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NON-COMMUTATIVE RATIONAL FUNCTIONS IN THE
FULL FOCK SPACE

MICHAEL T. JURY, ROBERT T. W. MARTIN, AND ELI SHAMOVICH

ABSTRACT. A rational function belongs to the Hardy space, H?, of square-
summable power series if and only if it is bounded in the complex unit disk.
Any such rational function is necessarily analytic in a disk of radius greater
than one. The inner-outer factorization of a rational function ¢ € H? is partic-
ularly simple: The inner factor of v is a (finite) Blaschke product and (hence)
both the inner and outer factors are again rational.

We extend these and other basic facts on rational functions in H? to the
full Fock space over C?, identified as the non-commutative (NC) Hardy space
of square-summable power series in several NC variables. In particular, we
characterize when an NC rational function belongs to the Fock space, we
prove analogues of classical results for inner-outer factorizations of NC ra-
tional functions and NC polynomials, and we obtain spectral results for NC
rational multipliers.

1. INTRODUCTION

A rational function, t, in the complex plane, is bounded in the unit disk, D,
if and only if it is analytic in a disk 7D of radius » > 1. Moreover, a rational
function belongs to the Hardy space H? of square-summable Taylor series in the
unit disk, if and only if it is uniformly bounded in D, i.e. if and only if it belongs
to H*, the algebra of uniformly bounded analytic functions in the disk. Recall
that H> can be viewed as the multiplier algebra of H?, the algebra of all functions
which multiply H? into itself. That is, any h € H> defines a bounded linear
multiplication operator Mj, : H?> — H?, where My f = hf for f € H?. Such a
multiplier is called inner if M} is an isometry and outer if M) has dense range.
An element f € H? is called outer if it is cyclic for the shift, S = M,. By classical
results of Herglotz and F. Riesz, any element, f, of the Hardy spaces H? or H*
has a unique inner-outer factorization, and the inner factor can be further factored
into a Blaschke inner which contains all the zero or ‘vanishing information’ of f,
and a singular inner which has no zeroes in . The inner-outer factorization of
a rational v € H? is particularly simple: The inner factor of t is always a finite
Blaschke product (this is again a rational function) so that the outer factor is also
a rational function. Moreover, in the case where v = p is a polynomial, its outer
factor is a polynomial of degree not exceeding that of p.

A canonical noncommutative (NC) analog of the classical H? is then the full Fock
space, HZ, of square-summable power series in several non-commuting variables:
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Given a d—tuple of formal NC variables, 3 := (31, - ,34), any f € H2 is a power

series
F@ = fas® D fal* < oo,
a€Fd a

where F¢ is the free monoid, the set of all words in the d letters {1,--- ,d}, and
given any word a = iy---i, € F¢ i, € {1,---,d}, the free monomial, 3, is
defined as 3* := 3;, ---3;,. (Multiplication in F¢ is defined by concatenation of
words, the unit is @, the empty word, containing no letters and 3? := 1. The free
monoid is the universal monoid on d generators.) Left multiplication by any of the d
independent variables defines an isometry on HZ, Ly = MaLk . It is straightforward
to check that the Lj have pairwise orthogonal ranges so that the row d—tuple
L:=(Ly, - ,Lg): HZ® Cc? — H? defines an isometry from several copies of the
Fock space into itself which we call the left free shift.

The NC analog of H°° is the WOT —closed algebra H° generated by the left free
shifts. Just as H? is a reproducing kernel Hilbert space, HZ is an NC reproducing
kernel Hilbert space (NC-RKHS) in the sense of Ball, Marx, and Vinnikov [BMVT6].
That is, for any Z € B? and y,v € C", the matriz-entry point evaluation bz yw:
H2 — C defined by

lzyo(f) =y " [(Z)v,
is a bounded linear functional on H2. By Riesz representation there is a unique NC
Szego kernel vector, K{Z,y,v} implementing this linear functional,

y*f(Z)U = <K{Zayvv}a f>]H[j

With this identification, H3® is the algebra of left multipliers of HZ. Additionally,
the elements of H? and HS® are NC functions in the sense of [AMI5[KVV14] in the
unit free row-ball:

o d
B%:UEZ; B¢ = (Xl’...’Xd)ECan(gclxd ZXjX;<In

n
n=1 j=1

Each locally bounded (hence analytic [KVV14, Chapter VII]) NC function in Bg
admits a Taylor series expansion in NC variables around the origin that converges
in an appropriate sense in B¢. The functions in H? are those locally bounded NC
functions in IB%{{I with square-summable Taylor coefficients and the functions in H$°
are uniformly bounded in IB%dN.

A non-commutative inner-outer factorization for elements of H2 and H3® was first
obtained by Popescu [Pop91L[Pop95] and independently by Davidson-Pitts [DP99).
Here, inner and outer in this NC setting are defined in direct analogy to classical
theory: An NC function, F, in H® is inner if it defines an isometric left multiplier
of Fock space and outer if ME has dense range. An element f € HZ is outer
if it is cyclic for the isometric right shifts, Ry := Mt In [JMS2I], the authors
have refined this NC inner-outer factorization by extending the classical Blaschke-
Singular-Outer factorization to the NC Hardy spaces H3® and H2. Namely, any
NC inner © € H3® further factors uniquely as the product of an NC Blaschke inner
and an NC singular inner. As in the classical case, the NC Blaschke factor, B, of
[ € H2 encodes all information about the “zeroes” of f and the NC singular inner
factor is pointwise invertible in BdN. Several questions regarding this NC Blaschke-
Singular-Outer factorization have remained open. In particular, a natural question

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NC RATIONAL FUNCTIONS IN THE FOCK SPACE 6729

is whether, in analogy with classical Hardy space theory, the inner factors of rational
functions in Hg are Blaschke. In this paper, we provide an affirmative answer to
this question, we characterize when an NC rational function belongs to Fock space,
and we provide applications to the spectral theory of multipliers of Fock space.

A complex NC rational expression is any syntactically valid combination of the
several NC variables 31, - - , 34, the complex scalars, C, the operations +,-,~!, and
parentheses (,) [Voll7]. For example,

_ —1
r(31,32) = 35 (3231 +2) — Ts23130-

The domain, Dom(r), of such an expression is simply the collection of all d-tuples
of matrices of all sizes, X = (Xy,---,X4) € C"*" @ C'*4 n € N, for which
r(X) € C™*" is defined. An NC rational function, t, is an equivalence class of NC
rational expressions with respect to the relation rq = ry, if Dom(r;) N Dom(rz) # 0
and for every X in the intersection of their domains r1(X) = r2(X). For an NC
rational function v, we will abuse notations and write Dom(t) for the collection of
all points for which some r € t is defined. That is, Dom(t) := U, Dom(r) and we
write t(X) := r(X) for any r € v with X € Dom(r). By realization theory for NC
rational functions, any NC rational function in d—variables, v, with 0 € Dom(t) has
a minimal realization: There is a triple (A, b, ¢) with A € C(»x?)d .= Crxn g Clxd
and b, ¢ € C", so that for any X € Clmxm)d

o(X)=0"La(X)'e;  La(X):=1-) A;®X;.

(Here minimal means that n is as small as possible [KVV09,[Vol17], and L, is
called a (monic) linear pencil.) Realizations of rational functions have been studied
extensively and have numerous applications to fields such as free probability and
free real algebraic geometry [DDOSSI17,HKMI13,HKMS19,[HMSI8|. One of the
main results of this paper is:

Theorem A. Let t be an NC rational function with minimal realization (A,b,c)
of size N. Then the following are equivalent.

(i) v € H2Z.
(ii) v = K{Z,y,v} is an NC Szegd kernel vector for some Z € BS and y,v €
(CN
(iii) The joint spectral radius, spr(A), of A is < 1.

(1v; There exists r > 1, such that rBY C Dom(t).
(v) IB%d C Dom(t).

(vi) v € Aq:= Alg(I, L)~ "'l the NC disk algebra.
(vii) v e HS®.

For rational functions, t(z), of a single complex variable, it is not hard to prove
(using the Plancherel theorem) that if v is regular near 0 and its power series at 0
has square-summable coefficients, then it cannot have any poles in the closed unit
disk |z| < 1, and is therefore regular in a disk of radius p > 1 (and hence bounded
and continuous in |z| < 1). The equivlance of (i) with (iv)—(vii) in Theorem [Al can
then be read as an extension of these facts to NC rational functions in the row ball
(though the proofs will be rather more involved). This is made more interesting by
the observation that these one-variable facts do not generalize to the NC polydisk.
An example is provided after the proof of Theorem [Al
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We will apply Theorem [Alto the study of the spectra and cyclicity of NC rational
multipliers. In Subsection we prove that the spectrum of a rational multiplier
is determined by the spectra of its evaluations at finite levels of the free row-ball.
Combined with results of Davidson-Pitts and Conway-Morrell we obtain:

Theorem B. Let v be an NC rational function bounded on BE. Let v(L) := ME.
Then v(L) is a point of continuity of the spectral map T + o(T), T € £ (H3).

As a consequence of the identification of NC rational functions in H2 and NC
kernels in Theorem [A] we obtain that the inner and outer factors of any NC rational
function in Hﬁ are rational, and that any rational NC inner function is Blaschke;
see Section Bl That is, NC rational functions in Fock space have no singular inner
factor. Sections [l and [6] contain further, more detailed results on the inner-outer
factorization of NC rational functions and polynomials in the Fock space. In partic-
ular we highlight the following, which is an immediate consequence of Corollary B4t

Theorem C. An NC rational function t(3) € H2 is outer if and only if det v(Z) # 0
for all Z in the row ball.

In the classical one-variable Hardy space H? in the unit disk, it is obvious that
a rational function in the space is cyclic for the unilateral shift if and only if it has
no zeroes in |z| < 1. The theorem just stated can be read as a generalization of
this fact (though much less obvious).

2. PRELIMINARIES

Consider the complexr NC universe,
(CdN i |_| C(nxn)-d; (C(”X”)'d = V" (Cl><d7
n=1

the disjoint union of all d—tuples X = (X3, -, Xy4) of n X n matrices of all finite
sizes. The NC row-ball BY is the unit ball of C% with respect to the row operator
space norm on C?. It will be occasionally useful to include the infinite level BZ
and to consider the operator unit row-ball:

Bg, :=Bf UBL.

The infinite level is the set of all strict row contractions on a fixed separable Hilbert
space.

As described in the introduction, the Fock space, Hfl, can be defined as a Hilbert
space of square-summable power series (as in [Pop06]) which define locally bounded,
hence analytic free NC functions in Bf or Bf [KVVI4]. (A free NC function on
an NC domain such as B% is any function which respects the grading, direct sums,
and the joint similarities which preserve its NC domain.)

Given any matrix d—tuple X = (X1,---,Xq) € C™4 the joint or outer
spectral radius of X is:

spr(X) := lim ?’“/HAdg’;}X*(In) ‘; Ady.x+(P) == X (L4 ® P) X*.
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2.1. Domains and realizations of NC rational functions. As described in the
introduction, the domain of any NC rational function, ¢, is

Dom(tr) := |_|D0mn(t); Dom,,(t) := {X e C M| (X)) is deﬁned} .

NC rational functions which are regular at the origin, 7.e. 0 € Dom(t) have a
powerful realization theory: There is a triple (A,b,¢) € CV*N)d 5 CN x CV,
called a realization of t so that for any X € C(»*n)d,

o(X) = b La(X) Lo = b* @ [,La(X) le® I,

where Ly is the (monic) linear pencil defined by:
d
La(X):=Iy®1I, — ZAj ® X;.
j=1

Moreover, A can be assumed to be minimal in the sense that IV is minimal, and
this implies that the realization is both observable:

\/ b*AY = (‘/<1><1\/'7
and controllable
\/ A¥c=CN,

see e.g. [HMS18| Subsection 3.1.2]. The domains of NC rational functions which
are regular at 0 have a convenient description:

Theorem ([Voll17, Theorem 3.5], [KVV09, Theorem 3.1]). If v is an NC rational
function regular at 0 with minimal realization (A,b,c), then,

Dom(r) == | | {X e Cm | detL 4(X) # 0}.
neN

2.2. A conjugation on Fock space. It will be useful to consider the conjugation
with respect to the standard orthonormal basis, {L“1| a € F?}, on Fock space,
C : H2 — HZ, defined by: Cf = f, where

F=30 fl®1 ¥SFi= Y T4
welRd w

Lemma 2.3. The map C : H?i — H?i s a conjugation, i.e. it is an anti-linear
unitary tnvolution.

That is, the anti-linear operator C' is bijective, isometric, and C? = I.

Lemma 2.4. The conjugation, C : H3 — H? commutes with the left and right free
shifts. If F(L) € HY then CF(L)C =: F(L) € HY has the same operator norm
and if

F(L):ZFwL“ then F(L):ZRLW.
Moreover for any F,G € HY, and [ € H2, CF(L)G(L)C = F(L)G(L) and
CF(L)f = F(L)f.
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Here, recall that any F(L) € H3® can be identified with the power series:

F(L)= > F,L*  F,:=(L“1,F(L)l)g,
welkd
in the sense that the Cesaro partial sums of this series converge to F'(L) in the
strong operator topology [DP99].

Proof. We have that

EL)

sup [|[F(L) f|
15 llg2=1

= sup||CF(L)f|
= sup|[F(L)f]
= sup|F(L)f| = [[F(L)].

All of the other properties are easily verified. O

Lemma 2.5. If f = O(L)F is the inner-outer factorization of f € H3, then
f = Cf has inner-outer factorization f = O(L)F. That is, O(L) is inner if and
only if ©(L) is inner and F € H2 is outer if and only if F' is outer.

Proof. Clearly ©(L) is an isometry since O(L) = CO(L)C, and C is an anti-linear
unitary. Suppose that F is not outer. Then there is a g € HZ so that g L \/ R*F.
(Here recall Ry, := M;if are the isometric right free shifts.) Then,

0 = <Rafv 9)u2
= (Cg,CR*F)pe (C is a conjugation)
= (G, R"Fpe.
This proves that g L \/ R*F so that F' is not outer. g

For any n € N, we also define a conjugation, € : C" — C", with respect to the

standard basis, {e;}}_;,
@Zajej = Za_jej.

For ¢ € C"™ we write ¢ := €c¢ and for X € C"*" we write X := ¢ X, whose matrix
in the standard basis is obtained by entry-wise complex conjugation.

Lemma 2.6. If Z € B? is a strict row contraction, Z = €Z¢ is also a strict row
contraction with ||Z|| = || Z|| and spr(Z) = spr(Z).

3. IsoMORPHY OF NC RATIONAL FUNCTIONS AND KERNELS IN FOCK SPACE

We counsider NC rational functions t(3) in d noncommuting variables 31, - , 34
Suppose that t is defined in the row ball IBSI%; since this domain contains the scalar
point 0 it follows that v has a minimal realization (4,b,c) of size N. Since B C
Dom(t), La(Z) is invertible for all Z in the row-ball by [Vol17, Theorem 3.5]. Since
t(Z) is a locally bounded (analytic) NC function in B¢, it has a Taylor-Taylor series
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at 0 with non-zero radius of convergence [KVV14, Chapter VII]:
o(Z) = b La(Z2)'c

=Y Az

weFd
> (b, A%)ew 2.

If we further assume that t(Z) belongs to the Fock space then the above power
series coeflicients are square summable,

D (b, A¥C)en[* < +o0,

welRd

(3.1)

and by [Pop06, Theorem 1.1] the above power series of Equation Bl converges
absolutely in Ego and uniformly (in operator-norm) on NC balls of radius 0 < r < 1.

Assuming from now on that v € H?i, we have that by [Vol17, Theorem 3.5, Theorem
3.10], that

ty0(3) == y*La(Z)"'v € Hol(BY),

for any choice of y,v € CV (since L4(Z) is invertible in Bg).

3.1. NC Szego6 kernels are NC rational functions.

Proposition 3.2. For any Z € BY and y,v € C", the NC Szegé kernel vector is
given by the formula:

E{Z,y,v} = Y (Z%0,y)cn L1.
a€clFd
This power series has radius of convergence

(R S
spr(Z) — 112 -

R >

In particular, the partial sums of the series converge uniformly in operator norm
on every row ball of radius r < R, so that K{Z,y,v} belongs to the NC disk algebra
Aqg.

The image of any NC Szegd kernel under the conjugation, C, is:

CK{Z,y,v} = K{€Z¢,Cy,Cv} = K{Z,5,v}.

Any NC Szegé kernel, K{Z,y,v} with Z € B, n < 400, is an NC rational function

ﬁf
with (not necessarily minimal) realization (Z,%,7).

Proof. Given any strict row contraction Z = (Z1,--- ,Z4) € Bgo, let us first cal-
culate the radius of convergence of the power series formula for K{Z,y,v}, where
if Z € BY, then y,v € C" (and we allow n = o). By [Pop06, Theorem 1.1], the
radius of convergence, R, of the NC power series

K{Zvyvv}(W) = Z (Zwva y)Cn Ww’

w
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is given by the Hadamard formula:

N
S

k—o0

g

= limsup (y, Z“vv*(Zw)*y)Cn

w|=k

1 . w 2
E = hmsup (zl:k |(Z U7y)(C"|

IN

= limsup ((y,AdZ o wv*)y)(cn) *
(

timsup ([[v][2. lyl2 |AdS - (1))
= () <|1Z) < 1.

This proves that
1 1
spr(Z)

so that K{Z,y,v} € Hol(RBg), and the Taylor-Taylor series of K{Z,y,v} at 0 € B{
converges absolutely and uniformly on any NC row-ball rBg of radius 0 < r < R.
This proves, in particular, that K{Z,y,v} € Ag4. Since Ay C HF C H2, K{Z,y,v}
belongs to the Fock space. This can also be checked directly:

R >

Kl = 3 0.7 en (2.
= ZZ (Y, Z“v0™ (Z°)*Y) en
m=0 |w|=m

= 3 (rAdgh),,

m=0
[eS)
ol Y 1z
m=0

I

IA

Iy 112 ]lv

1z =

We now verify the reproducing formula. Let K{Z,y,v} = > (Z%0,y)cn L1,
and compute:

<K{Z7yvv}uf>]ﬂl3 = Z (y, Za’U)(Cn fAﬂ<La1,L61>H3
a,B

— S W2 fa
= (yv Z faZaU)(Cn
= (y7f(Z)v)(C"

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NC RATIONAL FUNCTIONS IN THE FOCK SPACE 6735

Verifying the final assertion amounts to recognizing the geometric sum formula:
If K{Z,y,v} with Z € BZ is an NC Szegd kernel, and W € B¢ , then

K{Zayav}(W) = Z(Zavay)((j" Wa

[e3%

= > (€y,€2%)c, W
- Z(y,z E)CnW
— Z(y* @12 QWU @ 1)
Jo%S) In ® Wl
= @eIn)Y |[(Z1®5n, , Za® ILy,) : T @ I)
k=0 In ® Wd
= §Lz(W)"'w.
[l

3.3. NC rational functions in Fock space are NC kernels. If v € H? is an NC
rational function with minimal realization (4, b, c) of size N, then T := Ct € H2 is
also an NC rational function with the same norm and minimal realization (4, b, ).
In particular, expanding t in a Taylor-Taylor series at 0 € B¢ yields:

WZ) = bLg(Z)'e
= > (A% b)en 27

w

Observe that T formally resembles an NC Szego kernel: T ~ f({A, b,c}. (Here, the
tilde denotes that we do not yet know if the formal power series for the NC kernel
at {A,b,c} converges in BE, or if it belongs to the Fock space.) It further follows

that the original rational function, t, resembles the formal NC kernel K {A, 75,7}

Lemma 3.4. Let ¢ be a rational function in H3 with minimal realization (A, b, c) of
size N. Then the unital homomorphism from NC polynomials into CN*N defined

by p — p(A) is continuous in the Hi—norm. If y,v are any vectors in CN then
ty.0(2) = y*(I — ZA)" v also belongs to H3.

It follows that the evaluation p — p(A) has a unique continuous extension to Hfl
which we write f — f(A). In particular if f,, are NC polynomials and f, — f in
the HZ norm, then f,(A4) — f(A) and for all NC polynomials p,q € C{3} we have

(pfa)(A) = p(A)f(A)q(A).
Proof. We first observe that for any NC polynomial p(3) = > p,3* we have
Ephiz = 3 (0 A“C)ew Do = (b, p(A))er
weFd

so that T also acts ‘like’ the formal NC kernel vector K{A,b,c}. Hence by Cauchy-
Schwarz

(0, p(A))en | < lIpll2lFll2 = lIpll2]t]l2-
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Next, let {e; } be the standard basis for CN. By the observability and controllability
of (A,b,c), there exist systems of NC polynomials {3;} and {v;} such that
v (A)=e; and Bj(A)b=¢e;; 1<j<N.
Then for any NC polynomial p € C{3},
eip(A)e; = (7i(A) ¢, p(A)B;(A)b)cn
= (€, 7pB)uz,
and thus

leip(A)ej| < [vapBill2llell2
< @B R Hipllz(ell2;
so that for all 4, j, the matrix entry evaluations p — p(A);; are continuous for the
H2—norm. By [Vol17, Theorem 3.10], for any 1 < i,j < N, the rational function
t;(3) = e} (I—A3) " Le; is defined in the row ball and the norm estimate above shows
that T;; and hence t;; belongs to HZ, since the formal inner product p(A4);; = (T, p)2
defines a bounded linear functional on H2. Finally by taking linear combinations
we have v, ,(3) = y*(I —3A4) v € H for all y,v € CV. O

Let A € C"*™)d bhe a d—tuple of n x n matrices. Following [SSS20] we say A is
reducible if it has a non-trivial jointly invariant subspace. If A is not reducible we
say it is irreducible.

Theorem 3.5. Let v € Hg be an NC rational function in HZ with minimal re-
alization (A,b,c) of size N. Then A has joint spectral radius spr(A) < 1 and
s jointly similar to a point W € Bﬁi\,. If A is irreducible, then one can choose
W]l = spr(A) < 1. Moreover, there are vectors z,u € CV so that v = K{W,z,u}
is analytic in an NC row-ball of radius R > |W|~1 > 1.

Proof. We have that for any d—tuple Z € B¢,
to(Z) =Y (A0, y)en 2% € Hj,

w

for any choice of y,v € CN by Lemma 3.4l Hence,
3

= 3 (5, A)ex (A0, )

w

= Z (yv vav*(Aw)*y)(CN )

w

0o > ||fy,v

for any y,v € CV. Taking v = e; where {e;} is the standard basis of C and
summing over j yields:

N
oo > ZZ(y,Aweje;(Aw)*y)CN

j=1 w

= D) (0, AYIN(A®) Y)ew
n=0 |w|=n
= Z(yaAde)A*(IN)y)CN,

n=0
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where we view A = (Ay,---, Ag) € CW*N)d a5 a row d—tuple of N x N matrices.
Since this sum is finite, the general term must converge to 0,

Y Ad( (In) n?oo 0

I A7A* N y CN I

for any y € CV. This proves that the positive semi-definite matrices:
Ad'D,. (In) = 0,

so that A = (A4y,---,Aq) is a pure and finite-dimensional d—tuple. By the multi-
variable Rota-Strang theorem, [Pop14, Theorem 3.8] (see also [SSS20, Proposition
2.3, Remark 2.6]), A is jointly similar to a strict row contraction X € B%,. That is,
there is an invertible S € CVN*¥ so that

Ak:Sstil, 1<k <d.

Hence, for any Z € B¢

©e(Z) = D (A¥Cb)en Z¢
welFd
= ) (X987, S%) oy 2¢
= K{X,z,u}(Z); z:=8%, u:=S"'c
By [SSS20, Lemma 2.4], if A is irreducible then,
spr(A) = min { |ST'AS||| S € GL(n)},

so that we can choose | X|| = spr (A) < 1. Either way, since A is jointly similar to
the strict row contraction, X € BE, spr(A) < 1. Setting W := ¢X¢, Lemma
and Proposition B2} imply that v = Ct = CK{W,z,u} = K{W,Z,u} is also an
NC Szego kernel vector whose Taylor-MacLaurin series has radius of convergence

R 1.

> 1 >
Wl

In particular, v is analytic in an NC row-ball of radius R > 1. ]

Corollary 3.6. An NC rational function v belongs to H2 if and only if v =
K{Z,y,v} for some finite point Z € B, N < +o0, and y,v € CV.

Remark 3.7. The multivariable Rota-Strang theorem [Pop14] Theorem 3.8] is proven
in a general multi-variable non-commutative context. For alternative proofs of this
theorem applied to the special case of d—tuples of matrices, see [SSS20l Section 2]
and [Pas19, Theorem 1.7].

4. REGULARITY OF NC RATIONAL FUNCTIONS IN FOCK SPACE

In this section, we will study varieties and spectra of NC rational multipliers.
It will be convenient to briefly recall the concept of vectorization of matrices and
completely bounded maps on matrices. Let A € C™*™ B € C"*"™ then A ® B
is an mn X mn matrix, but it can also be identified with a linear map on C™*™.
To see the correspondence, for Z € C™**™ we write 7 for the column vector of
size m - n obtained by stacking the columns of Z one on top of the other (in order
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from left to right). That is, dividing Z € C™*™ into m columns, zj € C" (see for
example [HJ9T) Section 4.2])

Z1
Z=(z1]|zm) -7 = ol ecmn,
Zm
By [HJ91, Lemma 4.3.1],
(A@B)Z = BZA™.

This wvectorization map vec : C™*"™ — C™" vec(A4) := X, is clearly linear and
invertible, and for any linear map ¢ € Z(C™*™), we define the matrization of £,

77 = é(—Z§, ie. 7 =vecolovec .

In particular, if ¢ is any (completely bounded) linear map on the operator space

(men7
d
(4.1) UX)=) A;XBj; A €eC™™ B;eC™" X eCm"
j=1

then

7:ZB]-T®AJ-.

The map £ — 7 has many nice properties; see e.g. [LMI8] Section 3] and [Pas19].
In particular, if we have a linear pencil La(Z) = I, ® I, — Z?Zl A; ® Z;, with
Aj e Cmxm Z; € C"*", then for any d-tuple Z € Crxn)yd [4(Z) € Cmmxmn,
and it is clear that if we define £ € .Z(C"*™) by
d
(X):=X-)Y Z;XAl; XeCmm
j=1
%

then L4(Z) = (. Since A® B and B® A are unitarily equivalent via the canonical
shuffle,

—
La(Z) ~ L4z,
where £4 7z € Z(C™*") is defined by

d
laz(X):=X-> A;Xz];  XecCmn
j=1

It is now immediate that L4(Z) is singular if and only if £4 7 is.

Proposition 4.1. Let v be an NC rational function with 0 € Dom(t). Let (A, b, c)
be a minimal realization of v of size N. Assume that spr (A) > 0. Then, there
ezists a point Z € CIN*N)d - sych that || Z| = m and Z ¢ Dom(t).

In the above spr (A) > 0 implies that A is not jointly nilpotent, and hence v is
not a free polynomial.
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Proof. Let p := spr(A). One can apply arbitrary similarities to A to produce a
new realization for the same NC rational function, (A, b, c) — (S™1AS, S*b, S~ 1c).
Applying a (unitary) similarity, we may assume that A is block upper-triangular,
where the blocks, AW, 1 < j < k, on the diagonal are irreducible d-tuples. By
[Shal8l Lemma 3.2] we may apply a subsequent block diagonal similarity, so that

YD *
A = 0 t. . * s
0 0 pY™®
where for each 1 < j < k, we have Y (Y))* = I and p; := spr (AY)). That is,
each d—tuple Y9 is a row co-isometry. Since p = max{pi,..., Pk}, we may apply
another similarity and assume that p = p;. Let ¥ := Y1) and set

1y 0
Z:= (7 e CNxN)-d,
(5 3)

be of the same size as A. Note that since Y € (C(mxm)'d, for some m < N is a row

co-isometry, then so is Y = €Y €. In particular, ||Z]| = %. Consider the linear map

(] = Caz[]: CN*N — CNXN defined as in the preceding discussion,

laz[X]=X-> A;xz];  XecV N
j=1

Let P be the matrix with I,,, (the size of Y1) in the upper left corner and zeroes
everywhere else, then
d
laz[P] = P-— ZAjPZT
j=1

w = (") R ) () 07 )

Jj=1
G
Ome
By the previous discussion, since ¢4,z is singular, so is L4(Z). Since 0 € Dom(t),

by [Vol17, Theorem 3.10], Dom(t) coincides with the complement of the singularity
locus of the pencil in its minimal realization. Hence Z ¢ Dom(t), as desired. =~ O

Corollary 4.2. Let v be an NC rational function, such that BT% C Dom(t). Then t
is bounded on ]BdN and analytic in r]BdN for some r > 1.

Proof. Let (A,b,c) be a minimal realization of t. If spr(A) = 0, then A is jointly
nilpotent, v is a polynomial and we are done. Therefore, we may assume that

spr(A) > 0. By Proposition 1], there exists Z ¢ Dom(t), such that || Z] = m.
However, @ C Dom(t). Thus, spr(A) < 1 and v is an NC kernel in the Fock
space. O

Corollary 4.3. An NC rational function v belongs to H3° if and only if there exists
r > 1, such that TBY C Dom(t).

Proof. One direction is Corollary and the other is the “moreover” statement in
Theorem 0

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



6740 MICHAEL T. JURY ET AL.

We may now combine the above results to prove Theorem [A}

Proof of Theorem [Al The implications (i) = (ii), (i) = (iii), and (i) = (iv) are
contained in Theorem B3l On the other hand (ii) = (i) is trivial and (iii) = (ii)
follows from the Rota-Strang theorem. Thus (i), (ii), and (iii) are equivalent, and
each implies (iv). Next, (iv) = (v) is trivial, and (v) = (iii) follows from
Proposition 4] so (i) through (v) are equivalent. Finally, (ii) = (vi) is contained
in Proposition B2, and (vi) = (vii) and (vil) = (i) are trivial. This completes
the proof. O

Example 4.4. The implication (vii) = (v), which says that any rational function
bounded in the row ball is continuous up to the boundary (and then in fact analytic
across the boundary, by (iv)), seems special to the row ball and fails, for example,
in the NC polydisk. The NC polydisk, for d > 2, is the NC domain which at level
n is the domain DY of all d-tuples of strictly contractive matrices:

DL ={(Z1,...,Za) || Z;]| < 1 forall j =1,...,d}.

A counterexample may be constructed in two variables as follows: the NC function
1
FZW) =3 (T+2)I-2)"+([I+W)T-W)"!]

has Re (f(Z,W)) > 0 for all (Z,W) € D2, at all levels n. It follows that its inverse
Cayley transform

9(ZW) = (f(Z, W)= D(f(ZW)+1)"!

is bounded by 1 at all levels. But at level n = 1, a quick calculation shows that g
is the rational inner function
ozt w—2zw
9(zw) = 2—z—w

in the bidisk ID?, which does not extend continuously from D? to the boundary
point (1,1).

The matricial character of the rational functions is also essential. If we look at,
say, level 2 of the row ball in 2 dimensions, identified with the domain in C8®

o={(z=(2 2)w=(1 )

1Z22* + WW*|| < 1},

there will exist rational functions of the 8 complex variables z1, ..., z4, w1, ..., wy
which are bounded in €2, but do not extend continuously to the boundary. An
example is

21+ wy — 22111)4
9(21, 22, 23, 24, W1, W2, W3, Wy) = T —wn
— 21 — W4
which is bounded by 1 in €, but does not extend continuously from 2 to the

boundary point Z = ({§), W = (39).

4.5. Singularity loci and spectra of NC rational functions. Let t be an NC
rational function. We would like to understand the NC variety of v and to determine
when it intersects BY. Here, recall that the singularity locus or (left) NC variety of
any f € HZ is:

Sing(v)= | | Sing,(f);  Sing,(f):={(Z,y)eBixC"\{0}|y*f(Z) =0},

neNU{co}
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see [JMS21l Definition 3.2]. In particular, if (Z,y) € Sing,,(f) for some n < 400,
then f(Z) is a singular matrix.

Corollary 4.6. Let v € HYF be an NC rational function with minimal realization
of size N.

(i) If dett(Z) # 0, for every Z € @, for k < N +1, then v(L) is invertible.
(ii) If dett(Z) # 0, for every Z € B, for k < N + 1, then Sing(r) = 0.

Proof. By [HMS18|, Algorithm 4.3], the minimal realization of t=? is of size at most
N + 1. First, assume that dett(Z) # 0 for every Z € B¢ and k < N + 1. We want
to show that t=! € Hg°. For this it suffices to show that the joint spectral radius
of the minimal realization of vt~ is strictly less than 1. Let (A,b,c) be a minimal
realization of t=! so that A has size at most N +1. Assume that spr(A4) > 1. Then,

by Proposition[£.1] there exists a point Z of norm m < 1 and size at most N +1

so that Z is not in the domain of t—!. However, by assumption, IB%‘}VH C Dom(x™ 1)
and this is a contradiction. This proves (i).

To prove (ii), we need only to consider the case spr(A) = 1. Fix an arbitrary
0 < r < 1 and note that v,/ }(Z) := t(rZ)~!, has minimal realization (rA,b,c). In
particular, spr(rA) = rspr(4) < 1, and thus v.(L) = t(rL) is invertible by (i).
Since this is true for every 0 < r < 1, we have that Sing(tr) = 0. O

Now we can prove that the spectrum of a bounded NC rational function is
determined on finite levels. To be more precise we make the following definition:

Definition 4.7. Let f € HJ°, we define the finite spectrum of f(L) to be

on(f(D) = | o(s(2)).

ZeBg
Lemma 4.8. Let f € H°, then
on(f(L)) € o(f(L)).

Proof. Let Z € B2 and let A\ € o(f(Z)). Let 0 # y € C", be an eigenvector of
f(Z)* associated with X. For any v € C", we take the kernel function K{Z,y,v}
and f(L)*K{Z,y,v} = K{Z, f(Z)*y,v} = K{Z, \y,v} = AK{Z,y,v}. Hence A in
the spectrum of f(L). Since the spectrum is closed, the claim follows. |

Corollary 4.9. Let v € H® be an NC rational function with minimal realization

of size N. Then X € o(x(L)) if and only if there exists Z € IBTg, for some k < N+2,
such that X\ € o(x(Z)). In particular,

on(v(L)) = o(e(L)).

Proof. By Corollary @6 0 € o(¢(L)) if and only if there exists Z € B, for some
k < N 41, such that detv(Z) = 0. Now A ¢ o(v(L)) if and only if v(L) — Al is
invertible. By [HMSI8, Algorithm 4.3], the minimal realization of (v — A\)~! is of
size at most N + 2 and a second application of the previous corollary yields the
claim. ]

Given a unital Banach algebra, o/, we can consider the map a — o(a) from &/
to 25, the set of all compact subsets of C equipped with the Hausdorff metric. It
is well-known that this spectral map, o : a — o(a) is upper semi-continuous but
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generally not continuous. In [CM79], Conway and Morrel have characterized the
points of continuity of the spectral map on .Z(H) for H a separable Hilbert space.
To apply this result in our setting, we need to recall a few notions concerning the
decomposition of spectrum. In [DP99, Theorem 1.7], Davidson and Pitts proved
that for every f € HY, o(f(L)) = o.(f(L)), where o, denotes the essential spec-
trum. Moreover, by [DP99, Theorem 1.7] and [DP99, Corollary 1.8], o(f(L)) is
connected and is not a singleton.

Recall that an operator T' € .Z(H) is semi-Fredholm if Ran (T') is closed and at
least one of Ker (T), Ran (T')™" is finite dimensional. Following Conway and Morrel,
we denote by SF C .Z(H), the collection of all semi-Fredholm operators and we
define the indezx of any T € SF as:

ind(T) = dimKer (T") — dimKer (T*) € Z U {£o0}.
For T € Z(H) and n € ZU {£oo} we further define:
on(T)={N€o(T)| A\ —T € SF and ind(A\] —T) = n},
ox(T) = U on(T).

n#0

By [DP99, Theorem 1.7], every multiplier is injective. Thus, for every A\ € C,
A — f(L) is semi-Fredholm. If d > 1, then the index has two possible values. If
M — f(L) is outer, then ind(Al — f(L)) = 0. If \I — f(L) is not outer, then it admits
an inner-outer decomposition AI — f(L) = §(L)g(L). In particular, Ker (§(L)*) C
Ker (A — f(L)*). However, dim Ker (§(L)*) # 0 and thus ind(A] — f(L)) < 0. We
summarize this discussion in the following lemma.

Lemma 4.10. For every f € HY, o(f(L)) = o+ (f(L)) Uoo(f(L)) and

oo(F(L)) = (A € o(F(L)) | AT — F(L) is outer),
or(f(L)={r€a(f(L))| A — f(L) has an inner factor}.

Furthermore, on(f(L)) C ox(f(L)).

Proof. The first two claims follow from the discussion preceding the lemma, and
it remains to prove the final claim. For every Z € B and A € o(f(Z)), since
M — f(Z) is singular, A\I — f(L) is not outer. O

Remark 4.11. We note that for every Z € B¢ and A € o(f(Z)), M — f(L) actually
has a non-trivial singularity locus on finite levels. Thus, in particular, A\I — f(L)
has a non-trivial Blaschke factor. (See Definition 5] for the definition of an NC
Blaschke inner function.)

Theorem B. Let v € HY be an NC rational function. Then v(L) is a point of
continuity of the spectrum.

Proof. Since the spectrum is connected, by [CM79, Theorem 3.1(c)], the spectrum
is continuous at t(L) if and only if o(¢(L)) = ox(v(L)). By Lemma IO we
know that on(t(L)) C o4+ (¢(L)). Therefore, from Corollary X9] we conclude that
o(t(L)) = o=(x(L)). 0

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



NC RATIONAL FUNCTIONS IN THE FOCK SPACE 6743

5. INNER-OUTER FACTORIZATION OF NC RATIONAL FUNCTIONS IN THE
FocCK SPACE

As established in [JMS21], any element, h, of Fock space has a unique NC
Blaschke-Singular-Outer factorization, h = B - S - f where B € HJ is an NC
Blashcke inner function, S € HY is NC singular inner and f € H?2 is NC outer.
Namely, as proven by Popescu and Davidson-Pitts, h = © - f has a unique NC
inner-outer factorization, where © € H$° is inner, é.e. an isometric left multiplier,
and f is NC outer, i.e. cyclic for the right shifts. In [JMS21] we proved that the
inner factor, © can be further uniquely factored as the product of an NC Blaschke
inner function, B, containing all the vanishing or zero information of h, and an NC
singular inner function which is pointwise invertible in IB%I%.

Definition 5.1. ([JMS21], Definition 3.6]) An NC inner © € H® is
(i) Blaschke if Ran (©(L)) = {h € H3| y*h(Z) = 0 ¥(Z,y) € Sing(©) } .
(ii) singular if © is pointwise invertible in B .
Recall, as discussed in Section [l that a rational function, v in the classical
Hardy space, H?, has a simple inner-outer factorization. Namely, t = b- f, where b
is Blaschke inner (in fact a finite Blaschke product, hence rational) and f is outer.

In particular, v has no singular inner factor. In this section we obtain analogues of
these results in the NC setting of Fock space.

Theorem 5.2. Let v € H2 be an NC rational function with minimal realization
(A,b,¢) of size N. If vt =0 - f is the NC inner-outer factorization of v then both ©
and f are NC rational functions and the inner factor is NC Blaschke. The NC outer
factor, f, has a realization (A, b, ,c) for some b e CN and the minimal realization
of © is of size at most 2N + 1.

Proof. We have that t(¢) = b*(I — 3A) !¢ belongs to HZ and b,c € CV (where N
is minimal) if and only if v = K{Z,y,v} for some Z € B¢, and some y,v € C by
Corollary [3.6] and Theorem [3.5 Moreover there is a smmlamty, S € CNXN 50 that
Z =S71TAS, 5 = S5*b and T = S~ 'c. Calculate that

f O(L)"e(L)f
O(L)'t=0O(L)"K{Z,y,v}
K{Z,6(Z)"y,v},
and it follows that there is some b € CV so that
fG)=b"(1 - 347"
Hence (A,b,c) is a (not necessarily minimal) realization of f of size N. Since f

is outer, it is invertible in the NC unit ball [JM19, Lemma 3.2] [JMS21l Theorem
4.2], and it follows that

0(2) =v(Z)f(Z)7",

is also an NC rational function with minimal realization of size at most 2N + 1
[AMSI8, Algorithm 4.3]. That is, f(Z)~! has a realization of size at most N + 1
and t- f~! then has a descriptor realization of size at most N + N +1 = 2N + 1.

Finally, by Theorem [A] since ©® = O(L)1 € HZ is an NC rational function,
O € A, belongs to the NC disk algebra. By [JMS21l, Theorem 6.10] any NC inner
function in A, is necessarily Blaschke, and we conclude that © is an NC Blaschke
inner function. O
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Corollary 5.3. Any inner NC rational function is NC Blaschke.

Corollary 5.4. An NC rational function, v € H2 with minimal realization (A, b, c)
of size N is NC outer if and only if Singx . (v) = 0.

Proof. If t = © - f is the inner-outer factorization of t, then © is NC Blaschke by
the previous corollary, so that © # I if and only if Sing(tr) # (. By Corollary £8]
Sing(t) # 0 if and only if Sing ., (¢) # 0. O

Corollary 5.5. An NC rational function v € H2 is outer if and only if the radius
of convergence of the Taylor-Taylor series of v™* at 0 € BY is at least 1.

Proof. By Theorem [5.2] the inner factor, © of v is NC Blaschke, so that v is outer if
and only if ¢ is pointwise invertible in B‘zﬁo by [JMS21l Theorem 4.2]. In particular,
t is NC outer if and only if v(rL)~! € HY for any 0 < r < 1, and this happens if
and only if the radius of convergence of the Taylor series at 0 is at least 1. O

Example 5.6. Let V(L) be any NC rational inner and set t(L) := al + bV (L),
a,b € C, and suppose a # 0. If |b/a| < 1 then v(L) will be outer by [JMI9, Lemma
3.3]. Otherwise if w :=b/a is such that |w| > 1, let z = —1/w € D. Then,

o(L) = w(z—=V(L))
w(z—V(L) (I —2V(L)"" (I -2zV(L)).

NC rational inner, Blaschke NC outer

In the above, one can verify that the Mdbius transformation of an isometry is
always an isometry so that the first factor is NC inner and rational, and therefore
NC Blaschke. The second factor has the form 1 — B for a contractive B € H3® and
is therefore NC outer by [JM19, Lemma 3.3].

6. INNER-OUTER FACTORIZATION OF NC POLYNOMIALS

In this section we apply the results of the previous section to NC polynomials,
and compute some examples. It is well-known that if

p(3) =b"(I — A3) "¢

is a minimal realization of an NC polynonmial p, then the matrices A are jointly
nilpotent; in particular, if w is any word of length |w| > deg p, then A* = 0. To see
this, observe that if |w| > degp, then ¢*A“b = 0, and therefore

*y(A)A“B(A)b = 0

for all NC polynomials 8 and 7. Since the minimal realization is observable and
controllable, we conclude that d*A¥e = 0 for all vectors d,e. Let p € C{3} be any
NC polynomial with inner-outer factorization p = © - f, and homogeneous degree
deg(p). By Corollary and the above remarks, p = K{Z,y,v} for some jointly
nilpotent Z of order deg(p).

Theorem 6.1. Let p = O- f be the NC inner-outer factorization of p = K{Z,y,v}.
Then f = q € C{3} is an NC polynomial of degree deg(q) < deg(p), and ©(Z) =
p(Z2)q(Z)~ Y is an inner NC rational function. The inner factor of p is NC Blaschke.
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Proof. The inner factor of p € C{3} is NC Blaschke by Theorem Observe that
fo= f)1=06(L)pL)1

O(L)*'K{Z,y,v}

= K{Z,0(Z2)"y,v}.

Since Z is a jointly nilpotent row contraction of order n, n := deg(p) we have that

f

K{Z,0(Z)"y,v}
> (2, 0(2)"Y)gm, L1,

|a|<deg(p)

is also an NC polynomial, f = ¢ € C{3} of degree less than or equal to deg(p). In
particular,

is an NC rational inner function. O

Given a free polynomial, p € C{3}, let T}, be the hereditary subset of F¢ deter-
mined by the non-zero coefficients of p. That is, if S, := {a € F?| p, # 0}, then
T, is the set of all B € F? so that there exists a v € F¢ such that 73 € S,. Let |T}|
be the number of elements in the tree, T),.

Corollary 6.2. An NC polynomial p € C{3} is NC outer if and only if Sing|p | (p) =
0. In particular, p is NC outer if and only if p(Z) is pointwise invertible in B

Proof. A straightforward refinement of the argument of [JMS21l, Proposition 5.13]
shows that Singq, | (p) is empty if and only if the full NC variety Sing(p) is empty
(this includes the infinite level). The claim now follows from Corollary (.41 O

Example 6.3. Let p(L) = [ + Ly + L1 Ly. Then we know that the outer factor, g,
of p must be of the form:

q(L) =al + bLl + CL2 + dLlLQ.

where we may assume a > 0. This outer factor must obey ¢(L)*q(L) = p(L)*p(L),
and it must maximize |q(0)|?. This gives the equations:

p(L)"p(L) =3I + L1 + Ly + L1 Ly +9(L)",
(4
=:g(L)
and
q(L)*q(L) = (a® +b* 4 % +d*)I +abLy + (ac + bd) Ly + ad Ly L + conjugate terms.

Equating coefficients yields:

and

0=r(t):=t*—3t3 +3t2 — 2t + 1; ti=a?.
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One can check ¢t = 1 is a root of this polynomial (taking a = 1 gives p(L)). Factoring
this root out gives the cubic polynomial

3 — 2%+t —1,

which has two complex roots and one real root ¢ty ~ 1.7549 > 1. It follows that if
we set a = /g, and set

1 1 1
b=d=—, ¢c=—4=(1-—],
Vio Vio ( to)
then the ¢(L) with these coefficients is the outer factor of p.

Example 6.4. The Drury-Arveson space H3 can be viewed as the subspace of the
full Fock space spanned by the NC kernels K, := K{z,1,1} for z € B? = B{ =
((Cle)l. This subspace is left shift co-invariant and it follows that the multiplier
algebra, HS°, of H3 is a complete quotient of H5.

In forthcoming work, Aleman, Hartz, McCarthy and Richter have proven that
any element h € H3 has a unique quasi-inner—free outer factorization [AHMR21].
That is h = 0 - f where § is the compression of an inner left multiplier © € H3® to
H$°, and f = Pg:F is the projection of an outer F' € H2 onto H. In particular,
there are many examples of outer functions h € H, 3 which are not free outer, in the
sense that there is no NC outer H € HZ so that Py2H = h. (A function h € H?
is called outer if it is cyclic for the algebra of multipliers of HZ, which happens if
and only if there is a sequence of polynomials ¢,(z1, ..., 2z4) such that h- g, — 1
in the Hilbert space norm.) A simple example is given by the following polynomial
[Ric19]; we thank the authors of [AHMR2I] for their permission to include it here:

p(z1,22) =1 — 221 25.

To see that this polynomial is outer in H3, we argue as follows: the norm of a
polynomial ¢(z1, z2) = 3. @mnz* 25 in HZ is by definition

mln!
(6.1) lalizs = > il
m,n

We consider the Dirichlet space, 2, of analytic functions f = Y a,2" in the unit
disk |z| < 1, equipped with the Hilbert space norm

o0

(6.2) IF15 =D (n + Dlanl.

n=0

From (6I)) and Stirling’s formula, there is an absolute constant C' such that for any
one-variable polynomial ¢(z) = ", a,2", we have

(6.3) lg(22122) 32 < C Y~ Vn+1lag] < C Y (n+ Dlanl* = [la(2)]5-
n=0 n=0

From [BS84], Lemma 8], the function (1—z) is cyclic for the Dirichlet space 2, hence
there exists a sequence of one-variable polynomials ¢, (z) such that (1—z)-¢,(z) — 1
in the — norm as n — oo. It then follows from (6.3]) that (1—22;122) ¢, (22122) — 1
in H2, as desired.
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A natural lift of the above polynomial is the symmetric polynomial P(31,32) =

1 — 3132 — 3231 As in [JMS21] Example 6.8], we have that the inner-outer decom-
position of P is

Pl = (5 V) (1- %V@)_l V(1= 55v6).

—p_1 (V)=©p =:Fp
vz
Here, V(3) = V(31,32) = % (3132 + 3231) is inner, and evaluation of the Md&bius

transformation, ,uf%(z) = (2 +1/v2)(1 + 2/v/2)71, at any isometry is again an
2
isometry, so that —,u%(V) = Op is again NC inner (in fact NC rational and
2

Blaschke). The second factor Fp is, up to a constant factor, the identity plus a
(strictly) contractive left multiplier, and therefore it is NC outer by [JM19, Lemma
3.3]. Uniqueness of the quasi-inner—{ree outer factorization of p [AHMR2I], now
implies that p cannot be free outer. If p was free outer, then p = 1 - p would be
the unique quasi inner—free outer factorization of p, but clearly p = 6, - f, where
0p(21,22) = Op(21, 22) and fp(21, 22) = Fp(#1, 22) is a second quasi-inner—free outer
factorization of p, a contradiction.

Since P € C{3} is a non-outer free polynomial of homogeneous degree 2, Corol-
lary B.2limplies that there is a point Z € BY for N < 5 = |Tp| so that det P(Z) = 0.
To construct a point in the singularity set of P, we write V = V' (L1, La), which is
an isometry on HZ. Observe that Fp = (I — %V) € HZ is a bounded, invertible
left multiplier so that

fG) =V2F,(3) 7" = (1 - %(zlaz +3231)) € Hg°,

is also a bounded left multiplier. An easy geometric series argument now verifies
that if f = f(L)1, then P(L)*f = 0. Moreover, f is an NC rational function and a
Schur complement argument shows that a realization for f is given by the formula:

-1

L (001 010
f3)=01,0,0) | Is+—=1 0 0]s:+—=[0 0 03
V210 0 o0 10 0

o

::7A1 ::7A2

That is, f has the realization (A4, b, c) where b = ¢ = (é) € C3. This A € CG*3)2
is a row contraction but it is not a strict row contraction. However it is easy to
check that spr(A) < 1, and that A = DWD™! is similar to a strict row contraction
W € B% where

0 0 2734 0 2734 0
Wi=—|(2"* 0 0 |, Wo=—| 0 0o 0],
0 0 0 Pt 0
1
and D = 21/4
21/4
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It then follows that f = K{W,e;,e;} where e; = b = ¢ € C? is the first standard
basis vector of C3. Since P(L)*f = 0, we have that

0=P(L)"f=PL)*K{W,e1,e1} = K{W, P(W)" ey, €1},

and therefore (since e; is cyclic for the unital algebra generated by W) P(W)*e; =
0. Indeed, this is easily checked:

PWY = Iy— WyW; — WiW;
0 0 0
_ 1
= 0 -3 01
0 0 -3
It follows that (W, e;) € Sings(P) is a finite dimensional point in the NC variety of
P.
REFERENCES
[AM15] Jim Agler and John E. McCarthy, Global holomorphic functions in several noncom-

muting variables, Canad. J. Math. 67 (2015), no. 2, 241-285, DOI 10.4153/CJM-
2014-024-1. MR3314834

[AHMR21] A. Aleman, M. Hartz, J. McCarthy, and S. Richter. Free outer functions in complete
Pick spaces. In preparation, 2020.

[BMV16] Joseph A. Ball, Gregory Marx, and Victor Vinnikov, Noncommutative reproduc-
ing kernel Hilbert spaces, J. Funct. Anal. 271 (2016), no. 7, 1844-1920, DOI
10.1016/j.jfa.2016.06.010. MR3535321

[BS84] Leon Brown and Allen L. Shields, Cyclic vectors in the Dirichlet space, Trans. Amer.
Math. Soc. 285 (1984), no. 1, 269-303, DOI 10.2307/1999483. MR748841
[CMT9] John B. Conway and Bernard B. Morrel, Operators that are points of spectral

continuity, Integral Equations Operator Theory 2 (1979), no. 2, 174-198, DOI
10.1007/BF01682733. MR543882

[DP99] Kenneth R. Davidson and David R. Pitts, Invariant subspaces and hyper-reflexivity
for free semigroup algebras, Proc. London Math. Soc. (3) 78 (1999), no. 2, 401-430,
DOI 10.1112/S002461159900180X. MR 1665248

[DDOSS17] Kenneth R. Davidson, Adam Dor-On, Orr Moshe Shalit, and Baruch Solel, Dilations,
inclusions of matriz convex sets, and completely positive maps, Int. Math. Res. Not.
IMRN 13 (2017), 40694130, DOI 10.1093/imrn/rnw140. MR3671511

[HKM13] J. William Helton, Igor Klep, and Scott McCullough, The matricial relazation of a
linear matriz inequality, Math. Program. 138 (2013), no. 1-2, Ser. A, 401-445, DOI
10.1007/s10107-012-0525-z. MR3034812

[HMS18] J. William Helton, Tobias Mai, and Roland Speicher, Applications of realizations
(aka linearizations) to free probability, J. Funct. Anal. 274 (2018), no. 1, 1-79, DOI
10.1016/j.jfa.2017.10.003. MR3718048

[HKMS19] J. William Helton, Igor Klep, Scott McCullough, and Markus Schweighofer, Dila-
tions, linear matriz inequalities, the matriz cube problem and beta distributions,
Mem. Amer. Math. Soc. 257 (2019), no. 1232, vi+106, DOI 10.1090/memo/1232.

MR3898991
[HJ91] Roger A. Horn and Charles R. Johnson, Topics in matriz analysis, Cambridge Uni-
versity Press, Cambridge, 1991, DOI 10.1017/CB09780511840371. MR1091716
[JM19] Michael T. Jury and Robert T. W. Martin, Operators affiliated to the free shift

on the free Hardy space, J. Funct. Anal. 277 (2019), no. 12, 108285, 39, DOI
10.1016/j.jfa.2019.108285. MR4019090

[JMS21] Michael T. Jury, Robert T. W. Martin, and Eli Shamovich, Blaschke-singular-outer
factorization of free non-commutative functions, Adv. Math. 384 (2021), 107720,
DOI 10.1016/j.aim.2021.107720. MR4238916

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=3314834
https://www.ams.org/mathscinet-getitem?mr=3535321
https://www.ams.org/mathscinet-getitem?mr=748841
https://www.ams.org/mathscinet-getitem?mr=543882
https://www.ams.org/mathscinet-getitem?mr=1665248
https://www.ams.org/mathscinet-getitem?mr=3671511
https://www.ams.org/mathscinet-getitem?mr=3034812
https://www.ams.org/mathscinet-getitem?mr=3718048
https://www.ams.org/mathscinet-getitem?mr=3898991
https://www.ams.org/mathscinet-getitem?mr=1091716
https://www.ams.org/mathscinet-getitem?mr=4019090
https://www.ams.org/mathscinet-getitem?mr=4238916

[KVV09)

[KVV14)

[LM18]
[Pas19)]
[Pop91]
[Pop95]
[Pop06]
[Pop14]
[Ric19]

[SSS20]

[Shal8]

[Vol17]

NC RATIONAL FUNCTIONS IN THE FOCK SPACE 6749

Dmitry S. Kaliuzhnyi-Verbovetskyi and Victor Vinnikov, Singularities of rational
functions and minimal factorizations: the noncommutative and the commutative set-
ting, Linear Algebra Appl. 430 (2009), no. 4, 869-889, DOI 10.1016/j.1aa.2008.08.027.
MR2489365

Dmitry S. Kaliuzhnyi-Verbovetskyi and Victor Vinnikov, Foundations of free non-
commutative function theory, Mathematical Surveys and Monographs, vol. 199,
American Mathematical Society, Providence, RI, 2014, DOI 10.1090/surv/199.
MR3244229

Jeremy Levick and Robert T. W. Martin, Matriz N-dilations of quantum channels,
Oper. Matrices 12 (2018), no. 4, 977-995, DOI 10.7153/0am-2018-12-59. MR3890745
J. E. Pascoe, The outer spectral radius and dynamics of completely positive maps.
arXiv:1905.09895, 2019.

Gelu Popescu, von Neumann inequality for (B(H)™)1, Math. Scand. 68 (1991), no. 2,
292-304, DOI 10.7146 /math.scand.a-12363. MR1129595

Gelu Popescu, Multi-analytic operators on Fock spaces, Math. Ann. 303 (1995), no. 1,
31-46, DOI 10.1007/BF01460977. MR1348353

Gelu Popescu, Free holomorphic functions on the unit ball of B(H)™, J. Funct. Anal.
241 (2006), no. 1, 268-333, DOI 10.1016/j.jfa.2006.07.004. MR2264252

Gelu Popescu, Similarity problems in noncommautative polydomains, J. Funct. Anal.
267 (2014), no. 11, 4446-4498, DOI 10.1016/j.jfa.2014.09.023. MR3269883

S. Richter, Free outer functions in complete Pick spaces, Conference Presentation at
“Operator related Function Theory”, 2019.

Guy Salomon, Orr M. Shalit, and Eli Shamovich, Algebras of noncommutative
functions on subvarieties of the moncommutative ball: the bounded and completely
bounded isomorphism problem, J. Funct. Anal. 278 (2020), no. 7, 108427, 54, DOI
10.1016/j.jfa.2019.108427. MR4053626

Eli Shamovich, On fized points of self maps of the free ball, J. Funct. Anal. 275
(2018), no. 2, 422-441, DOI 10.1016/j.jfa.2018.03.004. MR3802489

Jurij Vol¢i¢, On domains of noncommutative rational functions, Linear Algebra Appl.
516 (2017), 69-81, DOI 10.1016/j.1aa.2016.11.031. MR3589705

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF FLORIDA, GAINESVILLE, FLORIDA
Email address: mjury@ad.ufl.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MANITOBA, WINNIPEG, MANITOBA, CANADA
Email address: Robert.Martin@umanitoba.ca

DEPARTMENT OF MATHEMATICS, BEN-GURION UNIVERSITY OF THE NEGEV, BE’ER SHEVA, Is-

RAEL

Email address: shamovic@bgu.ac.il

Licensed to Univ of Florida. Prepared on Thu Jun 16 12:25:33 EDT 2022 for download from IP 128.227.231.12.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use


https://www.ams.org/mathscinet-getitem?mr=2489365
https://www.ams.org/mathscinet-getitem?mr=3244229
https://www.ams.org/mathscinet-getitem?mr=3890745
https://arxiv.org/abs/1905.09895
https://www.ams.org/mathscinet-getitem?mr=1129595
https://www.ams.org/mathscinet-getitem?mr=1348353
https://www.ams.org/mathscinet-getitem?mr=2264252
https://www.ams.org/mathscinet-getitem?mr=3269883
https://www.ams.org/mathscinet-getitem?mr=4053626
https://www.ams.org/mathscinet-getitem?mr=3802489
https://www.ams.org/mathscinet-getitem?mr=3589705

	1. Introduction
	2. Preliminaries
	2.1. Domains and realizations of NC rational functions
	2.2. A conjugation on Fock space

	3. Isomorphy of NC rational functions and kernels in Fock space
	3.1. NC Szegö kernels are NC rational functions
	3.3. NC rational functions in Fock space are NC kernels

	4. Regularity of NC rational functions in Fock space
	4.5. Singularity loci and spectra of NC rational functions

	5. Inner-outer factorization of NC rational functions in the Fock space
	6. Inner-outer factorization of NC polynomials
	References

