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Hard spin-independent three-loop radiative contributions to energy levels in positronium generated by 
the two-photon-exchange diagrams with one-loop radiative insertions in the fermion lines and exchanged 
photons are calculated. This is a next step in calculations of all corrections of order mα7 inspired by the 
new generation of precise 1S − 2S and 2S − 2P measurements in positronium.
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A new generation of precise 1S − 2S and 2S − 2P measurements in muonium and positronium are now either in progress of planned 
[1–7]. Inspired by the current and forthcoming experimental achievements we recently calculated a series of hard spin-independent 
corrections of order mα7 in muonium and positronium [8]. We report below results of the calculation of a new hard spin-independent 
three-loop contribution to the energy levels in positronium.

Let us consider a system of two electromagnetically bound leptons, which in the general case have unequal masses, m ≤ M . At m = M
one can think about this system as positronium, while at m � M it can be interpreted as muonium (or hydrogen). In the calculations 
below we will build on our recent results for muonium [8] and refer to the two cases above as positronium and muonium, respectively. 
The two-loop contribution to the spin-independent energy shift in this system generated by the diagrams in Fig. 1 is given by the integral 
[9]
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where Lμν and Hμν are the light and heavy fermion factors, respectively, mr = mM/(m + M) is the reduced mass, Z = 1 is the charge of 
the heavy fermion in terms of the positron charge, n and l are the principal quantum number and the orbital momentum, respectively.

The light (electron) factor is equal to the sum of the self-energy, vertex, and spanning photon insertions in the fermion line [9],
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and the heavy-line (muon) factor is given by the expression

Fig. 1. Electron-line radiative-recoil corrections.
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Fig. 2. Graphs with radiative insertions in the electron line and one-loop polarization in the exchanged photons.
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γμ, (4)

where P = (M, 0) is the momentum of the heavy fermion.
The energy shift in Eq. (1) contains both recoil and nonrecoil contributions to the Lamb shift of order α(Zα)5m generated by the 

diagrams in Fig. 1. The nonrecoil correction was calculated analytically long time ago [10–12]. The respective recoil correction in hydrogen 
(and muonium) was obtained analytically in [9].

Three-loop spin-independent radiative-recoil corrections in hydrogen and muonium due to the diagrams in Fig. 2 were recently cal-
culated numerically [8]. Our current goal is to calculate the total spin-independent contribution of the diagrams in Fig. 2 to the energy 
levels in positronium. We build on calculations of the recoil corrections in [8,9], and first review the basic steps in those calculations. We 
start with the fermion factor in Eq. (4)
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The characteristic integration momenta in Eq. (1) are in the interval m ≤ k � M , and to extract the linear in the heavy mass recoil 
contribution it is sufficient to make the substitution
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Due to the explicit factor 1/M on the RHS we can let k/M → 0 in all other terms. To avoid possible singularities in the momentum 
integration in Eq. (1) in this limit we introduced [9,13] a principal value integral defined as
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This definition works both in Minkowski and Euclidean space and preserves all momentum integrations finite and unambiguous. In 
Euclidean space it reduces to
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where the Euclidean momentum is parameterized as (k cos θ, k sin θ).
In terms of the principal value the recoil trace in Eq. (6) simplifies
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where Hμν(k) is a dimensionless function.
The linear in mass ratio radiative-recoil contribution [9] is obtained from Eq. (1) by the substitution in Eq. (9)
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We notice that in the case of equal masses, M = m, the integrand for the total (recoil and nonrecoil) corrections in Eq. (5) and the 
integrand for the recoil corrections in Eq. (9) are connected by the relationship
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where we used k2℘(1/k2) = 1, see definition in Eq. (7).
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In Euclidean space
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We can go a step further and modify the integrand in Eq. (10) in such way that in the case of unequal masses it would produce 
radiative-recoil contribution and in the case of equal masses it would generate the total (sum of nonrecoil and recoil) contribution of the 
diagrams in Fig. 1
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The interpolating factor G̃(k, M) reduces to G̃(k, m) = k2
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2
0 − k4/4m2) at M = m and then the factor on the RHS in Eq. (13) coincides 

with the one in Eq. (11). At k/M → 0 the interpolating factor G̃(k, M) → 1 and we return to Hμν(k).
In Euclidean space
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Next we rescale the integration momentum k → km in Eq. (1) and insert the dimensionless factor G̃(k, M) in the integrand in Eq. (10)
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The linear in the mass ratio spin-independent radiative-recoil contribution of the diagrams in Fig. 1 (see Eq. (10)) in muonium and 
hydrogen can be written as
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while the respective total (recoil and nonrecoil) spin-independent contribution in positronium has the form
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m

4
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where we inserted an extra factor two to account for radiative insertions in both fermion lines.
The principal value prescription in Eq. (7), introduced originally [9,13] in order to simplify calculations of radiative-recoil corrections 

in muonium, allowed us to derive a universal formula which describes both the radiative-recoil correction in the case of unequal masses 
and the total correction when the masses of the leptons are equal. The dimensionless function �E(M) smoothly interpolates between 
the radiative-recoil contribution of the diagrams in Fig. 1 in muonium and the total contribution of these diagrams in positronium. This 
property survives insertion of polarization graphs in Fig. 2 and provides an additional control of the calculations below.

Let us turn to the diagrams in Fig. 2. To account for the polarization insertions it is sufficient to insert the factor (α/π)2k2 I1(k) in the 
integrand in Eq. (16)
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where the polarization operator I1(k) after the Wick rotation has the form
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The linear in the mass ratio spin-independent recoil contribution of the diagrams in Fig. 1 in muonium (compare Eq. (17)) can be written 
as
3
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The respective total (recoil and nonrecoil) spin-independent contribution in positronium has the form
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where we again inserted an extra factor two to account for radiative insertions in both fermion lines, and in the last line separated 
contributions of different diagrams.

The recoil correction in muonium in Eq. (21) was calculated recently [8]. Now we calculated the total contribution of order mα7 in 
Eq. (22) of the diagrams in Fig. 2 to the energy levels in positronium. Calculations are similar to the ones in [9], and the contributions of 
the separate diagrams in the Yennie gauge are

J�P = −0.114395(1), 2 J	P = 0.977677(1), J
P = −0.293172(1). (23)

Finally, the total gauge independent contribution of order α7 to the Lamb shift in positronium generated by the four diagrams in Fig. 2 is

�E(P s) = 0.5701(2)
α7m

π3n3
δl0. (24)

This contribution should be added to two other corrections of order mα7 in positronium, which have been calculated recently in [8]2 and 
have comparable magnitude. We hope to report results for the remaining hard contributions of this order in muonium and positronium 
in the near future.
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