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Abstract—Due to the redundant nature of DNA synthesis and

sequencing technologies, a basic model for a DNA storage system

is a multi-draw “shuffling-sampling” channel. In this model, a

random number of noisy copies of each sequence is observed

at the channel output. Recent works have characterized the

capacity of such a DNA storage channel under different noise

and sequencing models, relying on sophisticated typicality-based

approaches for the achievability. Here, we consider a multi-draw

DNA storage channel in the setting of noise corruption by a

binary erasure channel. We show that, in this setting, the capacity

is achieved by linear coding schemes. This leads to a considerably

simpler derivation of the capacity expression of a multi-draw

DNA storage channel than existing results in the literature.

Index Terms—DNA storage, channel capacity, linear codes

I. INTRODUCTION

Due to its longevity and high information density, DNA has
drawn growing interest in its potential for archival data storage.
Thanks to recent advancements in DNA sequencing (reading)
and synthesizing (writing), this idea is becoming practically
viable, and several groups have recently demonstrated working
DNA storage systems [1–7]. In these systems, data is usually
stored on short DNA molecules (a few hundred nucleotides).
The synthesis process is usually redundant and produces a
large number of copies of each molecule. At the time of
reading, state-of-the-art sequencing technologies access this
information, which corresponds to randomly sampling and
reading sequences from the (redundant) DNA pool. Addi-
tionally, sequencing and synthesis may introduce errors to
each sequence, most commonly in the form of insertions,
substitutions, and deletions.

A natural mathematical model for DNA storage that ac-
counts for these constraints is as follows: Data is stored onto
M sequences, each of length L. This can be thought of as
a single codeword of length ML, broken into M pieces of
equal length. During sequencing, N sequences are randomly
drawn from this set. Since the synthesis process is redundant
and produces many copies of each molecule, and since the
sequencing process is often preceded by Polymerase Chain
Reaction (PCR), which effectively amplifies the number of
copies of each molecule in the pool, several of the sequenced
molecules correspond to the same original input sequence.
However, because the synthesis and sequencing processes are
noisy, the observed sequences are corrupted by distinct noise

patterns. Therefore, an end-to-end model for DNA storage
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Fig. 1. The BEC multi-draw DNA Storage channel.

that captures this output sequence redundancy is the noisy
shuffling-sampling channel with multi-draws [8], shown in
Figure 1.

First, each of the M input strings are amplified a random
number of times. The resulting molecules are independently
corrupted by a noisy channel and shuffled out of order. Notice
that some molecules may be sampled zero times, correspond-
ing to the case where they are not sequenced at all. The
decoder must then, without any knowledge of which molecules
were sampled, reconstruct the original stored message using
the sampled sequences at the channel output.

In this multi-draw setting, a clustering problem arises from
the need to identify which of the output sequences correspond
to the same input sequence. If we are able to correctly cluster
the output, we can combine the sequences in each cluster
to correct errors and decode the stored message using the
(partially) error-corrected sequences.

The capacity of the multi-draw DNA storage channel with
binary symmetric noise has been established using typicality
based arguments [8, 9] and for general discrete memoryless
channels based on the method of types [10]. While these
arguments are interesting and novel, the analysis of the achiev-
able rate is sophisticated and does not provide direct intuition
for the resulting capacity expression. Moreover, the resulting
decoding algorithms are computationally intractable, raising
the question of whether simpler approaches such as linear
codes can achieve the channel capacity.

Motivated by the fact that the capacity of a binary erasure
channel (BEC) can be straightforwardly achieved using linear
codes, in this work we consider the multi-draw DNA storage
channel with binary erasure noise. More precisely, we focus on
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a multi-draw shuffling-sampling channel where each (binary)
sequence is corrupted by a binary erasure channel with erasure
probability p, and each input string is drawn a random Q

number of times, where Q has the probability mass function
Pr(Q = n) = qn, for n = 0, 1, 2, . . . . As in previous works,
we consider the asymptotic regime where M ! 1 and the
read length scales as L = � log M . The simplicity of the
BEC setting allows us to show that a (random) linear coding
scheme achieves the capacity of this channel for a large set of
parameters (p, �), illustrated in Figure 2.

Based on the proposed linear coding scheme, we show that,
for the blue regime in Figure 2, the capacity is given by

C = (1 � q0)(E[CQ|Q � 1] � 1/�), (1)

where Cn is the capacity of a multi-draw shuffling-sampling
channel with exactly n draws of each input sequence. As
it turns out, the capacity expression in (1) can be verified
to be equivalent to the expression obtained in related works
[8, 10]. However, the expression in (1) is more intuitive and
directly recovers all previous DNA storage channel capacity
results, including the original results for DNA storage channels
with “one or none draws” (q0 + q1 = 1) [11], in which case
E[CQ|Q � 1] = C1. Hence, we conjecture that (1) is the
general capacity formula for an arbitrary multi-draw DNA
storage channel.

A. Related literature

The information-theoretic analysis of DNA storage channels
started in [12] with a noise-free shuffling-sampling channel,
and was later extended to noisy shuffling-sampling chan-
nels [11, 13] by modeling the noise as a BSC, and considering
a single-draw setting where strings are drawn either once with
probability 1 � q0 or not at all with probability q0.

The single-draw DNA storage channel with BEC noise was
considered in [14]. The concept of consistency, where two
strings x

L

1 , x
L

2 with erasures are said to be consistent if they
agree on every non-erased position, is used to establish the
capacity for a set of parameters (p, �). We will also make use
of the notion of consistency to create consistency graphs from
the output strings in Section III.

The multi-draw shuffling-sampling channel was first studied
in [8, 9]. The capacity was characterized for a regime of (p, �)
and for the case where the output strings are independently
observed through a BSC. The achievability argument was
based on a random codebook construction. The decoder per-
forms a greedy-like clustering of the output strings, and then
uses typicality decoding based on a new notion of typicality
between a set of d output strings and an input string.

Capacity results for multi-draw DNA storage channels were
recently generalized to arbitrary discrete memoryless chan-
nels [10]. A general achievability was provided based on the
method of types and a general upper bound was developed by
refining the approach used in previous works [8, 11].

The problem of clustering output strings was studied from a
coding-theoretic standpoint in [15]. It was shown that “code-
aware” clustering, i.e., a clustering algorithm that exploits

10�3 10�2 10�1 100
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Fig. 2. The outer bound from (4) holds in the blue region, which corresponds
to � > 2/(1 � 2p + p2). The inner bound from Theorem 2 holds above
the green line, which corresponds to � > �1/ log(1 � 1

2 (1 � p)2). This
characterizes the capacity of the BEC shuffling channel in the blue region as
(1� q0)(1� peff � 1/�). The capacity in the red region (i.e., for � < 1) is
0 and it is unknown in the gray region.

knowledge of the codebook (as opposed to a code-oblivious
clustering), can reduce the number of redundancy bits needed
for correct decoding.

II. MAIN RESULT

We consider the multi-draw DNA storage channel illustrated
in Figure 1. The channel input is a length-ML binary string
X

ML =
⇥
X

L

1 , X
L

2 , . . . , X
L

M

⇤
, or, equivalently, M strings of

length L concatenated to form a single string of length ML.
Each of the M input strings is independently sampled Q times,
where Pr(Q = n) = qn, for n = 0, 1, . . . , yielding a set of N

sequences. Each of these sequences is independently passed
through an binary erasure channel with erasure probability p,
and the final N sequences are shuffled out of order. We refer to
the resulting end-to-end channel as the BEC multi-draw DNA
storage channel.

As in previous works, we let L = � log M , and consider
the asymptotic regime M ! 1. A rate R is said to be
achievable if there exists a sequence of codes, each with
2MLR codewords, and whose error probability goes to zero
as M ! 1. The channel capacity C is the supremum over
all achievable rates.

We say that a code is a linear coding scheme if the 2MLR

length-ML codewords are all in the range of a ML⇥B binary
generator matrix G. Notice that we differentiate this from a
linear code, in which case the set of codewords must be the
entire range of G. Our main result is the following.

Theorem 1. For � > 2/(1 � 2p + p
2), the capacity of the

BEC multi-draw DNA storage channel is

C = (1 � q0) (E[CBEC,Q|Q � 1] � 1/�) , (2)

and it can be achieved with a linear coding scheme. Here,

CBEC,n = 1 � p
n

is the capacity of a BEC with n draws.
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A natural approach to deal with the output of a BEC multi-
draw DNA storage channel is to first cluster output sequences
based on consistency, and then combine all of the strings
in each cluster into a “consensus" sequence, where the ith
position of the length-L consensus sequence is the ith symbol
from any of the strings of the cluster that is not erased.

If the clustering can be done successfully, this reduces the
probability of erasure to p

n for an output cluster with n strings.
Therefore, we expect that after consensus there will be (1 �
q0)M output strings, and for n = 1, 2, . . . , there will be qnM

consensus strings with erasure probability p
n. The resulting

effective channel after the consensus step is similar to the
single-draw BEC case as discussed in [14], but rather than a
bit erasure probability of p across all strings, here the average
effective erasure probability is given as

peff , E[pQ|Q � 1] =

P1
n=1 qnp

n

1 � q0
. (3)

Note that E[CBEC,Q|Q � 1] = 1 � E[pQ|Q � 1] = 1 � peff.
Since the capacity of BEC single-draw DNA storage channel
[14] can be found to be

(1 � q0)(1 � p � 1/�),

it is natural to conjecture that the capacity of the BEC multi-
draw DNA storage channel is given by (2).

The converse to Theorem 1 can be found by considering a
genie-aided argument where the genie reveals the true clusters,
which can be used to find consensus sequences, and then using
the result for the single-draw setting [14]. More formally, the
converse can be obtained from the general DMC DNA storage
channel capacity given in [10, Corollary 11]. Evaluating this
result for the BEC yields

C = (1 � q0)(1 � peff � 1/�) (4)

for the regime � > 2/(1 � 2p + p
2). This is represented by

the blue area in Figure 2. Next, we show that for a larger set
of parameters (p, �) (given by the green region), the capacity
expression in (2) can be achieved with linear coding schemes.

III. ACHIEVABILITY VIA LINEAR SCHEMES

Motivated by the fact that linear codes achieve the capacity
of the BEC [16], we show that linear coding schemes achieve
the capacity of the BEC multi-draw DNA storage channel.

To construct a code of rate R, we first populate a random
binary generator matrix G of size ML ⇥ B, for some B

to be determined, with i.i.d. Bernoulli(1/2) entries. We then
generate 2MLR length-B random binary vectors ti, also with
i.i.d. Bernoulli(1/2) entries. The ith codeword of our random
code, for i = 1, . . . , 2MLR, is constructed first by computing
the product Gti over F2, and then by breaking the resulting
codeword into M binary strings of length L. The channel input
of M strings thus represents a single codeword.

We will use the following lemma throughout the proofs in
this section.

Lemma 1. Let G be an ML ⇥ B matrix with

i.i.d. Bernoulli(1/2) entries. Fix any � 2 (0, 1) and a

=<latexit sha1_base64="79x/Wf5Ncr5ub2a3DwIt9f01SC8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqpk/WDkOBsUK25dXcOskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz42fzcGTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbKXi/95vRTDGz8TKkmRK7ZYFKaSYEzy38lQaM5QTi2hTAt7K2FjqilDm1DFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMJjAM7zCm5M4L86787FoLTnFzDH8gfP5Ayruj3Y=</latexit>t <latexit sha1_base64="VcXW64ATwrkOUM1xhGW/cR3K3r8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7GyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByN/M7T6g0j+WjyRL0IzqSPOSMGit18n4Qkmw6qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n587JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCGz/nMkkNSrZYFKaCmJjMfidDrpAZkVlCmeL2VsLGVFFmbEIVG4K3/PIqaV/Uvau693BZa9wWcZThBE7hHDy4hgbcQxNawGACz/AKb07ivDjvzseiteQUM8fwB87nDzKHj3s=</latexit>y
…

<latexit sha1_base64="ITC8jLAFmDnRFN1I06/l7OCuTew=">AAAB6XicbVBNS8NAEJ34WetX1aOX1SJ4KomIeix68SJUsR/QhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YRK81g+mlGCfkT7koecUWOlh7ujbqnsVtwpyCLxclKGHLVu6avTi1kaoTRMUK3bnpsYP6PKcCZwXOykGhPKhrSPbUsljVD72fTSMTmxSo+EsbIlDZmqvycyGmk9igLbGVEz0PPeRPzPa6cmvPIzLpPUoGSzRWEqiInJ5G3S4wqZESNLKFPc3krYgCrKjA2naEPw5l9eJI2zindR8e7Py9XrPI4CHMIxnIIHl1CFW6hBHRiE8Ayv8OYMnRfn3fmYtS45+cwB/IHz+QP+Oo0C</latexit>

M !
<latexit sha1_base64="UZViqGMM7E/sTxxlSejeYSA1TdY=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRiweFKvYD2lA22027dLMJuxOhhP4DLx4U8eo/8ua/cdvmoNUHA4/3ZpiZFyRSGHTdL6ewtLyyulZcL21sbm3vlHf3miZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0dXUbz1ybUSsHnCccD+iAyVCwSha6f72pleuuFV3BvKXeDmpQI56r/zZ7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZpRNyZJU+CWNtSyGZqT8nMhoZM44C2xlRHJpFbyr+53VSDC/8TKgkRa7YfFGYSoIxmb5N+kJzhnJsCWVa2FsJG1JNGdpwSjYEb/Hlv6R5UvXOqt7daaV2mcdRhAM4hGPw4BxqcA11aACDEJ7gBV6dkfPsvDnv89aCk8/swy84H98/dY0t</latexit>

ML

<latexit sha1_base64="mZSejRV4CIy4QNHXysv23zqmFbU=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUg2VXRL0IpV48KFSwH7BdSjZN29BssiRZoSz9GV48KOLVX+PNf2Pa7kFbHww83pthZl4Yc6aN6347S8srq2vruY385tb2zm5hb7+hZaIIrRPJpWqFWFPOBK0bZjhtxYriKOS0GQ5vJn7ziSrNpHg0o5gGEe4L1mMEGyv5VXSN7u9K3ml80ikU3bI7BVokXkaKkKHWKXy1u5IkERWGcKy177mxCVKsDCOcjvPtRNMYkyHuU99SgSOqg3R68hgdW6WLelLZEgZN1d8TKY60HkWh7YywGeh5byL+5/mJ6V0FKRNxYqggs0W9hCMj0eR/1GWKEsNHlmCimL0VkQFWmBibUt6G4M2/vEgaZ2Xvouw9nBcr1SyOHBzCEZTAg0uowC3UoA4EJDzDK7w5xnlx3p2PWeuSk80cwB84nz9r/Y9l</latexit>

B = ML(1 � p)

<latexit sha1_base64="9qHdbItkvivk6bSTQh0ts85GC+U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRgx4rmLbQlrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVDDpVDcR4GStxLNaRRI3gxGt1O/+cS1EbF6xHHCuxEdKBEKRtFKficIyV2vXHGr7gxkmXg5qUCOeq/81enHLI24QiapMW3PTbCbUY2CST4pdVLDE8pGdMDblioacdPNZsdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XTjG87mZCJSlyxeaLwlQSjMn0c9IXmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6yeP1xUajd5HEU4gmM4BQ+uoAb3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/IOyOPw==</latexit>

G

Fig. 3. In the setting where each sequence is observed exactly once at the
output, there are M ! potential systems of equations, each with ML(1 � p)
non-erased equations. Choosing our rate to be ⇡ 1 � p � 1/� guarantees
that, with high probability, only one of these systems will have a solution
that corresponds to a codeword.

submatrix G0
formed by an arbitrary set of (1��)B rows of G.

Then G0
is full rank (over the finite field F2) with probability

tending to 1 as B ! 1.

A. Single-draw case

We first illustrate the linear coding scheme by considering
the case where each string is sampled exactly once, i.e., q1 =
1. At the output of this system, N = M strings are observed,
which we wish to use to recover the stored message ti.

If the correct ordering of the M output strings were known,
we would be able to concatenate them into a length-ML vector
y and try to solve the system Gt = y for t. With erasure
probability p, in expectation there are ML(1 � p) non-erased
positions in y, so a unique solution to this system exists with
high probability as long as the number of remaining equations,
which is roughly ML(1 � p), is greater than or equal to the
number of variables B. Therefore, B can be set to ML(1 �
p � ✏) for any ✏ > 0 and all binary strings in {0, 1}B may be
used as message vectors.

However, the correct ordering of the output strings is not
actually known, so we consider all M ! possible orderings.
With each ordering, we have a distinct concatenated vector y
with a p fraction of erasures, as well as a p fraction of useless
equations in G, as shown in Figure 3. From Lemma 1, if we
set B = ML(1 � p � ✏), then the true ordering of remaining
equations will have a unique solution.

In addition, we must have only one feasible ordering of
the output strings; that is, out of the M ! possible systems of
equations Gt = y, only one of them (the true one) should
have a solution t that is one of the original message vectors
ti, for i = 1, . . . , 2MLR. Assume without loss of generality
that message 1 is sent (i.e., the codeword sent is Gt1). Since
the messages are generated i.i.d. from {0, 1}B , by the union
bound, the probability that there is a collision between the
solution t of one of the M ! � 1 incorrect systems and one of
the other messages ti, i = 2, . . . , 2MLR is at most

(M ! � 1)2MLR2�B
< 2M log M+MLR�B

= 2ML[R�(1�p�✏�1/�)]
.
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3

<latexit sha1_base64="H59bpvMNDIVndA5aDDnyjQ7h7Ao=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIV9Vj04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9itVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlGt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxdPi5Y=</latexit>

4

<latexit sha1_base64="rk3cMAKLvk7CCLZEk+MTg7cPMt4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyVylf1q9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AITNjMI=</latexit>

6

<latexit sha1_base64="CGM6TbpkABl68imCuPySk1AS3fo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF+VqrdZHHk4gVM4Bw8qUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIZRjMM=</latexit>

7

<latexit sha1_base64="mINfg+aHheM79HZECEqXxvUGVvY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68diC/YA2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmoX5art3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfTmMvQ==</latexit>

1

<latexit sha1_base64="QBzgbfbu8e5Rxh34TtxIbQj8Q8w=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbFqEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd1Wu1C9L1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIBBjL8=</latexit>

3

<latexit sha1_base64="H59bpvMNDIVndA5aDDnyjQ7h7Ao=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBIV9Vj04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9itVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlGt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxdPi5Y=</latexit>

4

<latexit sha1_base64="rk3cMAKLvk7CCLZEk+MTg7cPMt4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyVylf1q9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AITNjMI=</latexit>

6

<latexit sha1_base64="CGM6TbpkABl68imCuPySk1AS3fo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbViEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipXukVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzYuyd12+rF+VqrdZHHk4gVM4Bw8qUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIZRjMM=</latexit>

7
<latexit sha1_base64="VcXW64ATwrkOUM1xhGW/cR3K3r8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7GyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByN/M7T6g0j+WjyRL0IzqSPOSMGit18n4Qkmw6qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n587JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCGz/nMkkNSrZYFKaCmJjMfidDrpAZkVlCmeL2VsLGVFFmbEIVG4K3/PIqaV/Uvau693BZa9wWcZThBE7hHDy4hgbcQxNawGACz/AKb07ivDjvzseiteQUM8fwB87nDzKHj3s=</latexit>y

Fig. 4. The decoder first builds a consistency graph between all received
sequences, and considers all possible partitions of the graph into cliques,
where the total number of cliques is between pLM and pUM . For each
such valid clustering, the decoder considers all possible assignments of the
indices {1, ...,M} to the clusters and uses those indices to order the consensus
sequences of each cluster to form the vector y. After removing erased entries
and the rows of G corresponding to erased/missing rows in y, the system
Gt = y can be solved.

Therefore, by choosing ✏ arbitrarily small, we conclude that
any rate R < 1 � p � 1/� can be achieved with vanishingly
small error probability.

B. Multi-draw case

We now consider the channel in Figure 1 with a general
sampling distribution Q, i.e., each input string x

L

i
is sampled

Ni ⇠ Q times. We now expect to see E[N1]M output strings,
and we would like to cluster them into roughly (1 � q0)M
clusters. This clustering task becomes easier under the BEC
setting, as we can take advantage of the consistency of the
strings. Notice that any two output strings that originated from
the same input string are consistent. Therefore, given N output
strings x

L

1 , . . . , x
L

N
, one can construct an undirected graph with

the strings as vertices and edges between any two consistent
strings. We refer to this graph as a consistency graph. A
clustering of these output strings is valid if it corresponds to
a partition of {x

L

1 , . . . , x
L

N
} such that each group corresponds

to a clique in the consistency graph.
With the probability of an input string not having an output

cluster equal to q0, in expectation there are (1 � q0)M output
clusters. From Hoeffding’s inequality, the probability that there
are more than pUM := (1 � q0 + ✏)M or fewer than pLM :=
(1 � q0 � ✏)M output clusters can be bounded as

Pr (|# true output clusters � (1 � q0)M | > ✏M) < 2e
�2M✏

2

,

which tends to 0 as M ! 1 for any ✏ > 0. The task of the
decoder is then to cluster the N output strings into between
pLM and pUM clusters for some small fixed ✏; here, the
decoder will consider all valid clusterings that create between
pLM and pUM clusters. For each clustering, the decoder
first performs a consensus step, effectively converting the N

clustered output strings into (1 � q0)M strings with a smaller
erasure rate. From here, the decoder proceeds similarly to the
single-draw case. Each cluster is assigned a distinct label from
{1, . . . , M}, and the clusters are ordered by label to create a
single output vector y of length roughly (1 � q0)ML. All of
the at most M ! possible label assignments are considered. The
system of equations corresponding to each label assignment

and vector y can be solved for a solution t, if a solution exists.
This cluster-based decoding scheme is illustrated in Figure 4.

Again, we must choose B large enough so that the true
system, obtained by clustering and ordering the output strings
correctly, has a unique solution. Additionally, we must have
R small enough so that only one of the systems (the true one)
yields a solution that corresponds with a valid message vector
ti so that the correct message can be decoded.

To guarantee a unique solution, the true system must have
enough equations after erasures have been discarded. After the
consensus step has been performed on the output clusters, we
have at least pLM output strings and an expected effective
erasure probability of peff. It can be shown using standard
concentration inequalities that the effective erasure probability
cannot deviate significantly from peff. Thus, the true system
will have at least MLpL(1 � peff � ✏) equations with high
probability, and if we set

B = MLpL(1 � peff � ✏)(1 � ✏),

then by Lemma 1, the true system of equations will have a
unique solution with probability tending to 1 as M ! 1.

To find the maximum rate R for which this scheme succeeds
with vanishing error probability, we must bound the total
number of valid clusterings of the output strings. We begin by
analyzing the total number of edges in the consistency graph.
Since each cluster of size n produces

�
n

2

�
 n

2
/2 “correct”

edges (i.e., edges between output strings that originated from
the same input string), the expected number of correct edges
is at most

1X

n=0

Mqn

n
2

2
=

M

2
E[Q2]. (5)

Now let Z be the total number of incorrect edges in the
consistency graph, and define

� := �� log
�
1 � 1

2 (1 � p)2
�
,

which is positive for any p 2 (0, 1).

Lemma 2. The number of incorrect edges Z satisfies

Pr
�
Z > M

2��+✏
�

! 0 (6)

as M ! 1, for any ✏ > 0.

From Lemma 2, we can see that as long as � > 1, the
number of incorrect edges grows slower than M , and will
therefore be vanishingly small compared to the number of
correct edges given in (5).

We now bound the number of possible matchings given the
total number of edges and find that a loose bound is sufficient
to establish capacity.

Lemma 3. Suppose the consistency graph has a total of U

edges. Then there are at most 2U
valid ways to cluster the

output sequences.

Proof. Each valid clustering corresponds to a partition of
the output sequences such that each group corresponds to a
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=<latexit sha1_base64="79x/Wf5Ncr5ub2a3DwIt9f01SC8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbTbt0swm7E6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqpk/WDkOBsUK25dXcOskq8gtSgQHNQ/eoPY5ZGXCGT1Jie5yboZ1SjYJLPKv3U8ISyCR3xnqWKRtz42fzcGTmzypCEsbalkMzV3xMZjYyZRoHtjCiOzbKXi/95vRTDGz8TKkmRK7ZYFKaSYEzy38lQaM5QTi2hTAt7K2FjqilDm1DFhuAtv7xK2hd176ruPVzWGrdFHGU4gVM4Bw+uoQH30IQWMJjAM7zCm5M4L86787FoLTnFzDH8gfP5Ayruj3Y=</latexit>t <latexit sha1_base64="VcXW64ATwrkOUM1xhGW/cR3K3r8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7GyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByN/M7T6g0j+WjyRL0IzqSPOSMGit18n4Qkmw6qNbcujsHWSVeQWpQoDmofvWHMUsjlIYJqnXPcxPj51QZzgROK/1UY0LZhI6wZ6mkEWo/n587JWdWGZIwVrakIXP190ROI62zKLCdETVjvezNxP+8XmrCGz/nMkkNSrZYFKaCmJjMfidDrpAZkVlCmeL2VsLGVFFmbEIVG4K3/PIqaV/Uvau693BZa9wWcZThBE7hHDy4hgbcQxNawGACz/AKb07ivDjvzseiteQUM8fwB87nDzKHj3s=</latexit>y

…

<latexit sha1_base64="C0OOjsZSfSE2K5E2fTlhAxIgrJo=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUg2VXRD0WvXhQqGA/pF1KNs22oUl2TbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XYWFpeWV1Zza/n1jc2t7cLObl1HiSK0RiIeqWaANeVM0pphhtNmrCgWAaeNYHA19htPVGkWyXszjKkvcE+ykBFsrPRwe1Pyjh877lGnUHTL7gRonngZKUKGaqfw1e5GJBFUGsKx1i3PjY2fYmUY4XSUbyeaxpgMcI+2LJVYUO2nk4NH6NAqXRRGypY0aKL+nkix0HooAtspsOnrWW8s/ue1EhNe+CmTcWKoJNNFYcKRidD4e9RlihLDh5Zgopi9FZE+VpgYm1HehuDNvjxP6idl76zs3Z0WK5dZHDnYhwMogQfnUIFrqEINCAh4hld4c5Tz4rw7H9PWBSeb2YM/cD5/ANhbjyI=</latexit>

ML(1 � q0)

<latexit sha1_base64="tvqpF49nX9f3IG18Vk0KqETsPxk=">AAAB+3icbVDLSgMxFL3js9bXWJdugkVoF5YZEXUjlLpxoVDBPqAdhkyaaUMzD5OMWIb+ihsXirj1R9z5N6btLLT1wOUezrmX3Bwv5kwqy/o2lpZXVtfWcxv5za3tnV1zr9CUUSIIbZCIR6LtYUk5C2lDMcVpOxYUBx6nLW94NfFbj1RIFoX3ahRTJ8D9kPmMYKUl1yzU0CW6vSnZxw+uVdYtLrtm0apYU6BFYmekCBnqrvnV7UUkCWioCMdSdmwrVk6KhWKE03G+m0gaYzLEfdrRNMQBlU46vX2MjrTSQ34kdIUKTdXfGykOpBwFnp4MsBrIeW8i/ud1EuVfOCkL40TRkMwe8hOOVIQmQaAeE5QoPtIEE8H0rYgMsMBE6bjyOgR7/suLpHlSsc8q9t1psVrL4sjBARxCCWw4hypcQx0aQOAJnuEV3oyx8WK8Gx+z0SUj29mHPzA+fwCLJpGL</latexit>

B = ML(1 � q0)(1 � p)

<latexit sha1_base64="yLpR5CxS3i0RgcK71cNEiQbVO6M=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6sKSFFGXRTduChXsA9o0TKaTduhkEmcmQglx46+4caGIW//CnX/jtM1CWw9cOJxzL/fe40WMSmVZ30ZuaXlldS2/XtjY3NreMXf3mjKMBSYNHLJQtD0kCaOcNBRVjLQjQVDgMdLyRtcTv/VAhKQhv1PjiDgBGnDqU4yUllzzoNJLuohFQwRraa2XlOzTe9c6qaWuWbTK1hRwkdgZKYIMddf86vZDHAeEK8yQlB3bipSTIKEoZiQtdGNJIoRHaEA6mnIUEOkk0w9SeKyVPvRDoYsrOFV/TyQokHIceLozQGoo572J+J/XiZV/6SSUR7EiHM8W+TGDKoSTOGCfCoIVG2uCsKD6VoiHSCCsdGgFHYI9//IiaVbK9nnZvj0rVq+yOPLgEByBErDBBaiCG1AHDYDBI3gGr+DNeDJejHfjY9aaM7KZffAHxucPbvaVlw==</latexit>

2↵M
M

(1�q0)M
<latexit sha1_base64="9qHdbItkvivk6bSTQh0ts85GC+U=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1GPRgx4rmLbQlrLZbtqlm03YnQgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgorq2vrG8XN0tb2zu5eef+gYeJUM+6zWMa6FVDDpVDcR4GStxLNaRRI3gxGt1O/+cS1EbF6xHHCuxEdKBEKRtFKficIyV2vXHGr7gxkmXg5qUCOeq/81enHLI24QiapMW3PTbCbUY2CST4pdVLDE8pGdMDblioacdPNZsdOyIlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XTjG87mZCJSlyxeaLwlQSjMn0c9IXmjOUY0so08LeStiQasrQ5lOyIXiLLy+TxlnVu6yeP1xUajd5HEU4gmM4BQ+uoAb3UAcfGAh4hld4c5Tz4rw7H/PWgpPPHMIfOJ8/IOyOPw==</latexit>

G

Fig. 5. In the multi-draw setting, there are 2↵MM(1�q0)M potential systems
of equations, obtained by considering all valid ways to cluster the output
strings into (1� q0)M clusters, and then assigning each cluster to an index.
The true system (corresponding to the correct clustering and ordering) has
ML(1� q0)(1� peff) non-erased equations in expectation.

clique in the consistency graph. Notice that a partition of the
consistency graph into cliques is uniquely described by the
set of edges that are part of each of the cliques. Hence, each
partition corresponds to a distinct subset of the U edges in
the graph. Since there are at most 2U such subsets, it follows
that there are at most 2U valid ways to cluster the output
sequences.

Following (5) and Lemma 2, we know that for some � > 1,
the number of edges U in the consistency graph satisfies U <

↵M with high probability, for some ↵ > 1. Thus, Lemma 3
implies that the number of ways to cluster the output sequences
is at most 2↵M .

Now, similar to the single-draw achievability proof (Sec-
tion III-A), we must guarantee that there is no collision
between the solution found t and any incorrect codeword
ti, for i = 2, . . . , 2MLR (assuming message 1 is sent). The
decoder must attempt to solve a total of at most 2↵M

M
pUM

systems of equations, as we need to cluster the output strings
into at most pUM valid clusters and assign each cluster an
index in {1, . . . , M} for the ordering. The probability of a
collision is then upper-bounded by

2↵M
M

pUM2MLR2�B = 2↵M+pUM log M+MLR�B

= 2ML(↵/L+pU/�+R�B/(ML))
, (7)

which goes to 0 as M ! 1 as long as

R +
↵

� log M
� pL(1 � peff � ✏)(1 � ✏) +

pU

�
< 0.

Since ↵/(� log M) ! 0 and ✏ can be chosen arbitrarily small,

R < (1 � q0)(1 � peff � 1/�)

is achievable, and we have the following capacity lower bound:

Theorem 2. The capacity of the BEC multi-draw DNA storage

channel satisfies

CBEC, multi-draw � (1 � q0) (1 � peff � 1/�) , (8)

as long as � = �� log
�
1 � 1

2 (1 � p)2
�

> 1.

Since the parameter regime required for the upper bound in
Equation 4 is smaller than that required for the lower bound,
we have that Theorem 1 holds for the smaller regime � >

2/(1 � 2p + p
2) (the blue region in Figure 2).

IV. DISCUSSION

A natural follow-up to this work is to investigate whether
the random linear coding scheme here presented also achieves
the capacity of the BSC multi-draw DNA storage channel.
This is reasonable, as linear codes are also known to achieve
the capacity of a BSC [16]. However, this problem is more
complicated than the case of the BEC, as the concept of
consistency does not exist with bit substitution errors.

Note that the clustering algorithm covered here is “code-
aware”; the decoder considers every feasible clustering of
the output strings and only permits a clustering whose cor-
responding linear equations have a unique, valid solution
(message index). Hence, another natural follow-up question is
whether a code-oblivious clustering algorithm is also sufficient
to achieve capacity. Code-oblivious clustering approaches are
more desirable as they provide a separation between the
clustering and decoding tasks. Notice that the greedy clustering
algorithm used in [9] for the BSC case is code-oblivious.

Finally, we remark that the capacity for a large set of
parameters (p, �) is still an open question. Weinberger and
Merhav [10] provide the capacity for a general DMC, which
in the BEC case corresponds to the blue region in Figure 2.
Characterizing the rates achieved by linear coding schemes
and code-aware clustering in the gray region in Figure 2 is
another direction for future work.

APPENDIX A
PROOF OF LEMMA 1

Lemma 1. Let G be an ML ⇥ B matrix with

i.i.d. Bernoulli(1/2) entries. Fix any � 2 (0, 1) and a

submatrix G0
formed by an arbitrary set of (1 � �)B rows

of G. Then G0
is full rank (over the finite field F2) with

probability tending to 1 as B ! 1.

Proof. We follow the approach in the lecture notes by [17].
In order for G0 to be full rank, the (n + 1)th row must be
chosen as a vector that is not in the span of rows 1, . . . , n.
Note that the space spanned by n linearly independent vectors
in F2 has exactly 2n distinct elements. If we assume that the
first n rows are linearly independent, then the probability that
the (n + 1)th row (which is a B-dimensional vector) is not
in the span of the first n rows is 1 � 2n�B . By induction we
see that the probability that all (1 � �)B rows are linearly
independent is

(1��)BY

j=1

⇣
1 � 2�(B�j+1)

⌘
=

BY

i=�B+1

�
1 � 2�i

�

=

Q
B

i=1

�
1 � 2�i

�
Q

�B

i=1 (1 � 2�i)
. (9)

As B ! 1, both the product in the numerator and in the
denominator can be verified (e.g., using numerical software)
to converge to

1Y

i=1

�
1 � 2�i

�
= 0.28879...

2022 56th Annual Conference on Information Sciences and Systems (CISS)

222Authorized licensed use limited to: University of Illinois. Downloaded on May 04,2022 at 15:10:24 UTC from IEEE Xplore.  Restrictions apply. 



which implies that (9) tends to 1 as B ! 1, proving the
lemma. Notice that, if � = 0, the probability does not tend
to 1 and instead tends to 0.28879, which is in contrast to
the case of a real-valued matrix with random entries from a
continuous distribution, where all square submatrices will be
full-rank with high probability.

APPENDIX B
PROOF OF LEMMA 2

Lemma 2. The number of incorrect edges Z satisfies

Pr
�
Z > M

2��+✏
�

! 0 (10)

as M ! 1, for any ✏ > 0.

Proof. Consider two output strings y
L

i
and y

L

j
that are gener-

ated from distinct input strings x
L

i
and x

L

j
. We show that y

L

i

and y
L

j
are consistent with probability M

�� .
Let x

L

i
[`] and x

L

j
[`], for ` = 1, . . . , L be the individual

symbols in the sequences. Notice that x
L

i
and x

L

j
are generated

by choosing ti and tj uniformly at random from {0, 1}B ,
and computing G0 ti and G00 tj , where G0 and G00 are each
obtained by taking the L rows from G corresponding to the
ith and jth input sequences (note that Gti has length ML).

First we claim that the 2L random variables x
L

i
[`], xL

j
[`],

` = 1, . . . , L, are mutually independent Bernoulli(1/2). Treat-
ing all vectors as column vectors, we can write


x

L

i

x
L

j

�
=


G0 0
0 G00

�

| {z }
H


ti

tj

�

|{z}
t̃

. (11)

The block diagonal matrix H above has dimension 2L ⇥ 2B,
where B = ML(1 � q0 � ✏)(1 � peff � ✏)(1 � ✏). For M large
enough, we have B > L, and H is full row-rank, with a null
space of dimension 2B � 2L. Hence, for any c 2 FL

2 , the
number of solutions t̃ to c = H t̃ is 22B�2L and, if t̃ is drawn
uniformly at random from F2B

2 ,

Pr(H t̃ = c) =
22B�2L

22B
= 2�2L

.

This implies that the column vector

x

L

i

x
L

j

�
is chosen uniformly

at random from F2L

2 . This in turn implies that the entries of
x

L

i
and x

L

j
are all mutually independent i.i.d. Bernoulli(1/2)

random variables.
Given this fact, the event that y

L

i
and y

L

j
are consistent is

the intersection of L independent events

{x
L

i
[`] = x

L

j
[`] or x

L

i
[`] = " or x

L

j
[`] = "},

for ` = 1, . . . , L. Each of these events happens with proba-
bility 1 � 1

2 (1 � p)2, implying that x
L

i
and x

L

j
are consistent

with probability

(1 � 1
2 (1 � p)2)L = 2�� log M = M

��
.

Finally, we notice that the expected number of output se-
quences is ME[N1], and the expected number of pairs of

output strings is at most M
2
E[N1]2. Hence, the expected

number of incorrect edges satisfies

E[Z]  M
2
E[N1]

2
M

�� = E[N1]
2
M

2��
.

Finally, using Markov’s inequality, we have that

Pr
�
Z > M

2��+✏
�

 E[Z]

M2��+✏
 E[N1]2M2��

M2��+✏

= E[N1]
2
M

�✏
,

which tends to 0 as M ! 1 for any ✏ > 0.
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