A CASE STUDY ON STOCHASTIC GAMES ON LARGE

GRAPHS IN MEAN FIELD AND SPARSE REGIMES

DANIEL LACKER AND AGATHE SORET

ABSTRACT. We study a class of linear-quadratic stochastic differential games
in which each player interacts directly only with its nearest neighbors in a given
graph. We find a semi-explicit Markovian equilibrium for any transitive graph,
in terms of the empirical eigenvalue distribution of the graph’s normalized Lapla-
cian matrix. This facilitates large-population asymptotics for various graph
sequences, with several sparse and dense examples discussed in detail. In par-
ticular, the mean field game is the correct limit only in the dense graph case,
i.e., when the degrees diverge in a suitable sense. Even though equilibrium
strategies are nonlocal, depending on the behavior of all players, we use a cor-
relation decay estimate to prove a propagation of chaos result in both the dense
and sparse regimes, with the sparse case owing to the large distances between
typical vertices. Without assuming the graphs are transitive, we show also that
the mean field game solution can be used to construct decentralized approximate
equilibria on any sufficiently dense graph sequence.
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1. INTRODUCTION

Mean field game (MFG) theory has enjoyed rapid development and widespread
application since its introduction over a decade and a half ago by [23, 29]. It
provides a systematic framework for studying a broad class of stochastic dynamic
games with many interacting players, in terms of limiting models featuring a con-
tinuum of players which are often more tractable. There are by now various
rigorous results justifying the MFG approximation. On the one hand, the equilib-
ria of n-player games can be shown to converge to the MF'G limit under suitable
assumptions. On the other hand, a solution of the continuum model may be used
to construct approximate equilibria for the n-player model with the particularly
desirable properties of being decentralized and symmetric, in the sense that each
player applies an identical feedback control which ignores the states of all other
players. We refer to the recent book of [9] for a thorough account of MFG theory
and its many applications.

A key structural assumption of the MFG paradigm is that the players inter-
act symmetrically, i.e., through an empirical measure which weights each player
equally. In many natural situations, however, players do not view each other as
exchangeable and instead interact directly only with certain subsets of players
to which they are connected, e.g., via some form of a graph or network. This
is the purview of the broad field of network games, and we refer to [24] for a
representative overview of mostly static models.

Our paper contributes to a very recent line of work bridging MFG theory and
network games by studying n-player stochastic dynamic games in which inter-
actions are governed by a graph G, on n vertices. (When G, is the complete
graph we recover the traditional MFG setting.) Roughly speaking, the goal is to
understand the robustness of the mean field approximation and, when it fails, a
substitute. Somewhat more precisely, two central questions are:

(1) For what kinds of graph sequences {G},} is the usual MFG approximation
still valid?

(2) What is the right limit model for a general sequence {G,}, and how well
does it approximate the corresponding n-player game?

Little progress has been made so far toward a systematic understanding of these
questions. The recent paper of [13] addresses (1) when G,, = G(n,p) is the Erdds-
Rényi graph on n vertices with fixed edge probability p € (0,1), showing that
the usual MFG limit is still valid. More recently, [I7] study a linear-quadratic
model very similar to ours, but only considering directed path or cycle graphs. In
another direction, recent efforts on (2) have proposed continuum models based on
graphons, which describe limit objects for general dense graph sequences ([30]).
See recent work on graphon games for the static case ([8, [36]) or graphon MFGs
in the dynamic case ([5], 19, [40]).
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The combination of network, dynamic, and game-theoretic effects is essential
for many recent models of large economic and financial systems, and several recent
studies have attacked specific models combining some of these features; see [0, [10,
16l B3] and references therein. Even without game-theoretic (strategic) features,
incorporating network effects into large-scale dynamic models already presents
many mathematical challenges, which very recent work has begun to address;
see [2, 12, B2] and [14] 28, B34] for studies of dense and sparse graph regimes,
respectively. Notably, prior work studied dense graph regimes, and most questions
in the sparse regime (roughly defined as finite limiting neighborhood sizes) remain
open, as was highlighted in particular in the recent paper of [5].

The purpose of our article is to give comprehensive answers to (1) and (2), in
both dense and sparse regimes, in the setting of a specific yet rich linear-quadratic
model, inspired by the systemic risk (flocking) model of [I0]. For a suitably dense
graph sequence {G,} (meaning roughly that the degrees diverge as n — o0),
we show (in Theorem that the classical construction of MFG theory is still
valid: The MFG equilibrium gives rise to a sequence of decentralized and symmetric
approximate Nash equilibria for the n-player games. The dense regime includes the
complete graph, the Erdds-Rényi graph G,, = G(n,p,) with np, — oo, and many
others. Our findings in the dense case conform to an increasingly well-understood
principle of statistical physics, that (static) interacting particle systems (e.g., the
Ising model) on sufficiently dense and regular graphs tend to behave like their mean
field counterparts (e.g., the Curie-Weiss model); see [I] and references therein.

The case of sparse graphs is more delicate, and the MFG approximation is no
longer valid. Here we restrict our attention to (vertex) transitive graphs, which
intuitively “look the same” from the perspective of any vertex (see Definition
; transitive graphs have rich enough symmetry groups to make up for the
lack of exchangeability. We compute the Markovian Nash equilibrium explicitly
(in Theorem [2.5), up to the solution of a one-dimensional ordinary differential
equation (ODE) governed by the empirical eigenvalue distribution of the Laplacian
of the graph (i.e., the rate matrix of the simple random walk). As a consequence,
we show (in Theorem that for a given graph sequence {G,}, the limiting
law can be computed for a typical player’s state process, under the assumption
that the empirical eigenvalue distributions of the Laplacian matrices of the graphs
converge weakly. We also discuss (in Section similar and much simpler results
for the corresponding cooperative problem, which we can explicitly solve for any
graph (not necessarily transitive).

The eigenvalue distribution of a graph Laplacian is reasonably tractable in
many interesting cases. The dense graph case is precisely the case where the
eigenvalue distribution converges weakly to a point mass. In the sparse case, the
eigenvalue distribution converges to a non-degenerate limit, and we characterize
the much different n — oo behavior in terms of this limit. We do not have a
complete answer to (2) in the sparse case, as it remains unclear how to identify
the limiting dynamics intrinsically, without relying on n — oo limits of n-player
models. In contrast, the MFG framework identifies an intrinsic continuum model,
the solution of which agrees with the n — oo limit of the n-player equilibria. See
Section for further discussion of this point.
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A crucial challenge in the sparse setting is that equilibrium controls are not
local, even at the limit. Even though each player’s cost function depends only
on the player’s neighbors, the equilibrium (feedback) control depends on the en-
tire network, requiring each player to look beyond its nearest neighbors or even
its neighbors’ neighbors. That said, we prove a correlation decay estimate (Pro-
position , which shows that the covariance of two players’ equilibrium state
processes decays to zero with graph distance between these players. Correlation
decay is interesting in its own right, as it illustrates that asymptotic independence
of players can arise both in a dense graph (because degrees are large) and a sparse
graph (because typical vertices are very far apart). In addition, we use correlation
decay crucially in proving the convergence of the empirical distribution of state
processes in equilibrium to a non-random limit (propagation of chaos), for large
graph sequences {G,,}.

The key mathematical difficulty in the paper lies in the semi-explicit solution of
the n-player game. As is standard for linear-quadratic n-player games, we reduce
the problem to solving a coupled system of n matrix differential equations of
Riccati type. Riccati equations of this form do not often admit explicit solutions,
but assuming the graph is transitive gives us enough symmetry to work with to
derive a solution.

2. MAIN RESULTS

In this section we present all the main results of the paper, and we defer
proofs to later sections. We first give the precise setup of the n-player game
(Section . After describing the semi-explicit solution of the equilibrium for
transitive graphs (Section [2.2), we then consider the large-n behavior (Sections
and , paying particular attention to the distinction between the sparse and
dense regimes. Finally, we discuss the analogous cooperative game (Section .

2.1. The model setup. In this section we define a stochastic differential game
associated to any finite graph G = (V, E). All graphs will be simple and undir-
ected. We abuse notation at times by identifying G with its vertex set, e.g., by
writing v € G instead of v € V. Similarly, we write |G| = |V| for the cardinality
of the vertex set, and R = RY for the space of vectors indexed by the vertices.

Each vertex v € V' is identified with a player, and we associate to this player
a state process on time horizon 7' > 0 with dynamics

(2.1) dXC(t) = a,(t, X (t))dt + cdW,(t), t€[0,T],

where o > 0 is given, (W,),ecy are independent one-dimensional standard Brownian
motions defined on a given filtered probability space (Q, F,F,P), and X¢ =
(X&) ey is the vector of state processes. Players choose controls a, from the set of
(full-information) Markovian controls Ag, defined as the set of Borel-measurable
functions « : [0,7] x RV — R such that
|a(t, )
sup < 00.
o), rxrv 1+ |z

For any ag,...,q, € Ag, the SDE system (2.1) has a unique strong solution by
a result of [41] (see also [27, Theorem 2.1]). The given initial states X“(0) =
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(X5(0))yey are assumed non-random, and in many cases we will set them to zero
for simplicity.

Each player v € V faces a quadratic cost function J¢ : AY% — R that depends
on the state processes of her nearest neighbors. For a non-isolated vertex v, we
set

(2.2)

1

JE((a)uey) = L / la(t, XO ()Pt + ¢

XE(T)
2 0

72 X(T)

u~v

degG

where ¢ > 0 is a fixed constant, deg(v) denotes the degree of vertex v, and u ~ v
means that (u,v) is an edge in G. For an isolated vertex v (i.e., if degy(v) = 0),
we set

T
(2.3) JC (o)uev) == %E [/ o (t, X () [2dt + c|XUG(T)|1 .
0

Remark 2.1. We gain little generality by allowing GG to be disconnected. Indeed,
restricting attention to the connected components of GG yields decoupled games of
the same form, which we can study separately. But when we discuss Erdés-Rényi
and other random graphs, it is useful to fix a convention for how to handle isolated
vertices. When discussing random graphs, we work always in the quenched regime,
with the realization of the graph frozen in the computation of the costs.

In comparison to the usual settings of mean field games (MFGs), the key
feature here is that the players do not interact with each other equally, but rather
each player interacts (directly) only with her nearest neighbors in the graph. The
form of the cost function implies indeed that each player, in addition to minimizing
a standard quadratic energy term, will try to be as close as possible to the average
of her nearest neighbors at the final time. For this reason, we can think of this as
a flocking model. The benchmark case to keep in mind is where G is the complete
graph on n vertices, which corresponds to the usual MFG setup.

The first goal is to find a Markovian Nash equilibrium for this game, form-
ally defined as follows, along with some generalizations. We write Ry = [0, 00)
throughout the paper.

Definition 2.2. For a graph G on vertex set V = {1,...,n} and a vector € =
(€:)i_; € R, we say that a vector o* = (o)L, € A of admissible strategies is a
(Markovian) €-Nash equilibrium on G if

JE(a) < inf JE(af, ., 0, ) dE, Yi=1,...,n.
acAg
The corresponding equilibrium state process X¢ = (X&), is the solution of the
SDE
dXE(t) = ai(t, XC(t))dt + odWi(t).

When the graph is understood from context, we may omit the qualifier “on G.”
When ¢ = --- = ¢, = € for some ¢ > 0, we refer to a* as a e-Nash equilibrium
instead of a (¢, ..., €)-Nash equilibrium. Naturally, a 0-Nash equilibrium is simply
called a Nash equilibrium.
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The notion of e-Nash equilibrium for ¢ > 0 is standard and means that no
player can reduce her cost by more than € by a unilateral change in control. The
more general notion of € = (¢;);-Nash equilibrium stated here is less standard,
and it simply means that different players may stand to improve their costs by
different amounts. Of course, a € = (¢;)I;-Nash equilibrium is also a §-Nash
equilibrium for ¢ = max] ,¢. DBut this distinction will be useful in asymp-
totic statements (as in the discussion after Theorem , because the statement
lim,, o0 % Sor et =0 1is of course much weaker than lim, . max} ; ! = 0 for
triangular arrays {e : 1 <i <n} C R;.

2.2. The equilibrium. To solve the game described in Section [2.1, we impose
a symmetry assumption on the underlying graph. Let Aut(G) denote the set of
automorphisms of the graph G = (V| E), i.e., bijections ¢ : V' — V such that
(u,v) € E if and only if (¢(u),¢(v)) € E. One should think of an automorphism
as simply a relabeling of the graph.

Definition 2.3. We say G is (vertez) transitive if for every u,v € V there exists
¢ € Aut(G) such that p(u) = v.

Essentially, a transitive graph “looks the same” from the perspective of each
vertex. Importantly, the game we are studying is clearly invariant under actions of

Aut(G), in the sense that the equilibrium state process (if unique) should satisfy

(X pev L (Xg(v))uev for each ¢ € Aut(G). In the MFG setting, i.e., when G is

the complete graph, Aut(G) is the set of all permutations of the vertex set, and the
Aut(G)-invariance of the random vector X ¢ is better known as exchangeability.
For a general graph, Aut(G) is merely a subgroup of the full permutation group,
and we lose exchangeability. While the transitivity of GG is a strong assumption,
it is not surprising that a sufficiently rich group of symmetries would help us
maintain some semblance of the tractability of MFG theory which stems from
exchangeability. Transitivity, in particular, ensures that we still have X¢ 2 X¢
in equilibrium, for each v,u € V.

We need the following notation. Let Ag denote the adjacency matrix of a
graph G on n verties, and let Dg = diag(degs(1), ...,degs(n)) be the diagonal
matrix of the degrees. If G has no isolated vertices (i.e., all degrees are nonzero),
we define the Laplacianﬂ by

Lg = Dg'Ag — I,

where [ is the identity matrix. It is easy to see that a transitive graph G is always
reqular, meaning each vertex has the same degree, which we denote §(G). The
Laplacian matrix then becomes Lg = ﬁAG — I, which is notably a symmetric
matrix.

Remark 2.4. Throughout the paper, we will make frequent use of the fact that
L¢ has real eigenvalues, all of which are between —2 and 0. Indeed, note that
Lo = D(_;l/QLGD};/2 where Lg = Dal/QAgDal/z — [ is the symmetric normalized
Laplacian, and thus the eigenvalues of Ls and Lg are the same; the properties of

n the literature, there are several different matrices derived from a graph which go by the

name Laplacian. Our matrix Lq is sometimes called the random walk normalized Laplacian (or
the negative thereof).
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L¢ are summarized by [IT} Sections 1.2 and 1.3]. Note that the all-ones vector is
an eigenvector of Ls with eigenvalue 0.

Our first main result is the following:

Theorem 2.5 (Characterization of equilibrium on transitive graphs). Suppose G
1s a finite transitive graph on n vertices without isolated vertices. Define Q¢ :
R+ — R+ by

(2.4) Qc(x) := (det(I — zLe))V™,  forz € R,

Then Qg : Ry — Ry is well defined and continuously differentiable, and there
exists a unique solution fg : [0, T] — R, to the ODE

fa(t) = cQe(fa(t),  fo(0)=0.
Define Pg : [0, T] — R™™ by
(2.5) Pa(t) == —fo(T = t)Le (I — fo(T =)L) ™,
and finally define o € Ag fori € G by
af(t,x) = —el Po(t)z,

where (ey)veq is the standard Euclidean basis in RY. Then (af)ieq is a Nash
equilibrium. For each t € (0,T), the equilibrium state process X (t) is normally
distributed with mean vector (I — fa(T —t)La)(I — fo(T)Lg) 1 X%(0) and cov-
artance matrix

o*(I — fo(T —t)Lg)? /Ot(f — fa(T — s)Lg) 2ds.

Finally, writing | - | for the Euclidean norm, the time-zero average value is
1 3 [P(0)X(0) o, Tr(Pe(0))
(26) - VallG) =7 2 (e)iee) = Soqpy) T 2 B g

veG

The proof is given in Section . As usual, we first reduce our (linear-quadratic)
game to a system of matrix differential equations of Riccati type in Section [4.2]
In our setting we can explicitly solve these Riccati equations using symmetry
arguments based on the transitivity assumption. In Section we discuss an
extension of Theorem to a more general class of matrices L, or equivalently to
weighted graphs, satisfying a suitable generalization of the transitivity assumption.

It is important to note that the equilibrium controls o obtained in Theorem
[2.5] are nonlocal, in the sense that the control of player i depends on the states
of all of the players, not just the neighbors. Naive intuition would suggest that
players should only look at the states of their neighbors, because the objective of
each player is to align at time T" with those neighbors. On the contrary, a rational
player anticipates that her neighbors will in turn try to align with their own
neighbors, which leads the player to follow the states of the neighbors’ neighbors,
and similarly the neighbors’ neighbors’ neighbors, and so on.

It is worth noting that in the setting of Theorem we have

%fo(z)] = X0,

veG veG

E
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That is, the average location of the players stays constant over time, in equilibrium.
Indeed, this follows easily from the formula for the mean E[X(¢)] and from the
fact that the vector of all ones is an eigenvector with eigenvalue 0 for the symmetric
matrix Lq.

We suspect that the Markovian Nash equilibrium identified in Theorem is
the unique one. This could likely be proven using similar arguments to those of
[9, Section 11.6.3.1], but for the sake of brevity we do not attempt to do so.

2.3. Asymptotic regimes. The form of the equilibrium computed in Theorem
lends itself well to large-n asymptotics after a couple of observations. First,
for simplicity, we focus on the case X%(0) = 0. Transitivity of the graph G (or

Lemma ensures that X (¢) L X¢(t) for all i, j € G and t > 0, and we deduce
that each X (t) is a centered Gaussian with variance

Var(XC (1)) = - 3 Var(Xf (1)

2

Spa [(1 (T — 1) Le)? /0 (I — JolT — $)Le)%ds
en T [ () -

where \{, ..., A\ are the eigenvalues of L, repeated by multiplicity. The average

over k = 1,...,n can be written as an integral with respect to the empirical
eigenvalue distribution,

1 n
2.8 = — E )
( ) ha n — PYSE

which we recall is supported on [—2,0], as in Remark . The other quantities
in Theorem can also be expressed in terms of ug. Indeed, the value Val(G)
becomes

nfo(T) 2
and the function Q)¢ defined in (2.4) becomes

. TH(P(0) o / -\
[

(29)  Val(G) = -7 yHa(dA),

o0 L= fa(T)

n 1/n
Qc(z) = <H(1 - x)f)) = exp/ log(1 — z\) pg(dN).
Thus, if we are given a sequence of graphs G,, such that ug, converges weakly
to some probability measure, it is natural to expect the equilibrium computed in
Theorem to converge in some sense. This is the content of our next main
result, which we prove in Section [7}

Theorem 2.6 (Large-scale asymptotics on transitive graphs). Let {G,} be a se-
quence of finite transitive graphs without isolated vertices, with lim,,_,.. |G,| = oc.
Let X% denote the equilibrium state process identified in Theorem started
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from initial position X% (0) = 0. Suppose g, converges weakly to a probability
measure i, and define Q, : Ry — Ry by

Quz) = exp/[ ] log(1 — zA) pu(dA).
—2,0
Then the following holds:
(1) There exists a unique solution f, :[0,T] = Ry of the ODE

(2.10) St = cQufu(),  fu(0) =0.

(2) For any vertex sequence k, € G, and any t € [0,T], the law of X,gl" (t)
converges weakly as n — oo to the Gaussian distribution with mean zero
and variance

(2.11) V(t) = 0 /Ot /[_2’0] G:;;:g:g)Qu(dA)ds.

(3) For anyt € [0,T], the (random) empirical measure \G_lnl > icG. 0xGn (y) COT-

verges weakly in probability as n — oo to the (non-random) Gaussian
distribution N (0, V,(t)).
(4) The time-zero values given in (2.6) with X% (0) = 0 converge:

2 -

2.12 lim Val(G,) = — =1 / T (dN).
(212) S Val(G) = = og | G el

There are many concrete graph sequences {G,,} for which ug, can be shown to
converge to a tractable (typically continuous) limiting measure, and we document
several notable cases in Section 2.4l The Laplacian spectrum is in fact quite
tractable and well-studied. There is a substantial literature on the eigenvalues
of Laplacian (and other) matrices of graphs ([I1], 22]), which are well known to
encode significant structural information about the graph.

In addition, graph convergence concepts like local weak convergence are known
to imply weak convergence of the spectral measure ([3]); see Section for some
further discussion.

Remark 2.7. We develop in Section [3] some noteworthy qualitative and quantit-
ative properties of the equilibrium variance V),(t) given in . We show in Pro-
positionthat V.(0) = 0, Vi(0) = ¢, and V/(0) = =20°(f/(T))?/cQu(fu(T)).
In particular, for short times, the leading-order behavior V,,(t) = ot + o(t) does
not depend on the underlying graph. It is only at the second order or at longer
time horizons that the influence of the graph is felt.

Remark 2.8. The restriction to X%*(0) = 0 in Theorem is merely to simplify
the resulting formulas. One could easily accommodate the more general setting
in which the empirical measure of initial states converges to some limiting distri-
bution. (Note, however, that if the graph is not transitive, then general initial
states may confound the convergence analysis; see [12], and especially Remark 1.2
therein for a relevant discussion of uncontrolled models.) In addition, a functional
version of Theorem can likely be derived under no further assumptions, in
which the Gaussian process (X ,SL "(t))iejo,r) converges weakly in C'([0,77) to a lim-
iting Gaussian process. We omit these generalizations, as the more complicated
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statements do not shed any light on the role of the network structure, which is
the main focus of our work.

2.3.1. Dense graphs. 1f GG, is the complete graph, then it turns out that pg, =
%50 + ”T_ld,n/(n,l) — 0_1, which leads to a simpler form for the limiting law
in . More generally, the case pg, — -1 represents a “dense” regime, as
described in the following result. Recall that all transitive graphs are regular,
meaning each vertex has the same degree. The following is proven in Section [7.3f

Corollary 2.9 (Large-scale asymptotics on dense transitive graphs). Suppose
{G,} is a sequence of transitive graphs, and suppose each vertex of G, has com-
mon degree 6(G,) > 1. Then ug, — 0_1 if and only if 6(G,) — oo. In this case,

the limiting variance (2.11)) and value (2.12)) simplify to

5, 1+¢(T—1)

2
(2.13) Vs (t) = o™ lim Val(G,) = % log(1 + ¢T).

1 —+ cT ’ n—o0o
Moreover, there is a constant C' < oo, depending only on ¢ and T, such that
(2.14)

Ve, (1) — Vs, (8)] + |Val(G,) — 2 log(1 + ¢T)| < C/8(G,), VYneN, te0,T).

Finally, the Gaussian law N(0,Vs_ (t)) is precisely the time-t law of the unique
solution of the SDE

cX(t)

(2.15) X0 =15 07—

dt + ocdW(t), X(0)=0.

Corollary shows that the dense regime is particularly tractable. In particu-
lar, the mean field case (where G,, is the complete graph) is universal in the sense
that the same limit arises for any other transitive graph sequence with diverging
degree. Moreover, the rate C'/§(G,,) in becomes C'/n in the mean field case,
which is the best-known convergence rate for the value functions of well-behaved
MFGs ([7, Theorem 2.13]).

Remark 2.10. We show in Proposition that the dense graph regime uniquely
achieves the lowest possible variance; precisely, we have V,,(t) > Vs | (), recalling
the definitions and , with equality only when g = 6_;. The example
of the torus graphs in Section below illustrates what appears to be a general
principle, that a highly connected graph has smaller variance in equilibrium. This
makes intuitive sense, as a higher degree means each player has a larger set of
neighbors to be attracted toward.

Our next result shows that in the dense regime we may use the limiting object
to construct approximate equilibria for n-player games on general large dense
graphs (not necessarily transitive), in the same way that the equilibrium of a
MFG can be used to build approximate equilibria for finite games.

Theorem 2.11 (Approximate equilibria on general dense graphs). Suppose G is
a finite graph. For each vertex v of G, define a control
cr,

MF G
a, (t,x) =—, te|0,T], = (ry)ueq € R".
v (7 ) 1 C(T t): [7 ]7 (x)EG
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Finally, define € = (€5),ec € RS by

€y " 1+cT degq (v)

0 if deg(v) = 0.

Then, for each n, (aM¥),cq is an €¥-Nash equilibrium on G. In particular, zﬁ

v

T cI'(2+cl)
"7 1rer\ 1veG)

€G- where  §(G) = Hélél dege(v),

then (M) e is a eg-Nash equilibrium on G.

We use the notation oMt because this is precisely the control one obtains from
the corresponding MFG (see Lemma [7.2)).

Hence, Theorem [2.11] says that on a graph sequence with “diverging degree”
in some sense, the MFG provides a (decentralized, symmetric) approximate Nash
equilibrium. More precisely, if {G,} is a sequence of graphs with diverging min-
imal degree 6(G,) — oo, then the controls a™ := (a}F),cq, form an ez, -Nash
equilibrium for each n with lim, g, = 0. Of course, the now-classical theory of
MFGs tells us the same thing when G, is the complete graph (see, e.g., [9, Section
I1.6.1], or [23, Theorem 12] for the standard rate of e, = O(1/y/n)), but Theorem
[2.17] gives a threshold of how dense the graph needs to be in order for the mean
field approximation to remain valid. The constant eg, shows quantitatively how
the accuracy of the mean field approximation depends on the “denseness” of the
graph, as measured by the minimal degree. Some examples beyond the complete
graph will be discussed in Section below.

In fact, we may relax the denseness threshold if we are happy to assert that
(aMF) cq, form an approximate equilibrium in a weaker sense, suggested by the
most general form of Definition . A small fraction of players (namely, those
with small degree) might have a lot to gain by deviating, but this potential gain
from deviation is small when averaged over all players. Precisely, suppose that
instead of the minimum degree diverging, we suppose merely that degrees diverge
in the following averaged sense:

(2.16) lim

n—oo |G|

> (1 Vdegg, (v)"? =0.

’UGGTL

Then (a¥),ec, is an €-Nash equilibrium, and lim,, £ 3°7 | € = 0.

In summary, different manners of quantifying the concept of approximate equi-
librium lead to different sparsity/denseness thresholds for the validity of the mean
field approximation. The Erdds-Rényi case in Section gives a concrete ex-

ample.

2.3.2. Correlation decay and asymptotic independence. Before discussing examples,
we lastly present an estimate of correlation decay, which is crucial in the proof
of convergence of the empirical measure in Theorem [2.6] and which also reveals
what form of asymptotic independence between the players can be expected. See
Section [6] for the proof:

2As usual, we write a V b := max{a, b}.
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Proposition 2.12 (Correlation decay on transitive graphs). Let G be a finite
transitive graph without isolated vertices, and let X© denote the equilibrium state
process identified in Theorem . Suppose each vertex of G has degree 6(G) € N.
For vertices u,v € G, let dg(u,v) denote the graph distance, defined as the length of
the shortest path from u to v (and 0o if no such path exists). Let~y = cT'/(14+cT") €
(0,1). Then

736 (1 4 dg(u, v)(1 — 7)) .
S(@)(1—7)? atnmseck

(2.17)  |Cov(XE(t), XE ()| < 207t

Note that the right-hand side of is a bounded function of §(G) and
dg(u,v). If G, is the complete graph on n vertices (i.e., the mean field case),
then §(G,) = n —1 — oo, and each pair of players (in equilibrium) becomes
asymptotically independent as n — oo. This is an instance of the phenomenon of
propagation of chaos for mean field systems. More generally, this remains true for
any dense graph sequence, i.e., whenever 6(G,) — oc.

On the other hand, the picture is rather different for a sparse graphs sequence,
i.e., when sup,, §(G,,) < 0o. An arbitrary pair of players can no longer be expected
to become asymptotically independent as n — oo, but only distant players. More
precisely, two players u,,v, € G, become asymptotically independent only if
da, (Un,v,) — 00 (since v < 1). For a transitive graph sequence with |G,,| —
oo and sup, §(G,) < oo, it is always the case that the distance between two
uniformly random vertices converges to infinity in probability, and it follows that
two (uniformly) randomly chosen players are asymptotically independent.

In summary, for a sequence of (transitive) graphs G,, with |G,| = oo, asymp-
totic independence of a typical pair of players arises for one of two quite distinct
reasons. Kither:

(1) The degree diverges, and each player interacts with many other players,
with pairwise interaction strengths of order 1/§(G,,) — 0.

(2) The degrees stay bounded, but typical players are very far apart in the
graph and thus very weakly correlated.

The correlation decay estimate of Proposition is the key ingredient which
allows us to deduce Theorem [2.6[(iii) from Theorem [2.6{ii), i.e., to prove the em-
pirical measure convergence. Indeed, we will use this covariance bound along with
the Gaussian Poincaré inequality to prove that X5 (¢) and X$7(t) are asymptot-
ically independent as n — oo, when u,, and v,, are independent uniformly random
vertices in G, for each n. That is, (XS (¢), XS (t)) converges in joint law to
N(0,V,(t))®2%. By a standard propagation of chaos argument, this is equivalent
to the convergence of the empirical measure ﬁ Y icc, 0 xGny) tO N(0,V,(t)). See
Section [Z.1.2] for details.

Moreover, the empirical measure convergence is also equivalent to the conver-
gence in joint law of (XUC;" ()5, to N(0,V,(£))®* as n — oo for fixed k > 2, where
s k) are either independent uniformly random vertices or a uniformly ran-
dom choice from the n(n —1)---(n — k+ 1) possible k-tuples of distinct vertices.
Thus, in both the sparse and dense regime, we obtain a full picture of propagation
of chaos, up to a randomization of the choice of vertices.

(vh, ... v
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2.4. Examples. In this section we specialize the results of Section to a short
(and by no means exhaustive) list of somewhat tractable natural large-graph mod-
els. We focus on cases where the minimum degree and /or the empirical eigenvalue
distribution of the graph are tractable, as these quantities are particularly relevant
to the main results of Section 2.3

2.4.1. The complete graph. Let us summarize what we have mentioned regarding
the simplest (mean field) case, where G, is the complete graph on n vertices. In
this case, the Laplacian matrix takes the form

1

n—1

Lg, =

n

(J=1)—1,

where J is the matrix of all ones. From this we easily deduce that the eigenvalues of
Lg, are 0 and ——=+, with respective multiplicities 1 and n—1. Hence, ug, — d_1,
and the degree §(G,) = n — 1 — oo. The complete graph is of course transitive,
and all of our main theorems apply, in particular Corollary [2.9]

In the complete graph setting, our model essentially becomes the € = ¢ = 0
case of [10]. The only difference is that in [I0] each player is included in the
empirical average; that is, the terminal cost of player k is ]% S"x; — x1)? instead
of |15 37, i T — xx|*. This can easily be fit into our framework, as the following
remark explains.

Remark 2.13. For a finite transitive graph G without isolated vertices, every
vertex has a common degree §(G). Letting N,(G) denote the union of {v} and
the set of neighbors of a vertex v in G, we can write the terminal cost function for
player v as

1
mzxu_xv

u~v

9 2

(@) +1\?] 1
‘( 5(G) ) 5<G>+1%NZU(G)””“‘””“

Hence, we can modify our setup so that each each player is included in the average
in the terminal cost, simply by modifying the constant ¢ by a factor of (1 +
1/6(G))*.

2.4.2. The cycle graph. Suppose now that G, = C,, is the cycle on n vertices.
This is a transitive graph in which every vertex has common degree 6(C,,) = 2.
The adjacency matrix A¢, is a circulant matrix, which makes it easy to calculate
the eigenvalues as 2 cos(27wk/n) for k = 1,...,n. The eigenvalues of the Laplacian
Le, = 3Ac, — I are thus A\ = cos(27mk/n) — 1 for k= 1,...,n. In this case, for
a bounded continuous function f we compute

/fdﬂcn = %kgn:f(cos(%rk‘/n) —-1)— /01 f(cos(2mu) — 1) du, asn — oo,
—1

which shows that p¢, converges weakly to the probability measure p given by the

dx

law of cos(27U) — 1, where U is uniform in [0, 1], i.e., u(dx) = 1_a (x)ﬁ
The function @, in Theorem [2.6]is then

(2.18) Qu(z) = exp /01 log (1 + = — z cos(2mu)) du, x > 0.
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In Section we derive a semi-explicit solution of the ODE ([2.10)) in this setting:

Proposition 2.14. Define Q,, as in (2.18). Then Q,(z) = %(\/1 +2r+z+1),
and the unique solution of the ODE f(t) = cQ,,(f.(t)) with f.(0) = 0 is given by

fu(t) = ! (10g2 + Ct; 1> )

where ®~1 is the inverse of the strictly increasing function ® : Ry — R, defined
by

®(z) :=log(l+vV1+2z) — V14 2z +2z+ 3.
The variance from ([2.11]) then becomes

2
(cos(2mu) — 1)@~ 1 <]0g2 + %)
219 =0 du ds.
( Vi
1 — (cos(2mu) — 1)P~1 (10g2 + %)

This does not appear to simplify further, but Figure |1] gives plots for various ¢
Note that the variance in the dense case is always lower than in the cycle case,
as we show in Proposition In both cases, the variance at any fixed time ¢
decreases with c.

As ¢ — oo, the variance V,,(t) in both the dense and cycle graph cases can
be shown to converge to o?t(T — t)/T, which is the same as that of a Brownian
bridge.

10

0.8 4
Cycle Dense
v 06 + ¢=0 —c=0
z e c=05 -— =05
% ¥ c=1 —-c=1
= 04 * c=3 —4— c=3
< c=20 = c=20

02

0.0

00 02 04 06 08 10

FIGURE 1. Variance of a typical player over time in the dense graph
(line with markers, equation (2.13))) and in the cycle graph (markers
only, equation (2.19)) for different values of ¢. Here T'= o = 1.

2.4.3. The torus. For d € N, consider the torus G,, = Z¢ := Z?/nZ¢. That is, this
graph is the subgraph of the integer lattice Z¢ with vertex set {1,...,n%} and with
“wrapping around” at the boundary. The eigenvalues of L4 are easily computed
from those of L¢,, the cycle graph from the previous section, after noting that
72 is the d-fold Cartesian product of the cycle C,, with itself. In particular, if
G and H are two graphs, and Ag and Ay have eigenvalues (n5),cq and (n7),en
respectively, then the eigenvalues of the adjacency matrix of the Cartesian product
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of G and H are given by (n¢ + nf).cc.e HH In particular, the eigenvalues of Azq
are

d
ZQCOS(QW/{?Z'/TL), k= (k... kg €Z

Noting that each vertex in ZZ has degree 2d, we find that the eigenvalues of
LZ% = Zl—dAZgrlL — I are

d
1
)\f’i‘ = EZCOS(Qﬂki/n)—l, k= (ki,... kq) €Z.
i=1

Hence, for a bounded continuous function f we compute

[ Fuzg = o 3 508 Z f(%lzcos@wki/n)—l)

kezd kg=1

d
1
— f (Zl Zcos(%rui) — 1) du, as m — 0o,
i=1

(0,1}
which shows that jiza converges weakly to the probability measure p given by the

law of éZle cos(2wU;) — 1, where Uy, ..., Uy are independent uniform random
variables in [0, 1]. The function @), in Theorem [2.6|is then

d
log (1 +x— gz cos(27rui)> du.
1 i=1

We cannot evaluate or the solution f of the ODE explicitly, for the
torus of dimension d > 1 (the case d = 1 is the cycle graph). But we can easily do
so numerically. Figure I 2| shows the variance V,,(t) of (2.11] - ) for the torus of various
dimensions, compared with the dense graph case Notably, the variance decreases
with the dimension d, supporting the intuition that a more highly connected graph
leads to a behavior closer to the mean field regime.

(2:20) Qo) = e [

[07

2.4.4. Erdds-Rényi graphs. Most of our main results require a transitive graph and
thus have little to say about classical random graph models, such as Erdés-Rényi,
random regular graphs, or the configuration model, which generate graphs which
are non-transitive with high probability. In particular, in applications of Theorems
and we cannot take any advantage of the vast body of literature on the
behavior of the eigenvalue distribution of the adjacency and Laplacian matrices
of these (non-transitive) random graph models. That said, we mention here some
noteworthy dense random graph models, to which Theorem [2.11|applies and shows
that the MFG approximation is valid.
For the Erdds-Rényi graph G(n, p,,), it is known that as n — oo with lim inf,, np,,/logn >

1, the minimal degree converges to infinity in probability ([I5, Lemma 6.5.2]).
Hence, Theorem [2.11] applies in this regime to give a random sequence ¢, > 0
converging to zero in probability such that (aM¥),cq, is an ¢,-Nash equilibrium
for each n. This is sharp in a sense, because p,, > logn/n is precisely the threshold

3See Chapter 7.14 of [22] for definition of the Cartesian product of graphs and Chapter 9.7
for a derivation of the eigenvalues of the adjacency matrix of a Cartesian product.
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L | p—— Torus 1

Torus 2
0.5 { —%~ Torus 4
—+— Dense

0.4
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Variance
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FI1GURE 2. Variance of a typical player over time in the torus of
dimensions d = 1, 2,4 and the dense case. Here T'=c =0 = 1.

for connectedness: If limsup,, np,/logn < 1, then G(n,p,) contains isolated ver-
tices with high probability (in particular, the minimal degree is 1), and we cannot
expect aMF to be near-optimal for v in a small connected component. This might
be compared to the main result of [13], which keeps p, = p constant as n — oo
and finds likewise that the usual MFG approximation is valid for a class of games
on the Erdds-Rényi graph.

If we relax our concept of approximate equilibrium, as in the discussion after
Theorem [2.11], then we may push the denseness threshold all the way to np, —
oo. That is, if np, — oo, then a straightforward calculation using the fact that
deg, (v) ~ Binomial(n — 1,p,) shows that

E %Z(l V deggn(v))—lml _ z_: (n ; 1)}?2(1 _pn)n_k;_1(1 Vi k)_1/2 =0,

v=1 k=0

which ensures by Theorem that there exist random (graph-dependent) vari-
ables €" = (e)_; such that = >°"_ €7 — 0 in probability and (a)'"),eq, forms a
€"-Nash equilibrium. Note that this threshold np, — oo means that the expected
degree (of a randomly chosen vertex) diverges.

In the extremely sparse (diluted) regime lim, np, = 6 € (0,00), the degree
of a typical vertex converges in law to Poisson(#), and Theorem yields no
information.

These thresholds are in line with recent work on interacting particle systems
(without game or control). For example, interacting particle systems on either the
complete graph or the Erdés-Rényi graph G(n, p,) converge to the same mean field
(McKean-Vlasov) limit as soon as np, — oo ([2,35]). This is clearly the minimal
sparsity threshold for which we can expect a mean field behavior, as evidenced
by recent work in the extremely sparse (diluted) regime where np,, converges to a
finite non-zero constant (28, 34]).

The approach of [I3] given for the Erdés-Rényi case, based on the master
equation, shows promise for a more general theory for dense graph models. But
there are many difficulties to overcome, particularly in obtaining optimal sparsity
thresholds as in our case study. It seems that the arguments of [13] may extend
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to any graph sequence (not necessarily transitive) satisfying the conclusion of
Proposition 7 therein, which is a fairly strong denseness assumption shown so far
to cover the Erdés-Rényi case only when p,, = p is constant. We do not pursue this
any further, and we note also that [I3] deals with open-loop equilibria, whereas
we work here with closed-loop.

2.4.5. Random regular graphs. Random regular graphs are well known to ad-
mit tractable large-scale behavior, in both the dense and sparse regimes. Let
d, € N\ {1}, and let R(n,d,) denote a uniformly random choice of d,,-regular
graph on n vertices. In the dense regime, where d, — oo, Theorem lets
us construct approximate equilibria. In the sparse regime, when d,, = d is con-
stant, the empirical measure jig(,q) is known to converge weakly to an explicit
continuous probability measure p(d\) known as (an affine transformation of) the
Kesten-McKay law (|25 B1]), with density given by

VAd— 1) — @A T 1)
e 2m(1 — (A +1)2) Lipa<evaisay-

Cr(Gn)

The same limit p arises for any sequence G,, of d-regular graphs satisfying lim,,_, Tem

0 for each k € N, where C¢(G,,) is the number of cycles of length k in G, by
[31]. Note that we cannot apply our main results to the random regular graph
G, = R(n,d) for d fixed, because G, is then transitive with vanishing probabil-
ity as n — oo; in fact, GG, has trivial automorphism group with high probability

([26]).

2.5. The cooperative game. For comparison, we discuss the corresponding co-
operative game, which can be solved easily even without assuming transitivity of

the underlying finite graph G = (V, E). In the setup of Section , consider the
optimal control problem

inf JC ().
aeAngZV v( )

Let us abbreviate L = L for the Laplacian. The corresponding Hamilton-Jacobi-
Bellman (HJB) equation is

d(t,x) — 5| Vo(t, z)|? +$02Av(t,a:) =0, (t,z)e (0,T)xRY,
o(T, @) = ¢|Lx|? = s L' La,

and the optimal control is a* = —Vv. Using the ansatz v(t, ) = 2& " F(t)z+h(t),
for some symmetric matrix F'(t),
the HJB equation becomes

1 1 1
ia:TF'(t)a: +h'(t) — EmTFz(t)m + éazTr(F(t)) =0, (t,x)e(0,T)xRY,

with terminal conditions F(T) = cL"L and h(T) = 0. Matching coefficients, we
deduce that F' and h must solve

F'(t) — F2(t) =0, F(T)=cL"L,

W(t)+ 30?Tr(F(t)) =0, W(T)=0.
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We find that the solution to this system is given by
d
Fit)=cL"L(I+¢(T—t)L'L)™! = - log(I + ¢(T —t)L"L),

where the log of the positive definite matrix is defined via power series, and
2

2
h(t) = %Tr log(I + ¢(T — )LL) = % log det(I + c(T — t)LT L).
The optimal control is a(t,x) = —F(t)x, and the optimal state process follows
dX (t) = —F(t) X (t) + cdW (t).
This SDE can be explicitly solved, and the law of X (¢) is Gaussian with mean
(I +c¢TLTLY(I +¢(T —t)L" L)' X (0) and covariance matrix

o’ /t(I + (T —t)L"L)*(I + (T — s)L" L) *ds.

In particular, if the graph G is transitive, we compute for each i € V as in the
beginning of Section [2.3] that

1+ (T — A2\ ?
= d\)ds.
Var(X =0 / /[20 (I—I—CT S))\Q) pe(dA)ds

And if X (0) = 0, then the per-player value is

2
1 inf JC () = LU(O 0) = 7 / log(1 + c¢TA?) pg(dN).
V] acay, = Y \4 2 Jilag

It is interesting to compare these outcomes to the competitive equilibrium com-
puted in Theorem 2.6 In the competitive case, the function f(t) = f,(t) may
be seen as determining the rate of flocking; as f(t) increases over time, players
expend more effort to move toward the average. In the competitive case, this
function depends crucially on the graph, and it simplifies to f(¢) = ¢t in the dense
graph case. In the cooperative case, we always have f(t) = ct, but the solution
is governed by the squared Laplacian instead of the Laplacian itself. Figure
shows the variance over time for the competitive and cooperative solutions on the
(limiting) cycle graph.

In addition to being an interesting point of comparison for the competitive
case, we highlight the cooperative model also in connection with mean field control
theory. We are not the first to study stochastic optimal control problems on large
graphs, but we do not know of much other work other than the recent papers of
[20), 21], which focus on the graphon setting and do not seem to offer any explicit
examples.

2.6. Comments on intrinsic limit models. A key strength of the MFG paradigm
is that it offers an intrinsic model, which gives information about the n-player
equilibrium for large n but which can be analyzed without reference to the latter.
There is no such intrinsic limiting model yet in the graph-based setting, aside
from the recently proposed graphon MFGs for dense regimes ([5), [19]). In the
dense regime, our Theorem says that the usual MFG model already suffices
for the purpose of constructing approximate equilibria. The sparse regime is more
mysterious, and this section comments on some possibilities and difficulties.
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FI1GURE 3. Variance of a typical player over time in the cycle graph,
in the competitive versus cooperative regimes. Here T'=0 =c = 1.

In the sparse regime, it is natural to understand large graphs using the well-
developed notion of local weak convergence. See [39] for a thorough treatment, as
well as [28] [34] for some recent work applying this framework to analyze large-
scale interacting diffusion models on sparse graphs. We will not define local weak
convergence of graphs G,, — G here, but we highlight that it is known to imply
the weak convergence of pg, to a certain spectral measure pe ([3]). This spectral
measure is defined intrinsically on any finite or countable locally finite graph G =
(V,E), by applying the spectral theorem to an appropriately defined Laplacian
operator on the complex Hilbert space ¢2(V'). In the finite (transitive) graph case,
it coincides exactly with the empirical eigenvalue distribution defined in ([2.8)).

Moreover, this formalism suggests an intrinsic description of the n — oo limit,
in the context of Theorem in the sparse case. If G,, converges in the local weak
sense to an infinite graph G, we should expect the limit given in Theorem to
coincide with the equilibrium of the game set on G, defined as in Section but
with some extra care to handle the infinite population. The equilibrium solution
given in Theorem should remain valid in the infinite transitive graph case,
using the Laplacian operator in place of the Laplacian matriz, and being careful
to interpret the countably infinite controlled SDE system in an appropriate (mild)
sense.

But it is not at all clear what we stand to gain from this abstraction. The usual
MFG model, while often described as a model of a continuum of agents, is really
characterized in terms of a single representative player. The natural candidate
for a sparse graph limit model, on the other hand, appears to be a game with
infinitely many players, and it is not clear if any simpler, low-dimensional charac-
terization is possible, even in the transitive case. The recent paper of [28] derives
low-dimensional marginal dynamics for uncontrolled models on regular (and un-
imodular Galton-Watson) trees, but this is only possible when the dynamics are
local in the sense that the drift of X depends only on the neighbors (X&),
This is not the case in equilibrium in our model.
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The issue of non-local equilibrium controls suggests an alternative strategy of
truncating the range of dependence, with each player basing its control only on
those other players within some pre-specified graph distance. This may give rise
to a sequence of more tractable approximate equilibria. We leave this and the
other speculations of this section for future work.

Organization of the rest of the paper. The rest of the paper is devoted to
the proofs of the results stated in this section. We begin in Section [3] with an
analysis of the functions Q)¢ and @), and the ODEs for f; and f, which appear
in Theorems [2.5) and 2.6 Section [4] then gives the proof of Theorem 2.5 This
proof is essentlally a verification argument and does not explain how to derive
the announced solution, so in Section [5| we give a sketch of a direct derivation.
Section [6] proves the covariance bound of Proposition 2.12} Finally, Section [7]

proves Theorem 2.6, Theorem [2.11], and some claims of Section

3. ANALYSIS OF THE ODE

In this section, we derive several useful results about the ODEs encountered in
Theorems and . For a probability measure p on [—2, 0], define the function

(3.1) Qulz) = exp/ log(1 —zA) u(dX), x> 0.
[—2,0]

Note that the support of p ensures that @, (z) is well-defined and infinitely differ-
entiable for z > 0. Note that if u = ug for a finite graph G, recalling the notation
of Section , then @), = Q¢ takes the form of a normalized determinant as in
24).

We restrict to probability measures on [—2, 0] in this section precisely because
e is supported on [—2,0] for every finite graph G, as discussed in Remark .
In addition, because the adjacency matrix of a (simple) graph has zero trace, the
Laplacian matrix of a graph on n vertices therefore has trace —n. In particular,

(3.2) / z pg (de) Z)\G = —Tr (Lg) = —1,
[_2’0}

for a finite graph G on n vertices with Laplacian eigenvalues (A, ..., \%). We
thus restrict our attention to the set Ppa.p of probability measures on [—2, 0] with
mean —1, equipped with the topology of weak convergence (i.e., i, — p in Prap
if [ fdp, — [ fdp for each continuous function f: [—2,0] — R).

We will make repeated use of the following formulas for the first two derivatives
of @, computed via straightforward calculus:

39 Q=) [ T,

Qi) = Qulo) [( ) - [ u(d»] .

Proposition 3.1. For each pt € Prap, the function Q,, : Ry — R, defined in (3.1)
satisfies

1<Qur) <1+az,  0<Qyx) <1,  —4<Qu2) <0,
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for all x € Ry, as well as
(34) Q,(x) >1—(z+ 32*)Var(u), where Var(u) ::/ (A +1)2u(dN).
[_270]

Proof. Proof of Proposition |3.1} First note that the support of p ensures that
Qu(x) > 0 for all x > 0. Jensen’s inequality yields

Quz) < /[_2 0](1 — ) p(d\) =1+ .

and @} (r) < 0. Since Q},(0) = 1, we deduce that @ (z) < 1 for all x > 0. The
next claims follow from the fact that, for each = > 0, the function

(3.5) [—2,0] 2 A — —A/(1 —xA) is nonnegative and strictly decreasing.
Indeed, this first implies that @,(z) > 0, and in fact the inequality must be strict
because p has mean —1 and is thus not equal to dy. In addition, (3.5)) implies that

Qﬁ(fﬁ) = _Qu<x>/ A 5 pu(dX) > —Qu(m)ﬁ > —4,

[—2,0] (1—2A)
where the last step uses Q,(z) < 1+ 2 < (1+ 2z)%. To prove the final claim,

define
A

03:::/ _ d\), = >0.
W= [ o)

Using the Harris inequality (known as Chebyshev’s sum inequality in the discrete
case), we get

20 = [ [ iy

—2)3 "
< /[2 ) (1_—3:)\)3!!(60\) = 0"(2),

since both integrands are decreasing functions of A. Note that 6(0) = 1 and 6'(0)
Var(p) + 1, and integrate the above inequality to find 6%(z) + 6'(x) > —Var(
for 2 > 0. The identity Q) (z) = Qu(x)(6*(x) + #'(x)) thus yields Q7 (z) >
—(1+4 z)Var(u). Integrate, using @},(0) = 1, to complete the proof. O

VE |

Using these properties, we next justify the existence, uniqueness, and stability
for the ODEs appearing in Theorems [2.5] and [2.6}

Proposition 3.2. Let i1 € Pra,. There is a unique continuous function f, : Ry —
R, continuously differentiable on (0,00), satisfying

fL(t) = CQL(fu(t))y t>0, fu(o) =0.
Moreover, we have the bounds
0 < fu(t) <ct, fu(t) = et — (32 + 1) Var(p).

Finally, if p, is a sequence in Pra, converging to u, then Q) —and f,, converge
uniformly to Q), and f,, respectively, on compact subsets of R
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Proof. Proof of Proposition . By Proposition , @), is nonnegative and
Lipschitz (with constant 4) on R,. A standard Picard iteration yields existence
and uniqueness of the ODE in question.

Next we prove the estimates for f,. Note first that the bound @, < 1 from
Proposition ensures that 0 < f,,(¢) < ct for all ¢ > 0. Use the lower bound on
@, from o get

[L(t) = cQ,(fult) > c—c (fu(t) + %fu(t)2) Var(u) > ¢ — c(ct + LPt*) Var(p).

Integrate both sides to get the desired lower bound on f,(t).

We next prove that @}, converges to )}, uniformly on compacts. Because @,
is 4-Lipschitz and @Q),(0) = 1 for each v € Py,p, the equicontinuous family {@, :
v € Prap} C C(Ry;R) is precompact in the topology of uniform convergence on
compacts, by the Arzela-Ascoli theorem. Hence, we need only prove the pointwise
convergence of ()}, to ). But this follows easily from the assumed convergence
ﬁn — p and the form of Q' in . Finally, since @, is 4-Lipschitz, for t > 0 we

ave

[ fun (1) = Ju(B)] < C/O Q. (fun (8)) = @, (fu(9))Ids + C/o Q. (fu(s)) = @u(fu(s))lds

t
<ite [ (o) = £u(s)lds + e sup (), ()~ Q) w)l.
0 u€(0,ct]
Use Gronwall’s inequality and the uniform convergence of )], to @}, on compacts
to deduce that f,, — f, uniformly on compacts. O

This concludes the basic analysis of f, and @), needed for the proofs of the
main results of Sections 2.2 and 2.3l The rest of the section is devoted to some
properties of the variance computed in Theorem [2.6], which will not be needed
in the subsequent sections but which justify the claims in Remarks 2.7 and [2.10]
Extending the formula for the variance, we define for y € Pr,, and t € [0, 7]
the quantity

(3.6) —0 / /[20](1:;;&_ ;)z,u(d)\)ds.

Proposition 3.3. For each 1t € Prap, f, is strictly increasing and concave, with
0 < f.(t) <c forallt >0. Moreover, V, satisfies

(f,.(T))?
CQu(fu(T))'
Proof. Proof of Proposition 3.3} Fix y € Prap. First, we note that

fu) = cQ,(fu(®),  and  f/(t) = cQu(fu()) £, (D).

Using Proposition we deduce that 0 < f;(¢) < cand f(t) < 0 for all t > 0,
which proves the first claim. Differentiating in (3.6 using Liebniz’s rule yields

Vi(t) =0 =207 f( —t//[QO]_Al_)\f“( )),u(d/\)ds.

V,(0)=0, VI(0)= 0%, and V:(O) = —9052

In

L= Afu(T = 5))?
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The claim V;(0) = o* follows. Differentiate again at t = 0 to get

—A
V:(o) = _QUQfZ(T) /[_2 , T3 (D)

AR YADES

p(dA)

= —QJZE —r log Qu<f#(t))

Q. (fu(T)) £ (T)
Qu(fu(T))
(f,.(T))?
CQu(fu(T)) ‘

= —20°

= —20°

g

We next show that the dense graph regime uniquely minimizes the variance,
as announced in Remark 2.100

Proposition 3.4. Let p € Prap. For each t € (0,T] we have

1+¢(T—1)
> olt——— =
Vﬂ(t) =0 t 1 +CT ‘/;S—l(t)?
with equality if and only if p=6_1.
Proof. Proof of Proposition [3.4] Note from Proposition [3.1] that Q,(z) <1+ =
Qs_,(v) and Q) (v) < 1= Qj;_ (v) for v > 0. By a standard comparison argument,
it follows that f,(t) < fs5_,(t) = ct for all ¢ > 0. Next, note that
(3.7)
1= Mful(t 1= Mful(t
R,>t— - )\f?l((z> =7 J)c\#c(t ) is non-increasing for each A € [—2,0].

Indeed, the derivative is

MO = Act) + A1 = Afu(8))  —ASu(8) = ) + A (Ef (1) — fu(?))

(1 — Act)? (1 — Act)?

This is at most zero, because we know f/(t) < ¢ by Proposition , and the

concavity of f, together with f,(0) = 0 imply tf/(t) < f.(t). This proves (3.7),
which is equivalent to the fact that

LMl —1) 1=Ms (T—1) _ 1= (T~ 1)
L= Afu(T—3s) “1=Af5_ (T —5) 1—=X(T—35)

As both sides are non-negative, this implies

(3.8) /[_270] ( i — i}fi‘g — z)) > 2 pu(d\) > /[_270] (%) 2 (u(dN).

Finally, the function

fort > s> 0.

[—2,0] 5 A (—i - izg:?))
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is strictly convex for ¢ > s > 0, which by Jensen’s inequality implies

1= (T —1)\* <1+C(T—t))2
3.9 —_— d\) > | —=
(3:9) /[_2,0](1—)\C(T—8)) pldh) 2 14+¢(T —s)
since p1 has mean —1. Combine (3.8)) and (3.9) with the definition of V,, to get
V,.(t) > V5_,(t), as desired. The inequality (3.9)) is strict unless p = d_;. O

4. THE EQUILIBRIUM ON FINITE GRAPHS: PROOF OF THEOREM [2.5|

This section gives the proof of Theorem 2.5l We begin with some general
symmetry considerations in Section 4.1 We then derive the HJB system in Section
[4.2] and reduce it to a system of Riccati equations in Section [4.3} these two steps
are standard for linear-quadratic games. The explicit resolution of the system
of Riccati equations is where the difficulty lies. In Section .4 we show that
the proposed solution Theorem does indeed work, and the remaining sections
and provide the remaining computations of the equilibrium state process
dynamics and the average value of the game.

The proof given in this section, while complete and rigorous, is opaque in the
sense that it does not give any idea of how one might arrive at the solution of the
system of Riccati equations. For this reason, we give in Section [5| a sketch a direct
derivation of the solution.

We fix throughout the section a finite transitive graph G = (V, E), and write
V ={1,...,n} for some n € N. We may assume without loss of generality that
G is connected (see Remark . Throughout this entire section, we omit G from
the notation by writing, e.g., L = Lg and X = X©.

4.1. Symmetries. We first discuss some basic symmetry properties. Since the
graph G is transitive and thus regular, the Laplacian matrix is symmetric, i.e.,
L=L"T.

We will make some use of the so-called regular representation of the auto-
morphism group. Recall from the beginning of Section that Aut(G) denotes
the set of automorphisms of G. To each ¢ € Aut(G) we associate an invertible
n X n matrix R, defined by requiring R,e; = ey;) for each i € V, where we
recall that (ey, ..., e,) denotes the standard Euclidean basis in R”. It is clear that
R, R, = Ry, and in particular R;l = R,-1. We also have R; = R,-1, because

T T T
& Roej = e; ep() = Lii=p(i)y = Lj=p-10y = € Bpr€s

The following elementary lemma summarizes some uses of transitivity (Definition
. The third property will be used only in the alternative proof of Theorem
given in Section [f]

Lemma 4.1. Assume that G = (V, E) is transitive, with V = {1,...,n}.

(i) L commutes with R, for each ¢ € Aut(G).
(i) If Y € R™™ commutes with R, for every ¢ € Aut(G), then

1
Y, =-Tr(Y), VieV.
n

(i) If YL,...,Y"™ € RV satisfy R,Y' = YYOR, for every ¢ € Aut(G) and
1€V, then ‘ 4
vi=v]

Ji’

Vi, jeV.
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Proof. Proof of Lemma 4.1}
(i) For ¢ € Aut(G) we compute
e; R,LRye; = e Ley =€ Le;, Vi, jeV,

with the last equality using the fact that ¢ is an automorphism. This shows
that R) LR, = L. Since R} = R_", this shows LR, = R,L.

(ii) It suffices to apply (iii) with Y! = --- = Y™ =Y to get Y;; = Yj; for all
iieV.

(iii) Let 4,5 € V. By transitivity, there exists ¢ € Aut(G) such that ¢(i) = j.
Then

eiTYiei = e?RZY””R&i = e;(i)Yw(")ew(i) = e]TYjej.
O

4.2. The corresponding system of HJB equations. We can write the cost
function of (2.2)) for player i € V as

e, . an) = %IE UOT st X (1)) [2dt + ¢ \eiTLX(T)ﬂ |

A standard argument associates this n-player game to the following Nash system
of n coupled PDEs:

(4.1)
1 2
0= dpi(t ) — 5 (Dilt, z))? — Z Owvr(t, T)Ovi(t, ) + % > Ovilt, ),
k#i k=1
1
(T, ) = éc(eiTL:cf, i=1,...,n.
Here, we write @ = (z1,...,z,) for a typical vector in R"”, and for the functions

v; : [0,T] x R" — R we write 0; and 0, for the derivative with respect to t and
Xy, respectively. If (vy,...,v,) is a classical solution of (4.1)), then the controls

(42) Oéi(t, 33) = —@-vi(t, JI), 1= 1, e, n,

form a Markovian Nash equilibrium.

For a thorough derivation of PDEs of this form and a verification theorem,
we refer to the book of [0, Section 1.2.1.4]. But let us briefly explain how to
check if some (aq, ..., a,) € Ag forms a Nash equilibrium. Considering player i’s
optimization problem,

(43) inf Ji<a17‘"7051'—17051'7051'4-17"‘)0571)'
a; EAG

Standard stochastic control theory (see, e.g., [I8, 37]) leads to the HJB equation

1 2
0= dyos(t @) — 5 (Ol @) + 3 ot ) dhvs(t. @) + T duvi(t.@),
(44) k#i k=1

1
vi(T,x) = §c(eiTL:1:)2.
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Indeed, the (reduced) Hamiltonian for player i is

(1, 1, \
Hz(wap) = ;Iel[g (5@ + ap; + ;Qk(t7w)pk> = _épz + ;ak<t7w)pka T,pc R )

with the infimum attained at a = —p;. Hence, after solving the PDE (4.4)), the
optimal control in (4.3)) is given by a;(t, ) = —0;v;(t, ). Applying this optimality
criterion for each player i = 1,...,n couples the PDEs (4.4), leading to the system

)

4.3. Reduction to Riccati equations. Linear-quadratic control problems and

games always relate to Riccati-type equations after a quadratic ansatz. For our
PDE system (4.1)), we make the ansatz

(4.5) vilt, ) = %mTFi(t)a: +h(t),  (t,m) €[0,T] x R",

where F" : [0,T] — R™" and h; : [0,7] — R are functions to be determined. We
assume without loss of generality that F(t) is symmetric for each t.

Lemma 4.2. Any solution of the Nash system (4.1)) of the form (4.5)), must satisfy
the equations

(4.6) 0=F ZFJ eje] Fi(t) — F'(t Ze] TFI(t) + F'(t)ese] Fi(t),

2

O—h()+2Tr(FZ()) i=1,...,n,

and the boundary conditions
(4.7) FYT) = cLese, L, hi(T) = 0.
Proof. Proof of Lemmalf4.2l Recall that L = LT, and note that the boundary con-
dition v;(T,z) = 3c(e] Le)* = cx' Lese] La leads to the boundary conditions.
We write F and hZ for the derivatives of these functions. Once we check that this
ansatz is correct, the equilibrium controls are given by
(4.8) ai(t,x) = =0t ) = —e, F'()x, i=1,...,n.

Applying the ansatz (| . to the PDE system (4.1)), noting that dyv;(t,x) =
ep Fi(t)x and Opv;(t, ) = e Fi(t)eg, leads to

%xTFi(t)cc + hi(t) + %(eiTFi(t)w)Z =) (ef FE(t)x) (ef Fi(t)x) + ";Tr(Fi(t)) =0.

k=1
Collecting like terms, we find

-y (%Fi(t) — Zl F*()ere) F'(t) + %Fi(t)eieiTFi(t))w + hi(t) + %Tr(Fi(t)) =0.

This must hold for each & € R", and we note that a square matrix A satisfies
x' Az = 0 if any only if A+ AT = 0. We conclude by recalling that F(t) is
symmetric.

U
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Once we solve for F' using the first equation, the second equation and the
boundary condition h;(7T) = 0 yield

(4.9) h(t) = = /t Te(Fi(s))ds.

Hence, the main task ahead is to solve the system (4.6]). A key role will be played
by the matrix

(4.10) P(t) = zn: Fi(t)eje;

which appears multiplied by F%(t) in equation . In equilibrium, 13(15) will
agree with Pg(t) defined in ([235). If we freeze the function P(t) in (&.6), the
system of equations for (F!,..., F) decouples, and each F* satisfies the simpler
matrix Riccati equation

(4.11)

Fi(t) — P(&)F'(t) — F'(t)P(t) + P(t)e;eTP(t) =0,  t€(0,T), i=1,...,n,

which we can solve explicitly in terms of ﬁ(t) This direct strategy will be car-
ried out in Section , ultimately leading to a fixed point equation that ﬁ(t)
must satisfy. But we will first complete this section by showing that the solution
proposed in Theorem is indeed correct: We show that Py, and suitable func-
tions (F'',..., F™) thereof, do indeed simultaneously solve the equations (4.10))
and , thus providing a solution of the system in Lemma 4.2,

4.4. Checking the solution. It follows from the results of Section [3| that the
ODE

f1(t) =cQ(f(t),  f(0)=0,

is well-posed, where Q(2) = Qq(r) = (det(I — 2L))*/™, and the solution f is
nonnegative and strictly increasing since @) > 0. As a result, the matrix-valued
function defined in (2.5 by

(4.12) P(t) = Pg(t) == —f(T —t)L(I — f(T —t)L)

-1

is well-defined; the symmetric matrix I — f(7" — t)L is invertible because L is
negative semidefinite and f > 0. Moreover, P(t) satisfies the following useful
properties for each ¢ € [0, T:

(i) el P(t)e; = 2Te(P(t)) > 0 for alli =1,...,n.

(ii) P(t) is symmetric and positive semidefinite. Both L and P(¢) have 0 as an
eigenvalue, with the same multiplicity.

(iii) P(t) and L commute.

Indeed, the third property is trivial. The second follows from the facts that L is

negative semidefinite, f > 0, and f’ > 0; note that the vector of all ones is an

eigenvector of L with eigenvalue zero, and thus also an eigenvector of P(t) with

eigenvalue zero. To derive the first property, note that L commutes with R, for

all ¢ € Aut(G) by Lemma [4.1](i), and thus so does P(t), which means Lemma

4.1|(ii) applies. The strict positivity of Tr(P(t)) follows from the fact that P(¢) is

positive semidefinite and is not the zero matrix.
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Since Tr(P(t)) > 0 by property (i), we may define F* for i = 1,...,n by

(4.13) Fi(t) = P(t)ese; P(t).

1
Tr(P(t))/n
Using property (i), we compute

e] Fi(t) = (e P(t)e;) e] P(t) = e P(t).

1
Tr(P(t))/n
In other words, the " column of F(t) is the same as that of P(t). In particu-
lar, the control o} (t,z) = —e; P(t)x defined in Theorem satisfies of(t,x) =
—e] Fi(t)x. Recall from that this was indeed the form dictated by the PDE.

We next check that (F*, ..., F") solve the equations and boundary condi-
tions identified in Lemma[4.2] Beginning with the boundary condition (4.7),
note first that f(0) = 0 and thus

P(T)=—f"(0)L = —cQ'(0)L = —cL.
This implies w = ¢, and from which we immediately compute F*(T) =
cLe;e] L, as desired. We next turn to the equations (4.6]). Using property (i) once
again, we compute

ZFZ eie) /nZP e; (e P(t)e:) e] :P(t)ZeieiT:P(t).

Slmllarly,

Fi(t)ese] Fi(t) = P(t)eze; P(t).
With these identifications, to show that (F!,... F™) solves (4.6]), it suffices to
check the equations (4.11)). For this purpose, let us define 7(¢) := Tr(P(t))/n > 0.
Omitting the time-dependence, the equation (4.11)) then becomes

! 1. 1 . 1 1
—T—QPeieiTP + =Peje] P+ =Pee] P — =P?e;e] P — = Pe;e] P> 4 Peje] P =0,
T T T T T
or equivalently, multiplying by 7,
/
(4.14) — T—PeieiTP + Pe;e] P+ Peje] P — P?e;e] P — Peje] P? + 1Pese] P = 0.
T

Hence (F',..., F™) are solutions of the ODEs if and only if P solves the
ODEs fori=1,...,n, with 7(t) = Tr(P(t))/n.

Now let vy, ..., v, denote an orthonormal basis of eigenvectors of the symmetric
matrix L, with associated eigenvalues A1, ..., \,,. From the definition (4.12]) of P(¢)
it follows that vy, ..., v, are eigenvectors of P(t), and the eigenvalue p;(t) of P(t)
associated with the eigenvector v; is given by

(4.15) pi(t) = 1‘_f /JSEFT__tz;;j — —d,log(1 — f(T —t)X;).

Note that because P(t) is symmetric, we have not only P(t)v, = pg(t)vy but also
vy P(t) = pr(t)v)] for all k. Now, P(t) satisfies (4.14)) for all i = 1, ..., n if and only
if for all 4, j, k we have

J

/
v (—LPeieiTP + PeieiTP + PeieiTP — PQGiBZTP — PeieiTP2 + TP@ﬁIP) v = 0,
T
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which is equivalent to
7_/
(v} €:)(e] ve) (—;Pj/)k + Pipk + PiPk — P3Pk — PiPk + ijpk) =0,

where we omit the time-dependence from pp = pi(t). Notice that the term in the
parenthesis can be written as

/ 2 Pk ' / 2 Pj !
(=t (F=r)) o (=5 (5 7)) oo
To complete the proof, it thus suffices to show that
/ 2 Pk ol
_ 2P _ —0.
Pk = Pk 9 ( - 7)

For k such that Lv, = 0, this holds trivially because p, = 0; for all other k we
have px(t) > 0 for all ¢t € [0, T], and by dividing by px, we may show instead that

/ 1 /
(4.16) Pe _ PE= 5 (1 - 7') , for k such that pi(t) > 0Vt € [0,T],
Pk T

where 7 := 2Tr(P) = 37" | pp.
Now, using the form of p; from (4.15), a straightforward computation yields
Pi(t) ST =)
4.17 —pr(l) = ——F5—.
1 PO R
To simplify the right-hand side of (#.16)), we recall Q(z) := (det(I — zL))'/" =
[T (1 — 2X)Y™ and compute

(1) = = 32 pelt) = —+ 3 Bilos(1 — F(T ~ )
k=1 k=1

= 9 log [](1 — F(T — t)a) ™,
k=1

— _2 log Q(f(T o t)) _ f,<T — t)Q,<f<T B t))

ot Q(f(T'—1))
Therefore after computing the derivative of 7 and rearranging we obtain
T'(t) _ T =t) T -0)Q"(f(T - 1))
B B Ty R o7 (=) B

Now, since f solves the ODE f'(t) = cQ'(f(t)), we have also f”(t) = cQ"(f(t))f'(t),
and we compute

f/(T_t)QH(f(T_t» — O N _ f”<T_t>
Qur-n VD= ey
Returning to , we deduce
(1) _ LT
A YTy

Recalling (4.17)), this proves (4.16]), which completes the proof that (F,... F"
(.13

defined in (4.13) solves the desired equations. Thus, the controls of(t,x) =
—e; P(t)x form a Nash equilibrium as discussed above.
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4.5. State process dynamics in equilibrium. The state process in equilibrium
is

dX;(t) = —el P(t) X (t)dt + adWi(t), i=1,...,n,
which can be written in vector form as
dX (t) = —P(t) X (t)dt + cdW (t).

We can explicitly solve this SDE in terms of P, noting that P(t) and P(s) commute
for all t, s € [0,T1], to obtain

t
X(t)=e ~hP (®)ds X (0) + 0/ e~ s Pldugyy ().
0

Thus we deduce that in equilibrium the law of X (¢) is

t
X(t)~N ( ~Jo P X (0), & / e 2 P(“)duds> :
0

Using the expression P(t) = —0d;log(I — f(T — t)L), noting that the log of the
positive definite matrix is well-defined via power series, we have

exp (—/ P(u)du> =(I— f(T—-t)L)I — f(T —s)L)™".
Hence, X (t) has mean vector

E[X(t)] = (I - f(T = t)L)(I - f(T)L)" X (0)

and covariance matrix

Var(X (1)) = o2(I — f(T — t)L)? /Ot(l P — $)L)"2ds.

4.6. Computing the value of the game. We next justify (2.6). Returning to
the ansatz (4.5) and (4.9)), and recalling the form of F* from (4.13)), we find

(4.19) % S wnlto) = % > (%xTFi(t)w 4 hi(t)>

1 T %
(4.20) = WZ< P(t Z/ Tr(F(

i=1
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To compute the second term, we define R(z) = log + > ) 1ok - for z > 0, so
that

n n

1 iy L T pi 1 ~ T
- ZTr(F (1) = - Z ep F'(t)e, = TP@) Z ep P(t)ese, P(t)e

i=1 ik=1 ik=1

o~ (f(T-1)2N —t) Ak
N 1—f(T —t)\k /Z T —t)\
)f(T —1t)

= OR(f(T —1)).
Thus, using f(0) =0 and R(0) = 0, we get

> [ TP ods = FIRUO) ~ RUT — 1)) = =G RUT ~ ),

Finally, note that
1 — i Tr(P(t))
T—-1)=1 = log ————~.
R(f(T —t)) = log — kZ T whad L 7 ey
Returning to (4.20)), we get

1Pl ot T(P(1)
‘Z“’“” PR~ T S arT o

Plugging in t = 0 and & = X “(0), the left-hand side equals Val(G), and the proof
of (2.6]) is complete.

4.7. Extension to weighted graphs. The results of Theorem can be exten-
ded to weighted graphs, by replacing the matrix L by a more general one. Suppose
we have n players V = {1,...,n}, and let L € R**". Consider the following game:
Each player v € V, associated with a state process with dynamics , wants to
minimize the cost

Jo((0)uev) = 1Il*: [/0 o, (£, X (1))|2dt + ¢ \a{LX(T)}2

2
It can be shown that the conclusions of Theorem remain true as long as L
satisfies the following:

(i) Let A(L) denotes the subgroup of permutations ¢ of V' satisfying L)) =
L;; for all 4,5 € V. Then A(L) acts transitively on V. That is, for every
i,j € V there exists ¢ € A(L) such that ¢(i) = j.

(ii) L is symmetric and negative semi-definite.
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The proof is exactly as in Sections [3 and [} The first assumption (i) is a natural
generalization of the transitivity assumption. In fact, Lemma [4.1| was the only
place the structure of a graph Laplacian matrix was really used, and this assump-
tion (i) ensures that Lemma (4.1 remains valid when Aut(G) is replaced by A(L).
For examples, note that (i) holds if L is of the form L;; = w(d(7,j)), where w is
any function and d is the graph distance associated with some transitive graph
G on vertex set V; then A(L) D Aut(G). The second assumption (ii) ensures
that the function Q(z) := (det(! — xL))"/™ is smooth and increasing on R, so
that the ODE f'(t) = cQ’'(f(t)) is uniquely solvable with f(0) = 0. Note that L
could instead be assumed positive semi-definite, as we can then replace it by —L
without affecting the cost function. Many cases of indefinite matrices L would
also work, but these cases require a more careful analysis of the ODE, in light of
the singularities of Q'(z).

Theorem [2.6| admits a similar extension, as long as one is careful to note that
the eigenvalue distributions pg, may now have unbounded support as n — oo.
To ensure that the desired integrals converge, one should assume that pg, — i in
a stronger (say, Wasserstein) topology.

5. A DIRECT BUT HEURISTIC PROOF OF THEOREM [2.5]

In this section we aim to give a more enlightening derivation of the solution
given in Theorem [2.5] compared to the more concise “guess and check” style of
proof presented in Section [d] To keep this brief, we will avoid giving full details
and instead treat this section as a heuristic argument. Suppose throughout this
section that G is a given finite transitive graph with vertex set V- = {1,...,n},
and omit G from the notations as in L = L.

5.1. More on symmetries. As a first step, we elaborate on the symmetry dis-
cussion of Section 1.1 Recall the notation Aut(G) and R, introduced therein,
and note that Aut(G) acts naturally on RY via (¢, z) — R,z.

Suppose we have a solution (vy, ..., v,) of the HJB system . The structure
of the game described in Section [2.1}is invariant under automorphisms of G. More
precisely, this should translate into the following symmetry property for the value
functions:

(5.1) v;(t, ) = vy (t, Ryx), icV, pcAut(G), zcR".

In particular, if (v;(t, @));cv solves the HJB system (4.1]), then a straightforward
calculation shows that so does (vy)(t, Rox))icv. Hence, if uniqueness holds for

(4.1]), then we would deduce (5.1)). Plugging the quadratic ansatz (4.5]) into both
sides of (5.1 yields

x' Fi(t)x + hi(t) = wTR;F¢’(i) ()R + hy)(t), i€V, o€ Aut(G), zecR".
Matching coefficients yields
(5.2)  F'(t) = RIFFO(t)R,,  hilt) = heu(t), i€V, ¢ € Aut(G).

This immediately shows that the map i — h;(t) is constant on orbits of the
action of Aut(G) on V. That is, if i € V and

Orbit(i) := {¢(i) : p € Aut(G)},
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then hy(t) = h;(t) for all k,j € Orbit(¢). Note that the orbits {Orbit(i) : ¢ € V'}
form a partition of V', and the assumption that G is transitive (Definition
means precisely that V' itself is the only orbit. Similarly, elaborating on the first
identity in , for any 7,7,k € V we find

(5.3) en Fi(t)e; = ef RUFPO () Ryej = el FPD (t)ey ().

In the Riccati equation (4.6), a key role was played by the matrix P(t) :=
Z;‘:l FJ (t)ejejT. Under a stronger transitivity assumption on the graph, the sym-
metry property (5.2]) is enough to ensure that P(t) is symmetric and commutes
with L for each ¢:

Definition 5.1. We say that a graph G is generously transitive if for each i, 57 € V
there exists ¢ € Aut(G) such that p(i) = j and ¢(j) = 1.

Proposition 5.2. If G is generously transitive and (5.2) holds, then for each
t € [0,T] the matriz P(t) := "7, Fi(t)eje] satisfies:

(i) P(t) = P(t)".
(i1) P(t) and L commute.

Proof. Proof of Proposition [5.2] For brevity, we write F¥ = F¥(t) and P = P(t).
Note that Pej, = F*e, for each k = 1,...,n. Let j,k € V, and let p € Aut(G) be
such that ¢(j) = k and p(k) = j.

(i) We find from (j5.3)) that
ejTPe;C = ejTerk = ez(j)F‘p(k)e@(k) = egFjej = e;Pej.

(ii) Using the identities e; = R,ej, and e, = R,e;j, then the fact that L commutes

with R;, and finally that R(IF’“RSD = R;F‘P(j)R<p = [V we get
¢, LPey = e LF"e, = ef R,LF*Re; = ¢, LR,F*Re; = ¢) LF'e; = e LPe;.

g

In our “guess and check” proof of Theorem given in Section [ the two
properties of Proposition followed automatically from the asserted formula
for P(t). Here we see, on the other hand, that these properties follow from
purely algebraic arguments.

5.2. Heuristic solution of the HJB system. In this section we will explain how
to find the expressions of P and F. We start here from the Riccati equation ([4.6]),
and assume from now on that the graph G is generously transitive. The objective

is to find F',..., F™ such that each F" is a solution of the matrix differential
equation
(5.4) Fi'— PF' — FiPT 4 Fleel Fi =0,

with terminal condition F¥(T) = cLe;e/ L, and with P = >"" | Fie;e] . We use a
fixed point approach: Treating P as given, this is a system of n decoupled Ricatti
differential equations which we can solve. The solutions F!, ..., F™ give rise to a
new P, which we then match to the original P.
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Now fix P, which by Proposition [5.2] we can assume to be symmetric and
commuting with L, and let us solve for F' ... F™. From [38], we know that if
(Y, A") is solution of the equation

“leer L]

i

Yi
Ai

on [0,7] with A’ nonsingular on [0, 77 then F? = Y?(A")~! is a solution of (5.4)).

Since P(t) is symmetric and commutes with L, the two matrices are simul-
taneously diagonalizable. If we further assume that P(t) and P(s) commute for
all s and t, then the matrices L and {P(t) : t € [0,T]} are all simultaneously
diagonalizable. We can then choose an orthonormal basis V' = (vy,...,v,) of ei-
genvectors of P(t) and L, such that L and P(t) are diagonalizable in this basis for
all t € [0,T]. For each t, let pi(t),...,p,(t) denote the eigenvalues of P(t) with
corresponding eigenvectors vy, ..., vy,.

We can now easily solve the equation for Y to get

Yi(t) = P(t)Y'(T), where  P(t) := exp (— /t ' P(s)ds) .

We deduce from the expression of Y that A’ solves the equation Al(t) = e;e] P(t)Y(T)—
P(t)A'(t), and it follows that

T
A(t) = P_l(t) {Ai(T) —/ P(s)eieZP(s)Yi(T)ds} :
t
If we now choose the boundary values
AN(T) =1, Y{T) = cLee; L,
then F* = Y?(A")~! is symmetric and the terminal condition is satisfied. Plugging
these terminal conditions into A* and Y yields

A = P [1 e / "IPEL b Trasl v — ety Leel L

n

Here we used the identity e, P(s)Le; = %PL) which holds by Lemma (ii), since
PL commutes with R, for all ¢ € Aut(G).

Now that we have our explicit solutions (Y, A?), assuming that A’(¢) is invert-
ible, we deduce that the Ricatti equation ([5.4)) admits the following solution

(5.5) Fi(t) = cP(t)Le;e] L [T — ()] P(b),

where we define

n

=4t ::/t MP(S)eiedeS.

The objective is now to solve for P. To that end, we first note that
(5.6) Fi(t)e; = en;(t)P(t)Le;, where 1;(t) := e, L[I — cZ'(t)] "1 P(t)e;.

Recalling that both L and P commute with R, a simple computation shows
that R,Z'(t) = 2¢O ()R, for p € Aut(G). It follows that R,L[I —cZ!(t)] 1 P(t) =
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L[I —c=#9(t)]"'P(t)R,,, and using Lemma (iii) we deduce that 1, (t) = nu(t) =

- = n,(t), and we let 7(t) denote the common value. We then compute
(5.7) ZFZ eie] = cZn (t)Lese] = en(t)P(t)L.

Because P, P, and L are simultaneously diagonalizable, we deduce the following
relationship between the eigenvalues:

pr(t )eft PSS — e ()N, k=1,...,n
where A1, ..., \, are the eigenvalues of L, corresponding to eigenvectors vy, ..., v,.
Integrating from t to T, taking the logarithm, and finally differentiating leads to
cen(t)

1+ e ftTn(s)ds

which we can rewrite in matrix form as
1

(5.9) P(t) = en(t)L (1 +e /t ' n(s)ds L)

This completes our fixed point argument, provided we identify 7.

Using once more that eTLJB( Je; = w for all s, a quick computation
shows (Z'(t) ( ft ( 75 )st) Zi(t). Thus, assuming the validity of the
power series (I — 1)) =300 (cEH(t))F, we have
(5.10)

00 T ad -1
Tr(P(s)L)\2 ,
I — =i S =I+e|l-c| (=22 ds| =),
[I—c ZO c= +c c/t " s (t)

Plugging this back into the definition (5.6)) of 7, we get (for any )
Tr(P(t)L) 1
n 1_ CftT (Tr(ligs)L)>2 ds.

Using (5.7) and (5.8) we get Tr(P(t)L) = S5 Te(P(t) = >, W and

from ([5.11)) we then obtain

(5.11)  n(t) =e] LI — cE' ()] P(t)e; =

i A
n Zk:l 14+cg an (s)ds
5
T
1—c¢ — ds
ft Zk 1 1+c)\kf n(s)ds

Multiplying both sides by %22:1 H/\}\—%n()d’ integrating from ¢ to 7', and ex-
Ak J; s)ds

(5.12) n(t) =

ponentiating yield

n 1/n

(5.13) H(1+c)\k /tTn(s)ds> _ !

-
- L - I(me)“
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Defining Q(x) = (det(I — xL))/™ and f(t) ch ,n(s)ds, we find from (5.12)
and (5.13) that f must satisfy f(0) = 0 and f’( )= cQ’(f( )). Returning to (5.9)),
and noting that /(T —t) = —n(t), we have thus proved that P can be written as
P(t)=—f(T = t)L(I - f(T —t)L)"",
justifying the expression of P in Theorem [2.5
We can also simplify the expression of F* in ([5.5)) to recover the expression we
introduced in (4.13)) our first the proof of Theorem Use (5.10) to get

C

Fi(t) = P(t)Le;e] LP(t).

1— cftT (WY ds
- 2
From 1' and (5.11)), we deduce 1 — cftT (W) ds = m“(i(t» and
1
——P(t)ee] P(t).

6. CORRELATION DECAY: PROOF OF PROPOSITION 2.12]

F'(t) =

The purpose of this section is to prove Proposition [2.12] which is essential in
the proof of the convergence of the empirical measure given in the next section.

Throughout this section, we fix a finite transitive graph G = (V, E') without
isolated vertices and with vertex set V' = {1,...,n} for some n € N. We may
without loss of generality assume G to be connected, as otherwise X%(¢) and
X%(t) are independent for v and v in distinct connected components and the
right-hand side of is zero. Since G is fixed throughout the section we omit
it in the notations, e.g., L = Lg, X(t) = X%(t), § = §(G), and f = fg. As
before, (eq, ..., €,) denotes the standard Euclidean basis in R". We make some use
of the adjacency matrix A = Ag in this section, and we repeatedly use the well
known fact that e] A‘e, counts the number of paths of length ¢ from v to u, for
each ¢ € N and vertices v,u € V.

Proof. Proof of Proposition [2.12] Recall from (2.7) that X,(¢) is Gaussian with

variance
2SS [ 1= AT -\
=Y [ (L) as<or
n = Jo \1=f(T' =)\
Indeed, the inequality follows from the fact that —2 < A\ < 0 and f is increasing.
Since 0 < v < 1, this proves the claim (2.17)) in the case u = v (noting also that
d(G) > 1). We thus focus henceforth on the case of distinct vertices.

From Theorem we know that in equilibrium the state process X is nor-
mally distributed with covariance matrix

o*(I — f(T — t)L)? /Ot(I — (T — s)L)"%ds.

Our objective is to find a bound for the off-diagonal elements of this matrix. Fix
two distinct vertices u,v € V. We have

(6.1) Cov(X,(t), —0/0 T(I—f(T—t)L)?ere) (I—f(T—s)L) 2e,ds.
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Let us first develop e, (I — f(T —t)L)?e;. Using L = A — I, where A is the
adjacency matrix of the graph, we find

-
e, Aeg

1+ f(T —1))

() A)

Recall that d(i,j) = dg(i,j) denotes the distance between two vertices i and j
in the graph, i.e., the length of the shortest path from ¢ to j in G. Let us write
P(i,m) the set of vertices which can be reached in exactly m steps from i. By
definition of A, e, Ae,, = 1 if d(u, k) = 1 and zero otherwise. Similarly, e A%e, is
the number of paths of length 2 from u to k, so, in particular, e, A%e; = 0 unless
k € P(u,2). Plugging this into (6.1)), we get

(I = F(T —)LYey = (1+ (T — 1)) ( g ST

Cov(X,(), X, (t) = 0*(1+ F(T — 1))? / { (I J(T =)L) %,

_ § : f(T_t) T — s -2,

o2 kGP(u1)25(1+f(T_t>) S
—t) Lt _ — )26 Yae
—I—kepgu2 ( 1+f >)> e, Aerer (I — f(T — s)L) U}d.

Next, we estimate the term

ex (I — f(T—s)L) %e, = (14 f(T —5)) %t ([— 5<1J1§<;8_)8))A>_ €.

To simplify the notations, we define the function
_ JT—s)
W)= Ty
From Proposition we know that 0 < f(t) < ¢t for all t € [0,7], and thus

0 < ~(s) <1 for all s € [0,7]. Moreover, the spectral radius of the adjacency
matrix A is always bounded by the degree . We can thus use the series ﬁ =

oo+ 1)zt for |z < 1 to get

ep (I —f(T—s)L)%e, = (14 f(T —s))72 Z(@ +1) (@) e, Ale,
(6.3) . ('
=1+ f(T—s))? Z (0+1) (%) e, Ale,,

t=d(k,v)

where in the last line we used the fact that ef A‘e, = 0 if £ < d(k,v), since the
latter implies there are no paths of length ¢ from £ to v. Next, note the elementary
bound 0 < el Afe, < §°71, since each vertex has exactly ¢ neighbors. Indeed, for
each of the first £ — 1 steps of a path of length ¢ from k to v, there are at most ¢§
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choices of vertex, and for the last step there is at most one choice which terminates
the path at v. Hence, using the identity

(L4 1)t = % (Z:ka”l) = % (fjx) = <1f:C)Q(l + k(1 —2))

l=k

for |z| < 1, we deduce from ([6.3)) that

d(k,v) _
L)%, < 1 27(8) (1+ d(k,v);l (s)
6(1+ f(T = s)) (1=~(s))

Now notice that in (6.2) the first term and all the terms in the last sum on the

right hand side are positive, whereas all the terms in the second line sum are
negative. Therefore we have the following upper bound

0<e,(I—f(T

(6.4)
S (4 £ =) [ ()1 + d(w, 0)(1 = 5(5))
o 0(1+ f(T —s))? (1 —7(s))?
g (1O A 4 dk ) (LA |,
*,g;) e (7)) =) }d'

The function d — ~v(t)4(1 + d(1 — ~(t))) is non-increasing on [0, c0) since y(t) €

[0,1). Moreover, for all k such that d(k,u) < 2, we have |d(k,v) — d(u,v)| < 2,
and in particular d(k,v) > d(u,v) — 2. We consider two cases separately:

(1) First, suppose d(u,v) > 2. Since d(k,v) > d(u,v) — 2 by the above argu-
ment, monotonicity of d — y(¢)%(1+ d(1 — (t))) lets us estimate

T 42 £\ 7(s)4E) (1 4+ d(k, v) (1 — (s
DI N LN Cu (T CUIEL O

R 5 1 —7(s))
A1)\ () )-2(1 + (d(u, v) — 2)(1 = 1(s)) e
5( 5 ) (1-70)7 ;)A '
,1(8)%02(1 + (d(u,0) = 2)(1 = 5(s)))
<(t) (1—~(s))? '

Indeed, the last step uses the fact that ), . Pu,2) e, A%ey is precisely the
number of paths of length two originating from vertex wu, which is clearly
bounded from above by §2. Moreover, since f is increasing by Proposition
3.3 it is straightforward to check that ~+ is decreasing. Therefore 0 <
v(t) < y(s) < 1forallt > s > 0, and the above quantity is further
bounded from above by

()" (1 + d(u, v)(1 = 7(s)))
(1—~(s))? '
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Plugging this back in (6.4)), and using the inequality }L{g:g < 1 which

again follows from the fact that f is increasing and nonnegative, we get
20° (" 4(s)™ (1 + d(u, v)(1 — y(s)))
6 Jo (1—(s))
(2) Suppose next that d(u,v) = 1. We then use the bounds y(¢)4(1 + d(1 —
Y(t) < Land 374 cp,0 e, A%e;, < 62 to estimate

T (YO () (L + d(k, v)(1 = (5)))
Z )euA e ( 5 ) 5

(6.5) Cov(X,(t), X, () < ds.

(1 =~(s))

ke P(u,2
s AP () (4 d(u, ) (L~ A(s)
T (A =n(s)? T (1=n(s))* (1—=~(s))? '
Plugging this into shows that the same bound is valid for
d(u,v) = 1.

Now, recall that ~(-) is decreasing. Since f(T') < ¢I' by Proposition 3.2} we

have 0 < 7(0) = % < lJcrYC“T < 1. Setvy:= 1?ch' The function y yd(—l(ﬁ;l);y))

is easily seen to be increasing on [0, 1) for any d > 0. Thus, from (6.5)) we finally
deduce the desired upper bound

v (1 + d(u, v)(1 =)
(1 —7)? '
Using the same arguments for the second term in ([6.2]), which is the only negat-

ive term, we obtain a similar lower bound for Cov(X,(t), X,(t)), which concludes
the proof. O

Cov(X, (1), X,(t)) < 20%t

Remark 6.1. The arguments given here could likely be adapted to estimate the
dependence of the equilibrium control of one player on a distant player’s state,
which would provide an interesting alternative notion of “correlation decay”. To
be precise, recall the equilibrium control o = a“ from Theorem . For two
vertices (4,), we have 0, 04(t, ) = f/(T — t)e] L(I — f(T —t)L) 'e;, and we
suspect that similar arguments to those given above could show that this matrix
entry decays exponentially with the graph distance d(i, 7). We do not pursue this,
as it is not directly suited to our application to empirical measure convergence of
the next section.

7. ASYMPTOTIC REGIMES

In this section, we provide the derivations of the large-n asymptotics of the
in-equilibrium processes. We will first prove Theorem [2.6] then Theorem [2.11} and
lastly we will focus on the examples we discussed in Section [2.4] and in particular
prove Corollary and Proposition [2.14]

7.1. Large-scale asymptotics on transitive graphs: Proof of Theorem [2.6]
Part (1) of Theorem is a consequence of Proposition , so we focus on parts
(2-4). Let {G,} be a sequence of finite transitive graphs, and let {ug,} be the
corresponding sequence of empirical eigenvalue distributions defined by . We
assume that {ug, } converges weakly to a probability measure p. Recall that the
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initial states are X (0) = 0, and recall from (2.7) that each X" (t) is Gaussian
with mean zero and variance

1— fo (T — t))\)2
Ve, (t) =0 / /20]( o (T =9 pe, (dN)ds.

7.1.1. Convergence of Xlgi” (t): Proof of (2). By Proposition , we know fg, =
fue, converges uniformly to the function f, given by . Defining V,,(t) as
in , it follows from this uniform convergence and the weak convergence of
pe, to p that Vi, (t) — V,(t). Therefore XIS:L (t) ~ Vg, (t) converges weakly to
N(0,V,(t)) as n — oco.

7.1.2. Convergence of the empirical measure: Proof of (3). We next show that the
(random) empirical measure

m® : Z OxGn 4
| veGy
converges to the Gaussian measure N(0,V,(t)), for each t € [0,7]. In fact, it
suffices to show that m%"(¢) concentrates around its mean, in the following sense:

For any bounded 1-Lipschitz function h, it holds that
2
] “o

‘/hdm /hdm "(t)

Indeed, once is established, it follows from the transitivity of G,, that E [ hdm©"(t) =
E[h(Xann (t))], where k, € G, is arbitrary. Since the law of Xan" (t) converges
weakly to m(t) := N(0,V,(t)), we deduce that [ hdm® (t) — [ hdm(t) in prob-
ability, and the claim follows.

Before proving , we digress to state a lemma pertaining to the degrees.
Recall that each vertex in the transitive graph G, has the same degree, denoted

5(Gy).

Lemma 7.1. We have ug, — d_1 if and only if 6(G,) — oo. If pg, — p# -1,
then sup,, 0(G,) < co.

(7.1) lim E

n—oo

Proof. Proof of Lemma . Recall that L, Ag, — I, where Ag, is the

adjacency matrix of the graph G,,. Then

_ 1
— 0(Gn)

Var(ue, ) = /[_2 0](1 A2 g, (de) = %Tr(@flén) — m Z(Aén)m-.

Since (A% )i = 6(G,) is exactly the number of paths of length 2 starting and
ending at vertex i, we get Var(ug, ) = 1/6(G,,). Thus, if pg, — p weakly for some
probability measure p on [—2, 0], we have

(7.2) Var(p) = /[ 20}(1 + A)? p(dz) = lim

The second claim follows immediately. It is straightforward to check that pg, —
d_y if and only if Var(ug, ) — 0, and the first claim follows. d
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We now turn toward the proof of , for a fixed bounded 1-Lipschitz function
h. We achieve this by applying the Gaussian Poincaré inequality and then using
the covariance estimate of . To this end, fix ¢ € [0,T] and n, and suppose for
simplicity that G, has n vertices. Let X" denote the n X n covariance matrix of
XY (t), and let M denote its symmetric square root. Then X = (t) L MZ for a
standard Gaussian Z in R". Define F': R® — R by

171
= - h(e] Max).
n;;(a )

Then F(Z) < [ hdm®"(t). Noting that 9;F(z) = %Z?Zl W(ej Ma)Mj;, we get

1 n
VF(z) §: (}:M (¢] Ma)M ]J < =5 D0 e Ma)l (] Ma)sy
7,k=1
1 n
<3 \E E
7.k=

where in the last inequality we used the fact that h is 1-Lipschitz. Now, applying
the Gaussian Poincaré inequality (see [4, Theorem 3.20]), we find

(7.3)

‘/hwﬁww—E/hwﬁqw

It remains to show that this converges to zero as n — oo.

Let € > 0. By Proposition , |37 | converges to 0 as dg, (j, k) — oo, where
dg, denotes the graph distance in G,. Choose m € N large enough so that
X% < eforalln € Nand j, k € G, with dg, (j, k) > m. For k € G, let B,(j,m)
denote the set of vertices in G,, of distance at most m from j. Because G, is
transitive, the cardinality |B,(j, m)| does not depend on j € G,, and we denote
by | B,.(m)| this common value. Then, we use the bound on [¥7| from Proposition

212 to get

. [Bu(m)| 20T
SY Y Y e ol 2T

Jk=1 Jj=1 keBy(j,m)

2 n

= Var(F(2)) < BIVF(Z)P) < 5 3 [Zh)

7,k=1

where we used the fact that y4(1 + d(1 — v)) is decreasing in d > 0 since 0 <
v < 1 and is thus bounded by 1. We now distinguish two cases. If 6(G,) — oo,
then we use |B,(m)|/n < 1 to send n — oo and then ¢ — 0 to get that
converges to zero. On the other hand, suppose §(G,,) does not converge to infinity.
Then necessarily sup, 6(G,) < oo by Lemma [7.1] since pg, converges weakly by
assumption. Using the obvious bound |B,(m)| < §(G,)™, we can again send
n — oo and then € — 0 to get that converges to zero. This completes the
proof of part (3) of Theorem



42 DANIEL LACKER AND AGATHE SORET

7.1.3. Convergence of the value: Proof of (4). Recall the identity for the value of
the game from (2.9). Since fg,(T) — f.(T) by Proposition and pg, — u
weakly, it follows that

A

o -\ o? _
Val(G,) = ——lo / — g (d\) > —=1o / T .
(Gn) 5 log oo T~ fo (TN (dA) 5 log o 17 (T))\’u( )

I

This gives (4) and completes the proof of Theorem [2.6]

7.2. Approximate equilibria: Proof of Theorem [2.11] We begin toward
proving Theorem by first studying the control o™ introduced therein. The
following lemma shows that it arises essentially as the equilibrium of a mean field
game, or equivalently as the optimal control for a certain control problem:

Lemma 7.2. Define oMF : [0,7T] x R — R

(7.4) ME(t, x) = “

1+oT—t)

Let (Y, F' ' P') be any filtered probability space supporting an F'-Brownian mo-
tion W and a F'-progressively measurable real-valued process (5(t))tco,r) satisfying
EfOTB(t)th < 00. Let X be the unique strong solution of the SDE

dX (t) = ™M (t, X (t))dt + odW(t), X(0)=0,
and define (Y (t))iepo,r by
dY (t) = B(t)dt +adW (t), Y(0)=0.
Then

1 1

e[ [ e xppaaxp] < de] [ s v

Proof. Proof of Lemma [7.2l We study the HJB equation corresponding to this
control problem, which is

a€R

1 1
Ow(t, z) + inf (a@xv(t, T) + §a2) + §g28mzv(t, r) =0,
or equivalently
1 1
atv(t7 .CE) - §’aﬂcv(t7 33)’2 + §Uzaxxv(tﬂ x) = 07

with terminal condition v(T,z) = cz?/2. The ansatz v(t,z) = a(t)z? + b(t) yields
a classical solution, where a and b are functions satisfying
d(t) —2a(t)* =0, V(t) +o’a(t) =0,
with terminal conditions a(7") = ¢/2 and b(T') = 0. We deduce
1 c o?
)= ——, b(t) = —log(1l T—1)).

Therefore the optimal Markovian control is —d,v(t,z) = —2a(t)x = aMF (¢, x).
This completes the proof, by a standard verification argument (see [37, Theorem
3.5.2]). O
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Now let G be a fixed finite graph with vertex set V' = {1,...,n}. Let us again
omit the G superscripts from the notation, with A = Ag and J = J¢ denoting the
control set and value function from Section 2.1} Let e = (aF)?,, and for 8 € A
and i € Vet (8,a™") = (™, ..., B, 00, ..., alF). To be clear about the
notation, we write o™ without a subscript to denote the control in (7.4)), whereas

MEG x) = aM¥(t,2;) for i € V and & € R™. If v € V has degs(v) = 0, then
(recalling the definition (2.3)) of the cost function for isolated vertices) Lemma[7.2)
ensures that

Ju(@) = int Ju(B, a7,

so we may take €, = 0 as claimed in Theorem [2.11} Thus, we assume henceforth
that v € G is a fixed non-isolated vertex, so that degq(v) > 1.
Now define

= in J,(8,a™").
B = argmin J,(f', o)

(Or take a d-optimizer in case no optimizer exists, and send 6 — 0 at the end of
the proof.) We aim to prove that

o?cT |c¢T(2+ cT)

(7.5) FolB,a7) 2 Lo = 7 T ega o)

Define the state processes X = (Xi,...,X,) and Y = (Y;,...,Y,) as the unique
strong solutions of the SDEs
(7.6) dX;(t) = ™M (t, X;(t))dt + cdW;(t), X;(0)=0, i€V,
dY;(t) = oM (,Y;(2))dt + odW;(t), Yi(0) =0, i€V \{v},
dY,(t) = B(t, Y (t))dt + cdW,(t), Y,(0)=0
Note that Y; = X; for i # v. The values for the player v, under o™¥ and the

deviation (3, are then, respectively,

Jy(a) = ZE /0 |aMF (¢, X, (1)) |2dt + ¢

2
1

degg (v )

DIRTGRRES

where we recall that u ~ v means that u is adjacent to v. We prove (7.5)) in three
steps:

(1) We show that

T
1g.a™) =58 | [ 1Y)+

2

degG

T ) 9 CU2T
E UO B8, Y (1)) dt + ¢ Yy (T)] } T S dega (o)1 + )

o272 T )
—C\/dege(v)(HCT)E/o 18(t, Y (t))|2dt.

Jo(B,07") =

DN | —
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(2) We then estimate

2+ cT

T
E Y 20t < co®T .
/0 5. Y ()Pt < co’T2 T

(3) Finally, we show that

co’®T
2degqs(v)(1 4 cT)

e [ [ ey @i+ avp] = ae -

2

which will conclude the proof.
Step 1. We start with

n(ga) = & [ [y @+ v

2

— Yo (D)

1

c 1 ’ 1
= F (degav);X“(T)) - [deg(;(v)%X“(TwT)

From the form of the SDE ([7.6)) and the definition of o™¥, we find that (X, (T))uev

are i.i.d. Gaussians with mean zero and variance 02T'/(1 + ¢T'). We deduce

1 i T
(7.7) E (degG(v) uZN; X“<T)> ~ degg(v)(1 + T’

For the second term, we note

1 1 T
E[degG@);X“(TWT) :E[degc(v);XU(T)/o ’ (t’Y(t”‘”]’

and we use Cauchy-Schwarz to bound this term in absolute value by

o217 T ]
\/degc(v)(l —l—cT)E/O |6(t, Y (1))|%dt.

Plugging these two terms back in our first inequality we obtain claim (1) above.

Step 2. To find a bound for EfOT |B(t, Y (t))]?dt, we use the definition of 3 as
the minimizer of J,(8,a"). In particular, J,(8,a™") < J,(0,a™"). Expand
this inequality, discarding the non-negative terminal cost on the left-hand side,
and noting that the state process of player v when adopting the zero control is
precisely (oW,(t))ieo,r), to get

‘2

E/T B(t Y (1)) dt < cE

Z X W, (T)

degG




STOCHASTIC GAMES ON LARGE GRAPHS 45

Using ([7.7) and the independence of the X, (T") and W,(T"), the right-hand side
equals

co®T ) 24 cT
T < co®T :
degq(v)(1 +¢T) et co 1+ cT
Step 3. We use Lemma [7.2] to deduce that

%E UOT Bt Y (1)) |*dt + CWT)IQ] > %E UOT |aMF (2, X, () |2dt + c]Xv(T)]Q] ,

The right-hand side can be written as

1 2

degq(v)

Jula) + SE | |X(T) - | > XU(T) = X, (T)

u~v

Since (X, (T))uey are i.i.d. with mean zero and variance o?T'/(1 + cT), as in (7.7))
we get

B co*T

~ 2degi(v)(1 4T

B0 — [ S X T) - X (1)

u~v

1
degq(v)

7.3. Examples. We next specialize the results to the examples discussed in Sec-
tion 2.4l In particular, we prove Corollary 2.9 and Proposition [2.14]

7.3.1. Dense case: Proof of Corollary [2.9 As in Corollary 2.9 let {G,} be a
sequence of transitive graphs such that each vertex of G, has common degree
d(G,) > 1. The claim that pg, — 01 if and only if 6(G,) — oo holds as a
consequence of Lemma In this case, we apply Theorem with © = 6_4.
The function @), therein is then ()5 ,(x) = 1 + z, and the function f5 , satisfies
f5_,(t) = ¢ with f5_,(0) = 0. Hence, f5_,(t) = ct, and the variance in (2.11))
simplifies to

L [T 1HdT -\ ot(l (T 1))
Vs (t) =0 /0 (m) ds =0 o T )

Recall now from the proof of Lemma [7.1] that Var(ug, ) = 1/0(Gy). Letting Cy =
5C%t2 4+ 2T, the bounds of Proposition [3.2 show that |fe, (t) — ct| < Cy/6(Gn).
The function (1 — Az)/(1 — A\y) is Lipschitz in (z,y) € [0, ¢T]?, uniformly in \ €
[—2,0]. From this it is straightforward to argue that |V, (t)—Vs_, ()] < C1/4(G,)
for some constant C, and similarly for the convergence of the value using the iden-
tity (2.9). Lastly, the SDE (2.15]) admits the solution X (¢) = Ot iigg:?) odW (s),
and it is then straightforward to identify the Gaussian law X (t) ~ N (0, V5_,(1)).

7.3.2. Cycle graph case: Proof of Proposition [2.14. We begin by simplifying the
expression of @', with Q@ = Q,, defined as in [2.18 Differentiate under the integral
sign to get

Q@) = Q) [ 1 du.

1 — cos (2mu) = Q(z) /7r 1 — cos (u)

l+x—xcos(2mu) 21 J_ .14z — xcos(u)
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We will first assume that £ > 0 and then show that the formula is still valid for
. . 1— 2

x t: 0. We perform the change of variable ¢t = tan(u/2), using cos(u) = 75z, to

ge

/” 1 — cos(u) s — /°° 1— 1+t2 2 gt — /°° 4¢* it
.1+ x—xzcos(u) o 1+x—x1+t2 1+ ¢ oo (L 12(1 4 22)) (1 + t2)

_2/°° 1 1 "
Cx oo\ 12 1T H#2(1 4 22)

2 1
= [arctan(t) m arctan(tv/'1 + 2:13)] o
1422 —+142
_gp 2t e 2mh(x).
z(1 + 2x)

We thus find Q'(z) = Q(z)h(z) for z > 0, and if we define h(0) := 1 then
the formula extends by continuity to z = 0. Using Q(0) = 1, we find Q(z) =
exp fo u)du, and we compute this integral using the change of variables v =

V14 2u:

T 1 Ny — 1 9 V1+2z
/h(u)du-/ +2u \/—l—u /

0 0

u(1 + 2u)

1
dv = log (5(\/1 +2r+1+ ;p)) .
Therefore

1 , 1 1
Q(x) 2(\/1—|—2x+1+x), and Q'(z) 2(\/1‘1‘7230—1_1)'
Recall from Propositionthat we defined ®(z) = log(1++/1 + 22) — /1 + 22+
x4 3, and f(t) = f.(t) ;= @7 (log2 + <1). It remains to show that f satisfies
the desired ODE f'(t) = c@Q'(f(t)) with f(0) = 0, where we recall that this ODE
is well-posed by Proposition Note that ® is continuous and increasing on
R, and maps R, to [log2 — 1/2,00). Hence, the inverse ®~! is well defined
on [log2 — 1/2,00) with f(0) = & !(log2 — 1/2) = 0. Straightforward calculus
yields (ID'( ) = 1@93 and thus Q'(z) = #(m), and we find that indeed f'(t) =

= cQ'(f(t)), which concludes the proof of Proposition m

T

2<I>’
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