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A major challenge for gravitational-wave (GW) detection in the μHz band is engineering a test mass
(TM) with sufficiently low acceleration noise. We propose a GW detection concept using asteroids located
in the inner Solar System as TMs. Our main purpose is to evaluate the acceleration noise of asteroids in the
μHz band. We show that a wide variety of environmental perturbations are small enough to enable an
appropriate class of ∼10 km-diameter asteroids to be employed as TMs. This would allow a sensitive
GW detector in the band ðfewÞ × 10−7 Hz≲ fGW ≲ ðfewÞ × 10−5 Hz, reaching strain hc ∼ 10−19 around
fGW ∼ 10 μHz, sufficient to detect a wide variety of sources. To exploit these asteroid TMs, human-
engineered base stations could be deployed on multiple asteroids, each equipped with an electromagnetic
transmitter/receiver to permit measurement of variations in the distance between them. We discuss a
potential conceptual design with two base stations, each with a space-qualified optical atomic clock
measuring the round-trip electromagnetic pulse travel time via laser ranging. Trade space exists to optimize
multiple aspects of this mission: for example, using a radio-ranging or interferometric link system instead
of laser ranging. This motivates future dedicated technical design study. This mission concept holds
exceptional promise for accessing this GW frequency band.
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I. INTRODUCTION

The direct discovery by LIGO/Virgo [1–5] of gravita-
tional waves (GWs) in the few Hz to kHz range, generated
by the final inspiral of compact objects in the few-to-
hundred solar-mass class, has heralded a new era of
observation of the Universe. The science case for a broad
coverage of the gravitational-wave frequency spectrum
is exceptionally strong [6–9]. Indeed, there is already
broad existing or planned coverage for gravitational-wave
observations over much of the frequency range from nHz to
kHz: the continuing ground-based observational program
by LIGO/Virgo/KAGRA [10]; ongoing pulsar timing
array measurements in the 1–300 nHz range [11–17],
including interesting recent hints from NanoGRAV [17];
the planned space-based observational program by LISA
in the 0.1–100 mHz range [18–21] and TianQin around
0.01–1 Hz [22,23]; and various “midband” detectors
based on atomic interferometry [24–35] or atomic clock
techniques [36] that aim for the band between LISA and
the ground-based laser-interferometric detectors. Moreover,
there aremany future proposals for sensitivity improvements

over much of this range; see, e.g., Refs. [37–45]. Proposals
also exist to extend exploration up to frequencies as high as
the MHz–GHz range [46].

However, the frequency band between pulsar timing
arrays (PTAs) and LISA, roughly 0.1–100 μHz suffers
from a dearth of existing or proposed coverage at interesting
levels of strain sensitivity; this is known as the “μHz gap.”
This band is home to many interesting astrophysical and
cosmological GW sources [6] and its exploration is well
motivated [47]. For instance, the extensive study in Ref. [6]
(see, e.g., their Fig. 1) indicates that a detector sufficiently
sensitive in this band would have as promising targets
inspiraling massive black-hole binaries out to redshift
z ∼ 10, merging massive black-hole binaries out to redshift
z ∼ 20, resolved galactic black-hole binaries, stars merging
with the massive black hole at the center of our own galaxy
some time out from merger, and cosmologically distant
(redshift z ∼ 7) intermediate mass-ratio inspiral (IMRI)
events, as well as being able to eventually reach and character-
ize unresolved galactic and cosmological gravitational-wave
backgrounds. Additionally, other surprises may await detec-
tion in this band, as GW detectors operating in this band may
alsohave access toother, non-GWnewphysics suchas various
dark-matter candidates (see, e.g., Refs. [48–51]).
GW detection in this band is challenging, and existing

technologies struggle to access this band from either
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“above” or “below” (i.e., moving into the band from higher
or lower frequencies, respectively). One of the few local-
test-mass-based proposals that has attempted to outline the
technical requirements to probe interesting levels of strain
sensitivity in this band is the μAres proposal [6], a mission
concept similar to LISA. That study indicated that a mission
would require interferometer arm lengths significantly
(around 200 times) larger than those proposed for LISA,
as well as greatly improved low-frequency test-mass (TM)1

isolation.2 Likewise, accessing this band with PTAs is
challenging, as PTAs lose sensitivity with increasing fre-
quency [55], and their high-frequency sensitivity is limited
by the Nyquist sampling frequency of the array (typically, a
fewμHz [11–17]). Proposals utilizing astrometric techniques
on large-scale survey data (e.g.,Gaia [56] and Roman Space
Telescope [57] surveys) are also able to access this band
(see, e.g., Refs. [58–64]), but existing projections indicate
that the levels of strain sensitivity attainable are somewhat
modest [64]; such approaches are however able to overcome
some important noise sources [65] that limit all local-TM-
based techniques operating in the inner Solar System below
∼ μHz frequencies. Recent work has also studied how orbital

perturbations (of, e.g., binary millisecond pulsars, or the
Moon) that arise specifically from a broadband stochastic
GW background could access this band [66,67]. A recent
study has also considered how timing perturbations, arising
fromGWin this band, to higher-frequency continuous-wave
GW sources could allow some sensitivity to the former [68].
In this paper, we revisit the μHz gap and propose

an alternative technique to access this band. Our study
is motivated by the following observations: existing
approaches accessing this band from above suffer from
worsening acceleration noise on small human-engineered
TMs; these can however be tracked exceedingly well. On
the other hand, approaches accessing this band from below
suffer from an inability to track (really, time) excellent
astrophysically massive TMs to the requisite sensitivity
levels. This raises a natural question: is it possible to marry
the favorable acceleration noise characteristics of astro-
physically massive natural TMs with the sensitive tracking
approaches that are more characteristic of missions using
human-engineered TMs? Tracking approaches with suffi-
cient sensitivity however require the deployment of human-
engineered apparatus at the TM locations; realistically, this
limits the consideration of available TM to those that occur
naturally in the (inner) Solar System. The question is
therefore sharpened: are there natural, astrophysically
massive bodies existing in the (inner) Solar System that
behave as sufficient good TMs for us to use them in a GW
detector that can access the μHz gap?
We demonstrate that the answer is yes: a few carefully

selected inner Solar System asteroids in the 10 km class are
sufficiently massive to make them attractive as TM for a
ranging-type GW detector. Considering in turn solar

FIG. 1. Sketch of the mission concept outlined in Sec. II (not to scale). Two 10 km-class asteroids act as inertial test masses. Base
stations deployed on the asteroids exchange electromagnetic pulses via a transmitter/receiver link system. The round-trip travel time for
the pulses is recorded by referencing a local space-qualified optical atomic clock. This creates a ranging-type gravitational-wave
detector. A more sophisticated setup, with the base stations held in orbit around the asteroids but continually referenced to reflectors
deployed on the asteroid surfaces, is also discussed in Sec. II. The projected strain sensitivity for this concept is shown in Fig. 9. Image
credits [52]: NASA/JPL (433 Eros) [53], NASA/Goddard/University of Arizona (101955 Bennu) [54].

1Test masses are also sometimes referred to as “proof masses.”
2The μAres “strawman mission concept” [6] projected strain

sensitivity assumes that a TM acceleration noise amplitude
spectral density (ASD) slightly exceeding the best absolute levels
attained in the LISA Pathfinder mission [21] around f ∼
1–10 mHz can be maintained without degradation (i.e., flat in
frequency) down to f ∼ 10−7 Hz; whereas the LISA Pathfinder
acceleration noise ASD is already rising approximately as

ffiffiffiffiffi
Sa

p
∝

f−1 below f ∼ ðfewÞ × 10−4 Hz.
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intensity, solar wind, thermal cycling, collisional, electro-
magnetic, and other relevant perturbations to these aste-
roids, we show that both center-of-mass (c.m.) and
rotational perturbations from these sources appear to be
small enough that strain sensitivities that are comparable to
those projected for μAres could be achievable in the μHz
band, roughly hc ∼ 10−19 at fGW ∼ 10 μHz.
While our main point is to demonstrate that asteroids

serve as surprisingly good TMs despite prevailing ambient
environmental conditions, good test masses alone do not
constitute a gravitational-wave detector. We complete the
picture by sketching out a mission concept to link together
asteroids using simple asteroid-to-asteroid laser ranging
measurements between deployed base stations. We point
out that state-of-the-art terrestrial atomic clocks possess the
metrological capability to perform the required measure-
ments. We also discuss other link options.
Our work is distinguished from Refs. [66,67], that

considered looking for resonant orbital perturbations of
binary systems—including the Earth-Moon system, via
Lunar Laser Ranging [69]—in order to detect a broadband
GW background, both in the technique proposed and
because our proposal would be sensitive to narrowband
signals at any frequency in our band.3 Our proposal is also
very different in nature to the type of approach considered
in Ref. [70] (which we note is phrased as a fifth-force, and
not a GW, search), in that we propose to deploy active base
stations on a small number of asteroids themselves to
perform direct asteroid-to-asteroid ranging, rather than to
track the perihelion precession of asteroid orbits, or use the
full astrometric data for a larger collection of asteroid orbits.
It is also clearly distinguished from other existing studies
using objects in the Solar system that aim to (1) use bodies
such as the Moon themselves as GW detectors [71–76] by
viewing them as large resonant-type detectors [77,78],
(2) deploy an interferometer setup on the Moon [76,79],
as it is seismically quieter than Earth, or (3) track human-
engineered spacecraft on long interplanetary missions [80].
The remainder of this paper is structured as follows: in

Sec. II we provide more details on the overall mission
concept. We give a detailed accounting for all the important
test-mass acceleration, torque, thermal, and seismic noise
sources that we have identified in Sec. III. In Sec. IV, we
discuss possible links, clocks, and associated noise sources.
We highlight a number of the more detailed mission design
considerations for this concept in Sec. V, and also pro-
pose concrete developmental goals. Our final projected
strain sensitivity is shown in Figs. 8 and 9 in Sec. VI. We
conclude in Sec. VII. The Appendix gives a technical

derivation of a claim made in the text of Sec. III A 1
regarding cross-power terms.

II. MISSION CONCEPT

A gravitational wave (withþ polarization) can be
described by the metric perturbation (in transverse-traceless
gauge):

ds2 ¼ −dt2 þ ½1þ hð0Þþ sinðωGWðt − zÞÞ�dx2

þ ½1 − hð0Þþ sinðωGWðt − zÞÞ�dy2 þ dz2: ð1Þ

This metric describes a gravitational wave with amplitude

hð0Þþ and angular frequency ωGW ¼ 2πfGW propagating in
the þẑ direction. The physical effect of this wave is to
induce strain along the x-y plane. As a result, two test
masses located in this plane that are separated by a distance
L will experience a relative acceleration ΔaGW ∼ hLω2

GW
(when ωGWL ≪ 1). This acceleration occurs at the angular
frequency ωGW of the gravitational wave. The wave can be
detected by measuring this acceleration.
The challenge in gravitational-wave detection lies in the

fact that the amplitudes h of expected gravitational-wave
sources are extremely small. The measurement of the
induced relative acceleration requires precision accelerom-
etry. This task is best accomplished by measuring the
distance between the test masses as a function of time. Over
the period TGW ∼ 2π=ωGW of the gravitational wave, the
relative acceleration ΔaGW gives rise to a distance change
ΔL ∼ hL. To measure this distance, a laser (or possibly
radio) ranging system can be used.
On the metrology side, gravitational-wave detection

requires a time standard (i.e., a clock) that is sufficiently
accurate over the period of the gravitational wave. A
second, and equally important requirement is that the
distance between the well-identified test-mass locations
is perturbed dominantly by the gravitational wave at
the measurement frequency. These two requirements set
the noise curve of typical gravitational-wave detectors. The
astrophysics of gravitational-wave sources is such that the
precision necessary in measuring the distance between
the test masses is greater at high frequencies. For a sensor
with a fixed precision, this determines the high frequency
end of the detector’s sensitivity. At low frequencies, even
small environmental accelerations can lead to large dis-
placements between the test masses. This leads to a rapid
rise in the noise at low frequencies, limiting the reach of the
detector.
At μHz frequencies, strains h ∼ 10−17 − 10−18 are

expected from astrophysical sources [6]. Such a strain will
cause the distance between two test masses separated by
L ∼ 1 AU to fluctuate by ΔL ∼ hL ∼ 1–0.1 μm, respec-
tively. While distance measurements with this level of
precision over such a long baseline are undoubtedly
challenging, they are within the capabilities of current

3Of course, as noted in Refs. [66,67], narrowband GW signals
that happen to accidentally coincide with the resonant frequencies
of a binary system would also be visible in their approach, but this
provides only limited narrowband coverage.
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metrological technologies. However, the stability of test
masses at the 0.1–1 μm level in the μHz frequency band has
not been demonstrated. For example, this stability is about
2–3 orders of magnitude more stringent than the stability
demonstrated by the LISA Pathfinder mission [21]
(extrapolated as necessary into this frequency band).
One way to tackle the problem of stability might be to

use a large test mass, since the c.m. position of a large body
is likely to be less sensitive to environmental perturbations:
c.m. stability alone is however not enough; extended-body
rigid stability (e.g., a lack of seismic activity) at the same
level is also necessary since the distance between the test
masses is actually measured from the surfaces of the
masses.
In this paper, we show that asteroids with diameters

∼ few km are a natural class of massive bodies to consider
as test masses for a gravitational-wave detector. These are
large enough to have a sufficiently stable center of mass.
On the other hand, they are small enough to have lost their
heat of formation, eliminating a major cause of seismic
activity. Moreover, for a ∼10 km asteroid, the fundamental
frequency of seismic waves is ∼10 mHz [81]. This implies
that at frequencies below ∼10 mHz, the seismic response of
the system to lower frequency perturbations will be sup-
pressed by this fundamental harmonic. These asteroids are
also not expected to possess their own atmosphere, elimi-
nating another potential source of surface fluctuations (or
perturbations to metrology systems). These arguments, and
others we give later in the paper, suggest that it is
reasonable to expect the surface of such an asteroid to
be stable enough to potentially use asteroids as test masses
for gravitational-wave detection in the μHz band.

The primary mission concept that we consider is
described in Fig. 1. Imagine deploying base stations on
the surfaces of two asteroids separated by ∼AU.4 Each base
station contains a laser (or possibly radio) ranging system
consisting of a receiver and transmitter. The base station
also contains a local space-qualified optical atomic clock
that serves as a time standard.5 The ranging scheme works
as follows. A base station sends a pulse of light (or,
possibly, radio waves) to the other station at predetermined
times. The fidelity of the time of transmission is maintained
by the local atomic clock at this base station. When this
pulse arrives at the distant base station, it is received,
amplified, and sent back to the original station; the

amplification of the pulse must maintain its chronal
properties. This returned pulse is received finally at the
initial base station, which compares the time of arrival of
the return pulse to the time at which the original pulse was
sent. This comparison is made by referencing the local
atomic clock on the initial base station. These comparisons
permit the measurement of the light-travel time (i.e., the
proper distance) between these base stations as a function
of time.
This above scheme has the potential disadvantage that

the detector can operate only when there is a line of sight
between the base stations. Since asteroids rotate, this could
lead to an Oð1Þ loss in duty cycle if the base station were
mounted rigidly to the asteroid. A more complex setup
could in principle recover much of this duty cycle. For
example, one may consider maintaining a parent satellite in
orbit at a suitable distance from the asteroid surface. In
addition, one or more probes would be deployed by this
parent satellite to place an array of reflectors (e.g., retro-
reflectors) at various locations on the asteroid surface (such
a setup has been envisaged for, e.g., improving asteroid
rotational-state measurements [114]). The distance between
the satellite and the landed reflectors on the asteroid would
be continuously measured (e.g., by sending signals from
the satellite to the reflectors and measuring the time of
arrival of the passively reflected signals); the satellite thus
inherits the stability of the asteroid’s position. The orbiting
satellites at the locations of each of the asteroids may now
measure the distance between themselves via a laser (or
possibly radio) ranging system that can now be housed in
the orbiting satellite, and is thus easier to stabilize and point
in the desired direction. In this protocol, the atomic clocks
are also housed in the satellites, and they can be used as the
time standard both for anchoring the location of the satellite
to the appropriate (local) asteroid and for measuring the
ranging distance to the other (distant) satellite.

III. TEST-MASS NOISE SOURCES

Broadly speaking, the consideration of whether asteroids
constitute sufficiently good TM for our proposed mission
concept in the face of various external environmental
perturbations can be broken down into a four categories:
(1) forces acting on the asteroid c.m.; (2) torques acting on
the rotational state of the asteroid; (3) rigid-body asteroid
kinematic considerations (rotational and orbital) that could
limit sensitivity; and (4) the excitation of internal degrees of
freedom, such as thermal expansion and seismic noise.
In this section, we consider each of these four categories

in turn, and discuss and estimate the impacts of both
dominant and subdominant perturbations on the asteroids.
We will have frequent occasion to refer to Fig. 2, which
presents most of the dominant or otherwise especially
relevant noise estimates.
Throughout this section, we perform estimates for noise

sources assuming the existence of a (fictitious) fiducial

4See, e.g., Refs. [82–97] for a variety of missions that have
successfully rendezvoused with asteroids or comets, as orbiters
(excluding nonorbital flybys), soft landers, sample collectors,
and/or “rover” deployers. See also Ref. [98] for a broad historical
overview. Additionally, DART [99] is a recently launched
mission aiming to modify a binary asteroid orbital system (parent:
65803 Didymos) by impacting with the smaller body in the
binary, as a planetary defense technology demonstrator.

5For discussions of on-orbit atomic clocks, see generally
Refs. [36,100–113].
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FIG. 2. Individual noise contributions to overall characteristic strain sensitivity around the μHz band. In every panel (a)–(h), the solid
thick gray lines denote two smoothed estimates of our combined sensitivity reach [Sec. VI]; see Fig. 9. Each panel shows one or more of
the noise estimates detailed in Secs. III and IV: (a) solar intensity c.m. noise [Sec. III A 1; see also Sec. III B 1]; (b) solar wind c.m. noise
(green band, with smoothed result as a solid green line) [Sec. III A 2; see also Sec. III B 1]; (c) thermal expansion [Sec. III D 2];
(d) asteroid GGN [65] simulation (solid dark blue) and close-pass estimate (shaded light blue), in both cases plotted only where
hc ≥ 10−20 [Sec. III A 3]; (e) clock noise (long-dashed salmon) (not included in enveloped noise curve; see text) [Sec. IV C]; (f) link
noise for two different laser powers in a laser pulsing setup (solid and dashed gold being 1 W and 3 W of laser power transmitted,
respectively) [Sec. IVA], and in a radio pulsing setup (dotted teal) [Sec. IV B]; (g) collisional c.m. noise using in-quadrature (realistic;
solid turquoise) or linear (worst-case; dashed turquoise) summation [Sec. III A 4; see also Sec. III B 3], and a variety of magnetic
torquing estimates using both high (dotted lines) and low (433 Eros-like; solid lines) values for the asteroid specific magnetic moment,
for torques both parallel (purple lines) and perpendicular (orange bands with smoothed orange lines) to the angular momentum axis of
the asteroid [Sec. III B 2]; and (h) expected excluded bands (taken to be 5% wide) around 4 hr (light gray) and 5 hr (darker blue-gray)
asteroid rotational periods, and their first 10 harmonics [Sec. III C 2]. In panels (a) and (c), the different colored curves denote the results
of using different measured solar intensity fluctuation power spectral densities; the different lines are detailed in the relevant sections of
Sec. III A. These results assume asteroid TMs with 8 km radii and densities of 2.5 g=cm3 (mass of 5.4 × 1015 kg), located 1.5 AU from
the Sun, with a fixed 1 AU baseline; see discussion in Sec. III A 1. A combined plot is given in Fig. 8; an enveloped noise curve is given
in Fig. 9.
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asteroid that we call “314159 Alice” (shorthand symbol
“⊛”). We will generally take 314159 Alice to be exactly
spherical, with a radius of R⊛ ¼ 8 km and a uniform
mass-density of ρ⊛ ¼ 2.5 g=cm3, resulting in a mass of
M⊛ ¼ 5.4 × 1015 kg. Moreover, we will assume that
314159 Alice is located at a fixed distance of r⊛ ¼
1.5 AU from the Sun, is a perfectly uniform blackbody
absorber, and has a rotational period of T⊛ ¼ 5 hrs. Where
necessary we will also assume the existence of a second
such fictitious asteroid that we call “271828 Bob”; we
assume 271828 Bob to have the same physical and orbital
characteristics as 314159 Alice, except that it has a rota-
tional period of T ¼ 4 hrs. 314159 Alice and 271828
Bob will be assumed to be separated by a (fixed) base-
line distance of L ¼ 1 AU for our estimates (this is
conservative; cf. Fig. 7 later in the paper). Many of these
physical and orbital parameters are close to those of one of
the largest real near-Earth asteroids: 433 Eros [82,115–118]
(see Table I). However, in some cases, some of these
fiducial asteroid assumptions will prove too naïve for
certain noise estimates to be made correctly; in those cases
we will relax the relevant simplifying assumption(s) in
order to estimate noise sources that would only arise from
nonsphericity, partially or nonuniformly reflective surfaces,
and/or the elliptical and inclined orbital motion of real
asteroids.

A. Fluctuating forces: Center-of-mass motion

The most obvious source of perturbations to asteroids as
test masses are those that directly act on the asteroid center
of mass: external forces.
In this subsection, we consider in turn the forces that

arise from (1) the (fluctuating) solar radiation pressure,
(2) the (fluctuating) solar wind, (3) gravitational perturba-
tions from other asteroids in the inner Solar System,

(4) collisions with dust and particles that permeate the
inner Solar System, and (5) electromagnetic forces arising
from both magnetic field gradients in the Solar System and
electrical charging of the asteroid.

1. Solar intensity fluctuations

At the location of the Earth, the total solar irradiance
(TSI)—the energy flux density delivered by the Sun—is
approximately Ī⊙ ≡ 1.36 kW=m2 on average [120].
Assuming that a proportion 0 ≤ ϵ ≤ 2 of the momentum
carried by the incoming radiation is transferred to a body
(with 1 < ϵ ≤ 2 corresponding to partial-to-total retrore-
flection of the incident radiation), the corresponding static
radiation pressure is6 P⊙ðrÞ ¼ ϵĪ⊙ðr⊕=rÞ2 ∼ 4.5 μN=m2 ·
ϵ · ðr⊕=rÞ2, where r (respectively, r⊕) is the distance of the
body (respectively, Earth) from the Sun. The average Earth-
Sun distance is r⊕ ≡ 1 AU ≈ 1.5 × 1011 m [121].
Since 314159 Alice is a perfect blackbody (ϵ ¼ 1),

this pressure would give rise to a static acceleration
a0 ∼ 8 × 10−14 m=s2. Were this static acceleration a noise
source for our concept, it would be fatally large: over
T ∼ 1=ð10 μHzÞ ¼ 105 s, it would generate a displacement
of order Δx ∼ ð1=2Þa0T2 ∼ 0.4 mm on each asteroid,
which even taken over an AU baseline between two
such asteroids would generate a strain contribution7

hc ∼ 3 × 10−15, which would so severely limit the strain

TABLE I. Selected inner Solar System asteroids in the 10 km class, and their physical and orbital properties (where available, else
“� � �”): mass M [kg], volume V [km3], surface area A [km2], mean radius R̄ [km], extent [km × km × km], mass density ρ [g=cm3],
rotational period Trot [hrs]; semimajor axis a [AU], orbital eccentricity e, orbital inclination i [°], and orbital period Torb [yrs]. For ease of
comparison, hr−1 ∼ 3 × 10−4 Hz and yr−1 ∼ 3 × 10−8 Hz. “Extent” is approximately the size of a rectangular box into which the
asteroid would fit snugly, whose volume in general differs by anOð1Þ factor from the volume actually occupied by the asteroid material.
We do not necessarily intend to suggest that all of these would make good candidates for our mission concept; we present these data
merely to demonstrate the existence of a handful of asteroids in the appropriate size, orbit, and rotational-period class, for which further
study may be warranted.

Physical parameters Orbital parameters

Name M V A R̄ Extent ρ Trot a e i Torb References

433 Eros 6.7 × 1015 2.5 × 103 1.1 × 103 8.5 34 × 11 × 11 2.7 5.3 1.46 0.22 10.8 1.8 [82,115–118]
1627 Ivar � � � � � � � � � 4.6 � � � � � � 4.8 1.86 0.40 8.5 2.5 [115,119]
2064 Thomsen � � � � � � � � � 6.8 � � � � � � 4.2 2.18 0.33 5.7 3.2 [115]
6618 Jimsimons � � � � � � � � � 5.8 � � � � � � 4.1 1.87 0.04 23.8 2.6 [115]
1866 Sisyphus � � � � � � � � � 4.2 � � � � � � 2.4 1.89 0.54 41.2 2.6 [115]
3200 Phaethon � � � � � � � � � 3.1 � � � � � � 3.6 1.27 0.89 22.3 1.4 [115]
1036 Ganymed � � � � � � � � � 18.8 � � � � � � 10.3 2.67 0.53 26.7 4.4 [115]
4954 Eric � � � � � � � � � 5.4 � � � � � � 12.1 2.00 0.45 17.4 2.8 [115]

6Throughout this paper, we write formulae using natural
Heaviside-Lorentz units. That is, we assume that ℏ ¼ c ¼ 1,
and that the fine-structure constant is α≡ e2=ð4πÞ. We restore SI
units in numerical estimates where appropriate.

7Note that throughout this paper, we neglect Oð1Þ factors
arising from orientation effects of the GW source as compared to
the detector baseline.
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sensitivity as to make this concept of no real interest
(cf. Fig. 9).
Of course, that is not actually the relevant noise estimate,

precisely because a0 is a static (i.e., “dc”) acceleration.
Since we have in mind a search for temporally oscillatory
(i.e., “ac”) GW signals with our detector concept, we must
evaluate instead the relevant in-band noise contribution.
Consider again the instantaneous acceleration aðtÞ due

to solar radiation pressure acting on a body of mass M at
distance rðtÞ from the Sun, that presents a cross-sectional
geometrical area AðtÞ to the Sun, and which is subject to the
(fluctuating) solar output I⊙ðtÞ≡ Ī⊙ · ½1þ δI⊙ðtÞ�, where
Ī⊙ is the average TSI and δI⊙ðtÞ is the time-dependent
fractional TSI fluctuation, with the dc piece subtracted
off so that the temporal average hδI⊙ðtÞi ¼ 0. The TSI
fluctuation depends mildly on the solar cycle, and its power
spectral density (PSD) S½ΔI⊙� has been well measured at
different epochs [120]. δI⊙ should not however depend
strongly on heliocentric distance in the ∼AU range of
distances, and so can be taken as measured near Earth. The
magnitude of this acceleration is of order

aðtÞ ∼ Ī⊙
AeffðtÞ
M

½1þ δI⊙ðtÞ�
�
r⊕
r⊛

�
2

; ð2Þ

where we have written an effective area AeffðtÞ≡ ϵðtÞAðtÞ
to account for both the geometric and albedo variations of
the surface of the asteroid presented to the Sun as a function
of time.
For 314159 Alice, all of the quantities rðtÞ, AeffðtÞ ¼

πR2⊛, andM ¼ 4πρ⊛R3⊛=3 are time independent; therefore,
the temporal fluctuation arises from the fluctuating solar
output:

δa⊛ðtÞ ∼
3Ī⊙

4ρ⊛R⊛

�
r⊕
r⊛

�
2

δI⊙ðtÞ: ð3Þ

The ASD8 of the acceleration is therefore

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½a⊛�ðfÞ

p
∼

3Ī⊙
4ρ⊛R⊛

�
r⊕
r⊛

�
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S½δI⊙�ðfÞ
p

: ð4Þ

To convert this analytically to an approximate noise
estimate for strain measurements made between 314159
Alice and 271828 Bob, we make some further assumptions:
(1) We will neglect geometrical effects in the instanta-

neous baseline-projection of the independent (vec-
tor) acceleration noises on each asteroid, and assume
that the component of the acceleration along the
baseline is of the order of Eq. (3). This is likely
conservative by an Oð1Þ factor since the radiation

pressure is (predominantly) radial from the Sun,
while the baseline separation vector will in general
not be.

(2) We will make the assumption, physically well
motivated since we assume ranging between sim-
ilarly sized asteroids separated by ∼AU baselines,
of uncorrelated accelerations of similar amplitude
acting on the asteroids at each end of the baseline, so
that the net baseline-projected differential acceler-
ation noise ASD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½Δa�ðfÞp

is a factor of ∼
ffiffiffi
2

p
larger than the single-asteroid estimate at Eq. (4):ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½Δa�ðfÞp

∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2S½a⊛�ðfÞ

p
.

(3) We take a fixed baseline length of L ¼ 1 AU
between 314159 Alice and 271828 Bob (see
detailed discussion below under “Refinements for
real asteroids”).

Under these additional assumptions, we can convert
between the single-asteroid acceleration ASD and an esti-
mate for the characteristic strain noise amplitude hc using

9

hcðfÞ ∼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fS½Δa�ðfÞp
ð2πfÞ2L ð5Þ

∼
3

4
ffiffiffi
2

p
· π2

Ī⊙
ρ⊛R⊛f2L

�
r⊕
r⊛

�
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fS½δI⊙�ðfÞ
p

: ð6Þ

Various fractional TSI PSDs are presented in Fig. 12
of Ref. [120]. These are based on (1) a composite of solar
intensity measurements from a variety of missions span-
ning 1978–2002 (PMOD composite [120]), (2) data from
the VIRGO instrument on SOHO during solar maximum
(October 2000–February 2002), and (3) data from VIRGO
during solar minimum (February 1996–August 1997).
Using each of these three PSDs in turn to make separate
estimates, we arrive at the noise estimates shown, respec-
tively, by the (1) red, (2) brown, and (3) maroon lines in
Fig. 2(a).
Refinements for real asteroids—Let us consider first the

acceleration noise estimate Eq. (2), and restore the time
dependence of the effective area and asteroid-Sun distance.
We write XðtÞ ¼ X̄ð1þ δXðtÞÞ for X ∈ fAeff ; rg. It is not
atypical to have Āeff ∼OðĀgeomÞ with Āgeom the average

8The ASD is defined as the square root of the PSD S½a⊛�ðfÞ.
We follow the Fourier transform and PSD-normalization con-
ventions of Appendix C of Ref. [65].

9The leading factor of 2 in the numerator in Eq. (5) arises
because a monochromatic plane gravitational wave of amplitude
hðtÞ ∼ h0 cosðωGWtÞ normally incident on the plane containing
the orbits of two co-planar-orbiting test masses generates, in the
long-wavelength ωGWL ≪ 1 limit, a baseline-projected acceler-
ation of the form ΔaðtÞ ∼ 1

2
LḧðtÞ [65,122]. This factor of 2 can

also be understood directly from Eq. (1), since the prefactors of
dx2 and dy2 are ∼½1þ h sinð…Þ�; the implied proper distance
change for fixed coordinate location of the TMs (the correct
prescription in transverse-traceless gauge) is thus ∼ðh=2Þ sinð…Þ
in the h ≪ 1 limit. Of course, we have not accounted here for any
orientation effects of the orbits or of the GW relative to the orbital
planes, so our estimates are all at best accurate to Oð1Þ factors.
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geometrical cross-sectional area presented to the Sun,10 and
jδAeff j ∼Oð1Þ (e.g., 433 Eros, which has a highly non-
spherical shape; see Table I). However, neglecting small
longer-term variations in the surface albedo and/or geomet-
rical area from space weathering or impacts on the asteroid
surface, δAeff will only have dominant frequency content at
or above the asteroid rotational frequency, ≳3 × 10−5 Hz.
Moreover, for a realistic asteroid on an elliptical orbit with
semimajor axis a and ellipticity e (typically small but not
vanishingly so for asteroids of possible interest to this con-
cept; see Table I), we have rðθÞ¼að1−e2Þð1þecosθÞ−1
with θ ¼ θðtÞ the angle about the orbit from perihelion
(which by Kepler’s Third Law of course evolves non-
trivially in time for an elliptical orbit; see, e.g., the dis-
cussion in Appendix A.4 of Ref. [65]). This means that we
can take r̄ ¼ awith−e ≤ δrðtÞ ≤ þe, and with δrðtÞ having
dominant frequency content near and around inner
Solar System orbital frequencies ∼10−8 Hz − 10−7 Hz
(i.e., periods of ∼0.3–3 yrs). However, note that the
temporal average hr−2iT ¼ a−2½1 − e2�−1=2 > a−2, while
a−2ð1þ eÞ−2 < r−2 < a−2ð1 − eÞ−2.
Let us now understand the impacts of these observations.

First, consider how these additional time variations impact
the normalization of the acceleration noise arising from
the in-band solar fluctuation. Since the effective area modu-
lates rapidly, over timescales T ∼ f−1GW, we are justified in
keeping in place the approximation Aeff ∼ Āgeom. On the
other hand, the orbital modulation is slower than the GW
period, so we would expect to see a rising and falling noise
level as the asteroids move around their orbits. Indeed, the
variation in r−2 noted above would be expected to cause the
instantaneous in-band noise level to rise and fall by a factor
ofOð2Þ in either direction for typical asteroid eccentricities
of e ∼ 0.3 (for asteroids like 3200 Phaethon with e ∼ 0.9,
the difference is clearly closer to an order of magnitude, but
that may just be a sign to avoid such asteroids in planning
this mission), with an average value slightly larger than a−2

by maybe a few/tens of percent. In our estimates, we take
rðtÞ → r⊛ ¼ 1.5 AU, which is a representative value—if
perhaps slightly smaller than average—for a for relevant
asteroids per Table I. It is possible therefore that our noise
estimates are slightly too aggressive by something on the
order of aOð2Þ factor at the worst possible times around the
orbits, but on the other hand they are too conservative at
more favorable times. This degree of uncertainty is clearly
within the intended level accuracy of our overall estima-
tions here, and we do not attempt to correct for it.
In addition to causing a change to the normalization

of the in-band noise directly from the solar fluctuations,
we also have additional frequency contributions, and also
potentially cross terms that can move two out-of-band noise

sources into the band of interest. Let us substitute into
Eq. (2), and assume for the sake of argument that e ≪ 1.
We can then expand

aðtÞ
a0

≡ 1þ δaðtÞ ð7Þ

∼
ð1þ δAeffðtÞÞð1þ δI⊙ðtÞÞ

ð1þ δrðtÞÞ2 ð8Þ

∼ 1þ δI⊙ðtÞ þ δAeffðtÞ − 2δrðtÞ
þ δI⊙ðtÞ · δAeffðtÞ − 2δrðtÞ · δAeffðtÞ
− 2δrðtÞ · δI⊙ðtÞ þ 3δrðtÞ · δrðtÞ þ � � � ; ð9Þ

where

a0 ≡ Ī⊙
Āgeom

M

�
r⊕
a

�
2

: ð10Þ

If we now ask what the frequency content of this noise is,
we first find the expected dc term which we can neglect.
This is followed by linear terms that will contribute noise at
their respective dominant frequencies: the orbital contri-
bution from δrðtÞ is out of band11 on the low-frequency
side, and rotational motion from δAeffðtÞ is out of band (or
the limiting noise source) on the high-frequency side.
Neither of those will contribute in-band noise, so the only
linear term that contributes in-band noise is the term arising
from the direct in-band TSI fluctuations δI⊙ that we have
already estimated.
For the quadratic terms, we recall the multiplication-

convolution theorems of Fourier analysis: a multiplication
in the time domain is a convolution in the frequency
domain. Consider first the quadratic terms with one power
of δrðtÞ ∼ e ≪ 1: since δrðtÞ has power only at very low
frequencies ∼10−8–10−7 Hz, these quadratic terms will
only induce small-amplitude sidebands around the domi-
nant frequencies in δI⊙ðtÞ and δAeff . These sidebands are
suppressed by e and are located within ∼10−8–10−7 Hz of
the respective dominant frequencies in δI⊙ðtÞ and δAeff .
Since δAeff is already out of band on the high-frequency
side, there is no serious impact from the δrðtÞ · δAeffðtÞ
term. The at-worst impact of the δrðtÞ · δI⊙ðtÞ term is thus
to add and rearrange some in-band power in δI⊙ðtÞ to other
nearby in-band frequencies; this does not change our
estimates by more than Oð1Þ factors. The quadratic terms
containing two powers of δrðtÞ [and similar higher powers]
will contain power at higher harmonics of the dominant
orbital frequencies (and the even powers also contain a
zero-frequency term that is part of the renormalization of
the in-band direct solar power contribution that we already
discussed above); however, owing to the assumption of

10Typical asteroid albedos lie in the range ∼0.1–0.4 [115],
implying that ϵ ∼Oð1Þ.

11With appropriate signal windowing, this noise can be very
effectively confined out of the band of interest; see, e.g.,
Refs. [65,123]. Similarly for the noise at the rotational frequency.
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e ≪ 1 (and this conclusion also holds for e≲ 1), this power
is exponentially truncated moving above the orbital fre-
quency band, and so does not significantly leak into the
μHz band (see Ref. [65] for a lengthy discussion of a
similar effect, and also Sec. III C 1). The quadratic terms
involving δrðtÞ (and higher powers ½δrðtÞ�n) thus do not
impact our results beyond the in-band power renormaliza-
tion we discussed above.
The quadratic term that is potentially worrisome is

δI⊙ðtÞ · δAeffðtÞ. Because we expect that δAeffðtÞ has
Oð1Þ fluctuations at rotational frequencies, where δI⊙ðtÞ
still has nonzero power, this cross term can contain in-band
power near∼ μHz. That is, frequency components of δI⊙ðtÞ
that lie very close to the dominant frequency content
of δAeffðtÞ interfere and produce a low-frequency beat.
However, we expect that δAeffðtÞ has quite sharp frequency
features at the rotational period and its harmonics, while
the ASD of δI⊙ðtÞ falls with increasing frequency above the
μHz band [120] (it is at the few per-mille level around the
asteroid rotational period). We show in the Appendix that
the resulting low-frequency beat note is thus not expected
to modify our noise estimate significantly [i.e., by more
than an Oð1Þ factor].
In summary, the additional time variations from the

rotational and orbital motions of the asteroids introduce
uncertainties in our estimate of the in-band acceleration
noise from the solar radiation pressure by perhaps Oð1Þ
factors. They do not however appear to modify that
estimate significantly.
Another effect we have neglected so far is the variation of

the baselinewith time in the translation from the acceleration
noise ASD to the strain noise ASD: we simply took L ∼
1 AU to be fixed in the conversion at Eq. (5). Of course, as
both314159Alice and271828Bobmove around their orbits,
this baseline distancewillmodulate by perhaps up to an order
of magnitude in total for typical asteroid orbital configura-
tions (see also Sec. III C 1); it will also rotate with respect to
the vector acceleration noises acting on each asteroid. While
both of thesemodulation effects will have an impact, they are
both low-frequency, as they are associated with orbital
motion around ∼10−8 − 10−7 Hz, below the μHz band.
We thus do not expect these effects to have any impact on
our in-band solar-intensity-induced strain noise estimation
beyond perhaps shuffling some in-band power around in
frequency to other in-band frequencies, and again perhaps
modifying the normalization of the in-band strain noise.
Taking these additional effects into account correctly would
require simulation of the actual asteroid motion in response
to applied accelerations, followed by an extraction of the
baseline-projected strain time series; were our goal here
detailed mission simulation, this would of course be neces-
sary. However, our goal in this work is to provide rough
estimates of noise magnitudes in order to demonstrate the
viability of this mission concept. As such, we retain the
simple analytical conversion between acceleration and strain
that we have performed at Eq. (5), and defer detailed

modeling for any of these effects to future work, safe in
knowledge that (i) the largest impact these effects have are
out of band, and (ii) our choice to fix L ¼ 1 AU in our noise
estimation is actually fairly conservative since the distance
between typical orbiting points on typical inner Solar System
asteroid orbits is larger than 1AUmost of the time (see Fig. 7
later in the paper).

2. Solar wind fluctuations

The solar wind [124–126] is a stream of positively
charged ions (mostly protons and helium, with trace
heavier elements), as well as electrons, that flows outward
from the Sun with average proton speeds of v̄p ∼ 4 ×
102 km=s [127,128] and average proton densities of n̄p ∼
3–8 cm−3 [127–130]12; these particles will scatter from
the asteroid surface, supplying a force on the asteroid.
The protons in the solar wind are currently monitored
in real time by the CELIAS/MTOF proton monitor
(PM) [127,128,131,132] on the SOHO satellite [133]
located at the Earth-Sun L1 Lagrange point [133], which
is at a distance of rL1 ≈ 0.99 AU ∼ 1 AU from the Sun.13 It
is also currently monitored by Parker Solar Probe [135], the
PlasMag instrument on the DSCOVR satellite [136], and a
number of instruments on the ACE satellite [137,138]. The
wind has previously been studied by a host of other space-
craft missions such as Helios [139], Wind [129,140–142],
and Ulysses [130,143,144].
The CELIAS/MTOF PM supplies ∼25 yrs of data on the

instantaneous (30 s sampling resolution) number density
npðtÞ and velocity vpðtÞ of the proton flux in the solar
wind. These measurements show that the densities and
speeds of the wind have temporal fluctuations that will give
rise to an in-band noise source for our GW detection
proposal, in much the same way as the fluctuating TSI.
We estimate the impact on the asteroid c.m. of this

fluctuating solar wind proton flux as follows. Consider a
gas of protons of density npðtÞ streaming approximately
radially outward from the Sun at speed vpðtÞ (note that the
proton temperature is roughly a factor of 10 lower [136]
than the kinetic energy associated with the bulk outflow;
random proton motion with respect to the bulk flow can
thus reasonably be neglected). Each proton carries momen-
tum ppðtÞ ¼ mpvpðtÞ, and the radial momentum flux
carried by the gas is

d2ppðtÞ
dtdA⊥

≈mpvpðtÞ × npðtÞvpðtÞ≡mpΩpðtÞ; ð11Þ

12Note that there are actually “fast” and “slow” components of
the solar wind that have different speeds and densities [130];
these numbers are nevertheless representative.

13Of course, the L1 location varies at the percent level
on an annual cycle owing to Earth’s slightly eccentric orbit
(e⊕ ≈ 0.017 [134]); we do not correct for this as our estimates are
not intended to be accurate at the percent level.
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ΩpðtÞ≡ npðtÞ½vpðtÞ�2; ð12Þ
where we defined a quantity ΩpðtÞ that depends solely on
SOHO measurements; A⊥ is the cross-sectional area
presented by the asteroid to the incoming wind. Over a
broad range of heliocentric distances 0.5 AU≲ r≲ 80 AU
(i.e., out to the edge of the heliosphere), the solar wind
radial velocity has been directly measured [145–149] and
found to be largely independent of r, while the number
density of solar wind particles is measured to fall as roughly
np ∝ r−2 [145–149]; this is also consistent (up to loga-
rithmic corrections) with an isothermal Parker wind model
outside the sonic radius r > rs, where rs ≪ AU [124]. In
particular, this means that this outward momentum flux
applies a time-dependent total force to 314159 Alice of

F⊛ðtÞ ≈ ϵpðtÞπmpR2⊛ΩpðtÞ ·
�
r⊕
r⊛

�
2

; ð13Þ

where 1 ≤ ϵp ≤ 2 is an Oð1Þ parameter characterizing the
proton-asteroid collisions and surface geometry: the lower
(respectively, upper) bound on ϵp is saturated when 314159
Alice is a perfect absorber (respectively, retroreflector) of
the momentum flux. The value ϵp ¼ 1 is also attained if the
reflection of protons from a perfectly spherical asteroid
surface is exactly specular. We will thus take ϵp ∼ 1.
Writing ΩpðtÞ≡ Ω̄p½1þ δΩpðtÞ�, where hδΩpðtÞi≡ 0,

we have Ω̄p ≈ 9 × 1017 m−1 s−2 [128,131,132]. Therefore,
for 314159 Alice we have the net acceleration fluctuation of

δa⊛ðtÞ ∼
3mp

4ρ⊛R⊛
Ω̄p

�
r⊕
r⊛

�
2

δΩpðtÞ: ð14Þ

This is identical to Eq. (3) under the replacements Ī⊙ →
mpΩ̄p and δI⊙ðtÞ → δΩpðtÞ.
The acceleration ASD is thus obtained from Eq. (4)

under the replacement on the rhs of Ī⊙ → mpΩ̄p andffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δI⊙�ðfÞ

p
→

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δΩp�ðfÞ

p
, where the solar wind fluc-

tuation ASD
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δΩp�ðfÞ

p
is directly computed from the

CELIAS/MTOF PM SOHO time series data by fast Fourier
transform (FFT).14

Under the same assumptions discussed in the text
between Eqs. (4) and (5), we then obtain the characteristic
strain from the solar wind fluctuations from Eq. (6) with the
replacements Ī⊙→mpΩ̄p and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δI⊙�ðfÞ

p
→

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δΩp�ðfÞ

p
.

This noise curve is shown by the green band in Fig. 2(b),
with the solid green line being the sliding average noise
curve smoothed over a Gaussian kernel in (log-)frequency
space. Similar comments as in Sec. III A 1 regarding real-
asteroid modifications to these results apply here as they do
for the TSI noise source.

3. Asteroid gravity gradient noise

Because this detection proposal makes use of local test
masses located in the inner Solar System, it is subject to the
asteroid gravity gradient noise (GGN) that we previously
identified and estimated in Ref. [65]. Here, we adopt the
noise curve from Ref. [65] for circular 1 AU detector orbits
with a 1 AU baseline (middle panel of Fig. 2 of Ref. [65]);
despite the mismatch with the assumed 1.5 AU orbits here
for 314159 Alice and 271828 Bob, we expect that this is an
appropriate estimate for this noise contribution within some
Oð1Þ factor, since this orbital radius is still far outside the
main belt. In a future detailed technical design study for this
mission concept, this noise source should be recomputed
assuming the real (elliptical, inclined) orbits of the asteroids
selected. This noise curve is shown by the dark blue line in
Fig. 2(d), with the lighter blue shaded band giving the
close-pass noise estimate discussed in Sec. V E of Ref. [65]
and shown in Fig. 5 of that reference. In both cases, we
have only shown these curves for hc ≳ 10−20 [horizontal
black dotted line in Fig. 2(d)], where the asteroid GGN is
already a highly subdominant noise contribution for this
proposal; this is done in order to avoid clear numerical
artifacts that occurred in our simulations from Ref. [65] at
smaller values of hc.

15

4. Collisions

Asteroids are subject to external perturbations from
collisions with dust particles and meteoroids in the inter-
planetary medium (IPM), as well as their much rarer,
but more catastrophic, collisions with other asteroids (see,
e.g., Ref. [153]). The dust and meteoroid density and flux
are measured using a variety of techniques appropriate
to different mass ranges, including measurements of meteor
impacts with Earth’s atmosphere, measurements of the
zodiacal light, direct measurements of high-velocity
impacts on experiments deployed on deep-space missions,
and counts of the number and size of micro and macro
impact craters on the Lunar surface [154–156]. The total
dust density in the vicinity of the Earth’s orbit is

14The data stream from the CELIAS/MTOF PM is not
“complete,” in the sense that there are durations over which data
sampled at a uniform temporal spacing are not available. This
presents issues for the FFT. One naïve way to deal with this is to
linearly interpolate available data for ΩpðtÞ to a regular grid
before performing the FFT, and the results we present in this
paper are based on that approach. Alternative, more sophisticated,
approaches such as the nonuniform FFT are available (see,
e.g., Refs. [150–152] for one implementation); however, in the
relevant frequency band, we have explicitly checked that the
nonuniform FFT gives results for hcðfÞ (smoothed in log-
frequency space by a sliding Gaussian kernel with a standard
deviation parameter of 0.05 log10½Hz�) that differ from the naïve
approach by only an Oð1Þ factor at worst, and are typically in
much better agreement than even that.

15In Ref. [65], we imposed a cutoff
ffiffiffiffiffi
Sn

p ≳ 10−17=
ffiffiffiffiffiffi
Hz

p
; this is

a roughly equivalent criterion to the one used in this work, since
the cutoff occurs for f ∼ 10−6 Hz and hc ¼

ffiffiffiffiffiffiffiffi
fSn

p
.
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ρdustðmdust ≲ 102 gÞ ∼ 10−16 g=m3 [154,155], with around
half of that dust-mass being particles in the mass range
10−6g≲mdust ≲ 10−4 g [154]; tens of tonnes of dust enter
the Earth’s atmosphere within a typical 24-hour period.
We adopt a conservative dust model in order to estimate

the impact of these collisions on the asteroid c.m. position.
The assumed integral number-flux density,

IðmÞ≡
Z

∞

m
v
dn
dm0 dm

0; ð15Þ

where v is the dust speed,m is the dust-particle mass, and n
is the dust number density, is shown in the upper panel of
Fig. 3. This model for IðmÞ is constructed as follows: for
10−18 g≲m≲ 1 g, we adopt the “Lunar flux model” from
Fig. 1 and Table 1 of Ref. [154]; this is known [154] to be
an overestimate by a factor of Oð102Þ of the IPM dust
density for m≲ 10−10 g owing to secondary impacts of
ejecta generated by primary Lunar cratering increasing the
microcrater count on the Moon, but it is conservative to
adopt this curve instead of the “interplanetary flux model”
from the same reference, and it has little impact on our
results to do so. For m≳ 1 g, we adopt the procedure
of Ref. [157] and adopt the broken power law given by
Eqs. (4.38)–(4.40) in Ref. [157]. Equation (4.38) in that
reference is based on the same dust results as in Ref. [154],
whereas Eqs. (4.39) and (4.40) are based on (or extrapo-
lated from) lunar impact-crater data [156]. The matching
betweenEqs. (4.38) and (4.39) occurs [continuously in IðmÞ]
at m ≈ 1.48 g, and the matching between Eqs. (4.39)
and (4.40) occurs [again, continuously in IðmÞ] at m∼
1.91 × 1013 g. Per Ref. [157], this is expected to be a
conservative overestimate for m≲ 2 × 107 g.
Using this number-flux density, we make two estimates

the collisional influence on the asteroid c.m. The first is the
more realistic estimate, and the second a conservative
overestimate.

Realistic estimate—Consider the mass range i defined by
m1i ≤ m ≤ m2i. The number of objects in mass range i that
collide with 314159 Alice in a GW period TGW ¼ 1=fGW is
given by

Ni ∼ 4πR2⊛TGW½Iðm1iÞ − Iðm2iÞ�: ð16Þ

Note that it is appropriate (and also conservative) to use the
full surface area of 314159 Alice here, 4πR2⊛, instead of the
cross-sectional area. The flux numbers in Ref. [154] are,
assuming an isotropic flux, stated for a spinning flat plate
with an effective solid angle acceptance of π sr: every area
element on the asteroid surface of size dA ¼ R2⊛dΩ⊛
therefore sees an impact-angle-averaged incoming rate
of objects larger than mass m of d2N=ðdtdAÞ ¼ IðmÞ.
Integrating over the asteroid surface area, GW period, and
mass bin then gives Eq. (16).

Each of these Ni collisions will impart an impulsive
velocity kick to the asteroid of order δv ∼ m̄ivcoll=m⊛,
where m̄i ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m1im2i
p

and vcoll ∼ 30 km=s is a conserva-
tively high typical collision speed in the inner Solar System
(we ignore here orientation and finite-size effects).
However, these impulsive velocity kicks will be directed
in random directions, and so will cancel out up to a residual,
randomly directed overall velocity kick of order Δvi ∼
δv × ΔNi where ΔNi ¼

ffiffiffiffiffi
Ni

p
is the Poisson fluctuation in

the number of collisions from this bin. We then assume that
this velocity kick acts for a time TGW to give a displacement
of order Δxi ∼ TGW · Δvi; we multiply this by

ffiffiffi
2

p
to

account for perturbations on both asteroids, yielding a
strain noise estimate from mass “bin” i of order16

ðhcÞi ∼
ffiffiffi
2

p
Δxi
L

¼ 3m̄ivcoll
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Iðm1iÞ − Iðm2iÞ�

pffiffiffiffiffiffi
2π

p
ρ⊛R2⊛Lf

3=2
GW

: ð17Þ

We plot curves showing ðhcÞi for selected values of fGW in
Fig. 4, again with two mass bins per decade of mass as
measured in grams. It is clear that ðhcÞi is an increasing
function of mi, so larger collisions will dominate the noise
estimate; see discussion below.
Of course, each mass range i contributes a randomly

directed motion of this type, so the correct estimate
accounting for all mass ranges of interest would sum the
contributions from Eq. (17) in quadrature over all bins i:

ðhcÞcoll ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXimax

i¼imin

ðhcÞ2i

vuut ; ð18Þ

where imin is the index such thatm1;imin
¼ 10−18 g is a fixed

lower-mass cutoff to the available flux model (see Fig. 3),
and imax is the index such that m2;imax

¼ mmaxðfGWÞ, where
mmaxðfGWÞ is a frequency-dependent high-mass cutoff to
this estimate which is fixed by requiring that the number of
collisions with objects m ≥ mmaxðfGWÞ in a period TGW is

16It is useful to understand the full scaling of this result
with R⊛. Per Fig. 4, ðhcÞi is dominated by the largest logarithmic
mass bin, so we can replace the

ffiffiffiffiffiffi� � �p
factor in Eq. (17) withffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

dIðmmaxÞ=d logm × Δ logm
p

. Since IðmmaxÞ is a power law in
the relevant mass range, both dIðmmaxÞ=d logm and IðmmaxÞ
have the same scaling with mmax. Moreover, from Eq. (19) we
have IðmmaxÞ ∝ R−2⊛ ; that is, smaller R⊛ will be accompanied by
larger IðmmaxÞ. In the relevant range of masses m applicable
for impacts on 314159 Alice if R⊛ is in the vicinity of our
8 km fidicial value, we have IðmÞ ∝ m−1.34 per Eq. (4.38)
of Ref. [157] for R≲ R⊛. Since 1.34 ∼ 4=3, we therefore roughly
have mmax ∝ R3=2

⊛ . This scaling holds until R⊛ is small enough
that Eq. (4.38) ceases to be self-consistently valid in this esti-
mate (see Fig. 3). Putting this all together, we find that
ðhcÞi ∝ R3=2

⊛
ffiffiffiffiffiffiffiffi
R−2⊛

p
=R2⊛ ∝ R−3=2

⊛ . We have also verified this
scaling numerically for an 800 m radius asteroid; we find that
it has a noise ≈30 times larger than that of 314159 Alice.
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less than 0.5 (a similar, by not identical, criterion is shown
by the blue shaded bands in Fig. 3):

4πR2⊛TGWIðmmaxðfGWÞÞ≡ 0.5: ð19Þ

This high-mass cutoff is of course relevant to the estimate
of the overall noise level since the results of Fig. 4 indicate
that the sum at Eq. (18) is dominated by the largest few
mass bins; we note that by estimating the noise to include
all objects for which there is a probability of more than 0.5
collisions to occur during the GW period is thus likely
conservative. The results of this collisional noise estimation
procedure, obtained using 100 bins per decade of mass in
grams, are shown by the solid turquoise line in Fig. 2(g);
note that the scaling is faster than the f−3=2GW scaling that
might be expected from Eq. (18), because IðmmaxðfGWÞÞ
also depends on fGW nontrivially, as is clear from Fig. 4.

Conservative estimate—Because the realistic estimate
above is dominated by the largest objects we include, it
is sensitive to the high-mass cutoff. Moreover, the dust
might have structure, and this could lead to fluctuations
larger than

ffiffiffiffi
N

p
. We thus also construct a very conservative

estimate of the largest possible collisional noise that might
be reasonable to assume.

FIG. 3. Upper panel: integral number-flux density IðmÞ,
defined as at Eq. (15), of dust in the interplanetary medium
in the vicinity of the Earth’s orbit. The various colored lines are
the dust model adopted in Ref. [157] (various shades of red, as
annotated), and both the lunar (green) and interplanetary (dashed
blue) flux models from Ref. [154] (identified in the legend as
“Grün, et al.”). We adopt the conservative estimate shown in
thick, dashed black; the exact construction of this curve is
discussed in the text. Lower panel: The mass-weighted difference
number-flux density (black). We take m̄ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

m1m2

p
and

ΔIðmÞ≡ Iðm1Þ − Iðm2Þ, where m2 > m1 are the bin edges
(we present these results using two bins per decade of mass
as measured in grams). Note also that IðmÞ is a decreasing
function of m: Iðm1Þ > Iðm2Þ. Each vertical dotted blue line
shows the upper edge of the largest mass bin for which one
collision with 314159 Alice can be expected in the amount of
time annotated on the line; fewer than one collision in the
indicated time is expected to occur for objects with masses in
each mass bin in the blue shaded regions to the right of each of
these lines. We draw lines at 104 s (approximately the highest
frequency of interest for our proposal), 106 s, 1 year, 10 years (a
typical mission duration), 100 yrs, 1000 yrs, the surface age of
433 Eros (approximately 400 Myr) [153] (Eros itself has however
likely spent a significant fraction of this period in the Main Belt,
where its surface cratering/collisional rates would be much
higher than in its current near-Earth environment [116]), the
age of the Solar System (4.6 Gyr) [158], and the age of the
Universe (13.8 Gyr) [159]. Excluding rare events that would
not be expected to occur within a mission duration, the dominant
mass-weighted differential number flux is in the region
m ∼ 10−6 − 10−5 g.

FIG. 4. Contributions to the strain noise ðhcÞi given in Eq. (17)
from each mass-bin i, presented using two mass bins per decade
of mass as measured in grams. The red, green, and blue lines are,
respectively, results for GW frequencies fGW ¼ 10−6, 10−5, and
10−4 Hz. The lines are drawn solid up to and including the bin
containing the maximum mass (mmax) object as defined at
Eq. (19) in the text; the maximum mass for each frequency is
denoted by the thin vertical dashed line of like color. Above the
bin containing the maximum mass, the per-bin strain results ðhcÞi
are shown by dotted lines; this estimate is actually not correct in
that mass range, and we do not use it. The overall strain estimate
at Eq. (18) only includes contributions up to and including the
maximum-mass bin (i.e., we use only the solid parts of the
various colored lines). Because ðhcÞi is an increasing function of
m, the rarest and largest collisions dominate this noise estimate.
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Suppose that the dust in the interplanetary medium
exhibited Oð1Þ density fluctuations on exactly the right
length scale, l ∼ vastTGW, to supply a fluctuation in the
force applied to the asteroid on a period of exactly TGW.
Suppose also that, instead of the stochastic fluctuation we
assumed in our realistic estimate, this dust density fluc-
tuation results in a coherently directed force on the asteroid:
i.e., all dust particles impact on the asteroid from the same
direction (as might be expected if, e.g., the asteroid were
moving into a dust overdensity). In this case, the velocity
kick suffered by the asteroid due to impacts with objects in
mass-bin i is given by Δvi ∼ ðNi=2Þδvi, with Ni still given
by Eq. (16), where the 1=2 roughly accounts for the flux
impinging on the asteroid from only one direction [this is
likely incorrect by an Oð1Þ factor, as we are converting
isotropic flux numbers from Ref. [154] to a directional flux
here; this error is however within the uncertainty on this
estimate]. Given the assumption that the dust density varies
by Oð1Þ on the GW period, the magnitude of this velocity
kick thus also varies by Oð1Þ on the GW period, so it
becomes the relevant kick to use to estimate the noise for
GW detection at that period. Then, following the same
logic as for the realistic estimate, we would estimate the
strain noise contribution to be

ðhcÞcons:i ∼
3m̄ivcollffiffiffi

2
p

Lρ⊛R⊛Lf2GW
½Iðm1;iÞ − Iðm2;iÞ�: ð20Þ

For the GW frequencies of interest, this estimate is now
dominated by objects with mdust ∼ 10−5 g; see Fig. 5.
Moreover, because we assume the collisions are all

coming from the same direction, the net strain contribution
is the linear sum over all bins:

ðhcÞcons:coll ∼
Ximax

i¼imin

ðhcÞcons:i : ð21Þ

We again estimate mmax ¼ m2;imax
as at Eq. (19), but with a

numerical factor of 2 replacing the numerical factor of 4 on
the lhs (again to account for the smaller asteroid surface
area exposed to this assumed directional flux); the result is
however somewhat insensitive to this cutoff now, owing to
being dominated by collisions with objects with mdust ∼
10−5 g (see Fig. 5). The result of this conservative colli-
sional estimate are shown by the dashed turquoise line in
Fig. 2(g). Because we constructed this estimate only to
provide an extremely conservative upper bound on this
noise source, we do not include it in our results further. It is
clear moreover that this upper bound is only slightly worse,
by an Oð1Þ factor, than the enveloped noise curves (see
Sec. VI and Fig. 9) that were constructed without including
it in the frequency range around fGW ∼ 3 μHz.
We conclude that collisions are most probably a sub-

dominant noise source and are at worst a noise at

approximately the same level as other sources we estimate
in this paper in the relevant frequency range.

5. Electromagnetic forces

Asteroids are also potentially subject to electromagnetic
forces that perturb their c.m.
Interplanetary space is permeated by the interplanetary

medium, one component of which is the hot plasma of
protons (and other ions) and electrons in the solar wind
(see Sec. III A 2). This plasma is quasineutral [126]: neutral
on macroscopic scales, with violations of neutrality at
Debye-length scales, λDebye ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T=ð4παn̄pÞ

p
assuming

q ¼ 1; see, e.g., Refs. [126,160,161]. Taking a typical
temperature 105 K≲ T ≲ 106 K [136], and an average
proton number density np ∼ 5 cm−3 [128], this length
scale is 10 m≲ λDebye ≲ 30 m.17 As such, large-scale
electric fields are screened in the Solar System, also on
Debye-length scales [126]; a large-scale heliospheric mag-
netic field (HMF)18 BHMF is however maintained in the
plasma [162–164].
In this subsection, we consider possible c.m. motion

effects arising from electromagnetic fields: (i) if the
asteroid were to become charged, it would experience a
magnetic Lorentz force as it moves through the HMF at
speeds v⊛ ∼ 30 km=s; (ii) if the asteroid itself is perma-
nently magnetized, it will be subject to a force due to
magnetic field gradients; and (iii) if the asteroid is charged
by the solar wind and there are fluctuations in the electric

FIG. 5. As for Fig. 4, but using instead the conservative noise
estimate given at Eq. (20) and discussed in the text. For this
estimate, collisions with objects with m ∼ 10−5 g always domi-
nate the estimate for the GW frequencies in our band.

17Note that the proton temperature is about a factor of 10 lower
than the translational kinetic energy associated with the bulk
wind outflow, but even if the Debye length is estimated using
that energy in place of the temperature, the length scale is
still Oð100 mÞ.

18Historically, also called the interplanetary magnetic
field [162].
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field in the IPM on Debye-length scales, this could also
give a force on the asteroid.

Electrical charging and Lorentz force—Suppose
that 314159 Alice and 271828 Bob were each subject
to white-noise charge fluctuations with an rms charge Qe
over a frequency band of order fGW; here, e≡

ffiffiffiffiffiffiffiffi
4πα

p
is

the fundamental unit of charge. Then the single-asteroid
acceleration ASD from the magnetic Lorentz force would be
of order

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWSa

p
∼
Qev⊛BHMF

M⊛
; ð22Þ

leading to an in-band strain noise estimate (assuming equal-
magnitude noises on each asteroid) of

hc ∼
2

ffiffiffi
2

p
Qev⊛BHMF

M⊛ð2πfGWÞ2L
: ð23Þ

Here, we have assumed that the HMF itself does not display
fluctuations much larger than its average value in the band of
interest; although the HMF can displayOð1Þ fluctuations in
amplitude and large directional changes [136], this is gen-
erally a reasonably well-motivated approximation (see
also Fig. 6).
It remains to estimate the size of the charge fluctuation

Q. The asteroid can only become charged on large scales by
the ionized solar wind that impinges on its surface. Let us
take a naïve model of the solar wind as comprised as

packets of volume ∼λ3Debye that alternate in the sign of the
charge; this is of course not realistic, but it is a conservative
model as far as solar-wind-induced charge fluctuations are
concerned. These packets of charges are constantly blow-
ing past the asteroid, randomly charging up various parts of
the surface. We can estimate the fluctuation of the asteroid
charge by asking for the Poisson fluctuations in the total
charge of the asteroid arising by counting the number of
packets of charge eQDebye, whereQDebye¼ð4π=3Þλ3Debyen̄p,
whose cross-sectional area would blanket the asteroid
surface, Npatches ∼ 4πR2⊛=ðπλ2DebyeÞ, and estimating the
rms charge fluctuation as

Q ∼QDebye ×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npatches

p ð24Þ

∼
8π

3
R⊛λ2Debyen̄p ð25Þ

∼
2

3
R⊛

T
α

ð26Þ

∼ 3 × 1014 ×

�
T

106 K

�
×

�
R⊛
8 km

�
: ð27Þ

While we have maintained Oð1Þ numerical factors here,
this estimate is only accurate at the order-of-magnitude
level. Note also that this estimate, up to Oð1Þ factors, is the
same as that which would be obtained by equating the
thermal kinetic energy of a solar wind particle with its
electrostatic potential energy computed assuming a 1=r
Coulomb potential for the charged asteroid (i.e., ignoring
the plasma screening). If one replaces the thermal kinetic
energy T with the translational bulk outflow kinetic energy
K̄p ∼mpv̄2p=2 of the wind [up to an Oð1Þ factor arising
from the average of the square vs the square of the average],
this estimate increases by only a factor of ∼10.
An alternative estimate for the total asteroid charge

would be to take Q ∼Qlocal
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npatches

p
with Npatches esti-

mated as before, but withQlocal being the maximum surface
charge within each such “packet” area that can be built up
given the incoming solar wind speed. This can be obtained
by an energetics argument: because the electric field
generated by this patch of charge is screened in the radial
direction within the length scale λDebye, it takes a potential
energy of ∼αQlocal=λDebye to introduce an additional proton
to the asteroid surface if the patch is charged to þjQlocalj;
but each incoming proton has roughly K̄p ∼mpv̄2p=2 of
kinetic energy, so we can estimate Qlocal ∼ K̄pλDebye=
α ¼ 3ðK̄p=TÞQDebye; the rms charge fluctuation Q
obtained from this estimate is just Eq. (27) under the
replacement T → 3K̄p ∼ 30T, which is similar to the ad hoc
estimate based on the replacement of T by the bulk outflow
kinetic energy K̄p that was outlined at the end of the
previous paragraph.

FIG. 6. One-sided PSD of the one-hour-averaged heliospheric
magnetic field (HMF) as measured by the ACE satellite [137,138]
at its orbital location around the Earth-Sun L1 Lagrange point
over the time period 1997–2021 (light-red line merging into the
light-red band). The sliding average of the PSD taken over a
Gaussian kernel in log-frequency space with a width of
0.1 log10½Hz� is shown by the thick red line. The solid blue line
shows S½hBHMFi� ¼ 60 nT2=Hz × ðf=mHzÞ−5=3, while the dot-
ted blue line is 5× that same analytical expression; see discus-
sion in text. The horizontal green line shows the value
S½hBHMFi� ¼ 1.5 × 106 nT2=Hz, with the green band covering
a range from half to twice that value (i.e., a factor-of-2 variation).
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Taking Q from Eq. (27), the strain noise estimate is thus

hc ∼
ffiffiffi
2

p
ev⊛BHMFT

πR2⊛ρ⊛ð2πfGWÞ2Lα
ð28Þ

∼ 1.4 × 10−24 ×

�
μHz
fGW

�
2

×

�
BHMF

10 nT

�
×

�
T

106 K

�
;

ð29Þ

where we conservatively took BHMF ∼ 10 nT [136,162,165].
By comparison to the results in Fig. 2, one can see that this is
a negligible noise source by some ∼7 orders of magnitude;
even were the estimate repeated with T → cK̄p with c an
Oð1–3Þ numerical factor, this would still be a highly
subdominant noise source.

Magnetic field gradient—If 314159 Alice has a permanent
dipolar magnetic moment μ⊛, it is subject to a force [166]
F ¼ ∇ðμ⊛ · BHMFÞ ≈ ðμ⊛ · ∇ÞBHMF in the gradient of the
HMF, or an acceleration of a ≈ ðμ̂⊛ · ∇ÞBHMF, where μ̂⊛ ≡
μ⊛=M⊛ is the specific (per mass) magnetic moment.
The near-surface magnetic-field environment of 433

Eros was characterized by the NEAR-Shoemaker mission
while orbiting and during final descent to the asteroid
surface [167].19 These data place an upper limit of
Bð35 kmÞ≲ 10−10 T on the magnetic field measured by
the satellite while in a 35 km-radius orbit around the c.m. of
433 Eros, which would place a limit on the magnetic
moment of μEros ≲ 4.3 × 1010 Am2 [167]; further data
taken during the final descent to landing on the asteroid
surface improve this limit by a factor of ∼3 to be
μEros < 1.3 × 1010 Am2 [167], which corresponds to a
specific magnetic moment limit μ̂Eros ≡ μEros=MEros ≲
1.9 × 10−6 Am2 kg−1 [167]. On the other hand, some
other large asteroids such as 951 Gaspra (S class [115])
and 9969 Braille (Q class [115]) are known to have
significantly higher specific magnetic moments, as high
as μ̂ ∼ 3 × 10−2 [168–170]; other large asteroids such
as 162173 Ryugu (Cg class [115]) and 21 Lutetia
(M class [115]) are however known to have global
moments lower than that of Eros [170]. Although 433
Eros is an ideal example target for one end of the baseline
for this mission, and one can select asteroid targets based
on their magnetization properties, we will nevertheless give
noise estimates assuming that the specific magnetic
moment of 314159 Alice lies between a conservatively
high value of μ̂high⊛ ∼ 3 × 10−2 Am2 kg−1, and an 433 Eros-
like value of μ̂low⊛ ∼ 2 × 10−6 Am2 kg−1.
We ignore the vectorial orientation of the asteroid

moment and the HMF, and take the parametric estimate

a⊛ ∼ μ̂⊛ΔBHMF=λHMF where we have assumed that the
HMF has fluctuations of order ΔBHMF on length-scales
λHMF. As an initial, order-of-magnitude estimate, let
us assume that there are broadband, approximately
white-noise fluctuations in the HMF with an rms size of
BHMF ∼ 10 nT over a bandwidth of fGW. We will take
λHMF ∼ v̄p=fGW to be a typical gradient scale associated the
HMF field lines, which are entrained in the solar wind; we
take v̄p ∼ 400 km=s, giving λHMF ∼ 2.7AU × ðμHz=fGWÞ,
which is also roughly the same AU length scale on which
the static HMF itself falls off by an Oð1Þ factor in
the vicinity of the Earth’s orbit [124,162–164]. Then,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fGWS½a⊛�
p

∼ μ̂⊛BHMFfGW=v̄p, and so

hc ∼
2

ffiffiffi
2

p
fGWμ̂⊛BHMF

ð2πfGWÞ2Lv̄p
ð30Þ

∼ 4 × 10−22 ×

�
μHz
fGW

�
×

�
μ̂⊛
μ̂high⊛

�
ð31Þ

∼ 2 × 10−26 ×

�
μHz
fGW

�
×

�
μ̂⊛
μ̂low⊛

�
: ð32Þ

Comparison to Fig. 2 indicates that the estimate using the
high (respectively, low) specific magnetic moment is safe:
it is subdominant to existing noise sources by some 4–5
(respectively, 9) orders of magnitude. We note that this
large margin of safety supplies an a posteriori justification
for some of the vaguer approximations used in this
estimate: they would need to be violated by many orders
of magnitude to invalidate the estimate.
Nevertheless, however safe the above estimate is, it is

naïve, and we can improve it: the HMF, as measured
on a heliocentric orbital trajectory, more typically exhi-
bits a PSD following a power law S½BHMF�ðf; rÞ∼
S½BHMF�ðf�; rÞðf=f�Þ−5=3 for f ≳ 10−5 Hz, with
S½BHMF�ðf� ∼mHz; r ¼ 1.75 AUÞ ∼ 10 nT2=Hz [167].
Data spanning 1997–2021 (i.e., over slightly more than
two full solar cycles) from the ACE mission [137,138]20

located on a Lissajous orbit near the Earth-Sun L1
Lagrange point (r ∼ r⊕ ∼ 1 AU within 1%) indicate a very
similar −5=3 power-law spectral index for f ≳ 3 μHz; see
Fig. 6. However, the smoothed normalization is
S½BHMF�ðf� ¼ mHz; r ≈ r⊕Þ ∼ 60 nT2=Hz; frequency-to-
frequency fluctuations are however large, although the
largest upward fluctuations are still within a factor of ∼5
of this value. The spectral index of this PSD however
flattens for lower frequencies and it is almost flat for
2 × 10−8 Hz≲ f ≲ 3 × 10−6 Hz, taking the value
S½BHMF�ðf; r ≈ 1 AUÞ ∼ 1.5 × 106 nT2=Hz in this fre-
quency range [the smoothed PSD varies by a factor of

19We quote values in SI units in this paragraph. The conversion
from SI to natural Heaviside-Lorentz units is 1 Am2 ≈ 3.2×
1016 eV−1. Recall also that 1T ≈ 195.4 eV2.

20Similar data are also in principle available for the DSCOVR
mission [136,171].
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Oð2Þ around this value in this range]. The higher-frequency
spectral normalizations at the different heliocentric radii are
broadly consistent, within Oð3Þ factors, with the expected
drop off in the HMF with radius: for the static HMF, we
would have Bϕðr⊕Þ∼Brðr⊕Þ, while BrðrÞ ∝ r−2 while
BϕðrÞ ∝ r−1 [124,162–164].
Overall, we conservatively take S½BHMF�ðfÞ ∼ 60 nT2=

Hz × ðf=mHzÞ−5=3 over the entire frequency range of
interest, as this is a good average value for Earth-radius
orbits at higher frequencies, and an overestimate at lower
frequencies (f ≲ 3 × 10−6 Hz). We use the Earth-radius
value rather than a value at r ∼ r⊛ ∼ 1.5 AU to be
conservative. We also update our approach to estimating
the gradient of BHMF: because the HMF field lines are
entrained with the solar wind, we replace ∇BHMF ∼
v̄−1p _BHMF. And we can use21 S½ _B� ∼ ð2πfÞ2S½B�; we will
continue to take v̄p ∼ 400 km=s. The noise estimate is then

hc ∼
2

ffiffiffi
2

p
μ̂⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½BHMF�ðr⊕; fGWÞ

p
2πfGWLv̄p

ð33Þ

∼ 6 × 10−22 ×

�
μHz
fGW

�
4=3

×

�
μ̂⊛
μ̂high⊛

�
ð34Þ

∼ 4 × 10−26 ×

�
μHzF
fGW

�
4=3

×

�
μ̂⊛
μ̂low⊛

�
: ð35Þ

These estimates are similar in magnitude to the previous
ones. This is thus not a relevant noise source by some 4–9
orders of magnitude, depending on the assumed specific
magnetic moment.
Alternatively, the relevant speed in the HMF gradient

estimation may be the Alfvén speed, which is vA ¼ BHMF=ffiffiffiffiffiffiffiffiffiffiffi
mpn̄p

p
∼ 50 km=s × ðBHMF=5 nTÞ× ðn̄p=5 cm−3Þ−1=2, or

roughly vA ∼ v̄p=10. We note that even if, in our length-
scale estimate, we replaced v̄p → v⊛ ∼ v̄p=10, or took
the Alfvén speed vA ∼ v̄p=10 instead, and also took the
absolute largest normalizations of S½BHMF� (i.e., a factor of
5 larger than we used here), the same qualitative conclusion
that this is not a relevant noise source would still result, and
still by at least 2 orders of magnitude.

Electric field fluctuations—Although large-scale electric
fields are screened, such fields can exist on length scales of
order the Debye length. Let us return to our mock model of
the solar wind as comprised of alternating quasispherical
packets of charge with radius λDebye and charge eQDebye

with QDebye ¼ ð4π=3Þλ3Debyen̄p impinging on the asteroid.
Suppose one such packet has just transferred all its charge
to the surface, and consider the electromagnetic force that is

then exerted on that patch of the surface of radius λDebye by
the next incoming charge packet (of opposite charge);
parametrically, this will be Fpatch ∼ αQ2

Debye=λ
2
Debye. At any

given instant, there are Npatches such randomly fluctuating
oriented forces acting on the asteroid, leading to a net
instantaneous force of order F⊛ ∼ Fpatch

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npatches

p
. This

force will vary in both magnitude and direction by an Oð1Þ
factor on a timescale τ ∼ λDebye=vp, since the incoming
solar wind will randomly alter the asteroid surface charge
on the timescale it takes the solar wind to cross the Debye
length. The displacement of the asteroid in this time will be
of order δx ∼ ðF⊛=M⊛Þτ2, and this displacement will
random walk over timescales TGW ¼ 1=fGW to give a
net displacement of order Δx ∼ δx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TGW=τ

p
, leading to a

strain noise of order

hc ∼
αQ2

Debye

λ2Debye M⊛L
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npatches

p �
λDebye
v̄p

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v̄p

fGWλDebye

s
ð36Þ

∼
T9=4

6
ffiffiffi
2

p ðπαÞ5=4n̄1=4p R2⊛ρ⊛Lv̄
3=2
p f1=2GW

ð37Þ

∼ 4 × 10−35 ×
�
fGW
μHz

�
−1=2

×
�

T
106 K

�
9=4

; ð38Þ

which is an extremely small noise source. Had we assumed
that the force F⊛ acted coherently for a time TGW instead,
the estimate would increase by a factor of ∼1015, but that
would still not make it a relevant noise source, and would
itself be a dramatic overestimate.

B. Fluctuating torques: Rotational motion

External perturbations also apply fluctuating torques to
an asteroid owing to asteroids’ nonspherical surface geom-
etries, nonuniform surface albedos, and nonuniform mass
distributions. This can alter the rotational state of the
asteroid which gives rise to additional noise sources on
the baseline measurement because each asteroid c.m. must
be located indirectly by referencing it to the location of one
or more points on the surface of the asteroid.
In this subsection, we estimate the impact of torques

arising from fluctuating external sources: (1) solar radiation
pressure and the solar wind, (2) electromagnetic forces,
(3) collisions with dust, and (4) close flybys with larger
objects.
While we show that the fluctuating torque-noise sources

are no more problematic for our purposes than the direct
c.m. motions induced by external forces, we also discuss
various mitigation possibilities where appropriate.

1. Solar radiation and wind torques

The fluctuations in the solar radiation and solar wind can
be characterized as a fluctuating pressure acting on the

21In the Fourier domain, temporal differentiation brings down
a factor of ð2πfÞ on the Fourier transform B̃, and S½B� ∝ jB̃j2.
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surface of 314159 Alice. Let us suppose that the pressure
fluctuation has an in-band amplitude of δP ∼

ffiffiffiffiffiffiffiffiffiffiffiffi
fS½P�p

,
where S½P� is the relevant pressure PSD; we will return
below to what the relevant frequency band is to consider. To
be conservative, we will consider an Oð1Þ asymmetry in
how this pressure is applied to two halves of 314159 Alice
that lie on either end of some chosen axis n̂: for instance,
this could occur for the solar radiation pressure if one half
of 314159 Alice is much lighter (respectively, darker) than
the other and therefore has a higher (lower) albedo—note
that this an effect that would be absent if we imposed
the 314159 Alice simplifying assumption that the surface
of the asteroid were uniform, so we must relax that
assumption here. Up to an Oð1Þ geometrical factor c1 that
we do not compute as it depends in detail on the asteroid
surface geometry, a conservatively large estimate for the
torque that this fluctuating pressure asymmetry would
induce is δτ ∼ c1R⊛A⊛δP ∼ c1πR3⊛

ffiffiffiffiffiffiffiffiffiffiffiffi
fS½P�p

.
The effect of this torque depends on the axis about which

it is applied; we consider in turn the cases where the torque
is applied (i) along the existing angular momentum axis or
(ii) perpendicular to that axis.

Torque along angular momentum axis—In the case where
this torque is aligned along the rotational axis of 314159
Alice, the relevant frequency range of pressure fluctua-
tions that given rise to in-band noise around fGW ∼ μHz
will actually be f ∼ f⊛, where f⊛ is the 314159 Alice
rotational frequency. This is because we have fGW ≪ f⊛
except at the highest frequencies of interest in our band, and
because the origin of any surface asymmetry of 314159
Alice that is giving rise to the differential torque along
the rotational axis must necessarily be corotating with
314159 Alice. Therefore, low-frequency angular motion
perturbations will occur as a beat note between a pressure
fluctuation near the rotational period and the rotational
period itself (i.e., at f ∼ f⊛ � fGW). Therefore, we will
take δP ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½P�ðf⊛Þ

p
in estimating the torque δτ; note

that the relevant bandwidth around f⊛ is still only ∼ fGW
wide, which is why fGW and not f⊛ appears in the square
root. Because for both the solar radiation pressure and the
solar wind pressure, the PSD S½P� is a falling function of
frequency between fGW and f⊛, this would only aid to
suppress noise.
Because this torque acts along the rotational axis, it gives

rise to a straightforward angular acceleration δα that gives
rise to a fluctuation in the rotational rate: δα ∼ δτ=I⊛ where
I⊛ ∼ c2 M⊛R2⊛ is the moment of inertia of 314159 Alice
about the rotational axis, with c2 being Oð1Þ numerical
factor that depends on the exact asteroid geometry; there-
fore, δα ∼ 3c2δτ=ð4πR5⊛ρ⊛Þ. This gives rise to a fluctuation
in the location of a point on the surface of the asteroid with
an in-band rms amplitude of δx ∼ rkδα=ð2πfGWÞ2, where
0 ≤ rk ≤ R⊛ is the shortest distance from the rotational axis
of the asteroid to the relevant point on the surface. In the

worst case, the noise is similar in magnitude at both ends of
the baseline, yielding a

ffiffiffi
2

p
larger noise than if the larger of

the two noise contributions is assumed. Putting this all
together, the approximate two-asteroid contribution to the
characteristic strain noise is of order22

hrot;kc ∼
2

ffiffiffi
2

p
δx

L
∼
3

ffiffiffi
2

p
c3

8π2
rk
R⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½P�ðf⊛Þ

p
ρ⊛R⊛f2GWL

ð39Þ

∼ c3
rk
R⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½P�ðf⊛Þ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½P�ðfGWÞ

p × hc:m:
c ; ð40Þ

where c3 is anotherOð1Þ geometric factor that folds in both
c1 and c2 and baseline-projection effects, and hc:m:

c is the
cognate two-asteroid c.m. noise estimate from either the
solar radiation pressure [cf. Eq. (6), recalling that δP⊙ ∼
δI⊙ × ðr⊕=r⊛Þ2 for solar radiation pressure], or the solar
wind [see comments below Eq. (14)].
We have written the final form of Eq. (40) in that way

because, for both of these noise sources, we have S½P�ðfÞ ≳
S½P�ðf⊛Þ for f < f⊛; because we also have rk ≤ R⊛, the
factor multiplying hc:m:

c in Eq. (40) is thus at worst an Oð1Þ
factor, and is likely actually a suppression, especially if the
base station is intentionally located near a rotational pole,
so that r ≪ R⊛.
The qualitative conclusion is that the strain noise arising

from fluctuating torques along the angular momentum
direction from the solar radiation pressure and the solar
wind is in the worst case no larger than the cognate c.m.
strain estimate arising from the same sources.

Torque perpendicular to angular momentum axis—A
torque applied perpendicular to the axis of rotation can
in principle arise from a nonrotationally modulating differ-
ence in response of the asteroid to the solar radiation field
or the solar wind: e.g., for the solar radiation, the “northern”
hemisphere of the asteroid could be permanently lighter
[higher albedo] than the “southern” one. The pressure
fluctuation to consider in this case in estimating the torque
δτ should be taken to be δP ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½P�ðfGWÞ

p
; it is

possibly smaller than this if, for instance, the origin of the
asymmetry is a rotating light or dark spot on one hemi-
sphere, but we will proceed under this conservative
assumption. Other than this change, the conservative torque
fluctuation would be estimated in the same way as for the
parallel case: δτ ∼ c01πR

3⊛
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½P�ðfGWÞ

p
where c01 is

again an Oð1Þ factor.
However, the response of the asteroid to this torque is of

course different: it will cause the asteroid’s angular

22The additional factor of 2 has the origin discussed in footnote
9; despite these estimates being rough at the level ofOð1Þ factors,
we consistently account for that factor here in order to make the
comparison to results in Secs. III A 1 and III A 2 fair.
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momentum vector to precess. In response to a sinusoidal
torque perturbation at frequency fGW applied perpendicular
to the existing angular momentum vector L⊛, the asteroid
will wobble by an angle of order δθ ∼ δL=L⊛ ∼ c03δτ=
ð2πfGWL⊛Þ over a GW period, where c03 is an Oð1Þ factor,
and L⊛ ∼ ω⊛I⊛ is the magnitude of the angular momentum
of 314159 Alice around the rotational axis, with I⊛ ∼
c2 M⊛R2⊛ being the moment of inertia of 314159 Alice
around that same axis. This leads to an in-band motion
of a point on the asteroid surface of order δx ∼
c03r⊥δτ=ð4π2fGWf⊛I⊛Þ and 0 ≤ r⊥ ≤ R⊛ is the shortest
distance from the relevant point on the asteroid surface to
the axis about which the torque is applied.
Again, in the case where the noise arising from each

asteroid is similar in size, the combined noise is at worst a
factor of

ffiffiffi
2

p
larger than the larger of the two single-asteroid

contributions, so we have a two-asteroid strain-noise
contribution of order23

hrot;⊥c ∼
3

ffiffiffi
2

p
c04

8π2
r⊥
R⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½P�ðfGWÞ

p
ρ⊛R⊛fGWf⊛L

ð41Þ

∼ c04
r⊥
R⊛

fGW
f⊛

× hc:m:
c ; ð42Þ

where c04 is anOð1Þ factor that subsumes c01, c2, and c
0
3 and

accounts for baseline-projection effects, and hc:m:
c is again

the cognate two-asteroid c.m. strain noise estimate [see
discussion below Eq. (40)]. We have again written Eq. (42)
in this form to demonstrate that the result is the c.m. noise
estimate multiplied by a suppression factor: we have fGW ≲
f⊛ and r⊥ ≤ R⊛. Note however that although r⊥ ≤ R⊛, we
do have r2⊥ þ r2k ∼ R2⊛, so that one cannot simultaneously
suppress both k and ⊥ responses using these radius-ratio
factors.
The fluctuating torques from the solar radiation pressure

and the solar wind that act perpendicular to the angular-
momentum vector thus give rise to a strain noise that is
again even in the worst case no worse than the cognate c.m.
noise estimate arising from the same external perturbation.

2. Electromagnetic torques

The heliospheric magnetic field will also give rise to
fluctuating torquing of any permanent magnetic moment
of 314159 Alice: δτ⊛¼μ⊛×BHMF. As in Sec. III A 5 b, for
the purposes of presenting analytical estimates in this
section, we again conservatively assume that the HMF has
a power spectrum S½BHMF�ðfÞ∼60 nT2=Hz×ðf=mHzÞ−5=3;
we will however use the actual HMF PSD [137,138] shown
in Fig. 6 for graphical presentation of these noise estimates
in Fig. 2(g). As in Sec. III B 1, will consider two cases:

assuming the torque has magnitude δτ⊛ ∼ μ⊛BHMF either
(i) along the angular momentum axis or (ii) perpendicular
to it.

Torque along angular momentum axis—The torque gives
rise to a fluctuating angular acceleration δα⊛ ∼ δτ⊛=
I⊛ ∼ μ̂⊛BHMFR−2⊛ , where we have used I⊛ ∼M⊛R2⊛ ignor-
ing Oð1Þ geometrical factors, and μ̂⊛ is again the specific
(per-mass) magnetic moment; see Sec. III A 5 b. Taking
into account the frequency modulation effects discussed for
this case in Sec. III B 1, and estimating similarly sized
noises on both asteroids, we obtain a strain noise contri-
bution of order

hHMF;k
c

∼
rk
R⊛

ffiffiffi
2

p
μ̂⊛

ð2πfGWÞ2LR⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½BHMF�ðf⊛Þ

p
ð43Þ

∼ 8 × 10−17 ×

�
rk
R⊛

�
×

�
μ̂⊛
μ̂high⊛

�
×

�
fGW
μHz

�
−3=2

ð44Þ

∼ 5 × 10−21 ×

�
rk
R⊛

�
×

�
μ̂⊛
μ̂low⊛

�
×

�
fGW
μHz

�
−3=2

; ð45Þ

where 0 ≤ rk ≤ R⊛ is again the distance from the station
location on the asteroid surface to the rotational axis, and
we have taken f⊛ ∼ ð5 hrsÞ−1. Importantly, note that the
HMF PSD in Eq. (43) is evaluated at f⊛, and not at fGW,
for the reasons discussed above in Sec. III B 1.
Once again, as in Sec. III A 5 b, we have given two

point estimates assuming either a 433 Eros-like specific
magnetic moment μ̂low⊛ ∼ 2 × 10−6 Am2=kg, or a much
higher generic asteroid magnetic moment μ̂low⊛ ∼ 3×
10−2 Am2=kg; see discussion in Sec. III A 5 b. For the
lower, 433 Eros-like specific magnetic moment (μ̂⊛ ¼ μ̂low⊛ ),
this noise is subdominant to other noise sources we have
already estimated, as indicated by the solid purple line in
Fig. 2(g), which assumes rk ¼ R⊛ and is drawn using in
Eq. (43) the (smoothed) HMF PSD value for S½BHMF�ðf⊛Þ
that is shown in Fig. 6. However, for the higher magnetic
moment (μ̂⊛ ¼ μ̂high⊛ ), it could end up being a dominant noise
source by a factor of up to ∼30 (at the worst-case frequen-
cies), as indicated by the dotted purple line in Fig. 2(g) which
again assumes rk ¼ R⊛ and is again drawn using in Eq. (43)
the (smoothed) HMF PSD value for S½BHMF�ðf⊛Þ that is
shown in Fig. 6. This motivates finding at least one other
asteroid TM candidate with specific magnetic moment
properties similar to those of 433 Eros, in order to avoid
this potential noise problem; it could also be mitigated
somewhat by locating the station near (e.g., within ∼3%
of) the rotational pole of 314159 Alice.

23We again consistently account for the factor of 2 arising from
footnote 9 as at Eq. (40).
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Torque perpendicular to angular momentum axis—
Consistent with our discussion in Sec. III B 1, the
strain-noise result for the case of a torque perpendicular
to the angular momentum axis is obtained from the esti-
mate parallel to the axis—at least up to Oð1Þ numerical
factors that we are ignoring here—by replacing rk → r⊥,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½BHMF�ðf⊛Þ

p
→

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½BHMF�ðfGWÞ

p
, and ð2πfGWÞ2 →

ð2πfGWÞð2πf⊛Þ in Eq. (43). Therefore,

hGW;⊥
c

∼
r⊥
R⊛

ffiffiffi
2

p
μ̂⊛

4π2fGWf⊛LR⊛

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½BHMF�ðfGWÞ

p
ð46Þ

∼ 4 × 10−17 ×

�
r⊥
R⊛

�
×

�
μ̂⊛
μ̂high⊛

�
×

�
fGW
μHz

�
−4=3

ð47Þ

∼ 3 × 10−21 ×

�
r⊥
R⊛

�
×

�
μ̂⊛
μ̂low⊛

�
×

�
fGW
μHz

�
−4=3

: ð48Þ

Again, for the lower (433 Eros-like) specific magnetic
moment (μ̂⊛ ¼ μ̂low⊛ ), this noise is subdominant to other
noise sources we have already estimated; see the lower
orange band (with the solid orange line being the log-
frequency-space Gaussian kernel smoothing of the band)
in Fig. 2(g), which is drawn assuming r⊥ ¼ R⊛ and using in
Eq. (46) the full HMF PSD S½BHMF� that is shown in Fig. 6.24
However, for the higher specific magnetic moment
(μ̂⊛ ¼ μ̂high⊛ ), it again ends up being about a factor of up
to ∼30 (at the worst-case frequencies) larger than the other,
dominant noise sources we have already estimated; see
the upper orange band (with the dotted orange line being
the log-frequency-space Gaussian kernel smoothing of the
band) in Fig. 2(g), which is again drawn assuming r⊥ ¼ R⊛
and again using in Eq. (46) the full HMF PSD S½BHMF�
that is shown in Fig. 6. Again, this motivates looking
for 433 Eros-like TM candidates to avoid this noise
contribution.

Comment—While the estimates above obtained using the
433 Eros-like specific magnetic moment μlow⊛ ∼ 2 ×
10−6 Am2=kg are easily subdominant to other noise sources,
the estimates obtained from the higher specific magnetic
moments μhigh⊛ ∼ 3 × 10−2 Am2=kg are larger than other
dominant noise sources we have estimated for 10−6 Hz≲
fGW ≲ 3 × 10−5 Hz; see Fig. 2(g). Because specific aste-
roids with such large specific magnetic do exist [167–170],
care must be taken when selecting asteroid targets for this

mission to identify low-magnetization asteroids, with spe-
cific magnetic moments closer to that of 433 Eros.
Alternatively, because the noise source we have identified
here is only a factor of at worst ∼30 larger than other other
sources at the worst-case frequencies, in situ measurements
of the local HMF field fluctuations to 2–3 significant figures
by a magnetometer on board the base-station packagewould
be sufficient to allowmodeling of this noise source, allowing
it to be mitigated to levels no worse than the other noise
sources, even assuming that an asteroid with a large specific
moment must be selected for other operational reasons (e.g.,
size, location, rotational characteristics, etc.).

3. Collisions

Similar to the case of the solar radiation and wind torques,
torques from collisions can be reduced to estimates similar to
the cognate c.m. motion estimate. Consider objects with
massmi in the rangem1i ≤ mi ≤ m2i colliding with 314159
Alice at a distance ∼R⊛ from the rotational axis of the
asteroid at a relative impact speed of vcoll. Up to Oð1Þ
geometrical factors, immediately prior to the collision, any
such object carries an angular momentum Lobj;i ∼ R⊛mivcoll
relative to an axis passing through c.m. of 314159 Alice.
Neglecting spallation of particles from the asteroid surface
upon collision, this angular momentum is transferred to the
asteroid: ðδL⊛Þ1;i ∼ R⊛mivcoll. Suppose that during a time
TGW,NiðTGWÞ collisions of objects in this mass-range occur
in a randomly directed fashion, with NiðTGWÞ still given by
Eq. (16). This will lead to a net change in the angular
momentum of 314159 Alice over a GW period of order
ðδL⊛Þi ∼ R⊛m̄ivcoll

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NðTGWÞ

p
where m̄i ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m1im2i
p

, with
similar magnitude changes occurring along all three inertial
axes. Note that we make this estimate under the “realistic”
case for the collision noise discussed in Sec. III A 4; we will
not discuss the conservative case here, as that was an
overestimate. We again treat the cases (i) along and
(ii) perpendicular to the angular momentum axis separately.

Torque along angular momentum axis—For torques along
the angular momentum axis, the change in the angular
momentum of 314159 Alice leads to a net change in its
angular velocity of order ðδω⊛Þi ∼ ðδL⊛Þi=I⊛. Over a period
TGW, this causes a position error on the location of a station
a distance rk from the rotational axis of order ðδxÞi ∼
rkðδω⊛ÞiTGW [note: ðδω⊛ÞiTGW ≪ 1], leading to a two-
asteroid strain noise contribution from this mass-bin (assum-
ing roughly equal-magnitude noise at both ends of the
baseline) of

ðhcÞrot coll;ki ∼
rk
R⊛

3m̄ivcoll
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Iðm1iÞ − Iðm2iÞ�

pffiffiffiffiffiffi
2π

p
ρ⊛LR2⊛f

3=2
GW

ð49Þ

∼
rk
R⊛

ðhcÞcoll; c:m:
i ð50Þ

24Note that this means that the numerical values quoted at
Eqs. (47) and (48) will, when evaluated at fGW ≲ 3 × 10−6 Hz,
disagree numerically with the results plotted in Fig. 2(g), because
the analytical model used for S½BHMF�ðfÞ in arriving at Eqs. (47)
and (48) overestimates the HMF PSD in that frequency range, as
shown in Fig. 6.
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≲ ðhcÞcoll; c:m:
i ; ð51Þ

where ðhcÞcoll; c:m:
i is the collisional c.m. strain noise estimate

from the same mass-bin given at Eq. (17). The same
discussion that follows Eq. (17) in Sec. III A 4 regarding
the dominant mass bin thus applies here too.
Similar to the torque results for solar radiation and wind

noise sources, we see a suppression of the rotational part of
the collisional strain noise contribution as compared to the
c.m. noise contribution, by the ratio of the typical distance
between the relevant point on the asteroid surface and the
rotational axis, to the typical radius of 314159 Alice. The
rotational noise contribution from collisions is thus no
worse than the cognate c.m. noise contribution. As shown
in Fig. 2(g), the realistic collisional c.m. noise estimate is
already quite safe, so its rotational cognate is not a source of
additional problematic noise.
Were we to rerun this argument with the conservative

noise estimate, we would find a similar parametric scaling
would arise relating the rotational and c.m. cases, and so
the conservative estimate of the rotational part of the
collisional strain noise contribution is again no worse than
the c.m. contribution. This is in the same ballpark as other
dominant noises we estimated, although it can be larger by
up to a factor of ∼30 for the worst-case frequencies [see
Sec. III A 4 and Fig. 2(g)]; we however know that estimate
to be a vast overestimate/absolute upper bound.

Torque perpendicular to angular momentum axis—
Consider now a similar-magnitude torque noise applied
to either of the two axes perpendicular to the angular
momentum direction, which gives rise to precessional
motion of the angular momentum axis, causing an
angular movement of the asteroid axis by an amount
δθ⊛ ∼ δL⊛=L⊛. This leads to a two-asteroid strain noise
estimate (assuming similarly sized noises arise from each
asteroid, and along each of the 2 perpendicular axes) of
order

ðhcÞrot coll;⊥i ∼
ffiffiffi
2

p r⊥
R⊛

fGW
2πf⊛

3m̄ivcoll
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½Iðm1iÞ − Iðm2iÞ�

pffiffiffiffiffiffi
2π

p
ρ⊛LR2⊛f

3=2
GW

ð52Þ

∼
ffiffiffi
2

p r⊥
R⊛

fGW
2πf⊛

ðhcÞcoll; c:m:
i ð53Þ

≲ ðhcÞcoll; c:m:
i ; ð54Þ

where r⊥ is the distance of the station location from the

relevant rotational axis, which is of order r⊥ ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2⊛ − r2k

q
.

This is again suppressed as compared to the c.m. estimate
from the same bin, Eq. (17), since r⊥ ≤ R⊛ and fGW < f⊛
in our GW frequency band.

Again, running the same argument on the conservative
collisional noise estimate from Sec. III A 4 would yield a
similar parametric suppression of the rotational result as
compared to the cognate conservative c.m. result.
This is thus again no more problematic a noise source

than the direct c.m. strain noise estimate.

4. Flybys

The estimate for torquing of 314159 Alice from flybys
of small objects can be based on the GGN noise estimate
from Ref. [65]: this is because, for a close flyby, the GGN
noise is dominated by the force applied to a single asteroid
of the pair forming the baseline. The differential force
applied to 314159 Alice during a flyby gives rise to a torque
on the asteroid. The parametrics of the estimate will go
through in much the same way as the parametrics for the
estimates for the solar radiation pressure, solar wind, and
collisions, leading to a torque-induced strain noise con-
tribution from flybys that can be parametrically estimated
based on the cognate c.m. contribution from flybys.
There is however one exception here: the relevant

fluctuating differential force applied to 314159 Alice
during a single-object flyby that gives rise to a torque is
the tidal gravitational force acting across the asteroid, not
the full gravitational force: the torque-induced strain noise
estimate for a single flyby is thus parametrically suppressed
by an additional factor of ∼R⊛=b as compared to the
cognate c.m. estimate, where b is the impact parameter for
the flyby. Because R⊛=b ≪ 1 for all flybys except for those
of the most minute dust grains which do not dominate the
estimate (see Sec. V of Ref. [65]), the flyby torque noise
contribution can thus be estimated to be tidally suppressed
as compared to the GGN noise level shown in Fig. 2(d).
This noise is thus not relevant.

C. Asteroid orbital and rigid-body kinematics

In additional to their response to fluctuating torques,
asteroids are also subject to (1) intrinsic orbital and
(2) torque-free rotational motions that will limit their utility
as test masses in certain frequency bands. We discuss these
motions in this subsection.

1. Orbital motion

For inner Solar System asteroids of the type that we
consider as TM candidates in this work, typical orbital
periods are OðyearsÞ; see Table I. This places their orbital
frequencies in the band forb ≲ 3 × 10−8 Hz, well below our
band of interest. When computing the baseline distance
between two such asteroids, both asteroid periods, as well
as all of their higher harmonics, and the sum and difference
frequencies of those frequencies, will all also generally
enter in the variation of the baseline distance. Heuristically,
because the eccentricity enters in the heliocentric radius
expression as r½θðtÞ� ¼ að1− e2Þð1þ e cos½θeðtÞ�Þ−1 where
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θeðtÞ is the solution to the eccentric orbit equation (see
Appendix A.4 of Ref. [65]), it is generically the case
that higher harmonics of the orbital period enter in the
baseline distance expression accompanied by higher
powers of the eccentricity.25 Asteroid eccentricities are
typically nontrivially large, but generically not so large as
to be Oð1Þ; see Table I. There is therefore an exponential
suppression of the power in higher harmonics (see also
Sec. II of Ref. [65] for a much more detailed discussion of
this effect). We thus expect little of the orbital motion to
have direct frequency overlap with our band of interest.
Some overlap is however in principle possible, and we wish
to quantify this.
We have explicitly computed the baseline distance Li;jðtÞ

between some of the pairs of asteroids i, j listed in Table I,
and have examined their frequency content; see Fig. 7. We
perform this computation twice, over two disjoint, con-
tiguous simulated missions each of T ¼ 10 yr duration, in
order to illustrate some interesting variation of the results.
We have assumed in doing this that the asteroids in question
follow exactly elliptical orbits specified by their instanta-
neous osculating elliptical orbital parameters specified in
the NASA JPL Small-Body Database [115]; although we
know this to be imprecise for the timescales of interest here,
quantifying even this idealized case is useful. In order to
address issues of spectral leakage and enlarge the dynamic
range of our results (see discussion in Appendix D
of Ref. [65], and also Ref. [123]), we apply a window
function wðtÞ ¼ sin8ðπðt − t0Þ=TÞ to Li;jðtÞ: Lw

i;jðTÞ≡
wðtÞLi;jðtÞ. We then compute the PSD of the windowed
timeseries S½Lw

i;j�, and construct the quantity

ĥ½Li;j�≡ ζhLi;ji−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fS½Lw

i;j�ðfÞ
q

; ð55Þ

where h� � �i is the temporal average over the simulated
mission duration and ζ is a factor designed to
account for the PSD-amplitude suppression effect of
the window function, so that the resulting quantity
ĥi;j can roughly be compared to the characteristic strain
hc that would be detectable. Given our window function,
we take ζ ¼ 128=35, which is correct for a narrowband
(Δf ≲ 1=T) source; see discussion in Appendix D
of Ref. [65]. These results are shown in the upper panel
in each quadrant of Fig. 7.

Generalizing, we define ĥ½x� as at Eq. (55), but with
Li;jðtÞ → xðtÞ and Lw

i;jðtÞ → xwðtÞ ¼ wðtÞxðtÞ for any func-
tion xðtÞ. For comparative purposes, we also show in the
upper panel of each quadrant in Fig. 7 the results for
ĥ½rk�; k ¼ 1, 2, where rkðtÞ is the Solar System barycentric
radius of the orbit of each asteroid in the relevant pair.We also
show our final noise curve result from Fig. 9 for comparison.

Additionally, in the lower panels of each quadrant of
Fig. 7, we show the (unwindowed) time series data for all
the relevant functions for each simulated mission duration,
along with the window function envelope.
We have truncated a number of our ĥ½x� results curves

(for relevant x) in the upper panel of each quadrant of Fig. 7
at thresholds either at or below where they cross our noise
curve from Fig. 9. This is because the window function we
have used, while excellent at suppressing spectral leakage
and thereby widening the dynamic range over which we
can present results, does not completely eliminate that
leakage; it only mitigates it. Had we continued to present
the curves to lower values of ĥ½x� than shown without
making any changes to the procedures discussed above that
we used to compute them, they would unphysically
transition from falling exponentials to smooth, falling
power laws; this is a feature that (in this context, at least)
is known to be diagnostic of spectral leakage effects. We
note that this is purely a signal-processing issue, and could
in principle be mitigated by resorting to a different window
function that more severely trades off for dynamic range at
the expense of frequency resolution. However, because the
existing results suffice to track ĥ½x� for relevant x at least to
the level of our noise curve (and in many cases a few orders
of magnitude below it), the case for resorting to a different
window function is weak. The results as presented in Fig. 7
are valid where shown, are physical, and track the curves to
or beyond the point where they are needed; no conclusions
are altered by our truncation, nor would they be had we
implemented a different windowing optimization to explore
the results to smaller values of ĥ½x�.
These results illustrate a number of interesting features:

(1) for most cases, the orbital motion gives rise to exponen-
tially suppressed frequency content in the baseline distance
variation above f ∼ μHz; (2) there is however a large
frequency content of the baseline distance variation in the
0.1–1 μHz band; (3) there can be, but there is not necessarily,
some large variation in the frequency content of the baseline
distance for a fixed asteroid pair from one 10-year mission
duration to the next, including in some cases still quite large
power at frequencies above μHz; and (4) there is a reasonably
large pair-to-pair variation in the quantitative results, albeit
with clear common qualitative features, such as exponential
dropoff in the noise as a function of frequency.
Observations (1) and (2) can be explained reasonably

directly from our comments above regarding the eccen-
tricity of the asteroid orbits generically leading to en ≪ 1
suppression for the nth harmonics in the motion.

25To flesh out this heuristic argument: the lowest power of a
term ∼ cosðωtÞ containing a term with frequency content at ωn ¼
nω is cosnðωtÞ, and each higher power of cos½θeðtÞ� in an e ≪ 1
expansion of the radial distance r½θðtÞ� enters with one higher
power of e, so the nth harmonic is suppressed by ∼en. This
argument is of course an heuristic explanatory tool and does not
capture the full dependence of the baseline distance on e; in
particular, it does not address the e dependence residing in θeðtÞ
itself. The point of the numerical results presented in this section
is to verify explicitly that this exponential suppression does occur
in the full computation.

ASTEROIDS FOR μHZ GRAVITATIONAL-WAVE … PHYS. REV. D 105, 103018 (2022)

103018-21



FIG. 7. For each of four pairs i, j of asteroids selected from Table I, and annotated in each quadrant of this figure, we present two sets
of results. Upper panel for each asteroid pair: we show ĥ½x� as defined in the text, for the quantities x taken to be the baseline separation
distance Li;jðtÞ between the asteroids (red lines), and the Solar-System-barycentric radius of each asteroid orbit rkðtÞ for k ¼ i, j (blue
and green lines, respectively). These results are presented for two separate, contiguous simulated 10-year mission durations: one set of
results as solid lines and the other as dashed lines. Note that these results are obtained after processing the time-series data through a
window function wðtÞ ¼ sin8½πðt − t0Þ=T� to reduce spectral leakage and increase the dynamic range of the PSD [65,123], but are
corrected upward by a factor ζ ≡ 128=35 to partially account for the amplitude-suppression effects of the window (see discussion in
text) and are thus directly comparable to results for hc. Also shown in gray is the smoothed and enveloped hc noise curve arising from all
other relevant noise sources, as shown in Fig. 9. We note that a number of the results curves are truncated at values of ĥ½x� either at, or
below, the noise curve; this is to avoid showing unphysical results that are impacted by residual spectral leakage effects that our
windowing procedure reduced but did not completely eliminate (see discussion in the text). No conclusions are modified by this
truncation. Lower panel for each asteroid pair: we show the time-series data for Li;jðtÞ (red lines) and rkðtÞ for k ¼ i, j (blue and green
lines, respectively), with the two contiguous 10-year mission durations shown again as solid and dashed lines, respectively, and
matching the same line styles as used in the upper panels. Also shown in purple (with the same solid/dashed definition) is the envelope of
the window function wðtÞ. These results are discussed at length in the text.
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Observation (3) can also be easily explained: there is a
clear correlation between having higher-amplitude high-
frequency components in ĥ½Li;j� in a given mission dura-
tion, and the existence within that same mission duration of
a closer encounter between the two asteroids (especially a
close encounter near the peak of the window function).
Such a close encounter obviously induces higher-frequency
changes in the baseline distance. Conversely, the mission
durations with lower-amplitude high-frequency compo-
nents in ĥ½Li;j� exhibit an absence of such close passes
(or their appearance is far from the peak of the window
function). What is clear from Fig. 7, however, is that there is
no corresponding large change to the way in which the radii
of the asteroid orbits themselves, as measured from the
Solar System barycenter, vary from one mission duration to
the next: they never exhibit large amounts of power above
∼ μHz, even in cases where ĥ½Li;j� shows higher power
above μHz. The most potentially troublesome high-
frequency content (i.e., that above ∼ μHz) of the baseline
distance variation thus arises only from the effective
“projection” of the orbits onto each other that is inherent
in making a distance measurement between two TMs on
those orbits. Most naïvely, one could simply window out
those durations of time in the data stream when the
asteroids are known to be executing more rapid close
encounters, and focus on analyzing the durations of time
when the asteroids are further apart. Alternatively, mission
planning could select durations of time during which such
close passes are not expected to occur.
Note that this effect does not occur for all asteroid pairs.

With reference to the lower panels in each quadrant of
Fig. 7, it is clear that, depending on the orbital parameters,
close passes can (i) occur many times during each simu-
lated 10-year mission and thus always be present, leading
to higher high-frequency components in any simulated
mission of that length; (ii) not occur at all and thus always
be absent, leading to lower high-frequency components;
or (iii) can occur infrequently, leading to a fluctuation
between in the amplitude of the high-frequency compo-
nents depending on whether or not such a pass happened to
occur in any given relevant mission duration. This also
easily explains observation (4): particular pairs of asteroid
orbits and orbital orientations will just give rise to larger
numbers of close encounters, leading to larger high-
frequency components. Again, mission planning could
select asteroids for which such close passes are not
expected to occur, or are expected to occur only rarely
so that they can be windowed out without causing a loss of
large amounts of useful mission time.
We should emphasize however that the overlap in

frequency space of the upper end of the frequency content
of the baseline distance variation with the lower end of our
GW band of interest, for some asteroids during some
chosen mission durations, occurs here because we have
made no attempt in this discussion to model and remove the

orbital motion. The orbital motion is deterministic, so this
frequency content overlap is only a noise to the extent to
which the modeling of that motion is inaccurate or
imprecise: in a full analysis, one would of course try to
fit the full time series of the measured baseline distance by a
model that includes orbital motions and a GW signal (plus
other kinematic motions such as rotations [see next sub-
section]), and not just take a PSD of the raw (windowed)
baseline separation measurements and look for excess
narrowband power. For instance, suppose the asteroids
actually followed exactly elliptical orbits around the Solar
System barycenter: one could then fit out the entirety of the
orbital motion with a simple 12-parameter fit (six orbital
elements per asteroid: semimajor axis, eccentricity, time of
perihelion passage, and three Euler angles that define the
orbital orientation). That is, the entirety of the results shown
for ĥ½Li;j� in Fig. 7 could be modeled and removed by a 12-
parameter fit for each asteroid pair. In practice, of course,
asteroids do not follow exactly elliptical orbits due to
N-body gravitational interactions and other perturbations,
but these effects can be reasonably well modeled (see,
e.g., Refs. [172,173]).
Overall, these results make clear that the frequency

separation between the orbital frequency band and the
1 − 10 μHz band is in many cases already sufficient to
allow for GW detection in our band without the need for
any modeling of the orbital motion. Orbital modeling, or
more sophisticated analysis strategies, may however be
needed for some chosen sets of asteroids when analyzed
during some time periods if full access to the 1–10 μHz
band is desired. Below f ∼ μHz, the overlap of the high-
frequency tail of the orbital motion with a GW signal might
present a greater difficulty; to the extent that orbital
modeling cannot mitigate this, this mission concept may
lose some coverage in the 0.1–1 μHz band.

2. Rotational motion

Asteroids are naturally found to be in a state of rotational
motion, with periods Trot that can vary widely, depending
also on the asteroid population under consideration.
To select just some long-period examples in the main

belt: 288 Glauke has a ∼29 km diameter [174] and Trot ∼
1.2 × 103 hrs [115]; and 5644 Hyakutake, which is of
∼16 km diameter [174], has Trot ∼ 2 × 102 hr [115]. On
the other hand, various similarly sized main-belt asteroids
spin much faster: for instance, 10263 Vadimsimona has a
∼16 km diameter [174] and Trot ∼ 0.55 hr.
Of course, we do not wish to select main-belt asteroids

owing to the noise environment there, but there is some
variation even for asteroids outside the main belt: we have
listed a variety of such asteroid rotational periods in Table I
that are in the range of 2.4 hrs≲ Trot ≲ 12.1 hrs. The
rotational state of 433 Eros in particular has been extremely
well characterized using data from the NEAR-Shoemaker
mission [114,175–177].
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The reason this is relevant is that the ranging reference
point on the asteroid will necessarily lie at (or near) the
surface of the asteroid, and will thus be executing periodic
motion at the asteroid rotational period, which may hamper
the ability of the mission to extract a GW signal, absent
accurate modeling or measurement of the rotational state.
As we have characterized the relevant torque noises and
have shown that they are all sufficiently small, these
rotational motions are all highly stable, but given that
the amplitude of the rotational motion of the asteroid
“equator” for a 314159 Alice-class asteroid leads to a
naïve strain variation of order hc ∼ 8 km=1 AU ∼ 5 × 10−8

at the rotational period, any such rotational characterization
would need to be accurate at many significant figures to
completely remove this additional rotational contribution to
the baseline distance variation if one were searching for a
GW at the rotational period.
As such, we consider GWmeasurements at the rotational

period of the asteroid unlikely to be robust. Moreover,
any number of mechanisms could also give rise to addi-
tional baseline distance variation at higher harmonics of the
rotational period, and so we would also assume that
extraction of a GW signal at an harmonic of the rotational
period is also unlikely to be robust, although the motion at
higher harmonics may be suppressed. As a result, we
assume that GW detection is severely inhibited/blinded
at all frequencies fin ¼ nfirot for n ¼ 1; 2;…, where
firot ¼ 1=Trot ≈ 6.9× 10−5 Hz× ð4 hrs=TrotÞ, as well as in
some frequency bands around these frequencies. The
width of these inhibited bands in frequency space will be
set by the rotational stability of the asteroids. For the
purposes of this paper, we assume that the inhibited
bands around each fin are fractionally �5% wide. Future
detailed mission planning for specific asteroids would
refine that estimate. Of course, with two such asteroids
with noncommensurate periods, the overlap between the
inhibited bands will eventually fill an Oð1Þ fraction of
the frequency range as one moves to frequencies above
the first few harmonics, supplying a natural high-fre-
quency cutoff to the sensitivity of this proposal that starts
at or around the rotational period or its first few
harmonics, f ∼ 10−4 Hz. We plot vertical shaded bands
in Fig. 2(h) showing the frequency ranges finð1 − δfÞ ≤
fGW ≤ finð1þ δfÞ for n ¼ 1;…; 11 (i.e., fundamental
and 10 harmonics), assuming δf ¼ 0.05, both for Trot ∼
T⊛ ∼ 5 hrs for 314159 Alice (darker, blue-gray bands)
and Trot ∼ 4 hrs for 271828 Bob (lighter, gray bands); see
also Figs. 8 and 9.
Moreover, because asteroids are not in general spheri-

cally symmetric bodies, they are not necessarily simply in
stable rotational motion around one of their principal axes
(i.e., the orthogonal eigenvectors of the moment of inertia
tensor); as such, additional rotational motions are possible.
This motion has in particular been very carefully consid-
ered and characterized for 433 Eros [114,175–177].

First, there is the torque-free Eulerian wobbling of the
body-fixed frame around the fixed angular momentum
vector that can occur for such a nonsymmetrical
body [178]. 433 Eros is found to be in a state of rotational
motion very nearly aligned with the third principal axis
(largest principal moment of inertia), up to a wobble angle in
the rotational axis that has been constrained, using two-way
radio Doppler data from the Deep Space Network and the
NEAR-Shoemaker spacecraft after it landed on the surface of
433Eros, to beΔθ ≲ 10−3 deg [114], andwhichwould have
a period Twobble ∼ 14.8 hrs (fwobble ∼ 1.88 × 10−5 Hz).
Such a wobble would however still possibly constitute a
gigantic signal of order hc ≲ 10−12, and would fall into our
band of interest. This would undoubtedly blind the GW
search at some additional, slightly lower than rotational,
frequencies. However, this motion will once again be stable,
and will only blind certain narrow frequency bands; more-
over, this motion does not reach down into the band
below 10 μHz.
433 Eros also exhibits longer-period precession and

nutation of its rotational pole under the action of the solar
gravity gradient torque [175].26 This motion is estimated to
be at the 10−2 deg level with a 9-month period [177]
(f ∼ 4.3 × 10−8 Hz); this motion has not been unambigu-
ously detected, but is approximately at the limit of detect-
ability given surface-landmark tracking performed using
NEAR-Shoemaker data taken during the 433 Eros-orbital
phase of that mission [177]. While the amplitude is thus
large, it is out of band on the low-frequency side; again, it
will also largely be stable, and so confined to narrow bands,
with higher harmonics suppressed.
The situation is thus that the relevant rotational motions

for an ideal candidate asteroid such as 433 Eros appear to
blind certain frequency bands to GW detection above
10 μHz, with the problem likely becoming quite severe
by f ∼ 10−4 Hz owing to blinded-band overlap. Other
rotational motion of the asteroid may also blind low-
frequency bands below ∼ 0.1 μHz, but their overlap with
our band of interest will be small. We do not expect strong
rotational blinding within the 1–10 μHz band.
Moreover, there are potentially mitigations can could in

principle be deployed were rotational motion to be more of
a severe issue.
First, the rotational motion does not depend at all on the

instantaneous baseline distance LðtÞ, which a GW signal of
course does: rotational motion and a GW signal are thus not
completely degenerate. This could in principle be used to

26This is similar to the precession and nutation of a spinning
top, with the difference that a constant gravitational field is
sufficient to cause precession of the top owing to the surface
support point of the latter not being the c.m. of the top [178]. For
an asteroid unsupported in free space, a constant gravitational
force does not supply a torque through the c.m. (this is by
definition of the c.m.); it is only the gradient of the Sun’s gravity
across the asteroid that can do this.
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separate out a GW signal in a fit of a model of orbital and
rotational motion plus a GW signal against the time series
of measured baseline distances. Additionally, rotational
motion is asteroid specific: if the mission concept were
extended to include more than two asteroids, additional
isolation of asteroid-specific (both rotational and orbital)
noise sources could be possible, while the GW signal
would be common (up to GW polarization and orientation
effects).
Second, we again reiterate that these rotational motions,

as with orbital motion, are deterministic and can be
modeled to some degree: because we have separately
estimated in Sec. III B the relevant torque noises to be
small enough, the deterministic rotational motion is only a
potential inhibitor to this mission concept (and even then,
only at the relevant frequencies outside our main band of
interest) to the extent that the deterministic rotational
modeling is inaccurate. For instance, it is possible that
the rotational state of the asteroid could itself be measured
independently of the GW strain measurement, and this
data included to constrain the rotational model in a global
fit of asteroid baseline separation data. Indeed, some
of the existing 433 Eros rotational modeling relied
on such approaches, using natural surface landmarks
(craters, etc.) as tracking points to constrain the rotational
state [177]. It is mentioned in Ref. [175] that one idea
would be to land a number of human-made transponders on
the surface of the asteroid, and use them as precise
reference points for, e.g., an asteroid-orbiting satellite to
track. This would be an idea that would fit in naturally with
one of the possible strategies we propose in Secs. II and V
for a design for this mission concept: landing on the surface
of the asteroid a large number of transponders or retrore-
flectors, keeping the main base-station systems (clock,
ranging) in an asteroid-orbiting satellite, and ranging the
satellite to the landed transponders/retroreflectors on the
asteroid surface via a secondary ranging system; see further
discussion in Sec. V below. Of course, performing the
necessary angular measurement would require rotational
stabilization (or real-time monitoring) of the orbiting
spacecraft relative to an inertial reference frame (e.g., a
distant set of stars and/or quasars; the approach used, e.g.,
on Gravity Probe B [GP-B] [179–182]).

To independently measure out any possible rotational
motion down to a level that would completely remove it as a
potential source of concern would however require the
combined asteroid angular tracking relative to the spacecraft
and the spacecraft tracking relative to the inertial frame to be
performed at the level of δθ ∼ hc × L=R⊛ ∼ 2 × 10−12 ×
ðhc=10−19Þ at fGW ∼ 10−5 Hz; this corresponds to an angu-
lar drift measurement of order27 ∂tðδθÞ ∼ ð2πfGWÞδθ ∼
7 × 10−15 deg =s ≈ 0.8 mas=yr. This is at or around the
level of stellar tracking accuracy that was achieved by

GP-B [179], and so would in principle be achievable here
(potentially by using alternative technologies to those
employed in GP-B), albeit at the cost of some additional
engineering. Given our considerations above regarding the
frequency content of the rotational motion, such tracking
may not be independently necessary.
Finally, because some small number of (typically,

smaller) asteroids can have active surfaces where boulders
and other objects could move on the surface (see,
e.g., Ref. [183]), we also estimate how large an object
would need to move on an asteroid in order to perturb
the rotational rate of the asteroid sufficiently so as to be a
noise source for our mission concept. We note that this
estimate is provided with the understanding that (1) the
asteroids chosen for this mission may be devoid of this sort
of effect (indeed, it might be one criterion to use in
selection), and (2) this may not even be a relevant noise
source, because for an event of this nature to actually be a
noise (as opposed to a rare event that could be vetoed on), it
would need to occur at least as often as once per GWperiod.
Nevertheless, to be conservative, we estimate the maximum
size of the relevant effects if this were to be a noise.
Let us assume that 314159 Alice has located on its pole a

spherical boulder of mass mb ≪ M⊛ and radius Rb, so that
mb ∼ ð4π=3Þρ⊛R3

b, assuming it is comprised of the same
material as 314159 Alice. Assume further that, owing to
some unknown perturbation, this boulder is perturbed
from that location and ends up a distance rb from the
rotational axis. The initial moment of inertia of 314159
Alice plus the boulder about the rotational axis is Ii ∼
2
5
M⊛R2⊛ þ 2

5
mbR2

b ∼
8π
15
ρ⊛ðR5⊛ þ R5

bÞ. Invoking the dis-
placed-axis theorem, the final momenta of inertia about
the original rotational axis of 314159 Alice plus the boulder
will be approximately If ∼ 2

5
M⊛R2⊛ þ 2

5
mbR2

b þmbr2b ∼
8π
15
ρ⊛ðR5⊛ þ R5

b þ 5
2
R3
br

2
bÞ. This change inmomenta of inertia

will be occasioned by a change in the rotational rate
(ωi → ωf) about the original axis. Using the conservation
of angular momentum about the original rotational axis,
we have

Ifωf ¼ Iiωi ð56Þ

⇒ Δω ¼ ωf − ωi ∼ −
5

2

mb

M⊛

�
rb
R⊛

�
2

ω⊛; ð57Þ

where at the last ∼ sign we dropped corrections suppressed
by at least one more power of mb=M⊛. Over a GW period,
this will cause a change in the location of a reference point on
the equator of the asteroid of order

Δx ∼ R⊛TGWΔω ∼ −
5

2

mb

M⊛
R⊛

�
rb
R⊛

�
2 2πTGW

T⊛
; ð58Þ

leading to a strain contribution of order27Recall: 1mas¼10−3 arcsec≈2.8×10−7 deg ≈ 4.8×10−9 rad.
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hc ∼
5

2

mb

M⊛
R⊛
L

�
rb
R⊛

�
2 2π

T⊛fGW
; ð59Þ

or

mb

∼
M⊛
5π

L
R⊛

�
R⊛
rb

�
2

ðT⊛fGWÞhc ð60Þ

∼ 102 kg ×

�
hc

10−19

�
×

�
fGW

10 μHz

�
×

�
rb
R⊛

�
−2

ð61Þ

∼ 104 kg ×

�
hc

10−19

�
×

�
fGW

10 μHz

�
×

�
rb

800 m

�
−2

ð62Þ

∼ 3 × 107 kg ×

�
hc

10−19

�
×

�
fGW

10 μHz

�
×

�
rb

15 m

�
−2
;

ð63Þ
where the numerical estimates are given at the order of
magnitude level. A spherical boulder of density ρ⊛ and that
mass would have a radius of

Rb ∼ 20 cm ×
�

hc
10−19

�
1=3

×
�

fGW
10 μHz

�
1=3

×
�
rb
R⊛

�
−2=3

ð64Þ

∼ 1 m×

�
hc

10−19

�
1=3

×

�
fGW

10 μHz

�
1=3

×

�
rb

800 m

�
−2=3

ð65Þ

∼ 15 m ×

�
hc

10−19

�
1=3

×

�
fGW

10 μHz

�
1=3

×

�
rb

15 m

�
−2=3

:

ð66Þ
Even in the worst case here (smallest boulder moving the

full radius of the asteroid, which is unlikely to occur),
such a boulder is likely large enough that it could be
visually imaged by an asteroid-orbiting spacecraft: see,
e.g., Ref. [184], which reports characterization of surface
features of 101955 Bennu globally with a pixel resolution
of 42 cm using images taken during asteroid approach, and
locally in targeted regions with a pixel resolution of 1 cm
using images taken during the orbital phase (earlier work
reports complete surface feature characterization of the
same asteroid down to objects at the 8 m scale, with
imaging pixel resolution as small as 33 cm [185]). Consider
also that in order to obtain δ ∼ 20 cm imaging resolution at
near-UVoptical wavelengths (λ ∼ 400 nm) from a distance
of l ∼ 40 km (rough surface elevation of the NEAR-
Shoemaker satellite during the period for which it was
in a 50 km radius orbit around 433 Eros, as measured from
the c.m. of the latter [83,175,176]), an imaging system with
a telescope of diameter D ∼ 1.22λl=δ ∼ 10 cm suffices to
exceed the diffraction limit. It therefore seems likely that it

would be possible to know whether, within any GW period,
such a large surface disturbance had occurred (assuming
that the surface can be imaged completely in this time); one
could thus veto such a period, or otherwise attempt to
account for or model the effects of the change. Additionally,
motion of an object of this type on an asteroid surface is likely
to give rise to seismic disturbances, which could also be
actively be monitored for; see comments in Sec. V B.
Additionally, this movement of the boulder will induce a

small change in the orientation of the rotational axis. Under
the assumptions here, it is a relatively straightforward
exercise in rigid-body kinematics to demonstrate that, as
long as TGW ≪ T⊛ðM⊛=mbÞ and Rb ≪ R⊛, the angle by
which the axis will shift in a time TGW is of order28

δθ∼ð5=2Þðmb=M⊛Þðrb=R⊛Þ2½1−ðrb=R⊛Þ2�ω⊛TGW. Such
a motion, if repeated due to stochastically occurring
boulder-movement events occurring roughly once per
GW period, would give a strain noise of order

hc ∼
R⊛δθ
L

ð67Þ

∼
mb

M⊛
rb
R⊛

rb
L

�
1 −

�
rb
R⊛

�
2
�

5π

T⊛fGW
ð68Þ

∼

8>><>>:
mb

M⊛
rb
R⊛

rb
L

5π

T⊛fGW
; rb ≪ R⊛

1

4

mb

M⊛
R⊛
L

5π

T⊛fGW
; rb ∼ R⊛=

ffiffiffi
2

p ; ð69Þ

where in the latter estimate we took the worst-case result.
Perhaps unsurprisingly, in either case, this is parametrically
a shift of the same size of those given previously for the
change in the rotational rate at Eqs. (60)–(63), and similar
comments apply.
Moreover, because the motion of a boulder on the surface

by a distance ∼rb is an internal change to the asteroid plus
boulder system, the overall c.m. position does not change.
However, therewill be a shift to the position of the c.m. of the
rigid (i.e., nonboulder) part of the asteroid to which the base
station or retroreflectors are rigidly attached, relative to the
overall c.m. of the asteroid plus boulder system. This effect is
of order Δx ∼ ðmb=M⊛Þrb, which would give a strain
contribution

hc ∼
mb

M⊛
rb
L
; ð70Þ

leading to

mb ∼ hc
L
rb
M⊛ ð71Þ

28The angular motion is of course actually periodic over longer
timescales, with the angular frequency Ω ∼ ω⊛ð5=4Þðmb=M⊛Þ×
½1 − ðrb=R⊛Þ2�. Of course, the frequency content of that motion is
far out of band if mb ≪ ðfGWT⊛ÞM⊛.
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∼ 104 kg ×

�
hc

10−19

�
×

�
rb
R⊛

�
−1

ð72Þ

∼ 105 kg ×

�
hc

10−19

�
×

�
rb

800 m

�
−1

ð73Þ

∼ 5 × 106 kg ×

�
hc

10−19

�
×

�
rb

15 m

�
−1
; ð74Þ

with corresponding boulder radii

Rb ∼ 1 m×

�
hc

10−19

�
1=3

×

�
rb
R⊛

�
−1=3

ð75Þ

∼ 2 m×

�
hc

10−19

�
1=3

×

�
rb

800 m

�
−1=3

ð76Þ

∼ 8 m×

�
hc

10−19

�
1=3

×

�
rb

15 m

�
−1=3

: ð77Þ

Imaging of the surface to∼1 m resolution would thus suffice
to notice this change to the asteroid surface.
None of these potential surface-boulder movement

effects would appear to be a seriously problematic noise
source.

D. Excitation of internal degrees of freedom

Asteroids, being extended bodies, have internal degrees
of freedom which can contribute as noise sources for the
strain measurement by virtue of the fact that our mission
concept uses reference points on the asteroid surface in
order to infer the c.m. position of the asteroid TM. We
estimate and/or discuss a number of these noise sources in
this section: (1) tidal stretching of the asteroid TMs,
(2) thermal expansion and cycling, and (3) seismic noise.

1. Stretching by external gravity gradients

Asteroids will be stretched by gravitational tidal
forces acting across their diameter, which arise from other
massive bodies in the Solar System. This could in principle
constitute a noise source, but it is relatively easy to show
that the amplitude of any such stretching is bounded to be
small enough at the strain levels of interest.
Consider the tidal gravitational force between the

c.m. of 314159 Alice and a point on its equator:
ΔF ∼ 2GNM⊛MsourceR⊛=d3, where d is the distance from
the source of the gravitational force to 314159 Alice and
Msource is the mass of the source. This applies a bulk stress
on the asteroid material of order σ ∼ ΔF=ðπR2⊛Þ, which
will give rise to a stretching of the distance from the c.m. to
the point on the equator of order Δx ∼ σR⊛=E⊛, where E⊛
is Young’s modulus for the asteroid material (of course,
in general, the stress and strain are related by a tensor
modulus, but we are interested here only in the magnitude

of the stretching, so we ignore such subtleties). While
there is some uncertainty as to what one should assume
for E⊛ given that not all asteroids are solid monolithic
rock objects, we will give an estimate assuming that
10 GPa≲ E⊛ ≲ 100 GPa, which brackets the typical
range of solid rock in Earth samples [186], and is consistent
with the (reduced29) Young’s moduli measured in small
samples of material returned from 25143 Itokawa by
the Hayabusa mission (82 GPa≲ Er ≲ 111 GPa) [187]
(although we note of course that it does not necessarily
follow that the modulus for the asteroid as a whole is
similar to that of small samples), and with the cal-
culated Young’s modulus of the Chelyabinsk meteorite
(71 GPa≲ Er ≲ 136 GPa) [189] and measured Young’s
moduli of chrondrite meteorites that have impacted Earth
(9.5 GPa≲ E≲ 138 GPa) [190].

This stretching of the asteroid gives rise to a GW strain
noise contribution (taken across the baseline L) of order

hc ∼
8

3

GNρ⊛R3⊛Msource

d3E⊛L
: ð78Þ

For the Sun as the source we take d ∼ 1.5 AU as the typical
314159 Alice heliocentric radius, and obtain 3× 10−21 ≲
hc ≲ 3× 10−20 for 100 GPa≳E⊛ ≳ 10 GPa, which is small
enough. At perihelion, 433 Eros has d ∼ 1.2 AU [115],
which would increase these estimates by a factor of ∼2, but
they are still safe.
Jupiter is too far from the inner Solar System

(aJupiter ∼ 5.2 AU and eJupiter ∼ 0.048 [115]) to ever domi-
nate over the Solar tidal force for inner Solar System
asteroids, but close encounters with other major bodies
could in principle dominate; this would however need to
checked on an asteroid-by-asteroid basis. For instance, 433
Eros has a closest possible Earth-approach distance of d ∼
0.15 AU [115], but M⊙=ð1.5 AUÞ3 ∼ 1.8 × 10−4 kg=m3,
while M⊕=ð0.15 AUÞ3 ∼ 5.3 × 10−7 kg=m3, so this will
cause a smaller degree of stretching than the Solar tidal force.
Note also that this strain contribution is driven by an

external force that changes on orbital timescales, but this

29The reduced Young’s modulus Er is obtained by measuring
the penetration depth under a known applied load of a probe
tip into the surface of the sample of the material [187]. It is
related [187] to the Young’s moduli EðiÞ of the sample and probe
by the relationship E−1

r ¼ P
i½EðiÞ=ð1 − ν2ðiÞÞ�−1 where ðiÞ ¼

probe; sample and νðiÞ is the Poisson ratio of the relevant material
(this measures the tendency of that material to expand or contract
in the dimensions perpendicular to an applied stress). Since
probe tips are typically taken to a material such as diamond
(e.g., Ref. [187]) which has Eprobe ≫ Esample, we can approximate
Er ¼ Esample=ð1 − ν2sampleÞ. Moreover, at the level of accuracy to
which we are working here, we then employ E and Er
interchangeably, since ν ∼ 0.2–0.3 is typical for many types of
rock [188], leading to only modest (≲10%) differences between
E and Er.
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low-frequency driving force could also be modulated up to
the asteroid rotational frequency and appear as a sideband
around the latter; for the relevant asteroids, it is thus both
small enough and likely out of band for GW searches in the
μHz band.

2. Thermal expansion and cycling

Another large effect that the solar radiation flux has on
an asteroid is of course to heat the surface. For instance,
2867 Steins has day-side asteroid surface temperatures
as high as T ∼ 250 K, and night-side temperatures that
fall below T ≲ 100 K [191]. As another example, around
perihelion, 101955 Bennu can have a surface temperature
as high as T ∼ 390 K at certain points on its surface, with a
day-night temperature variation ΔT ∼ 140 K [192].

This heating and cooling of course causes reversible
thermal expansion of the asteroid surface layers, as well
as possible irreversible noise sources owing to cracking
or surface material slippage. This will exhibit strong
frequency content at and above the rotational frequencies
of the asteroid, which is another good reason to select
asteroids whose rotational frequencies lie above our band
of interest.
There is however also a more subtle long-term effect that

can occur. Because the maximum day-side surface temper-
ature of the asteroid is set by the balance of incoming
radiation flux against Stephan-Boltzmann reradiation from
the surface,

I⊙ðr⊛Þ ∼ T4⊛; ð79Þ

a periodic fluctuation in the Solar radiation flux will be
occasioned by a fluctuation in the largest possible day-side
surface temperature of the asteroid at the same period. At
linear order, this is estimated as

ΔI⊙ðr⊛; fÞ
Ī⊙ðr⊛Þ

∼ 4
ΔT⊛ðfÞ

T̄⊛
; ð80Þ

where T̄⊛ ∼ 300 K is a conservatively high day-side
surface temperature estimate for the asteroid, and
ΔI⊙ðr⊛; fÞ ¼ Ī⊙ðr⊛ÞδI⊙ðfÞ is the fluctuation in the solar
TSI at the location of 314159 Alice.
This extra heating and cooling of the asteroid surface will

cause the surface layers of the asteroid to expand or
contract thermally, and because the solar power fluctuates
stochastically, this fluctuation will be stochastic. Because
the base station (or reference point) is located on the
asteroid surface, this will constitute an additional noise
source for the strain measurement.
We can however bound the possible magnitude of this

additional noise. Let us assume that the largest possible
fluctuation in the day-side surface temperature of the
asteroid given at Eq. (80) is actually realized. However,
this is a boundary condition fluctuation: the temperature of

the entire bulk of the asteroid is of course not fluctuating by
this amount. Heat penetration into the asteroid is governed
by the heat equation, and the characteristic depth of
penetration dtherm can be estimated parametrically from
the heat equation as

dtherm ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
κthermτ

p
; ð81Þ

where τ is the characteristic timescale of interest and κtherm is
the thermal diffusivity of the asteroid material. We will take
τ ∼ 1=fGW to allow the maximum depth of heat penetration
that can occur within a GW period; in this case, we have

dtherm ∼
ffiffiffiffiffiffiffiffiffiffiffi
κtherm
fGW

r
ð82Þ

∼ 1m×

�
μHz
fGW

�
1=2

×

�
κtherm

10−2 cm2=s

�
1=2

; ð83Þ

where we have taken κtherm ∼ 10−2 cm2=s as a typical order
of magnitude of solid-rock thermal diffusivity (see Table 13
of Ref. [193]), which is a conservative estimate given that the
surface layers of bodies such as asteroids are typically not
bare solid rock, or are brecciated by historic surface impacts
(e.g., Refs. [86,184,185,194]). Note that the estimate at
Eq. (83) is validated by in situ thermal-flux measurements
made on the Moon during the Apollo 17 mission [195]:
a borehole drilled into the Moon and instrumented
with temperature sensors indicated negligible day-night
periodic temperature variation below ∼0.5 m from the sur-
face [195,196] [in fact, the estimate at Eq. (83) is conserva-
tively large on the basis of those data, but of course this
depends on the details of the surface layers].
Let us then take a model in which the upper layer of

thickness dtherm undergoes a temperature excursion
ΔT⊛ðfÞ given by Eq. (80). We assume that the absolute
vertical expansion of the surface rock layer Δy can be
obtained as Δy=dtherm ∼ ð1=3ÞðΔV=VÞ, where ΔV ¼
kthermVΔT is the thermal volumetric expansion of a volume
of rock V with ktherm the volumetric thermal expansion
coefficient of the rock in question. Typical solid-rock
volumetric thermal expansion coefficients for material on
Earth are of the order of ktherm ∼ 3 × 10−5 K−1 (see
Tables 9 and 10 of Ref. [193]); this number is again likely
an overestimate if the surface layers of an asteroid are not
solid bare rock. This leads to the estimate for the amplitude
of this vertical motion:

ΔyðfGWÞ ∼
1

12
kthermT⊛dthermδI⊙ðfGWÞ: ð84Þ

Up to an Oð1Þ numerical factor accounting for geomet-
rical baseline-projection effects and possible equal-sized
noise from each end of the baseline that we ignore here,
the typical size of the characteristic strain noise across a
baseline L will thus be
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hc ∼
kthermT̄⊛dtherm

12L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWS½δI⊙�ðfGWÞ

p
ð85Þ

∼
kthermT̄⊛
12L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κthermS½δI⊙�ðfGWÞ

p
; ð86Þ

where S½δI⊙�ðfÞ is again the fractional TSI fluctuation
PSD; see Sec. III A 1.

This estimate is shown in Fig. 2(c), for the same variety
of fractional TSI fluctuation PSDs [120] discussed in
Sec. III A 1; using the same numbering as in that section
to identify the TSI PSDs, the lines are shown in (1) magenta,
(2) darker pink, and (3) lighter pink. As discussed above,
we have assumed in drawing these curves that T̄⊛ ∼ 300 K,
κtherm ∼ 10−2 cm2=s and ktherm ∼ 3× 10−5 K−1, all of which
should be conservatively large values; we have taken the
other parameter values to be those of 314159 Alice, where
necessary. Even this conservatively large estimate for
this noise source is subdominant, except right around
fGW ∼ 10 μHz, where it is of the same magnitude as other
noise sources we have estimated.
Note that we have assumed in making these estimates

that only the expansion in the vertical direction is relevant:
expansion in the horizontal directions is of course con-
strained by mechanical forces applied by the neighboring
rock, and will typically lead to stressing of the rock without
it necessarily expanding. This may lead to seismic events;
see the next section.

3. Seismic noise

Direct knowledge of seismic activity on asteroids is
presently nonexistent since seismometers were not present
on any of the missions that have hitherto landed on
asteroids [82–95]. To estimate the level of seismic activity
on an asteroid, we use measurements that were made on the
Moon [194,196–209] andMars [210] to infer the sources of
such activity on ancient rock such as asteroids that have lost
their heat of formation. These estimates are likely most
applicable to stony asteroids that are rigid, as opposed to
loosely bound rubble piles that are likely to be far more
susceptible to seismic activity.
Analysis of lunar seismology shows that the primary

sources of seismic activity on the Moon are (i) “deep
moonquakes” [201,206,207] originating from well-
identified hypocenters that appear to lie on global lunar
fractures at depths of 800–1000 km, that are triggered by
tidal strains associated with the ∼ 27–28 day librational
and orbital periods of the Earth-Moon system (with longer-
period effect arising from solar gravitational perturbations);
(ii) “shallow moonquakes” [207,208,211–213]30 that are
much rarer than the deep moonquakes but appear to
originate at depths of 0–300 km in locations correlated

with the fractures identified by the deep quakes, and which
may be tectonic31 in origin as they are too large to be
explained by tidal strains (although they are potentially
triggered by tidal compressional stress [213]); (iii) “thermal
moonquakes” [196,197] induced by the extreme differ-
ential heating of the lunar surface associated with the
29.5 day synodic period (i.e., lunar day) that are likely
sourced by thermal-stress-induced soil slumping on lunar
slopes (although other explanations might be possible [214]);
and (iv) impacts (both local and distant) on the lunar
surface [198].32

In the following, where possible, we estimate the size of
these phenomena on an asteroid and find that the expected
amplitude of such quakes is less than the required ∼0.1 μm
required for this mission.
The deep moonquakes are caused by tidal strain (and

also depend in some detail on the lunar internal structure).
Tidal energy is however a strong function of the size of the
asteroid and its distance to the object causing the tide.
While significant for the Moon, for a ∼10 km asteroid that
is ∼1 AU away from perturbing bodies, we find that the
tidal energy on the asteroid is orders of magnitude smaller
than the differential thermal energy available for thermal
quakes on the asteroid. Thus, we expect thermal quakes to
dominate over quakes caused by tidal strain on asteroids.
The estimate is as follows (see also Sec. III D 1): the tidal
force FT on an asteroid of density ρ⊛ and radius R⊛ at a
distance dp from a planet of mass Mp is, parametrically,
FT∼ðGNMpρ⊛R3⊛=d2pÞ×ðR⊛=dpÞ. This tidal force causes
a strain on the asteroid causing its overall size to change,
parametrically, by δr ∼ ðGNMpR3⊛ρ⊛Þ=ðd3pE⊛Þ where E⊛
is the Young’s modulus of the asteroid. This direct stretching
effect was considered in Sec. III D 1 and found to be both
small enough in amplitude and likely out of band.
Nevertheless, a quake could be induced by this tidal strain
if the stored energy due to the tide is released due to nonlinear
effects in the rock. Parametrically, the energy stored in the
tide is ∼FTδr ∼ ðG2

NM
2
pR7⊛ρ2⊛Þ=ðd6pE⊛Þ. For our fiducial

numbers, the stored tidal energy, arising from any object in
the Solar System, in the entire asteroid is ≲mJ, with the
largest energy arising from the tidal action of the Sun. This
energy is considerably smaller than the heat deposited by the
Sun on the asteroid due to the irradiance of ∼kW=m2.
The amplitude of thermal quakes can be estimated using

lunar data. The measured amplitude of thermal lunar

30Also originally known as “high-frequency teleseismic”
events [207].

31“Tectonic” here means that they would occur as a result of
the secular accumulation of tidal strain over time in fault
structures in the lunar material, with the accumulated strain
being released by some (possibly tidal) trigger.

32So-called LM events (where LM stands for “Lunar Module”)
were also identified as a clearly distinct class of seismic events in
Apollo data: these are also thermally induced, but arise from the
rapid heating and cooling of the LM at lunar sunrise/set [196].
These are obviously specific to the human-engineered hardware
deployed during Apollo.
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quakes range between ∼0.3–3 nm [196,197]33 (similar
amplitudes were measured for quakes on Mars [210]),
smaller than the∼0.1 μm stability required for this mission.
It is likely that thermal quakes on an asteroid will have a
smaller amplitude than the thermal quakes on the Moon for
a number of reasons. First, the lunar day is longer than the
asteroid day by a factor of ∼100, permitting a larger energy
to be stored in thermal stresses since the incident thermal
power is approximately the same. Second, since the size of
the asteroid ∼10 km is also a factor of ∼100 smaller than
the size of the Moon, the fundamental oscillation frequency
of the asteroid is larger than that of the Moon by a factor
of ∼100 [81]. This larger oscillation frequency implies
that, for a fixed energy, the amplitude of oscillations on
the asteroid should likely be smaller than the amplitude
of oscillations on the Moon. Third, it is likely that the
amplitudes of such quakes on an asteroid will be lower than
the corresponding quakes on the Moon because such
quakes on the Moon are triggered by soil slippage in the
lunar gravitational potential. Since the gravitational accel-
eration on a ∼10 km asteroid is about a factor of ∼100
smaller than the gravitational acceleration on the Moon, the
gravitational potential energy available for triggering a
quake on the asteroid due to soil/rock slipping is smaller
than that available on the Moon. Since the measured
amplitudes on the Moon were already smaller than the
amplitudes required for this mission, it is likely that thermal
quakes are not an issue for the proposed measurement.
Nevertheless, without an in situ measurement, the exact
size of these quakes is difficult to robustly determine,
especially since their intensity likely depends in detail on
the properties of the asteroid.
This latter point is also especially true with regard to

any sources of seismic activity on the asteroid that are
cognate to the shallow moonquakes, the largest of the lunar
seismic events [207,208,211–213]. On the Moon, these
events appear to be essentially “tectonic” in origin:
although the Moon lacks large-scale plate motion, they
result from a secular accumulation of strain in the weak
points or fractures in the rock that is then released suddenly
by some trigger. These events are very large on the Moon:
they are estimated to be magnitude 4–5 on the Richter
scale, compared to the ≲1.5 magnitude deep quakes [207].
There are however also very rare: only 28 such events were
recorded on the Moon from 1969 to 1977 [208] (and recent
analyses indicate that they appear to be preferentially
temporally clustered around times of peak compressional
tidal stress [213]). Already, the average interquake period

for shallow quakes on the Moon is ∼ 107 s≳ 1=fGW for
our GW band of interest, and we have no reason to suspect
that such events would be more frequent on ∼10 km class
asteroids (indeed, they may even be rarer if the size of the
strained fault region cannot be as large as on the Moon,
which is almost certainly the case). Because large quakes
would be measurable on the asteroid and, because they
would presumably be as rare or rarer than on the Moon, one
could simply analyze asteroid ranging data over disjoint
temporal durations that do not bridge such large quake
occurrences on either asteroid.
Moreover, the available tidal energy for stressing an

asteroid is quite small; the available thermal energy that
could stress rock in this fashion is of course larger than the
available tidal energy, but thermal cycling can only differ-
entially heat and cool at most the upper ∼ 10 − 30 m of the
asteroid rock over orbital timescales ∼108 − 109 s on
which the solar irradiance (and hence equilibrium surface
temperature) might vary by a reasonable fraction (and a
much smaller depth is differentially heated and cooled on
the rotational period). It is difficult to see how this could
lead to a significant secular strain accumulation in any of
the larger fractures an asteroid may possess, which are
presumably the ones that would need to build up large
strain to lead to large seismic events. Moreover, residual
strain in the asteroid rock due to cooling of the asteroid to
its thermal steady state has had a longer time to relax than
on the Moon: 10 km class asteroids would have cooled
anciently to their thermal steady states, whereas the Moon
lost its heat of formation and contracted relatively more
recently [215]. And finally, because the shallow moon-
quakes were found to occur on the Moon close to the
surface, but not deeper inside the Moon, their origin
appears intimately tied to the specific lunar internal
structure; whether or not asteroids have similar-enough
internal structure to support similar events is unknown. For
all these reasons, we would not expect tectoniclike events
similar in origin to the shallow moonquakes to be a
problem, but this is clearly a detailed question requiring
in situ measurement on specific target asteroids.
A key limitation of the above analysis is the fact that

seismometry of the Moon was not performed at μHz
frequencies; the seismometers deployed during the various
Apollo missions had peak sensitivities at frequencies
≳0.1 Hz [194,201]. It is thus possible that there might
be larger displacements on the asteroid at lower frequencies
than implied by the lunar measurement data. Seismic
activity at these low frequencies cannot be described as
conventional seismic waves since the fundamental mode of
the asteroid is ∼100 mHz. Instead, such activity would
correspond to slow plastic deformations and relaxation of
the asteroid. Since the diurnal thermal stresses on the
asteroid are at ∼0.1 mHz, there do not appear to be
significant sources of noise that would drive such plastic
deformations at ∼ μHz frequencies. It is however difficult
to robustly estimate these effects, especially since they may

33Note that care must be taken in reading, e.g., Ref. [197]:
quakes are often referred to in that reference and some others of
the same era by their amplitude as recorded on a compressed
seismogram (i.e., the size of the “needle” deflection on a trace),
and not by their ground-movement amplitude, the latter of which
is the physically relevant displacement. The former is typically
OðmmÞ, while the latter is OðnmÞ for thermal moonquakes.
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depend upon the details of the asteroid. For example, a
stony asteroid likely has smaller plastic deformations than a
rubble pile. For all these reasons, it is important to perform
in situ measurements of such low frequency seismic
activity, as we discuss in Sec. V B.
The final source of seismic activity on the Moon is

impacts on the Moon from meteorites. We can estimate that
any collisional excitation of normal modes of an asteroid
such as 433 Eros appears to be safe. Explicit finite element
modeling of the response of 433 Eros to a surface explosion
has been performed in Ref. [81], motivated by the oppor-
tunities that seismic monitoring of artificial explosions hold
for understanding asteroid internal structure (see generally
Refs. [216–221]). In Ref. [81], read in conjunction with the
results of Ref. [222], it was shown that if a 1 kg charge
of Composition C-4 explosive were detonated on the
surface of 433 Eros, global seismic waves with an accel-
eration amplitude of jΔaj ∼ 10−10 m=s2 would be induced.
Although the results of Ref. [81] seem to indicate that this
would ring up normal modes of the asteroid in the f ∼
0.1 Hz range, the lowest normal modes lie closer to f0 ∼
0.01 Hz and we assume that all the ringing goes into such
low-frequency modes as a worst-case scenario: this then
leads to an estimate of the amplitude of the global seismic
motion of jΔrj ∼ jΔaj=ð2πf0Þ2 ∼ 3 × 10−8 m. On a L ∼
1 AU baseline, this would constitute a strain noise of
hc ∼ 2 × 10−19, which is just about safe at any frequency of
interest to us.
It remains to estimate how this artificial explosive

impulse translates to an impact on the asteroid surface.
The initial condition used in Ref. [81] for the downward
momentum of the surface area under the 1 kg C-4 explosion
site was pz ∼ 108 g cm=s; see also Ref. [222]. The results
of Ref. [222] indicate that a 100 g copper impactor striking
an asteroid with a speed somewhere between 5 and
7.5 km=s would impart a similar downward momentum
impulse to the asteroid surface. Note that this makes sense
on energetics grounds, since C-4 has an explosive energy
content of approximately 6 MJ=kg [223],34 while a 0.1 kg
impactor moving at 5 km=s carries a kinetic energy of
1.3 MJ; naturally, the directed motion of an impactor into
an asteroid surface will be more efficient in causing a given
downward surface perturbation of the asteroid than an
unshaped surface charge explosion, so the fact that the
impactor energy is slightly smaller than the explosive
energy content makes sense on physical grounds. It also
makes sense on momentum-conservation grounds since a
100 g impactor at 5 km=s carries a linear momen-
tum p ∼ 5 × 107 g cm=s.
However, a 100 g object moving at 5 km=s does not

necessarily match well with the fluxes of the kinds of

objects in the inner Solar System, which are typically
smaller and moving faster. If we were instead to assume
that a smaller impactor moving at a higher speed imparts
the same downward momentum perturbation to the asteroid
surface, then we can match onto a more realistic flux. A 3 g
object moving at 30 km=s carries approximately the same
kinetic energy35 as a 100 g object moving at 5 km=s, so we
will adopt a 3 g object as the scale of object that would,
with a high impact speed on the asteroid surface, cause
global seismic perturbations at an amplitude at the border-
line of being an extra non-negligible noise source.
However, on the basis of the flux shown in Fig. 3, an
object of mass 3 g impacts an asteroid the size of 433 Eros
(or 314159 Alice) only once every ∼107 s (note that the
smaller the object, the more common the impact, so
considering the smallest object at the highest possible
impact speeds is conservative). This means that the
potentially borderline troublesome impactor only collides
with an asteroid the size of 314159 Alice less than once per
GW period, over essentially the entirety of the range of GW
frequencies of interest to us. Moreover, the seismic motion
it rings up appears to be out of band since f0 ≫ fGW for
our band.
If one focuses instead on the more common impacts of

less massive objects, a similar picture emerges. The mass-
weighted dust flux of interest peaks around 1–10 μg per the
lower panel of Fig. 3. Over TGW ∼ 105 s (recall: our other
noise sources reach hc ∼ 10−19 at fGW ∼ 10−5 Hz), around
1.2 g in total of such dust will pass through the cross-
sectional area of an asteroid the size of 314159 Alice. At
30 km=s impact speeds, this amount of dust impact would
inject 0.5 MJ of energy into the asteroid, which is of the
same order of magnitude as the amount of energy imparted
by the rarer single collisions. Because the asteroid likely
responds less violently to such small-mass impacts, and
because this is slightly less energy input than the rarer
collisions, this would appear to again be at most a
borderline noise issue. For all of these reasons, we estimate
that collision-induced seismic motion should not be a
serious issue for a mission of this type.
It is interesting to note that the measured seismic

activity [210] on Mars has also largely followed the above
expectations. In addition to the above, Mars quakes are also
triggered by atmospheric activity. This is not a concern on
asteroids, since they lack an atmosphere.

E. Discussion

We have shown that asteroids of radius R⊛ ∼ 8 km are
sufficiently good test masses to permit the detection of

34Reference [223] quotes values of 1.59 and 1.40 kcal/g for the
heat of detonation of C-4 with liquid and gaseous water,
respectively. Recall also that 1 kcal≡ 4184 J.

35It can be argued that one should find the smaller object that
carries the same momentum at the higher speed, but this leads to a
larger mass object (∼17 g), which implies rarer impacts; assum-
ing that the energy matches is thus a more conservative estimate
for the present purposes.
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gravitational waves with strains ∼10−17 − 10−19 in the μHz
frequency band. The main noise source that limits the use
of R⊛ ∼ 8 km as test masses is the fluctuation in the center
of mass position of the asteroid caused by the fluctuations
in the solar intensity and wind at these frequencies. The
displacement noise from these solar-origin fluctuations
scales ∝ R−1⊛ .
It is interesting to ask if the requirement of R⊛ ∼ 8 km

can be relaxed. While the displacement noise would
increase for a smaller asteroid, it might be possible to
subtract out this noise to some extent. For example,
fluctuations of the solar intensity and wind can be directly
measured to several digits independent of the distance
measurement between the test masses. With these measured
intensity fluctuations, the response of the asteroid could
potentially be modeled out to the extent to which the
properties of the asteroid (such as mass, albedo, etc.)
are known.
This would permit us to use smaller asteroids, potentially

allowing the use of a larger number of asteroids as test
bodies. This larger number of possible candidates may be
beneficial in terms of optimizing the mission for technical
and cost considerations, issues that we have not addressed
in this paper. A smaller asteroid is also likely to rotate more
rapidly; noise associated with the rotational frequency
would thus be further away from the measurement
band, possibly increasing the high-frequency reach of this
mission.
Assuming that solar-origin noise is modeled out to 1–2

significant figures, the noise source that most rapidly
becomes a problem as the asteroid radius under consid-
eration is decreased, is the position fluctuation caused by
impacts; see Sec. III A 4. The displacement noise from
collisions scales as ∝ R−3=2

⊛ (see footnote 16). While this
noise source is about a factor of ∼30 below our overall
enveloped noise projection for an asteroid with R⊛ ∼ 8 km
(see Fig. 9), it will equal or exceed that level for an asteroid
with R⊛ ∼ 0.8 km, and therefore begin to limit access to
interesting strain parameter space. These impacts and their
associated effects on the asteroid are harder to monitor and
model than the effects of solar intensity and wind fluctua-
tions on the asteroid and thus it is likely prudent to use
asteroids with R⊛ ≳ 0.8 km for this mission. There is thus a
trade space in asteroid radii between 1 km≲ R⊛ ≲ 10 km
where a combination of measurement and modeling could
expand the range of asteroid targets and allow for additional
optimization of the mission. These possibilities deserve
further study.
In addition to smaller asteroids, it may also be interesting

to consider the Moon, Mars, and Mars’s moons (Phobos
and Deimos) as potential test masses. There are identifiable
issues with each of these, but further study may show that
these issues are not particularly limiting. The issues of
concern are as follows. The Moon has a rotational period
that is in the frequency band of interest: noise associated

with the rotational frequency could thus be problematic.
Mars has an atmosphere and this atmosphere might gen-
erate noise, for example, atmospheric disturbances of the
link system could be limiting. Phobos and Deimos are close
to Mars and thus likely experience tidal quakes. Further,
Phobos is believed to be a rubble pile [224] and that might
make it particularly sensitive to seismic disturbances.

IV. METROLOGY NOISE SOURCES

Having demonstrated the utility of appropriately selected
asteroids as TMs in the GW detector, we now turn to the
separate question of how to link them together in order to
measure the GW-induced strain across the baseline.
In its simplest incarnation, our mission concept is to

perform a simple ranging measurement across a single
baseline between two asteroids, akin the concept of Lunar
Laser Ranging [69]. The limitations on this method
naturally separate into two classes of metrology noise
sources: (1) the “link noise,” or the accuracy with which
an electromagnetic link system could possibly extract the
ranging information given perfect timing measurements;
and (2) the “clock noise,” or the accuracy of the timing
system with which one records the round-trip travel time
for an electromagnetic signal traveling between the asteroid
base stations.
In this section, we consider the link noise for both a

conceptual laser ranging system and a conceptual radio
ranging system. We also consider the clock noise. We defer
to Sec. V questions that may arise about the technical
implementation of these systems, most of which are for
future work; our purpose in this section (and indeed in this
paper) is solely to establish the rough performance require-
ments on the link systems so as to enable our mission
concept. We do not design the link system in detail.

A. Link noise: Laser pulsing

1. Link concept, noise estimate, and parameters

Consider that the base stations on 314159 Alice and
271828 Bob are equipped with a laser of wavelength λlaser
and average power P̄laser which is directed through a
telescope of diameter Dtelescope. Conceptually, the base
station at 314159 Alice aligns its telescope to point to
the instantaneous location36 of 271828 Bob (perhaps using
guide stars for pointing orientation), and sends out a train of
laser pulses of duration Δt with a repeat time of Δt (i.e., the
laser pulses on and off with frequency 1=Δt). This pulse
train may include some digital encoding (e.g., a series of
deleted pulses) to allow for unambiguous pulse-number

36As we will see below, because 271828 Bob is moving, this
really means that the laser must be pointed to some position ahead
of the current instantaneous location of 271828 Bob, so that the
pulse and 271828 Bob will intersect after the ∼500 s light-travel
time across a ∼1 AU baseline.
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identification. We will assume that the system is engineered
such that the base station at 271828 Bob will receive on
average one photon per pulse emitted by 314159 Alice (see
discussion below), a nominal time L after it is emitted. The
271828 Bob base station then immediately returns a
powered37 pulse back toward the location of 314159
Alice. The base station at 314159 Alice will receive back
on average one photon from this powered return pulse, a
nominal time 2L after emission of the original out-
going pulse.
Of course, a GW will modulate these round-trip times

accordingly by a fractional amount ∼hc over the GW
period. Because the pulse receipt at each end of the baseline
is only located with a single received photon on average,
the uncertainty on individual round-trip pulse timing is of
order Δt, up to an Oð1Þ numerical factor arising from the
exact pulse shape, and from accounting for the uncertainty
on each leg of the round trip across the baseline. However,
over a GW period TGW, Npulses ∼ TGW=Δt such pulses can
be sent and received,38 so the residual timing accuracy can
be estimated as σlasert ∼ Δt=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
Npulses

p
∼ ðΔtÞ3=2f1=2GW. This

leads to a strain link noise of order

hlaserc ∼
σlasert

L
× max ½1; πfGWL� ð87Þ

∼
ðΔtÞ3=2f1=2GW

L
× max ½1; πfGWL�; ð88Þ

where we have also included a possible baseline penalty
factor ∼ωGWL=2 that occurs because the GW strain
response of the detector is suppressed once the GW
wavelength is inside the baseline (note: we have ignored
this factor until now in the paper as none of the noise
estimates preceding this point are the relevant ones at high
frequencies). This estimate neglects any electronics delay
noise, although as we will see, Δt ∼ ns, so this should be
manageable.
The pulse time Δt in Eq. (88) is constrained by the

requirement that at least one photon must be received at the
far end of the baseline. A collimated Gaussian laser beam
with initial radial beam waist w0 ¼ Demitter

telescope=2 undergoes

diffractive beam spreading beyond the Rayleigh range

zRayleigh ¼ πw2
0=λlaser: the beam width spreads as wðzÞ ¼

w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðz=zRayleighÞ2

q
[225]. Assuming that L ≫ zRayleigh,

for an (average) emitted total power P̄laser, a receiver
telescope of diameter Dreceiver

telescope at axial distance L will
receive an (average) total power39

Plaser
received ∼

π2ð1 − e−2Þ
8

�
Dreceiver

telescopeD
emitter
telescope

Lλlaser

�2
P̄laser; ð89Þ

where the extra factor of ð1 − e−2Þ arises from assuming
that the laser power is effectively sent through an aperture
of radius w0 ¼ Demitter

telescope=2 when it is emitted by the
telescope; but π2ð1 − e−2Þ=8 ∼ 1.07, so we will drop this
whole Oð1Þ numerical factor in what follows. Assuming
that Dreceiver

telescope ∼Demitter
telescope ∼Dtelescope, then numerically we

have

Plaser
received ∼ 200 pW ×

�
P̄laser

1 W

�
×

�
Dtelescope

1.5 m

�
4

×

�
λlaser

1064 nm

�
−2

×

�
L

1 AU

�
−2
: ð90Þ

Moreover, the number of received laser photons of energy
Eγ ¼ 2π=λlaser assuming a pulse of duration Δt is thus

Nreceived
γ ∼

1

2π

D4
telescope

L2λlaser
P̄laserΔt: ð91Þ

Fixing Nreceived
γ ¼ 1 gives

Δt ∼ 2π
L2λlaser

D4
telescopeP̄laser

ð92Þ

∼ 0.9 ns ×

�
λlaser

1064 nm

�
×

�
Dtelescope

1.5 m

�
−4

×

�
P̄laser

1 W

�−1
×

�
L

1 AU

�
2

: ð93Þ

Substituting this value of Δt into Eq. (88) then yields the
laser link noise estimate

hlaserc ∼ ð2πÞ3=2 f1=2GWL
2λ3=2laser

D6
telescopeP̄

3=2
laser

× max ½1; πfGWL� ð94Þ

37The return pulse must be powered; the passively reflected
power scales as L−4, and is much too small given the available
laser power and baselines involved. See discussion in the main
text.

38As mentioned above in the text, to allow for completely
unambiguous pulse identification even in the face of possible
dropped pulses, it may be necessary to encode a digital signal in
the pulse train: e.g., drop the ðriÞth pulse sent from 314159 Alice
toward 271828 Bob, where ri is a uniformly distributed integer in
the range i < ri=n ≤ iþ 1 for some fixed n and i ¼ 0;…; imax
where imax ¼ ðNpulses=nÞ − 1. This results in the loss of only a
fraction of 1=n of the total possible pulses, so the estimates in the
text are unaffected at the 10% level as long as n≳ 10.

39The received power in Eq. (89) assumes a Gaussian
beam and on-axis reception. Gaussian beams have a trans-
verse intensity profile that is a factor of 2 higher in the
center of the beam than the value obtained by averaging the
total beam power over the beam’s cross-sectional area: i.e.,
Ibeamðr ¼ 0; zÞ ≈ 2Pbeam=ðπ½wðzÞ�2Þ.
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∼ 1.8 × 10−19 ×

�
fGW

10 μHz

�
1=2

×

�
λlaser

1064 nm

�
3=2

×

�
Dtelescope

1.5 m

�
−6

×

�
P̄laser

1 W

�−3=2

×

�
L

1 AU

�
2

× max

�
1;

�
L

1 AU
×

fGW
0.6 mHz

��
: ð95Þ

Noise curves based on Eq. (94) are shown in Fig. 2(f)
assuming (i) P̄laser ¼ 1 W and Dtelescope ¼ 1.5 m, which
gives Plaser

received ≈ 0.2 nW and Δt ∼ 0.9 ns for Nreceived
γ ∼ 1

(solid gold line), and (ii) P̄laser ¼ 3 W and Dtelescope ¼
1.5 m, which gives Plaser

received ≈ 0.6 nW and Δt ∼ 0.31 ns for
Nreceived

γ ∼ 1 (dashed gold line). Note that the Rayleigh
range for these parameters is zRayleigh ∼ 1.7 × 106 m∼
10−5 AU. Estimate (ii) is slightly more aggressive in
assuming a larger laser power, and the ability to modulate
the laser above GHz frequencies to create subnanosecond
pulses.
We note that, in the above estimates, we have taken an

L ∼ 1 AU baseline. As Fig. 7 makes clear, typical asteroid
baseline distances for some pairs of asteroids shown in
Table I spend long periods around L ∼ 3 AU. For all other
noise source estimates we have thus far given in this paper,
assuming the shorter baseline was the conservative choice
(see comments in, e.g., Sec. III A 1). However, for the link
system, assuming a shorter baseline is not conservative:
hlaserc in Eq. (94) scales up as hlaserc ∝ L2. Our link noise
estimates may therefore be slightly aggressive by a factor of
∼32 ∼ 10 for the given link system parameters if the link
is to be employed during typical periods of asteroid
separations of L ∼ 3 AU. There are however lengthy
periods of time (∼years) for some asteroid pairs (e.g.,
433 Eros and 6618 Jimsimons) where the asteroids are
within L≲ 1 AU of each other, and a mission could in
principle be planned to fly during such a period; that might
however limit useful mission lifetime. Alternatively, aste-
roids would need to be chosen more judiciously; in this
vein, as we have discussed in Sec. III E, it would be
useful to consider the trade space available to optimize the
mission between the larger noise on smaller asteroids and
the larger number of such asteroids available [115]. As
there are more smaller asteroids, it may be easier to find
appropriate pairs for which L ∼ 1 AU separations are
maintained over an Oð1Þ fraction of a planned mission
lifetime. Of course, it would also be possible to still use the
larger asteroids but instead consider a slightly larger tele-
scope: since hlaserc ∝ D−6

telescope, even a modest increase the
diameter aboveDtelescope ∼ 1.5 m could remedy issues with
the larger baseline distance, the trade-off being Dtelescope ∝
L1=3 for fixed hc. We note here simply that if we employed
a link-system telescope the size of the Hubble main
mirror (which has a 2.4 m diameter [226]) that would

already even slightly overcompensate for an L ∼ 3 AU
baseline; this would however likely increase engi-
neering complications and cost. One could also consider
operating a laser with a shorter wavelength to boost the
received power and increase strain sensitivity. These are
all detailed optimization questions best left to a future
detailed mission study.
We are satisfied that these estimates demonstrate, at a

conceptual level, that a relatively modest laser ranging
link system consisting of a Oð1 WÞ laser (similar to the
assumed power for the LISA metrology system [20,227])
running at 1064 nm, coupled with a telescope of Oð1.5 mÞ
diameter (smaller than the Hubble main mirror) would
suffice to enable access to almost the entirety of the
frequency range where asteroids are sufficiently good TMs.

2. Pulse background

Note that the above protocol relies on being able to
identify the arrival of one laser photon at the far end of the
baseline. One might therefore be concerned about potential
backgrounds: both the reflection of the solar irradiance off
the surface of the asteroid from whose base station the pulse
is emitted, and the intrinsic thermal emission from the
surface of that asteroid, are potential sources of photons at
the laser frequency.
The receiving telescope has an angular resolution of

Δθ ∼ λlaser=Dtelescope ∼ 7 × 10−7 rad for our fiducial 1.5 m
telescope. Suppose that the emitting telescope is closer than
∼100 km from the asteroid it is located nearest to, either
because it is on the asteroid surface or because the orbit of
the base station satellite is chosen to be low (see discussion
in Sec. VA); e.g., NEAR-Shoemaker was initially in a
slightly elliptical∼300 km orbit around 433 Eros, but spent
the majority of its science observation time in orbits
with 35 and 50 km radii, as measured from the c.m. of
433 Eros [83,175,176]. In this case, the light from the
emitting telescope and the emitted/reflected light from the
asteroid surface will not be resolvable. The flux of photons
from the latter at the receiver must thus be estimated.
Suppose the laser receiver system has a bandpass filter

with a width of Δλ ∼ 10 nm centered on λlaser ¼ 1064 nm;
such filters are commonly commercially available, and
will admit all the incoming laser light, but only a fraction
of the broad thermal distributions emitted/reflected from
the asteroid surface. Let us assume that the emitted/
reflected light from the asteroid surface follows a perfect
blackbody spectrum with a color temperature T, such that
the spectral radiance (power per unit solid angle per unit
cross-sectional asteroid area per unit frequency) is

dP
dA⊥dνdΩ

¼ 4πν3

e2πν=T − 1
: ð96Þ

A fraction β of the total spectrum falls in the frequency
range ν0 − Δν=2 ≤ ν ≤ ν0 þ Δν=2, where
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β ≈ 240
ν30Δν
T4

1

e2πν0=T − 1
; ð97Þ

¼ 240
Δλ

T4λ5laser

1

e2π=ðλlaserTÞ − 1
; ð98Þ

assuming jΔνj ¼ jΔλj=λ2laser.
Let us start with the estimate of the thermal emission.

Because Wien’s displacement law indicates that the
Planck distribution that peaks at λlaser ∼ 1064 nm has
T ∼ 2.7 × 103 K, it follows that a conservative estimate
here would utilize the highest possible asteroid thermal
temperature; typical maximum asteroid temperatures are on
the order of T⊛ ∼ 300 K (see discussion in Sec. III D 2). In
this case, β ∼ 2 × 10−16. Suppose the surface of 314159
Alice emits as a perfect blackbody at temperature T⊛∼
300 K; the Stephan-Boltzmann law then tells us that
the total power radiated per unit solid angle by 314159
Alice is dP⊛=dΩ ∼ π2R2⊛T4⊛=60 ∼ 2 × 1029 eV=s=sr. It
follows that the power received by the telescope at the
distant end of the baseline, after being passed through the
bandpass filter, would be Pr;therm ∼ β · ½πðDtelescope=2Þ2=L2�·
dP⊛=dΩ∼ 2× 10−9 eV=s. This corresponds to a number
of photons received in a pulse time of Δt ∼ 1 ns of
Nr;therm ∼ 2 × 10−18. This is clearly safe by an exceedingly
large margin in comparison to the one laser photon received
during the same pulse duration.
Consider now the reflected sunlight whose color temper-

ature is T ∼ 6 × 103 K (approximately the solar surface
temperature), assuming that 314159 Alice is a perfect
reflector of sunlight. In this case, β ∼ 4 × 10−3. A total
solar power of P⊙;⊛ ∼ I⊙ðr⊕=r⊛Þ2πR2⊛ falls on the surface
of 314159 Alice; assume that it gets reradiated out into a
hemisphere, leading to a reradiated power per unit solid
angle of dP⊙;⊛=dΩ∼ð1=2ÞI⊙ðr⊕=r⊛Þ2R2⊛∼1029 eV=s=sr;
this of course should match well with the power assumed
from the thermal reradiation, up to Oð1Þ factors we have
not been careful with here, as the solar radiation sets the
equilibrium temperature. This leads to a power received
by the telescope at the far end of the baseline, after
the bandpass filter, of Pr;⊙;⊛ ∼ β · ½πðDtelescope=2Þ2=L2�·
dP⊙;⊛=dΩ ∼ 4.2 × 104 eV=s. This corresponds to a num-
ber of photons received in a pulse time of Δt ∼ 1 ns of
Nr;⊙;⊛ ∼ 4 × 10−5. This is again clearly safe by a large
margin in comparison to the one laser photon received
during the same pulse duration.
Single-photon pulse detection is thus background free

assuming that appropriate bandpass filtering of the received
light is performed (indeed, such filtering may not even be
necessary on the basis of the discussion above), even if the
laser emitter cannot be resolved from the asteroid surface.

3. Angular stability

Note that there are two pointing requirements for the
optical system to achieve: (1) the receiver telescope must be
within the beam width at the location of the receiver, and
(2) the angular jitter in the beam pointing must not induce a
noise on the distance measurement. We consider these
in turn.
(1) At a distance of L ∼ 1 AU, the beam waist (radius)

assumingDtelescope ∼ 1.5 m and λlaser ∼ 1064 nm is w ∼ 5×
10−7 AU ∼ 70 km, so the angular pointing require-
ment is Δθ ∼ 3 × 10−5 deg≈0.1 arcsec. This is easily
achievable: for instance, Hubble achieves a pointing
stability of 7 mas over 24 hr periods [228,229], LISA
aims for the dc mispointing error of ≲10−8 rad∼
6 × 10−7 deg∼2 mas, and the more precise angular
tracking system discussed briefly in Sec. III C 2 would
also vastly exceed this pointing requirement if deployed.
Note also that this beam-waist estimate makes clear that the
ranging has to be done by aiming the outgoing laser beam
at a point some v⊛L=c ∼ 104 km ahead of the location of
the receiving asteroid at the moment a pulse is fired, such
that the receiving asteroid will move into the path of the
outgoing pulse; there is no additional technical requirement
associated with this, as modeling of the asteroid position to
the requisite accuracy over ∼L=c ∼ 500 s timescales is
straightforward.
(2) Naïvely, with planar wave fronts, a jitter in the beam

pointing by an angle δθ would give rise to an error on the
distance measurement of order ΔL ∼ LðδθÞ2, or a strain
noise of order hc ∼ ðδθÞ2.
However, that estimate fails to account for the curva-

ture of the wavefronts of the beam beyond the Rayleigh
range; these become quasispherical in the large-distance
limit, which suppresses this noise greatly (see generally
Ref. [26]). The radius of curvature of the beam at an axial
distance z from the emitter (assumed to be the location
where the beam waist is minimized) is given by [225]

RðzÞ ¼ z

�
1þ

�
zRayleigh

z

�
2
�
: ð99Þ

We make the approximation that you can use phase
evolution of the beam as a proxy for the arrival time of
a pulse since phase and group velocities agree in vacuum.
At an axial distance z and transverse distance r from
the beam axis, the spatial phase of a Gaussian beam is
given by [26,225]

Φ ¼ kzþ kr2

2RðzÞ − ψðzÞ; ð100Þ

where k ¼ 2π=λlaser and ψðzÞ is the Gouy phase, which
does not depend on wave number k and is thus irrelevant
for this argument. Assume that the beam is mispointed by
an angle δθ ≪ 1 so that the receiving asteroid, which is a
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distance L from the emitter, lies at z ∼ L½1 − ðδθÞ2=2� and
r ∼ Lδθ with respect to the mispointed beam. Since L ≫
zRayleigh and δθ ≪ 1, we have a phase error as compared to a
perfectly pointed beam of

ΔΦ∼ kL

�
1

2
ðδθÞ2 z

2
Rayleigh

L2
þO

�
λlaserzRayleigh

L2
;…

��
; ð101Þ

where we omitted subdominant and higher-order terms.
The dominant term looks like a strain error of order
hc ∼ ðδθÞ2ðzRayleigh=LÞ2=2, so we adopt that as the strain
error arising from the beam arrival time. Then taking hc ∼
10−19 at fGW ∼ 10−5 Hz gives δθ ∼ 4 × 10−5 rad ∼ 2.3 ×
10−3 deg∼8 arcsec over TGW ∼ 105 s, which translates to
a broadband angular pointing stability ASD requirement
of

ffiffiffiffiffiffiffiffiffiffi
S½δθ�p

∼ δθ=
ffiffiffiffiffiffiffiffiffi
fGW

p
∼ 10−2 rad=

ffiffiffiffiffiffi
Hz

p
. By comparison,

LISA demands a pointing stability requirement of
order 10−8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ð3 mHz=fÞ4

p
rad=

ffiffiffiffiffiffi
Hz

p
[20], which gives

∼10−3 rad=
ffiffiffiffiffiffi
Hz

p
at fGW ∼ 10−5 Hz; our requirement is

thus less severe. Moreover, comparing to (1) above, it is
clear that, as long as the pulse is received, this jitter error
is not relevant.

B. Link noise: Radio pulsing

In addition to the optical-pulsing link system, we outline
the technical requirements and reach achievable for a
similar setup using instead a radio-frequency link.40

Consider a system that emits radio-frequency (fradio ¼
1=λradio) pulses of duration Δt with power P̄transmit using a
radio dish of diameter Demitter

dish ∼Ddish. Assume these are
received at the far end of the baseline with a dish of
diameter Dreceiver

dish ∼Ddish, leading to a received power of
[cf. Eq. (89) and the comment below that equation]

Preceived ∼
�
D2

dishfradio
L

�
2

P̄radio ð102Þ

∼ 0.6 pW ×

�
Ddish

5 m

�
4

×

�
fradio

100 GHz

�
2
�

P̄radio

200 W

�
:

ð103Þ

Further, assume that the thermal (Johnson-Nyquist) noise
in the receiver,

Pthermal ∼ 4TnoiseΔfradio; ð104Þ

is characterized by a noise temperature Tnoise ∼ 100 K,
where Δf is the relevant bandwidth (see below). Assume
further than parameters are selected such that each

pulse is received with signal-to-noise ratio ρpulse ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Preceived=Pnoise

p
> 1. If pulses are sent and received with

a duty cycle of order unity, then Npulses ≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TGW=Δt

p ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWΔt

p
pulses are received in a GW period. Then the

strain sensitivity of the setup is

hradioc ∼
σt;radio
L

× max ½1; πfGWL� ð105Þ

∼
Δt

L ffiffiffiffiffiffiffiffiffiffi
ρpulse

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
Npulses

p × max ½1; πfGWL�; ð106Þ

subject to the requirement that ρpulse > 1.
Suppose that the intrinsic bandwidth of the trans-

mitter/receiver Δf0 ¼ fradio=Q is sufficiently small that
ðΔtÞ−1 ≳ Δf0; that is, that the pulse duration is no longer
in duration than the inverse intrinsic bandwidth of the
receiver. Then,Δfradio ∼ 1=Δt is the appropriate bandwidth
to use in Eq. (104); in this limit, we have

hradioc ∼
Δt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4TnoisefGW

p
L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Preceived

p × max ½1; πfGWL�; ð107Þ

subject to Δt≲Q=fradio and ρpulse > 1. Assuming still that
Dreceiver

dish ∼Demitter
dish ∼Ddish, we have41

hradioc ∼
Δt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4TnoisefGW

p

D2
dishfradio

ffiffiffiffiffiffiffiffiffiffiffi
P̄radio

p × max ½1; πfGWL�; ð108Þ

subject to the requirements that Δt≲Q=fradio and

ρpulse > 1 ⇒

�
D2

dishfradio
L

�
2 P̄radioΔt
4Tnoise

> 1: ð109Þ

Note that if ρpulse ¼ 1 is kept saturated, then hc ∝ ðΔtÞ3=2,
which is most clear from Eq. (106) [cf. also Eq. (88)].

Suppose that P̄radio ¼ 200W, Ddish ¼ 5 m, fradio ¼
100 GHz, Q ∼ 103, Tnoise ¼ 100 K, and L ∼ 1 AU. Then
we find that Δt≳ 9 ns (note: Q=fradio ∼ 10 ns ∼ Δt), and
hc ∼ 2 × 10−18

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGW=μHz

p
for all frequencies below

fGW ≲ ðπLÞ−1 ∼ 0.6 mHz. Assuming the same parameters,
we plot the strain sensitivity given by Eq. (108) in Fig. 2(f).
Note that similar comments as those made at the end of
Sec. IVA 1 regarding the assumed baseline of 1 AU in light
of the results of Fig. 7 also apply to this link noise estimate.
It is clear that this link system requires large dishes and

power, and, at least with the numbers we have assumed,
does not achieve as much sensitivity as the optical system.

40Note that in this setup, the radio frequency stability could be
guaranteed by referencing it to the local space-qualified atomic
clock on the same base station; see, e.g., Ref. [230].

41While the expression at Eq. (108) appears to give a noise
estimate that is independent of L (except for the baseline penalty
factor), this is a mirage. Equation (108) only applies subject to
the requirement on Δt imposed by Eq. (109), which places an
L-dependent lower bound on hradioc .
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However we do not attempt a true engineering study to
assess the feasibility of either system and thus it is possible
that the radio system may be easier to implement or
will have other advantages. It might also be possible to
improve the sensitivity with an interferometric radio system
rather than the pulsed system we have discussed. This
could effectively reduce the pulse length to the radio-
frequency period (i.e., Δt ∼ 1=fradio). This could signifi-
cantly improve the sensitivity of this system. However,
the construction of the interferometer may entail extra
complication and we leave a study of its feasibility for
future work.
Note that for a radio link, the plasma in the IPM could

potentially cause an additional source of noise. The index
of refraction of the IPM is n ¼ 1 − Δn where

Δn ∼
1

2

f2p
f2radio

ð110Þ

∼ 2 × 10−14 ×

�
fradio

100 GHz

�
−2
�

fp
20 kHz

�
2

; ð111Þ

where fp ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
neα=ðπmeÞ

p
∼ 20 kHz is a typical IPM (elec-

tron) plasma frequency at distances around 1 AU from the
Sun (ne ∼ 5 cm−3). This index of refraction shifts the group
velocity of the radio wave by Δvg ∼ −cΔn, leading to a
change in the measured round-trip travel time of order
Δt ∼ 2LΔn. The shift to the strain measurement is thus
hc ∼ Δn, where we have assumed a fixed value for fp
during the measurement. Of course, the IPM plasma is
not homogeneous and shows density fluctuations (see
Sec. III A 2), so this may be an overestimate of the effect:
the line-of-sight-integrated index of refraction would aver-
age down in that case by ∼1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Npatches

p
where Npatches ∼

L=d with d being the characteristic length scale over which
the plasma shows Oð1Þ density fluctuations. Moreover,
were the IPM plasma frequency constant in time, this
would not be a noise source; this only becomes a noise
source to the extent that the line-of-sight-averaged plasma
frequency fluctuates in time. However, we would expect in
general to seeOð1Þ fluctuations in the IPM number density
on the relevant GW-period timescales since the solar wind
traverses distances of ∼AU on timescales of ∼3 × 105 s.
Therefore, we conclude that the index of refraction fluc-
tuations of the IPM may present a noise source for the radio
link by some orders of magnitude, but this could in
principle be measured and subtracted out by making use
of two or more different frequencies in the link system,
owing to the frequency dependence of ΔnðfradioÞ. We note
that for laser frequencies, this is not a relevant noise source
since flaser ∼ 3 × 1014 Hz ∼ 103fradio (assuming a 1064 nm
laser), which suppresses these effects by a factor of∼106, to
the level of at worst hc ∼ 10−20.

C. Clock noise

In this section, we consider the limitations imposed by
clock noise on the strain measurement.
Consider making a series of round-trip timing measure-

ments τn of a nominal baseline distance L with a clock
whose nominal frequency is ν̂, with each measurement
initiated at time tn ¼ nΔt, where Δt is the intermeasure-
ment spacing. Atomic clocks of the class we consider in
this work however have intrinsic frequency drift; let the
average clock frequency over the ith measurement be
νi ¼ ν̂þ δνi, where jδνij ≪ νi. The number of clock cycles
(“ticks”) in the time τi it takes to measure the nominal
round-trip time is then Ni ¼ τiνi ¼ 2Lðν̂þ δνiÞ. Consider
making two such measurements a time T ¼ NΔt apart.
Then the difference in the number of ticks on the same
nominal baseline distance owing to the clock frequency
drift is ΔN ¼ 2LðδνN − δν0Þ. This has a typical size
ΔN ∼ 2LσνðTÞ, where σνðTÞ is the typical amplitude of
the clock frequency change measured over the time T.
On the other hand, the GW signal we are looking for is a

change to the nominal proper baseline distance by an
amount jΔLGWj ∼ hcL × min½1; 1=ðπfGWLÞ�, over a typi-
cal timescale T ∼ TGW. This change in proper length
changes the round-trip time, causing the number of
clock ticks elapsed during its measurement to change by
jΔNGWj ¼ 2jΔLGWjν̂ ∼ 2hcLν̂ × min½1; 1=ðπfGWLÞ�; we
neglect the second-order-small term at OðhcδνLÞ.
Comparing the frequency-drift-induced clock tick noise

to the signal size, we find that the limiting strain is

hc ∼
σνðTGWÞ

ν̂
× max ½1; πfGWL�: ð112Þ

However, ξðtÞ≡ σνðtÞ=ν̂ is just the fractional frequency
instability of the clock over a time period t, so we conclude
that

hclockc ∼ ξð1=fGWÞ × max ½1; πfGWL�: ð113Þ

The current world-leading ground-based SrI optical
lattice clocks at JILA achieve [231]

ξðtÞ ∼ 5 × 10−17 ×

�
t
1 s

�
−1=2

½t≲ 104 s�; ð114Þ

with a systematic noise floor bounded around the ξ ∼ 5 ×
10−19 level [231]. Note that the transfer of an optical clock’s
fractional frequency stability to a clock running at micro-
wave frequencies has also been demonstrated to not
degrade frequency stability, to a level that is comparable
to the world-leading optical clock performance itself [230].
While clocks of this class have not yet been space

qualified, there is currently a nascent effort underway to do
exactly that (see, e.g., Refs. [105,110,111,232]), driven in
part by the broad and intrinsic scientific utility of such
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clocks (e.g., Refs. [36,100,101,103,233]), and in part by
technology crossover with midband GW detectors based on
atomic interferometry [24–28,31,34] techniques that are
envisaged to be deployed in space. On the other hand, in
recent decades, clock improvements have been exponential
with passing time (see, e.g., Ref. [234]), and we thus expect
further improvements of clock technology into the future.
With those countervailing considerations in mind, we

present an estimate of the clock-noise limitation that a
space-qualified clock of approximately the same stability as
the current JILA SrI clock would impose on our proposal.
Specifically, we assume a clock with a fractional frequency
instability

ξðtÞ ∼ 5 × 10−19 × max

�
1;

�
t

104 s

�
−1=2

�
; ð115Þ

where we have assumed that the systematic noise floor on
the clock is similar to that of the JILA SrI clock, around
ξ ∼ 5 × 10−19; see Fig. 2(c) of Ref. [231]. We also assume
that this systematic noise floor does not increase above this
level until an clock-integration time t≳ 106 s.
Employing Eq. (115) in Eq. (113) yields the noise curve

shown in Fig. 2(e). A space-qualified clock of this class
would allow our proposal to access the majority of the
parameter space in which asteroids serve as sufficiently
good TMs.

V. MISSION DESIGN CONSIDERATIONS

The main purpose of this paper is as a first exploration of
the use of asteroids as test masses for gravitational-wave
detection in the μHz band. In particular, we have estimated
the acceleration noise of asteroids in this band and find it to
be low enough that asteroids appear to be promising
candidates as test masses in this band. We have also
demonstrated at a conceptual level that a link system
whose main elements lie within the feasible set of improve-
ments from current metrological sensitivities would be
capable of exploiting these TMs within the μHz band well
enough to reach interesting levels of strain sensitivity.
A detailed technical design study for a mission that

would realize this concept would of course be a natural next
step. That study itself lies beyond the scope of the present
work, and would require additional engineering and space-
flight expertise. Nevertheless, in this section we take the
opportunity to comment on some of the more pressing
issues that we have identified and that such a technical
design study will need to address. We also clearly delineate
where current gaps in humanity’s knowledge base need to
be closed with experimental data from future spaceflight
missions in order to fully characterize uncertain aspects of
the asteroid environment prior to undertaking a full mission
of this type. Additionally, we comment on areas where
technological research and development work is needed to
advance capabilities toward this mission’s requirements.

A. Engineering considerations

There are obviously many challenging mission design
and engineering issues to consider in planning such a
mission. We will not attempt to discuss them all, but merely
bring up a few that must be considered in the future. As
discussed above in Sec. II, there are broadly two possible
ways to design such a mission: (1) each base station can be
landed on the surface of its asteroid, or (2) each base station
remains orbiting its asteroid with only retroreflectors/
transponders landed on the asteroid surface itself. In either
case, each base station would house a link system (e.g.,
laser or radio) to communicate with the other asteroid, and
an accurate clock (e.g., an optical atomic clock). There are
trade-offs to each approach and we do not attempt to choose
which one is ultimately optimal.
Concept (1) has the advantage of requiring neither a

secondary ranging system to the surface transponders, nor a
daughter deployment subsystem to land the surface tran-
sponders on the asteroid. As asteroids lack atmosphere,
landing a sizeable base station that includes a large tele-
scope or dish for the link system would not require
atmospheric entry subsystems (heat shields, etc.); the
escape speed from the surface of 314159 Alice is a modest
10 m=s, and previous asteroid soft landings have been
achieved (e.g., NEAR-Shoemaker performed a soft landing
on 433 Eros itself at mission conclusion, and survived an
estimated 1.8 m=s touch down [98]). On the other hand, as
we mentioned in Sec. II, a base station anchored to the
asteroid would have to compensate for the asteroid rotation
in pointing the link system, and perhaps even suffers from
periods where line of sight between the base stations is
physically blocked by the asteroid itself. This concern
could perhaps be somewhat alleviated by judicious choice
of asteroid pairs and landing sites on each asteroid;
this would clearly require detailed mission planning.
Investigation would be required as to whether or not a
base station of the requisite structural rigidity and stability
to achieve, e.g., the mechanical pointing of a ∼1.5 m
telescope for the laser link system at the desired accuracy,
can be deployed and anchored sufficiently rigidly to the
surface of an asteroid. As asteroids typically have some
surface debris or regolith (see, e.g., Refs. [153,185,235]),
this may require investigation of an anchoring system
capable of reaching “bedrock” on the asteroid, and addi-
tional investigation of whether the asteroid might require
some time to relax back to a quiescent state. A radio
link system might have an advantage here, as beam
pointing is less of a concern for radio, and could potentially
also be achieved via phased-array approaches instead of a
mechanical steering system for the dish. There may
potentially also be some concerns about the effects of
thermal cycling of the asteroid on the base station itself that
would need study.
Concept (2) on the other hand has the advantage that the

pointing and angular stability of the satellite are easier to
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control in free space using, e.g., reaction wheels (if
necessary, inertial stability could even be referenced to
distant stars via dedicated star trackers). It also separates the
base-station systems from potential asteroid surface ther-
mal cycling effects, to the extent that these are a concern.
However, it would require additional subsystems to range
to transponders/retroreflectors on the local asteroid, as well
as a system to deploy those transponders/retroreflectors to
the asteroid surface; this would need to be investigated in
more detail, but is likely achievable. This design would
however alleviate some issues with anchoring a large base
station to the asteroid surface, and mechanically steering its
link system, if required. Of course it will still be necessary
for the link system to turn to remain continually pointed at
the other asteroid. Moreover, it could alleviate the duty
cycle issue arising from line-of-sight concerns since the
satellite may be able to orbit far enough from the local
asteroid that it is not eclipsed (or only eclipsed rarely).
Additionally, being able to monitor from orbit and in real
time the locations of multiple well-defined independent
locations on the asteroid surface would allow both for better
rotational characterization of the asteroid [114] if neces-
sary, and would also be one way to monitor for plastic
deformation of the asteroid surface over ∼106 s timescales
(see next subsection).
For concept (2) it seems likely that we would want the

satellite orbital frequency around the asteroid to lie outside
the gravitational-wave frequency band of interest. Of
course the satellite is being referenced to the asteroid
(which is the true test mass) and so the satellite position
is not relevant to leading order. Nevertheless, technical
noise sources might lead to some enhanced noise at the
satellite orbital frequency. The orbital frequency can be
raised above our band, to around the asteroid rotational
frequency with an orbit near the asteroid. For example, for
314159 Alice a 15 km radius orbit has an orbital frequency
∼5 × 10−5 Hz, just above our band. This will keep all
related noise out of our band; however; this orbit brings the
satellite close to the asteroid itself and so would likely still
lead to some time spent in eclipse. Alternatively, one could
choose to keep the orbital frequency below our band. For
example, for 314159 Alice a 200 km radius orbit has an
orbital frequency ∼μHz. It can be checked that even at
distances of several hundred km, mirrors or retroreflectors
of ∼ few cm diameter and a laser power around 0.1 W are
sufficient to range the near asteroid with sufficient accu-
racy. Thus it seems that having the base station orbit the
asteroid may be achievable without introducing extra noise
in our frequency band.
On the link side, we have mentioned and given estimates

for both laser and radio pulsing systems at a conceptual
level. The detailed engineering study of these systems
would of course be required, and power and size require-
ments optimized. In principle, it may also be possible to
consider implementing instead either radio or laser

interferometric systems, similar to the laser interferometric
system envisaged for LISA [227]. However, one challenge
here that would require further work is that the asteroids
have uncontrolled relative motion on the order of
∼10 km=s, which is much larger than the ∼ 5 m=s LISA
requirements [20,157,227]. Work would be required to
understand if a working interferometric laser link system
could be made to function under those conditions. A radio
interferometric system with the oscillators stabilized to the
atomic clocks [230] may also be an alternative worthy of
study in future work. It might also be possible to use an
interferometric link system in a triangular (“LISA-like”)
configuration with three asteroids,42 which would then
remove the need for accurate atomic clocks on each base
station. There are naturally trade-offs with each approach.
Implementing a triangular approach would relieve the need
for a space-qualified optical atomic clock, but would add
the complexity of an interferometric system with uncon-
trolled relative motion of the asteroids. The interferometric
link system in our case however would not need anywhere
near as much strain sensitivity (in hc) as in the case of
LISA, as can be seen by comparing the high frequency
behaviors of the sensitivity curve we hope to achieve, and
that which LISA aims for; see Fig. 9. But of course the
relative motion of the asteroids is orders of magnitude
larger than the relative motion of the planned LISA
satellites, which will impose a significant challenge on
an interferometric link system. It is thus not trivial to
evaluate the feasibility of the kind of interferometric link
system we would need; nor, indeed, the feasibility of
implementing the triangular configuration. Since our main
goal here is the evaluation of asteroids as test masses, we
leave consideration of this possibility for future work.
We also note that because the two asteroids in our

concept will likely orbit the Sun with different periods, they
will spend a fraction of the time separated by distances
larger than the 1 AU which we assumed for the link noise
estimates in Sec. IV (see, e.g., Fig. 7). For the link noises, a
shorter baseline assumption is not conservative; cf. the
displacement noise estimates in Sec. III, where it is. Of
course it may be possible to improve other parameters in
the link noise system estimate to compensate for this. Or, at
worst, we may have to give up some sensitivity during a
fraction of the observing time while the asteroids are well
separated. One may also choose to use slightly smaller
asteroids than we considered in Table I. Since the number
of inner-Solar-System asteroids increases rapidly at smaller
sizes [115], it would likely be possible to find asteroids
orbiting at smaller radii which then could have an average

42For the avoidance of all doubt, the asteroids as TMs
would still be moving on their natural, unaltered orbits. We do
not intend to suggest in any way the idea of orbital alterations to
asteroids to put them in formation flight; that would clearly be an
impossibility.
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distance between them around 1 AU. We leave the exact
choice of optimal asteroid pairs for future work.

B. Exploratory paths

In this subsection we comment on future work that
would likely be useful to undertake before a full gravita-
tional-wave mission.
It would be key to fully understanding the limitations

imposed by the internal excitations of the asteroid itself on
this mission concept to characterize the seismic environ-
ment of an asteroid. These measurements should be
included as a goal for asteroid-visiting missions to fly
prior to full deployment of a mission of type we propose.
This is already well motivated from the utility that such
studies would have on enlarging our knowledge of asteroid
internal structure [216–221]. We would strongly encourage
a future asteroid mission to deploy a seismometer on an
asteroid, as has recently been done on Mars [210], to
characterize the higher frequency seismic environment
(typically around ∼Hz) and learn more about the internal
structure and dynamics of the asteroid. Seismic measure-
ments of asteroids could also reveal the motion of
boulders on the surface and other such asteroid dynamics,
helping to pin down the relevant noise estimates further.
Moreover, we would need to also understand in more
detail the plastic deformation/creep (or other longer-term
changes) of asteroid surfaces over longer (∼106 s) time-
scales, as this is a relevant noise for our mission concept.
For the latter measurement, a dispersed collection of
deployed transponders/retroreflectors placed on an aste-
roid surface that can be remotely monitored by, e.g., laser
ranging from a near-orbiting parent satellite would be
one way perform this characterization; this would also
of course allow for rotational characterization which
is already an existing goal of asteroid research (see,
e.g., Ref. [114]).

Fortuitously, there has already been significant explora-
tion of asteroids in the recent past, and a significant number
of new missions are operating now or planned for the near
future; see, e.g., Refs. [82–98,236,237]. This study of
asteroids is motivated by multiple goals as disparate as
planetary defense (i.e., avoiding collisions with the Earth)
and understanding the origin and evolution of the Solar
System. Although motivated by these other goals, the
multiple future missions to asteroids that are in progress
or being planned are also very useful for the goal of
gravitational-wave detection, as they appear likely to obtain
more, useful data on the properties of asteroids. Moreover,
the goal of using asteroids as test masses for gravitational-
wave detection in turn undoubtedly further motivates future
asteroid studies and missions.
The space qualification of optical atomic clocks in

the 10−19 accuracy class is also a prerequisite for our
mission to utilize, e.g., the pulse-timing link system
approach. Momentum is currently gathering behind a

nascent research and development effort to achieve this
goal; see, e.g., Refs. [105,110,111,113,232].

VI. SENSITIVITY PROJECTION

We combine all of the noise contributions shown in the
various panels of Fig. 2 into one master plot in Fig. 8, and
include also as the solid black lines on that plot a
smoothed43 and enveloped combined noise curve taking
into account the following relevant, dominant noise
sources: the solar radiation pressure noise [Sec. III A 1;
see also Sec. III B 1], the solar wind noise [Sec. III A 2; see
also Sec. III B 1], asteroid GGN (including close passes)
[Sec. III A 3], the thermal expansion noise [Sec. III D 2],
and either of the two laser ranging system estimates
[Sec. IVA] (we do not include a envelope based on the
radio system we estimated [Sec. IV B]). We have not
included clock noise [Sec. IV C] in the enveloped results,
as we expect future clock improvements; we have also
assumed that the magnetic torquing on the asteroid is
negligible, in line with the lower range of the estimates
given [Sec. III B 2] (this is an asteroid candidate selection
criterion); and we assume the negligible “realistic” colli-
sions noise estimates [Sec. III A 4; see also Sec. III B 3].
Additionally, we show in Fig. 8 the rotational-period bands
that will limit the high-frequency reach of this proposal
[Sec. III C 2].
We transfer the enveloped and smoothed overall noise

curves and rotational frequency bands from Fig. 8 to Fig. 9,
which shows the sensitivity of our mission concept in the
context of other existing missions or techniques that access
this band, or the neighboring bands.
At the very lowest end of our frequency band of interest,

for fGW ∼ 0.01 μHz, pulsar timing arrays begin to provide
better sensitivity. PTA limits are typically given on the
instantaneous strain amplitude h0 for a quasimonochro-
matic source that would be detectable given the full PTA
dataset [12,15]. On the other hand, characteristic strain hc
corresponds to the instantaneous strain amplitude of a
monochromatic source that is detectable given one period
of the GW signal; see generally also Ref. [238] for detailed
discussion. The appropriate conversion between these is
hc ¼ h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NGWperiods

p ¼ h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWTobs

p
where Tobs is the

observation time for the array. This conversion however
assumes constant-in-time characteristic-strain performance
for the array, which is not generally true since PTA
networks have generally expanded to include more pulsars
over time [12,15]; stated differently, the value computed as
hc ¼ h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWTobs

p
gives the existing observation-time-

averaged characteristic strain performance for the array.
It is expected that array performance is somewhat better

43The smoothing is performed over a Gaussian kernel in log-
frequency space with a width (standard deviation parameter) of
Δ log10 f ¼ 5 × 10−2 log10½Hz�.
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FIG. 9. Smoothed and enveloped projected characteristic-strain sensitivity reach hc for our mission concept as a function of the
gravitational-wave period fGW, assuming either conservative (thick green line, labeled 1) or aggressive (thick red line, labeled 2) laser
link noise at high frequency. Also shown for comparison are limits or projections for other existing and proposed facilities: existing
NANOGrav limits [15] (teal; converted to hc per the discussion in Sec. VI), existing EPTA limits [12] (dark green; converted to hc per
the discussion in Sec. VI), the LISA L3 design sensitivity (solid black) [20], the μAres strawman mission concept projected sensitivity
(darker, short-dashed purple, plotted above ∼2 μHz; see text) [6], and projected future astrometric GW detection reach using Gaia or
Roman Space Telescope survey data [64] (gold and orange, respectively; converted to hc per the discussion in Sec. VI). Also shown is
the astrophysical/cosmological confusion noise estimate (lighter, long-dashed purple, plotted above ∼μHz; see text) from Ref. [6].
Vertical shaded bands show the rotational frequencies of asteroids with rotational periods of 5 hrs (darker blue-gray) or 4 hrs (light gray),
as well as the first ten harmonics of these rotational frequencies (the bands are �5% wide), which limit the high-frequency reach of our
concept.

FIG. 8. Combined plot of all contributing noise sources for our mission concept; see also Fig. 2 for a clearer version of the individual
noise contributions shown here and a more detailed explanation of the various lines and bands. The two smoothed envelope lines (solid
black thick lines), computed using a log-frequency-space Gaussian smoothing kernel, take into account all noise sources, except for the
following estimates (the reasons for their omission are discussed in the text): clock noise, upper bound on collisions, and high specific
magnetic moment torquing. At high frequency, the enveloped lines track the conservative and aggressive laser ranging noise curves,
respectively.
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during the best (typically, later) periods of the observation
run, and that a burst signal occurring during such period
would be more easily detected than this value of hc would
credit. Nevertheless, in order to be able to make a direct
comparison between our projected hc sensitivity and that of
the PTA arrays, we convert the h0 limits from Refs. [12,15]
to hc ¼ h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWTobs

p
. We plot in Fig. 9 values of hc for the

PTAs, making use for these purposes of Tobs ¼ 11 yrs for
the 11-year dataset results of NANOGrav [15] and Tobs ¼
18 yrs for the results of EPTA [12] (longest timing baseline
used in Ref. [12]; see also Ref. [239]).
Additionally, in the μHz band, we present projected

sensitivities of stellar astrometric GW detection making use
of future Gaia and/or Roman Space Telescope large-scale
survey data taken from Ref. [64]. The projections of
Ref. [64] are however again presented as “the detectable
instantaneous (time-domain) strain, h, of monochromatic
GWs, assuming end-of-survey performance” [64]. As
such, they must also be converted to44 hc ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fGWTobs

p
.

Following discussion in Ref. [64], we take Tobs ¼ 5 yrs for
the Gaia results, and Tobs ¼ 432 days for the Roman Space
Telescope results. These converted hc curves are shown in
Fig. 9: the gold line shows the Gaia projected sensitivity,
and the solid and dashed orange lines show the Roman
Space Telescope projected sensitivity under differing
assumptions (see discussion in Ref. [64]).
At the upper end of our band, we run into the LISA L3

design sensitivity; we display in Fig. 9 the LISA hc
sensitivity curve taken from Fig. 1 of Ref. [20].
Also shown in Fig. 9 is the sensitivity of the μAres

“strawman mission concept” [6], which would adopt a
LISA-style approach, but with a baseline two orders of
magnitude larger and a TM acceleration isolation at fGW ∼
μHz which is approximately three orders of magnitude
improved over the extrapolated LISA Pathfinder [21]
results.45 While these may be achievable goals, our mission
concept is an interesting alternative optimization of mission
parameters that would achieve approximately the same reach
in the μHz band. Note that we cut off the low-frequency
sensitivity projections for μAres at fGW ∼ 2 μHz; the aste-
roid GGN noise source that we recently identified and
estimated [65], and included in our sensitivity projections,
would also limit μAres, as μAres proposes to employ a

TM-based approach with the entire baseline within the inner
Solar System.
Finally, we show in Fig. 9 a foreground projection for

unresolved astrophysical and cosmological GW sources in
this band, also taken from Ref. [6]. Our concept would just
begin to be sensitive to these foregrounds were they at the
level of that estimate. However, these foreground projec-
tions are somewhat larger those shown in Ref. [20] in the
frequency range where both are available near fGW ∼mHz.
Depending on how they are estimated then, these fore-
grounds may thus not be of concern for our concept;
nevertheless, to be conservative, we have shown the (larger)
estimates from Ref. [6] in Fig. 9. We only plot these above
fGW ∼ μHz for similar reasons owing to asteroid GGN as
discussed in the preceding paragraph.
Overall, our projected strain sensitivity results as shown

in Fig. 9 indicate significant reach from our mission
concept well into scientifically interesting levels of strain
sensitivity [6] in the otherwise hard-to-access μHz band.
This is especially true in the band fGW ∼ 1–10 μHz, where
we demonstrate possible reach 2–4 orders of magnitude
better than that of other estimated techniques, with the
exception of the μAres strawman concept [6]. This dem-
onstrates the remarkable utility of appropriately selected
asteroids as TMs in a GW detector.

VII. CONCLUSION

The historic discoveries of LIGO/Virgo have opened the
gravitational-wave spectrum. Given the unique nature of
gravitational waves to probe the existence of every massive
object in the universe, there is little doubt that they will play
a central role in astronomy and the pursuit of fundamental
physics. It is thus of great importance to investigate all
possible technological options to discover gravitational
waves over a wide range of frequencies. In this paper,
we explored the possible use of ∼ 10 km-scale asteroids as
test masses for gravitational-wave detection in the fre-
quency band around μHz and we have found that there is
good reason to expect them to be viable test masses in
this band.
While these reasons are strong enough to warrant

further investigation of this concept, it is desirable to
make additional measurements (such as low frequency
seismic monitoring) to establish the stability of the asteroid
surface at these frequencies before launching a full-scale
mission. Interestingly, given the strong motivation to visit
asteroids [99], there appears to be a symbiotic path that
can be pursued in concert with other planned exploration
of asteroids [216–221] to perform these measurements.
Further, the metrological demands of this mission have
been demonstrated in terrestrial atomic clocks. The pos-
sibility of this kind of mission adds to the science case for
creating a space-qualified optical atomic clock, a techno-
logical goal that has many other science applications

44Note that this converts Eq. (10) of Ref. [64] to hc∼
ðΔθ= ffiffiffiffiffiffi

Ns
p Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

fGWΔt
p

∼ Δθ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
NsNobs;GW

p
, where Δθ is the sin-

gle-star, single-measurement angular measurement accuracy; Ns
is the number of stars in the survey; Δt is the time between
observations of a single star; and Nobs;GW ¼ TGW=Δt ¼
1=ðfGWΔtÞ is the number of observations of a single star in a
GW period, which is the relevant timescale over which a strain
of amplitude h ∼ hc is obtained.

45LISA Pathfinder [21] results show a rising acceleration noise
ASD

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S½a�ðfÞp

∼ f−1 below the LISA-optimized sensitivity
band [f ≲ ðfewÞ × 10−4 Hz]; this degradation is assumed to be
absent in the μAres strawman concept estimate [6].
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including the search for gravitational waves [27] and dark
matter with atomic interferometers [240].
While the detection of gravitational waves has been the

primary focus of this paper, given the fact that asteroids are
likely to be excellent test masses in this low-frequency
range, it is interesting to explore their use for the detection
of a variety of dark-matter candidates such as ultralight
dark matter [50], compact dark-matter blobs [51], and
primordial black holes [48,49]. It would also be interesting
to consider the use of asteroids to probe violations of the
equivalence principle and test gravitation in the Solar
System, similar to the tests that have been performed with
Lunar Laser Ranging.

ACKNOWLEDGMENTS

We thank Sebastian Baum, Hartmut Grote, Jason Hogan,
Leo Hollberg, David Hume, Mark Kasevich, Peter
Michelson, Andrew Rivkin, James Thompson, and Jun
Ye for useful discussions. We thank the ACE MAG
instrument team and the ACE Science Center for pro-
viding the ACE data. S. R. is supported in part by the U.S.
National Science Foundation (NSF) under Grant No. PHY-
1818899. This work was supported by the U.S. Department
of Energy (DOE), Office of Science, National Quantum
Information Science Research Centers, Superconducting
Quantum Materials and Systems Center (SQMS) under
Contract No. DE-AC02-07CH11359. S. R. is also sup-
ported by the DOE under a QuantISED grant for MAGIS,
and the Simons Investigator Award No. 827042. This work
was also supported by the Simons Investigator Grant
No. 824870, NSF Grant No. PHY-2014215, DOE HEP
QuantISED Award No. 100495, and the Gordon and Betty
Moore Foundation Grant No. GBMF7946. The work of
M. A. F. was performed in part at the Aspen Center for
Physics, which is supported by NSF Grant No. PHY-
1607611.

APPENDIX: NOISE CROSS-POWER TERMS

In this appendix, we consider whether the beat note
between the rotational modulation of the area of an asteroid
presented to the Sun, and the solar power fluctuation at
roughly rotational frequencies, can induce low-frequency
noise that would significantly modify the estimates pro-
vided in Sec. III A 1.
Consider the case where the rotational modulation of

the effective cross-sectional area presented to the incoming
solar radiation is narrowband in the sense that, given a total
observation time T, it provides power in some single DFT
frequency bin fr ¼ rΔfðr ∈ Z; 0 < r ≤ N − 1Þ where
Δf ¼ 1=T: that is, δAeffðtÞ ¼ δAeff;0 cosð2πfrtþ ϕÞ. In

this case, the FFT of this function, gδAeff ½n�≡ gδAeffðfnÞ
where fn ¼ nΔf, is (see conventions in Appendix C
of Ref. [65])

gδAeff ½n� ¼
T
2
δAeff;0½eiϕδn;rmodN þe−iϕδn;ðN−rÞmodN �; ðA1Þ

with δi;j the Kronecker delta.
Let the FFT of the solar fractional power fluctuation

be gδI⊙½n�≡gδI⊙ðfnÞ.
Consider the cross term δaðtÞ ⊃ CðtÞ≡ δAeffðtÞ · δI⊙ðtÞ

in Eq. (8). Because of the multiplication-convolution
theorems of Fourier analysis, it follows that the FFT of
CðtÞ, C̃½n�≡ C̃ðfnÞ is given by

C̃½n� ¼ 1

T

XN−1

m¼0

gδAeff ½m� ·gδI⊙½ðn −mÞmodN�: ðA2Þ

Therefore,

C̃½n� ¼ 1

2
δAeff;0½eiϕC1½n� þ e−iϕC2½n��; ðA3Þ

where

C1½n�≡gδI⊙½ðn − ðrmodNÞÞmodN�; ðA4Þ

C2½n�≡gδI⊙½ðn − ððN − rÞmodNÞÞmodN�: ðA5Þ

But since 1 ≤ r ≤ N − 1, we have 1 ≤ N − r ≤ N − 1, so
ðn − ððN − rÞmodNÞÞ ¼ ðnþ r − NÞ, and so

C1½n�≡gδI⊙½ðn − rÞmodN�; ðA6Þ

C2½n�≡gδI⊙½ðnþ r − NÞmodN�: ðA7Þ

Now consider that we are looking for the low-frequency
beat note at fn ¼ nΔf, such that 10−6 Hz≲ fn ≲ 10−5 Hz,
whereas the asteroid rotational period is fr ¼ rΔf ≳
ðfewÞ × 10−5 Hz; therefore, n≲ r (and possibly n ≪ r).
Further, let us assume that N ≫ 2r > r, since N sets the
Nyquist sampling frequency fNyq: ¼ ðN=2ÞΔf, and we
can in principle sample the acceleration much faster
than the asteroid rotational rate. In this case, we have
ðn− rÞmodN ≈N − ðr− nÞ and ðnþr−NÞmodN≈rþn,
so that

C̃½n� ≈ 1

2
δAeff;0½eiϕgδI⊙½N − ðr − nÞ� þ e−iϕgδI⊙½rþ n��:

ðA8Þ

Because δI⊙ðtÞ ∈ R, we have gδI⊙½N − k� ¼ gδI⊙½k��, so
C̃½n� ≈ 1

2
δAeff;0½e−iϕgδI⊙½rþ n� þ eiϕgδI⊙½r − n��� ðA9Þ

≈
1

2
δAeff;0½e−iϕgδI⊙½r� þ c:c:�; ðA10Þ

where in the last line we have further assumed that n ≪ r
(and that gδI⊙ is reasonably smooth), and where þc:c:
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denotes the addition of the complex conjugate of the
previous term.
Therefore, it follows that

fδa½n� ≈gδI⊙½n� þ δAeff;0Re½e−iϕgδI⊙½r��: ðA11Þ

From this form, it is clear that the additional cross term is
at most an Oð1Þ correction to the direct solar fluctuation

term, because (1) δAeff;0 is at most Oð1Þ; and (2) the
solar fluctuation PSD falls as a function of increasing
frequency [120] very roughly as jgδI⊙j ∝ ffiffiffiffiffiffiffiffiffiffiffiffiffi

S½δI⊙�
p

∝ f−2 in

the band between 10−6 Hz and 4 × 10−6 Hz, and as jgδI⊙j ∝ffiffiffiffiffiffiffiffiffiffiffiffiffi
S½δI⊙�

p
∝ f−2=3 in the band between 4 × 10−6 and

10−4 Hz so that jgδI⊙½r�j≲ jgδI⊙½n�j. As such, we ignore
this extra term.
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