in Qf
U1|aﬂf =0 on 8Qf

Taking the L2-inner product of both sides of (19); by u, we subsequently have, from the heat equation in

(11):

2
[Vurllg, = — (Auy, u1)g,

- (Zﬂua ul)Qf

—(Au+u’,ur)g,

— (Vu,Vul)Qf — (u*,ul)ﬂf ;
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whence we obtain, via Poincaré’s and Young’s Inequalities

IVurllg, <€ (IVullg, + 195]5) -
Since the uj-equation in (19) gives

[l -1

using again the Poincaré’s Inequality yields

1
Qf) ‘5| ||Au1||

z-1(p)’

ulliria,) < 15 vl < (19ulg, + 19 )

(21)
after using (20). Moreover, it is known — see e.g., Theorem B.8, Theorem 3.30 and Theorem 3.33 of [33]
that

L(Qy) = [H™ (), H' ()]

N[

(which is the Lipschitz domain version of the interpolation result Lemma 12.1 of [32]). Combining this with
the estimate (21) gives

1 1 C
lull 2 < C lully 1, 17013, <

o (Ivullg, + 1955 )

which yields (18) and finishes the proof of Proposition 4. O

Now, applying the estimate (18) to the right hand side of (17), we then have the following normal
derivative trace estimate for the heat component of the static problem (11)

Corollary 5. For |3] > 1, the heat solution component of (11) obeys the estimate

ou )

v <Clpl (Iv @l 22
%=, <0181t (I9ullo, + 105l (2
Step 2: The thick wave displacement w

In what follows, we require “Dirichlet” map D, defined by having for given boundary function g € Hz (T'y),

ADg =0 in Qg; Dyl =g onTs.

(23)
By the Lax-Milgram Theorem and an argument similar to that which resulted in (17), we have

DecL (H%(rs),Hl(Qs)) oD

o ec(Hirm) HAT). (24)
(The latter is the “Dirichlet to Neumann” map.) Therewith, and with respect to the thick wave displacement
wp in (11), we set

1
z=wo+ =D (u|
6 ( r
Then, via (2:

E

(25)
), the variable z satisfies the following boundary value problem
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—B%2 — Az = —iD [u|F + wg\rs] + wi + ifws in Qg;
z=0 onT,. (26)
Since , is convex then z € H?(,) (see e.g., Theorem 3.2.1.2, p. 147 of [27]). Subsequently, we can appeal

to the known Sobolev boundary regularity results for polyhedral domains; [11, p. 43, Theorem 6.9]. In short,
we have the estimate, for |5 > 1,

<Cy (ﬁz 2llq, + 18] |D [u

e Mg, + i +iBuwilg,)

0z .
o r, T wo

K
2l 722 +Z
j=1

HE(T))

< Co 81 (1821, + I Vulla, + 1951 ) (27)
after using (26), (24) and the Sobolev Imbedding Theorem.

With respect to the z-wave equation in (26), we appeal to the “frequency domain” version of the well-
known wave identity which is synonymous with boundary control of wave equations; see Proposition 7
(ii) of [2], and also [21],[40]. We adopt those wave identities to our solution component z in the following
Proposition:

Proposition 6. Let m(z) = [my(x), mo(x), ms(z)] be an arbitrary real-valued [C?(Q)])>-vector field, with
associated Jacobian matriz M (x). Then the wave component of the solution to the resolvent equation (10)
obeys the following relation:

2
m - vdl'

v

. 1 2 B 0z _ 1 [|0z
(i) /’M (x)Vz‘ Qs = —Re/ £ (m-Vz)dl's + 3 / ’5
Qs Ts

s

% / {192 = 82 |2I” } di(m)d,h

Qs

—Re/ (iBD [ulp, + wglp. | — wi —ifwg) (m - Vz) d€,
Qs

__l/ 9z
) ov
s

+i5Re/V (D [ulp, + wglp, ] — wg) - mzdQ,
Qs

2
1
m - vdls + 5 / {|VZ\2 - p? |z|2} div(m)dQ,

s

—HﬂRe/ (D [ulp, + wglp_ | — wg) Zdiv(m)d€,
Qs

+Re/ w] (m - VZ) d;. (28)
Qs

(ii) If m(x) is an arbitrary real-valued [C?(Qy)]3-vector field, then the wave component of the solution to
the resolvent equation (10) satisfies the relation,

/{\Vz|2 _ \z|2} div(m)dQ, = fRe/ (iBD [U|F3 + wS|FJ — wi — ifw) Zdiv(m) d

Qs Qs
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—Re | [Vz- Vdiv(m)] zdS)s. (29)
/

(Note that the expressions (28)-(29) each reflect the fact that z = 0 on T's and/or the unit normal vector
v(x) is pointing inward with respect to solid geometry Qs.)

Now, let the vector fields m and rm in (28) and (29), respectively, be taken as
m(z) =m(z) = z. (30)
Then, via (24), Young’s Inequality and the Sobolev Trace Theorem, we have for |3] > 1,

J{19e? - 2 1af o] < e 113, + C (19l + 105 15) (31)

s

In turn, with vector field m as specified in (30), applying (31) to the right hand side of (28), using (24), the
Sobolev Trace Theorem and again Young’s Inequality, we have the following Proposition:

Proposition 7. For || > 1 and € > 0, the variable z of (25) and (26) satisfies

2 * 0z
/|VZ| 9, < C /‘5
Q Ty

s

2
ar, + e (IV215, + 82|12

5.) + e (Ivully, + 12513 (2)

(with respect to (31) there has also been a rescaling of € > 0).

At this point, we also note in the z-wave relation (28) that m(z) could be specified to be the smooth
vector field of Lemma 1.5.1.9, pg. 40 of [27]: That is, for some ¢ > 0, m(z) € [C>°(Q,)] satisfies

—m(z)-v>§ ae. onls. (33)

This gives in (28):

e
2 ov
s

2
dr, < /’M%(x)Vz‘QdQs - %/{|Vz\2 _ B2 |z|2}div(m)dﬂs
—iﬂRe/V (D [ulp, + wglp,] — wg) - mzdQ
Qs

—iﬁRe/ (D [ulp, + wglp, ] — wp) 2div(m)dQ, — Re/wi‘ (m - VZ)dSy| .
Qs Qs

Estimating right hand side of this relation by means of (24), Young’s Inequality and the Sobolev Trace
Theorem, we have the control of the trace term %‘FS in the following proposition:

Proposition 8. The variable z of (25) and (26) satisfies

/12
ov
s

2
dry < C (V2130 + B 1215, + 9l + 19513%) (34)
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We should emphasize that given the right hand side of estimate (32), it is apparent that a useful estimate

of the thick wave energy component of (11) will necessitate “decent” control of 8Z in L2-sense: that is,

the positive constant C' in (34) need not be “small”. However, while the estimate (’;1) does not constitute
such needed control, it will serve as an ingredient for attaining that end.
Step 3: The thin wave displacement h,

With respect to the h-wave equations in (11), we take the L2-inner product with respect to hoj, for

j=1,.., K. This gives

2 8w0 ou
— (Ahoj, hoj)p, + lhojlly, = (BQhOjvh’Oj)Fj + <W7hoj N - Eyhoy‘ .

( 1J’hOJ)I‘j +if (hgj’hoj)l“j : (35)

J

Subsequently, we invoke the Green’s Theorem (for j =1, ..., K) to get

Ohg;

2 2 (0]

Il + Do, = (e )
J

ow ou
= B2 ||hg; 12 L ho; ) — (=, ho;
A O]HFJ+ v Y r; oY r;
+ (Mo hog) ., + 8 (higs hog)y - (36)

Using the thin layer boundary conditions in (11), we then have upon summation

K
> (190117, + o7, |

j=1

K
0w0 ou
Z lBQ |h01\|p <8V7h0j>rj - <By,h()j>F

i=1 J

[

+ (hij’hoj)pj +i5 (h8j>h01)rj} :

Estimating right hand side by means of (22) and (15), and via the inequality
ou

ou 1 1
—,h0‘> < il e 1812 [1ho;ll 3 o ) >
<81/ ’ r, <|,35 v Hé(pj)> ( / HQ(FJ'))

we then have for || > 1 that the thin wave solution components of (11) obey the following (intermediate)

estimate:

K K
S [19m0sl, +hoslZ ] < (S0 (52 oy ) |40 (vl + 12 ) (37)
J J T

j=1 j=1 J

5.1. An appropriate estimate for %hﬂv

Using the decomposition (25) and the thin wave equations in (11), we have for j =1,..., K

)

0z 8u 1 0D . . e .
i —B%ho; — Ahgj + hoj + ﬂ 5 [u|rs + w0|FS] —hi; —iBhg; in Ty (38)
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For the first term on right hand side, we use the matching velocities BC and h-resolvent relation in (11)
and a wellknown trace moment inequality — see e.g., Theorem 1.6.6, p. 37 of [14] — so as to have

2 1 1
1520311, = |8 wle, + 8 Pl |, < €181 (I, 17, + 125 ) - (39)
Subsequently invoking the improvement over Poincaré’s Inequality in Proposition 4, we have now for || > 1,

18203 ., < € (181 190l + 18] 19l ) -

Applying this estimate to the right hand side of (38), along with (37), (22), (24), and the Sobolev Trace
Theorem, we then have for |3] > 1 (upon summing over j =1, ..., K),

8w0
<au’h°f>n.

To refine the right hand side: Using again the decomposition (25), we have for |5| > 1,

K

>

K

<y Z

3 *
+CIBI* [Vullg, + 181 125]lg | - (40)
“1(Ty) j=1

§<%ih> - §< P i) )|
_ é <%%,ﬁhoj>—%<%D([u+w3]|rs)7h0j> N

Applying (15), (24), Sobolev Trace Theorem and the Young’s Inequality, we then obtain for |3]| > 1,

ow
(Giw), |<

where C7 > 0 is the constant in (40). Applying this inequality to (40), we have for |3] > 1,

K K

D

j=1

*

~ 161 Ch

+ Gy (IIVullg, + 125l

1

H™2(Ty)

K

D

2 *
+ Coe 1811 1Vullg, + 181 125 1] - (41)

1

VIiE-1(r, ) H™2(T;)

Interpolating now between (34) and (41) we have for j =1, ..., K,

H ||H’§(F ) — <C || ||I§{—1(I‘j) ||8_12/HFJ )

2

<Cy (ﬁ@g 182011 ) + Co [|ﬂ4||Vu||Qf+|ﬁ||@*|H}) (42)

“(
Subsequently, for || > 1, with constant C3 as in (42) and using the relation |ab| < 5;';?3 a’ + 25*@03 b2,

we then have

+ 9l + 1951) |
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K
1 S*KC?
2 Z - 2|ﬂ|3(|
=1 H™3(T))

+ Co 1817 IVullg, + 18 193]l , for j=1,.... K.

51/

Summing this estimate over j now gives
K

1

<3 Z

+Cp- (W IVullg, + 181 19515 )

6*
+ 7510 (12l + 1811,

H-3(,) H™3(T;)

(where constant Cy is independent of §* > 0). We have then for j =1, ..., K,

5

%
o\ g3

7 2 *
0.) + Cs (1817 IVullg, + 187 19551 - (43)
Subsequently, we interpolate between (43) and (27) to have,

1320, < oI 5o 1B,

< Co {[5:C5 (1V2la, +182l0,) + Cs- (1817 [Vullg, + 187 12l ) |

1

xCoB1 (182llg, + IVull, + 19 lx) }*

2
< Cs {5*0005 ([ LT IVaullg, + H‘I’SHH] )

+Ci-Co |81 (181% 19l + 18119511 ) (1920, + 11820, + 1 Vulla, + 195l ) }

o, T8z

N

Invoking once more the relation |ab| < 6*a? + Cs-b?, for §* > 0, we have now

* 4 31+
H < 5°Cx (2l +182l,) + Co- (181% 9l + 181" 131) -
Summing over j = 1, ..., K, and rescaling 0* > 0, we have now the following desired trace estimate for —j .
Lemma 9. For |B| > 1 and arbitrary 6* > 0, the variable z of (25) and (26) obeys the estimate
11 3 *
H 0.) + Cs (1817 [ Vullq, + 181 195 5) - (44)

Completion of the Proof of Theorem 3. Applying (44) to right hand side of (32) of Proposition 7 (and
subsequently rescaling), we have for |8| > 1,

/ V2 g2, < e (IV215, + 8211205, ) + Cc (181% I9ul, + 181° 19513 ) - (45)
Qs

In turn, we take vector field m(z) in (29) of Proposition 6 to satisfy div(mh) = 1. Afterwards, we estimate this
relation by means of (45), (24), the Sobolev Trace Theorem and the Young’s Inequality, |ab| < pa? + C,b?
(1 > p>0) to have
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/ 950 < 5 (I3l + B 140 ,) + Cop (181 IVl +16° 1050%) . (40

In sum, for |3] > 1, (45) and (46) give now,

Subsequently, via the change of variable in (25), (47) and the regularity for D in (24), with respect to the

Bl

< C (1817 IVullg, + 181 12113 - (47)

thick layer wave solution components in (11), we have that for |5] > 1,

. 2
. 2 1 *
@) llwoll @, = ||z = 5P (ulp, +wilr,)
H(0,)
i 2 6 am*2 ) .
< C(1817 IVullg, + 181" 1@l ) 5 (48)
2 i ?
@) lr B, = 382 = S0 (e, + wile)] - ui
12(0.)
i 2 6 |1 ay% |2
< C (1817 IVully, + 181 125113 - (49)
In turn, via (37) and the decomposition (25) we get
K — 5D (ulp, + wilp,)
> [Ih0s I, + lihog 7, | < Z< Il ko) [+ C (IVul, + 1951
J=1 =1 L
1 05D (ulr, r.) =
ay B 2 Mhosllyy v
Ts H™3(,)) =1

Invoking now, (47), (24), the Sobolev Trace Theorem, and (15), we have for |5]| > 1,

K
S [I9hos 12, + lhosllz, | < € (1817 1Vul, + 181° 19511 - (50)

j=1
In addition, via the resolvent relation in (11), we have for j = 1,..., K,

Wil 3y = 805 = 165t v
whence by (15),

1oail23 ) < € (IVullf, + 19511 (51)

Finally, collecting (48), (49), (50) and (51) we have with the solution variable ® = [u, ho1, hoz2, .., hox, ok s
wp, w1 that

Il < (181% IVuly, + 18112511 -

Invoking now the static dissipation relation (13) and Young’s Inequality one last time, we obtain
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@l < C (1817 1(25, ®)el + 18° 255

2 11 2
S ell®llg+ 181 (1Pl -
Since data ®F € H in (10) was arbitrary, this gives the desired resolvent bound

, 1
[R@8; Al oy < C 1812

An appeal to Theorem 2 now concludes the proof of Theorem 3.
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