Commun. Math. Phys. 387, 681-728 (2021) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-021-04182-z Math ematical

Physics
)]

Check for
updates

Fluctuations of the Magnetization in the p-Spin
Curie-Weiss Model

Somabha Mukherjee', Jaesung Son?, Bhaswar B. Bhattacharya3

1 Department of Statistics and Data Science, National University of Singapore, Singapore, Singapore.
E-mail: somabhamukherjee @ gmail.com

2 Department of Statistics, Columbia University, New York, USA.
E-mail: js4638 @columbia.edu

3 Department of Statistics and Data Science, University of Pennsylvania, Philadelphia, USA.
E-mail: bhaswar @wharton.upenn.edu

Received: 21 June 2020 / Accepted: 16 July 2021
Published online: 9 September 2021 — © The Author(s), under exclusive licence to Springer-Verlag GmbH
Germany, part of Springer Nature 2021

Abstract: In this paper we study the fluctuations of the magnetization in the p-spin
Curie—Weiss model, for p > 3. We provide a complete description of the asymptotic
distribution of the magnetization in the p-spin Curie-Weiss model, complementing the
well-known results in the 2-spin case. Our results unearth various new phase transitions,
such as the existence of a certain ‘critical’ curve in the parameter space, where the
limiting distribution of the magnetization is a discrete mixture, with local Gaussian
fluctuations around each of the atoms. The number of atoms (mixture components) is
either two or three depending on the sign of one of the parameters and the parity of p.
Another interesting revelation is the existence of certain ‘special’ points in the parameter
space where the magnetization converges to a non-Gaussian limiting distribution at rate

1
N4,

1. Introduction

The Ising model is a discrete random field, where the Hamiltonian has a quadratic term
designed to capture pairwise interactions between neighboring vertices of a network.
This was initially studied almost a century ago as a model for ferromagnetism [24], and
has since then emerged as one of the fundamental mathematical tools for understanding
interacting spin systems on graphs. Recently, the Ising model has also turned out to be
a useful primitive for capturing pairwise dependence among binary attributes with an
underlying network structure, which arise naturally in spatial statistics, social networks,
computer vision, neural networks, and computational biology, among others (cf. [1,9,
18,20,23,28] and the references therein). However, in many situations, both in modeling
interacting spin systems and in real-world network data, dependencies arise not just from
pairs, but from interactions between groups of particles or individuals. This leads to the
study of p-spin Ising models, where the Hamiltonian is a multilinear polynomial of
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degree p > 2, designed for capturing higher-order interactions between the different
particles. As in the case of 2-spin models, the p-spin Ising model can be represented
as a spin system on a p-uniform hypergraph, where the individual entities represent the
vertices of the hypergraph and the p-tuples of interactions are indexed by the hyperedges.
Higher-order Ising models arise naturally in the study of multi-atom interactions in lattice
gas models, which includes, among others, the square-lattice eight-vertex model, the
Ashkin-Teller model, and Suzuki’s pseudo-3D anisotropic model (cf. [2,21,29-31,33,
34,36] and the references therein). More recently, higher-order spin systems have been
proposed as effective and mathematically tractable models for simultaneously capturing
both peer-group effects and individual effects in social networks [8].

In the 2-spin case, one of the most extensively studied models is the classical Curie—
Weiss model [6,11,14,16,27], where all the pairwise interactions between the nodes of
the network are present (the Ising model on the complete graph). This model preserves
several interesting properties of general systems and plays a fundamental role in the
understanding of mean-field models with pairwise interactions. The asymptotic distri-
bution of the magnetization (the average of the coordinates of the spin configuration) in
the 2-spin Curie—Weiss model is known from the celebrated results of Ellis and New-
man [16]. Recently, the fluctuations of the magnetization has also been studied for Ising
models on random graphs (cf. [3,4,19,25,26] and the references therein) and general
regular graphs [10].

The 2-spin Curie—Weiss model naturally extends to the p-spin Curie—Weiss model,
for any p > 2, in which the Hamiltonian has all the possible p-tuples of interactions.
More precisely, given an inverse temperature 8 > 0 and a magnetic field 7 € R, the
p-spin Curie-Weiss model is a spin system on Cy := {—1, 1}V defined as:

B - ) N
eXp { NI Z1<il,,’2,,_.,,’p<1\/ 0i0iy -+ 0j, + h Z[ZI o

2NZN(B, h, p) ’

foro := (01, ...,0n) € Cy. The normalizing constant, also referred to as the partition
function, Zy (B, h, p) is determined by the condition ZUECN Pg p,p(0) =1, that s,

Pgn,plo) = (1.1)

N
1 B
ZN(ﬂ,h,P)=2—N Z eXP ) N1 Z aila,-2~~aip+h2cri . (1.2)
i=1

oeCy 1<iy,i2,.ip<N

Denote by Fy(B, h, p) := log Zyn(B, h, p) the log-partition function of the model.
Hereafter, we will often abbreviate Pg 5 p, Zn (B, h, p), and Fy(B, h, p), by P, Zy,
and Fy, respectively, when there is no scope of confusion. Various thermodynamic
properties of this model, which is alternatively referred to as the fully connected p-spin
model or the ferromagnetic p-spin model, are studied in [2,29,33,36].

This paper studies the fluctuations of the (average) magnetization ¢ y := % > lNzl oi,
given asample o := (01, ..., 0y) ~ Pg  , from the p-spin Curie-Weiss model. While
this has been extensively studied for the p = 2 case [14—17], to the best of our knowledge
this is the first such result for the higher order (p > 3) Curie—Weiss model. In this paper
we provide a complete description of the asymptotic distribution oy for the p-spin
Curie—Weiss model, for p > 3. We provide a brief summary of the results below:

e We identify a region of ‘regular’ points in the parameter space where oy concen-

trates at a unique point and has fluctuations of order N2 with a limiting Gaussian
distribution centered around this point.
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e More interestingly, there are certain ‘critical’ points, which form a 1-dimensional
curve in the parameter space, where o ;y concentrates at either two or three points. In
other words, o y converges to a discrete distribution with either two or three atoms for
(B, h) on this critical curve. In particular, if 2 # 0 or p is odd, then @ y concentrates at
two points along this curve. On the other hand, when & = 0 and p is even, there is an
addition (strongly) critical point, where oy concentrates at three points. Moreover,
o n has Gaussian fluctuations centered around each of the atoms, when conditioned
to lie in their respective neighborhoods.

e Finally, there are one or two ‘special’ points in the parameter space, depending on
whether p > 3 is odd or even, respectively, where o has fluctuations of the order

N4 and a non-Gaussian limiting distribution.

The formal statement of the result is given in Sect. 2. The proofs require precise ap-
proximations of the partition function Zy and a careful understanding of the maximizers
of a certain mean-field variational problem at all points in the parameter space. One of
the technical bottlenecks in dealing with p-spin models is the absence of the ‘Gaus-
sian transform’, which allows one to relate the partition function with certain Gaussian
integrals in models with quadratic Hamiltonians, as in the 2-spin Curie—Weiss model.
This method, unfortunately, does not apply when p > 3, hence, to estimate the partition
function we have to use a more bare-hands combinatorial approach. The details of the
proof are given in Sect. 3. In Sect. 4 we discuss future directions. Various technical
details are given in the “Appendix”.

2. Statements of the Main Results

In this section we state our main results on the limiting properties of the magnetization
in the p-spin Curie—~Weiss model. The asymptotics of the magnetization are described
in Sect. 2.1, and in Sect. 2.2 we summarize our results in a phase diagram.

2.1. Limiting distribution of the magnetization. The fundamental quantity of interest in
understanding the asymptotic behavior of the p-spin Curie-Weiss model is the mag-
netization oy = % ZlNzl o;. As alluded to before, the limiting properties of oy has
been carefully studied for the case p = 2 [7,14]. Here, we will consider the case p > 3,
where, as discussed below, many surprises and interesting new phase transitions emerge.

In order to state the results we need a few definitions: For p > 2 and (8, h) € ©® :=
[0, 00) x R, define the function H = Hgp, , : [—1, 1] = Ras

H(x) := Bx? + hx — I (x), 2.1)

where I (x) := % {1 +x)log(l+x)+ (1 —x)log(1 —x)},forx € [—1, 1],isthe binary
entropy function. The points of maxima of this function will determine the typical values
of oy and, hence, play a crucial role in our results. A careful analysis of the function
H (see “Appendix B.1”) reveals that it can have one, two, or three global maximizers in
the open interval (—1, 1), which leads to the following definition:'

Definition 1. Fix p > 2 and (8, h) € ©, and let H be as defined above in (2.1).

! For a smooth function f:[-1,11 - Rand x € (-1, 1), the first and second derivatives of f at the
point x will be denoted by f(x) and f”(x), respectively. More generally, for s > 3, the s-th order derivative
of f at the point x will be denoted by f(s)(x).
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(1) The point (B, h) is said to be p-regular, if the function Hg j , has a unique global
maximizer m, = m4(B, h, p) € (—1,1) and Hg‘h‘p(m*) < 0. (Note that a point
m € (—1, 1) is said to be a global maximizer of H if H(m) > H(x), for all x €
—1, 1]\{m}.) Denote the set of all p-regular points in ® by R .

(2) The point (B, h) is said to be p-special, if Hgj p has a unique global maximizer
my = mx(B, h, p) € (=1, 1) and Hg ), ,(m,) = 0.

(3) The point (8, h) is said to be p-critical,if Hg 1, , has more than one global maximizer.

Note that the three cases above form a disjoint partition of the parameter space ®.
Hereafter, we denote the set of p-critical points by €, and the set of points (8, 1) where
Hpg , p has exactly two global maximizers by €, ". We show in Lemma B.3 that the set of
points in &), form a continuous 1-dimensional curve in the parameter space ® (see also
Figs. 6 and 7). Next, we consider points with three global maximizers, that is ¢,\ %), "
To this end, define

B,, 1= sup {ﬂ =20: sup Hgo,pkx) = 0} . 2.2)
xe[—1,1]

Alternatively, Lemma B.3 shows that B p is the smallest 8 > 0 for which the point (8, 0)
is p-critical. Now, depending on whether p is odd or even we have the following two
cases:

e p > 3 odd: In this case Lemma B.1 shows that, for all points (8, h) € %,, the
function Hg j,, , has exactly two global maximizers, that is, 6, = €,".

e p > 4 even: Here, Lemma B.1 shows that there is a unique point A, := (,Bp, 0) e
%y, with B, as defined in (2.2), at which the function Hj B0, has exactly three

global maximizers. For all other points in (8, h) € €, Hg j, p has exactly two global
maximizers, that is, ‘Kp = ‘K[ﬁ U {Ap}. In this case we will refer to the point A, or,

equivalently, the point p, as the p-strongly critical point.> Hereafter, when the need
will arise to distinguish strongly critical points from other critical points, we will
refer to a point which is p-critical but not p-strongly critical, as p-weakly critical.
Note that the collection of all p-weakly critical points is precisely the set €.

It remains to describe the structure of p-special points. To this end, fix p > 3 and
define the following quantities:

p—2 pl1

b () e (5F) A (1)

= (= and h,:=tanh! [ 22 .
Pr 2(p—1)(p—2 ! ( p) PP\

2.3)

Again, depending on whether p is even or odd there are two cases:

e p>3 odd In this case, Lemma B.2 shows that there is only one p-special point

Tp = (ﬂp’ 17)
e p > 4 even: Here, again from Lemma B.2 and the symmetry of the model about
h = 0, there are two p-special points 7 (ﬂp, p) and 7, := (,3,,, p)

These points are especially interesting, because, as we will see in a moment, here the
magnetization has fluctuations of order N4 and a non-Gaussian limiting distribution.
2 Note that the point ﬂ p is defined for all p > 2 (even or odd) as in (2.2). However, for p > 3 odd, this

point is p-critical, but not p-strongly critical (that means it belongs to & +) On the other hand, for p = 2 this
point is 2-special (see discussion in Remark 2.1).
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Fig. 1. (a) Plot of the function Hg j p at the 4-regular point (8, h) = (0.2, 0.1), where the function Hg p
has a single global maximizer and the second derivative is negative at the maximizer; (b) Plot of the function
Hg p,p at the 4-special point (8, h) = (0.3333, 0.40997), where the function Hg ;, , has a single global
maximizer, but the second derivative is zero at the maximizer

The plots in Figs. 1 and 2 show instances of the different cases described above:
Fig. 1a shows the plot of the function Hg j p at the 4-regular point (8, 1) = (0.2,0.1),
and Fig. 1b shows the plot of the function Hgj , at the 4-special point (8,h) =
(0.3333,0.40997). On the other hand, Fig. 2a shows the plot of the function Hgp ,
at the 3-critical point (8, #) = (0.57, 0.12159), which has two global maximizers, and
Fig. 2b shows the plot of the function at the 4-strongly critical point (8, h) = (0.688, 0),
where the function Hg j, ,, has three global maximizers. In fact, recalling that R ,, denotes
the set of all p-regular points and ‘5; the set of points (8, p) where Hg j , has exactly
two maximizers, the discussion above can be summarized as follows:

6= Rp U‘K; Ulzp} for p > 3 odd, 94

- RPU‘K;U{AP,t;, 7, } for p > 4 even. 24)
Figures 6 and 7 illustrates this decomposition of the parameter space for p = 4 and
p = 5, respectively.
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Fig. 2. Plots of the function Hg p, p at p-critical points. For the plotin (a) p = 4 and (8, h) = (0.57, 0.12159)
and the function Hpg,j, , has two global maximizers; and for (b) p = 4 and (8, h) = (0.688, 0) and the function
Hg p, p has three global maximizers, that is, the point (0.688, 0) is 4-strongly critical

Remark 2.1. Note that (2.4) provides a complete characterization of the parameter space
for p > 3. As mentioned before, in the well-studied case of p = 2, the situation is
relatively simpler [11,14]. In this case, Hg j, , can have at most two global maximizers,
that is, it has no strongly critical points, hence, C; = C3. In fact, it follows from [14]
that the set of points (8, h) with exactly two global maximizers C; is the open half-line
(0.5, 00) x {0}. Moreover, there is a single 2-special point (0.5, 0) (where the function
H has a unique maximum, but the double derivative is zero), and all the remaining points
®\[0.5, co) are 2-regular. This shows that for p = 2 there is no point in ® with 7 # 0
that is critical. In contrast, for p > 3 odd, the set of critical points is a continuous curve
in ® which intersects the line 27 = 0 at a single point, and for p > 4 even, the set
of critical points is a continuous curve in ® which has two arms that intersect the line
h = 0 in the half-line [ p»00) (see Lemma B.3 for the precise statement and Figs. 6
and 7 for an illustration.) Moreover, this curve has exactly one limit point (if p > 3 is
odd) and exactly two limit points (if p > 4 is even) outside it, which is (are) precisely
the p-special point(s).
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Having described the behavior of the function Hpg j,, ,, we can now state the limiting
distribution of &, which depends on whether the point (B, /) is regular, critical, or
special.

Theorem 2.1 (Asymptotic distribution of the magnetization). Fix p > 3 and (B8, h) €
©, and suppose & ~ g p. Then with H = Hg 1, as defined in (2.1), the following
hold:

(1) Suppose (B, h) is p-regular and denote the unique maximizer of H by m, = m, (8, h,
p). Then, as N — oo,

Ni(aN—m)iN<o —;) (2.5)
: © OH'(my)) ‘

(2) Suppose (B, h) is p-critical and denote the K € {2, 3} maximizers of H by m| :=
mi(B,h,p) <...<mg :=mg(B, h, p). Then, as N — oo,

K

_ D

N = E PkSmy (2.6)
k=1

where for each 1 < k < K3

2 _1H" —-1/2
Pk = IE(mk YH" (mp)] - @
Yy [m? = DH(m))]

Moreover, if A C [—1, 1] is an interval containing my, in its interior for some 1 <
k < K, such that H(my) > H(x) for all x € cl(A)\{my}, then®

1 _ D 1
N2(0N—mk)‘{0NGA}—)N(O,—W). 2.8)

(3) Suppose (B, h) is p-special and denote the unique maximizer of H by my, = m, (8, h,
p). Then, as N — oo,

1 __ D
Ni(oy —my) — F,

where the density of F with respect to the Lebesgue measure is given by

1
2 H®(my) \* H® (m.)
dF = - R

x) rd) 24 P\ T

dx, (2.9)

with H® denoting the fourth derivative of the function H.

3 Note that all the global maximizers of the function H belong to the open interval (—1, 1), and if (8, p)
is p-critical and m1, ..., mg are the global maximizers of H, for some K € {2, 3}, then H/S’ h p(mi) <0,
forall 1 < i < K. These statements are proved in Lemmas B.1 and B.2, respectively. This implies that the
probabilities py., ..., pg in(2.7) are well-defined. Moreover, when (B, h) is p-strongly critical, thatis, Hg  p
has three global maximizers, the symmetry of the model about # = 0 (recall that p > 4 is even and & = 0O for
a strongly critical point), implies that the three maximizers are m1, 0, —m, for some m; = m1(8, h, p) < 0.

4 For any set A C R, int(A) and cl(A) denote the topological interior and closure of A, respectively.
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The proof of this result is given in Sect. 3. We describe below the key ideas involved
in the proof of Theorem 2.1:

e In the p-regular case, the proof has three main steps: The first step is to prove
a concentration inequality of oy in an asymptotically vanishing neighborhood m
(Lemma 3.1). This not only shows that m, is the typical value of o y, but also implies
that the partition function Z (which is the sum over all ¢ € Cy as in (1.2)), can be
restricted over those o for which &y lies within this concentration interval around
my. The second step is to find an accurate asymptotic expansion of Zy by first
approximating this restricted sum by an integral over the concentration interval, and
then applying saddle point techniques to get a further approximation to this integral
(Lemma 3.2). The third and final step is to use this approximation of Zy to compute

the limit of the moment generating function of N 3 (o y —m,), and show that the limit
converges to that of the Gaussian distribution appearing in (2.5). Details are given in
Sect. 3.1.

e The proof in the p-special case follows the same strategy as the p-regular case,
with appropriate modifications to deal with the vanishing second derivative at the
maximizer. As before, the first step is to prove the concentration of &y within a
vanishing neighborhood of m, which, in this case, requires a higher-order Taylor
expansion, since H f}/ I p(m*) = 0 (Lemma 3.3). The second step, as before, is the
approximation of the partition function (Lemma 3.4). The proof is completed by

calculating the limit of the moment generating function of N i (0N — my) using this
approximation to the partition function. Details are given in Sect. 3.2.

e For the p-critical case, the basic proof strategy remains the same as above.
However, to deal with the presence of multiple maximizers, we need to prove a
conditional concentration result for the magnetization, that is, oy concentrates at
one of the maximizers, given that oy lies in a small neighborhood of that maximizer
(Lemma 3.7). Similarly, for the second step, we need to approximate a restricted
partition function, where instead of taking a sum over all configurations ¢ € Cy as
in (1.1), we sum over configurations ¢ € Cy such that o y lies in the neighborhood
of one of the maximizers (Lemma 3.8). Details are given in Sect. 3.3.

To empirically validate the different results in Theorem 2.1, we fix p > 3, some
(B, h) € ®,and N = 20,000. Then we generate 100 replications from Pg ;. ,, and plot

the histograms of the magnetizations. Figure 3a shows the histogram of N > (ony —my)
at the 4-regular point (8, h) = (0.2,0.1) where, as expected from (2.5), we see a

limiting normal distribution. Next, Fig. 3b shows the histogram of N %(EN — my) at
the 4-special point (8, h) = (0.3333, 0.40997), where a non-normal shape emerges, as
predicted by (2.9). Figure 4 shows the histogram of o y at the 4-critical point (8, h) =
(0.57,0.12159), where the function Hy 57,0.12159.4 has two global maximizers (see plot
in Fig. 2a). Hence, the histogram of o has two peaks located at two maximizers (as
shown in (2.6)). Finally, in Fig. 5 we show the histogram of o at a 4-strongly critical
point (8, h) = (0.688, 0). Here, the histogram has three peaks, since the function Hg 1,
has three global maximizers (see plot in Fig. 2b). Note that the histograms of o 5 both
in Figs. 4 and 5 look like a Gaussian distribution in a neighborhood of each of the
maximizers, as predicted by (2.8) in the theorem above.

2.2. Summarizing the phase diagram. The results above can be compactly summarized
and better visualized in a phase diagram, which shows the partition of the parameter space
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Fig. 3. (a) The histogram of N2 (o y — my) at the 4-regular point (8, #) = (0.2, 0.1) and (b) the histogram
1
of N4 (o y — my) at the 4-special point (8, h) = (0.3333, 0.40997)
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Fig. 4. Histogram of & at the 4-critical point (0.57, 0.12159), where the function Hy 57,0.12159,4 has two
global maximizers, around which oy concentrates
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Fig. 6. The phase diagram for p = 4: The fluctuations of the magnetization in the different regions of the
parameter space ® = [0, 00) x R are as follows: The (white) region: These are the p-regular points where
1

H has a unique global maximizer my € [—1, 1] and H” (m4) < 0. Hence, N2 (o y — my) is asymptotically
normal by (2.5). The B points: These are the p-special points. Here, H has a unique maximizer m,., but

1
H"(my) = 0. Hence, N % (G y — my) converges to a non-Gaussian distribution as in (2.9). The s curve:
These are p-weakly critical points. Here, H has two global maximizers and, hence, o y is a 2-point mixture

with Gaussian fluctuations centered around the maximizers (by (2.6) and (2.8)). The ([ point: This is the
p-strongly critical point. Here, H has three global maximizers and, hence, oy is a 3-point mixture with
Gaussian fluctuations centered around the maximizers (by (2.6) and (2.8))

described in (2.4). The phase diagrams for p = 4 and p = 5, obtained by numerical
optimization of the function H over a fine grid of parameter values, are shown in Figs. 6
and 7, respectively. The limiting distributions that arise in the different regions of the
phase diagram are described in the figure legends.
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(0,0)

Fig. 7. The phase diagram for p = 5: The properties of the magnetization in the different regions of the
parameter space © = [0, oo) x R are as follows:The (white) region: These are the p-regular points where

H has a unique global maximizer my € [—1, 1]and H” (m4) < 0. Hence, N2 (o )y — my) is asymptotically
normal by (2.5). The M point: This is the only p-special point. Here, H has a unique maximizer ms, but

i
H" (my) = 0. Hence, N3 (o )y — ms) converges to a non-Gaussian distribution as in (2.9). The s curve
and the @ point: These are p-weakly critical points. Here, H has two global maximizers. Hence, & y is a

2-point mixture with Gaussian fluctuations centered around the maximizers (by (2.6) and (2.8))
3. Asymptotic Distribution of the Magnetization: Proof of Theorem 2.1

In this section, we will prove Theorem 2.1. To this end, note that the model (1.1) can be
written more compactly as

1
Pgn,p(o) = —exp[N BTl +hoy ]
PR T N Zy (B p) (B +h7)
where oy = % vazl o; is the magnetization. Therefore, the magnetization has the
probability mass function,
_ 1 N o
Pg., (asz)=—< )eN(ﬂ’"+m),
o 2NZy (B, h, p) \ M5
2 2
forme{—-1,—-1+—,...,1——,1¢.
N N

Observe that the probability mass function of oy involves the partition function
Zn(B, h, p), which does not have a closed form. Therefore, obtaining limiting properties
of oy requires accurate estimation of Zy (8, h, p).

We prove Theorem 2.1 in the p-regular case in Sect. 3.1 below. The proofs in the
p-special and the p-critical cases are given in Sects. 3.2 and 3.3, respectively. For
technical reasons, in the proofs, we will need to consider slightly perturbed parameter
values (8, hy), for some sequence iy — h to be chosen later. Hereafter, we will denote
Pg.hy.pr ZN(B, AN, p),and Fn(B, hy, p), by P, Zy, and Fy, respectively.

3.1. ProofofTheorem 2.1 when (B, h) is p-regular. Fix a p-regular point (8, h) € ® and
consider a sequence iy € R (to be specified later) converging to /. It has been shown in
Lemma B .4 that the function Hy (x) := Hg j, p(x) will have a unique global maximizer



692 S. Mukherjee, J. Son, B. B. Bhattacharya

my(N), for all large N, and m(N) — m, as N — 00. Choose this maximizer m.(N)
and define, for @ € (0, 1),

ANa = (m*(N) N N N’%“") . 3.1)

The first step in the proof of Theorem 2.1 when (8, h) is p-regular, is to show that under
P, the magnetization & y concentrates around m,(N) at rate N~ 27%, for any o > 0.

Lemma 3.1. Suppose (B, h) € © is p-regular. Then for « € (O, %] and Ay o as defined
above in (3.1),%

- 1
P (@ € Ay o) =exp {gNzaH”(m*)} O(N?).
Proof. Note that the support of the magnetization o y is the set

2 2
={-1,—-1+—,...,1——,1¢.
My { +N N }

It follows from [32], Equation (5.4), that for any m € My, the cardinality of the set
Ay ={o eCy oy =m}
can be bounded by
N

rexp {—NI(m)} < |Au| <2V exp{—N1(m)) (32)

LN2
for some universal constant L (recall that /(-) is the binary entropy function). Hence,
we have from (3.2),

LmeMy (A, |Am| exp N (Bm?P +hym)}
2 memy |Amlexp {N(Bm? + hym)}

LNI(N+1) Sup,c4c €NV

Py € AS ) =

Sup, (.13 eV AN
=expiN | sup Hy(x) — Hy (mi(N)) O(N%). (3.3)
XEA?/,a
By Lemma B.11, we know that for all large N, SUPyeAs, Hy (x) is either Hy (my(N) —

N_%W) or Hy(my(N) + N_%W). Since Hj, (m+«(N)) = 0 and the functions HS) are
uniformly bounded on any closed interval contained in (—1, 1), Taylor’s theorem gives
us:

Hy (ma(N) £ N73%) = Hy (m,(N)) = %N—‘”"‘H}&(m*(zv)) +0 (N73)

(3.4
1
< §N_1+2“H”(m*) +0 (N—%”“) . (3.5)
Note that (3.5) follows from (3.4) since Hy(m«(N)) — H"(m,) < 0. The proof of
Lemma 3.1 is now complete, in view of (3.3). O

5 For any set A, A€ denotes the complement of the set A.
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Lemma 3.1 shows that almost all contribution to Zy comes from configurations
whose magnetization lies in a vanishing neighborhood of the maximizer m,(N) of Hy.
This enables us to accurately approximate the partition function Zy. This involves a
Riemann approximation of the sum of the mass function Pg 5, » (o) over all & whose
mean lies in a vanishing neighborhood of m., followed by a further saddle-point ap-
proximation of the resulting integral.

Lemma 3.2. Suppose (B, h) € © is p-regular. Then for « > 0 and N large enough, the
partition function can be expanded as,

N HN (m(N))

zZ

_ L
t \/(m*(N)2 — DHJ,(my(N)) (1 +0 (N 2+ ))’ (3.6)

where m(N) is the unique maximizer of the function Hy. Moreover, for N large enough,
the log-partition function can be expanded as,

Fy — 1 2 1" Ll
Fy = NHy(n,(N)) = log [m, (V) = DH}ymu(N) |+ 0 (N72*) . 3.7)

Proof. Without loss of generality, let o € (O, %] and note that

_ _ N
Plon € Ang) = Z;l Z (N(l +m)/2> exp {N(,Bmp +hym — log 2)} .
meMy ﬂAN,a
(3.8)

By Lemma 3.1, PGy € Ayg)=1—-0 (e_Na) and hence (3.8) gives us

Ty = (1 +0 (e*N“)) 3 (N | N 2) exp {N(Bm? + hym — log2))
meMy Py, VAEm/

- (1 +0 (e—N")) > e (3.9)

meMy mAN.a

where ¢ : [—1, 1] = R is defined as
L(x) = < N >exp {N(,Bxp +hyx — 10g2)} (3.10)
N +x)/2 ’

where ( N(lfx) /2) is interpreted as a continuous binomial coefficient (refer to “Ap-

pendix A.1” for the definition of continuous binomial coefficients). The next step is
to approximate the sum in (3.9) by an integral, using Lemma A.2. Note that Lemma A.2

can be applied with n = (H)(N%J'O‘) to obtain (using Lemma B.7),

2
/A (dx—— > L) SONTTNT sup [¢/(v)]

meMy (AN« XEAN .«

—0 (N—%W N N%“”) C(ma(N))

—0 (N*“Z") ¢ (ms(N)). G.11)
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It now follows from (3.11), Lemmas A.5, A.3 and B.6, that

Yoo m)

meMy mAN.Dt

N 2u
=7, ¢(x)dx + O(N**)¢(m4(N))

1
N? 2
= (1 + O(N’l))/ NV [ 2 gy
2 A w(l—x2)

+ O(N*)¢(m.(N))

1
_N s 2 N Hy(m.(N))
2\ NIH{(mo(N)|| 7 (1 = my(N)?)

(1 +0 (N—%”“)) + O(N¥)¢ (. (N))
eV HN (m«(N))

- (140 (v72%))

\/(m*(N)z — DH} (m«(N))

2 NHy (my(N)) -1 2u
«M (120N oV
+\/mv(1 “m (1+ 00v7h) o™
eNHN(m*(N)) ( 1
1+0 (N—7+3“)) . (3.12)

o2 = DH (V)

Combining (3.9) and (3.12), we have:

Zy = (1 +0 (e*Na)) (1 +0 (N7%+3a)> \/(m*(N)Z — D H} (m(N))

B (1+ 5 (N’%”“)) N Hy (m.(N))

This completes the proof of (3.6). If we take logarithm on all sides in (3.13) and use
the fact that log (1 + O(a,)) = O(a,) for any sequence a,, = o(1), then we get (3.7),
completing the proof. O

N HN (m ()

(3.13)

om0 = D H ma ()

Completing the Proof of (2.5): We now have all the necessary ingredients in order
to derive the CLT for o 5y when (8, h) is p-regular. Recall that m, = m. (B, h, p) is the
unique maximizer of H. To complete the proof we will show that the moment generating

function of N2 (0§ — my) under Pg j, , converges pointwise to the moment generating
function of the N (0, —1/H" (m.)) distribution. Towards this, fix € R and note that the

. . o
moment generating function of N2 (o — m) at ¢ can be expressed as

1
z (h N~b1, )
E,Bh [etNé(oN—m*)}:e—tNém* N IB M P

sn,p ZN(ﬁ’ h’ p)

(3.14)
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Using Lemma 3.2 and the fact that m,(N) — m, the right side of (3.14) simplifies to

1 |
—tN2Zmy+N{H 1 (m* (ﬁ,h+N_7t,p))—Hﬁyh,,,(m*(ﬂ,h,p))
BN~ 2t.p

(I+o(1))e (3.15)

Now, Lemma B.5 and a simple Taylor expansion gives us

| 10
me (85 NT2p) = e (B p) = NTH ma (B p)| |+ O

- ! +O(NTY. (3.16)
NzZH"(my(B, h, p))

Using (3.16) and a further Taylor expansion, we have

N {Hpnp (e (B 1+ N30, p)) = Hpp na (8.1 p))

N 2
= 3 {m (B4 N2 p) —mi (Boh )} H (i (B p) +o(D)
[2
2 om By
2

Next, we have by Lemma B.5 and a Taylor expansion,

9
IN*m, (,3, h+ N3t p) — IN2ma (B, h, p) +1(t 4y m (B p)|  +o(D)
2 h i

© H'(m.)

1
=tN2m,

+o(1). (3.18)

Adding (3.17) and (3.18), and recalling the definition of the function H from (2.1), we
have:

N {Hﬂ’hw%w (m* (,3, h+ N*%z, p)) — Hgp,p (my (B, I, p))}

2

1 t
:thm*—m+0(l). (319)

Using (3.19), the expression in (3.15) becomes

2
t
expy—————— +o(l). 3.20
P{ 2H”(m*)} o(1) (3.20)
The constant in expression (3.20) is easily recognizable as the moment generating func-
tion of N(0, — m) evaluated at 7. This completes the proof of Theorem 2.1 for

p-regular points (8, h). O
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3.2. Proof of Theorem 2.1 when (B, h) is p-special. When (B, h) is p-special, we

consider local perturbations of the parameters (8, hy) = (B, h + hN ’%). Note that
in this case the function Hg p , still has a unique maximizer m, = m4(8, h, p), but
H g h,p (my) = 0. The proof strategy here has the same broad roadmap as in the p-regular
case, with relevant modifications while taking Taylor expansions, since ﬁ’ h p(m*) =0.
As before, the first step is to prove the concentration of o within a vanishing neigh-
borhood of m, (Lemma 3.3). Here, the concentration window turns out to be a little

more inflated, that is, its length is of order N _%“", for « > 0. Next, we approximate
the partition function Zy, where, since the second derivative of H is zero at the max-
imizer, we need to consider derivatives up to order four to accurately approximate Zy
(Lemma 3.4). The details of the proof are presented below.

Throughout this section, as usual, we will denote Hg , , by H, Hg , » by Hy, the
umque global maximizer of ng ny,p (forlarge N)by m,(N),Pg py, p by P, Zn B, hn, p)
by Zy and Fy(B, hy, p) by Fy. As outlined above, the first step in the proof of Theo-
rem 2.1 when (8, h) is p-special, is to show the concentration of o ; within a vanishing
neighborhood of m.,.(N). In the p-special case, this is more delicate, because it requires
Taylor expansions up to the fourth order term. Here, the concentration window turns out
to be a bit more inflated as well, and is given by:

Ava = (ms(N) — N™3% m (N) + N™i), 3.21)

Lemma 3.3. Suppose (8, h) € © is p-special. Fix a € (O, %] and let Ay o be as in
(3.21). Then,

P(oy € Ay ,) = exp {%N““H(“)(m*)(l + 0(1))} O(N?).

Proof. Tt follows from (3.3) that
ﬁKEN’G.AQa)

= exp {N ( sup Hy(x) — Hy (m*(N))>} O(N%)
XGAxﬂ

< exp {N (HN (m*(N) + N—%W) — Hy (m*(N)))} O(N?)

(using Hy, (m,(N)) < 0 and Lemma B.11)

< exp {éN4+3°‘HN (ma(N)) + — N4°‘H(4)(m*(N)) +0 (Ni”“)} O(N?).

(3.22)

24

Now, it follows from Lemma B.10, that |H1§,3) (m4«(N))| = O(N~1/%). Hence, N1/H+3«
HY mo(N)) + N HP (o (N)) = N**H® (m,) (1 + 0(1)), and Lemma 3.3 follows
from (3.22). |

The next step in the proof of Theorem 2.1 when (B, k) is p-special is the approxi-
mation of the partition function.
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Lemma 3.4. Suppose (B, h) € © is p-special, and let hy = h + N_%t, fort € R. Then
for N large enough, the partition function Zy can be expanded as

NieNHNm(N)) oo
N:
V21 (1 = my(N)?) J -0

where n; »(y) = ay® +by> + cy*, with

emrOdy (1+0(1)),

1 2
61)3 (H (m,))3 605 (H® (m,))> H® (m,)
a:.= 1 , bi=— ; ,andc::T.

Proof. Once again, as in the proof of Lemma 3.2, it follows from Lemma 3.3, that for
RS (O, 2—10],

Zy = (1 +0 (e—N“)) mEMXr%A ¢(m), (3.23)

where ¢ : [—1, 1] — Ris defined in (3.10) and Ay o is defined in (3.21). It also follows
from Lemma A.2 and Lemma B.9, exactly as in the proof of Lemma 3.2, that

2 —1+4a
‘/AN codr—= Y em| =0 (N comav)). (3.24)
o meMpy (AN«

Hence, we have from (3.24), Lemma B.6, Lemma A.4 and Lemma B.10,

N 4o
Y. tm== / ¢(x)dx + O(N*) ¢ (m,(N))
-AN,ot

mEMN ﬂAN,a
1
_N2 -1 N Hy (x) 2 da
= (1 + O(N )) ‘/:4N_a e " _xz)dx + O(N*™)t(m«(N))
1
= O(N*)¢(m4(N)) + NE oV HN (m«(N))

V21 (1 = my(N)?)
[t (ivo (i)

1
N L NHY (V) o
- e P dy(1 +o(1)) <1+0<N*%+5°’))
V2 (L —my(N)2) oo
2 N Hy (my(N)) —1 da
M (1+0N"hH) o
+\/71N(1—m*(N)2)e ( +0( )) (V)

NieNHvm(N)  poo

B V27 (1 — my(N)?) J—oco

emrMdy (1+0(1)). (3.25)
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Combining (3.23) and (3.25), we have:

q eV HN (m«(N)) 00
N = (1 +0 (e—N )) (1 +0(1)) e"w@)dy
V27 (1 — my(N)?)
1
NieNHym(N) oo
= (1 +0(1)) —2 Mgy, (3.26)
V21 (1 —my(N)?)
This completes the proof of Lemma 3.4. O

Completing the Proof of Theorem 2.1 when (8, h) is p-special: As before, we
start by computing the limiting moment generating function of

r
N3 (oy —m«(B, h, p)),
in the following lemma.
Lemma 3.5. For every p-special point (8, h) € ©, ifo ~ Pg p, j, then

1

iw 3 6t \?
lim E IN3@N=—m(BP) | — C (¢ _Z , 3.27
Ngnoo B.h,p [e ,D( )exp 4 H(4) (m*) ( )
where
o0
PUNACOR |
Cp() := f_oo Y
H® (my) 4
—eo€ Ty

and 1y, p is defined in the statement of Lemma 3.4.

Proof. Once again, throughout this proof, we will denote m (8, h, p) by m,. Fixt € R

. . b
and note that the moment generating function of N4 (o y — m) at ¢t can be expressed
as

3
Z ( ,h+ N74g, )
Eﬂh |:etN411(<7Nm*):| — eftN%m* N 'B p

b Zn (B, h, p)

Using Lemma 3.4 and the fact that m, (8, h + N_%t, p) — My, the right side of (3.28)
simplifies to

(3.28)

1 3
—tN4my+NJ H 3 (m*(ﬁ,h+N_Zt,p))—Hﬁ’h,p(m*(ﬂ,h,p))
Bh+N" 4t.p

Cp(t)e (1+o0(1)). (3.29)

By Lemma B.10, we have:
Ni (m* (fs,h+N—%t, p) —m*) = —R, (1) + (1), (3.30)

1
where R, (1) := (6t JH® (m*))j. By a further Taylor expansion and using (B.10), we
have (denoting Hy = Hpg .y, p)

N {HN (m* (ﬂ, h+ N-it, p)) — H (my (B, h, p))] =T+ T+ T35+ Ty, (331)
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where
N -3 2 "
Ty =5 {me (B + N30 p) —mo(Bh p)| H, (ma (B R, p) = 0(1),
3 3
1y i= 5 {me (B + N30 p) —maBoh p) | HE) (m (Bh. p)) = o(1),
4
7= 3 e (Bon e NT3p) —maBoh ) HED Gne (B0 p)

= 2R, ()*HP (m,) +0(1),

3
and Ty := O(N{m.(B. h+ N™it, p) — m.(B. h. p)}) = o(1).
Now, using both (3.30) and (3.31), we have

N I:Hﬁ’h+Ni[,p <m* (,3, h + Ni%t, p)) —_ Hﬂ’h,p (m* (131 h’ p))}
= tN%m* —tRy(1) + no,p(—Rp (1)) +o(1).

Using the above with (3.28), (3.29), and noting that ng_,(y) = % y*, the result in
Lemma 3.5 follows. m]

Although (3.27) is not readily recognizable as the moment generating function of
any probability distribution, we will show below that it is indeed the moment generating
function of the distribution F given by:

D) o exp (Mx4>. (3.32)

dx 24
Lemma 3.6. Let F be the distribution defined in (3.32). Then,

B AF () = C 3 (6t ) 333
/6 (x) = p(t)exp _Z H(T(m*) s (3.33)

with notations as in Lemma 3.5.
Proof. Let us denote the right side of (3.33) by M (¢). Define

1

3 6rt 3
A(t, y) =1 HO o) + e, p (V).

Note that
ffo At dy

o0

M) = (3.34)

H® e 4
y
T € @ Yy

1
Now, recall that R, (t) = (61/H™ (m.))?. Using the change of variables u = y — R, (1)
and a straightforward algebra, we have

H®(my)

—u"+
24

Lemma 3.6 now follows on substituting (3.35) in (3.34). |

Alt,y) = tu. (3.35)
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It now follows from Lemmas 3.5 and 3.6, that for a p-special point (8, h),

Ni@y —me(B,h, p)) > F (3.36)

This completes the proof of Theorem 2.1 when (B, k) is p-special.

3.3. Proof of Theorem 2.1 when (B, h) is p-critical. Throughout this section we assume
that (8, h) € O is p-critical. This means, by definition and Lemma B.1, that the function
H = Hgp phas K € {2, 3} global maximizers, which we denote by m < ... < mg. It
also follows from Lemma B.4, that for a sequence hy — h, the function Hy := Hg py p,
for all large NV, has local maximizers atm(N), ..., mg (N) such that my(N) — my, as
N — oo, foralll < k < K. Asbefore, Pand ZN willdenote Pg 1,y pand Zy (B, Ay, p),
respectively.

In presence of multiple global maximizers, the magnetization o y will concentrate
around the set of all global maximizers. In fact, we can prove the following stronger
result: Consider an open interval A around a local maximizer m such that m is the unique
global maximizer of H over A. Then conditional on the event 6y € A (which is a rare
event if m is not a global maximizer), o ; concentrates around m. This is the first step in
the proof of Theorem 2.1 when (8, h) is p-critical. To state the result precisely, assume
that m is a local maximizer of H and let m(N) be local maximizers of Hy converging
to m, which exist by Lemma B.4. Define

AN aOn(N) = (m(N) = N5 m(N) + N8 (3.37)

The following lemma gives the conditional and, hence, the unconditional, concentration
result of & around local maximizers.©

Lemma 3.7. Suppose (B, h) € ®is p-critical. Thenforo € (0, %]ﬁxedand AN o(m(N))
as defined in (3.37),

P(on € Ano(m(N)|on € A) =exp {%NZ“H”(m)} ON?), (338

for any interval A C [—1, 1] such that m € int(A) and H(m) > H(x), for all x €
cl(A)\{m}. As a consequence, for AN ok := U,{;l AN.o(mr(N)),

_ 1, 5
P(oy € Af\,’a’K) = exp {§N o 12}2(1( H”(mk)} O(N?2). (3.39)

Proof. Ttfollows from Lemma B.4, thatfor all N sufficiently large, Hy (m(N)) > Hy(x)
for all x € cl(A)\{m(N)}, whence we can apply Lemma B.11 to conclude that

sup  Hy(x) = Hy (m(N) + N—%W) ,
YEA\A o (m(N))

6 The unconditional concentration derived in (3.39) is not required in the proof of Theorem 2.1. Neverthe-
less, we include it for the sake of completeness.
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for all large N such that Ay ,(m(N)) C A, as well. Following the proof of Lemma 3.1,
we have for all large N,

P(on € Ano(m(N)[oN € A)

<expiN sup Hp(x) — sup Hy(x) O(N%)
x€A\AN o (m(N)) xeA

= exp {N (HN (m(N) + N—%“") — Hy (m(N)))} O(N?)

3

<expl (N_1+2°‘H”(m) +0 (N—3+3“))} O(N?). (3.40)

The result (3.38) now follows from (3.40).

Next, we proceed to prove (3.39). Let A1 := [—1, (m1 + m»2)/2), Ax = [(mg_1 +
mg)/2,1] and for 1 < k < K, Ay := [(mg—1 + mg)/2, (mg + mys1)/2). Then,
Ay, Ay, ..., Ak are disjoint intervals uniting to [—1, 1], my € int(Ax), and H (my) >
H (x) for all x € cl(Ag)\{my}and all 1 < k < K. Hence, by Lemma 3.7,

_ 1
P(on € An,a(me(N)|on € Ax) = exp{gNzaH”(mk)} O(N?) forall 1 <k <K.

Since Ay o (mip(N)) C Ag forall 1 < k < K, for all large N, we have Ay o (mg(N))°©
N Ax = AY ok (N Ax forall 1 < k < K, forall large N (recall the definition of Ay o x

from the statement of Lemma 3.7). Hence, P (EN € AN,a(mk(N))C|EN € Ak) =P
(EN IS A?\/,a,K|EN IS Ak> for all 1 < k < K, for all large N. Hence, for all large N,

we have
— , 1
PGy € A?V,a,K|EN € Ax) =exp {gNZ“H”(mk)} O(N%) forall 1 <k < K.
(3.41)
It follows from (3.41) that for all large N,

K
PGy € Ay k) =Y P(On € Af . k[N € A) PN € Ap)
k=1

K
1 _

< exp{—Nz‘x max H”(mk)} O(N%) E Py € Ap)
3 1<k<K P
1 20 " 3

=expy =N max H"(my){ O(N2). (3.42)
3 1<k<K

The result in (3.39) now follows from (3.42), completing the proof of Lemma 3.7. O

In order to derive a conditional CLT of o around the local maximizer m, given
that m is in A (where A is as in Lemma 3.7 above), we need precise estimates of the
restricted partition functions defined as

1
N Z exp{N(,BEﬁ,+hNEN)}.

ocCy:oN€EA

Zy|, =
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Note that Zy | A is the partition function of the conditional measure P (0’ € -}EN € A),
in the sense that for any T = (71, 72, ..., Ty) € Cy such that T € A, we have

Blo=t|oned)= —o

ZNZN|A exp {N(ﬂﬁx +hNEN)} .

The following lemma gives an approximation of the restricted and, hence, the unrestricted
partition functions. To this end, recall that m(N) is a local maximizer of Hy converging
to m.

Lemma 3.8. Suppose (B, h) € © is p-critical. Then for o > 0 and N large enough, the
restricted partition function can be expanded as

_ eNHN (m(N))

Zy|, =
b S = D E Ny

(1 +0 (N—%W)) , (3.43)

where the set A is as in Lemma 3.7. This implies, for every @ > 0 and N large enough,
the (unrestricted) partition function can be expanded as

S N Hy (mi (V) »
" ; N2 = DH mic () (1+0(v5)). (3.44)

Proof. The arguments below are meant for all sufficiently large N. Without loss of
generality, let & € (0, %] and note that

P (aN = AN,a(m(N))‘EN c A)

= Zn|, > (N(l .\ m)/2> exp {N(Bm? + hym —log2)}. (3.45)
meMpy () An,o(m(N))
By Lemma 3.7, P (EN c AN,a(m(N)))EN e A) — 1 — 0(eM") and hence (3.45)
gives us

Zy|, = (1+0@™) 3

meMy M An,a(m(N))
N
P _
(N(1+m)/2) exp {N(Bm” + hym —log2)} . (3.46)

Since m(N) is the unique global maximizer of Hy over the interval Ay ,(m(N)), by
mimicking the proof of Lemma 3.2 on the interval Ay o (m(N)), it follows that

N
N P+ hym —log2
> (N(l+m)/2>exp{ (B + haym —log )}
meMpy (N Ay,o(m(N))
eNHN (m(N))

—Li3a
Sy = DH () (10 (v2)). o

The result in (3.43) now follows from (3.46) and (3.47).
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For each 1 < k < K, (3.43) immediately gives us

eV HN (mi(N))

(1 +0 (N—%“’)), (3.48)

Zy|, =
A N2 = DH e (N))

where the sets Ay, ..., Ak are as defined in the proof of (3.39). The result in (3.44) now
follows from (3.48) on observing that Zy = Zle Zy |Ak' O

Lemmas 3.7 and 3.8 can now be used to complete the proof of Theorem 2.1 (2).

Completing the Proof of Theorem 2.1 when (8, h) is p-critical: For each
e>0and1 < s < K, define By, = (mg — ¢, mg+¢). Then for all ¢ > 0 small enough,
H(mgs) > H(x), for all x € B .\{m;}. Now, foreach 1 < s < K, we have

- Zn B P,
Pﬁ,h,p(GN (S] BS,S) = W (349)

By Lemma 3.8 we have

eV SUPxer—1,1] H(x)

Z Jh,
~N(B,h, p) ST Dy

B, = (I+o0(1)) forall <s <K, (3.50)

and

K
Zn(B.h, p) = et Oy (I+o(1).  (351)

1
= V(mZ—1)H"(my)

The result in (2.6) now follows from (3.49), (3.50) and (3.51).
Now, we proceed we prove (2.8). A direct calculation reveals that

1
_tN%mZN(,B5 h +N—7ta P)’A
Zn(B.h.p)|,

P
Eﬂ,h,p [eth(aN—m)‘gN c A:| EY (3.52)

Using Lemma 3.8, the right side of (3.52) simplifies to

B.heN~ 2t.p

—tN%m+N[H | <m(ﬂ,h+N7%t,p))—H/g‘hﬂ(m(ﬂ,h,p))}
(1+o(l))e ,
wherem (8, h, p) andm(B, h+N_%t, p) are the local maximizers of the functions Hg j,

and Hﬁ b respectively, converging to m. We can mimic the proof of Theorem 2.1
i+ t.p

(1) or (3) verbatim from this point onward, to conclude that as N — oo,

¢ 12

H’(m) 2H'"(m)

1
Eg ., p [etNZ(GN—m)‘EN € A} — exp {— } . (3.53)

The result in (2.8) now follows from (3.53). O
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4. Discussion and Future Directions

In this paper we have derived the limiting distribution of the magnetization in the p-spin
Curie—Weiss model (1.1) at all points in the parameter space. One natural way to gener-
alize the model in (1.1) is to change the base measure from the Rademacher distribution
(the uniform distribution on {—1, 1}) to a general probability measure u supported on
[—1, 1]. This gives rise to the following probability distribution on [—1, 1]V:

exp {N (,35% + hEN)} H1N=1 du(o;)
Zn(B.h, p, )

dPg.n,pu(0) = , (4.1)

fore := (oq,...,0n) € [=1, 11", Here, the normalizing constant is given by

N
ZN(B.h, p. 1) =/ exp {N (B} +hon)} [ [duton.

— N
[-1.1] i

Clearly, (4.1) reduces to the model in (1.1) for p = %8_1 + %51 (the Rademacher
distribution).

For the 2-spin case, fluctuations of the magnetization have been studied for general
base measures [15,17]. In this direction, we expect results analogous to those obtained
in Theorem 2.1 to hold for the p-spin model, for p > 3, with general base measures as
well. Towards this, by an application of Cramér’s theorem and Varadhan’s lemma [12]
we have,

. 1
lim —logZn(B, h,p,u) = sup Hgppu(x), 4.2)
N—oo N xe[—1,1]

where Hg p, p u(x) = BxP + hx — I,,(x), with I,(x) = sup, g{rAx — ¢, (A)} and
¢u(A) = logEx~,[e*X]. Note that 1,(-), which is the Legendre transform of the
cumulant generating function ¢, (-), is the large deviation rate function of the sample
mean for the measure w. When u is the Rademacher distribution, 7, (x) = I(x) =
% {(1+x)log(1+x)+ (1 —x)log(l —x)} is the binary entropy function and we get
back the function Hg j,, ,, as defined in (2.1). The representation of the partition function
in (4.2) suggests that the magnetization o v, for 6 ~ Pg ; , . as in (4.1), concentrates
around the global maximizers of the function Hg j p .. Moreover, as in Theorem 2.1,
we expect oy to have limiting distributions centered around the global maximizers
(properly conditioned in case of multiple maximizers), where the order of the fluctuations
and the nature of the asymptotic distribution will depend on the number of vanishing
derivatives of the function Hg j, , , at a particular maximizer. To establish this formally
one would need precise estimates on the density of *”, the n-fold convolution of the base
measure ©. While such estimates are readily available for the Rademacher distribution,
for general base measures this is more involved. Towards this, large deviation local
limit type estimates for sums of i.i.d. random variables [5] can be useful. Computing
the global maximizers of the function Hg  p ., for a given measure u, appears to be
a rather delicate problem as well. Already in the Rademacher case, as summarized in
Figs. 6 and 7 , many new phases emerge as one moves from the 2-spin model to the
p-spin model. Understanding the landscape of the function Hg j_ p . for other natural
base measures y is an interesting problem for future research.
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Appendix A. Properties of Special Functions and Approximation Lemmas

A.l. Special functions and their properties. In this section, we state few important prop-
erties of some special mathematical functions which arise in our analysis.

Definition 2. The gamma function I" : (0, co) — R is defined as:

o0
I'(x) ::/ W e " du.
0

Definition 3. The digamma function I" : (0, c0) — R is defined as:

@ = log (1) = =&
x[fx._aog (x_F(x)'

The following standard expansion of the digamma function will be very helpful in our
analysis: As x — oo,

1
U (1 +x) =logx+2—+0(x_2). (A.1)
X
Definition 4. For real numbers x > y > 0, the binomial coefficient x choose y is defined
as
x\ F'x+1)
v/ TG+DIG—y+1)
Lemma A.1. Fix u > 0. Then, for every x € (0, u), we have

d [u u
o ():()[w(u—x+l)—1/f(x+l)].
x \x X

Proof. Leti(x) = (;) Then, logit(x) =logT'(u+1) —logl'(x+1) —logl'(u —x +1)
and hence,

(%) d
=—logtx)=—vx+D)+vy@—x+1). (A2)
t(x) dx

Lemma A.1 now follows from (A.2). |
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A.2. Mathematical approximations. In this section, we give three different types of
standard mathematical approximations, which play crucial roles in our analysis.

Lemma A.2 (Riemann Approximation). Let f : [a, b] — R be a differentiable func-
tion, and let a = xg < x1 < ... < X, = b. Let x} € [x5_1, x5] for each 1 < k < n.
Then, we have:

b n
f =) s —x ) f)] <
“ k=1

Proof. Lemma A.2 follows from the following string of inequalities:

/f Z(xs—xs DFaD)| =

(b_a) mkax (X5 — Xx5—1) sup |f ).

I<ksn x€la,b]

(f(X) — f(x))dx

Xs—1

Z / | £(x) = (D) dx (A3)
Xs—1
< sup]|f(x)|Z/ ' v — x| dx (A4)
xea Xs—1
1
= s |f(x)|Z[<x — %m0+ (5 =37
xea s=1
<§x:12p If(X)Igi;(xv—xy D’

< —(b—a) max (xg — xs—1) sup |f'(x)].
I<s<n x€la,b]

Note that, in going from (A.3) to (A.4), we used the mean value theorem. |

The following lemma gives a Laplace-type approximation of an integral over a shrinking
interval. For the classical Laplace approximation, which approximates integrals over
fixed intervals, refer to [13,35]. Even though the proof of Lemma A.3 below is exactly
similar to that of the classical Laplace approximation, we provide the proof here for
the sake of completeness. To this end, for positive sequences {a,},>1 and {b,},>1,
a, = 0g(b,) denotes a, < Ci(0)b, and a, = QQ(b,) denotes a, > Cr()by,
for all n large enough and positive constants C(LJ), C>(0J), which may depend on the
subscripted parameters.

Lemma A.3 (Laplace-Type Approximation-I) . Let a < b be fixed real numbers, g :
[a, b] — R be a differentiable function on (a, b), and hy, : [a, b] — R be a sequence
of thrice differentiable functions on (a, b). Suppose that {x,} is a sequence in (a, b)
that is bounded away from both a and b, satisfying h),(x,) = 0 and h!)(x,) < 0 for
all n. Suppose further, that for every a < u < v < b, sup, ¢, y g/ (x)| = Oy,4(1),
SUP, 5 1 SUPyeruo 15 (O] = Ouu(1) and infrepu,v) 18| = Quu(1). Also, suppose
that inf,>1 |k}, (x,)| > 0. Then, for all o € ( , 6) we have as n — o0,

x,1+;f%+°’ 27 )
/ gl = el )|g(xn)e"hn<w (140 (n72%)).
xp—n_2%¢ n\h,(Xn
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Proof. 1f we make the change of variables y = \/n(x — x,,), we have

x,,+n7%+a N . n¢ | nhy, (yn7%+xn)
/ . gx)e" "y = n_ff glyn™2 +x,)e dy. (A.5)
X,

— 5
n—n_ 27¢ —n¥

By a Taylor expansion, we have for any sequence y € [—n%, n*],

_1
enhn (yn 7+x,,> = (1 +0 (ngai%)) e"h"(x")*'%h:’/(x")
and g(yn_% +xp) = (1 +0 (n“_%» g(xn). (A.6)

Using (A.6), the right side of (A.5) becomes

! | n2,
n2 (1 +0 (n3°‘_7)> g (xy) et ) / e Thim) gy

—n9

o ) e 0 ) )
= (1+0 (n2)) Wg(xn)enhm) (1-0(c))

= (1 +0 <n3°‘_%)> Wg(xn)e"h"(x”).
n

The proof of Lemma A.3 is now complete. O

Lemma A.4 (Laplace-Type Approximation-II). Let a < b be fixed real numbers, g :

[a, b] — R be a differentiable function on (a, b), and hy, : [a, b] — R be a sequence

of 5-times differentiable functions on (a, b). Suppose that {x,} is a sequence in (a, b)

that is bounded away from both a and b, satisfying h),(x,) = 0 for all n > 1. Also,

assume thatn%h;,/(xn) =C1+ O(n_%), n%h,(f)(x,,) =Cr+ O(n_%), and h,(14)(xn) =

C3+ O(n_%), where C1, Co and C3 are real constants. Suppose further, that for every
5

@ <u<v<b suPygp 18] = Ouu(l), Up,s 1 Uy ) (9] = Ouu(D)
and inf ey v |8(x)| = Qv (1). Then, forall o € (O, 21—0) asn — 0o,

~Lia

Xptn 4

nhy, nhy, (x,)

g(x)e"n™dy = n_%g(x,,)e

1
xp—n_ 4%

n* 2 )3 A |
/ eTC1re ot G gy (1 +0 (nS“_Z)) )
_n()t

Proof. To begin with, by a change of variables y = ni (x — xy), we have

x,,+n7%+°’ n® nh n_%+x
M) gy = p~ ~3 T 4y g
,, 8We dx=n glyn™% +xp)e y (AT
X,

n—n 4 —n®
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Now, by a Taylor expansion of nh, (yn’% + xn) around x,, we have for any sequence
y €[n7% n%],

12
nzy
2

nh, (yn_% +xn) = nh, (x,) + )y (xn)

1

1.3 4
niy’ y 1
# T )+ 2D ) + 0 (57
2 3 4
y y y 1
:nh,,(xn)+?C1+€C2+ﬂ6‘3+0(n5“ 4). (A8)
It follows from (A.8), that

h _?II 2 3 4

en n()’i’l +x,,) _ (1 +0 (nja—%)) enhn(xn)+y7cl+%C2+’%4C3_ (A.9)

Similarly, for any sequence y € [—n%, n®], we have

ey~ +x,) = (1 +0 (n“*%)) 2 (). (A.10)

Using (A.9) and (A.10), the right side of (A.7) becomes

o

-1 i) [ RO el o Sa—1
n=ag(x,)et ez 6 #253dy(1+0(n 4)).
,na

The proof of Lemma A.4 is now complete. O

Lemma A.5 (Stirling’s Approximation of the Binomial Coefficient). Suppose that x =
xy isasequence in (—1, 1) that is bounded away from both 1 and —1. Then, as N — oo,

MoV |2 e i
(N(1+x)/2>_2 \/EGXP( NI(x))<l+0(N )),

Proof. First, note that by the usual Stirling approximation for the gamma function, we
have the following as all of u, v and u — v — o0,

<u> Varu (£)" (1+0(3))
270 (2)" (1+0 (1) VarG =) (52) "7 (140 (%))

Vs w10 ()0 ()0 (:5))
= . 1+0(—-)+0|-)+0 .
2nv(u —v) vV(u —v)4v u v u—v
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Substituting u = N and v = N(1 + x)/2 (the hypothesis of the lemma indeed implies
that u, vand u — v — 00), we have

N _ N
N(1+x)/2) 2y N0k ()

NN

(N(l +x)>N(l+x)/2 <N(1 _ x))Na—x)/z (

2 2

AN / 2 _N(1+x)
=2 —nN(l ) exp( — log(1 + x)

1+ 0(N‘1)>

N —
—% log(1 — x)> (1 + 0(N—1))
oV |2 e (—NI() (1 + 0(N’1)>
TN —x2) '
This completes the proof of Lemma A.5. O

Appendix B. Properties of the Function H and Other Technical Lemmas

This section is devoted to proving several technical lemmas that are used throughout
the proofs of our main results. In “Appendix B.1”, we will prove several important
properties of the function H. In “Appendix B.2” we collect the proofs of some other
technical lemmas.

B.1. Properties of the function H. We start by showing that a p-strongly critical point

arises if and only if p > 4 is even, and in that case, the only such point is (,3 p, 0) (recall
(2.2)).

Lemma B.1 (Basic properties of the function H ). The function Hg , ,, has the following
properties.

(1) supyer—1.1) Hp.n.p(x) = 0 and equality holds if and only if (B, h) € [0, 5,}] x {0}.

(2) Every local maximizer of Hg 1, lies in (—1, 1).

(3) Hg p,p can have at most two local maximizers for p = 3 and at most three local
maximizers for p > 4. Further, it has three global maximizers if and only if p > 4 is
even, h =0and = ,5,,.

Proof of (1). First note that sup,._; 1y Hp.n,p(x) = Hpn p(0) = 0. Now, it follows
from first principles, that lim. .o Hg 5, p(€)/e = H,f/},h,p(o) = h.If h > 0, then there
exists 0 < & < 1 such that Hgp ,(¢)/e > h/2, and if h < O, then there exists
—1 < & < O such that Hg  p(¢)/¢ < h/2. In either case, sup,c_y 1) Hp.n p(x) =
Hg p p(¢) > eh/2 > 0. Therefore, equality in (1) implies that 4 = 0, and hence, by the
definition in (2.2), we must have 8 < ,5 p. This proves the “only if”” direction. For the
“if”” direction, suppose that (8, h) € [0, Bp] x {0}. Consider the case f < Bp first, so
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that by the definition in (2.2), there exists 8’ > B such that sup,(_; 11 Hg0,p(x) = 0.
Equality in (1) now follows from:
0< sup Hpopx)= sup Hpgop(x])
xe[-1,1] xe[—1,1]
< sup Hpop(x]) = sup Hpg o p(x)=0.
xe[—1,1] xe[—1,1]

Finally, let 8 = B », and suppose towards a contradiction, that Hg o, ,(x) > 0 for some
x € [—1,1]. Then, Hg o, p(|x]) > Hg,o,p(x) > 0, and hence, there exists 8’ < p such
that

Hg o,p(Ix]) = Hpo,p(Ix]) + (8" = B)Ix|” > 0.

This contradicts our previous finding that sup,;_; 1) Hp,0,p(x) = 0 for all B < Bp.
The proof of (1) is now complete. B |

Proof of (2). Note that lim,_, _1+ H/;’h’p(x) = +oo and lim,_, ;- H[;’h’p(x) = —o0.
Hence, there exists ¢ > 0, such that Hg j, , is strictly increasing on [—1, —1 + ¢] and
strictly decreasing on [1 — &, 1], showing that none of —1 and 1 can be a local maximizer
of Hg p p. m]

Proof of (3). Define
Ngnp(x) == (1= x)Hf, (x) = Bp(p — DxP>(1 —x?) — 1,

for x € (—1,1). Note that on (=1, 1), Ng , (x) = p(p — Dx?73(p —2 — px?) has
exactly two roots +4/1 — 2/p, for p = 3, and an additional root O for p > 4. Define:

—21{p =3} +31{p > 4).

Then, by Rolle’s theorem, Ng j, , and hence, H, ﬂ/ p,p €N have at most K, + 1 roots on
(=1, 1). This shows that H 8.h,p CAN have at most K + 2 roots on (—1, 1), which by
part (2), include all the local maximizers of Hg . We now claim that for any two local
maximizers a < b of Hgj, p, there exists a root of Hﬂ’h’p in (a, b). To see this, note
that since a and b are local maximizers of Hgj, p, by the mean value theorem, there
must exist a; < by € (a, b) such that Hé’h’p(al) < 0and H, bhp (b1) = 0. Now, by the
intermediate value theorem applied on the continuous function H 6.0 p» Ve conclude that
there is a ¢ € (ay, by) such that H /é n p(g“ ) = 0. Hence, if there are £ local maximizers
of Hg p,p on (=1, 1), then there are at least 2¢ — 1 roots of Hé’h’p on (—1, 1). Thus,

2—-1<K,+2, ie £<(K,+3)/2,

which proves the first part of (3).

To prove the second part of (3), first suppose that Hg j , has three global maximizers.
By the first part, p must be at least 4. We will now show that p is even, by contradiction.
If p is odd, then H g b p(x) < 0 for all x < 0, and hence, by Rolle’s theorem, there
can be at most one non-positive root of H ﬁ h,p- . Now, if H é hop has at least four positive

roots, then by repeated application of Rolle’s theorem, N ’/3 hp has at least two positive
roots. This is a contradiction, since /1 — 2/ p is the only positive root of N /’3 hp . Hence,
H /é h,p CAN have at most three positive roots. Thus, H ﬁ h,p CAN have at most four roots,
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and hence, Hg j , can have at most two local maximizers, a contradiction. Hence, p
must be even.

Next, we show that 2 must be 0. If 4 > 0, then Hg  ,(x) < Hg p,p(—x) for all x <0,
and hence, all the three global maximizers of Hg j, , must be positive. Thus, H ﬂ hp has
at least 5 positive roots, which implies that N é hp has at least three positive roots a
contradiction. Slmllarly, if h < 0, then all the three global maximizers of Hg j , must
be negative, and thus, H /5 hop has at least 5 negative roots, which implies that N B p has
at least three negative roots once again a contradiction. This shows that 7 = 0.

Finally, we show that 8 = S p- If B > B p» then by the definition in (2.2), 0 is not a
global maximizer of Hg j , and hence, Hg ) , being an even function, must have an
even number of global maximizers, a contradiction. Therefore, it suffices to assume that
B<B p- We will show that 0 is the only global maximizer of Hg, ;. ;, which is enough
to complete the proof of the only if implication. Towards this, suppose that there is a
non-zero global maximizer x* of Hg j, ;. Since f < 5,1, we must have Hg j, ,(x*) =0,
and hence, for every 8/ € (B, Ep) we must have Hg j,. p(x ) > 0, a contradiction to the
definition in (2.2). This completes the proof of the only if implication.

For the ifimplication, let 8 := ﬂp , whence by part (1), supyer—1,17 H8.0, p(x) > Ofor
all N > 1. Since Hpg o, (0) =0, for each N there exists xy # 0 such that Hgo,p(xn) >
0. Let x, be a convergent subsequence of x, converging to a point x*. Then,

. _ N *
klgl;o Hgy 0p(n) = Hp o ,(x7),

and hence, Hﬁ 0. p(x*) > 0. However, by part (1), the reverse inequality is true,
and hence, H; B,.0. p(x*) = 0, and hence, 0, x* and —x* are all global maximizers of
H Bp.0.p" We will be done, if we can show that x* # 0. Towards this, note that since
lim, ¢ H/‘}p 0 p(s)/sz = —%, there exists § > O such that H/‘}p 0 p(s) < —82/4 when-
ever |e| < &. Suppose that x* = 0, 1i.e. x5, — 0ask — oo. Then for all k large enough,
we must have

B = H; + Yk _ Dk k
Nk’o’p(XNk) ﬁP,O,p(XNk) Nk = 4 " Nk = 0’

a contradiction. This shows that x* # 0. The proof of (3) and Lemma B.1 is now
complete. O

Remark B.1. The argument in the last paragraph of the proof of Lemma B.1 can be
adopted to show that for odd p, H Bp.0.p has exactly two global maximizers, one at 0 and

the other one positive.

We now proceed to describe p-special points. To begin with, for convenience in the
proof, we introduce the following notation.

Definition S. A point (8, k) € [0, oo0) x R is said to be p-locally special, if the function
Hg j,. p has a local maximizer m satisfying H/g’h ,(m) =0.

We will see that every p-locally special point is actually p-special, and hence, the two
notions are identical. In the following lemma, we give exact expressions for p-special
points.
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Lemma B.2 (Description of p-special points). Define

p=2 p—1
« 1 p 2 - _ p—2 . (p—2\ 2
By = ——— (—) and h, := tanh — |- pB <— .
P o2p-n\p-2 ’ p PEP\ ™

Then, we have the following:

(1) If p = 3 is odd, then (,BP, ) is the only p-locally special point in [0, 0c0) x R. In

this case, my := /1 —2/p is the only solution to the equation ng i (x) =0.
pltp,P

, - o PR _
In fact, m, is a global maximizer of Hﬂp,hp,p satisfying Hﬁp,ﬁp.p(m*) = 0 and
50 (m*) < 0. Further, m, is the unique stationary point of HB i
pltpsP Iz
) If p = 4 is even, then (ﬂp, ) and (,ép, —fvlp) are the only p-locally special points

in [0, 00) x R. In this case, my(1) := /1 —2/p and my(—1) := —m,(1) are the
only solutions to each of the equations H” i, (x) = 0fori € {—1, 1}. In fact,

forl e { 1, 1} satisfying

P

my (i) is a global maximizer ofH Bprifinop

HY . 0ma»=0de@y (my(i)) <0, forie{—1,1}.
Bp.ihp Bpsihp,p

Further, m* (i) is the unique global maximizer of Hﬁp iy pfori e{—1,1}L
Hence, a point (8, h) is p-locally special if and only if it is p-special.
Proof of Lemma B.2. We start with the following proposition: O

Proposition 1. Let 8 := ,ép, h e R, andlety € (0, 1) be a local maximum of Hg p p,

o 3 4
satisfying th p(y) Hé })l p(y) = 0. Then Hé })l p(y) < 0.

Proof. For convenience, we will denote Ng p, , 1= (1 —x )H/;’h »(X) by N and Hg p,
by H. Note that

N'(x)=(1=x)HP (x) —4xH® (x) — 2H" (x).
By hypothesis, N”(y) = (1 — y?) H® (y). Now,
N"(x) = Bp(p — D(p = 2(p = 3)xP~* — pp*(p — 1)°xP~?

cannot have any root other than 0 and +,/ (19;(2;—(_;71;3). But we know from the proof

of Lemma B.2 that Hyg o h p,p cannot have any root other than +./1 —2/p (note that
Proposition 1 is not needed to reach this conclusion, and hence there is no circularity in

the argument), and for p > 3, we have (”P?;—(fl)?’) < P 2 Therefore, y is not a root of

N”, and hence, not a root of H®_ Proposition 1 now follows from the standard higher
derivative test. |
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We are now proceed with the proof of Lemma B.2. We start by proving that the first
coordinate of every p-locally special point in [0, co) x R must be equal to g ». Towards
this, we first claim that Hg np®) < 0, or equivalently, Ngp p(x) < O for all x €
(=1,1),if B < ,3 p- This will rule out the possibility of (8, h) being a candidate for a
p-locally special point, for 8 < E p. Towards proving this claim, we can assume that

sup  Ngp p(x) > —1,
xe(—1,1)

since otherwise we would be done. Since Ng ., (—1) = Ng ; ,(0) = Ngp,p(1) = —1,
the function Ngj, , attains maximum at some m € (—1, 1)\{0}, and hence, m is a
non-zero solution to the equation N ﬁ I p(x) = (. Therefore, from the proof of (3) in
Lemma B.1, thatm € {—q, q}, where ¢ := /1 —2/p. Since Ng , ,(q) = Ng n,p(—q),
we know for sure that g is a global maximizer of Ng . ,. Our claim now follows from
the observation that 8 < §, = Np.u.,(q) <O.
Now, we are going to rule out the possibility 8 > ;é p» as well. Suppose that 8 > ﬁ p, and
let m, be a local maximizer of Hg j,, satisfying Hg’h’p(m*) =0,1.e. Ngj p(my) =0.
Now, Ng  »(0) = —1 = m, # 0.Next,since 8 > ,ép,itfollowsthatN,g,h,p(q) > 0,
and hence, my # g. If p is even, then Ng 1, ,(—q) = Ngp, »(q) > 0, and if p is odd,
then Ngpp(x) < —1forall x < 0 Thus, in either case, my 7 —g. All these show that

ﬁh p(m*) # 0. Suppose that N ﬂ n p(m*) > 0. Since Ng p(my) = 0, there exists
& > 0 such that Ngp, ,(x) > O for all x € (my, my +¢) and Ngp p(x) < O for all
x € (my, my — €). Thus, th , ) > 0 for all x € (my, my +¢) and H‘;’h () < 0 for
all x € (my — &, my). Since H ﬂ,h,p(m*) = 0, we must have

Hgp, ,(x) >0 forall x € (ms — &, my +&)\{ms}.

This implies that Hg j, , is strictly increasing on [m, m + &), contradicting that m. is
a local maximizer of Hg j_p. Similarly, if N é n p(m*) < 0, then there exists € > 0 such
that Hlé’h’p(x) < Oforall x € (my — &, my + &)\{my}, and so, Hg j, ,(x) is strictly
decreasing on (m, — €, my], contradicting once again, that m. is a local maximizer of
Hpg 1, ,. We have thus proved our claim, that the first coordinate of every p-special point

in [0, co) x R must be equal to ,ép. In what follows, let 8 := ,va.

Proof of (1). Let p > 3 be odd and let m, be any solution to the equation H g hop (x) =0,

or equivalently, to the equation Ng j, ,(x) = 0. Since Ng 5 p(x) < —1 for all x <0,it
follows that m, € (0, 1). Now, we already know that the only positive root of N 23 h,p is

q = /1 —2/p, and since Ng ;, ,(q) = 0, by Rolle’s theorem, Ng 5 , cannot have any
positive root other than g. Thus, m, = ¢ is the only root of ﬁ’ hp .Since Ng p, p(my) =

N/’g P p(m*) = 0, we have

/é,h,p(m*)(l - mi) +2myNg p, p(my) _
(1 —m32)? N

HY) (my) =

Now, m, is a stationary point of Hgp p, i.e. H (m*) = 0 if and only if h = h

Hence, (8,, h P> 2 hp) is the only candidate for being a p locally spemal point in [0, co) x R.
Leth := h p throughout the rest of the proof of (a). Since H h (my) = 0 and m, is
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the only root of H, //3’ hp by Rolle’s theorem, H ﬁ h, p CANNOL have any root other than m,.
This implies that the sign of H, ﬁ hp remains constant on each of the intervals (—1, m*)
and (m™*, 1). Since

lim H, x) =+o0o and lim H, x) = —00,
x——1* ﬂ,h,p( ) x—>1- ﬁ'h"”( )

we conclude that Hé’h’p > 0on (—1,m*) and H/; hp < 0 on (;m*, 1), thereby showing
that m™* is a global maximizer, and also the unique stationary point of Hg ,, and

verifying that (,é D h p) is actually a p-special point. The result in part (1) now follows
from Proposition 1. O

Proof of (2). Let p > 4 be even. Since m, (1) and m,(—1) are the only non-zero roots
of N B.h,p and they are also roots of Ng j, p, by Rolle’s theorem, they are the only roots

of Ng.n,p, as well. Hence, the only roots of ng’h’p are m,(1) and m,(—1), and so,
HE), ,(ma(1) = H) (mu(=1) = 0.

Fori € {—1, 1}, note that m. (i) is a stationary point of Hg p, ,, 1i.e. Hﬁ h,p (M () = 0,
ifandonlyif h = iivzp. Hence, (31,, ;lp) and (Bp, —ilp) are the only candidates for being
p-locally special points in [0, 00) x R. Let & := h p throughout the rest of the proof
of (2). Since H ;3 in p(m*(i)) = 0 and m(7) is the only root of Hg‘ih » with sign i, by
Rolle’s theorem, H B.ih,p Cannot have O or any point with sign i as a root, other than
m(i). This implies that the sign of H ;3 hp remains constant on each of the intervals

[0, m,(1)) and (m.(1), 1), and the sign of H/é,—h,p remains constant on each of the
intervals (—1, m,(—1)) and (m4(—1), 0]. Since

lim H, =+ d lim H, =—
Jm, Hp o p(x) = +o0 and - lim Hy ), p(x) = —co

we conclude that Hé!h,p < 0 on (mx(1),1) and H/;’_h’p > 0 on (=1, m4(—1)). Now,

note that
Ip—2 2\ 7
h = tanh™! L ,é,, (p )
p p
2k+1
p=2
i (V%) __p [p-2
= 2k + 1 2(p—1) p
s [P~ 2 p p—2
p 2p-DY p
-2 -2
P P > 0.
2p—-DYV p
Hence, H (0) = h > 0and H (0) = —h < 0. Consequently, H, ﬁh » > 0

on [0, m*(l)) and H “hp < 0 on (m*( 1), 0]. Thus, m.(i) is the unique global
maximizer of Hg p, p over the interval _#Z; := {ix : x € [0, 1]}. (Note that _#; = [0, 1]
and Z_1 = [—1,0].) Now, it is easy to see that Hg ;; ,(x) < Hgip p(—x), for all
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x € [—1, 11\ Z;. This shows that m, (i) is the unique global maximizer of Hg ;j,,, over
[—1, 1]. Part (2) now follows from Proposition 1, and the proof of Lemma B.2 is now
complete. O

Next, we give a description of p-weakly critical points that is, points (8, k) for which
the function Hg j,, , has exactly two global maximizers). Note that we already have a full
characterization of p-strongly critical points (that is, points (8, #) for which the function
Hpg 1, has exactly three global maximizers) by part (3) of Lemma B.1. To elaborate,
we know that there cannot be any p-strongly critical point if p is odd, and if p > 4 is
even, then (8 . 0) is the only p-strongly critical point. In the following lemma, we show
that the set of all p-critical points is a one-dimensional continuous curve in the plane
[0, o0) x R. We also prove some other interesting properties of this curve, for instance,
the only limit point(s) of the curve which is (are) outside it, is (are) the p-special point(s).

Lemma B.3 (Description of p-weakly critical points). For every p > 3, ,6 p < B p, and
the set €)," can be characterized as follows.

(1) For every even p > 4, there exists a continuous function ¢ P (B p»00) > [0, 00)
which is strictly decreasing on (ﬂ D> B ») and vanishing on (B p, 00), such that

G5 = {6 %0050 : B € B 0N}

(2) For every odd p > 3, there exists a strictly decreasing, continuous function ¢, :
(ﬂp, 00) > R satisfying <pp(,3p) = 0 and limg_,  ¢p(B) = —00, such that

Gy ={B.0pB) : B € By o).

. _ X -1 —
In both cases, hrnﬁ%g), ¢p(B) = tanh Limy) — pﬁ,,mf , where my, := pr.

Proof. First, we prove that ,3 p < ,8,, for all p > 3. Since

sup  Hgo,p+1(x) = sup Hgop+1(x) < sup Hgop(x) = sup Hpo, p(x),
xe[-1,1] xe[0,1] xel0,1] xel-1,1]
it follows that /§p+1 > ,3~p, ie. Ep is increasing in p. Therefore, Bp > B = % for all
p = 3. First note that /53 = JTg < % Next, note that for p > 4,
p—2

1

B,,z;<1+—> e <t L
2(p=1 p—2 2(p—1) "6 2

Hence, ,va < % < 5p forall p > 3.

Next, we show that € C (£, 00) x R. Towards this, first let 8 < f, and h € R.
It follows from the proof of Lemma B.2, that ng’h’p < Oon [~1,1], so Hgp,p is
strictly concave on [—1, 1], and hence, can have at most one global maximum. There-
fore, (8, h) ¢ ‘5+. Now, let 8 = ,é,, and & € R. From the proof of Lemma B.2, we
know that Hg,  cannot have any root on [—1, 1] other than possibly +/1-2/p.
Since H”h (=) = ngh p(1) = —o0, H/g’h »(©0) = —1 and th is continuous,
Hg, (x) < 0 forall x € [-1, 11\{#+/T — 2/ p}. This shows that Hg , , is strictly

Q
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decreasing on [—1, 1], and hence, Hg j , can have at most one stationary point. Conse-

quently, (8, h) ¢ %; , proving our claim that ‘5; c (B », 00) X R. We now consider the
cases of even and odd p separately.

Proof of (1). Let p > 4beeven. Sincex — Bx? —I(x) is aneven function, the set %Jr is
symmetric about the line & = 0,i.e. (8, h) € 6, = (B, —h) € €)". Next, we show
that for every 8 > ,é »» there exists at most one & > 0 such that (8, h) € €,". Suppose
towards a contradiction, that there exists 8 > ,ép and hy > h; > 0, such that both
(B, h1) and (B, hy) € €,". Letting m, := /1 —2/p, it follows that Hy, p(ms) >0
for all & € R. Recalling that H g h,p €N have at most two roots in [0, 1], and using the
facts

ngyh‘p(O) =—1, Hé/’h’p(l) = —00

it follows that there exist 0 < a; < my < ap < 1, such that H” < 0 on [0, ap),
H/é’hp(al) th > 0 on (aj, a2), ﬁ,h,p(az) = 0 and H/é’h < 0 on (az, 1].
This shows that H ‘g hp is strictly decreasing on [0, ai], strictly increasing on [a, a2]

and strictly decreasmg on [az, 1].

First assume that #; > 0, whence the two global maximizers mi(h;) < ma(h;) of
Hpg p,;.p must be positive roots of H ﬁ By, for i € {1,2}. Note that the monotonicity
pattern of the function H,; hy, 1mphes that mi(h;) € (0,a;) and my(h;) € (az, 1).
Hence, Hﬂ h; p(al) < 0Oand H ﬂ h; p(az) > 0, and by the intermediate value theorem,
there exists m(h ) € (ai, ap) such that

Hj o (m(hi) = 0.

Observe that H ! is positive on [0, m 1 (h;)), negative on (m1(h;), m(h;)), positive on
(m(hi), mo(h; )) and negative on (m2 (h;), 1]. Since hy > hy, it follows that H/ >0

on [0, m(hy)] and on [m(hy), ma(hy)]. However, since m(h3), m(hy) and mz(hz) are
roots of H/g ha,p O1 0, ay), (a1, az) and (as, 1) respectively, it follows that m(h1) <

mi(h2), m(hy) < m(hy) and ma(hy) < ma(hy). Combining all these, gives

/m(hl) , m(h2) , m(h2) ,
Hg, (t)dt</ Hg, (t)dt</ Hg, (@)dt (B.1)
my(hy) Pl mi (ha) Pl mi (ha) Pl

and
/mz(hl) , ma(hy) , my(h2) ,
Hg, (t)dt</ Hpg . (t)dt </ Hg, ,(@)dtr (B.2)
my 0P my  D"P my 0P

Adding (B.1) and (B.2), we have

/M2(h1) , m2(h2) ,
Hg, ,()dt < / Hg, o ()dt. (B.3)
my(hy) Pl my(hy) Pl

This is a contradiction, since both sides of (B.3) are 0.

Therefore, it must be that #; = 0. In this case, the global maximizers my(h1) < ma(hy)
of Hg p,,p satisfy mi(h1) = —m3(hy). Since H ﬂ h.p vanishes at 0, it must be negative

on (0, a;]. Hence, my(h1) € (ap, 1). This shows that H ﬁh p(az) > 0, and hence,
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there exists m(h;) € (ay, az) such that H ﬁ hy. (m(hl)) = 0. Observe that Hﬁ

is negative on (0, m(hy)), posmve on (m(hy), mg(hl)) and negative on (my(hy), 1)
Therefore, since hy > hy, H ﬂh > 0 on [m(hy), my(hy)]. Since m(hy) and my(hy)
are roots of H/ B.hy,p ON (a1, a2) and (a2, 1) respectively, we must have m(hy) < m(hy)
and my(h1) < my(hy). Hence, we have

mh) mihy) mh)
/ Hg y, ,(0)d1 </ Hgy, ,(0)d1 </ Hp,, (dt  (B4)
0 m(hy) m1(hy)

and

/mz(hl) , ma(hy) , m(hy) ,
Hg, (t)dt </ Hg, ()dt </ Hg, ()dr (B.S)
mh) B.hi,p i) B.ha,p (i) B.ha.p

Adding (B.4) and (B.5), gives

ma(hy) , m2(h2) ,
/ Hﬂyhl’p(t)dt < [ Hﬁ’hz‘p(t)dt. (B.6)
0 mi(h2)
Once again, this is a contradiction, since the right side of (B.6) is 0, whereas the left side
of (B.6) is non-negative. This completes the proof of our claim that for every 8 > B ps
there exists at most one & > 0 such that (8, h) € %p’r.
We now show that for all § € (,é ps 0O\ { B »}, there exists at least one & > 0 such that
(B, h) € ‘Klﬁ. First, suppose that 8 > Bp. In this case, sup, < 1) Hp.0,p(x) > 0 by the
definition in (2.2), and hence, Hg ¢, , has a non-zero global maximizer m.. Since Hg ¢,
is an even function, —m, is also a global maximizer. It now follows from part (3) of
Lemma B.1, that Hﬁ 0,p has exactly two global maximizers, and hence, (8, 0) € ‘KI,‘L.
Next, let 8 € (,3 D B ). Recall that the function H }é 0.p is continuous and strictly de-
creasing on each of the intervals [0, a1] and [a3, 1). Hence, the functions

= H ‘ and =
v B0-P110,a1) Vo= Hpo,p [a2,1)

are invertible, and by Proposition 2.1 in [22], the functions v~ and vy ! are continuous.
Hence, the function A : [H;;,o,p(al), min{0, H;/;,o,p(@)}] — R defined as:

vy k) vt » »

Ah) = / ) Hj_y (0t = / - Hio 03+ (% (h) — 5 (h))
Yy ( ()

is continuous. Since the function ¢ +— Hl’8 0. p(t) ﬂ 0. p(a1) is strictly positive on

the interval (aq, w2 (H ﬁ 0. p(al))) (because it is strictly i 1ncreas1ng on [a1, az], strictly

decreasing on [ap, 1), and vanishes at the endpoints a; and lﬂz (H ﬂ 0. p(a1)) of the
interval),

vy ' (Hp o (@) (

A(Hjp g 1) = / Hj o (1) — Hléyo’p(al)) dt>0. (B

ap

Next, suppose that Hé,o,p(@) 0. Since the function ¢ — H}; 0., — ﬂ 0,p(@2) is

strictly negative on the interval (¥, ( ﬁ 0 p(az)), ay) (because it is strictly decreasing
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on [0, a1 ], strictly increasing on [a1, a2], and vanishes at the endpoints ¥, ! (H f/i,O, » (a2))
and ay of the interval),

az

A(Hj o (@) = / (Hpop® = Ho p(@))dr <0. (B3

v (Hp g ,(@2)

Finally, suppose that H /’3’0, p(a2) > 0. Then we have

) ) |
A(0) = /0 Hg o ,(1)dt = Hp o, (¥ (0)) <O. (B.9)

The last inequality in (B.9) follows from the facts that ¥, ! (0)>0and 8 < B -
Using (B.7), (B.8), (B.9) and the intermediate value theorem, we conclude that there
exists h(B) € (H/;’O’p(al), min{0, H,?},o,p(aZ)}) such that A(k(B)) =0, i.e.

Hg —nip). p(y " ((B))) = Hg —nepy.p(¥ry L (h(B))). (B.10)

Now, ¥ ' (h(B)) € (0,a1) and ¥, ' (h(B)) € (a2, 1), and hence, H] h(p).p 18 strictly
decreasing on some open neighborhoods of ! (h(B)) and ¢, ! (h(B)).
Since Hy ), (Ui (R(B)) = Hjy ) ,(¥5 ' (h(B)) = 0, the points ¥, ' (h(B))
and wz_l(h(,B)) are local maximizers of Hg _j(g), p. Since —h(8) > 0, any global max-
imizer of Hg _j(g), , must be a positive root of H _n(p), p» @nd further, it cannot lie on
the interval [a;, a2], since H /3’_ hB).p is strictly increasing on this interval. Hence, one
of g[/fl (h(B)) and I/fz_l (h(B)) must be a global maximizer of Hg _p(g), p, and by (B.10),

both must be global maximizers of Hg _j(g), p. By part (3) of Lemma B.1, these are the
only global maximizers of Hg _jg),p, and hence, (8, —h(B)) € ‘Klﬁ.

Next, if 8 = B, then Hg ¢ , has three global maximizers, so (8, 0) ¢ €,*. One of these
global maximizers is O and the other two are negative of one another. It follows from the
argument used in proving the uniqueness of . under the case 7| = 0, that

/mz(h) ,
Hg, ,(t)dt > 0,
may P

for every h > 0, where m3(h) > m1(h) > 0 are possible global maximizers of Hg
(see inequality (B.6)), which is a contradiction. Hence,

@, C ({B,,} X R)C.

At this point, we completed proving that forevery € ( ,é ps 0O\ ({ B »}, there exists unique
h > 0suchthat (8, h) € €,™, and further, there exists no such 4 for 8 = ,3 »- Denote by
@p(B), this unique h corresponding to 8 € (Ep, oo)\{,gp}. Our proof so far, also reveals
that ¢, (B) = 0 for 8 > ﬁp and ¢,(B) > 0 for 8 € (Bp, Bp). Define (pp(Bp) = 0 for
the sake of completing its definition on the whole of 8 s O0).

We now show that ¢, is strictly decreasing on (B P B p). Towards this, take ,é p < B1 <

B < B,,. Let hy := @p(B1) and hy := ¢, (B2) (we already know from the proof of
the existence part, that #; and A, are positive), and suppose towards a contradiction,
that &1 < hy. Then, H;él,hl,p < H/f/?z,hz.,p on (0, 1]. Let m;; < m3 be the global
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maximizers of Hg, », p and m; < mo3 be the global maximizers of Hg, j, p. Also, let
mip € (my1, m13) and myy € (mz1, mo3) be local minimizers of Hg, hl pand Hg, p, p,
respectively. We have already shown that for i € {1, 2}, the function H/ Bihiop is positive
on [0, m;1), negative on (m;1, mjz), positive on (m;>, m;3) and negative on (m;3, 1).
Since Hf/Iz hap > 0 on [0, mq1], we must have m>; > mq1. On the other hand, we
have mo; < my := /1 —2/p < mq3. This, combined with the fact that ng hyp = 0

on [m1s, my3], implies that my; < my,. Next, since H/Sl < 0 on [my1, mp] and

hi,p
Hg , ,(mi2) = 0, it follows that m2y < m5. Finally, since Hy,

we must have m3 < m»3. Hence, we have

,p <0on[mys, 1),

mipp <mjyy <mp <mip <mi3z < mps.

Using this and proceeding exactly as in the proof of the uniqueness of /2, we have

mi2 , mp ,
H,Sl,hl,p(t)dt </ Hﬁz,hz,p(t)dt
mii ma]
mi3 ma3
and ngl pyp (DAL < ngz o, p ()AL
mi2 o m2 e

Adding the above two inequalities, we have

mi3 ma3

H,él,hl»[J(t)dt < / ng’hz’p(t)dt,

mi ma1

which is a contradiction once again, since both sides of the above inequality are 0. Hence,
we must have i1 > ho, showing that ¢,, is strictly decreasing on (B P E p)-

Next, we show that ¢, is continuous on (,Bp, B p]. Towards this, first take 8 € (ﬁ Ir B »),
and let {8,},>1 be a monotonic sequence in (,Bp, ,BP) converging to 8. Since ¢, is

decreasing on (ﬁp, ,3,,), it follows that ¢, (8,) is monotonic as well (the direction of
monotonicity being opposite to that of 8,,). Moreover, ¢, (8,,) is bounded between ¢, (81)
and ¢, (B8). Hence, lim,, . o @, (B,) exists, which we call h. Let m1(n) < m2(n) denote
the global maximizers of Hg, ,(s,), p- Choose a subsequence ng such thatm (nx) — m;
and mo(ny) — mo for some my, my € [—1, 1]. Since

Hﬂ"l\ 0p(Buy)- pmi(ng)) = Hﬁ"k 05 (Buy)- p(x) forall x e [-1,1]andi € {1, 2},

taking limit as k — oo on both sides, we have Hgj, ,(m;) = Hpgp, p(x) for all x €
[—1,1] and i € {1, 2}, showing that m and m; are global maximizers of Hgj ,. We

now show that m| < my. Since 8, — B > Ep, there exists B > ,ép such that B, > B
for all large n. If @i (B) < ax(p) are the positive roots of Hé’o 2 then Hé’ 0.p > 0 on

[a1(B), az(B)] for all large n, and hence, m(n) < ai(B) and ma(n) > ax(p) for all
large n. This shows that

Sai(B) <axp) <ma

and hence, m; < my. Thus Hgj , has at least two global maximizers. But 8 # Bp,
and Hg j, , must therefore have exactly two global maximizers, showing that (8, h) €
%p,*. Since h > 0, by the uniqueness property, we must have & = ¢,(8). Hence,

lim,, 00 © (B1) = @p(B), showing that ¢, is continuous on (;ép, ,51,).
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To show that limﬁ_)(gp), pp(B) = 0, take a sequence B, € (,ép, 51,) increasing to
Bp, whence ¢, (8,) decreases to some & > 0. By the same arguments as before, it
follows that Hz Bph.p has at least two global maximizers. If 4 > 0, then H; Bph.p will have
exactly two global maximizers. Therefore B p,h) €, *, contradicting our finding that
‘5; C ({,3~p} x R)€. This shows that # = 0, completing the proof of (1). O

Proof of (2). Let p > 3 be odd. In this case, H/g’o » < Oon[—1,0]forall 8 > 0. Let
B> B p- Once again, H g 0,p ¢an have at most two positive roots, which, together with
the facts H”O (my) > 0and H/;/,O,p(l) = —o0, imply the existence of 0 < a; < m, <
ay <1, suchthat ng’ < 0on[—1,a;)J(az, 1] and H” > 0 on (ay, a2). One can
now follow the proof of (a) modulo obvious modlﬁcatlons to show that there exists at
most one & € R such that (8, h) € €),".

To show the existence of at least one such 7 € R, one can once again
essentially follow the proof of (a) modulo a couple of minor modifications. To be spe-
cific, 1f we modlfy the definition of v to H ﬁ 0.p | 1)’ and change the domain of A

to [H 0 p(al) 0 (az)], then by following the proof of (a), we can show the exis-
tence ofh(,B) e (H ﬁ 0. p(al) ﬁ 0. p(az)) such that (B, —h(B)) € €,". If we denote the

unique & corresponding to each § > Ji psuchthat (B, h) € €, by ¢, (B), then continuity
and the strict decreasing nature of ¢, once again follow from the proof of (a).

Next, it follows from Remark B.1, that ¢, (8,,) = 0. We now show thatlimg_, oo ¢, (8) =
—oo. Towards this, note that the monotonicity pattern of H /3 on(B)p for g > Bp implies

that Hg o, 8).p has exactly two local maximizers m1(8) € (—1,a1(B)) and ma(B) €
(a2(B), 1), where a1(B) and ax(B) are the inflection points of Hg ,,(p),p, satisfying

0<a1(B) <my <ap(B) < 1foral g > ﬁp. Hence, m1(8) and m,(B) are global
maximizers of Hg ), p- Let ,6 > fB,, whence the strictly decreasing nature of ¢,

implies that ¢,(8) < 0. Since H, ﬁw @8, p( 1) = oo and Hﬂw B). p(O) = ¢p(B) <0,
the intermediate value theorem 1mp11es that m1(8) < 0. Hence,

B(mi(B)P — I(mi(B)) <0, thatis, Hpgy,@p),pmi(B)) < @p(B)mi(B).
Now, since
Hg o,8).p(M1(B)) = Hg g, (p).p(m2(B)) = Bm2(B)? + ¢, (BYm2(B) — I (m2(B)),
we have S(m2(B)? + ¢, (B)m2(B) — I (m2(B)) < ¢p(B)m1(B). This implies,

—20,(B) > @p(B)(m1(B) — ma(B)) > B(ma(B))F — I(ma(B)) = pm¥ — I(m2(P)).
(B.11)

The proof of our claim now follows from (B.11) since limg_, BmE — I(my(B)) = oo
This completes the proof of part (2).

. . _ b4 —1
Finally, we prove that hmﬁ_”é; ¢p(B) = tanh Ymy) — pﬂpmf , Where m, =

/1 —2/p. Towards this, let 0 < ¢ < Bp - ,ép be given, and take any

vy 3
pe (oo 5 )



Fluctuations of the Magnetization in the p-Spin Curie-Weiss Model 721

As before, let 0 < a; < az < 1 be the points such that Hg,O,p < 0on[0,a1) (a2, 1]

and Hg,o,p > 0 on (ai, az). Since ng)o‘p < 0 on [0, 1], it follows that H‘{}/’O)p <

B - ,ép)p(p —1) <&/20n|[0, 1]. Hence, for every i € IR, we have
as
Hé’h’p(az) — Hé’h’p(al) = / Hgyoyp(t)dt <elay —ay)/2 <e/2. (B.12)
ay

Since H//S/O p(m*) > 0, we musthave m, € (aj, az).If m| < my are the two global max-
imizers of Hg o, B).p then m; € (0, a;) and my € (ap, 1). Since ng op(B)p is strictly

decreasing on each of the intervals [0, a;] and [a3, 1), we must have H /_f} op(B) p(al) <0
/ . ’ _
and H/S,(pp(ﬁ),p(QZ) > 0. Hence, there exists a3 € (aj, az) such that Hﬁ,(pp(ﬁ)’p(@) =0.

. ) .. .
Now, since Hﬂ,wp(ﬂ),p is increasing on [a1, a>], we have from (B.12),
/ / / !
[ Hj o, 89.0@3) = Hp g ). p ()| < Hp g ) (@) = Hy ) p(ar) < €/2,

and hence, ppm?!

- -1
Héyfﬂp(ﬂ),p(m*” = |tanh l(m*)_pﬁmi _¢p(ﬂ)| < 8/2.NOW,
- pﬂpmf_l| < p(B — Bp) < &/2. By triangle inequality, we thus have

}tanh_l(m*) — pﬁpmf_l —9p(B)| < |tanh_1(m*) - P,Bmf_l —9p(B)|
+|ppmE " = pfyml7!
< e. (B.13)

Our claim now follows from (B.13). The proof of (2) and Lemma B.3 is now complete.
O

Now, we will prove some properties of the function H, when the underlying parameter
(B, h) is perturbed to (B, hy), where (8, hn) — (B,h), as N — oo. Investigating
the properties of the function Hg j,,, , is especially important, since our analysis hinges
more upon these perturbed functions, rather than the original function Hg j p.

Lemma B.4. Suppose that (8, hy) € [0, 00) x R is a sequence converging to a point
(B, h) € [0, 00) x R. Then, we have the following:

(1) Suppose that (B, h) is a p-regular point, and let m, be the global maximizer of
Hg p p. Then, for any sequence (B, hy) € [0,00) x R converging to (B, h), the
Sunction Hg p, p will have unique global maximizer my(N) for all large N, and
my(N) — my as N — oo.

(2) Let m be a local maximizer of the function Hgy, p, where the point (8, h) is not
p-special. Suppose that (8, hy) € [0, 00) x R is a sequence converging to (B, h).
Then for all large N, the function Hg . , will have a local maximizer m(N), such
that m(N) — m as N — oo. Further, if A C [—1, 1] is a closed interval such that
m € int(A) and Hg j p(m) > Hpg j, ,(x) for all x € A\{m}, then there exists Ny > 1,
such that for all N > Ny, we have Hy(m(N)) > Hy(x) for all x € A\{m(N)}.

Proof of (1). The set R, of all p-regular points is an open subset of [0, 00) x R. To see
this, note that R{ is given by %) UiBp. hp)} if p is odd, and by
Cp U{(ﬂp, hp), (Bp, —hp)} if p is even. By Lemma B.3, R; is a closed set in ei-

ther case. Hence, the function Hg j, , will have unique global maximizer m(N) for
all large N.
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To show that my(N) — my, let {Ni}r>1 be a subsequence of the natural numbers. Then,
{Ni}k>1 will have a further subsequence { N, }¢>1, such that m (N, ) converges to some
m’ € [—1, 1]. Since Hﬁng’hNk/’p (m*(NkZ)) > Hﬁng’hNkl’p(x) for all x € [—1,1],

by taking limit as ¢ — oo on both sides, we have Hgp ,(m’) > Hgp p(x) for all
x € [—1, 1], showing that m’ is a global maximizer of Hpg j, . Since m is the unique
global maximizer of Hpg j, ,, it follows that m’ = m,, completing the proof of (1). O

Proof of (2). Letusdenote Hg j, , by H and Hg j,,, , by Hy. Itis easy to show that there
exists M > 1 odd, and points —1 = ag < a; < ... < ay = 1, such that H' is strictly
decreasing on [ay;, a»i+1] and strictly increasing on [a2i+1, azi+2] forall 0 < i < MT*I
Hence, the local maximizer m of H lies in (a»;, ai+1) for some 0 < i < @ Since
H'(azi) > 0 and H'(azi41) < 0, we also have Hy, (az;) > 0 and Hy, (azi+1) < O for all
large N, and hence Hz/v has a root m(N) € (ay;, azi+1) for all large N.

Let us now show that m(N) — m. Towards this, let {Ny};>1 be a subsequence of the
natural numbers, whence there is a further subsequence { Ny, }¢>1 of {Ni}i>1, such that
m(Ng,) — m’ for some m’ € [ay;, azi+1]. Since Hf/Vke (m(Ng,)) =O0forall € > 1, we

have H'(m") = 0. But the strict decreasing nature of H' on [ay;, az;i+1] implies that m
is the only root of H’ on this interval, and hence, m’ = m. This shows that m(N) — m.
Next, we show that m(N) is a local maximizer of Hy for all N sufficiently large. For
this, we prove something stronger than needed, because this will be useful in proving
the last statement of (2). Since H” (m) < 0, there exists ¢ > O such that [m —e, m+¢] C
(azi,azi+1) and H' < Oon [m —e,m +¢]. If mg € [m — &, m + €] is such that
H"(mo) = Sup,cpm—e.m+e) H'(x) < 0, then since Hy; converges to H” uniformly on

(_17 1)5

sup  Hy(x) < H"(mg)/2 forall large N.

xe[m—e,m+e]

In particular, since m(N) € [m — ¢, m + ¢] for all large N, we have Hy, (m(N)) < 0 for
all large N, showing that m(N) is a local maximizer of Hy for all large N. Also, since
Hj(m(N)) = 0 and sup,. | Hj (x) < 0 for all large N, we must have

m—e,m+e]

Hy(m(N)) > Hy(x) forallx € [m — e, m+¢e]\{m(N)}, foralllargeN.

Finally, suppose that A € [—1, 1] is a closed interval such that m € int(A) and H (m) >
H(x)forallx € A\{m}. By LemmaB.11, there exists ¢’ > O such thatforall0 < § < ¢/,
SUPyeA\(m—s.m+5) H(x) = H(m £ §). Let @ = min{e, &'}. Then,

Hy(m(N)) > Hy(x) forallx € [m — o, m +a]\{m(N)}, foralllarge N,
(B.14)

and SUP, ¢ 4\ (m—q.m+a) H(X) = H(m £ a) < H(m) (since H'(m) = 0 and H” < 0 on
[m — a, m +«]). Hence,

sup Hy(x) < Hy(m(N)) forall large N. (B.15)

xeA\(m—a,m+a)

The proof of (2) now follows from (B.14) and (B.15), and the proof of Lemma B.4 is
now complete. 0
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B.2. Other technical lemmas. In this section, we collect the proofs of the remaining
technical lemmas, which are used in the proofs of the main results in various places.
We start with a result that gives implicit expressions for the partial derivatives of any
stationary point of Hg » , with respect to 8 and A.

Lemma B.5. Let m = m(B, h, p) satisfy the implicit relation H[g’h’p(m) = 0, and
suppose that H /’3” n p(m) # 0. Then, the partial derivatives of m with respect to 8 and h
are given by:

om pmP~! om 1
— = and —=—————. (B.16)
p Hg, ,(m) dh Hg ,(m)

2 2 .

Moreover, %T'ﬂ < 00 and |§)T";; < 00, UCHf/i/,h,p(m) # 0.

Proof. Differentiating both sides of the identity Bpm?~! + h — tanh™'(m) = 0 with
respect to B and h separately, we get the following two first order partial differential
equations, respectively:

om 1 dm
p=ly —DmP2— — — =
pm Bp(p — m B 1o "
: p—1 1 om .
that 15, pm + Hﬁvhvp(m)ﬁ =0 N (B17)
om 1
—DmP 24—
Pp(p — hm" = I
om hat i . om )
8_h:O, that is, 1+H’3‘h‘p(m)3_h:0’ (B.18)

The expressions in (B.16) follow from (B.17) and (B.18). Another implicit differentiation
of (B.17) with respect to 8 and (B.18) with respect to 4 yields the following two second
order partial differential equations, respectively:

3
20(p — HmP 222 L g ®

om 2 1 32m
op g pm o2 | +Hgy ,(m) =0; (B.19)

ap B2
3 m\> 92m
Hgnptm (5 ) + Hgnpm o5 =0i (B.20)

The finiteness of the second order partial derivatives of m as long as H g hop (m) # 0, now

follow from the fact that H é’, hp (m) is the coefficient of %27,; and %ZT’? in the differential
equations (B.19) and (B.20). |

We now derive some important properties of the function ¢ defined in (3.10). The
following lemma is used in the proof of Lemma 3.2.

Lemma B.6. For any sequence x € (—1, 1) that is bounded away from both 1 and —1,
we have

eNHN ) (1 + O(N”)).
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Proof. The proof of Lemma B.6 follows immediately from Lemma A.S5. O

Now, we bound the derivative of the function ¢ in a neighborhood of the point m . (N).
This result appears in the proof of Lemma 3.2.

Lemma B.7. Forevery o > 0 and p-regular point (8, h), we have the following bound.:

! Lia
sup ¢ (x)|=z<m*(1v>)o(zvz )

XGAN,O(

where my(N) is the global maximizer of Hy and Ay o = (m*(N) — N*%*"", my(N)+
N*%m).

Proof of Lemma B.7. We begin with the following lemma: O
Lemma B.8. For any sequence x € (—1, 1) that is bounded away from both 1 and —1,
we have
¢'(x) =t(x) (NH;V(x) toat O(N—1>) :
—X

Proof. By Lemma A.1 and (A.1), we have

d N

E(N(Hx)/z)

)50+ (53]
2 \N(1+x)/2 2 2 2 2

N N N N
= 3<N(1 +x)/2) (log (3(1 — x)) —log <3(1 +x)>

—_r +O(N2))
N(1—x) NO+x)

- N —Ntanh~! Y sow! B21
_<N<1+x)/2)[ ) T o )]' ©2D

We thus have by the product rule of differential calculus and (B.21),

) ) d N
'(x) = C(x)(NBpxP~" + Nhy) +exp{N(,Bx” +hyx — 10g2)} E<N(l +x)/2>

= ¢(xX)(NBpxP~ + Nhy) + ¢ (x) |:—Ntanh_1(x) *1 al S+ O(N_l):|
—Xx
X _
=) (NH[/\,(x) 1o tOWN ‘)) :
completing the proof of Lemma B.8. O

Now, we proceed with the proof of Lemma B.7. First note that, since H 1’V (m4«(N)) =0,
we have by the mean value theorem,

sup |Hj(x)| < sup |x —ma(N)| sup |H;\}(x)|=0(N*%+“). (B.22)

XGAN_O( XEANVO, XEANVO,
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It follows from (B.22) and Lemma B.8 that

sup 1¢/(0)] < 0 (N#*) sup £(@). (B.23)

XEANﬁu xeAN‘a

Now, Lemma B.6 implies that

. L= m.(V)?
sup ¢(x) < (1+0VTH) ¢lmu(V)) sup ([ === 5 = Lm (M) O (D).
)CEAN,O( XGAN,O( - X

(B.24)

Lemma B.7 now follows from (B.23) and (B.24). |
Lemma B.7 has an analogous version for p-special points (8, &), which is stated below.
In this case, the bound on ¢’ is better, and holds on a slightly larger region, too.

Lemma B.9. Let m4(N) be the unique global maximizer of Hy := Hg ), p, wWhere

hy = h+hN—3* for some h € R, and (B, h) is a p-special point. Then, for all o > 0,

sup ¢/ (x)| = £(mx(N))O (N%+3a>

X€AN «

where Ay o = (m*(N) - N_%J““, my(N) + N_%“").

Proof. The proof of Lemma B.9 is similar to that of Lemma B.7, the only difference
being a change in the estimate of sup,c 4,  |H y ()| from the estimate in (B.22). Note
that ‘

sup |H1/\;(X)| < sup %(x — m*)2 sup H(4)(x) -0 (Nf%+2a) ’

X€AN « XEAN « x€L(Ap,oU{ms})

where m, denotes the global maximizer of Hg j, , and for a set A C R, Z(A) denotes
the smallest interval containing A. The last equality follows from the observation

1 1
Sup [x — | < sup | — (N |+ [ (N) = my| < NTH 40 (N7F)
X€EAN o XEAN «

-0 (N*%W) :
by Lemma B.10. Following (B.22), we have

sup |Hjy(x)| = O (N’%”"‘).

X€AN «

The rest of the proof is exactly same as that of Lemma B.7. O

The following lemma provides estimates of the first four derivatives of the function H
at the maximizer m.(N) for a perturbation of a p-special point. This key result is used
in the proof of Lemma 3.4.
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Lemma B.10. Let (8, h) be a p-special pointand hy := h+ﬁN_%forsome h € R.Ifm,
and my(N) denote the unique global maximizers of H := Hg, , and Hy := Hg py p
respectively, then we have the following:

N (my(N - 6h N\, o (Nt B.25
(meN) = m) = = ) + 0 (N7H). (B.25)
N2 H"(my(N)) = % (6h)3 (H(4)(m*))§ +0 (N—%) , (B.26)

2
NTH (ny(N)) = — (67)° (H(4)(m*)> ‘ro (N*%) , (B.27)
H® (my(N)) = HY () + 0 (N—%) . (B.28)

Proof. Let us start by noting that
H'(my(N)) = Hy(m(N)) — hN"3 = —hN73.

On the other hand, by a Taylor expansion of H’ around m, and using the fact H' (m,) =
H"(my) = H® (my) = 0 (see Lemma B.2), we have

H'(my(N)) = $(my(N) — my)> HY (¢n),
where ¢y lies between m, (N) and m,. Hence,
6h
H®(y)'

Now, it follows from the proof of Lemma B.4, part (1), that m.(N) — m., and hence,
N — m. This implies that

N%(m*(N) - m*)3 =

1 6h O\
i 7 — =—| —
ngnooN (my(N) —my) (H(4)(m*)> . (B.29)
By a 5-term Taylor expansion of H'(m,(N)) around m,, one obtains

Loma(N) = m) HO () + 5 ma(N) — m)*HO(¢p) = —hN~1. (B.30)

for some sequence ¢ ]/V lying between m(N) and m,. From (B.30) and (B.29), we have

- 3
3 56k NEm(N) = mo)*HO®@))
Ni(myu(N) —my)’ = H® (my) 4H® (my)
_ 6 o (Nt B.31
=gyt O (V). B30

(B.25) now follows from (B.31), and (B.26), (B.27), (B.28) follow by substituting (B.25)
into the following expansions

H' (mo(N) = § (mo(N) = m)> HO0n,) + 0 (0ma(N) = m.)?)
HS (. (N) = (o (N) = m) HO () + 0 (ma(N) = m)?)

and H® (my(N)) = H® (m,) + O(m«(N) — m). |
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The final lemma shows that if a function has non-vanishing curvature at a unique point of
maxima, then for every sufficiently small open interval / around that point of maxima, it
attains its maximum on /¢ at either of the endpoints of /. This fact is used in the proofs
of Lemmas 3.1 and 3.7 .

Lemma B.11. Let A C [—1, 1] be a closed interval. Suppose that f : A — R is
continuous on A and twice continuously differentiable on int(A). Suppose that there
exists x, € int(A) such that f(x,) > f(x) for all x € A\{xy}, and f"(xs) < O.
Then, there exists n > 0 such that for all 0 < ¢ < n, f attains maximum on the set
A\(xx — &, X4 + €) at either x, — € OF X4 + €.

Proof. Since f” is continuous on int(A) and negative at x,, there exists § > 0 such that
f"(x) < Oforallx € (x,—86, x,+8). Hence, f’is strictly decreasing on (x, — &, x4 +38).
Since f'(xy) = 0, we have f'(x) > 0 forall x € (x, — 8, x4) and f’'(x) < O for all
X € (x4, x« + ). Hence, f is strictly increasing on (x, — 8, x4] and strictly decreasing
on [xy, X4 +8).

Suppose now, towards a contradiction, that the lemma is not true. Then, there is a
sequence ¢, — 0 such that neither x, — &, nor x, + &, is a point of maximum of
f on A\(xyx — &y, x4 + &). Let x, € A\[x4x — &4, X« + &,] be such that f(x,) =
SUP € A\ (x,—,xs4en) J (), Which exists by the continuity of f and compactness of the
set A\(xy — &5, X« + &). Since f(xx — &) < f(xy) < f(xy) for all n, and f is
continuous, it follows that f(x,) — f(x4). If x,, is a convergent subsequence of x,
converging to some y € A, then by continuity of f, we have f(y) = f(x.). This
implies that y = x,. Therefore, there exists k such that x,,, € (x, — 8, x4 +6)\{x«} and
&n, < 8. For this k, we have f(x,,) < max{f(xs —é&p,), f(x«+¢&p,)}. This contradicts
the fact that x,,, maximizes f on the set A\ (xyx — &, , X« + &5, ), completing the proof of
Lemma B.11. d

References

1. Banerjee, S., Carlin, B.P., Gelfand, A.E.: Hierarchical Modeling and Analysis for Spatial Data. Chapman
and Hall/CRC, Boca Raton (2014)
2. Barra, A.: Notes on ferromagnetic p-spin and REM. Math. Methods Appl. Sci. 32(7), 783-797 (2009)
3. Bovier, A., Gayrard, V.: The thermodynamics of the Curie—Weiss model with random couplings. J. Stat.
Phys. 72(3—4), 643-664 (1993)
4. Van Can, H.: Annealed limit theorems for the Ising model on random regular graphs. Ann. Appl. Probab.
29(3), 1398-1445 (2019)
5. Chaganty, N.R., Sethuraman, J.: Large deviation local limit theorems for arbitrary sequences of random
variables. Ann. Probab. 13(1), 97-114 (1985)
6. Chatterjee, S., Shao, Q.M.: Non-normal approximation by Stein’s method of exchangeable pairs with
application to the Curie—Weiss model. Ann. Appl. Probab. 21(2), 464-483 (2011)
7. Comets, F., Gidas, B.: Asymptotics of maximum likelihood estimators for the Curie—~Weiss model. Ann.
Stat. 19(2), 557-578 (1991)
8. Daskalakis, C., Dikkala, N., Panageas, I.: Logistic regression with peer-group effects via inference in
higher-order Ising models. arXiv:2003.08259 (2020)
9. Daskalakis, C., Mossel, E., Roch, S.: Evolutionary trees and the Ising model on the Bethe lattice: a proof
of Steel’s conjecture. Probab. Theory Relat. Fields 149(1), 149-189 (2011)
10. Deb, N., Mukherjee, S.: Fluctuations in mean-field Ising models. arXiv:2005.00710 (2020)
11. Dembo, A., Montanari, A.: Gibbs measures and phase transitions on sparse random graphs. Braz. J.
Probab. Stat. 24(2), 137-211 (2010)
12. Dembo, A., Zeitouni, O.: Large Deviations Techniques and Applications. Springer, Berlin (2010)
13. de Bruijn, N.G.: Asymptotic Methods in Analysis. Interscience Publishers Inc., New York (1957)
14. Ellis, R.S.: Entropy, Large Deviations, and Statistical Mechanics. Springer, Berlin (2007)
15. Ellis,R.S.,Newman, C.M.: Limit theorems for sums of dependent random variables occurring in statistical
mechanics. Z. Wahrscheinlichkeitstheorie verw. Geb. 44, 117-139 (1978)


http://arxiv.org/abs/2003.08259
http://arxiv.org/abs/2005.00710

728 S. Mukherjee, J. Son, B. B. Bhattacharya

16. Ellis, R.S., Newman, C.M.: The statistics of Curie—Weiss models. J. Stat. Phys. 19, 149-161 (1978)

17. Ellis,R.S.,Newman, C.M., Rosen, J.S.: Limit theorems for sums of dependent random variables occurring
in statistical mechanics II. Conditioning, multiple phases, and metastability. Z. Wahrscheinlichkeitstheorie
verw. Geb. 51, 153-169 (1980)

18. Geman, S., Graffigne, C.: Markov random field image models and their applications to computer vision.
In: Proceedings of the International Congress of Mathematicians, pp. 1496-1517 (1986)

19. Giarding, C., Giberti, C., van der Hofstad, R., Prioriello, M.L.: Ising critical behavior of inhomogeneous
Curie—Weiss models and annealed random graphs. Commun. Math. Phys. 348, 221-263 (2016)

20. Green, PJ., Richardson, S.: Hidden Markov models and disease mapping. J. Am. Stat. Assoc. 97, 1055—
1070 (2002)

21. Heringa, J.R., Blote, H-W.J., Hoogland, A.: Phase transitions in self-dual Ising models with multispin
interactions and a field. Phys. Rev. Lett. 63, 1546-1549 (1989)

22. Hoffman, H.: On the continuity of the inverses of strictly monotonic functions. Ir. Math. Soc. Bull. 75,
45-57 (2015)

23. Hopfield, J.J.: Neural networks and physical systems with emergent collective computational abilities.
Proc. Natl. Acad. Sci. U.S.A. 79, 2554-2558 (1982)

24. Ising, E.: Beitrag zur theorie der ferromagnetismus. Z. Phys. 31, 253-258 (1925)

25. Kabluchko, Z., Lowe, M., Schubert, K.: Fluctuations of the magnetization for Ising models on dense
Erdés—Rényi random graphs. J. Stat. Phys. 177, 78-94 (2019)

26. Kabluchko, Z., Lowe, M., Schubert, K.: Fluctuations of the magnetization for Ising models on Erd&s—
Rény random graphs—the regimes of low temperature and external magnetic field. arXiv:2012.08204
(2021)

27. Levin, D.A., Luczak, M.J., Peres, Y.: Glauber dynamics for the mean-field Ising model: cut-off, critical
power law, and metastability. Probab. Theory Relat. Fields 146(1-2), 223-265 (2010)

28. Montanari, A., Saberi, A.: The spread of innovations in social networks. Proc. Natl. Acad. Sci. 107(47),
20196-20201 (2010)

29. Ohkuwa, M., Nishimori, H., Lidar, D.A.: Reverse annealing for the fully connected p-spin model. Phys.
Rev. A 98, 022314 (2018)

30. Suzuki, M.: Solution and critical behavior of some “three-dimensional” Ising models with a four-spin
interaction. Phys. Rev. Lett. 28, 507-510 (1972)

31. Suzuki, M., Fisher, M.E.: Zeros of the partition function for the Heisenberg, ferroelectric, and general
Ising models. J. Math. Phys. 12(2), 235-246 (1971)

32. Talagrand, M.: Spin Glasses: A Challenge for Mathematicians-Cavity and Mean Field Models. Springer,
Berlin (2003)

33. Jorg, T., Krzakala, F.,, Kurchan, J., Maggs, A.C., Pujos, J.: Energy gaps in quantum first-order mean-field—
like transitions: the problems that quantum annealing cannot solve. EPL (Europhys. Lett.) 89(4), 40004
(2010)

34. Turban, L.: One-dimensional Ising model with multispin interactions. J. Phys. A Math. Theor. 49(35),
355002 (2016)

35. Wong, R.: Asymptotic Approximations of Integrals. Society for Industrial and Applied Mathematic,
Philadelphia (2001)

36. Yamashiro, Yu., Ohkuwa, M., Nishimori, H., Lidar, D.A.: Dynamics of reverse annealing for the fully-
connected p-spin model. Phys. Rev. A 100, 052321 (2019)

Communicated by S. Chatterjee


http://arxiv.org/abs/2012.08204

	Fluctuations of the Magnetization in the p-Spin Curie–Weiss Model
	Abstract:
	1 Introduction
	2 Statements of the Main Results
	2.1 Limiting distribution of the magnetization
	2.2 Summarizing the phase diagram

	3 Asymptotic Distribution of the Magnetization: Proof of Theorem 2.1
	3.1 Proof of Theorem 2.1 when (β, h) is p-regular
	3.2 Proof of Theorem 2.1 when (β, h) is p-special
	3.3 Proof of Theorem 2.1 when (β, h) is p-critical

	4 Discussion and Future Directions
	Acknowledgement.
	A.1 Special functions and their properties
	A.2 Mathematical approximations
	B.1 Properties of the function H
	B.2 Other technical lemmas

	References




