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A B S T R A C T   

Coupled water and heat transfer models are widely used to analyze soil water content and temperature dynamics, 
evaluate agricultural management systems, and support crop growth modelling. In relatively dry soils, vapor 
transfer, rather than liquid water flux, becomes the main pathway for water redistribution. However, in some 
modularized soil simulators, e.g., 2DSOIL (Timlin et al., 1996), vapor transfer is not included, which may induce 
errors in soil water and heat modelling. Directly embedding vapor transfer into existing water and heat transfer 
modules may violate the modularized architecture of those simulators. Therefore, the objectives of this study are 
to design a vapor transfer model, evaluate its performance, and implement it as a separate module in a coupled 
soil water and heat simulator, e.g., 2DSOIL. The efficacy of the vapor transfer model is evaluated by comparing 
the simulated soil water content and temperature before and after including the new vapor transfer model, and 
the soil water content and temperature simulated with the standard Philip and de Vries (1957) model. By 
implementing vapor transfer as a separate module in 2DSOIL, modifications to existing water and heat transfer 
modules can be minimized and the modularized model architecture can be maintained. Numerical examples of 
2DSOIL with the new vapor transfer model are presented to illustrate the effects of vapor flux on soil water and 
temperature redistributions. In conclusion, the new vapor transfer model provides an effective and easy-to-use 
method to account for the effects of vapor transfer on coupled soil water and heat simulations.   

1. Introduction 

Numerical simulation is an important approach to elucidate water 
and heat transfer in soil, and it supports a wide range of applications in 
agriculture and civil engineering. For model establishment, a variety of 
soil simulators, e.g., the early versions of HYDRUS such as HYDRUS-1D 
or CHAIN-2D (Simunek and van Genuchten, 1994; Simunek et al., 
2012), combined the Richards equation (Richards, 1931) and a con
duction–convection heat equation as the governing model to represent 
the water and heat transfer in soil [see Eq. (1)]. Such a model formu
lation does not include temperature gradient as a factor in liquid water 
flux [see Eq. (1a)]. After solving the Richards equation [i.e., Eq. (1a)], 
the liquid water flux can be considered as a known quantity when 
computing the conductive and convective heat transfer [see Eq. (1b)], 

where liquid water flux carries sensible heat flux. Thus, given a dis
cretized time step, the two equations for soil water transfer and soil heat 
transfer [Eq. (1a) and (1b), respectively] can be solved one-by-one using 
relatively simple and efficient numerical implementations. Based on that 
model formulation [Eq. (1)], soil water and heat transfer can be pro
gramed into two separate modules, which can also support a relatively 
complex but flexible model architecture. For example, in 2DSOIL 
(Timlin et al., 1996), a modularized simulator of soil physical and 
chemical processes in 2D soil profiles (one horizontal scale and one 
vertical scale), both the water transfer module and the heat transfer 
module can establish their own connections (i.e., dataflow pathways) to 
soil surface water and heat balance models, crop growth models, and 
soil-root interaction models. Additional modules can be linked to the 
water and heat transfer modules in 2DSOIL with minimal or no 
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modifications to the existing modules (Timlin et al., 1996; Kim et al., 
2012; Wang et al., 2021a; Wang et al., 2021b). However, vapor transfer, 
which contributes to both water and heat dynamics in soil, is not 
included, and that may induce errors in the simulations of soil water 
content and temperature. 

In relatively dry soils, vapor transfer is the predominant means for 
water redistribution, which also contributes to sensible and latent heat 
fluxes (Scanlon, 1994; Scanlon and Milly, 1994; Zeng et al., 2009a; Zeng 
et al., 2009b). The reasons are (I) in relatively dry soils, relatively large 
temperature gradients can serve as a driving force for vapor transfer, and 
(II) a relatively large fraction of soil pores are air-filled, providing 
pathways for vapor transfer. However, adding vapor transfer to existing 
soil water and temperature models may substantially increase the model 
complexity, because (I) vapor transfer has effects on both water fluxes 
and heat fluxes, and (II) phase changes of soil water must be considered. 
For example, Philip and de Vries (1957) and de Vries (1958) included 
the vapor transfer, as well as the associated heat fluxes and water phase 
changes, and then, the water transfer model and the heat transfer model 
became fully coupled [see Eq. (2)]. 

The Philip and de Vries (1957) model is widely used in simulating 
coupled water and heat transfer in porous media, and multiple im
provements have been proposed. For example, Sophocleous (1979) and 
Milly (1982) reformulated the Philip and de Vries (1957) model using 
matric potential to account for the hysteresis and the coupling of matric 
potential and temperature, and Nassar and Horton (1989, 1997) 
included osmotic potential and developed a coupled heat, water, and 
solute transfer model for wettable soils. However, under the coupled 
formulation [Eq. (2)], the water transfer and heat transfer models 
cannot be solved one-by-one within a given discretized time step, which 
causes difficulties in modularization. Solving the two equations in the 
Philip and de Vries (1957) model [Eq. (2)] one-by-one can greatly 
enhance the computing efficiency and simplify the programming. Thus, 
multiple studies have investigated alternative formulations that can 
achieve such a “one-by-one” approach. For example, Saito et al. (2006) 
and Šimůnek et al. (2016) illustrated a commonly used simplification 
that for each discretized time step, first assume soil temperature is 
constant and solve for soil water content, second assume soil water 
content is constant and solve for soil temperature, and repeat those two 
steps in the following discretized time steps. Such a simplification 
method has been adopted in a variety of related studies, such as the 
coupled water and heat transfer in partially frozen soil (Zheng et al., 
2021) and the water-heat-air models with surface evaporation (Zeng 
et al., 2011a; Zeng et al., 2011b), although the governing models in 
those studies were not exactly the same as the original version of the 
Philip and de Vries (1957) model [Eq. (2)] but were adapted to their 
specific application scenarios. However, for modularized soil simulators 
with connections to climate, soil surface, and crop models, such as 
2DSOIL, adding the vapor transfer to the water and heat transfer model 
with such a simplification is still challenging. That is because the in
clusion of vapor transfer can induce relatively large modifications to 
both existing water and heat transfer modules, as well as the dataflow 
pathways between water and heat modules and other existing modules. 
Therefore, there exists a need to design an approach to implement vapor 
transfer that can be compatible with modularized soil simulators, such 
as 2DSOIL, where vapor transfer is not originally considered. 

The objectives of this study are (I) to design a model for vapor 

transfer, as well as the associated sensible and latent heat fluxes and 
water phase changes, and make it compatible with modularized soil 
simulators, (II) to evaluate the performance of the new vapor transfer 
model, and (III) to implement the vapor transfer model as a separate 
module in coupled soil water and heat simulators, such as 2DSOIL. 
Following these objectives, vapor transfer simulations can be enabled in 
2DSOIL and modifications to the 2DSOIL model architecture, the data
flow pathways, and the existing water and heat transfer modules should 
be minimized. Moreover, additional flexibility can be provided by such 
modularization, which allows independent controls on the water 
transfer in liquid and vapor phases. For example, the vapor transfer 
pathway can be artificially activated or deactivated based on user set
tings. If two soil layers are separated by a semi-permeable film, e.g., 
Tyvek (DuPont Inc., water-repellent but permeable to gas flux), the 
semi-permeable film can be simply implemented as an impermeable 
boundary for liquid water flux in the water transfer module, while in the 
vapor transfer module, such a semi-permeable boundary exerts no 
effect. 

2. Model establishment 

2.1. Review of existing models 

The combination of the Richards equation (Richards, 1931) and the 
conduction–convection heat equation is shown in Eq. (1). Within a given 
discretized time step, water and heat transfer can be solved one-by-one 
using the two equations in Eq. (1). Because vapor transfer and associated 
sensible and latent heat fluxes are not included, it may produce unde
sirable simulation results in relatively dry soils. In the following sec
tions, Eq. (1) (without vapor transfer in soil) is referred to as the 
“preliminary formulation 

(
Mprel

)
”, and it serves as the starting point for 

our vapor transfer model design, which means we will develop a vapor 
transfer model and insert the vapor transfer model in Mprel using a 
modularized manner. 
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Water Equation :
∂θ
∂t

= ∇⋅

⎡

⎢
⎣K(h, T)∇h

⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟
=−ql(h,T)

⎤

⎥
⎦ (1a)

Heat Equation : Cs
∂T
∂t

= ∇⋅[λ∇T] − ∇⋅[clρlql(T − T0) ] (1b)

Equation (1a) presents the mass conservation of soil liquid water, 
where θ(cm3 cm−3) is the volumetric water content; h(cm) is the soil 
matric potential; K(h, T)(cm s−1) is the unsaturated hydraulic conduc
tivity. A constitutive relation between θ and h can be provided using the 
water characteristic function. Equation (1b) presents the conservation of 
energy, where T(K) is the soil temperature; Cs

(
J cm−3 K−1)

is the soil 
volumetric heat capacity; λ

(
W cm−1 K−1)

is the thermal conductivity; 
cl ≈ 4.187 J g−1 K−1 and ρl ≈ 1.0 g cm−3 are the specific heat and den
sity of liquid water; ql = −K(h)∇h(cm s−1) is the Darcy flux density; 
T0(K) is a pre-specified reference temperature. Hence, clρlql(T −T0)

represents the sensible heat flux associated with liquid water flux. 
In contrast to the preliminary formulation 

(
Mprel

)
, the Philip and de 

Vries (1957) model, which fully couples the water and heat transfer in 
soil and includes water transfer in both liquid and vapor phases, is 
shown in Eq. (2). 
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Cθθ(cm−1), CθT(K−1), CTθ
(
J cm−3 cm−1)

and CTT
(
J cm−3 K−1)

are 
capacity coefficients for h and T with respect to the changes in soil water 
content and temperature. In Eq. (2a), Dmv(h, T)

(
cm s−1)

and Dtv(h,

T)
(
cm2 s−1 K−1)

are coefficients of vapor transfer under the water po
tential gradient and temperature gradient, respectively; therefore, 
qv

(
cm s−1)

is the total vapor flux driven by both gradients. Similarly, 
Dtl(h, T)

(
cm2 s−1 K−1)

in Eq. (2a) is the liquid water diffusion coefficient 
under temperature gradient; combined with the Darcy flow defined in 
Eq. (1a), ql(h, T) represents the total liquid water flux. In Eq. (2b), 
L0

(
J g−1)

is the heat of vaporization of water at T0; cv ≈

1.864
(
J g−1 K−1)

is the specific heat of vapor. Hence, 
L0ρlqv +cvρlqv(T −T0) represents the latent and sensible heat fluxes 
carried by vapor, relative to the internal energy of liquid water at T0, and 
qh(h, T) becomes the total heat flux in soil. 

The numerical implementation of the Philip and de Vries (1957) 
model, without the simplifications illustrated in Saito et al. (2006), has 
been evaluated with experimental and numerical studies, under a vari
ety of initial and boundary conditions, e.g., Nassar and Horton (1997), 
Heitman et al. (2007), Heitman et al. (2008) and Wang et al. (2017). 
Thus, such a numerical approach of the Philip and de Vries (1957) model 

[Eq. (2)] is used as a “standard reference point” in this study, and in the 
following sections, it is referred to as the “full formulation 

(
Mfull

)
”. Mfull 

also serves as the target in this study, which means that after imple
menting a vapor transfer model in Mprel [recall Mprel is the starting point 
of our model design where vapor transfer is not originally included, see 
Eq. (1)], the soil water and temperature simulations should achieve a 
performance similar to Mfull. 

The standard derivations of the Philip and de Vries (1957) model and 
the computation of capacity, hydraulic conductivity and diffusivity co
efficients can be found in Heitman et al. (2008) and Wang et al. (2017). 
The soil thermal conductivity (λ) is adopted from Lu et al. (2014) and 
summarized in Table 1; the expression of the liquid water diffusion 
coefficient [Dtl(h, T) ] is simplified from Groenevelt and Kay (1974) and 
Milly (1982), which is provided in Appendix A. We also note that 
although both liquid water and water vapor are considered, the Philip 
and de Vries (1957) model is not a typical 2-phase model but a 1.5-phase 
model because water potential and thermal equilibrium is assumed at 
the water–vapor interface (Vanderborght et al., 2017). 

Typically, within a given time step, the full formulation Mfull assumes 
that h and T are updated together as one equation system, which re

quires solving a relatively large linear system that contains both h and T 
values from the computing girds. Saito et al. (2006) and Šimůnek et al. 
(2016) illustrated a simplification that can solve the two equations in Eq. 
(2) one-by-one. That is, within a given discretized time step, first assume 
T is constant and update h, and second assume h is constant and update 
T. Therefore, h and T are updated in two steps. A diagram for such a two- 
step process is presented in Zheng et al. (2021) [See Fig. 1 for the 
dataflow chart in Zheng et al. (2021). We note that there exist some 
variations in the Hydrus-based models. E.g., one improvement is that 
Zheng et al. (2021) repeat the “one-by-one” procedure in solving h and T 
twice within one time step, but h and T are still updated in the “water 
flow” and “heat flow” blocks separately]. However, because of the 
simplification, the corresponding governing model was slightly changed 
from Eq. (2) to enable the “one-by-one” approach. The equation system 
is presented as Eq. (2’). In the following sections, we denote the Philip 
and de Vries (1957) model, with the numerical approach illustrated in 
Saito et al. (2006) and Šimůnek et al. (2016), as the “simplified formu
lation 

(
Msimp

)
”. Because the governing models that use Saito et al. 

(2006) and Šimůnek et al. (2016) simplification vary based on specific 
application scenarios, the formulation of Eq. (2’) may not be exactly the 
same as the ones in Saito et al. (2006), Šimůnek et al. (2016), Zeng et al. 
(2011a), Zeng et al. (2011b) or Zheng et al. (2021).   

2.2. The vapor transfer model 

In this study, the vapor transfer model is designed as a rebalance of 
soil water and heat by vapor flux, and it should be solved after Mprel to 
include the vapor transfer and its effects on heat exchanges [recall that 
Mprel is treated as the starting point of our model design]. The vapor 
transfer model can be simply described in the following two steps. First, 
taking the difference between the right-hand side of Eqs. (1) and (2) and 
assuming Dtl(h, T)≪Dtv(h, T), i.e., the thermally driven liquid water 
transfer is much smaller than the vapor flux in an agricultural field soil 
(see Appendix A for detailed adjustment), the vapor fluxes and the 
sensible and latent heat flux associated with vapor transfer can be 
extracted. Second, reassemble the extracted vapor fluxes and vapor- 
induced heat fluxes to the left-hand side of Eq. (2), where the left- 
hand side of Eq. (2) represents the differentiation of total soil water 
and total soil heat with respect to time. Then, we obtain the governing 
equation for the vapor transfer model, as shown in Eq. (3). 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Water Equation : Cθθ
∂h
∂t

+ CθT
∂T
∂t

= ∇⋅

⎡

⎢
⎣Dmv(h, T)∇h + Dtv(h, T)∇T

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
=−ql(h,T)

+ K(h, T)∇h + Dtl(h, T)∇T
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

≡−ql(h,T)

⎤

⎥
⎦

= ∇⋅[[Dmv(h, T) + K(h, T) ]∇h + [Dtv(h, T) + Dtl(h, T) ]∇T ] (2a)

Heat Equation : CTθ
∂h
∂t

+ CTT
∂T
∂t

= −∇⋅[−λ∇T + clρlql(T − T0) + [L0ρlqv + cvρlqv(T − T0) ]]
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

=qh(h,T)

(2b)

⎧
⎪⎪⎨

⎪⎪⎩

Water Equation : Cθθ
∂h
∂t

= ∇⋅[[Dmv(h, T) + K(h, T) ]∇h + [Dtv(h, T) + Dtl(h, T) ]∇T ],
∂T
∂t

= 0(2a’)

Heat Equation : CTT
∂T
∂t

= −∇⋅[ − λ∇T + clρlql(T − T0) + [L0ρlqv + cvρlqv(T − T0) ] ],
∂h
∂t

= 0(2b’)
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⎧
⎪⎪⎨

⎪⎪⎩

Vapor Equation : Cθθ
∂h
∂t

+ CθT
∂T
∂t

= ∇⋅[Dmv(h,T)∇h + Dtv(h,T)∇T ] (3a)

Heat Equation : CTθ
∂h
∂t

+ CTT
∂T
∂t

= −∇⋅[L0ρlqv + cvρlqv(T − T0) ] (3b)

Equation (3) can be implemented as a separate module, which needs 
to be solved after Mprel. The initial conditions of Eq. (3) are the same as 
the initial conditions of Mprel, and zero water flux and zero heat flux are 
assumed as the boundary conditions, as shown in Eq. (4). 
⎧
⎨

⎩

Dmv(h, T)
∂h
∂n̂

+ Dtv(h, T)
∂T
∂n̂

= 0

L0ρlqv + cvρlqv(T − T0) = 0
(4)  

where n̂ is the unit outward normal vector along the boundary of a given 
soil profile. In the boundary conditions [Eq. (4)], the new vapor transfer 
model does not contribute to the water and heat fluxes between soil and 
ambient. That is because the water (both in liquid and vapor phases) and 
heat exchanges on the boundaries, such as evaporation, infiltration, or 

solar radiation, have been fully expressed in Mprel as “mass fluxes” and 
“energy fluxes”, and solved before Eqs. (3) and (4). Therefore, the vapor 
transfer model can be considered as an “internal compensation” or 
“rebalance” of water and energy redistributions within the soil via vapor 
fluxes. 

One benefit of using the boundary conditions [Eq. (4)] is that the 
boundary conditions originally employed in Mprel do not need to be 
changed due to the inclusion of the vapor transfer model, which mini
mizes the potential changes of existing modules due to the imple
mentation of the new vapor transfer module. However, the drawback is, 
if the boundary conditions [Eq. (4)] are assumed, the vapor transfer 
model must be executed after Mprel and cannot work on itself, because no 
water and heat exchanges between soil and ambient are established in 
the new vapor transfer model via its own boundary conditions. 

In the following sections, the combination of Mprel and the new vapor 
transfer model [Eqs. (3) and (4)] is referred to as the “combined 
formulation (Mcomb) ”, where Mcomb is built on Mprel and Mprel becomes a 
sub-process of Mcomb. 

By the end of this subsection, we summarize the positions of the four 
model formulations, Mprel, Mcomb, Msimp and Mfull. Mprel is an existing 
formulation with limited performance due to the lack of vapor transfer 
simulation. The new vapor transfer model is developed as a separate 
module and combined with Mprel to obtain Mcomb. Mcomb, the new 
formulation proposed in this study, is a modularized soil water and heat 
simulator that includes vapor transfer. We expect Mcomb can achieve 
similar performance as Mfull. Msimp is an existing, simplified numerical 
formulation for the Philip and de Vries (1957) model. Since the main 
goal of this study is to combine Mprel with the new vapor transfer model 
to obtain Mcomb and evaluate the performance of Mcomb against Mfull, 
Msimp does not belong to main target of this study. However, due to the 
wide adoption of Msimp, we included it for comparison. The four model 
formulations, Mprel, Mcomb, Msimp and Mfull, as well as the corresponding 
governing equations, are also summarized in Appendix B. In the next 
section, we will demonstrate the performance of Mcomb by comparing 
Mcomb with Mprel, Msimp and Mfull. With such comparisons, the efficacy of 
the new vapor transfer model, as a component in Mcomb, can also be 
demonstrated. 

2.3. Model demonstration for selected numerical examples 

In this section, 1D illustrative examples implemented with Matlab 
(Mathwork, Inc.) are provided to demonstrate the efficacy of the new 
vapor transfer model, as well as the accuracy of Mcomb in simulating soil 
water content and temperature. The accuracy of Mcomb can be evaluated 
by comparing the simulation results using Mcomb and the simulation 
results from Mprel and Mfull. However, for the vapor transfer model, its 
performance is demonstrated through the performance of Mcomb. That is, 
the accuracy of Mcomb implies the effectiveness of the vapor transfer 
model, because the vapor transfer model is only one component (mod
ule) in Mcomb rather than a completed water and heat simulator. More
over, we note that the vapor transfer model is not designed to be 
executed on itself (In Mcomb, the vapor transfer model must be executed 
after Mprel), and pure vapor fluxes without any liquid water involved are 
rare in natural soil. Therefore, it will be challenging to provide error 
analyses for the new vapor transfer model on itself, with no liquid water 
flux included. Thus, we cannot use “accuracy” to quantify the perfor
mance of the vapor transfer model. In the following section, we will only 
use “efficacy” to represent the performance of the vapor transfer model, 
and we use “the vapor transfer model is effective” to indicate that Mcomb 

with the vapor transfer model can achieve errors smaller than Mprel, i.e., 
Mcomb is more accurate than Mprel with the new vapor transfer model 

Table 1 
Physical Properties of the Soil in Section 2.3.  

Ida (fine-silty, mixed, superactive, calcareous, mesic Typic Udorthents) 

Soil Textural Properties  
Sand 

(
fsand, g g−1)

0.022 

Silt 
(
fsilt , g g−1)

0.729 

Clay 
(

fclay, g g−1
)

0.249 

Organic matter 
(
g g−1)

0.044 

Specific surface area 
(
Sa, cm2 cm−3)

2.44 × 106  

Bulk density 
(
ρb , g cm−3)

1.20 

Hydraulic Properties  
Saturated water content 

(
θs,

cm3 cm−3)
0.547 

Saturated hydraulic conductivity at 
T0

(
Ks, cm s−1)

3.80 × 10−5  

Water characteristic function h = −13.0 × (θ/θs)
−6.53  

Hydraulic conductivity 
(
K, cm s−1)

K = [μ(T0)/μ(T) ] × (θ/θs)
16.06Ks †

Thermal Properties  
Thermal conductivity 

(
λ,

W cm−1 K−1)
(Lu et al., 2014)  

λ = 0.01
(
λdry + exp(β − θ−α)

)

λdry = −0.56θs + 0.51

α = 0.67fclay + 0.24

β = 1.97fsand + 1.87ρb − 1.36fsandρb − 0.95  
† μ(T) represents the dynamic viscosity of water, as a function of soil temperature.   

Table 2 
Initial and Boundary Conditions in Illustrative Example 1.  

(a) Initial Condition θ = 0.15,T = 25◦C  
Boundary Condition Left ql = 0, qv = 0,T = 25◦C  

Right ql = 0, qv = 0,T = 30◦C  
(b) Initial Condition θ = 0.15,T = 25◦C  

Boundary Condition Left ql = 0, qv = 0,qh = −0.0001W cm−2  

Right ql = 0, qv = 0,qh = 0.0001W cm−2  

(c) Initial Condition θ = 0.2,T = 25◦C  
Boundary Condition Left θ = 0.2,T = 25◦C  

Right ql = 0, qv = −1 × 10−7cm s−1,T = 30◦C  
(d) Initial Condition θ = 0.15,T = 25◦C  

Boundary Condition Left θ = 0.20,T = 25◦C  
Right θ = 0.10,T = 30◦C   
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equipped. 
A 50 cm horizontally placed soil column is used in the following 

numerical examples. The soil physical properties are isotropic and listed 
in Table 1. Such a setting (the selected soil type and the 1D simulation 
scenario) is used because the soil properties have been validated with 
both experimental and 1D numerical studies based on the Philip and de 
Vries (1997) model, and some existing applications also utilized the 
same soil type (e.g., Heitmann et al., 2008; Wang et al., 2017). Hence, 
the 1D simulation results via Mfull can be assumed as the “reference 
results”. 

The relative accuracy of Mprel, Mcomb and Msimp, with Mfull as the 
reference, is presented based on the relative-mean-error (RME) of soil 
water content and temperature, i.e., 

RME =

∑
k

⃒
⃒yk − yk,full

⃒
⃒

∑
k

⃒
⃒yk,full

⃒
⃒

, y = θ or T (5) 

In Eq. (5), y represents the simulated water content or temperature; 
the summation Σk is taken along the horizontal scale of the soil column, 
where k is the index of the node in a discretized computing grid. The 
subscript “full” indicates the results obtained using Mfull. The reason to 
use RME rather than the relative-root-mean-squared-error (RMSE) is to 
reduce the effects from large errors at single nodes. In this subsection, all 

the model formulations, i.e., Mprel, Mcomb, Msimp and Mfull, are solved on 
the same computing grid. 

Example 1. (Model comparisons with a series of steady bound
ary conditions) 

In this example, we compared the simulated water content and 
temperature in the given 1D soil column for a series of steady boundary 
conditions, i.e., the boundary conditions do not change with respect to 
time. Four selected boundary conditions are shown in Table 2, including 
impermeable water boundaries [e.g., (a) and (b)], heat and water fluxes 
[e.g., (b) and (c)], and constant water content and temperature 
boundaries [e.g., (d)]. Those boundary conditions were selected to 
mimic a range of boundary conditions that may occur in agricultural 
fields or commonly used in numerical studies. Natural soils are seldomly 
adiabatic, so we do not include boundary conditions with zero heat 
fluxes, i.e., qh = 0. In this example, the boundary conditions are 
assumed to be steady; hence they can serve as constant external forces to 
drive the water and heat redistributions in soil. As t→∞, steady water 
content and temperature can be achieved within the soil column, which 
simplifies the error comparison. Therefore, the goal of this example is to 
show that Mprel, Mcomb and Msimp can respond to the boundary conditions 
similarly to Mfull. 

The RME values of simulated results with respect to Mfull are pre

Fig. 1. The RME of simulated results using Mprel, Mcomb and Msimp, with respect to Mfull, for four groups of stationary boundary conditions (a), (b), (c) and (d) in 
Table 2. The RME values are computed using Eq. (5). The large figures present the RME patterns for the whole simulations, while the associated small sub-figures 
emphasize the relatively small RME values of Mcomb and Msimp as the simulations approach to the end (i.e., the time of 4800 h). 
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sented in Fig. 1. The relative error values with respect to Mfull, shown in 
the vertical axis, are calculated from Eq. (5). Although soil water content 
and temperature are not of the same dimension, the relative errors can 
be plotted together. The smaller the errors, the better the accuracy for 
the simulated results. The smoother the curves, the smaller the numer
ical oscillations. 

In general, RME values of Mcomb and Msimp are <0.005, indicating 
that both Mcomb and Msimp can approximate Mfull. The small sub-figures 
show that when t is sufficiently large, the RME values of Mcomb and 
Msimp do not approach 0. The reason is the governing equations corre
sponding to the two formulations, Mcomb and Msimp, are not the same as 
the equations used in Mfull (see Appendix B for a summary). The RME 
values of Mcomb are small, indicating that ignoring the liquid water 
diffusion under temperature gradients is a reasonable assumption. In 
(a), (c) and (d), water content simulated with Mcomb has RME values of 
~0.0001, which are greater than the RME values for Msimp; while in (b), 
the simulated water content with Mcomb achieves lower RME values than 
the simulated water content with Msimp. Therefore, Mcomb and Msimp can 
outperform each other under different simulation scenarios. 

However, in all the four selected boundary conditions, the RME 
values of Mcomb simulated temperature are smaller than the RME values 
of the Msimp results. One reason could be that the interaction between 
water and temperature transfer is simplified in Msimp, where soil water 
content and temperature are updated by the two equations in Eq. (2′) 

Fig. 2. The RME of simulated results using Mprel, Mcomb and Msimp, with respect to Mfull, for four groups of time-dependent boundary conditions (a), (b), (c) and (d). 
The RME values are computed using Eq. (5). The large figures present the RME patterns for the whole simulations, while the associated small sub-figures emphasize 
the relatively small RME values of Mcomb and Msimp as the simulations approach to the end (i.e., the time of 4800 h). 

Table 3 
Initial and Boundary Conditions in Illustrative Example 2.  

(a) Initial Condition θ = 0.15, T = 25◦C  
Boundary 
Condition 

Left ql = 0,qv = 0,T = 25◦C  
Right 

ql = 0,qv = 0,T = 25 + 5sin
(

2πt
86400

)
◦C  

(b) Initial Condition θ = 0.15, T = 25◦C  
Boundary 
Condition 

Left 
ql = 0,qv = 0,qh = −0.0001 −

0.00005sin
(

2πt
86400

)

W cm−2  

Right 
ql = 0,qv = 0,qh = 0.0001 +

0.00005sin
(

2πt
86400

+ π
)

W cm−2  

(c) Initial Condition θ = 0.20, T = 25◦C  
Boundary 
Condition 

Left θ = 0.20, T = 25◦C  
Right 

ql = 0,qv = −1 × 10−7 − 2 ×

10−8sin
(

2πt
86400

)

cm s−1,T = 30◦C  
(d) Initial Condition θ = 0.20, T = 25◦C  

Boundary 
Condition 

Left θ = 0.20, T = 25◦C  
Right 

θ = 0.20 + 0.10sin
(

2πt
86400

+π
)

, T = 25 +

5sin
(

2πt
86400

)
◦C   
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one-by-one. However, in Mcomb, although soil water content and tem
perature are first updated one-by-one in liquid water and heat transfer 
equations (i.e., the same as Mprel), soil water content and temperature 
are updated together in the vapor transfer model [Eq. (3)]. Therefore, 
some interactions between water and temperature are included. 

Relatively large RME values can be observed in the Mprel results for 
all four of the selected boundary conditions, except for the soil tem
perature in Fig. 2b. That is because, for all the simulation scenarios, 
temperature within the soil column is not uniformly distributed, and 
ignoring vapor transfer under temperature gradients, as well as the 
sensible and latent heat flux associated with vapor transfer can result in 
relatively large errors for both soil water and temperature. Soil tem
perature RME of the Mprel results in Fig. 2b may be an isolated exception 
due to the certain type of boundary conditions; however, the corre
sponding soil water content RME values are still larger than other 
models. Therefore, we claim Mprel still underperforms comparing with 
other formulations. 

Example 2. (Model comparisons for a series of time-dependent 
boundary conditions) 

In this example, the boundary conditions vary with respect to time, 
with formulations shown in Table 3. The time-dependent boundary 
conditions are obtained by adding oscillation terms to the steady 
boundary conditions in Example 2 (some changes are made in the non- 

oscillation parts to restrict soil water content between the residual and 
saturated water contents). As t→∞, soil water content and temperature, 
both within the soil profile and on the boundaries, are varied periodi
cally following the oscillations in the time-dependent boundary condi
tions. Model evaluations with time-dependent boundary conditions are 
critical. The first reason is that physically, soil surface conditions in 
agricultural fields vary following the weather changes. The second 
reason is that numerically, interactions between water content and 
temperature can be presented in a single time step when solving Mfull, 
because the two equations in Eq. (2) are fully coupled and the water 
content and temperature must be updated together. However, for Mprel, 
Mcomb and Msimp, water potential and temperature are solved one-by-one 
in a single time step, thus water and temperature interactions may need 
to be involved recursively with multiple time steps, which may induce 
“time-delays” and numerical oscillations. Therefore, the goal of this 
example is to determine whether Mprel, Mcomb and Msimp have a delayed 
response to the time-varying boundary conditions, compared to Mfull, 
especially when the temperature and water content increase or decrease 
rapidly. 

The RME values of simulated results with respect to Mfull are pre
sented in Fig. 2. We observe relatively large fluctuations in RME values 
compared to those in Fig. 1, especially for Msimp in (a) and (d) for the 
simulated soil temperature. Although Msimp is able to reasonably 
reproduce the patterns of soil water and temperature, solving water 
content and temperature one-by-one leads to “time-delays” of minute- 
scale for the soil water and temperature, which induce periodic varia
tions in the RME values with a relatively large magnitude under some 
boundary conditions (Fig. 2a and d). 

We provide an intuitive interpretation for the “time-delays” and 
numerical oscillations in this example, due to the large magnitude of 
fluctuation in the RME values shown in Fig. 2a and d. Given a discrete 
time step Δt, Msimp will first keep soil temperature constant and update 
soil water potential, where the soil water potential, as well as soil water 
content, can be solved using an iterative numerical method, such as 
Picard iteration. Second, soil water potential will be kept unchanged and 
soil temperature will be updated within Δt. The model formulation of 
Msimp, as well as the one-by-one updates of soil water potential and 
temperature are presented in Fig. 1 of Zheng et al. (2021). Within Δt, 
after the soil temperature is updated, the solution for the soil water 
potential and soil water content, obtained before the update of soil 
temperature, may not be optimal as it was, due to the change of soil 
temperature. However, in general, Msimp will not allow solving the soil 
water potential again within Δt, but pushes the whole procedure to the 
next time step. Therefore, although the speed of convergence within Δt 
can be improved in Msimp, after completing the computation for Δt, there 
will be a slight error in the soil water potential due to such a “one-by- 
one” approach. Similarity, because of the slight error in the soil water 
potential, soil temperature values solved in Δt may not be optimal 
either. Such errors will induce numerical oscillations in the RME values 
and can only be mitigated iteratively in the following time steps. In this 
study, such numerical oscillations are referred to as “time-delays”. [We 
note that some realizations of Hydrus, e.g., Zheng et al. (2021), repeat 
the “one-by-one updates of soil water potential and temperature” for 
finitely many times (e.g., twice) within one time step. However, despite 
the increase in computing load, the convergence of soil water potential 
and temperature within each time step is still evaluated separately. The 
“time-delays” can be mitigated with such an improvement but may not 
be totally removed. In contrast, in Mfull, the convergence of soil water 
potential and temperature must be evaluated as a whole within each 
discrete time step, see Appendix B for additional remarks]. 

Similar phenomena can also be observed in Fig. 1 for Msimp; however, 

Fig. 3. Diagrams of the vapor fluxes within a given 2D triangular element in 
the x-y plane. Two examples of vapor flux directions based on node A 
are shown. 
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the magnitude of the RME fluctuations in Fig. 1 is much smaller than 
that in Fig. 2, because the boundary conditions in Example 1 are steady, 
so the numerical solution can recursively approach to the steady state of 
soil water and temperature. However, in Example 2, the boundary 
conditions are varying. Therefore, when Msimp strives to reduce the 
“time-delays” produced in time step Δt using the following time steps, 
the boundary conditions are not the same as it was in Δt. Hence, the 
Msimp may not be able to fully “catch up with” the changing boundary 
conditions. 

In Fig. 2, the RME fluctuations for Mcomb are smaller than those for 
Msimp. The reason is that in Mcomb, although the liquid water transfer and 
conduction–convection heat transfer are first solved one-by-one within 
Δt via Mprel (recall Mprel is the first step in Mcomb), the vapor transfer 
model, as the next computing step in Δt, allows the soil water potential 
and temperature to be updated together one more time. Thus, the “time- 
delays” are partially avoided, and some interactions between soil water 
and temperature can be included via the vapor transfer model [refer to 
Eqs. (3) and (4)]. Hence the RME values for Mcomb are somewhat 
“smoothed”. 

For boundary conditions (a) and (d), Mprel seems to outperform Msimp, 

especially for the simulated soil temperature. That is because the peri
odic boundary conditions (a) and (d) only generate temperature varia
tions within a relatively small slice of soil profile near the right boundary 
(where the boundary conditions vary), around the initial soil water 
content and temperature values. Therefore, in those cases, Mprel becomes 
a rough approximation to Mfull from an average sense. Hence, Mprel 

produces relatively small RME values. 
In Examples 1 and 2, although Mcomb and Msimp alternate on the best 

performance based on the RME values, Mcomb is more robust than Msimp 

over all the scenarios. Because the accuracy of Mcomb implies the effec
tiveness of the new vapor transfer model, the good performance of the 
vapor transfer model is confirmed. Executing Mcomb requires solving two 
differential equation systems [Eq. (1) for Mprel and Eq. (3) for vapor 
transfer]. Therefore, the computing load of Mcomb is larger than that for 
the other models in this study. However, such a drawback in computing 
load can be ameliorated by including parallel linear solvers, such as the 
oneAPI Math Kernel Library and the PARDISO solver (Intel Inc.) used in 
2DSOIL. 

3. Implementation of the vapor transfer model in 2DSOIL 

3.1. Implementation of the vapor transfer model 

Numerical implementation of the new vapor transfer model [Eqs. (3) 
and (4)] in 2DSOIL is presented in this section. The vapor transfer model 
is incorporated into the 2DSOIL and placed after the water and heat 
transfer modules to satisfy the Mcomb model formulation. 2DSOIL per
forms 2D numerical simulations based on a pre-generated triangular 
finite element grid. Soil water, heat and chemical transfer are programs 
with separate modules but solved on the same finite element grid. 
Therefore, following the existing water and heat transfer modules, nu
merical solutions of the vapor transfer model can be obtained on the 
same grid. 

The performance of Mcomb, as well as the vapor transfer model used in 
Mcomb, have been validated in Section 2.3, so the main goal of Section 3 is 
to implement Mcomb in 2DSOIL without strict comparisons with Mfull. 

Fig. 4. The position of the new vapor 
transfer model (black box), as well as the 
layout of Mprel and Mcomb in the 2DSOIL 
simulator, are shown. Each box presents 
modules. The new vapor transfer model is 
linked with Mprel to include the water and 
heat redistributions induced by the vapor 
flux, and Mcomb is defined as the combination 
of Mprel and the new vapor transfer model. 
The figure emphasizes the order of solving 
liquid water transfer, heat transfer and vapor 
transfer within a given time step Δt using 
Mcomb. Mfull and Msimp are also presented as 
two parallel model formulations. Mfull and 
Msimp has functions equivalent to Mcomb, 
while Mfull and Msimp have additional func
tions (especially vapor transfer) compared to 
Mprel.   

Table 4 
Physical Properties of the Soil Used for the Simulations Described in Section 3.2.  

Alonzville (Fine-loamy, mixed, semiactive, mesic Typic Hapludults) 

Residual Water Content 
(
θr, cm3 cm−3)

0.052 

Saturated Water Content 
(
θs, cm3 cm−3)

0.376 

van Genuchten Parameter (α) 0.028 
van Genuchten Parameter (n) 1.390 

Saturated Hydraulic Conductivity 
(

Ksat , cm d−1
)

23.541 

Soil Bulk Density 
(
ρb, g cm−3)

1.570 

Mass Fraction of Soil Organic Matter 
(
g g−1)

0.006 

Mass Fraction of Sand 
(
g g−1)

0.660 

Mass Fraction of Silt 
(
g g−1)

0.180  

Z. Wang et al.                                                                                                                                                                                                                                   



Journal of Hydrology 608 (2022) 127541

9

Another reason for omitting the strict comparisons is that, were Mfull and 
Msimp implemented in 2DSOIL, the modularized architecture in 2DSOIL 
will be lost and dataflow pathways will be substantially changed. Hence, 
the resulting simulator will operate much differently compared to the 
original 2DSOIL. Therefore, a directly comparison that including Mfull 

and Msimp, under the 2DSOIL framework, cannot be applied. 
For numerical schemes, the vapor transfer equation [Eq. (3a)] can be 

treated as a diffusive equation and solved by a standard finite element 
method. That is because the vapor advection, as well as the “liquid 
islands” effects that assist vapor transfer, can be included in the diffusive 
coefficient (Dtv) via a vapor enhancement factor (Cass et al., 1984). 
However, the heat transfer equation [Eq. (3b)] is a conduction- 
convective equation and should be solved with a conservative numeri
cal scheme. 

One simple way to establish a conservative scheme is to use the 
temperature from the upwind direction of the vapor flux on the right- 
hand side of Eq. (3b). The upwind temperature (Tup) can be deter
mined for each triangular element in the 2DSOIL finite element grid. For 
example, consider an element that stays in the horizontal plane under 
the given coordinates in Fig. 3. First calculate the vapor flux, qv =

−Dmv(h, T)∇h −Dtv(h, T)∇T, where the water potential gradient (∇h)

and temperature gradient (∇T) are obtained by linear interpolations, 
based on the water potential and temperature values at the grid nodes A, 
B, and C. Then, we analyze the vapor flux direction with respect to the 
three nodes. 

For node A, if the triple products z→⋅
(

k
→

× qv

)
> 0 and 

z→⋅
(

qv × j
→)

> 0, i.e., the upper diagram in Fig. 3, a uniform vapor flux 

from node A to edge BC can be assumed to lie within the element and are 
demarcated by the two dotted red lines. Since A locates in the upstream 
direction of the vapor flux, the upwind temperature can be approxi

mated by the temperature at A, i.e., Tup = TA. If the triple products z→⋅ 
(

k
→

× qv

)
< 0 and z→⋅

(
qv × j

→)
< 0, i.e., the lower diagram in Fig. 3, a 

uniform vapor flux will occur from edge BC to node A, and the upwind 
temperature is a weighted average of the temperature at B and C, i.e., 
Tup = (|b|Tc +|c|Tb )/(|b| +|c| ), where |b| and |c| are distances from B and 
C to qv, respectively. 

Similar procedures can be performed for nodes B and C to exhaust all 
the possible directions of the vapor fluxes. If the triple product is equal to 
0, then the vapor flux is parallel to one of the edges, and the determi
nation of the upwind temperature coincides with the method used in 1D 
upwind schemes. Substituting the temperature on the right-hand side of 
Eq. (3b) by the upwind temperature, Tup, Eq. (3b) can be discretized with 
the standard finite element method. 

The diagram in Fig. 4 presents the position of the vapor transfer 
model in 2DSOIL and indicates how Mprel and Mcomb are defined in 
2DSOIL. Mfull and Msimp are also presented. Fig. 4 indicates that the 
combination of the liquid water transfer model, the heat transfer model, 
and the new vapor transfer model in 2DSOIL, i.e., Mcomb, performs a 
function equivalent to Mfull and Msimp. Fig. 4 also emphasizes the order of 
solving liquid water transfer, heat transfer and vapor transfer within a 
given discretized time step Δt for Mcomb in 2DSOIL. The dataflow 

Fig. 5. The simulated soil water and tem
perature distributions using 2DSOIL with and 
without the new vapor transfer model. The 
soil includes a ridge surface covered by a 
plastic film and a bare flat surface, and the 
simulations are performed using observed 
weather data. Soil water and temperature 
distributions at mid-day and mid-night on a 
summer day (May 31, DOY = 140, 2017) are 
presented. The small table in the figure in
dicates the times (mid-day or mid-night) of 
the water and temperature results, and 
whether the vapor transfer model is ignored 
or invoked, i.e., Mprel or Mcomb. (a) and (e) 
present the simulated soil water and tem
perature during the noon time using 2DSOIL 
with the vapor transfer module; (b) and (f) 
present the simulated soil water and tem
perature during the noon time using 2DSOIL 
without the vapor transfer module; (c) and 
(g) present the simulated soil water and 
temperature during the night time using 
2DSOIL with the vapor transfer module; (d) 
and (h) present the simulated soil water and 
temperature during the night time using 
2DSOIL without the vapor transfer module. 
Two labels “★” and “☆” marked the two 
small bends of the θ = 0.20 cm3 cm−3 con
tours in (a) and (c).   
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pathways among the existing liquid water transfer module, heat transfer 
module, and other modules are maintained. No additional pathway is 
added after involving the vapor transfer model. Hence, the modularized 
architecture in 2DSOIL model is retained. 

3.2. An illustrative example of model applications 

Because the effectiveness of the vapor transfer model and the accu
racy of Mcomb have been demonstrated in Section 2.3, in this section, we 
provide an example to illustrate the simulation results of 2DSOIL with 
the new vapor transfer model, i.e., Mcomb, and without the vapor transfer 
model, i.e., Mprel. Recall that Mfull and Msimp cannot be easily supported 
based on the 2DSOIL framework. Thus, we only focus on Mprel and Mcomb. 

A 60 cm wide and 150 cm deep soil profile is considered, with the 
physical properties presented in Table 4. To provide spatial variations in 
soil water and temperature, a ridge is formed on the left 30 cm of the soil 
surface. The ridge has a 15 cm height, and the surface topography fol
lows a cosine curve. Covered by a plastic film, the ridge surface becomes 
impermeable to water flux, but not to heat flux. The right 30 cm of the 
soil surface is flat and bare. During rainfall events, 94% of the precipi
tation received on the ridge becomes surface runoff, flows rightwards 
along the ridge surface, and infiltrates through the bare soil surface. This 
configuration is also referred to as the Ridge-Furrow Water Harvesting 
(RFWH), which is designed to conserve water in relatively deep soil 
layers (Wang et al., 2015; Zhao et al., 2018; Wang et al., 2020; Wang 
et al., 2021a). 

Uniform initial water content (0.12 cm3 cm−3) and temperature 
(10 ◦C) are assumed in the soil profile, and the simulation is run for a 40- 
day period (DOY = 100–140 in 2017) to allow the soil profile to fully 
adapt to the ambient weather conditions. The water content and tem
perature distributions at 12:00p.m. (Mid-day) and 12:00 a.m. (Mid- 
night) on the final simulation day (DOY = 140 in 2017) are recorded and 
presented in Fig. 5. 

The differences in soil temperature between mid-day (Fig. 5e and f) 
and mid-night (Fig. 5g and h) can be observed. During the daytime 
(Fig. 5e and f), the soil surface receives radiation and achieves the 
highest temperature values. The temperature contours are nearly par
allel to the soil surface, corresponding to an upwards temperature 
gradient. During the nighttime (Fig. 5g and h), the soil surface loses 
heat. Due to the plastic cover and the additional soil volume for the 
ridge, an area with relatively high temperature (T = 22◦C contour) can 
be observed in the ridge. The benefit of including the vapor transfer 
model can be shown by comparing Fig. 5e and g, with Fig. 5f and h. The 
vapor flux carries sensible and latent heat flux from the soil surface to 
subsurface layers and increases the subsurface temperature. Therefore, 
the T = 12◦C contour in Fig. 5e (with vapor flux) is deeper than the T =

12◦C contour in Fig. 5f (no vapor flux), and the T = 12◦C and T = 13◦C 
contours in Fig. 5g (with vapor flux) are deeper than those in Fig. 5h (no 
vapor flux). 

The effects of vapor transfer on soil water distribution can be 
observed by comparing Fig. 5a and c, and Fig. 5b and d. With the vapor 
transfer model invoked, during the daytime (Fig. 5a), the temperature 
gradient near the soil surface is relatively large, and the soil under the 
ridge has higher temperature than the soil under the flat surface. 
Therefore, temperature gradients drive vapor flux from the ridged 
portion to the flat portion, and lead to a small bend of the θ =

0.20 cm3 cm−3 contour in Fig. 5a near the ridge surface (marked with 
“★”), as well as a shrinkage of the θ = 0.22 cm3 cm−3 contour in Fig. 5a 
(with vapor flux) comparing to the θ = 0.20 cm3 cm−3 and θ =

0.22 cm3 cm−3 contours in Fig. 5b (no vapor flux). In another words, the 
water vapor is “pushed” from the ridged portion to the flat portion of the 
soil profile due to the soil temperature gradient. During the nighttime, 
with the vapor transfer considered (Fig. 5c), the highest temperature 
occurs near the T = 22◦C contour (see the position of T = 22◦C contour 
in Fig. 5g), so the small bend of the θ = 0.20 cm3 cm−3 contour moves 

from the soil surface in Fig. 5a to a location in Fig. 5c (marked as “☆”), 
corresponding to the frontiers of the T = 22◦C and T = 21◦C contours in 
Fig. 5g (see the differences of θ = 0.20 cm3 cm−3 contours in Fig. 5a and 
c for the changes of the contour shape and position). However, without 
considering vapor transfer (Fig. 5b and d), neither the small bends of the 
θ = 0.20 cm3 cm−3 contour or its position changes, nor does the 
shrinkage (the decrease of internal area) of the θ = 0.22 cm3 cm−3 

contour occur (see the differences of the θ = 0.22 cm3 cm−3 contours 
between “Fig. 5a and c” and “Fig. 5b and d” for the area enclosed within 
the contours). Without vapor transfer, the water transfer will only 
depend on the water potential distributions and have very limited 
response to the diurnal temperature changes. Hence, the water distri
butions in Fig. 5b and d are nearly identical. Therefore, the differences 
between Mprel and Mcomb in simulating soil water distribution, as well as 
the effects of the new vapor transfer model, are illustrated. 

4. Summary 

In this study, we design a numerical process to model the vapor flux 
and include vapor transfer effects on soil water and temperature simu
lations, when the liquid water transfer and heat transfer in soil are 
already considered. With the new vapor transfer model, simulations of 
liquid water, heat and vapor transfer in soil can be implemented as 
separate modules and solved one-by-one within a single discretized time 
step. The efficacy of the vapor transfer model, as well as the accuracy 
and stability of the coupled soil water and temperature simulations with 
the new vapor transfer model, are established via numerical experi
ments. The RME values of soil water content and temperature are <

0.005 relative to the standard Philip and de Vries (1957) model. 
An advantage of using the new vapor transfer model is that for a 

modularized soil simulator where water and heat transfer modules exist 
but vapor transfer is not included, the vapor transfer can be easily added 
with minimal modifications to the existing modules or the dataflow 
pathways. The model formulation using the new vapor transfer model (i. 
e., Mcomb) has a simple and flexible structure compared to the fully 
coupled formulation (i.e., Mfull), and achieves stable simulation perfor
mance for most of the examples presented in this study. In this study, we 
implemented the vapor flow model in 2DSOIL, and a numerical example 
is presented to illustrate the effects of vapor transfer on 2D soil water 
and temperature regimes. 

In conclusion, the vapor transfer model proposed in this study pro
vides an effective and easy-to-use method to include vapor flux in soil 
water and heat transfer simulations. This study focuses on a new way to 
include vapor transfer into the soil water and heat simulations, and 
related applications, such as the vapor flux effects on chemical transfer 
and root growth, can be directions for future studies. Because adding the 
vapor transfer module leads to an increase in the computing load, the 
use of high-performance computing (e.g., parallel computing or GPU 
computing within personal computers) in soil water, heat and vapor 
transfer simulations is also encouraged and can be another possible di
rection for future research. 
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Appendix A 

The liquid water diffusion coefficient under temperature gradient [Dtl(h, T) ] is used in model formulations Mfull and Msimp. In this study, we ignored 
Dtl(h, T) in Mcomb based on the assumption that Dtl(h, T)≪Dtv(h, T). Therefore, it is worth discussing that the formulation of Dtl(h, T). Dtl(h, T) is namely 
treated as a diffusion coefficient based on the mathematical formulations of the partial differential equation models. However, physically, it should be 
considered as a “phenomenological coefficient” depending on the soil type (e Souza and Nogueira, 2020). Groenevelt and Kay (1974) and Milly (1982) 
proposed that liquid water transfer under temperature gradient was based on the variations of water-soil adhesion with respect to temperature and 
modeled it using “thermal-osmosis” and water surface tension, which was further simplified by Noborio et al. (1996). In this study, we apply addi
tional simplifications to the model for coupled water and heat simulations. 

Suppose the water surface tension (σ, N cm−1) is 

σ = − 7.275 × 10−4[1 − 0.002 × (T − 291) ] (A1) 

We artificially add a negative sign in front of the leading coefficient. That is because we assumed the soil is hydrophilic, so the negative sign 
indicates the suction from the soil capillary pores to liquid water, i.e., the strength of water tied to the capillary pores. Then, the temperature induced 
water potential change can be expressed as 

Δh =
Δσ(T) × Sa × S

ρl × g × S
=

Δσ(T) × Sa

ρl × g
=

Sa

ρlg
∂σ(T)

∂T
ΔT (A2) 

In Eq. (A2), Sa(cm2 cm−3) is the (volumetric) specific surface area of soil and S(cm2) is the area of a given cross-sectional surface. Therefore, Sa × S 
can be considered (approximately) as the perimeter of a liquid water film at the given cross-sectional surface, which is the simplification we proposed. 
Then, applying Eq. (A2) in Darcy’s law, we have 

ql = − K(h, T)∇h = −

[

K(h, T)Ga
Sa

ρlg
∂σ(T)

∂T

]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
=Dtl(h,T)

∇T (A3) 

In Eq. (A3), Ga is an empirical gain factor with values ranging from 4 to 8, in general (Noborio et al., 1996). Because increasing the temperature can 
reduce the water-soil adhesion and increase the mobility of liquid water, the liquid water flux occurs from the regions with relatively high temperature 
to the regions with relatively low temperature. Following the expression of Dtl(h, T) in Eq. (A3), Dtl(h, T)/K(h, T) has an order of 10−2, which is of the 
same scale proposed by Prunty (2009). Lu et al. (2020) studied the transient soil water fluxes under a temperature gradient using a dual probe heat 
pulse method, with uniform initial soil water content and temperature. Lu et al. (2020) reported that under a range of initial soil water content and 
temperature, the liquid water transfer under temperature gradient is negligible, which provides additional evidence for the validity of our assumption 
that ignoring Dtl(h, T). 

In Appendix A, we presented a simplified approach to compute Dtl(h, T). However, the model formulations in Mfull and Msimp, as well as the general 
theory and numerical method proposed in this study are independent of the detailed empirical or physical expressions for Dtl(h, T). 

Appendix B 

In this appendix, we provide a tabular summary for the governing equations corresponding to the model formulations, i.e., Mprel, Mcomb, Msimp and 
Mfull, mentioned in this study. We note that the Philip and de Vries (1957) model serves as the foundation for all the formulations, expect for Mprel, 
which uses a simpler governing equation system. However, due to the designs of the model formulations, the governing equations that appear in Mcomb, 
Msimp and Mfull may be different from the original, fully coupled version of Philip and de Vries (1957) model (Table B1). 

Core Ideas. 

1. A vapor transfer model is designed and applied for soil water and heat simulations. 
2. Model performance is evaluated by its effects on coupled soil water and heat transfer. 
3. The vapor transfer model is programed as a separate module in 2DSOIL. 
4. 2DSOIL performs reasonable simulations with the vapor transfer model. 
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Table B1 
Summary of the Governing Models Mentioned in this Study (based on the order of first appearance in the paper).  

Model Equations for Each Formulation Solving Procedures Remarks 

Mprel

⎧
⎪⎪⎨

⎪⎪⎩

Water Equation :
∂θ
∂t

= ∇⋅[K(h, T)∇h ]

Heat Equation : Cs
∂T
∂t

= ∇⋅[λ∇T] − ∇⋅[clρlql(T − T0) ]

(a) update soil water potential (or soil 
water content) using the “Water 
Equation”. 
(b) update soil temperature using the 
“Heat Equation”. 

Mprel is the starting point in this study, and Mprel does not include any form of vapor flux or 
vapor-induced heat flux.  

Mfull

⎧
⎪⎪⎨

⎪⎪⎩

Water Equation : Cθθ
∂h
∂t

+ CθT
∂T
∂t

= ∇⋅[[Dmv(h, T) + K(h, T) ]∇h + [Dtv(h, T) + Dtl(h, T) ]∇T ]

Heat Equation : CTθ
∂h
∂t

+ CTT
∂T
∂t

= −∇⋅[ − λ∇T + clρlql(T − T0) + [L0ρlqv + cvρlqv(T − T0) ] ]

Update both soil water potential (or soil 
water content) and soil temperature 
together within a given time step. 

(a) Mfull is the fully coupled formulation for soil water and heat transfer, with vapor transfer 
included. 
(b) Picard iteration is necessary during the updating of soil water potential and soil 
temperature. The convergence test used to exit the Picard iteration can be 
‖hb − ha‖∞/‖ha‖∞ +‖Tb − Ta‖∞/‖Ta‖∞ < ε where a and b indicate two consecutive iteration 
steps.  

Msimp

⎧
⎪⎪⎨

⎪⎪⎩

WaterEquation : Cθθ
∂h
∂t

= ∇⋅[[Dmv(h, T) + K(h, T) ]∇h + [Dtv(h, T) + Dtl(h, T) ]∇T ]

HeatEquation : CTT
∂T
∂t

= −∇⋅[ − λ∇T + clρlql(T − T0) + [L0ρlqv + cvρlqv(T − T0) ] ]

(a) update soil water potential (or soil 
water content) using the “Water 
Equation”. 
(b) update soil temperature using the 
“Heat Equation”. 

Msimp allows updating soil water potential and soil temperature in two steps.  

Mcomb

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Water Equation :
∂θ
∂t

= ∇⋅[K(h, T)∇h ]

Heat Equation : Cs
∂T
∂t

= ∇⋅[λ∇T] − ∇⋅[clρlql(T − T0) ]

Vapor Equation :

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

Cθθ
∂h
∂t

+ CθT
∂T
∂t

= ∇⋅[Dmv(h, T)∇h + Dtv(h, T)∇T ]

CTθ
∂h
∂t

+ CTT
∂T
∂t

= −∇⋅[L0ρlqv + cvρlqv(T − T0) ]

(a) update soil water potential (or soil 
water content) using the “Water 
Equation”. 
(b) update soil temperature using the 
“Heat Equation”. 
(c) update both soil water potential (or 
soil water content) and soil 
temperature together with the “Vapor 
Equation”. 

(a) the first two steps in Mcomb are exactly the same as they are in Mprel . 
(b) “Vapor Equation” corresponds to the vapor transfer model developed in this study. 
(c) Mcomb is the only new model formulation established in this study, comparing to the existing 
model formulations, i.e., Mprel, Msimp and Mfull.   
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techniques. 
3. The computer code of the models included in this paper, as well as the input files of the illustrative examples, are released with the latest version 

of MAIZSIM at (https://github.com/ARS-CSGCL-DT, update recursively), a stationary executable version of the compute code is also available at 
(https://github.com/cauwzj). 
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