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ABSTRACT. The study of Chow varieties of decomposable forms lies at the confluence of
algebraic geometry, commutative algebra, representation theory and combinatorics. There
are many open questions about homological properties of Chow varieties and interesting
classes of modules supported on them. The goal of this note is to survey some fundamental
constructions and properties of these objects, and to propose some new directions of re-
search. Our main focus will be on the study of certain maximal Cohen—Macaulay modules
of covariants supported on Chow varieties, and on defining equations and syzygies. We also
explain how to assemble Tor groups over Veronese subalgebras into modules over a Chow
variety, leading to a result on the polynomial growth of these groups.

1. INTRODUCTION

In this article we collect several results on graded modules supported in the Chow vari-
ety Yy, defined as the set of homogeneous polynomials of degree d in n + 1 variables which
decompose into a product of linear factors. Our interest is in the study of certain Cohen—
Macaulay modules of covariants from a homological and representation theoretic perspective,
analyzing the shape of their minimal resolution and their equivariant structure. We also in-
clude a discussion of Brill equations, rank varieties, and the study of Y, for small values
of the parameters, as well as a general polynomiality statement for Tor groups of Veronese
subalgebras. Our hope is to give a flavor of the questions and results surrounding Chow
varieties, that will spark future research in this area.

Let k be an algebraically closed field, and let U ~ k"*! be an (n + 1)-dimensional vector
space. Thinking of U* as the set of linear forms in n + 1 variables, we can identify the
space Sym?(U*) with the affine variety X4, of homogeneous polynomials of degree d in n+1
variables. We consider the subvariety of completely decomposable forms in X ,,, defined
as

(11) Ydm:{FeXd,anﬁlﬁd, with &GU*}

An equivalent description of Yy, is as the affine cone over the Chow variety of 0-dimensional
cycles of length d in P". The standard parametrization of Yy, (using the tuples (¢4, ...,%4))
realizes the coordinate ring k[Y;,]| as a subalgebra of A,,, the homogeneous coordinate

ring of the Segre product (P”)Xd. There is a natural action of the symmetric group S, on
Agp, and the invariant subring By, = Adejl gives the normalization of k[Yy,]. Moreover,
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the normalization map has an interesting connection to Foulkes’ Conjecture about plethysm
coefficients in algebraic combinatorics (see Section 2).
More generally, for every partition A of d we can construct the module of covariants

M)y = Homg, (Vi, Aan),

where V), is the corresponding irreducible & -representation.

In characteristic zero, each M) can be thought of as a maximal Cohen—-Macaulay module
supported on Yy ,,. In Section 3 we discuss the action of the duality functor on these modules,
as well as some consequences regarding the shape of their minimal resolution (over the
coordinate ring of X, ,,). We analyze the case d = 2, which corresponds to modules supported
on rank < 2 matrices, as well as the case n = 1. Notice that Yy ; is an affine space, so the
modules M), are free in this case, but the description of their generators involves interesting
combinatorics related to the well-studied statistics of descents and major indices, and
to Kostka—Foulkes polynomials. One way to interpret the formulas in the case n = 1 is
as generalizations of Hermite Reciprocity, which states that, for all a,b > 0, we have an
isomorphism Sym®(Sym® U) 2 Sym®(Sym® U) as GL(U)-representations when dim(U) = 2.
For general parameters d,n, we take the first step in the study of the syzygies of M) by
establishing a bound on their Castelnuovo-Mumford regularity.

In Section 4 we analyze the Brill equations and recall computational results about their
relation to defining ideals of Yj,,. In particular, we recall why the ideals generated by Brill
equations are not radical for n > d > 3. This is due to certain “rank equations” of the same
degree but different representation type that also vanish on X;, for d > n > 3. We also
treat in detail the normalization of the Chow variety X3, and point out some connections
to classical results on ternary cubics going back to Aronhold.

Finally, in Section 5 we prove a result about the finite generation of the Tor modules
in the spirit of stability in representation theory, and describe an algebraic version of a
polynomiality result for Tor groups by Yang.

2. THE VARIETY OF DECOMPOSABLE FORMS

In this section we assume that k is an algebraically closed field of arbitrary characteristic.
We recall some of the basic properties of Y ,,, discussing its normalization map, along with
some connections to Foulkes’ conjecture. We begin with a natural parametrization of Y,
obtained by considering the variety

(2.1a) Zan ={(l1,lay ..., 0g) | l1,.... €U}

of d-tuples of linear forms, along with the multiplication map

(2.1b) Ldn: Zan — Yin € Xan, (1, ... lg) = by Ly
If we consider the associated pull-back map

(2.1c) 1t K[ Xan] — k[Za),

then the coordinate ring of Y, can be identified as

K[Yaa] = Im (1, )
If we let J;, denote the defining ideal of Y, then we have

(2.1d) Jan = ker (ugn) .
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The group GL(U) of invertible transformations of U acts on all the varieties described so
far, making their coordinate rings into representations of GL(U). We have for instance that

K[Xy,] = Sym(D'U) = @ Sym™(DU),

m>0
where DU = Sym®(U*)* is the d-th divided power of U, and
K[Zan] =Sym(U & - & U) =Sym(U)* = P Sym“"U®---© Sym™ U.

at,...,aq>0

Notice that the identification above provides k[Z;,] with a natural Z¢-grading, which can
be seen as coming from the action of the torus (k*)*? by scaling on each tensor factor. There
is also an action of the symmetric group &4 on Sym(U)®? by permutations of the tensor
factors, and the morphism ,ug,n is induced by the natural inclusion

(22) Dd(U) — k[Zd,n](l,...,l) = U®d
as the subspace of symmetric tensors. From now on we write

Ryn =k[Xq4n], and Agy = P K[ Zan) .y = P Sym™ U @ -+ @ Sym™ U,

m>0 m>0

noting that A4, = RdTm is a ring of invariants for the action of the torus
T={(ty,...,ta) € (Kt -ty =1},

and in particular that Ay, is normal. Since the image of ,uﬁlm is generated by & -invariant
elements, it follows that

k[}/;l,n] g Agjl = @ Dd (Symm U) =: Bd,n,

m>0
where By, is also normal. We will prove the following (see also [Bri93,Nee91, Nagh5]).
Theorem 2.3. The algebra By, is the normalization of k[Yq.,)].

Before explaining the proof of Theorem 2.3, we proceed with a more concrete description
of the constructions above. We choose a basis xg,...,z, for U*, which in turn induces a
monomial basis

{l‘a:l’go"'l’gnI()éo“‘""“an:d}

for Sym*(U*). If we let {24} denote the dual basis of D(U), then we can think of its
elements as the coefficients of the generic d-form

POERES

|a|=d
and make the identification Ry, = k|z,]. For 1 <1i < d, we write ug-i), j=0,...,n, for the
coordinate functions on the affine space U parametrizing the forms ¢; in (2.1a). We get an
identification

k[Z4,] = k[ul"],
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and the morphism ,ufln sends z, to the coefficient of £ in the expansion of

d n
(2.) H(Z@”%)

i=1 \j=0
Example 2.5. Suppose that d = 2 and n = 2, so (2.4) becomes

<ugl) - Lo+ ugl) - xr1 + ugl) ~x2> . (uém - o+ u§2) - T+ ugz) . .CL’Q) .

The morphism ,ug2 sends

Z(2,0,0) = u(()l) 'U(()z), 2(0,2,0) =7 Ugl) 'U?)a 2(0,0,2) 7 Ugl) 'Ug),

2(17170) —> u((]l) . U§2) +Ugl) . U(()2), 2(17071) — u((]l) . U§2) +U§1) . U(()2), 2(07171) — ugl) . U§2) +U§1) . U§2)

If char(k) # 2 then Y5, parametrizes quadrics of rank < 2. With the usual identifica-
tion between quadratic forms and symmetric matrices, we get that .Jo 5 is a principal ideal,
generated by the determinant of

222,000 21,100 2(1,0,1)
Z = 12110 22020 201,)
£(1,0,1) 2(0,1,1) 22’(0,0,2)

If char(k) = 2 then .J5, is still principal, generated by
2(2,0,0)3(2071,1) + 2(0,2,0)2(21,071) + 2(0,0,2)2(2171,0) + 2(0,1,1)%(1,0,1)%(1,1,0) -

In both cases, Y5 is a hypersurface of degree 3 in X5 ~ A®. The singular locus Y;’i;g has
codimension two in Y55 (given by the quadrics of rank < 1 if char(k) # 2, and by the 3-plane
20,1,1) = 2(1,01) = 21,1,0) = 0 if char(k) = 2), hence Y55 is normal and B = k[Y5]. O

It will be useful to denote
d
up = Huéﬁ_), for b= (by,---,bq) € {0,...,n}*%,
i=1

so the expansion of (2.4) is given by

n

§ : U(by,...,bg) Ty * " " Tby-

b1, ba=0

We consider the & g-action on the cartesian product {0, ..., n}*% write O, for the orbit of b,
and write a ~ b if a € Op. Note that every orbit O, has a unique representative a ~ b with
n>a >--->aqg>0. If welet

(2.6) Us=

then we get that k[Y;,] is the k-algebra generated by the forms U,.
Proposition 2.7. The algebras Ay, and By, are finitely generated k[Yy ,]-modules.
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Proof. Since By, C Ag,, it is enough to prove the result for A,,. Using the graded
Nakayama lemma, it suffices to prove that the forms U, generate an ideal of finite colength
in Ag,. Since A, is the coordinate ring of a d-fold Segre product Seg = (P")*¢, this is
further equivalent to checking that (after passing to an algebraic closure of k) the forms in
(2.6) have no common zeros on Seg. This follows from [ES09, Proposition 5.2], where it is
shown that in fact the forms

> U, with 0 < ¢ < dn,

la|=¢

have no common zeroes on Seg. U

Proof of Theorem 2.3. Since By, is normal and finite over k[Y;,| by Proposition 2.7, it
suffices to show that the inclusion is birational, that is, the function field F' = k(Yy,) is
equal to the fraction field Frac(By,). We let K = Frac(Ay,) and observe that &, acts
faithfully on K, hence Frac(Bg,) = K°¢ satisfies

[K : Frac(Bg,)] = d!.
Since F' C Frac(By,,), in order to prove equality it suffices to check that [K : F] < d!, which
we do next. If we let
a Q)
t:Hug), andvj(»z):iforlgigd, 1<j<n,
=1

¥O

then K = k(t, v](-i)) is a field of rational functions in dn + 1 independent variables. We note
that t = ug = Uy € k[Yy,], and let V, = U, /Uy, so that F' = k(t,V,). After dividing (2.4)
by t, we get that V, are the coefficients in the expansion

d

(2.8) 11 (;EO 4 i o xj) :

i=1
Observe that

‘/(lk’odfk) = 61{(1)51), e ,U%d)), 0<k<d,
are the elementary symmetric polynomials in v%l), e ,v@, so for n = 1 we have F' = K%

by the fundamental theorem of symmetric polynomials. If n > 2 then we consider the
intermediate extension ' C E C K defined by

B F (olY o).

and note that since F contains all ex(vi",...,1!?), we must have [E : F] < d!. To finish

the proof, we will show that £ = K, or equivalently, that each v](-i) € E when 57 > 2. We
consider the elements of E defined by

e = eV, o o) for1<i<d, 0<k<d—1,

where e, denotes an elementary symmetric polynomial, and @ denotes a missing term. We
consider the matrix M whose entry in row k + 1 and column ¢ is e,(;). If we fix 7 > 2 and



6 CLAUDIU RAICU, STEVEN V SAM, AND JERZY WEYMAN

consider the coefficients of xjxgl_l, xjxg_le, e ,xjx‘li_l in (2.8), then we obtain an identity
)
Y VG001
2) Vii1 g2
|| < [ g g
o@] LV

Since M has entries in F/, in order to prove that vj(»i) € FE it suffices to show that det(M) # 0.
This follows from the fact that det(M) is a homogeneous polynomial in U](-i) of degree (g),
and the coefficient of the term

d—1 d—2
() () ()

is equal to one (this term arises in a unique way from expanding the product of the entries
on the main diagonal of M). O

Remark 2.9. The polynomials V, in the proof of Theorem 2.3 are the elementary multi-

symmetric polynomials in the d sets of variables e

they generate the algebra of multi-symmetric polynomials k[v](-l)]Gd (see [Schb2], [Noelb],
[Mac60, Section II, Chapter I], [Wey39, Chapter II, Section A.3]), but this is no longer the
case in positive characteristic [Naghh, Nee91, Dal99, Bri04, Ryd07]. This was used to show
that the projective Chow variety Proj(k[Yy,]) is normal in characteristic zero, and that it
usually fails to be normal in positive characteristic [Bri93, Nee91]. O

,t=1,...,d. In characteristic zero,

We can now write down an exact sequence
Pd,n
0— Jin — Rin — Bgpn — Cygp — 0,

where Cy,, = Byn/k[Yan], and @4, is the map ,uﬁm from (2.1c). Remark 2.9 implies that
Car, has finite length in characteristic zero, but in general not in positive characteristic, and
it would be interesting to investigate the module Cy,, further. The degree m component of
the map g, is
Ganm: Sym™ (D) — DY Sym™ U),

and is usually referred to as the Foulkes—Howe map, or the Hermite—Hadamard—Howe
map (see also [How87] and the survey [Lanl5]). The condition that Cy, has finite length is
equivalent to the surjectivity of ¢g ., for m > 0. It remains an open problem to determine
mo(d,n), the smallest value for which g4, ,, is surjective when m > mgy(d, n), although an
effective bound in characteristic zero was found by Brion [Bri97]. Another question that we
don’t know the answer to is whether B, is Cohen-Macaulay in positive characteristic (in
characteristic zero, By, is a ring of invariants for the reductive group &, x 71", hence it has
in fact rational singularities by a theorem of Boutot [Bou87]). We will return to discussing
more characteristic zero examples regarding the defining equations of Yy, in Section 4.

One important motivation for the study of the maps g4, comes from the following.

Conjecture 2.10 ([Fou50]). If char(k) = 0 then for any d > m the GL(U)-representation
Sym™ (Sym? U) is isomorphic to a subrepresentation of Sym®(Sym™ U).

Indeed, in [How87, Section 2] suggests that one could try to prove Conjecture 2.10 by
showing that g, is injective when d > m, and surjective when d < m. Equivalently, this
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would mean that mg(d,n) = d. When n = 1 this statement is true, and it is a manifes-
tation of Hermite reciprocity. The approach fails however for a general n, as Miiller and
Neunhéffer [MNO5] compute that the map s 5 5 is not an isomorphism. Despite the setback,
Conjecture 2.10 remains open in general, and there is strong evidence to support it:

e as explained in [CIM17], the conjecture is true when m < 5;
e [MNO5] verifies computationally the cases m < 4, d < 14, and m +d < 17, d < 12;
e [Bri93] proves that the conjecture is true asymptotically (for d > m).

3. COHEN-MACAULAY MODULES SUPPORTED ON Y,

Throughout this section we assume that k is algebraically closed with char(k) = 0, and
our goal is to study modules of covariants for the G4-action on Ag,,. In this setting, divided
powers are isomorphic to symmetric powers, so we will ignore the distinction. We write
A= A4,, B= Bg,, and recall that B = A%,

We also recall from [FH91, Section 4.2] that the irreducible & 4-representations are indexed
by partitions A of size |A| = d. We write V) for the irreducible corresponding to A, with the
convention that V(4 is the trivial representation, while Vyq4) is the sign representation. We
write Sy for the Schur functor associated to A (see [Wey03, §2] for basics on Schur functors,
noting that Sy is denoted there by L,+, where { denotes the transpose partition), and we
have Sy U = Sym¢ U, Sy = /\d U. By Schur-Weyl duality [FH91, Exercise 6.30] we have
a decomposition

(31&) A= @M)\(@V)\,
IA|=d
where
(3.1b) M, = Homeg, (Vi, A) = @) SA(Sym™ U)
m>0

is the module of \-covariants for the G4-action on A. Note that B = Mg), and since A is
Cohen—Macaulay, finite and torsion-free over B, each of the direct summands M) of A is a
maximal Cohen-Macaulay (MCM) B-module.

We write R = Ry, and using the natural maps R — k[Yy,,] € By, we can think of each
M), as a Cohen-Macaulay R-module supported on Yy,. The projective dimension of each
M, (as an R-module) is then given by the codimension of Yy, in Xy,

d
(3.2) pdim (M) = ( i ”) —dn—1.
n
We propose the following problem.
Problem 3.3. Describe the minimal free resolution of My as an R-module.

Observe that since G4 acts trivially on R, Problem 3.3 is equivalent to understanding the
Ga-equivariant resolution Fy of A as an R-module. We then get that Home, (Vi F,) is the
minimal resolution of M), and in particular

Tor;*(My, k) = Homs, (V5, Tor/ (4, k)) for all i.

The algebra A is not only Cohen—Macaulay, but also Gorenstein: using the identification of
A with the homogeneous coordinate ring of the Segre variety Seg = (P™) xd (where P™ denotes
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Proj(Sym*(U))) with embedding line bundle £ = O(1,...,1), then we have a canonical
identification of the dualizing module of A as

Wwa = @ HO (Seg> WSeg ® ﬁr)

re€Z
= H° (Seg, wseg ® L") ® A
— g (Seg, E_"_l)* ® A

= (" (P, Op(—n - 1))®d)* ® A,

where the last equality comes from the Kiinneth formula. Since the cup product in coho-
mology is graded commutative (that is, y Uz = (—1)*I¥x Uy), it follows that for the above
identification, &4 acts trivially on H" (P, Op(—n — 1))®* when n is even, and it acts via
the sign representation when n is odd. If we write det(W) = /\N W for the determinant
of an N-dimensional representation W, then we have H" (P, Op(—n — 1)) = det(U*). We
therefore get an G4 x GL(U)-equivariant identification

®d
(3.4) wa = {det(U) ® A for n even,

det(U)®? @ Vijay @ A for n odd.
The dualizing module for R is canonically identified as
wr = det(Sym? U) @ R,

and since R is a regular ring, we have

(3.5) wa = Ext%(A,wr), where ¢ = dim(R) — dim(A) = (d j; n) —dn — 1.

More generally, we have that Ext%(—,wg) defines an auto-equivalence (duality) on the cat-
egory of Cohen—Macaulay R-modules of codimension ¢, and we write

MY = Ext% (M, wg).
We get the following description of duality for the modules of covariants.

Proposition 3.6. If n is even then M) ~ M, as R-modules (we say that M) is self-dual).
If n is odd then My ~ M,:, where \I denotes the transpose partition to \.

Proof. If we apply the duality functor to (3.1a) (keeping track of the G -action) we get
(3.6a) P My @ Vi = wa.
IA|=d

When n is even, we have wy ~ A as Gg-equivariant R-modules, hence MY ~ M, for
all A by comparing (3.1a) with (3.6a). When n is odd, we have wy ~ V(;0y ® A as G4-
equivariant R-modules, hence M ~ M,; follows from (3.1a), (3.6a), and the isomorphisms
V)\ >~ VX{ &® ‘/(1(1). 0

By specializing the result above to the case A = (d) we get the following.

Corollary 3.7. If n is even then B is a Gorenstein algebra.
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As a partial answer to Problem 3.3 we consider the shape of the minimal free resolution of
M,: we noted the formula for the projective dimension in (3.2), and our next goal is to give a
bound on the Castelnuovo—Mumford regularity of M,. Recall that for a graded R-module
M we have

reg(M) = max{r : Tor®(M,k);y, # 0 for some 7}
= max{r : Ext?,(M,k)_;_, # 0 for some j}

When M is Cohen—Macaulay of codimension ¢, it suffices to consider i = j = ¢ in the above
formula. In particular, we have that reg(M) = r if and only if

(3.8) Extf(M,k)_.—, # 0 and Ext%G (M, k); =0 for j < —c—r.
We show the following.

Theorem 3.9. We have that

reg(4) = (d = 1)n,
and therefore reg(My) < (d — 1)n for all X\. If n is even then reg(B) = reg(A), while for n
odd we have reg(B) < reg(A).

Proof. Let N = (":lrd). Using the earlier descriptions of wg, wa, we get that as graded
modules

wr~ R(—N) and wg ~ A(—n —1).
Using the notation (3.5) we get
Ext%(A, R) = Exth(A,wr) (N) =wa (N) =A(N —n—1).
It follows from (3.8) that r = reg(A) satisfies
—c—r=—-N+n+1,
which simplifies to ¢ = (d—1)n, as desired. The last statement follows from the isomorphism
Ext%(B, R) = Ext4(A, R)%,

and (3.4), which shows that &, acts trivially on the generator of minimal degree of w4 when
n is even, and it acts via the sign representation when n is odd. It follows that Ext%(B, R)
and Ext% (A, R) coincide in lowest degree precisely when n is even, concluding the proof. [

3.1. The case d = 2. When d = 2, we have as in Example 2.5 an identification between
Y,,, and the variety of (n + 1) x (n 4 1) symmetric matrices of rank < 2. It follows from
[Wey03, Theorem 6.3.1] that Y5, is normal, hence B = k[Y5,] = R/J2,, and moreover we
know the minimal resolution of B as an R-module. In particular, [Wey03, Corollary 6.3.7]
shows that B is Gorenstein if and only if n is even, so the conclusion of Corollary 3.7 is
optimal in this case.

For the remaining module of covariants M ;) we have a decomposition

2
M(1,1) = @/\(Symm U) = @ S(2a+1,2b+1)U7

m>0 a>b>0

which is the module denoted M?*(1%) in [Wey03, Example 6.6.11]. Note that by Proposi-
tion 3.6, M(,,1) = wp is the canonical module of B when n is odd, while for n even M 1) is
self-dual (see also [Wey03, Corollary 5.1.5]).
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3.2. The case n = 1. We next assume that dimU = 2 = n + 1, in which case Y;; = X1,
since every binary form decomposes as a product of linear factors. This shows that R = B,
and if we apply (3.2) then it follows that each M) is a free B-module. Our next goal is to
give an explicit equivariant decomposition of each of the modules M), or equivalently, for
the space of minimal generators of M, as a B-module. To do so, we first introduce some
combinatorial notation.

Every polynomial representation L of GL(U) of degree k decomposes as a direct sum of
eigenspaces relative to the action of the maximal torus (k*)*:

L= P Lij, wheret-{=t{t} for t = (t1,t;) € (k*)* and { € L; ;.
i+j=k

We define the character of L to be
k
ch(L) = dim(Lix—) - ¢ € Z[g]
i=0

and note that the degree of L together with its character completely determines L as a
GL(U)-representation. We have for instance

ch(Sym"U)=1+q+---+q¢" = [m+ 1],

which is called a g-number. For a finitely generated graded GL(U)-equivariant R-module M,
we define its equivariant Hilbert series to be

Ha(t) = > ch(M,,) - ™
meZ
For instance, the equivariant Hilbert series of A and B are
(3.10) Ha(t) =Y (Im+1])" ", Hp(t) =Y ha(l,q,....q")-t",
m>0 m>0

where hg(xg, ..., Z,;) is the d-th complete symmetric polynomial (the sum of all degree d

monomials in the x;). We define ¢-factorials [m],! and ¢-binomial coefficients {Zﬂ by
q

m [m]q!
ml,! = [m],[m —1],---[1 =\
O A I s
It follows from [Macl5, Section 1.3, Example 1] that
m +d
hd(LQw“a‘] ):[md :| )
q

which combined with [Macl5, Section 1.2, Example 3] and (3.10) shows that
1
(=11 —qt)--- (1 —q%)

To describe Hy(f) as a rational function, we need more notation: given a permutation
o € 6,4, o has a descent at i if (i) > o(i + 1). We let des(o) denote the number of

Hp(t) =
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descents, and we let maj(o) (the major index) be the sum of the descents. It follows from
[Car75, Theorem 1] that

deed tdos(o) qmaj (o)

(3.11) Ha(t) = -t —qt)-- (L —¢it)

Since A is free over B, the quotient

Ha(t) Z pees(2) gmaia)

Hp(t)

is the Hilbert series for the minimal generators for A as a B-module. Notice that the
maximal number of descents for a permutation o € S, is (d — 1), which is compatible with
the conclusion of Theorem 3.9.

ceSy

Example 3.12. For d = 3, the invariants des(¢), maj(o) for o € &3 are as follows:

o 123 213 312 132 231 321
des(0) | O 1 1 1 1 2
maj(0)] 0 1 1 2 2 3

We get that
Hy(?)
Hp(t)
Since the generators of A in degree i are polynomial GL(U)-representations of degree 3i, we
deduce:

=1+t(2q + 2¢%) + t*¢>.

Torg (A, k)o ~k, Tory (A k); =~ (SenU)*?,  Torf (A, k)s =~ SzaU,
and in fact the groups above are the generators of Ms), Mgi) and M 1) respectively. [

To describe the generators of each M) we need a refinement of (3.11). It will be useful
to picture each partition A by its Young diagram, consisting of left justified rows of boxes,
with \; boxes in row 4. For instance, A = (5,2, 1) has Young diagram

For |\| = d, a standard Young tableau 7" of shape ) is a filling of the Young diagram of A

with the numbers 1,...,d (each appearing once), which is increasing along both rows and
columns. An example for d =8 and A = (5,2, 1) is the tableau

113|5]7]8]|
(3.13) 216

4

We let SYT(A) denote the set of standard Young tableaux of shape A, and recall that they
can be used to index a basis of irreducible G4-representation V. We set

fr=ISYT(\)| = dim(V3),

A= M.

I\=d

and note that (3.1a) implies
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Given a standard Young tableau 7', we say T has a descent at i if i + 1 appears in a lower
row than i. We define des(T") to be the number of descents of 7" and maj(T") to be the sum
of descents of T'. For T as in (3.13), we have descents at 1,3, 5, hence

des(T) = 3 and maj(7) = 9.

The RSK algorithm [Sta99, §7.11] gives a bijection o — (P(c0),Q(0)) between &, and pairs
of standard Young tableaux of the same shape (and of size d), with the property that o and
Q(o) have the same set of descents [Sta99, Lemma 7.23.1]. In particular, this implies that

Z tdes(o maj(o) Z f)\ Z tdes(T)qmaj(T).
0€By [A=d  TeSYT())

We will show that the decomposition above is compatible with (3.1a), reflecting the distri-
bution of the generators of A among the generators of the summands M,. In the next result,
we let sy(x1,...,2x) denote the Schur polynomial indexed by A [Sta99, §7.10], which is the
character of the Schur functor S,(C*).

Proposition 3.14. Let A be a partition of d. We have

ZTESYT(A) q
HMA(t) = ZS)\(an"'aqm)tm = .
= (1=t)(1—qt)--- (1 —q%)

Proof. The first equality follows from (3.1b), so we only need to verify the second one. By
[Sta99, Proposition 7.19.12], we have

—des(T") +d ;
(L, eg™) = Y [m ez( I+ } g™,
q

TESYT())

tdos(T) maj(T)

If we sum over all m > 0 then we get

S st = Y qmaJ<T 3 {m—dez(THd} o

m>0 TeSYT(A m>0 q
_ maj(T) m+d m+des(T)
- X e
TESYT(A m>0 q
des(T
— Z qmaJ(T) e .
B (| (e R ey
which proves the result. O

As a consequence, we get the following description of the minimal generators of M.

Corollary 3.15. As a B-module, M, has one generator for every standard Young tableau
T of shape X\, and the generator corresponding to T lies in degree des(T'). Furthermore,

ch (Tory (My, k Z g @)
TESYT(\)
des(T)=t

Expressions such as the one in Corollary 3.15 have been widely studied in combinatorics
(see for instance [KR86,G0OS92, CEKS13,Keil9,GZ20]), but this is the first time we encoun-
tered them in an invariant theoretic setting.
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4. EQUATIONS OF CHOW VARIETY IN CHARACTERISTIC ZERO

In this section we continue to assume that k is algebraically closed of characteristic zero.
We will briefly discuss some generalities regarding equations for Chow varieties, and then
proceed with a number of examples.

4.1. Brill’s equations. Brill’s equations were introduced originally in [Bri93, Brio8] (see
also the exposition by Gordan [Gor94]) and then described in [GKZ08, §4.2]. These are
equations of degree d 41 which define Yj,, set-theoretically and span a subrepresentation of
Sym? U @ Sym? U ® Sym» Y U. In fact, one has a more precise result of Guan [Gualg].

Proposition 4.1 (Guan). Suppose dimU > 3 and d > 2. The GL(U)-module given by the
span of Brill’s equations has the following decomposition into irreducible representations:

(a) Sz 32U ford=3.
(b) @;l:z Saz—j,a;)U for d # 3.

Let L, denote the ideal generated by Brill’s equations. It is an interesting question to
compare the ideals Ly, and J,,. For a general pair (d,n) these ideals are not equal. To
see this, let Dy, , denote the subvariety of symmetric tensors of degree d in n + 1 variables,
which have subspace rank < r, that is, after a change of basis in U, they can be rewritten
using at most r variables. There is a natural set of equations vanishing on Dy, , consisting
of (r+1) x (r + 1) minors of a matrix of the form

V: U@ Ryp(—1) = Sym™ U* @ Ry

We let 14, +1 denote the ideal generated by the (r+1) x (r+1) minors of ¢). This ideal is
non-zero for 1 < r < n: see [Wey03, §7.2], particularly Corollary 7.2.3, for more information
on such ideals. The varieties D, and their defining equations were analyzed in [Por96]. It
is clear that Yy, C Dgyq, since the expression f = {1y ---{; shows that f can be written
using at most d variables up to a change of basis.

Proposition 4.2. Forn > d > 3, the ideals Lq,, and Jg, are different.

Proof. Since Yy, C Dy, we have Iy, a1 C Jy,. By [Wey03, §7.2], the minors generating
Iinas1 span a subrepresentation of A“' U @ A™™(Sym?®~* U), which is non-zero since n >
d. By Pieri’s formula [Wey03, Corollary 2.3.5], if SyU appears in Sym?U @ Sym?U ®
Sym¥@ D U, then ¢(\) < 3. However, if S,U appears in A*™' U @ A*™(Sym? U), then
¢(A\) >d+1 >3, hence Iypar1 € La, (since both ideals are generated in degree d+1). O

As noted in Section 3.1, when d = 2 we have that Y5, is the space of rank < 2 symmetric
matrices, hence the ideal .J5,, is generated by the 3 x 3 minors of the symmetric matrix. The
first interesting case is therefore d = 3, which we consider next.

4.2. The case d = 3.
Proposition 4.3. If d =3 then Ls,, + I3 ,3 = Js .

Proof. 1t suffices to check that Lz, and Js, are equal modulo I3, 3. To do that, we use
the fact (see [Wey03, Corollary 7.2.3]) that I3, 3 consists of all subrepresentations of Rj,,
that are isomorphic to S\U with ¢(\) > 4. Hence every Schur functor S U that appears in
R, /15,3 has ¢(\) < 3, so that equality can be checked when dim U = 3. This case follows
from Corollary 4.6 below. U
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Remark 4.4. For general d, the argument in the previous proof tells us that to understand
Jan, we can work modulo /4, 4, and then it suffices to consider the case n = d. O

4.2.1. Case of d = 3, n = 2. We now deal with the case d = 3, n = 2. We denote
R := R35 = Sym(Sym® U), with dim U = 3. We write the generic cubic form as

f(xa Y, Z) = Z aaﬁﬁ/xayﬁzw’

a, B,y

We can compute the minimal free resolution of the R-module Bs .

Example 4.5. The equivariant minimal free resolution of the algebra Bj o considered as an
R-module has the form

S575,5U ® R(—5) 4 4 4 R
0— ) = S575,2U (029 R(—4> = S572’2U X R(—?)) = © .
S777,7U X R(—7) SQQQU X R(—Q)

The map ds is defined uniquely up to a non-zero scalar by the equivariance condition. The
map d; has the linear component that is just a vector of coefficients a,g, and the cubic
component which consists of coefficients of the Hessian covariant

o2 f %f *f
gzxz 86902831 88:(:282
H(f(x,y,2)) = det ax—afy a—%,]zc W‘i
G T
0xdz  Oydz 022

There are two non-zero scalars involved, but they both need to be non-zero, so up to a
change of basis in Sy 25U ® R(—2) @& R the choice is unique.

The easiest way to deal with this is to exhibit the matrix of ds explicitly. We identify
Ss.22U with (det U)®?® Sym® U and S 5,U with (det U)®® @ Sym® U*. we get the following
skew-symmetric matrix for ds:

[ 0 0 0 apo3 0 0 —3&012 0 3(1,021 —aon3o T
0 0 —3ano3 0 0 Gapi2  3aie  —3agar —6air  3aiz
0 3ago3 0 0 —3ap12  —6aip2 0 6ayir 3ager  —3agio
—Qapo3 0 0 0 3@102 0 0 —36L201 0 as300
0 0 3agiz  —3ain 0 —6agz;  6ain 3agzo  —3aio 0
0 —6agi2  6aip2 0 Gaga1 0 —6agy; —6ain  Gagio 0
3apiz  —3ain 0 0 —6ai11  6agn 0 3azi0  —3asno 0
0 3agar  —6ay;r 3azn  —3agz  Gaizg  —3a2 0 0 0
—3ag21  6ai;n —3aso 0 3aiz0  —06agp  3asno 0 0 0
| aoz0  —3ain  3azi0  —aszno 0 0 0 0 0 0 |

We also know the form of d; and the kernel of the transpose which is ds is its transpose since
the matrix of dy is skew-symmetric.

To see this resolution resolves the algebra Bj 3 note that the square of the extra generator
So22U is in the image of the R-submodule generated by the unit generator Sg U, so it
can be viewed as the square root of the Aronhold invariant Sy 44U C Sym4(Sym3 U). See
[Ott09] for the explicit description of an Aronhold invariant. Note that in order to prove it
is non-zero, he evaluates it on the polynomial xyz, which shows that this invariant is not in
the ideal J3 3.
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Finally, one can prove acyclicity by hand using the Buchsbaum—-Eisenbud acyclicity crite-
rion. More precisely, the rank conditions are obvious. The 2 x 2 minors of d; generate the
ideal of depth 3 as set-theoretically they give the Chow variety. Indeed, one needs to check
that the form f(z,y, z) is proportional to its Hessian H(f(x,y, z)) precisely when f(x,y, z)
is in the Chow variety. This fact is attributed to Aronhold [Aro50]. One way to see it
geometrically is to observe that the common zeros of f(z,y, z) and its Hessian are inflection
points of the curve C given by f(x,y,z) so if f(z,y,z) and H(f(x,y, z)) are proportional,
then every point of C' is its inflection point, so C' is a union of lines.

It remains to check that maximal nonvanishing minors of dy generate an ideal of depth 2.
But they also give set-theoretically the Chow variety. This can also be checked directly on
orbit representatives, as orbits of ternary cubics are known. 0

We continue with drawing consequences from Theorem 4.5.

Corollary 4.6.  (a) The module Cs 5 is isomorphic to (det U)®?(—2).
(b) The ideal J3 is generated by the Brill equations, i.e., the representation S 32U in
degree 4.

Proof. The first statement follows from the fact that the third graded component of ¢35 is
an isomorphism. This can be done by calculating the value of ¢35 on highest weight vectors.
Indeed, it is well known that (or by using software such as LiE [LiE])

Sym?®(Sym® U) = SqU & S72U @ S 3U @ S522U @ Sy4,U.

Since for dim(U) = 2 the analogous map ¢3; is an isomorphism, we just need to show that
3.2 applied to the highest weight vectors of S 2,U and of Sy 41U are not zero. We already
mentioned that S;22U is a Hessian covariant. The highest weight vector of S, 4,U is the
determinant
Gazopo 2a210 2a120
det 2(1,210 2&120 6(1,030
2a01  ai1 2a02:1

Using these formulas we can prove the result. To prove the second statement we notice that
the resolution of C35 is the Koszul complex tensored with (det U)®2. The mapping cone
of the map of complexes lifting the map Bs, — (55 is a non-minimal free resolution of
the R-module R/J35. This proves that J35 is generated in degrees < 4, more precisely by
a subrepresentation of S¢552)U @ S(732)U. Then it is enough to see that S 52U (which
occurs with multiplicity 1 in Sym*(Sym?® U)) does not vanish on Y3,. This is clear as when
evaluating Hessian on the product zyz we get a non-zero polynomial 2xyz. 0

4.2.2. The case d = n = 3. Now we consider the case dim(U) = 4. We prove the following
result, even stronger than Proposition 4.2.

Corollary 4.7. In the case d = n = 3 the ideals Js3 and L33 do not define the same
subscheme of Proj(Rs3), i.e., the saturations of Js3 and L33 are not the same.

Proof. As discussed above, the ideal I333 is generated in degree 4 and the linear span of
its generators equals A*U @ A*(Sym?U) c Sym?(Sym®U). Since A\*(Sym?U) contains
S5,1,1,1)U, we can find a representation S 222U in degree 4 in I3 33, and hence in J33. We
claim that this representation does not belong to the saturation of Lz 4. By Proposition 4.1,
the ideal L34 is generated by S732)U.
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Let v be a highest weight vector in S 222U and let w be a highest weight vector in
Sym?® U. If S(6,2,2,2)U is in the saturation of L34, then vw™ € Ls4 for m > 0. But this is a
highest weight vector for S¢y3m,2,22)U. Since (6 +3m,2,2,2) does not contain the partition
(7,3,2), it cannot appear in any tensor product of the form S(7 32U ® S\U as a consequence
of the Littlewood—Richardson rule [Wey03, Theorem 2.3.4], which proves the claim. O

4.3. The case d = 4, n = 2. Finally we collect together some known results about the
smallest case of degree d = 4. Let dimU = 3.

Proposition 4.8.  (a) The 4th graded component of the map 42
¢494: Sym*(Sym* U) — Sym*(Sym* U)

18 an isomorphism.
(b) The module Cyo has only two graded components:

(Ca2)2 = Sua22U, (C2)3 = Sz32)U.
(¢) The Brill ideal Lyo is generated by the representations
S14,42)U @ Sq3,4,3U @ S12,4.4)U.
(d) The Brill ideal Ly is not radical.

Proof. The first part follows from the computational verification from [MNO05]. The second
part involves only calculations in degrees 2 and 3. In degree 2 the calculation is clear
since all partitions in Sym?(Sym* U) have at most two parts so they already appear in the
dim(U) = 2 case. The calculation in degree 3 proceeds as follows. We calculate both domain
and codomain using the computer program LiE [LiE]. We see that the only questionable
representations are Sz22)U, Si741U and S 42 U. We will describe the highest weight
vectors corresponding to these representations. Let us denote our form as

flz,y,2) = Z Aapr 2y’ 27
a+pB+y=4

Let us construct the highest weight vectors in our three representations.

The covariant S(g 20U is the Hessian covariant H(f(z,y, z)) of the form f(x,y, ), so the
highest weight vector is just the coefficient of 2% of the Hessian. The highest weight vector
from S(7 41)U can be constructed as follows. The embedding of S¢; 4 yU into Sym?’(Sym4 U)
is a composition of the embedding of Sg3.0)U into A*(Sym® U) tensored with A® U composed
with the map

3 3
/\ U® /\(Sym3 U) — Sym®(Sym* U)

embedding by 3 x 3 minors into Sym®(U ® Sym® U) and then multiplying U ® Sym® U into
Sym*U. The highest weight vector S50 U in A*(Sym® U) is just e Ae?eaAejed. Combining
this information we get our highest weight vector. The highest weight vector of S¢ 49U is
constructed similarly, by tensoring the highest weight vector of S 20U in Sym?*(Sym? U)
with \® U twice.

Now it is not difficult to see that the map ¢4 24 takes all three highest weight vectors to
nonzero elements.

The third part is a special case of Proposition 4.1. For the last statement, see the numerics
in [Bdl, §3]. O
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4.4. The case d = 4,n = 3. Let us analyze this case. We have the following calculations
that can be done via computer programs.

Proposition 4.9. Let dimU = 4.
(1) The 4-th graded component of the map
pa34: Sym’(Sym* U) — Sym*(Sym" U)

18 surjective.
(2) The module Cy3 has only two graded components:

(Ca3)2 = S22 U ® S2222)U,
(Cu3)3 =Sr32U ®Sa21)U @ S(s2,22U.
(3) The Brill ideal Ly 3 is generated by the representations
S14,42)U @ Sq3,4,3U @ S12,4.4)U.
(4) The ideal Lyz + 1434 is not radical.

Proof. The first part follows from the computational verification from [MNO5]. The second
part involves only calculations in degrees 2 and 3. In degree 2 the calculation is clear since
all partitions appearing in Sym?(Sym* U) already appear for dim(U) = 2. In degree 3 we
calculate both domain and codomain by the computer program LiE [LiE]. We see that in
Sym*(Sym?® U) we get only either partitions with 3 parts, or the partitions that do not occur
in Sym®(Sym*U). So the calculation follows from the d = 4, n = 2 case. The third is a
special case is part of Proposition 4.1. The last statement is part of Proposition 4.3. O

5. HERMITE ACTION

We return to the general situation of a vector space U of arbitrary dimension n + 1 over
an arbitrary algebraically closed field k. Consider the action of &, on A,,,, which recall is a
finitely generated module over By, = €D, D?(Sym™ U) (which itself is a finitely generated

module over Sym(D4U)). We have submodules

U)ia-i @/\ Sym™ U) @ (Sym™ U)**™!

m>0

of A, which are again finitely generated By,-modules. Multiplication by DU is the com-
position of the following maps (where A is comultiplication for divided powers)

DU @ A\(Sym" U) ® (Sym" U)**~" 22255 DU @ U @ /\(Sym" U) ® (Sym" )4
N /\(U ® Sym” U) ® (Symn-i-l U)®d—i

N /\(Symn+l U) ® (Symn-i-l U)®d_i.
In particular, if R is a graded quotient ring of Sym(U), we get a finitely generated quotient

module
M(U, R)s g = @/\ ) ® Ry

n>0
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Proposition 5.1. The following diagram commutes, where the top and bottom left hori-
zontal maps are the comultiplication map on the i-th exterior power, the middle left map is
the tensor product of the comultiplication map on the i-th divided power tensored with the
comultiplication map on the i-th exterior power, the right horizontal maps are multiplication
i R, the top vertical maps are divided power comultiplication, and the bottom vertical maps
are the components of the map described above:

i DU @ N (R,) i—1
DU R,) @ Rig_iyn ——— " DU R,) ® Rig—it1jn
® N'(Rn) © Rg-i) SRy © Rig o, @ AT (Rn) ® Ria—is)

| | |

DU @ U**~'® DU @U@ U e DU @U@ U g
/\Z(Rn) & R(d—i)n Az_l(Rn) ® Rn & R(d—i)n Az_l(Rn) ® R(d—i+1)n

| l |

i—1
i R, 1) ®R, i
N (Raet) © R ——= N () © ot AR, 6 R

Proof. The top left square commutes by coassociativity of comultiplication for divided pow-
ers. The top right square commutes since the compositions are tensor products of maps that
do not interact. The bottom two squares commute by definition of the action. U

Corollary 5.2. Let R be a graded quotient of Sym(U). Let R[n] be the nth Veronese subring
of R. Then for each i,d € 74,

P Tor™ ) (R[n], k)4

n>0
is a finitely generated Sym(D?U)-module which is supported on the Chow variety. In particu-
lar, the dimension of the Tor group is eventually a polynomial in n of degree < (dimU —1)d.

The polynomiality statement generalizes [Yan14, Theorem 4], which was proved for coor-
dinate rings of smooth projective varieties in characteristic zero.

Proof. This is the homology of a Koszul complex, and the previous result shows that this
Koszul complex is compatible with the Sym(D?U)-module structure. O

Remark 5.3. There are a number of different ways that this result can be generalized
without much extra effort.

(1) Let M be a finitely generated graded R-module. We can replace R[n] by M|n].
Furthermore, if m is a fixed integer, we can replace M|[n] by the shifted module
@,«20 Mrn—l—m-

(2) We can replace k by some other module whose resolution is linear and given by Schur
functors in some fixed way. For example, for fixed e, we can replace it by the quotient
of Sym(R,,) by the eth power of the maximal ideal. Then the exterior powers are
replaced by hook shapes (we might need characteristic 0 for this to work).

(3) We can work with multigraded rings. O

Remark 5.4. Let k be a field of characteristic 0 and take R = Sym(U). Then the module
above is a twisted commutative algebra over Sym(D?) (see [SS12]). In fact, it’s automatically
finitely generated: every Schur functor S, that appears satisfies £(\) < d, so all of the
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information can be detected with a vector space of dimension d, i.e., this twisted commutative
algebra is bounded [SS12, Proposition 9.1.6]. O
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