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Self-bound droplet clusters in laser-driven Bose-Einstein condensates
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We investigate a two-dimensional Bose-Einstein condensate that is optically driven via a retro-reflecting
mirror, forming a single optical feedback loop. This induces a peculiar type of long-range atomic interaction
with highly oscillatory behavior, and we show here how the sign of the underlying interaction potential can be
controlled by additional optical elements and external fields. This additional tunability enriches the behavior of
the system substantially and gives rise to a surprising range of ground states of the condensate. In particular,
we find the emergence of self-bound crystals of quantum droplets with various lattice structures, from simple
and familiar triangular arrays to complex superlattice structures and crystals with entirely broken rotational
symmetry. This includes mesoscopic clusters composed of small numbers of quantum droplets as well as
extended crystalline structures. Importantly, such ordered states are entirely self-bound and stable without any
external in-plane confinement, having no counterpart to other quantum-gas settings with long-range atomic

interactions.
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I. INTRODUCTION

Self-organization, the phenomenon that particles sponta-
neously order in regular patterns or other stable structures, is
a ubiquitous phenomenon in nature that has been attracting
broad scientific interest for a long time [1]. This behav-
ior is closely connected to spontaneous symmetry breaking
and the occurrence of phase transitions [2-9]. Cold atoms
offer an appealing setting to study such phenomena, since
the confinement and temperature of cold gases as well as
the interactions between individual atoms can be accurately
controlled using external fields, which has enabled broad
investigations of novel quantum phases and collective ef-
fects [8—11]. For example, this includes pattern formation in
Bose-Einstein condensates (BECs) of atoms with long-range
dipole-dipole interactions [12—15], and self-organization aris-
ing from light-matter interactions with cold atoms or thermal
vapors [5,16-30]. Generally, the rich phenomenology of these
systems continues to motivate extensive research on nonlinear
dynamics and self-organization in atomic systems [31-39].
One of the key elements of pattern formation are long-range
interactions [2-6,9,40-43]. Such interactions naturally oc-
cur between cold molecules [44], Rydberg atoms [45], and
dipolar quantum gases [40] or can also be induced via ex-
ternal light fields, which offers various ways to control such
photon-induced interactions via shaping and manipulating the
involved photonic modes [2,9,31,33,46-52].

Already a single mirror [17,20,31-33] can generate in-
stabilities and structure formation through a simple optical
feedback loop. A recent work [50] on an optically driven
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BEC placed in front of a retro-reflecting mirror [see Fig. 1(a)]
showed that such a configuration leads to long-range atomic
interactions that give rise to unusual patterns, such as the
formation of one-dimensional chains out of two-dimensional
(2D) condensates. Here we explore further tunability of the
interaction, and in particular the control of the sign of the
induced interaction via the frequencies of the driving fields,
and demonstrate that a simple sign flip gives rise to a range
of states, including self-bound droplet clusters with com-
plex lattice structures, super lattices, and supersolid states,
with various rotational symmetries. Such droplet cluster states
realize self-bound crystalline states that are stable without
external confinement and have otherwise been elusive to
matter-wave settings.

The paper is organized as follows: In Sec. II we discuss
the generation and tunability of photon-induced interactions
via single-mirror optical feedback. The various ground states
of a BEC generated by these interactions are discussed for
finite systems and in the thermodynamic limit in Sec. IIT and
Sec. IV, respectively.

II. PHOTON-MEDIATED LONG-RANGE INTERACTION

We consider a quasi-2D BEC placed in front of a retro-
reflecting mirror, as shown in Fig. 1(a). The atoms interact
with the light field through a V-type level scheme. This cou-
pling configuration can be realized by ensuring orthogonal
polarization for the incident and reflected light field, which
eliminates interference. This can be realized by using cir-
cularly polarized light and placing a quarter-wave plate in
between the BEC and the mirror. As the forward light £
propagates through the condensate, it acquires a phase shift

©2021 American Physical Society
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FIG. 1. (a) Illustration of the considered setup in which a quasi-
2D BEC is illuminated by laser light that is back-reflected by a
mirror and thereby generates optical feedback in the condensate. The
atoms are coupled to the incoming and back-reflected light fields,
with amplitudes E, and E_, respectively. These light fields drive
separate atomic transitions with respective frequency detunings A
and A_, as indicated in the depicted three-level scheme. Rescattering
of the reflected photons generates an effective atomic interaction that
is shown in panel (b). The blue and red lines depict the resulting
potentials for AL A_ > 0and AL A_ < 0, respectively.

depending on the local density of the atoms,

. o aar
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with E, being the amplitude of the incident light field, I"
the spontaneous decay rate of the excited states, k the wave
number of the light field, and A, the frequency detuning
between the laser light and the atomic transition. Moreover,
pa = | (r)|? is the density of the condensate, and r = (x, y)
represents the position of the atoms in the transverse plane.
Following the propagation between the BEC and the mirror
the back-reflected light incident on the atoms is given by

1
E-(r) = / E.(p)®*(p)e ™" d’p, 2)

where E, (p) denotes the Fourier transform of E(r), and

d(p) = 2k~ P~k describes the diffraction of the beam
as it propagates a total distance of 2d towards and from the
mirror, where d is the distance between the BEC and the
mirror as indicated in Fig. 1(a). The two light fields generate
an optical dipole potential of the form

vi@w = Bl 19FY )
4N+ 4A_
where Q4 = % are the two corresponding Rabi frequen-

cies (assuming equal dipole matrix elements u for the two
transitions) and A_ is the frequency detuning of E_. This
potential leads to an effective interaction between atoms in-
duced by the optical feedback through the mirror. Substituting
Egs. (1) and (2) into Eq. (3), taking the limit |¢(r)] < 1,
and adiabatically eliminating the light field under conditions
of large detunings, |A4 _| > Q4, T, the dipole potential (3)
can be rewritten as V(r) = [U(r — )| ()2 d?r, with an

effective atomic interaction

k
Ur—r)=hycos| —Ir—r*), 4
( ) =nhy (4d| |> “4)
where?:—%,ﬁ:’%’, and m is the atom mass.

Previous work [50] has focused on the case of identical de-
tunings A = A_, for which the interactions are attractive at
short distances [i.e., y < 0; see Fig. 1(b)]. This constraint can,
however, be relaxed to let the detunings have opposite signs,
which can, for example, be realized by shifting the energy
of excited states with an external magnetic field [53]. This
allows one to flip the sign of the photon-mediated interaction
as illustrated in Fig. 1(b). In the following, we will consider
the case of y > 0 and show that, despite the oscillatory nature
of the potential, this sign flip leads to profoundly different
behavior of the BEC.

To this end, we consider the dynamics of the BEC as
governed by the 2D mean-field equation

"2
zh (1) = ——Viw(r>+th|w(r>| ¥ (r)

+h;7N¢(r)/ [ (r'))? cos (%u- r/|2>d2r’,
(5)

for the condensate wave function V¥ (r,t). Here V2 =
% + Z;’)—zz N denotes the total particle number, and g =

4w has/m f |¥.(2)|* dz is the quasi-2D strength of the contact
interaction between atoms, where a; is the s-wave scattering
length. The total wave function has been normalized to unity,
and we have used a product ansatz ¥ (r)¥,(z) [f [, (D)) dz =
1] which is valid for strong axial confinement and yields a
quasi-2D description [54,55]. On the other hand, there is no
transverse trapping potential in the plane of the 2D conden-
sate, and all effects discussed below entirely result from the
atomic interactions and do not rely on external confinement.
For simplicity, we rescale space and time by /d/k and 24

Tk
respectively (i.e., r — ri/d/k, t — tﬂ) to make the above
equation dimensionless:

.0 1_, 2
i ¥ (0) == Viy () + N[y ()Y (r)

712
+yN¢<r>/|w(r)|2cos(' |>d2r/, (6)

where g = gm/h and y = ymd /(hk).

III. SELF-BOUND DROPLET CLUSTERS IN SMALL
CONDENSATES

We explore the ground states of the nonlinear Schrodinger
equation (6) for a fixed particle number N. For this purpose,
we start from a random state (e.g., a Gaussian state) and subse-
quently propagate Eq. (6) in imaginary time, which typically
relaxes the system to a local energy minimum defined by
the initial state. Eventually we find the global ground state
by minimizing the obtained energy with respect to different
initial states. Therefore, we would also like to stress that the
various states discussed below refer to the optimally struc-
tured states with the lowest energy, while there may exist
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FIG. 2. The ground-state phase diagram of a finite BEC is dis-
played in panel (a), while panels (b) and (c) provide an enlarged view
around the critical points. Examples of type I (gN = 5.6 x 10%), II
(gN = 10%), and III (gN = 1.2 x 10*) states are shown, respectively,
in panels (d), (e), and (f) for a fixed long-range interaction strength
¥N = 1.6 x 103. The color depth in panels (d), (e), and (f) represents
the relative amplitude |V |/|V¥ | max-

metastable states with other different structures as well. As
shown in Fig. 2, the competition between zero-range and
long-range interactions, as described by the two interaction
strengths gN and y N, respectively, can lead to a range of
different ground states.

We start our analysis from the regime of weak long-range
interactions, where the kinetic energy plays an important role,
and first discuss the case of a vanishing contact interaction.
In contrast to the attractive interaction (i.e., y < 0), which
tends to stabilize a single quantum droplet state [50], the
short-range repulsion in the opposite case of y > 0 prevents
the formation of single quantum droplets [see the red dashed
line in Fig. 1(b)]. Instead, the condensate tends to disintegrate
into several small droplets. Since the sign of the long-range
potential oscillates with the interatomic distance, the interac-
tion between two droplets is attractive around the distance of
J42n+ 1)r (n =0, 1,2, ...) and repulsive around the dis-
tance of +/8nm since y > 0. Consequently, the droplets bind
with typical length scale of /4(2n + 1), and we observe
the growth of small clusters starting from small configurations
into extended clusters of quantum droplets. A particular exam-
ple of a small cluster with a pentagon rotational Cs5 symmetry
is displayed in Fig. 3(a). Here C,, denotes the m-fold discrete
rotational symmetry [56]. Note that the effective potential on
the length scale of each individual droplets is purely repul-
sive. Remarkably, this means that the quantum droplets are
individually stabilized by their mutual attractive interaction,
which also binds together the entire cluster state without
external confinement. This mechanism for droplet stabiliza-
tion is fundamentally distinct from that of single quantum
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FIG. 3. Different pentagon-type droplet-cluster states for

(@) yN =20, gN =0, (b) yN =60, gN =0, and (¢c) yN = 20,
gN = 10. A droplet cluster with sixfold symmetry is shown in panel
(d) at yN =20, gN =20 and forms a precursor of the triangular
lattice shown in Fig. 5(d).

droplets, as occurring, e.g., in two-component condensates or
dipolar BECs [57-59]. Indeed, the distances between adjacent
droplets and between next-nearest neighbors are ~3.5 and 6,
respectively, which coincides exactly with the first two poten-
tial wells [cf. the minima of the red dashed line in Fig. 1(b)].
This explains why the ground state in Fig. 3(a) features a
fivefold symmetry, which naturally exhibits these distances,
rather than Cy symmetry that would correspond to a triangular
lattice structure, as typically occurring in 2D systems with
monotonic and radially symmetric interactions. Such a sixfold
symmetry can be recovered by introducing a substantial local
repulsion term, as can be seen in Fig. 3(d), and apparent in
the outermost shell of quantum droplets, which features larger
distances between the droplets.

The emergence of such self-bound droplet clusters is pos-
sible only beyond a critical strength YN of the long-range
interaction. As can be seen from Fig. 2(b), the condensate
ground state has an unstructured density when yN < 13.2 at
gN = 0, which implies that a critical power of the driving laser
is necessary to trigger the structural instability of the BEC and
form droplet clusters.

By increasing the interaction strengths, y N and gN, within
the gray region of Fig. 2(a), the small droplet cluster shown
in Fig. 3(a) expand in distinct ways. First, increasing only
the strength of the long-range interaction [Fig. 3(b)] pre-
dominantly enhances the strength of the attractive interaction
between the droplets and therefore initially tends to compress
the droplets and increases the peak density of the con-
densate. Eventually, the correspondingly increasing positive
self-interaction energy of each droplet leads to a disintegration
and the formation of separate droplets around the central
pentagon, as depicted in Fig. 3(b). While this can lead to
the growths into cluster states without rotational symmetry
[Fig. 3(b)], increasing the contact interaction promotes a ra-
dial expansion of the droplet cluster and tends to restore
a discrete rotational symmetry, as illustrated in Fig. 3(c).
Eventually, one obtains a pronounced second shell of droplet
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FIG. 4. Ground-state energy as a function of the contact-interaction strength, gN, at a fixed strength of the long-range interaction yN =
2 x 10%. Here the solid (dashed) lines show the energy of the ground (metastable) states, and the insets display the amplitude profiles of the
corresponding states at the indicated vales of gN. The color depth represents the relative amplitude |V |/|v|max- The energy of the trivial flat

state is shown by the black line.

clusters, which now feature a sixfold rotational symmetry
[Fig. 3(d)] and are a precursor of larger and more complex
droplet clusters that form at larger interactions.

In the strong interaction regime, beyond the gray region,
we can group the ground states according to their rotational
symmetry into three types, illustrated in Figs. 2(d)-2(f). First,
we find states which possess no overall rotational symmetry
or merely C, corresponding to parity invariance, as illustrated
in Fig. 2(d) and which we label as type 1. A typical case of
type III states is shown in Fig. 2(f), whereby the structure of
the formed droplet cluster also features no symmetry higher
than C,, but which has a radially symmetric coarse-grained
condensate density. Finally, there also is an extended param-
eter region which promotes type II ground states possessing
a high-order discrete rotational symmetry, as illustrated by
the example in Fig. 2(e) which features Cy symmetry. Fig-
ures 2(a)-2(c) show the transitions between the different BEC
ground states. The corresponding ground-state energies are
shown in Fig. 4 as a function of the contact interaction strength
gN and demonstrate that all found transitions are of first-order
type, with a finite region of bistability of the two competing
orders around each structural transition.

IV. DROPLET CRYSTALS IN THE THERMODYNAMIC
LIMIT

In the previous section, we discussed the ground states in
the case of a small BEC of finite particle number, and demon-
strated the emergence of self-bound droplet cluster states with
rather peculiar structures. Now we can take the thermody-
namic limit by considering N — oo at a fixed average density
o of the atoms.

This leads to the formation of extended droplet crystals
which, once again, have a remarkably rich and complex struc-
ture as illustrated in Fig. 5. Indeed, the structure of the ground
state changes dramatically with increasing contact interaction
at fixed long-range interaction, which is kept at yp = 3 in

(a)
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FIG. 5. Exemplary, density profiles of extended cluster crystals
with (a) a fourfold rotational symmetry (gp = 28), (b) with no rota-
tional symmetry (go = 31), (c) with a twofold rotational symmetry
(gp = 34), and (d) with a sixfold rotational symmetry (gp = 36). The
strength of the long-range interaction is fixed at y p = 3.
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FIG. 6. Excitation spectrum of the condensate for different
strengths, gp, of the contact interaction at a fixed long-range inter-
action strength y p = 3.

Fig. 5. Such crystals with superlattice structures have also
attracted interest in different contexts [60—63]. The present
case provides a simple formation mechanism, whereby the
fine carpet-like structures arise from the oscillatory behavior
of the interaction and the distance-dependent period of these
oscillations. It is, therefore, absent in the more common case
of monotonic interactions [26-28,64—66]. The characteristic
superlattice structures can be controlled by the competition
between the interaction strengths g and y, whereby the large-g
limit recovers the more common case of simple triangular
lattices as shown in Fig. 5(d). In addition, we can again
identify three types of droplet crystals for weaker contact
interactions. The first type of crystals shown in Fig. 5(a) is
composed of smaller lattice-site structures that each feature
a discrete rotational symmetry similar to the finite droplet
clusters shown in Fig. 2(e). As the contact interaction is in-
creased, another kind of lattice structure emerges which is
now formed by two types of basic units that do not necessarily
feature rotational symmetry. Despite the fairly complex nature
of the formed density pattern, depicted in Fig. 5(b), it nev-
ertheless is fully periodic, i.e., features discrete translational
symmetry. At even larger contact interactions, a third type of
crystal state appears, as shown in Fig. 5(c). Here the unit cell
of this rather unusual structure has no rotational symmetry
(higher than () but has an approximately hexagonal shape,
akin to the compressed hexagonal phases observed for classi-
cal cluster crystals with Lifshitz-Petrich-Gaussian interaction
potentials [67].

To gain more intuitive insights into the origins of the di-
verse crystal structures, we consider the excitation spectrum
of a homogeneous BEC. Following standard Bogoliubov the-
ory [68,69], the energy w at a given momentum g of the
excitation reads

7 .
w(q) = 7[? +2p(g+4my smq2)}» (7
and is shown for different values of the interaction strength in
Fig. 6. As can be seen, the spectrum features multiple roton
minima at momenta g,y = /(2n+3/2)r n=0,1,2,...).
For sufficiently weak contact interactions, several of these
roton modes soften simultaneously, which gives rise to

several distinct length scales for supported density waves. It is
the competition between these length scales that leads to the
complex crystal structures depicted in Fig. 5(a)-5(c). Indeed,
as we increase the contact interaction to the point where only
the roton mode with the lowest momentum softens (black line
in Fig. 6), one recovers the simple triangular lattice structure
of Fig. 5(d). Note that close to the first roton instability, the
amplitude of the triangular density wave decreases, leaving a
substantial background density between the otherwise isolated
quantum droplets. This implies a finite global superfluidity
of the system [70,71], and therefore the formation of a 2D
supersolid state, in which superfluidity and crystalline order
coexist.

V. CONCLUSION

In summary, we studied the generation of long-range
atomic interactions via a single optical feedback loop in a
BEC, and have described a three-level driving scheme that
permits controlling the sign of the light-induced interactions.
Changing the interactions from attractive to repulsive gives
rise to a remarkably rich spectrum of distinct ground states
in the form of mesoscopic clusters and extended crystals of
quantum droplets. Importantly, these structures are entirely
self-bound, in stark contrast to regular patterns found conden-
sates with monotonic atomic interaction potentials. The found
clusters and crystals can have diverse symmetry properties
that can be controlled, e.g., by the atomic density. These in-
clude extended droplet crystals, found in the thermodynamic
limit, which can have not only a sixfold for simple triangular
lattices, but also twofold or fourfold rotational symmetry, or
regular crystals with no rotational symmetry at all. Within
a simplified picture, the emergence of such diverse ground
states can be traced back to the excitation spectrum of the
homogeneous BEC, which features multiple roton minima
of comparable energy and which can soften simultaneously
to generate competing length scales in the system. The dy-
namics of the underlying roton instability can be studied in
experiments by rapidly turning on the light-induced interac-
tion while the described ground states could be prepared via
an adiabatic increase of the laser intensity to slowly turn on
the long-range interaction between the atoms. Here photon
emission from the weakly populated excited states presents
the main limitation of available timescales for observing the
effects of light-induced interactions. While off-resonant laser
driving suppresses spontaneous emission and can provide
sufficient time to observe pattern formation under typical
experimental condition [20,31-33], this limitation may be
further alleviated via optical resonators, i.e., using multiple
mirrors instead of a single-mirror feedback loop. Further
perspectives derive from the flexibility of the mechanism to
generate interactions. For example, driving different hyperfine
states offers a simple approach to creating quantum-gas mix-
tures with competing long-range interactions, whereby, e.g.,
the coexistence of attractive and repulsive interactions can
lead to a diminished mean-field effect, and thus the demon-
strated control of the sign of the interaction could be used
to enhance and study effects of quantum fluctuations [57]. In
addition, here we mainly focus on the stable ground states at
zero temperature, while the effect of the thermal fluctuations
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at a finite temperature [72,73] on the stability of such states
has not been addressed, which could be an exciting question
for future study.
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