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CrossMark
Abstract

We introduce and study a model of a logarithmic gas with inverse temperature
B on an arbitrary smooth closed contour in the plane. This model generalizes
Dyson’s gas (the 3-ensemble) on the unit circle. We compute the non-vanishing
terms of the large N expansion of the free energy (N is the number of parti-
cles) by iterating the ‘loop equation’ that is the Ward identity with respect to
reparametrizations and dilatation of the contour. We show that the main contri-
bution to the free energy is expressed through the spectral determinant of the
Neumann jump operator associated with the contour, or equivalently through
the Fredholm determinant of the Neumann—Poincare (double layer) operator.
This result connects the statistical mechanics of the Dyson gas to the spectral
geometry of the interior and exterior domains of the supporting contour.

Keywords: Dyson, logarithmic gas, loop equation, free energy

1. Introduction

The logarithmic gases were introduced by F Dyson in the seminal papers [1], where it was
shown that eigenvalues of random matrices can be represented as a statistical ensemble of
charged particles with 2D Coulomb (logarithmic) interaction at inverse temperature 5 > 0.
Particles can be located either on a circle or on an interval of a straight line. The partition
function of the circular Dyson’s ensemble is

Zy = j{ ‘ j{ ‘ |IAv{z D[P |dzy| . . . |dzw]s zj=e,
al=1 v |=1

|dz,| = d6);. (1.1)
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Here

N
Av{zh =[] @ — = (12)

<k

is the Vandermonde determinant. A comprehensive description of logarithmic gases can be
found in [2].

The values 5 = %, 1,2 are special. In these cases, the logarithmic gases (on various supports)
can be represented either through free fermions or through some random matrix ensembles.
Furthermore, for these special values of /3 the log-gases possess an integrable structure. In par-
ticular, the 8 = 1 partition function is the tau-function of the 2D Toda lattice hierarchy (see
(4.44) and (4.45) below). Positive integer values of /3 are also special. In particular, the two-
point correlation function then permits a 3-dimensional integral representation valid for any
N. Other values of 8 do not seem to possess special properties. Nevertheless, a few partic-
ular integrals where computed explicitly for any values of S. In particular, the integral (1.1)
equals

I'(1 +NpB)
™1+ 58

(see [1]). This is not the case for correlation functions, though.

In this paper, we introduce a natural generalization of the Dyson ensemble (1.1): the log-
arithmic gas on an arbitrary closed contour (a deformed circle) and study how the partition
function and various correlation functions depend on the geometry of the contour. Namely,
we consider the $-ensemble of N particles on a simple closed contour I' on a plane. An early
reference on this problem is [3] (section 7). For further convenience, we place the gas into
N-independent external potential W. The partition function reads

N
Zy = j{f TTle - 2P T " ldal. (13)
rJr k=1

i<j

Zy = @m)¥

Clearly, the dimension of Zy is [length]®»’+(1=9V  The real-valued function W is defined in a
strip-like neighborhood of the contour and depends on both z and z (we write W = W(z) just
for simplicity of the notation). The meaning of the potential W may be understood as a metric
on the contour, ds = €"|dz|. As a functional of W, the partition function is the generating func-
tional of correlation functions of densities. A similar problem having support on the complex
plane, the 2D Dyson gas, had been considered by us earlier (see [4—7]).

We are mostly interested in the large N limit, N — oo, and in the large N expansion of the
free energy. Let us introduce the small parameter

h= (1.4)

then in the large N limit the behavior of the partition function is of the form
Zy = NINVDN F

where

Fy F
=S+ + R+ 00, h—0. (1.5

F=_
W ooh
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Fo/h? Fi/h

The factors e and ef1/7 carry the dimensions [length]? and [length] '~V respectively.
We are interested in the contributions that do not vanish as 7z — 0, i.e., in the first three terms
Foy, F and F, of the large N expansion of the free energy F.

We obtain explicit expressions for F, F'; and F; in terms of the conformal map wey(z) of
the exterior domain bounded by the contour I' to the exterior of the unit circle (normalized
as Wex(00) = 00, Wiy (00) > 0) and the Neumann jump operator N (which is defined below,
see (2.9)). The leading contribution, F, equals the electrostatic energy of a charged 2D con-
ductor of the shape I' (neutralized by a charge at infinity). The next-to-leading contribution,
F, reflects the entropy and the excluded volume (the effect that the place occupied by a par-
ticle is no longer accessible for others). The most interesting quantity is F5. It is shown to
be closely related to the spectral theory of the interior and exterior domains. Setting W = 0,
we have:

Fo=p log r,
2w

=—(f—Dlog 5 +log == TB)’

(1.6)

—1)? 1 1
Fr = (57)7{ log po N log pods — ~ log log det \V.
878 Jr

25

Herer = (ngl(oo)) ! is the external conformal radius of the domain D bounded by the contour
(we also call it the conformal radius of the exterior domain C\D), po(z) = i|wéxt(z)| is the
mean density of particles in the leading order, P is the perimeter of the contour T', ds = |dz]
is the line element along the contour and det’ N is the regularized spectral determinant of
the Neumann jump operator with the zero mode removed. The result for F, can be naturally
divided into ‘classical’ part having an electrostatic nature (the first term) and the ‘quantum’
part which origin is similar to the gravitational anomaly of the free bosonic field localized
on the contour. The quantum part can be also represented as the logarithm of the Fredholm
determinant associated to the domain surrounded by the contour I'. It is explicitly given by
equation (4.36). We also calculate one- and two-point correlation functions of densities of the
particles in the large N limit.

Our main technical tool is the so-called loop equation, which is an exact relation connecting
one-and two-point correlation functions. It follows from the invariance of the partition function
under re-parameterizations of the contour (admissible changes of integration variables). The
term ‘loop equation’ goes back to the terminology used in the theory of random matrices but
long before it is known as Bogoliubov—Born—Green—Kirkwood—Yvon hierarchy in statistical
mechanics or as Ward identity w.r.t. dilatations in quantum field theory. Although this relation
is to some extent tautological, it becomes really meaningful when combined with the large
N expansion. We show that the general form of the loop equation for contours I' of arbitrary
shape is a condition for the boundary value of a holomorphic quantity 7'(z) closely related
to the stress-energy tensor of a Gaussian field in 2D often utilized in conformal field theory
(CFT). Its mean value (7(z)) is a holomorphic function both in the interior and exterior domains
with a jump across the contour I'. The boundary condition for the mean value is equivalent
to the loop equation. It states that the jump of the off-diagonal tangential-normal component
(Tw(@)] = (TSP (@) — (T (2)) across the contour (z € I', T is the value from inside
and T from outside) vanishes. Below we will use the notation [. .. ]r for a jump across the
contour.

Another technical tool is the rule of variation of the partition function under small defor-
mations of the contour. We show that this variation is expressed through the jump [(T,.(2))] -

3
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of the normal-normal component of (7(z)) across the contour:

1?6 log Zy = b [(Tnn(z)ﬂrén(z)\dz\. (1.7)
m8Jr

Here dn(z) is the infinitesimal normal displacement of the contour at the point z € I". This
formula, combined with the large N expansion of the loop equation, allows one to find varia-
tions of Fy, F; and F; and then, having at hand the variations, to restore them up to constant
terms which do not depend on the shape of the contour. In principle, using the iterative proce-
dure, one can also find the higher corrections to the free energy but the calculations become
rather involved. This procedure is in parallel to the one which we used for the 2D Dyson
gas in [6].

The organization of the paper is as follows. In section 2 we introduce the distribution func-
tions and correlation functions of the main observables (density of charges, the potential created
by them and an analog of the stress-energy tensor). In section 3 we obtain general relations valid
at a finite N and express the loop equation and the variation of the partition function in terms
of boundary values of 7(z). Section 4 is devoted to the large N expansion. There we develop a
systematic procedure of the large N expansion and obtain explicit formulas for the first three
orders of the large N expansion. In section 5 we calculate correlation functions of the analogs
of vertex operators. There are also six appendices. In appendix A we list a few simple but
useful formulas for differential geometry of a contour. In appendices B and C we review the
Green functions of Laplace operator and discuss the Neumann jump operator. In appendix D
we present some facts about the double layer potentials and Fredholm eigenvalues associated
with the contour I'. Appendix E contains the technique of variation of contour integrals we
used in the text. In appendix F we discuss functional determinants of the Laplace operators in
interior and exterior domains.

2. Some definitions and general relations

The partition function of our model is defined by the integral (1.3). We start with some
definitions and general relations.

2.1. Distribution functions

Integrating in the rhs of (1.3) over a part of the variables keeping the others fixed, one can
define a set of quantities which are proportional to the probability distributions to find particles
at given points. For example,

N-1
1 . .
R@) = - "@ f Ay 1@ [ la — 217 " |dz;| @2.1)
Zn r =
is the mean density of particles while
R(a,b) = V-1 la—b|*’ MV @OFWE)
Zn
N-2
. i[ [An2G@)P [ la = 2 Ib — 27 " [dz| (2.2)
r

=1
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is the pair distribution function. Obviously, R(a, @) = 0 which means that two particles cannot
be found in one and the same point. The normalization is chosen so that the functions R(a),
R(a, b) are dimensionless and

]{R(z)ldzl =1, fR(a, 7)|dz| = (N—1)AR(a).
r I

Let A(zi, ..., zy) be an arbitrary symmetric function of the variables z;; its mean value is
defined as
| N
(A) = _f. . .fA(zl, . ,zN)H|z,- — z,|25H eV dz. (2.3)
ZvJr o Jr i< k=1

Clearly, the mean values () _.f(z;)) and <Zl¢ jf(Zi,Zj)>, etc are expressed through the
distribution functions as follows:

1
<Xi:f(zi)> = %éR(Z)f(Z)IdZ\,
1
<Zf<zi,z,)> - ﬁ jé R(z, O O)ldz]dc] 2.4)

i

2.2. Density, potential and their correlation functions

The most important observables in the model are density of particles and 2D Coulomb field
created by them. The density is defined as

N
p@) =hY_ dor(z ), 2.5)
i=1

where 0r(z,Z) is the -function on I' defined by the property §. f(2)0r(z,a)|dz| = f(a) for
a € I" and a continuous function f. The field

#(0) = —BnYlog s — 5 = <264 loglz— ¢] Mol 2.6)

is the 2D Coulomb potential created by the particles. Equation (2.6) says that (z) is the poten-
tial of a simple layer with density p. The simple layer potential ¢(z) is harmonic everywhere in
the plane except for the contour I', where it is continuous across the boundary but has a jump
of the normal derivative

[0up@D]r = O (z) — 9, p(z) = 47Bp(z), z€T, 2.7

where 9;F and 9, are normal derivatives inside and outside the contour I respectively (with
the unit normal vector looking outward in both cases). At infinity the field  behaves as

p(z) = =2 log |z + O(lz| ™). 2.8)

Note the absence of the O(1) term.
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Equation (2.7) allows one to invert formula (2.6) in terms of the Neumann jump operator N,
the operator that takes a function f on I' to the jump of the normal derivative of its harmonic
continuations to the domains inside and outside I" (denoted by f and £ respectively):

Nf =08 fu—0,r". (2.9)

See appendix C for details. We will also use the Dirichlet-to-Neumann operators N* which
send a function f on I' to normal derivatives of its harmonic continuations to the interior
(exterior) domains:

Ntf=0ffu, N f=0, 1, (2.10)

sothat ' = N+ — N~ In what follows, we denote the interior domain by D, then the exterior
one is C\D, T" = 9D. Using the Neumann jump operator, we write equation (2.7) as

b

pre Ne(2), (2.11)

1
PR = 5w @)+
™

where wey, is the conformal map from C\D onto the exterior of the unit circle such that
wexi(z) = z/r + O(1) as z — oo with a real positive r which is called the conformal radius
of the exterior domain. Note that |w., (2)| = 9, log |wex(2)|, z € T.

Correlation functions of densities can be obtained as variational derivatives of log Zy w.r.t.
the potential. For example,

6 log Zy
W(2)

2
(Pep)), = h° {p@) _ 4 0" log Zy (2.12)

(p(@) =h W)  SW(z)dW(z)

Here (p(z1)p(z2)). = (p(z1)p(z2)) — (p(z1)) (p(z2)) is the connected part of the correlation
function. These formulas follow from the fact that variation of the partition function w.r.t.
W inserts Zi or(z, z;) into the integral. Clearly,

(p(@) =R@.  {p(@p(b)) = R(a.b) + h (p(a)) br(a.b). (2.13)

Correlation functions of ¢’s can be obtained from those of p’s using equation (2.6). An
equivalent method is to consider linear response of the system to a small change of the potential
5.W(z) = elog|z — a|* which means inserting a point-like charge ¢ — 0 at the point a. We have
the exact relations

04 log Zy = —% (p(a) (2.14)
and
e
da(X) = —E<Xs0(a)>c (2.15)
for any X. In particular,
e
8a{p(2)) = —ﬁ@(z)w(a))c- (2.16)
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2.3. Stress tensor

A holomorphic traceless tensor

222 72 N OW(z)
TQ=F% Z(z z,)(z— Zk) Z ,)2 +2pR ; z—z; @.17)

plays an important role. We refer to it as stress tensor and utilize it in the next section. Here we
express it in terms of the fields ¢ and p:

oW
T(z) = (Dp(2))* + (1= B)h & p(z) + 25H fr %’g@ |dg]. (2.18)
The mean value (7(z)) is a holomorphic function for all z ¢ I" given by
d R(&,Q)|d R(¢)|d BW R
rz—&Jr §—¢ r(z—29)

where the identities (2.4) are used. On the contour I it has a jump which follows from the
Sokhotsky—Plemelj formula

g(©ldg| _ frg@nd&\
r§—z -z
where v(z) = —idz/|dz| is the outward unit normal vector to I at the point z and z1 means

that z approaches the contour from the interior/exterior. The second integral in (2.19) can be
transformed as follows:

ROIE| [ == 1 [ dREUE)
fr(z—g)z - ’7§R(£)”(§)d£—z - ’f[} £—z
_ j{ [iO,R(€) + KEORE] V() |dE|
r §—z .

Here 0y is the tangential derivative along I' and k(z) = iv(z)0,(z) is the curvature of the
contour at the point z. Using the notation

+ 7 (2)g(2),

[h(D)]r = Mzy) — h(z-), zeTl (2.20)

introduced in section 1 for the jump across I', we have:

(T, = 2767 (26 j[ R(ZC,OZdC _2MOWERE) — hUE) (K()+id) RE)) .
=

(2.21)
The first integral is convergent at { = z because R(z,() ~ |z — ¢[* as ¢ — z.
In what follows it will be instructive to divide the mean value of T in two parts, ‘classical’
and ‘quantum’: (T) = (T) + (T)@. The ‘classical’ part is obtained from (2.18) by disre-
garding the connected part of the pair correlation function:

f 3W(§) <p(§)>

(T@)P = (3p@))? + (1= B)h ¥ p(2)) + 28N |dg|. (2.22)
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The ‘quantum’ contribution

(T(2))'Y = ((9p(2))%), (2.23)

is the connected part.

3. Exact relations at finite N

There are two basic relations: one is an identity for correlation functions which follow from
the invariance of the partition function under re-parametrizations of the contour (the ‘loop
equation’), another describes the variation of the partition function under small deformations
of the contour. As we shall see, both can be expressed in terms of the jump of (7(z)) across the
contour.

3.1. Loop equation

Let us start from the obvious identity

N
Zﬁ . .fraxj <€(ZJ)HZI' - Zk|2BHeW(zm)> H dz)| =0, (3.1
j =1

i<k m

which expresses invariance of the partition function under re-parametrizations of the contour
(changes of the integration variables). Here €(z) is an arbitrary differentiable function on I'. In
terms of the mean value (2.3) the identity takes the form

<Z (yy6(z) + @0 W(z)) + By _e(z)d; log Zj—Zk2> =0,

J J#k

which, according to (2.4), can be rewritten through the distribution functions:
j£|dz\6(z) (h@SW(z)R(Z) — hOsR(z) + 5}{R(z, &0y log |z — §2df|> =0. (3.2)
Since this identity holds for any €(z), it implies that
5j€R(Z’ )0, log |z — &J7 |dé| + RO W (2)R(z) — hOsR(z) = 0. (3.3)

In fact this exact relation is the first equation of an infinite system connecting multi-point
distribution functions, called the BBGKY hierarchy (after Bogoliubov, Born, Green, Kirkwood
and Yvone). Note also that equation (3.3) can be obtained in a simpler way by differentiating
the definition of R(z) (2.1) with respect to z along the contour I' (cf [8]).

It remains to notice that equation (3.3) is equivalent to the following condition for the jump
of (T(z)) given by (2.21):

Im (V@QUT@)r) =0, zel. (3.4)

In the frame with axes normal and tangential to the contour the components of the ‘stress
tensor’ T read

AT, = —4Ty = T + DZT;
4T,, = i’T — iv*T. (3.5)
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Then the loop equation states that the tangential-normal component is continuous across the
boundary:

(To(@)Ir =0, zeTl. (3.6)

We comment that the boundary condition is different from that used in the boundary CFT.
There (Ty,(z)) = 0 when the argument approaches the boundary from one side.
If T is the unit circle, then v(z) = z. Equation (3.3) acquires the form

2+ d¢
B o 1R( 28— €€

It is equivalent to the more customary form of the loop equation

Z Zj@W(Zj)—Zjé"V(Zj)_ 5N—5+1> _
Z<BZz—z,)(z—zk)%_(z—zj)z+ ; z—7j =0

Z_Zj

+ hO,W(2)R(2) — hO,R(2) =

J

which follows from the obvious identity

g ( HZI—ZI«”HeWW)Hidzz—o

J i<k

valid for any z € C (outside of the unit circle).
Using the expression (2.18) for the stress tensor, we rewrite (3.6) in terms of correlation
functions of the fields ( and p. We have:

m {u2<z) ([{@p@)*)] o+ h(1=B) [(0*0(2))] .+ 2Bh [ fr M |d£] ) }

Let us consider the three terms in the lhs separately. In the first term, we separate the
connected part and use equation (A6) from appendix A to write the other two:

2Zm (1P [(09)] 1} = ~[0a(0)] 0ul) +2Tm {2 [(@p) ] } -

Here and below in similar calculations we take into account that the function () is con-
tinuous across the contour, so the jumps like [0s(®)]r vanish. In the second term, we use
equation (A8) from appendix A to get

2Zm {1/2 [<82<p>]r} = —0; [8,,<<p>]r = —47p0; (p) .
In the third term we apply the Sokhotsky—Plemel;j formula:

2Tm {vz(z) { 7{ w |d¢ ] } =210, W(2)(p(2)) -

Combining the three terms, we bring the loop equation to the form

(p(2)) (0:((@)) — MOW(2)) = (B—1)hDs(p(2)) = 71,"( v@(@e@P),];) G

which will be used for the large N expansion. The lhs comes from the classical part of the stress-
energy tensor while the rhs is due to the ‘quantum’ fluctuations. Note that the three terms of
the loop equation (3.7) have orders O(1%), O(h') and O(K?) respectively.

9
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A comment on the relation to CFT is in order. The boundary condition there is (T,) = 0,
not [(Ty,)]r = 0. With this boundary condition, under a change of the geometry (a deformation
of the contour) correlation functions transform according to the CFT rules. This is not the case
in our model, and so the similarity with CFT is not complete.

3.2. Deformations of contour

Let us describe small deformations of the contour I' by a normal displacement én(z) of the
point z € I' (positive for displacements in the outward direction). Below we use the rule for
variation of the contour integral I = §. f(z)|dz| given in [4] (see also appendix E). Let f be a
function defined in a strip-like neighborhood of the contour, then

ol = j{5n(2)(3n+ﬁ(z))f(2)ldd + f5f(Z)IdZ|~ (3.8)
T r

Here x(z) is the curvature of I' at the point z. The first term is due to the deformation of the
contour. The second contribution is due to the variation of the function f itself (in the case if
it depends on the shape of the contour).

According to (3.8), we have:

N
0Zy = Zﬁ . .ﬁén(zj) (an+/£(zj)) (sz' — Zk|26HeW(zm)> H |dz].
j =1

i<k m

Similarly to the derivation of equation (3.2) from identity (3.1), we write:

M%h=<22M@+@W@Hﬁ2ﬁﬂ%@—a2M@»

J k#j

or, in terms of the mean density and the pair distribution function,

1?6 log Zy = f |dz|dn(z) (thW(z)R(z) + hk(2)R(z)
r

+ Rz 00 togle - s|2|d£) .

Comparing with (2.21), one can rewrite this relation in terms of the jump of (T(z)):

1
1?6 log Zy = ——j{Re(Vz(z)RT(z))]F) on(z) |dz. (3.9)
278 Jr
It can be written in some other forms. In terms of the normal-normal component of the stress-
energy tensor we have

70 log Zy = _ L [(Tn(2))] -0n(z) |dz]. (3.10)
8 Jr

Combining (3.9) with the loop equation which says that the quantity <v2(z)[T(z)]p> is real, we
can also write

125 1og Zy = ——— § 12 (IT@1r) on(@)|da]. (3.11)
27Tﬁ T

10
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For some particular deformations equation (3.9) gets simplified. For example, set
on(z) = d,n(z), where

5.n(z) = 2¢ Re ( V(@) )

Z—a

then a simple calculation of residues yields
BH*5 log Zy = —2c Re (T(a)) . (3.12)
For the variation dy log Zy caused by a small change of the potential, we obtain:

how log Zy = <hZ§W(Zj)> = % (p(2)) OW(2)|dz|. (3.13)
- r

J

The total variation is § log Zy + dw log Zy.
Let us represent the jump of (7,,,) in the form similar to (3.7). We have:

A[(T(@)] . = 2Re {u2<z> ([((Bcp(z))2>]F a1 - B[],

aal 80 ] )}

In the first term, we separate the connected part and use equation (A5) from appendix A in
the rest:

1
2Re {*[(@2)") ]} = 3 [0u(0) ] (9 () + 0, ()
+2Re {2[(09P) ] }-
In the second term, we use equation (A7) from appendix A to get

2Re {1 [<82g0>]r} = —/{[8,,<<p>]r = —4n Bk (p).

In the third term we apply the Sokhotsky—Plemel;j formula:

2Re {u2<z> [ ]f W© {p(©) d&] } — 210, W)
r z—¢ T

Combining the three terms, we obtain:
4[(Tw@)] = 275 () {0 (@) + 0, {p(2)) — 200, W(2)
+2(8 — Dhr(2)}
+2Re {P@[(@p@P), ] } (3.14)

Similarly to (3.7), the first line comes from the classical part of the stress tensor while the
second one is due to the quantum contribution.

1
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4. Large N expansion

The large N (small 7) behavior of logZy is of the form (1.5). Our task is to obtain explicit
expressions for the contributions to the free energy Fy, | and F».
We assume that (p(z)) can be expanded in integer powers of 7:

(p(2)) = po(2) + hp1(2) + WPpa(2) + - - - 4.1

Then a similar expansion holds for (¢(z)): (@) = @o + hpy 4+ h*py + - - -. Their coefficients
are related as 47 8p; = [0u;lr.

4.1. The leading order

In the leading order, the problem is equivalent to a 2D electrostatic problem of finding the
equilibrium distribution of a charged conducting fluid. It can be easily solved by requiring the
total electrostatic potential created by the charges and by the background to be constant along
the contour. This will be the leading order of the regular iterative procedure based on the loop
equation we develop below.

The connected correlation function in the right-hand side of the loop equation (3.7) is of
order O(h?). Therefore, at the Oth step, the loop equation states that

£o as‘PO =0

which means that ¢, is constant along I'. Then

1
m@=5mwm zeTl. (4.2)

This is the solution to the electrostatic problem of continuous charge distribution over the
contour. In this approximation discreetness of the particles is neglected. The charges form a
simple layer whose electric potential ¢,(z) = =273 §. log|z — &|py(§)|d&] reads

—25 log r forz €D
wo(z) = (4.3)
_26 IOg r— 26 10g |wext(Z)| for z € (C\D
Next, we use (3.14) to find that
4[(Tu)] 1 = 2780 (9 ¢o + 8, ¢o) - (4.4)

Here and below =2 means equality in the leading order (up to higher powers of 7). This
should be substituted into (3.10). After some simple transformations, one can find 6 Fy with F
given by

Fy= (3 log r. 4.5)

This is the electrostatic energy of the charge distribution with density (4.2).
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