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Abstract

A model sliding potential, based on Prandtl-Tomlinson type models, is proposed for analyzing the temperature- and veloc-
ity-dependences of sliding processes at the interface between a tip and an adsorbed molecular layer. The proposed simple
periodic potential has a parabolic form up to a critical distance, corresponding to the onset of detachment, at which point it
becomes flat. The simplicity of the model will enable it to be used to analyze complex molecular interfaces, such as molecular
films, mechanically induced chemical reactions or biological interfaces such as muscles or transport molecules. A simple
analytical model is presented for the resulting velocity- and temperature-dependences of the friction force for the sliding of
a compliant atomic force microscopy tip over an array of molecular species adsorbed on a surface, when only considering
transitions of the tip in the forward direction (overall sliding direction). The validity of the analysis is tested by using kinetic
Monte Carlo (kMC) simulations of the sliding over the molecular potential. This simulation provides excellent agreement
with the analytic model, except for some slight differences that arise from the way in which the simulations calculate the
lateral force compared to the analytical model. However, significant deviations are found between the kMC simulations and
the analytical model when the possibility of both forward and reverse transitions are included, in particular at high sliding
velocities and low temperatures. The origin of these effects are discussed in the manuscript, but result in superlubricious
behavior, that is, vanishing friction, in particular at low sliding velocities.
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1 Introduction

It has been recently demonstrated that the imposition of
a force can induce mechano- or tribochemical reactions
of molecules adsorbed on surfaces [1-8] with a rate that
increases exponentially with applied stress in atomic force
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microscopy (AFM) experiments [9-12], in accord with the
so-called Bell model [13]. However, little is known about
how the force is exerted on the reacting molecular species
at the sliding interface (the mechanophore), although it has
been recently suggested that the nature of its terminal group,
and the way it interacts with the moving counterface, can
have a profound effect on the rate of a tribological reaction
[14]. As a result, it would be useful to develop a model for
sliding friction that can take into account the presence of
adsorbed molecules on the sliding interface to enable tribo-
chemical reactions to be included in the analysis.

The velocity and temperature dependences of the friction
of solid surfaces measured in AFM [15-18] are commonly
described by the Prandtl-Tomlinson (P-T) model [19, 20].
This model assumes that friction occurs as atoms in the con-
tact slide over a periodic (generally sinusoidal) potential,
where the energy is rapidly dissipated after surmounting the
barrier. This approach has provided a fundamental under-
standing of the temperature- and velocity-dependences of
sliding friction, as well as of the experimentally observed
atomic stick—slip behavior [16, 21-25]. Here, the friction
force is generally found to vary logarithmically with velocity
up to a point at which the external force causes the energy
barrier to decrease to zero, after which it becomes constant,
as first predicted by Prandtl at the beginning of the last cen-
tury [20].

The first nanoscale models of molecular friction were
used to describe the contraction of skeletal muscles [26],
where an analysis of the effect of a large number of interac-
tion sites is known as the Lasker—Peskins model [27], while
a model in which there are sparse interaction sites is known
as the Huxley model [28]. These theories assume some
kinetic model for the rates of attachment and detachment
across the sliding interface [26]. Analogous models, which
envisage the transient formation of bonds due to interac-
tions across the sliding interface, have also been used to
describe friction of solid—solid interfaces in general (rather
than molecular sliding), such as proposed by Filippov et al.
[29], where the rate of bond formation across the interface
is assumed to be independent of distance. Here, the rate of
bond scission is assumed to vary exponentially with the
force acting on the bond multiplied by the bond extension
for weak bonds, analogous to the Bell model [13], or an
asymptotic form proposed by Prandtl for strong ones [20].
This general approach has recently been modified to include
activated bond formation to explain unusual temperature
dependences found in AFM friction measurements [30-32].

These approaches differ from the way in which the
Prandtl-Tomlinson model is conventionally analyzed since,
rather than describing the rates of bond formation and scis-
sion at the sliding interface as these models do, P-T theory
models the dissipation of a compliant tip sliding over a cor-
rugated potential due to the interaction between the tip and

@ Springer

surface. The effect of the tip motion is to reduce the energy
barrier for sliding, thereby increasing the rate at which the
tip can surmount such barrier. The logarithmic dependence
on sliding velocity arises naturally from this model [33, 34].
For example, in the case of a periodic potential with wave-
length A, to first order the energy barrier E, is reduced by the
imposition of a force F to E, — %, analogous to the Bell
model [13], where 1/2 is the distance from the initial state
to the transition state. Thus, the rate constant for the transi-

tion over the barrier, k, is given by the transition-state theory
E,—Fi)2
kT

Boltzmann constant and A is a pre-exponential factor. How-
ever, the rate of transition over the barrier is dictated by the
sliding velocity v as v = k4, so that the force automatically
adjusts to lower the barrier in response to sliding. Equating
k in both expressions leads to a simple formula for the veloc-
ity and temperature dependences of the friction force as:

astk=A exp( ), where T is the temperature, kg is the

2E.  2k.T
FO.T)= =2+ f ln(%A)

ey

Analogous behavior is found for many tribological phe-
nomena [35], and these ideas underpin the analysis of sliding
friction. Thus, the goal of the following paper is to propose
and analyze a sliding potential that describes the interaction
between an AFM tip and an array of molecules adsorbed
equidistantly on a surface. In addition, since molecular
adsorbates are themselves compliant, given that the por-
tion of the molecule that is anchored to the surface can also
distort under the influence of the applied force, the result-
ing potential should be such that it can easily couple to the
rest of the molecule. This property can be expected to lead
to unusual velocity dependences of the friction force; both
In(v) and more complex velocity dependences have been
observed for adsorbed molecular layers [36—41], where in
some cases, friction increases and then decrease as a func-
tion of velocity. Such unusual friction may arises due to the
fact that the sliding molecular interface has multiple degrees
of freedom that can be excited during sliding. For example, a
simple molecular adsorbate can store energy by tilting with
respect to the surface due to an interaction with the sliding
tip. As another example, the friction of hydrogels shows a
variable velocity-dependent [42—-46], where such depend-
ence is described by the competing effect of adhesive and
viscous contributions [47]. Being able to include such addi-
tional degrees of freedom is also important for describing
shear-induced tribo- or mechanochemical reaction rates of
adsorbed molecular species.

In order to propose a suitable potential that will be use-
ful for describing such phenomena, it is suggested that the
interaction between a tip and the terminus of the molecular
adsorbate will be similar in shape to a Morse [48] or Len-
nard—Jones potential. Indeed, the Morse potential has been
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Fig.1 Plot of the model’s sliding potential, Eq. (4), used to describe
the sliding of an AFM tip over an array of molecular adsorbates

used to describe the mechanically induced decomposition
of polymers [33]. Such intermolecular potentials are also
consistent with the shapes of force-distance curves meas-
ured by AFM [49], in which an initial attractive interaction
can lead to a snap into contact, and the presence of a pull-
off force indicates that the interaction between the tip and
surface ceases. However, such a form of the potential will
make it difficult to model the effect of coupled systems,
such as simultaneous sliding and chemical reactions. Thus,
the proposed form of the sliding surface potential is shown
in Fig. 1, where a parabolic variation in energy is plotted
versus the sliding coordinate, until a critical distance is
reached at which the tip detaches and can move to attach
to an adjacent site located at a distance a away. Thus, the
periodicity of the adsorbates is taken to be equal to a.
Similar forms of this potential have been used to model
reaction energy profiles in Evans-Polanyi [50] models or
Marcus theory [51]. It is assumed that the unperturbed
adsorbate is defined at x=0, and has a minimum energy
at this value, so that the sliding surface potential can be
expressed as Vg(x) = %ksldxz, where kg, is the force con-
stant, and is only valid while the tip is in contact with
(attached to) the adsorbed species. It is also assumed that
this interaction varies smoothly until reaching a sliding
activation energy Egld (Fig. 1, solid black line), that is,
when the sliding coordinate reaches a value of Ax* (note
that for the case of Fig. 1, Axt = 0.5a), therefore:

0
2Esld

— 2
(Axi)z )

sld =

In this case, the surface energy profile is given by:

Ve =5, ( 2 ) ®

In the following, the conventional P-T model is
extended to sliding over a rigid molecularly adsorbed over-
layer using the form of the potential described above such
that the molecule itself does not tilt under the influence
of the lateral force. This will set the stage for analyzing
more complex interfaces with several, coupled degrees of
freedom. Such an analysis will be given in future papers,
and this manuscript focusses on analyzing the behavior of
this simple model potential.

We first provide an analytical solution to the model
using strategies analogous to those used for the conven-
tional P-T model for a sinusoidal potential (see Supple-
mentary Material section). Note that the parabolic form
of the sliding potential described in Eq. (3) is easier to
analyze than the classical P-T model for a sinusoidal peri-
odic potential.

A common strategy used for analyzing the dynamics
of the Prandtl-Tomlinson model, similar to the approach
used by Eyring [33, 34], described briefly above, uses
transition-state theory to describe the rate of transition
over the energy barrier, where the pre-exponential factor
is assumed to be insensitive to the external force [52, 53].
Here, it is implicitly assumed that the rate of energy dis-
sipation after surmounting the energy barrier is extremely
fast, thereby giving rise to the characteristic slick-slip
behavior in the friction force [54]. In the present work,
this model is analyzed using Monte Carlo (MC) methods
[55-58] to include additional effects such as backward
motions of the tip and to provide a test of the analytical
model.

2 Analytical Prandtl-Tomlinson Model
for Molecular Sliding

The Prandtl-Tomlinson model is analyzed for a surface
potential V¢(x), where the molecular adsorbates are assumed
to be anchored to the surface at an evenly spaced distance a
(see Fig. 1). From Eq. (3), where x represents the tip posi-
tion, and, considering that the cantilever position is given by
X (see Supplementary Materials section), both being along
the sliding direction and coupled by an elastic force constant
ky , then the overall sliding potential is given by:

X 2 1 2
Vi, X) = Eﬁd(m) + EkL(X —x) “)
which is valid for —Ax* < x < Ax*. Following the analytical
strategy outlined in the Supplemental Materials section, it is
found that the energy minimum (V) occurs when:

in
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sld

%=0=k x—k (X = x) )
ox sld L
so that
ky
Xmin = —X 6
kgq + Ky, ©

The energy maximum (V,,,) occurs at x = Ax*; therefore,
the energy barrier £, = AV = V_ — V.., can be obtained

max min’

by replacing x by x,,,, and x,,;, into Eq. (4), to give:
1 2 1 kggke
Epet = Vinax = Vinin = EQq + =k (X — AxF) " — - ———X?
act max min sld 2 L( X ) 2ksld +kL
@)

In order to evaluate the behavior of the system with
respect to the lateral force, it is convenient to express Eq.

(7) in terms of F. Given that F = k (X — x,y;, ), from Eq. (3):
ky, ki kg
F=k({X- X)=——X
L< kga + ki > ksa + ki ®)

Substituting Eqgs. (8) in (7) gives (for more details see
Supplemental Material section):

1 F\
E(F) = E(ksld +k) <Axi - —> )
sld
Furthermore, considering Eq. (2) and introducing a
parameter a = ]f—L Eq. (9) can be written as:

sld ’
2
aF
— 10

k Ax* > (19)

E(F)=(1+aE, <1

so that the force at which the energy barrier
vanishes is F*=%80 —f AxiZ8  Thus,
Axt
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2
E (F)=(1+ a)Egld(l - Fi) (see Fig. 2), which describes
the change in activation energy with lateral force. Analogous
to the Prandtl-Tomlinson model with a sinusoidal potential
[16], the rate of transition over the energy barrier is given by

(for more details, see Supplemental Material section):

(_Ea®
P\T 70T

dP(F) _ Alkga k)

dr kgakyv > o (4

where A is a pre-exponential freqzuency factor. Since the
d&*P(F)

maximum probability is given by = = 0, we have:
dE, (F) Alkgq+k E
L ac[( ) ( sld L) exp _ Tact -0 (12)
kgT dF kgaky v kgT
Furthermore, from Eq. (10):
dE,q (F) __Z(ksld”L)Eii(l_i) (13)
dF kg4 F* F*

Finally, substituting into Eq. (12) and rearranging gives:

1 F\? Vo F

(=) =n(5)-m(i-5) (14
2z AT
(kg ) Axt” Ky AxE”
temperature dependences for an AFM tip sliding over a
molecular adsorbate. The accuracy of this model is tested in
the following section using kinetics Monte Carlo (kMC)
simulations.

where f = and v, = for the velocity and

3 Kinetic Monte Carlo Simulations
of the Prandtl-Tomlinson Model
for Molecular Sliding

Kinetic Monte Carlo (kMC) simulations are used to solve
the molecular P-T model, which, by including the pos-
sibility of both forward and reverse transitions, inherently
includes the possibility of the tip reattaching, which is not
included in the analytical model [55, 56]. The transition
rate is calculated using the force-dependent activation bar-
rier (Eq. (10)), where the transition rate w can be described
by:

as)

w(f) = A exp [——Ew(t)]

ke T

where A is the frequency attempt of a transition. For each
MC trial, the value of w is calculated at some time ¢ and
compared to a random number &; uniformly distributed in
the interval (0,1). If &, <w the transition is allowed to occur,
where both backward and forward transitions are allowed.
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Fig.3 Evolution of the energy barrier as a function of the support position X, for X=0< X, <X, <X", where X" corresponds to the position value

at which the energy barrier vanishes (E, . =0)

Finally, the lateral force is recorded as a function of
time. The process is repeated a sufficient number of times
to yield an average friction force with negligible statistical
error. The conversion between MC time and real time is
made by defining an elementary transition probability per
unit time [59]. Such simulations provide the overall aver-
age lateral force at which the system overcomes the energy
barrier and moves in the sliding direction.

Figure 3 illustrates the general evolution of the sliding
potential as the tip is dragged over the adsorbed molecular
layer. As can be observed, for the set of chosen parameters,
when the support has not been displaced (X =0), there are
local minima (stable positions) on both sides of the tip,
so that it has the possibility of moving either forwards or
backwards. As the support moves to the right (0 < X, <X,),
the probability of the tip moving forwards increases, while
the probability of moving backwards decreases until there
is eventually no stable position to the left, and the tip can

only move forwards. Finally, if the support reaches its crit-
ical value (X*), that is, when the energy barrier vanishes,
the tip will immediately jump forward to the next stable
position. Note that this last scenario is the only sliding
mechanism allowed at T=0 K.

In order to validate the kMC simulations, we first ran
simulations only allowing forward transitions to occur
to be able to directly compare with the analytical results
described above (Eq. (14)). Typical van der Waals’ radii
are ~0.15 nm [60], so taking the intermolecular interac-
tion between the tip and organic films to disappear at~3
times the van der Waals’ radius, gives Ax* ~0.45 nm (for
simplicity we set a=1 nm and Ax* = 0.5a). We use the
form of the energy barrier in Eq. (3), which is assumed to
be periodic, and if a is the periodicity of the interaction
potential, Vg(x) = V(x + a), we have:

@ Springer
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Fig.4 Comparison between analytical (Eq. (14), solid lines) and MC results (symbols) where only forward transitions are allowed for a) lateral
force versus In(v) at different temperatures, and b) lateral versus In(v) for different values of &

l/zksldxz if x < Axt
Vi(x) = E?ld ifx= Ax?
Oif Ax* <x<a

16)

To compare with the analytical model, we consider a
system where Egld=0.72 eV, a=1 nm, and Ax*=0.5q, for
different values of T and k; , using a pre-exponential factor
of 3.8 x 10* s™! (see below for a rationale for this choice of
pre-exponetial factor). The results are shown in Fig. 4, where
the solid lines represent the analytical solution (Eq. 14), and
the solid squares are from the kMC simulations, where only
forward transitions are allowed. As can be seen, the kMC
simulations are in very good agreement with the analytical
results.

However, some deviations are observed, which as
describe below, begin to show the limitations of the analyti-
cal results. For example, a small deviation can be observed
in Fig. 4a, where, for intermediate and low velocities, the
simulated results are slightly lower than the analytical ones.
This is attributed to the fact that the transition probability
curve is asymmetric, so while the analytical results are based
on calculating the maximum of the probability curve, the
MC results calculate the average lateral force at which the
system undergoes a transition, thus leading to these slight
differences (see Supplementary Materials for more details).
In addition, a more significant deviation can be observed
in Fig. 4b as the value of k; decreases, where the simu-
lated results are higher than the analytical ones. This latter
deviation is attributed to “memory effects”, which are not
considered in the analytical solutions (see Supplementary
Materials for more details). While the analytical results pro-
vide the position at which the tip will detach (lateral force),
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Fig.5 Comparison between the analytical (Eq. (14), solid lines) and
MC results (symbols), where backward and forward transitions are
allowed, for the lateral force versus In(v), at different temperatures

it does not consider where the tip will land after a previous
transition. For example, if the tip arrives at a position that
is higher than the detachment position predicted by the ana-
lytical model, the lateral force resulting from the subsequent
transition will be higher than expected (see Supplementary
Materials for more details). Finally, note that the curves tend
to converge to a minimum value of lateral force as the veloc-
ity decreases (Fig. 4a). This can be explained by considering
that, according to our model (when only considering for-
ward transitions), the lowest possible lateral force that can be
measured on a certain adsorption site is when the transition
occurs as soon as a minimum to the right becomes available,
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which in this case results in a minimum lateral force of ~
0.17 nN (see Supplementary Materials for more details).

Since the Monte Carlo results have been proven to be con-
sistent with the analytical model when only forward jumps
are considered, this approach is used to study the effects
of other phenomena such as backward transitions and the
influence of the parameters Egl 4 Kk and Ax*. For comparison,
the analytical results will be included along with the MC
simulations.

Shown in Fig. 5 are the results of the MC simulations
when allowing backward transitions to take place, where the
parameters are the same as those used for Fig. 4. It can be
observed that the MC simulations are in very good agree-
ment with the analytic model at relatively high velocities
and low temperatures, but show a rapid decrease in lateral

2.5
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Fig.7 Lateral force versus In(v) for different values of Ax¥. Equation
(14) (solid lines) and MC results (symbols)

force (with respect to the analytical results) as the veloc-
ity decreases and the temperature increases. This behavior
is due to backward transitions (reattachment processes)
occurring more often as the temperature increases and the
sliding velocity decreases, thus deviating from the analyti-
cal solution, which only considers forward transitions (see
Supplementary Materials for more details). In general, as
expected, the lateral force increases with sliding velocity,
up to a critical lateral force F*, as well as a lateral force
that decreases with temperature. Note that the lateral force
tends to zero as the sliding velocity decreases, which is also
expected given that the system is allowed to completely relax
as sliding takes place.

Shown in Fig. 6 are the results obtained using the
same parameters as in Fig. 5, but now varying the elastic
force constant, k; (Egd:0.72 eV, T=298 K, a=1 nm and
Ax*=0.5a). As can be observed, the value of ki has a sig-
nificant effect on the behavior of the lateral force. Although
the general behavior remains the same as for the analytical
model, a rapid drop in friction occurs at higher velocities
as the value of k; increases. This is due to that backward
transitions are more likely, at a given velocity, as the value
of k; increases, allowing the system to become more relaxed
as sliding takes place. Note that, at very small k; values
(e.g. 0.01 N/m), the simulated results are higher than those
predicted by the analytical model, due to memory effects.

Figure 7 shows the MC results of lateral force versus In
(v) when varying the parameter Ax*. The remaining param-
eters were kept constant (Eg1 d:0.72 eV, T=298 K, a=1 nm
and k; = 2 N/m). Once again, there is always a good agree-
ment with the analytical results, except for the friction drop
due to the occurrence of backward transitions. Note that an
increase in the critical force, F", is observed as the value of Ax*
decreases. This can be easily explained given that a decrease

in Ax* for the same value of ESOI o+ leads to a steeper parabolic
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|T=208k
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Fig.8 Lateral force versus In(v) for different values of E,. Equation
(14) (solid lines) and MC results (symbols)
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potential, thus requiring more energy (force) for the tip to
become detached from an adsorbate species and move in the
sliding direction.

Finally, shown in Fig. 8 are the MC results of lateral force
versus In (v) when varying the parameter E?] g (T=298 K,
a=1nm, k, =2 N/m and Ax*=0.5a). As expected, the criti-
cal force shows a linear increase with E?] 4+ Note that the drop
in friction with respect to the analytical results occurs at lower
velocities as the value of Egl J increases; this is again because
backward transitions are less likely to occur as the sliding
potential becomes steeper.

In order to establish an appropriate pre-exponential factor
for the kMC simulations, the dynamics of the AFM tip can
be taken into account by using the Langevin equation, which
takes into account the dynamics over the energy barrier as well
as the energy dissipation as the tip transits the barrier. The
dynamics are governed by the equation [54, 61]:

Vo
ox

mX 4+ ymx = — + &(1) 17
where m is the mass of the tip, y is the viscous friction (or
damping) coefficient per unit mass, and {(¢) is a Gaussian
random force and from Eq. (4),
Vi, 1) = V() + Loky (vt — x)z.where X = vyt where vy
is the scan velocity and ¢ is the time. It is usual to select the
system to be critically damped to detect the stick—slip motion
commonly found in AFM experiments [54, 62]. Under these
conditions, the critical damping coefficient
re=2q/Rt = 0, [l aking m=1.8x 107" ke,
yields a value of y-=5.33 X 10° s~!. Kramers rate theory can
be used to calculate the corresponding reaction pre-expo-
nential factor A = kf;;, where f; is an attempt frequency and
Kk is the transmission coefficient [61]. In the case of a smooth
reaction profile, and writing the form of the potential for the
initial state as V;(x) = 1p@? (x x,-)z, where ? = V(xig /m,
and for the transition state is V,(x) = E, — 1/2‘0;2 (x —x,) and

.. . 2 n
WF = V() /m fy = $andx = L | (5 +0t) -

transmission coefficient for transition state with a cusp in the
weak damping limit can be obtained by allowing @, — oo to

. The

N IR

/
give k¥ = 1 while strong damping gives k = w7 (%) 2 [61].
B

The variation in transmission coefficient as a function of
damping has been given by Pollak [63] as

2
x = (1 +B)"/> = B/2, where B = %(L) . In the case of

a critically damped system, (f) =2 so that B,;, = 2%, and

it — s
crit ”Ea

thus depends weakly on temf)erature and gives a value of
k ~ 0.9 for an activation barrier of 0.72 eV for temperatures
between 100 and 350 K, giving a pre-exponential factor

A~ 90 [Ruth 0nq yields 3.8 x 10* s~

2z m

@ Springer

4 Conclusions

This paper investigates the solution to a Prandtl-Tomlin-
son type friction model using parabolic sliding potential
to mimic a sliding organic interface in which a compliant
nanoscale contact attaches to and detaches from molecular
adsorbate species. Such a potential is expected to be suitable
for studying the frictional behavior of organic overlayers
on surfaces and tribochemical reaction rates, and its sim-
plicity allows it to be extended to coupled organic multi-
layer systems as well as being able to investigate the rate of
shear-induced mechanochemical reactions. It may also be
suitable for describing the dynamics of biological systems
such as muscle motion and cellular transport proteins such
as kinesin. This paper focusses on testing the validity of the
analytical models by comparing the analytical results with
kinetics Monte Carlo simulations. Applications to more real-
istic systems, such as the friction of adsorbed self-assembled
monolayers will be deferred to subsequent publications.

A similar analytical model is derived for the velocity and
temperature dependences of the friction force, which inher-
ently only models motion in the sliding direction. The valid-
ity of the model is investigated using kinetic Monte Carlo
methods for only forward sliding, where excellent agreement
is found between the analytical model and the simulations,
except for some slight differences that are identified and
explained.

Kinetic Monte Carlo simulations that include both for-
ward and reverse motion of the contact are also carried out,
where good agreement is found with the analytical model
for high sliding velocities and low temperatures, However,
significant differences in the frictional behavior from the
analytical model are found for other conditions, in particular
where the friction force decreases to zero, providing super-
lubricious regimes that are not included in the analytical
model. It is not clear how such effects might be easily incor-
porated into the analytical model and systems in which such
effects are expected to be significant will have to be analyzed
using kinetic Monte Carlo methods.
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