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We investigate a model system for the rotational dynamics of inertial many-particle clustering, in which
submillimeter objects are acoustically levitated in air. Driven by scattered sound, levitated grains self-
assemble into a monolayer of particles, forming mesoscopic granular rafts with both an acoustic binding
energy and a bending rigidity. Detuning the acoustic trap can give rise to stochastic forces and torques that
impart angular momentum to levitated objects. As the angular momentum of a quasi-two-dimensional
granular raft is increased, the raft deforms from a disk to an ellipse, eventually pinching off into multiple
separate rafts, in a mechanism that resembles the breakup of a liquid drop. We extract the raft effective
surface tension and elastic modulus and show that nonpairwise acoustic forces give rise to effective elastic
moduli that scale with the raft size. We also show that the raft size controls the microstructural basis of
plastic deformation, resulting in a transition from fracture to ductile failure.
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I. INTRODUCTION

The dynamics of rapid rotation underpin a wide range
of physical systems, from rotating black holes [1–3], to
the shapes of spinning self-gravitating asteroids [4–6],
the cooling of optically trapped microparticles [7], and
the spin and stability of atomic nuclei [8–11]. To probe the
stability and modes of deformation of such systems,
rotating liquid droplets are often used as models, where
surface tension mimics attractive forces that bind the
material and compete with the outward pressure exerted
by the rotation [1,8–10,12–14]. The small size of molecules
implies that liquid droplets can only represent the elastic
limit where the number of constituent components is very
large, and internal structure is treated as a continuum.
Deviations from elastic behavior emerge in the mesoscopic
regime as the surface-to-volume ratio becomes large. For
example, measurements of thin films and metallic nano-
pillars have found elastic moduli [15,16], dielectric con-
stants [17], and melting temperatures [18] that depend on
the system size.
Observing the effects of internal structure and inves-

tigating emergent properties as a function of the number of
constituent particles in the mesoscopic regime is possible

by using colloids [19–21] or the micron-sized particles in
dusty plasmas [22–24] as model atoms, but generating
rapid rotations is difficult. For exploring the mesoscale
dynamics in a rapidly rotating, inertial, many-particle
system, here we introduce acoustically levitated granular
rafts: close-packed monolayers of submillimeter particles
freely floating in air.
In these rafts, tunable attractive forces generate short-

ranged cohesion, providing in-plane elastic properties as
well as out-of-plane bending stiffness. As the rotation rate
increases beyond the point where inertia outweighs this
cohesion, sufficiently large rafts undergo a shape transition
strikingly similar to liquid drops. We can image such
granular rafts on the particle scale at high temporal
resolution, allowing us to measure microstructural proper-
ties and dynamics during inertial driving. To explore the
emergent physics of this granular system, here we focus on
mesoscale rafts comprised of 10 to 200 particles.
Our setup consists of a cylindrical ultrasound transducer

(Langevin horn) and a reflector, between which we gen-
erate a standing sound wave with a single pressure node
along the vertical direction [Fig. 1(a)] [25,26]. While strong
sound pressure enables the levitation of solid particles
(primary acoustic force), sound scattering between the
particles generates attractive interactions among them
(secondary acoustic force) [27,28]. Particles are levitated
in air, generating an underdamped environment in which
levitated particles collide and self-assemble into a raft,
weakly confined to the horizontal plane of the sound
pressure node [Fig. 1(a), Movie 1 in Supplemental
Material [29]]. Such rafts form roughly circular monolayers
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comprised of varying numbers of constituent particles
[Fig. 1(b)].
Driving the cavity slightly above resonance produces

stochastic, nonconservative forces, including a torque (along
the vertical direction) that imparts angular momentum to the
levitated rafts and spins them up. Unlike other strategies for
activating underdamped matter [30–32], the resulting
motion of the granular rafts is entirely substrate free. At
low angular velocities, the rafts retain their close-packed
internal structure [visible in Fig. 1(b)]. As their rotation

speeds up, the rafts undergo deformation via internal
rearrangements until they eventually break apart into smaller
fragments. Weak radial confinement within the nodal plane
brings these pieces back together, and theymerge by forming
a bridge that grows with time, eventually coalescing back
into a single circular raft [Fig. 1(c), Movie 2 in Ref. [29]].
This process is similar to the surface-tension-driven coa-
lescence of a pair of liquid drops [33,34]. Once merged, the
(again) circular drop can then be spun up by the acoustic
torque, repeating the cycle of spin-up to failure.

(a)

(b)

FIG. 1. Self-assembly of granular rafts by acoustic levitation. (a) Three-dimensional drawing of setup and sequence of images (side
view) showing the self-assembly of a granular raft from its constituent particles. Piezoelectric elements (cylinder) are attached to an
aluminium horn to generate ultrasound (only the base is shown). The grounded aluminium horn is spaced over a (grounded) indium-tin-
oxide glass slide. The dashed black rectangle indicates the field of view in the subsequent still images. At t ¼ 0, a standing wave is
established between the transducer (above the top of the image) and reflector surface, which is covered with loose particles. These
particles are picked up from the reflector surface by the primary acoustic force and initially form small clusters, which travel in the
underdamped acoustic environment until they coalesce to form a monolayer. (b) Self-assembled rafts composed of varying numbers of
particles N0, viewed from below. (c) Sequence of images from below, showing two rafts approaching each other and merging into a
larger raft. Variations in brightness correspond to local curling of the raft out of plane.
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The spin-up during such cycles provides conditions in
which the gyrostatic pressure slowly increases, driving
microstructural changes as well as overall shape deforma-
tions. These shape deformations reveal the consequences of
the binding potential, induced here by acoustic scattering,
on measurable mechanical properties of the granular rafts.
Specifically, we use the rotation-induced shape changes

to track how the emergent mechanical properties depend on
raft size. We find that the effective surface tension and the
effective elastic modulus grow roughly linearly with the
number of particles; i.e., both are extensive quantities. We
show that this is a direct consequence of acoustically
induced binding energies. This extensivity demonstrates
the presence of nonpairwise acoustic forces between par-
ticles. We conclude that the properties of levitated granular
rafts challenge existing frameworks for the calculation of
acoustic forces between multiple particles, which assume
superposition of pairwise interactions and, over the same
range in raft sizes we explore, would predict saturation at
some elastic value. We further show that these rafts also
display size-dependent microstructural deformations.

II. EXPERIMENTAL SETUP AND METHODS

A. Experiments

Our acoustic trap consists of an acoustic resonant cavity,
driven on one side by a commercial ultrasound transducer
(Hesentec HS-4SH-3840). An aluminum horn was bolted
onto the transducer to maximize the strength of the pressure
field, as detailed in Refs. [25,26] [Fig. 1(a), first panel]. The
base of the horn (diameter 38.1 mm) was painted black to
better image the particles from below. The transducer was
driven by applying a sinusoidal signal of peak-to-peak
voltage Vpp (100–400 V) and frequency f close to the
resonance frequency of the horn, f0 ¼ 45.65 kHz, pro-
duced by a function generator (BK Precision 4052)
connected to a high-voltage amplifier (A-301 HVamplifier,
AA Lab Systems). The transducer-reflector distance was
adjusted via a translation stage to λ0=2 ¼ 3.8 mm, estab-
lishing a single pressure node within the acoustic trap.
Stable levitation was possible across a range of a few tens
of Hz to either side of the resonant frequency. In order to
reduce the effects of air currents, the entire setup was
enclosed in a transparent acrylic box, with side walls far
from the experimental area of interest (l × w × h ¼
24 × 12 × 18 × in3).
We used polyethylene spherical particles (Cospheric,

material density ρ ¼ 1000 kgm−3, diameter d ¼ 180–
200 μm). The particles were stored, and all experiments
were performed in a humidity- and temperature-controlled
environment (40%–50% relative humidity, 22–24 °C). The
reflector was comprised of a grounded indium-tin-oxide
(ITO) coated glass slide (thickness 1.1 mm) secured to the
top of an acrylic sheet (thickness 6.35 mm). To mitigate
tribocharging, both the reflector and the horn were

grounded. The setup was cleaned with compressed air,
ethanol, and de-ionized water before each experiment. We
neutralized any charges that remained on the reflector with
an antistatic device (Zerostat 3, Milty). For each exper-
imental run, particles were scattered onto the reflector from
a spatula or, in some cases, inserted with a tweezer. Video
was recorded with a high-speed camera (Vision Research
Phantom v12) at 3000 frames per second.

B. Lattice Boltzmann simulations

Unlike other forms of fluctuation-induced forces, such as
critical Casimir forces [35], acoustic forces result from the
inclusion of a rigid object in a highly structured (single-
frequency) field. In order to perform ab initio simulations
of the sound field inside the acoustic cavity and its coupling
with the levitated particles, we employ the lattice
Boltzmann method (LBM). These simulations take into
account the full extent of the fluid-structure interactions
[36,37]. This approach naturally includes the effects of
viscous dissipation, momentum transfer due to multiple
scattering events, and anisotropy in the shape of the
levitated objects.
LBM simulations of the acoustic cavity were carried out

within the waLBerla framework [37]. A single relaxation
time scheme with a viscosity matching that of air was used
[36]. To compute interparticle forces, a simplified simu-
lation geometry with plane-wave acoustic input and peri-
odic domain boundaries was used. The ultrasonic horn was
represented as a bounce-back boundary condition with
time-dependent velocity, and the reflector as a stationary
no-slip boundary.
We used the PE functionality of the waLBerla frame-

work to simulate the interaction of particles with the
acoustic field [38]. Hydrodynamic forces between the
particles and fluid were handled with the partially saturated
cells method [39], which was found to be more stable than
other momentum-exchange methods under acoustic con-
ditions. We found that a local cell size of D=15, where D is
the particle diameter, was sufficient for accurate force
calculations.
In Fig. 2(b), we compare the results produced by the

analytical approximation [27] and our LBM simulations for
the secondary acoustic force due to scattering between two
particles of radius a ≪ λ0 (Rayleigh limit) and volume Vp,
in an imposed standing wave with acoustic energy density
E0. The data show close agreement, except very close to the
particle surface, where the far-field scattering approxima-
tions break down and viscous effects become increasingly
important [40]. Spherically symmetric particles in the same
horizontal plane experience an azimuthally symmetric
acoustic potential well [Fig. 2(a)]. As a result, the secon-
dary acoustic force along the horizontal direction x is
attractive, driving the particles into direct contact
[Fig. 2(b)]. For particles approaching at some angle ϕ
with respect to the horizontal, the interaction is more
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complex due to the quadrupole-like secondary acoustic
potential [Fig. 2(a)]. The result is a restoring force that
brings particles back into the plane [Fig. 2(b)]. In both
cases, the secondary acoustic force is short-ranged, acting
on length scales of the particle radius. This gives rise to an
effective cohesion and bending rigidity of the raft while, at
the same time, stabilizing monolayer formation by penal-
izing particles for stacking into multiple layers. In contrast,
the primary acoustic force, which sets up an acoustic
potential well centered around the nodal plane of the
standing wave in the cavity, has a characteristic length
scale on the order of the wavelength of sound. Together,
this means that the levitated granular rafts behave as
effectively two-dimensional membranes that are weakly
confined in three dimensions.

C. Raft rotation

In addition to conservative acoustic forces, which
assemble and stabilize the rafts, nonconservative forces
can be generated if the transducer is driven with a frequency
slightly larger than the resonance condition for levitation.
These nonconservative forces can manifest as out-of-plane,
velocity-dependent forces, which originate from a phase
lag between the motion of levitated objects in the cavity and
the response of the cavity mode [41] and lead to vertical
height fluctuations. In prior work, we showed that such
fluctuations can drive cluster rearrangements [25] or
actuate modes of deformation within a cluster held together
by secondary acoustic forces [26].
Our focus here is on fluctuating torques caused by off-

resonance driving, where angular momentum is transferred
to levitated objects, such that they spin around an axis
perpendicular to the nodal plane. These spontaneous,
fluctuating torques are frequently observed in levitated
objects in air. Candidates to explain their origin include
streaming flows in the acoustic cavity [42], velocity-
dependent instabilities [41], and radial potential gradients
in the levitation plane [43]. Although a full explanation of
the origin of this acoustic torque is outside of the scope of
the present study, here we show that the statistics of this
oscillational instability can be controlled by the transducer
frequency detuning Δf=f0, such that they can be used to
provide rotational driving to a levitated granular cluster.
To demonstrate and characterize this momentum transfer

as a function of frequency detuningΔf=f0, we measure the
in-plane angular rotation rate for a cluster consisting of two
(700–810-μm polyethylene) particles held together by the
secondary acoustic force [data in Fig. 2(c), see inset to
Fig. 2(d) for an image]. We choose to use a pair of larger
spheres as a minimal model for these rotational measure-
ments, such that the longest dimension of the pair together
is approximately equal to the diameter of the largest rafts.

(a)

(c)

(d)

(e)

(b)

FIG. 2. Secondary acoustic forces drive self-assembly and
rotation of levitated granular rafts. (a) Secondary acoustic
potential due to a particle with radius a, computed using a
scattering expansion, normalized by the energy density of the
cavity E0, and the particle volume Vp. (b) Secondary acoustic
force between a pair of particles, computed using a scattering
expansion (black solid line) and using a lattice simulation (blue
markers). Top panel: horizontal force Fx between two particles as
a function of distance x between their surfaces [dashed white
horizontal line in panel (a)]. Bottom panel: angular force Fψ on a
particle displaced out of the nodal plane with angle ψ
[x=2a ¼ 0.1, dotted circular contour in (a)]. (c) Example traces
of rotation rate dθ=dt as a function of time, for a two-particle
dimer consisting of a pair of 700–810 μm polyethylene particles,
at different detuning parameters Δf=f0. (d) Probability of dimer
rotation PðrotÞ as a function of Δf=f0. Shaded areas indicate the
standard error. (e) Plot of the decorrelation time τd for the rotation
rate of a pair of particles, as a function of Δf=f0. Shaded areas
indicate the standard error. Data are not plotted for the smallest
detuning parameters, for which there is no significant change in
the rotation over time.
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Results are qualitatively similar for pairs of smaller spheres,
rigid rods, and the rafts, with differences in the maximum
possible rotation rate and acceleration due to size-depen-
dent viscous drag.
For the smallest Δf=f0, the cluster does not complete

full rotations but simply rocks back and forth, occasionally
stopping. As Δf=f0 is increased, the cluster spins up to
high angular speed, where both rotation rate and rotation
direction vary stochastically when tracked over tens of
seconds. However, this also includes stretches where the
rotation rate increases roughly linearly with time, such that
the imparted torque is nearly constant. Such stretches are
used for our measurements on the rafts, reported below,
which involve time intervals of typically less than one
second. With increasing detuning, the probability of being
in some continuously rotating state quickly approaches
unity [Fig. 2(d)], while the typical lifetime of the state,
measured by the time for the autocorrelation of the angular
speed to decay to half its value, never drops below two
seconds [Fig. 2(e)].

III. RESULTS AND DISCUSSION

As the initially roughly circular rafts spin up, their
rotational kinetic energy eventually becomes comparable
to the particle binding energy, and their shape begins to
deform into ellipses (Fig. 3, Movie 3 in Ref. [29]). This
plastic deformation process (see the Appendix D for
Voronoi diagrams of the raft interior) continues until the
eventual breakup. For sufficiently large rafts, plastic defor-
mation is localized mainly to a small “neck” region that
continues to extend as the raft rotates, eventually pinching
off into two or more raft pieces [Fig. 3(a)]. In contrast, for
smaller rafts, we observe a different mode of shape change
[Fig. 3(b)]: After the rafts initially elongate into ellipses,
they tend to continue to deform by shedding particles from
their perimeter rather than via plastic deformation.
We now focus on the behavior well before breakup,

where the rafts first begin to deviate from their circular
shape and to elongate into ellipses. For a raft of total area A,
which may change as the raft gains rotational kinetic
energy, we measure deviations from circularity by the
dimensionless parameter R� ¼ Rmax=Reff. Here, Rmax is the
semimajor axis of the raft at any given time, and Reff ¼ffiffiffiffiffiffiffiffiffi
A=π

p
is the effective radius of the rafts (time-varying)

area A.
Comparing time traces of the raft rotation rate ω and

shape parameter R� [Fig. 3(c)] reveals that the shape
evolution is divided into two regimes. At first, ω increases
nearly linearly with time, while R� remains close to its
initial value, indicating constant torque and angular accel-
eration without shape change—rotational kinetic energy is
diverted into uniform stretching of the acoustic “bonds”
between the constituent particles of the raft. In this regime,
the raft perimeter is elastically stretched by increasing the

interparticle spacing, without moving particles from the
interior to the raft perimeter.
Once a maximum spinning speed has been reached,

a point in time we label as t0 in Fig. 3(c), the spinning
speed ω decreases, and the shape parameter R� increases
sharply—the rafts become elliptical and increase the total
length of their perimeter by introducing particles from the
interior to the raft surface. We use these differences in the
microstructural evolution of the rafts to distinguish the two
raft regimes as being dominated by elasticity before t0 and
being dominated by surface tension at and after t0 (where
“surface” here refers to the outer perimeter of the raft), in
accordance with the nomenclature used in studies of the
surface stresses and energies of thin films [44,45].
In Fig. 3(d), we plot the evolution of R� as a function of

the rotational kinetic energy of the rafts Erot. For our
circular monolayer rafts, Erot ∼ ρω2aR4

eff , where we have
treated the rafts as discs with the thickness of one particle
(diameter 2a and material density ρ) and where we have
omitted numerical prefactors of order unity. After reaching
a maximum Erot, the rafts lose rotational kinetic energy,
visible as a change in curvature in the traces. After this
point, R� grows as the rotational kinetic energy decreases:
Further increases to the angular momentum of the raft
serve to increase its moment of inertia, increasing its
surface area as it elongates. While the raft continues to
lengthen, ejection of weakly bound particles, which carry
away some of the angular momentum, is reflected in sharp
curvature changes of the traces in Fig. 3(d). The insets
give examples.
The general shape of the traces in Fig. 3(d) exhibits

striking similarity with what is found for rotating droplets
of molecular liquids [13,14,46,47]. For liquid drops, as
with our granular rafts, shape is governed by the competi-
tion between rotational kinetic energy Erot, which acts to
elongate the drop, and interfacial energy Eint, which
penalizes increases to the drop-air interfacial area (for
rafts, this is the perimeter area, i.e., the product of the
perimeter and 2a). Air drag can be neglected provided that
the raft undergoes rigid body rotation [14,48] (see
Appendix E for measurements of the nonaffine motion
of particles in the raft, and Appendix F for an estimate of
the magnitude of drag on the edge of the raft, which we
show to be much smaller than the secondary acoustic forces
binding particles to the raft edge). Although these aero-
dynamic forces are small compared to the in-plane forces
holding raft particles together, these small forces can excite
resonant out-of-plane bending similar to what is observed
for thin, flexible disks that are spinning rapidly (see
Appendix G for measurements and a qualitative
discussion).
In liquids, as the spinning speed increases under constant

torque, the droplets stay axisymmetric, and the energy ratio
Σ ¼ Erot=Eint is simply a function of the spinning speed ω
until a value Σmax is reached. Beyond this value, there is a
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bifurcation away from the axisymmetric shape of the drop,
such that the drop elongates along one axis, decreasing its
rotation rate [13,14]. Chandrasekhar [13] calculated the
maximum ratio value Σmax ≈ 4 for 3D droplets, a value that
is found to increase to 12 for droplets in two dimen-
sions [49].
As Fig. 3(d) implies, the ratio Σ for our rafts similarly

increases up to some maximum value Σmax, beyond which
there is a significant change away from the initially circular

shape and the rotational kinetic energy decreases. Not
directly apparent from the data in Fig. 3(d) (but discussed
further below) is a slight isotropic expansion of the raft that
occurs without a significant change in R� up to the point
where Σmax is reached. Here, we note that this dilation
serves to drive the particles toward a state where they can
begin to plastically flow. For such flow, the important
quantity is the energy associated with the creation of new
interfaces.

(a)

(b)

(c) (d)

FIG. 3. Levitated granular rafts exhibiting emergent liquidlike behavior. (a) Sequence of images from below, showing the deformation
of an initially circular raft that rotates in the clockwise direction. As the raft gains angular momentum, it elongates into an ellipse (at
t ¼ t0, where the kinetic energy ρω2aR4

eff is at its maximal value) and then splits into two smaller rafts. The corresponding traces are
shown in orange in panels (c) and (d) (second largest raft). (b) Sequence of images from below, showing the deformation of a smaller
raft, at first also by elongating (at t ¼ t0) but then by shedding particles. The corresponding traces are shown in purple in panels (c) and
(d) (second smallest raft), with the diamond marking the image at time t ¼ 3 ms in (b). (c) Example time series of the absolute value of
the number of rotations per second jωj=2π (top panel) and the dimensionless shape parameter R� of the levitated raft (bottom panel), as a
function of the number of particles in the raft N0 [see part (d) for the color key]. Before t0, the rafts spin faster without deforming; after
t0, the rafts change shape, shed weakly bound particles, and eventually split into multiple pieces. Raw data are filtered using a moving-
average filter, with a width of 20 data points (7 ms) to obtain the data in panels (c) and (d). (d) Evolution of the dimensionless shape
parameter R�, as a function of the kinetic rotational energy of the drop ρω2aR4

eff , for rafts with several different N0. The inset images
show the rafts at various points in the spinning process. After deformation into an ellipse, rafts can shed angular momentum by losing
small clusters of weakly bound particles.
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Thus, by identifying the maximum Erot before shape
change occurs in data such as Fig. 3(d), we can extract the
interfacial energy Eint ¼ Erot;max=Σmax of the rafts, in
analogy to liquid droplets. Using Eint ¼ γaReff , we define
an effective surface tension γ:

γ ¼ Erot;max

2aΣmaxReff
: ð1Þ

Our data, plotted in Fig. 4(a), reveal that the effective
surface tension of the granular rafts is extensive and scales
as a power law with the number of constituent particles,N0.
This scaling of the effective surface tension does not
depend on the numerical value for Σmax, which we take
here to be 12, in accordance with Ref. [49]. Within the
scatter of the data, there is no consistent trend with the
detuning parameter Δf=f0, showing that the trap fluctua-
tions do not affect the magnitude of attractive forces. The
data are compatible with a power-law exponent between 1
and 3=2. Increasing the acoustic energy in the trap via the
driving voltage of the transducer also proportionally
increases the ratio γ=N0, confirming that the observed
effective surface tension is a direct product of acoustic
scattering forces [Fig. 4(a) inset].
Unlike molecular liquids, our granular rafts can respond

to tensile stresses by dilating slightly and can thus respond
elastically to an increase in rotational kinetic energy as long
as Σ < Σmax. In this regime, the change in raft perimeter is
less than 0.1 times the raft radius Reff , such that the surface
tension contribution to this elastic expansion is negligible.
In Fig. 3(d), this slight isotropic expansion takes place

before the upturn in R� and can be used to extract the
effective elastic modulus. For our rotating rafts, which we
treat as discs with thickness 2a and circular face area A, the
fractional increase in volume V ¼ 2aA from rest volume
V0 ¼ 2aA0 in response to an applied rotational pressure is

V
V0

¼ 1þ 1

2K
ρω2R2

eff ; ð2Þ

where we have assumed that the granular material is
linearly extensible with effective elastic modulus K, which
we define in analogy to the bulk modulus of a three-
dimensional material, and particle material density ρ (see
Appendix A for details, and Appendix C for examples of
the data used to extract K). Our measurements of K, plotted
in Fig. 4(b), show that the effective elastic modulus of the
levitated granular rafts also scales with the number of
constituent particles N0 (but not with the detuning param-
eter, within the scatter of the data). Increasing the acoustic
energy density of the trap also increases the ratio K=N0

[Fig. 4(b) inset], confirming that the effective raft elasticity
is directly controlled by the acoustic scattering forces
between particles. For any driving amplitude, neither the
effective elastic modulus nor the effective surface tension
appears to saturate, even up to rafts with 200 particles. If
this size dependence were to hold even in the thermody-
namic limit, the effective elastic modulus and effective
surface tension would not be well defined. However, we
expect that the long-range cohesive forces holding the raft
together would be screened at large length scales, with a
length scale that depends on the geometry of the acoustic

(a) (b) (c)

(d)

FIG. 4. Contactless measurement of effective surface tension, effective elastic modulus, and microstructural properties. (a) Effective
surface tension γ as a function of the initial number of particles in a raft N0. The dashed line displays the prediction for γ obtained from
integrating the acoustic force [Fig. 2(a)] over the raft body (within a multiplicative prefactor, see Appendix A). Data are shown for
transducer peak-to-peak driving voltage Vpp ¼ 300 V. Inset: slope of γ with respect to N0, measured for different Vpp. Error bars indicate
standard error. (b) Effective elastic modulusK, defined in analogy to the bulk modulus of a three-dimensional material, as a function of the
initial number of particles in a raft N0. The dashed line displays the prediction for K obtained from integrating the acoustic force [Fig. 2(a)]
over the raft body, with a multiplicative prefactor (see Appendix A). Data are shown on a log-log plot for transducer peak-to-peak driving
voltage Vpp ¼ 300 V. Error bars indicate the error due to fitting the data. Inset: slope of K with respect to N0, measured for different Vpp.
Error bars indicate standard error. (c) Average coordination number of particles in the raft interior hzi, as a function of N0. The dotted line
indicates the coordination number for close-packed configurations in two dimensions. (d) Lost number of particles up to maximal plastic
deformation, Nloss, normalized by N0, as a function of N0. Shaded regions indicate the standard error.
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trap. For sufficiently large rafts, the surface tension and
elastic modulus would then converge to intensive values
that depend on the screening length.
In the limit of very small droplets, the surface tension of

small clusters of molecules and colloids at equilibrium also
depends on the number of molecules in the droplet [50,51].
In these droplets, as the size decreases, the increasing
curvature of the interface forces significant differences in
the molecular structure, driving deviations in the surface
tension from that of the elastic material. Such corrections
become important when the size of this boundary layer
becomes comparable to the droplet size. Previous work on
small clusters in equilibrium has shown that these correc-
tions come into play for three-dimensional clusters smaller
than 50 particles or clusters with a radius of approximately
four particles. Such structural considerations thus seem
unlikely to explain the size scaling observed here, where
the effective surface tension does not appear to saturate up
to rafts whose radii are greater than 10 particles.
Our results instead show that the acoustic binding energy

itself scales with the raft size. It is informative to compare
this measured scaling of elastic constants with raft size to
the results obtained by a pairwise acoustic scattering
calculation. In particular, prior work suggested that in
the Rayleigh limit (a ≪ λ), the acoustic potential due to
the presence of many particles can be calculated using a
mean-field approximation: The total acoustic potential on a
probe particle is the pairwise (linear) sum of the potential
due to each source particle [27,52]. In this approximation,
source particles do not scatter sound previously scattered
by other source particles and are therefore considered as
independent acoustic scatterers.
However, the predicted mean-field scaling of effective

elastic constants with raft size [dashed lines in Figs. 4(a)
and 4(b)] appears to have a power smaller than that observed
in the experimental data (see Appendix A for details of the
calculation). For very small rafts, our data extrapolate to the
mean-field prediction. However, as the number of particles
in a raft increases, the predicted scaling flattens out while the
experimental data do not. This discrepancy suggests that, for
large, close-packed rafts (more than 10 constituents), multi-
body forces (from multiple scattering events) contribute
strongly to the total secondary acoustic potential, even if the
individual constituents are well within the Rayleigh limit.
We note that the addition of an acoustic screening term
would effectively reduce the number of source particles
contributing to the total acoustic field at the probe particle
since screening introduces a length scale beyond which
particle interactions are negligible. On the contrary, our
results show that acoustic binding does not plateau as raft
size is increased. Therefore, screening effects, if present,
occur at longer length scales than probed here.
These nonpairwise effects point to the fact that the rafts

have entered the regime where source particles can no
longer be treated as independent acoustic scatterers. In this

regime, the nonadditive forces could arise from significant
higher-order scattering between the close-packed particles,
significant phase delays in the acoustic field between
different parts of the raft, or alterations to the modal
structure of the acoustic cavity due to the presence of
the raft. Ultimately, our data highlight the current lack in
understanding of secondary acoustic forces beyond lowest-
order scattering expansions.
As a counterpart to our observations on the overall shape

change of the rafts, we now turn to the size dependence of
microstructural deformations in the rafts. Since the rafts
allow for direct visual access to the configuration of
individual constituent particles, we are able to track the
microstructural basis of their deformation throughout the
course of their spin-up. Our results, plotted in the upper half
of Fig. 4(c), reveal that the largest rafts deform without
changing their average connectivity: Rafts composed of
more than 100 particles rearrange their interior, without
changes in the average coordination number hzi, similar to
sheared colloidal crystals [53,54]. However, as the rafts
decrease in size, they deform by decreasing the average
number of neighbors between particles in the elastic. This
loss of stability in the raft interior results in changes in the
mode of deformation past yielding. Plotting the fractional
number of particles lost by the raft, Nloss=N0, as it deforms
[Fig. 4(d), example images in Fig. 3(a) and insets of
Fig. 3(d)] reveals that small rafts tend to change shape
by shedding particles rather than through rearrangements of
their interior: Small rafts appear brittle rather than ductile,
as prefigured by the overall loss of connections in the
interior of small rafts before their eventual failure.
The existence of such a crossover from brittle to ductile

behavior is in line with general considerations based on the
relative size-dependent energetic costs of plastic deforma-
tion and fracture for small rafts. The cost of plastic
deformation is, at a minimum, the energy required to
create a dislocation pair in a previously crystalline domain,
which scales as E lnReff [55], where E is the Young’s
modulus of the material. Assuming that E and K scale
similarly with N0 for our levitated granular rafts, the energy
cost of a dislocation pair scales as N0 lnN0. The actual cost
may be higher: Measurements of the flow stress for metallic
nanopillars suggest that the energy for plastic deformation
increases drastically for small crystals, as they may have an
initially low dislocation density [56,57] or else rapidly
exhaust their available dislocation sources [58]. On the
other hand, the energetic cost of fracture is the energy
required to create a new interface (whose area is on the
order of the raft radius times the particle diameter 2a),
which scales as γN1=2

0 or, using the essentially linear
dependence of γ on N0, as N3=2

0 . For small N0, it is
therefore favorable to fracture rather than to create dis-
locations. The size dependence of the raft’s elastic proper-
ties thus also results in differences in the microstructural
modes of rearrangement.
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IV. CONCLUSIONS

We have used acoustic levitation to contactlessly assem-
ble, drive, and measure the mechanics of active granular
rafts. Here, these “soft” granular rafts have attractive forces
comparable to applied rotational tensions. Acoustic rotation
thus offers the opportunity to tune through a wide range of
driven behaviors in an inertial soft solid, from isotropic
dilation, to extreme shape change, and finally catastrophic
failure.
The observed size dependence of the effective surface

tension and elastic modulus of the rafts pose a particular
challenge to the theoretical modeling of secondary acoustic
forces. Such modeling [27,28] currently relies on pertur-
bative scattering expansions, which are appropriate in the
limit of dilute Rayleigh scatterers, where sound is scattered
once between independent particles. These assumptions are
valid in the regime where individual particles are spaced far
apart compared to the particle size and are much smaller
than the sound wavelength. However, these assumptions do
not capture the dependence of the effective surface tension
on particle number that we find for close-packed rafts,
which can reach a sizable fraction of the sound wavelength.
Our results suggest the need for a systematic theoretical
exploration of regimes in particle size and packing density
in which acoustic interactions can no longer be treated as
pairwise. This size dependence also plays a role in
governing both the elasticity and plasticity of these acoustic
solids. In particular, the size range of our rafts spans the
transition where small rafts deform by fracturing into pieces
(similar to brittle failure), while larger rafts can respond to
external stresses by plastically deforming their interior. Our
results demonstrate how acoustically levitated rafts can be
used to investigate the mechanical properties of solids
bound by nonpairwise interactions. Consequences of non-
pairwise forces for defect-mediated plasticity have been
theorized in other systems [59–61] but are difficult to
observe experimentally.
In addition, the size dependence of the effective elasticity

and cohesion of our levitated rafts is highly reminiscent of
gravitationally bound granular objects, where power-law
gravitational forces lead to attractive forces that increase
with the object size. This resemblance to gravitational
forces could open the door to a more detailed understanding
of the dynamics of other rapidly rotating objects, such as
rubble-pile asteroids. Such asteroids are generally under-
stood to be granular aggregates bound by self-gravity [62–
64]. From these rubble piles, fission by rotation is thought
to be a pathway to the creation of small binary asteroids
[4,65]. The shape change of these bodies in response to
rapid rotation is usually modeled by coarse-grained sim-
ulations of granular material held together by cohesive
forces [66]. A key feature of these rubble-pile asteroids is
an expansion of their equatorial cross section as a conse-
quence of increasing rotation rate, followed eventually by
shape change and breakup, similar to what we find in our

rafts. Direct confirmation of these simulations is limited to
observational studies and, more recently, the in situ study of
a few near-earth objects. Our granular rafts, whose cohesive
forces scale similarly to gravitational binding, may thus
serve as a coarse-grained tabletop model system for the
dynamic evolution of the equatorial plane in granular
astronomical objects that are rapidly rotating.
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APPENDIX A: ACOUSTIC POTENTIAL DUE TO
A DISC COMPOSED OF POINT PARTICLES

We consider the potential force on a point (test) particle
due to a disc composed of point scattererswith radiusa (such
that the disc has height 2a), each of which has a pairwise
interaction with the test particle. For a disk composed of a
monolayer packing of particles, the number density of point
scatterers is ρ ¼ 1=2πa3. We compute the total potential U
on the point particle as the sum of the potentials u due to the
disc constituents. This pairwise acoustic potential u, plotted
in Fig. 2 of the main text, is azimuthally symmetric and
depends on the radial distance between a pair of particles r,
as well as the polar angle between them, ψ .
For a test point placed at horizontal displacement D and

zero vertical displacement from the edge of the disc (see
Fig. 5 for a schematic), the set of points on the disc that are
a distance r from the test point forms an arc, with arclength
θ and infinitesimal volume ardrθ. Using the cosine rule,
we have

FIG. 5. Schematic of the coordinate system for calculating the
potential on a point particle due to a disc composed of point
scatterers. The point particle, which has radius a, is placed in
plane with the disc (which has radius R and thickness 2a) and at a
horizontal distance D from the edge of the disc.
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R2 ¼ r2 þ ðRþDÞ2 − 2rðRþDÞ cos ðθ=2Þ

⇒ θ ¼ 2 arccos

�
r2 þ 2RDþD2

2rðRþDÞ
�
:

Within this arc-volume, all constituents are at a distance r
from the test particle. The total acoustic potential due to the
disc can thus be derived by integrating the contributions of
each arclength volume over the area of the disc. This can be
expressed as a one-dimensional integral over r:

UðDÞ ¼ 4aρ
Z

2RþD

D
druðrÞr × arccos

�
r2 þ 2RDþD2

2rðRþDÞ
�
:

ðA1Þ
We carry out this integration numerically for different

values of R, with D ¼ 2a, to produce the dashed line in
Fig. 4(a) of the main text. The mean-field prediction for
the acoustic elastic modulus [dashed line in Fig. 4(b)] is the
second derivative of this expression with respect to the
coordinateD, evaluated atD ¼ 2a, which we also carry out
numerically.

APPENDIX B: OBSERVATION NUMBER

Table 1 lists the number of observations of spinning
dimers that were combined for the data in Figs. 2(d)
and 2(e) of the main text.

APPENDIX C: MEASUREMENT OF EFFECTIVE
ELASTIC MODULUS

In order to make use of Eq. (2) and extract the effective
elastic modulus K of the droplets, we plot the fractional
change in raft volume V=V0 − 1 (where V ¼ aA, the
product of the circular face area of the raft and its thickness)
as a function of the rotational pressure 1

2
ρω2R2

eff (example
data shown in Fig. 6). Here, we determine V0 or, equiv-
alently, the initial area of the rafts (when ω ¼ 0) times their
thickness, by fitting the data to lines and extracting the
intercept. The data are then fitted to a line, whose slope then
gives 1=K. Error bars in Fig. 4(b) reflect the least-squares
error in the fit coefficients.

APPENDIX D: PLASTICITY DURING RAFT
DEFORMATION

In order to assess the relative roles of plasticity and
elasticity during the raft deformation past Σmax, we measure
the crystallinity of the raft interior (via the particle
coordination number, measured using a Voronoi diagram)
throughout the course of its rotational breakup. Example
snapshots of the Voronoi diagrams are shown in Figs. 7(a)
and 7(b), at different points throughout the raft deforma-
tion. The Voronoi statistics for the raft in Fig. 7(a) are
summarized in Fig. 7(c), which plots the evolution of the
number of particles with six neighbors in the raft interior
n6, as a fraction of the total number of particles in the raft
NðtÞ, together with the shape parameter R� as a function
of time. At first, the shape of the raft does not change
(constant R�). At the same time, in response to the growing
spinning speed, n6 slowly decreases. As the rotational
speed of the raft increases, a small number of defects are
accumulated in the interior. During this phase of raft spin-
up, the stresses are predominantly dilational and do not
motivate the glide of dislocations.
The shape of the raft then changes modestly, resulting in

an also modest drop in n6 around 30 ms. After this point,
the raft retains its new elongated shape for a considerable
period of time. During this period of time, n6 grows and, in
fact, exceeds the value of n6 observed for the initially
circular raft: The crystal structure of the raft is now able to
relax and remove defects, in the form of rotational
annealing. The elongation of the raft into an ellipse breaks
the azimuthal symmetry of the rotational stress, introducing
shear fields to the raft interior that sweep dislocations to the
raft boundaries. Finally, the rotational energy again exceeds
the binding energy of the drop, which then elongates to

TABLE I. Number of dimer pairs observed for Figs. 2(d) and2(e).
Each dimer was observed for 23 seconds.

Δf=f0 × 10−3 Number of observations

0.46 17
0.89 32
0.96 26
1.77 20
2.21 20
2.87 35
3.53 30
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FIG. 6. Example raw data for the calculation of K (dots). The
fractional change in volume of the raft V=V0 − 1 is plotted as a
function of the rotational pressure, 1

2
ρω2R2

eff . Color indicates N0.
The best-fit line is indicated as a solid line through each data set.
Data have been smoothed with a moving average filter, with a
width of 10 data points (3 ms).
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R� ¼ 3 and pinches off into two drops. This extreme
elongation rapidly generates defects and drastically lowers
n6. Again, after the pinch-off, n6 rises, indicating that the
remaining two sections of the raft have eliminated their
defects through the creation of an additional surface and
now have well-ordered interiors.
Further examination of n6=NðtÞ and R� as a function of

time, for several different raft sizes [Fig. 7(d)], confirms
these trends for large rafts: Raft shape changes are
accompanied by a temporary decrease in n6, which then
recovers after a short period in which the raft crystal
structure relaxes. In contrast, since the smallest rafts tend
to change shape by shedding large fractions of their

constituent particles, n6=NðtÞ drops sharply at t0 and does
not return to a close-packed state after the droplet shape
change. In all cases, we observe a gradual decrease in
n6=NðtÞ during the spin-up process, indicating that the
dilation of the raft before global-shape change generates
defects in the raft interior. This gradual decrease is marked
by fluctuations that correspond to the appearance and
disappearance of several defect pairs.

APPENDIX E: NONAFFINE PARTICLE MOTION

One of the assumptions underlying the derivation of
Eq. (1) is that the raft rotates as a rigid body up until the
point where it changes shape, i.e., that there is negligible
nonaffine motion of the particles in the raft for

(a)

(b)

(c)

(d)

3

0.7

FIG. 7. Voronoi construction reveals the onset of plasticity
during raft deformation. (a,b) Images in Fig. 3(a) of the main text,
overlaid with the corresponding Voronoi diagram of the raft
interior. Cells in the Voronoi diagram are overlaid with the
corresponding number of sides of the polygon: Particles with five
neighbors are shaded blue, particles with six neighbors are white,
and particles with seven neighbors are red. (c) Left axis: plot of
the number of particles in the raft interior with six neighbors n6,
divided by the total number of particles in the raft NðtÞ, as a
function of time (both n6 and N are tracked at every frame of the
drop evolution), for the raft pictured in (a). Right axis: raft shape
parameter R� as a function of time. (d) Upper: n6=NðtÞ as a
function of time, for several different initial raft sizes N0. Lower:
R� as a function of time.

(a)

(b)

(d)

(c)

FIG. 8. Nonaffine motion of particles before breakup.
(a)–(c) Comparison of rotation-corrected particle positions at
the start of spin-up (dark blue circles) and just before shape
change (i.e., one frame before Erot ¼ Erot;max, plotted as light-
blue filled circles), for three rafts of varying size. Red arrows
show the local displacement field from initial to final particle
position. (d) Plot of average displacement of particles (averaged
over all particles in the raft) during spin-up Δd as a function of
N0, normalized by the particle diameter 2a. Displacement has
been resolved into the radial (Δdr, blue data points) and
azimuthal (rΔdθ, orange data points) directions. The black
dashed line indicates the noise floor for particle tracking.
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Erot < Erot;max. In order to assess the validity of this
assumption, we measure the position of particles in the
raft at the start and at the end of the spin-up process (the end
of the spin-up process defined as one frame, or 0.33 ms,
before the raft reaches its maximum rate of rotation). Once
we correct for the rigid-body translation and rotation of the
cluster, we then construct the displacement vector between
all matching particles in the raft.
Example particle positions and displacements are shown

in Figs. 8(a)–8(c): The vast majority of particle displace-
ments have magnitude smaller than a particle radius.
Quantitatively, we resolve the displacements into the radial
and azimuthal directions and plot the mean directional
magnitudes (averaged over all particles in a raft) as a
function of N0 [Fig. 8(d)]. We find that the average
displacements in the radial and tangential directions are
of similar magnitude, roughly half a particle radius. This is
the case even in the larger rafts, where there can be some
long-wavelength collective motion as the raft dilates [see,
e.g., Fig. 8(a)]. However, the magnitude of this motion
stays well below a lattice spacing (the membership of
particle nearest-neighbor shells is not disturbed). Thus, the
rafts remain solidlike and rigid, and do not exhibit evidence
of internal shear before the onset of deformation.

APPENDIX F: ESTIMATE OF STOKES DRAG
ON RAFT PERIMETER

In order to assess the effect of air drag and compare it to
the acoustic binding force between particles, we calculate
the viscous force on a particle at the edge of the raft, using a
linear drag model:

Fd ¼ 6πηav;

where η is the viscosity of air, a is the radius of an
individual particle, and v ¼ Reffω is the linear velocity of a
particle on the perimeter of a raft with radius Reff , rotating
with angular velocity ω. This model for Fd (measured at the
moment of shape change, where ω is largest) yields
measurements that are of order 1–10 nN (Fig. 9).
For comparison, we need to estimate the magnitude of

the secondary acoustic forces between a pair of particles
that compose the raft. One estimate is provided by the
centripetal force required to keep the particle attached to the
edge of the raft, Fc ¼ mω2Reff . Since the particles do not
detach from the raft, such an estimate serves as a lower
bound on the secondary acoustic force acting on a single
particle. The ratio of this centripetal force to the drag force
is Fc=Fd ¼ ½ð2ρωa2Þ=ð9ηÞ� ≈ 50. Alternatively, Fig. 2(b)
shows that the radial restoring force between a pair of
particles is approximately 0.1, in units of E0Vp=a, where
E0 is the energy density of the cavity, Vp is the particle
volume, and a is the particle radius. To convert the values in
Fig. 2(b) to a force in Newtons, we infer the energy density

from the measurement of surface tension. Figure 4(a)
compares the surface tension, measured from the experi-
ments, to an analytical calculation obtained by integrating
the acoustic potential U over a disk (black dotted line).
Using γ ∼U=a2, the fit between this analytical calculation
and the experimental data has a single fitting parameter,
corresponding to E0. Substituting this value of E0, we find
that the secondary acoustic force for a particle on the
edge of the smallest rafts (10–30 particles) is of order 1 μN,
or 2–3 orders of magnitude greater than the estimated drag
force. Fitting the analytical calculation to the surface
tension of the largest rafts increases the estimated secon-
dary acoustic forces to roughly 100 μN. Again, this
estimate provides a lower bound on the acoustic binding
between particles in the raft. The raft shape changes, and
thus the data on the effective surface tension and elastic
modulus are unlikely to be affected by air drag.

APPENDIX G: ROTATIONALLY ACTIVATED
OUT-OF-PLANE BENDING

While the effective in-plane surface tension and effective
elastic modulus of the rafts are controlled by the in-plane
component of the secondary acoustic forces [Fig. 2(a)], the
rafts have other elastic constants for out-of-plane deforma-
tions, which are controlled by the out-of-plane components
of the secondary acoustic force [Fig. 2(b)]. As a result of
this out-of-plane bending modulus and their membranelike,
effectively two-dimensional nature, levitated granular rafts
can strongly deform out of plane [Fig. 10(a), see Movie 4 in
Ref. [29] for dynamics]. The smallest rafts remain planar as
they rotate, exhibiting rocking motions that tilt the raft in
and out of the levitation plane. However, for the largest
rafts, increasing the rotation rate of the rafts gives rise to
saddlelike bending modes, which can start waves that travel
azimuthally around the raft while it rotates.

FIG. 9. Drag force Fd on a particle on the perimeter of a raft,
estimated using a linear drag model, as a function of the total
number of particles in the raft, N0.
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In the following, we discuss these transverse bending
modes and waves at raft rotation speeds in the regimewhere
the rafts remain circular (before they deform and break up).
To characterize these waves, we make use of the fact that
the bending modes appear as saddlelike, nonconvex struc-
tures when viewed from the side. We thus use the concavity
of the (thresholded) black and white side-view images as a
proxy for the out-of-plane bending of the raft. Given a
raft shape with projected area AI, whose corresponding
convex hull has area Av, we define the concavity χ as
χ ¼ 1 − AI=Av. For planar objects viewed from any angle,
the convex hull of the image is almost completely filled by
the original image, so χ is close to zero.

Measurements of χ as a function of the absolute rotation
rate jωj and normalized raft radius Reff=a reveal that
rotation activates out-of-plane bending nonmonotonically
[Fig. 10(b)]. The smallest rafts remain relatively flat as they
rotate faster, with a weak increase of χ. For larger Reff=a,
more out-of-plane degrees of freedom are available, and at
first, the overall concavity increases with jωj, up to
jωj=2π ≃ 30 Hz, but then decreases for faster spinning.

Similar out-of-plane bending modes occur in thin,
rapidly spinning elastic disks and membranes, where
they originate from nonlinear interactions between the
shape of an elastic object and the shape-dependent
aerodynamic drag on it. These nonlinear interactions
result not only in a drag force but also an additional lift
force, whose magnitude is proportional to both the
angular speed and the out-of-plane displacement of the
raft [67]. Even a very small lift force (compared to
the forces holding the disk together) can then excite
and amplify vibrational modes in the form of traveling
waves around the disk edge [68,69].
Since the measured effective elastic modulus of our

membranelike rafts is an order of magnitude smaller than in
most previously observed spinning disks [69–71], increas-
ing ω can tune through a wider range of behaviors. In
particular, for the larger rafts, we can reach a regime where
the inertial forces during rotation increase the effective raft
tension, to the point that this reduces the amplitude of
transverse undulation. This rotationally induced reduction
in out-of-plane motion has been observed previously only
in the limit of membranes that are extremely thin relative to
their radius, such that the bending stiffness is negligibly
small [72–74].
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