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of fixed radius contains at least one point. We also formulate an extremal density
problem, whose solution provides an upper bound for the pointset configuration

];{)iijglejrogjlsbointset configuration problem in the limit as the number of points tends to infinity. Existence of solutions
Kernel-based energy to both problems is established and the relationship between the parameters in
MBO diffusion generated method the two problems is studied. Several examples are studied in detail, including the
Bang-bang optimization density problem for the d-dimensional ball and sphere, where the solution can be

computed exactly using rearrangement inequalities. We develop a computational
method for the density problem that is very similar to the Merriman-Bence-Osher
(MBO) diffusion-generated method. The method is proven to be increasing for all
non-stationary iterations and is applied to study more examples.
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1. Introduction

Optimal pointset configurations have broad applicability in physics and chemistry, information theory
and communication, and scientific computing. Typically, in such applications, one considers a pointset
which minimizes a certain energy. A prototypical example is the plum pudding model proposed by J. J.
Thompson, where one seeks the positions of a fixed number of points (“electrons”) arranged on a sphere
which minimizes the total electrostatic potential energy (as described by Coulomb’s law). In this paper, we
consider a pointset which mazimizes a certain energy, subject to constraints.

For any measurable set S C RP, let |S|; denote the d-dimensional Hausdorff measure of .S, where we
normalize this measure so that the unit cube U; C R? C RP satisfies |Uy|lq = 1. In what follows, we will
assume that ) is an infinite and compact subset of RP having finite and positive d-dimensional Hausdorff
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measure for some d € {1,2,...,p}. In certain situations we will place stronger assumptions on the set €,
but we need only this minimal set of hypotheses to state the problem that we will study.

Define a kernel function, k: Q x Q — (0,00), which we will assume to be absolutely integrable and satisfy
k(z,y) = f(Jx — y|) for some completely monotone function,? f: (0,00) — [0,00). We will also assume that
k is positive definite.® Example kernels include

o the Riesz s-kernel, k(z,y) = |z — y|~%, for s € (0,d),
o the exponential kernel, k(z,y) = exp(—|x — y|/o), for o > 0, and
o the Gaussian kernel, k(x,y) = (4n7)~4? exp(—|x — y|?/47), for 7 > 0.

Fix positive constants r and R, and a positive integer n. In this paper, we will consider the problem of
finding a collection of n points, X,, = {z;}}_; C €, attaining the maximum in the optimization problem,

max L Z k(x;, x;) (1a)

= i#]
such that |z; — z;| > rn~Y¢, Vi # j (1b)
X, N Bru-1/4(y) # 0, Yy € Q. (Lc)

The distance here is the Euclidean distance in the ambient space, RP. Constraint (1b) requires that the
minimum pairwise distance is at least rn~'/¢. Constraint (1c) requires that every (closed) ball of radius
Rn~1/? centered at a point in © contains a point of X,,. Of course, the domain § and constants r and R
must be chosen so that there is at least one admissible configuration satisfying the constraints (1b) and (1c).
If an admissible configuration exists, then the upper semicontinuity of k implies an extremal configuration
satisfying (1) exists, though it need not be unique. We discuss necessary conditions for the existence of
admissible configurations for (1) in Section 2.

To the best of our knowledge, the maximization problem in (1) has not been previously studied, although
[8, p. 226] describe how such constraints can arise when one tries to incorporate varying conductivity into
certain physical problems. Our interpretation of (1) is as follows. The points represent distribution sites
for a particular good or service. On one hand, (1c) imposes the requirement that every location is within

—1/d of a site. On the other hand, maybe because of distribution costs, it is cost effective to

a distance Rn
concentrate the sites together, as described by the objective (1a). However, via (1b), we impose that the
sites not be too close. Intuitively, the solution of (1) will be to have the sites as closely packed as possible
in the “center of 27, with enough sites arranged elsewhere so that (1c¢) is satisfied. In this paper, we make

this intuition precise.
1.1. Outline and statement of results

We proceed as follows.

In Section 2, the admissibility of pointset configurations in (1) is studied. In Proposition 2.1, we give
sufficient conditions for r and R such that there exists an admissible pointset configuration for (1) for large
n. In Theorem 2.2, we establish a preliminary result giving sufficient conditions so that every weak-* limit
of the empirical measure associated with the pointset is absolutely continuous with respect to d-dimensional
Hausdorff measure.

2 A function, f, is completely monotone on (0,00) if f € C*(0,00) and (=1)*f®)(r) > 0 for all £ € Ny and all + > 0 [23,
Definition 7.1].

3 A continuous kernel, k: Q x Q — R, is positive definite if, for all N € N, all sets of pairwise distinct centers X = {z1...,zn} C
RP, and all a € CV \ {0}, Zj.\;l Z],X:l ajogk(zy, xr) > 0 [23, Definition 6.24].
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In Section 3, we give a continuous analog of (1) that, roughly speaking, corresponds to the density of
the pointset in (1) in the limit as n — oco. In Propositions 3.1 and 3.2, the existence of a solution to this
problem and properties of extremal densities are established. We then present results for several solvable
examples.

In Section 4, we discuss the relationship between the discrete and continuous problems. It is shown that
the continuous problem gives an upper bound for the solution of the discrete problem; see Proposition 4.1
and Theorem 4.2.

In Section 5, we introduce a computational method for the density problem that is very similar to the
Merriman-Bence-Osher (MBO) diffusion-generated method. In Proposition 5.1, the method is proven to be
increasing for all non-stationary iterations. The method is applied to several example problems, emphasizing
qualitative properties of the resulting computed solutions.

We conclude in Section 6 with a brief discussion.

2. Admissibility of pointset configurations for (1)

For any given n € N, the possible values of r and R for which there exists an admissible configuration
of n points in Q satisfying (1b) and (1c) depend on the geometry of € in a very delicate way. However,
we can find relatively simple constraints on r and R that are sufficient for the existence of an admissible
configuration for all large n € N.

The key ideas that we will rely on are those of separation distance, covering radius, and mesh ratio. To
be precise, if X,, = {x; };‘:1 C Q, we define the separation distance, 6(X,,), of this configuration by

0(X,) = min|z; — z;,
i#]

where | - | denotes the Euclidean distance in R?. Similarly, we define the covering radius, n(X,), of this
configuration by

X,) = in |y —a;
N(Xn) = max min |y — ;]

and the mesh ratio, v(X,,), of this configuration by

Here we used the notation and terminology from [2]. The n-point best-packing distance on , denoted §,,(£2),
is defined as the supremum of 4(X,,) over all subsets of Q of cardinality n. Any configuration that attains
this supremum is called an n-point best-packing configuration on ). Similarly, the n-point best-covering
distance on 2, denoted 1,,(€2), is defined as the infimum of n(X,,) over all subsets of ) of cardinality n. Any
configuration that attains this infimum is called an n-point best-covering configuration on €. Now we can
state conditions on 7 and R that guarantee the existence of admissible configurations.

Proposition 2.1. Let € be an infinite compact subset of RP. Suppose there exists d € N and positive constants
C, and C* so that

lim inf n'/45,,(Q) = C, and lim supn'/ %6, (Q) = C*.

n—oo n—oo

If r and R satisfy r < C, < C* < R, then for each sufficiently large n € N there exists X,, = {xj}?zl cQ
that satisfies (1b) and (1c).
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Proof. Since r < C,, by definition we know that for each large n € N there exists an n-point best-packing
configuration X C € so that X' satisfies (1b). Furthermore, [2, Theorem 1] assures us that we may choose
X to have mesh ratio at most 1. Thus

n(X;:) <8(XE) < (C*+o(1))n~ Y < Rp~1/4

when n is sufficiently large. We conclude that X satisfies (1c) when n is sufficiently large, so it is an
admissible configuration. 0O

Sets 2 for which the hypotheses of Proposition 2.1 are satisfied include smooth d-dimensional manifolds
and certain perturbations of such sets (e.g., two intersecting line segments in R?) (see [3, Section 1]). In the
remainder of this paper, we’ll assume that r and R in (1) are chosen so that admissible configurations exist
for all large n.

The conditions (1b) and (1c) assure us that any sequence of configurations that satisfies these properties
is well-distributed in the set 2. To make this more precise, we need some additional terminology.

One idea we will need is that of d-dimensional packing premeasure; see [22]. For a given set 2, we define
Py(%2,0) by

N
B; is a closed ball, diam(B;) < 4
P Q 6 — d Bn d: KA bl 1) = ) ,
(€2, ) sup {nzl( lam ) center(B;) € Q, B; N B; = () when ¢ # j}

where N € N U {oco} in the above expression. We then define the d-dimensional packing premeasure,
Py(Q) = lim Py(Q; 0
d( ) 6;%1"' d( ) )a

which is a premeasure in the sense of [19, Definition 5] on the collection of totally bounded subsets of RP
(the limit as & — 0T exists by monotonicity). We will also need some notation associated with Hausdorff
measure. For each § > 0, define

N N
ha(€,9) = inf Z(diam Bj)d: each Bj is an open ball of diameter < §, ) C U B},
j=1

j=1

although for compact sets in R?, this quantity remains unchanged if we consider closed balls instead of open
balls. The d-dimensional Hausdorff outer measure, hq, is then

hq(Q2) = lim hy(Q,9).

a(Q) = lim ha(€2,9)

Now we can state our result.

Theorem 2.2. Suppose there exists a basis for the topology on Q@ consisting of open sets {Uqs}aer that satisfy

i) the boundary (in ) U, of Uy has hq(0U,) = Py(0U,) =0 for all a € I,
ii) Py(W) = ha(W) for all sets W that are finite unions of sets in {Uy }acr-

Forn €{2,3,...}, let X,, C Q satisfy the conditions (1b) and (1c) and define the measure
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Every weak-* limit point of {v,}n>2 is mutually absolutely continuous with respect to d-dimensional Haus-
dorff measure on €.

Proof. Since Q is compact, there exist weak-* limit points of the sequence {vy, }n>2. Let v be such a limit
point and choose any U, as in the statement of the theorem. First we will show that v(9U,) = 0. Since
0U,, is compact, our hypotheses imply that for any ¢ > 0 we can find an open set W that contains dU,,
is a finite union of basis elements for the topology of €2, and satisfies Py(WW) < e. By condition (1b), we
calculate (for any 0 < 7 <)

0 —1/d
v(0U,,) < limsup v, (W) < limsup nFa(W,#n” 1) = Fa(W) < Ai

n—00 n—00 nfd

Since € > 0 was arbitrary, we conclude that v(0U,) = 0.
By similar reasoning, we calculate

nPy(Uy, Pn Y4y Py(U,)
=~

v(Uy) < limsup v, (Uy) < limsup

n—00 n—00 npd

Using condition (1c), we calculate

* . . - . . nhd((_]om QRnil/d) hd((_]oc)
v(Uy) > I%Irglolgf vn(Uy) > hnrgloréf WER) = @R)

Since v(9U,) = hq(0U,) = 0 and # < r was arbitrary, it follows that

) < u(w)

< Pd(Ua> _ hd(Ua)
(2R)?

— rd rd

)

which proves the claim for the sets {U, }oer. The claim for a general open set now follows from the Monotone
Convergence Theorem. O

Remark 2.3. In fact, the proof of Theorem 2.2 shows that the limiting measure v has a density that we can
control by choosing r and R appropriately. We will return to this theme in Section 4.

Sets  that satisfy the conditions of Theorem 2.2 include the d-dimensional sphere, where the set {Uq }acr
can be chosen as the set of all spherical caps. We’ll revisit this example in Section 4.1.

3. Density formulation

Let Q@ C RP and k: QxQ — (0,00) be a domain and kernel satisfying the assumption in Section 1. Define
the quadratic functional E: L*>(Q)) — R by

1

Bl =5 [ k) ple) plo) do do, 3)

QxQ

where dx is d-dimensional Hausdorff measure on 2, normalized as in Section 1. We consider the optimization
problem

sup {Elp]: p € A pssp)}, (4)
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where, for constants p, and p_ satisfying py > |Q\51 > p_ > 0, the admissible class, A2, py,p-), is
defined as

AQ, py,p_) :={pe€ L>®(): /p(x) de =1, p_ <px) < py for ae. z € Q}. (5)
Q

The admissible class is nonempty since it contains the constant function, p = |Q\gl. In Section 4, we will
show that (4) is the density formulation of the discrete problem (1). Here, we first establish some properties

of (4).

Proposition 3.1. Let © C R? and k: Q x Q — (0,00) be a kernel function satisfying the assumptions
in Section 1. Let py > |Q;' > p— > 0. The supremum in (4) is attainted by at least one function

P* € A(Q,p+7p,>,

Proof. For every p € A(Q, p1,p—), we have the lower bound FE[p] > 0. Using Holder’s inequality, we have
that

1
Blol =5 [ k) pla) ply) de dy < 5 bloxon ol ~ o
QxQ

and therefore, for p1, p2 € A(Q, py, p—),

1
Elp1 = p2] < 5(p+ = p-)lIkll1oxey o1 = p2ll L= ()-

It follows that E is strongly continuous in the L>°(2) topology on A(2, p4, p—) and therefore continuous

for the weak-* topology. The result then follows from the weak-* sequential compactness of the admissible
class A, py,p-). O

It is useful to define the integral operator K: L?(Q) — L%(Q), by

(K)(z) = / k(z,y) 6(y) dy. (6)
Q

Note that we can write E[p] = 3(p, Kp)r2(q). The functional E: L>(€2) — R has a Fréchet derivative,
SE: L*™®(Q) — L(L*(Q),R) = L?(), given by

S0 = (-

6) = (Kpg).  ¢eL*Q), (7)

Proposition 3.2. Let Q@ C R? and k: Q x Q — (0,00) be a kernel function satisfying the assumptions in
Section 1. Let py > |Q|;' > p— > 0. If p* € A(Q, p1,p—) is a local mazimizer of E on A(Q,py,p-), then

p(z) €{p_,ps} forae ze (8)

Furthermore,

p*(x):{m i EE@) >y o)

p— if (Kp)(x) <a”

-1
where o* is the smallest value a such that |[{z € Q: (Kp*)(x) < a}|q > %Kﬂd-
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Proof. The functional F satisfies the identity

Elfp1 + (1= 0)p2] = 0E[p1] + (1 = 0)E[p2] — 6(1 — 0)E[p1 — po].
Since E is positive definite, for p; # p and 6 € (0,1), we have that

Elfp1 + (1 - 0)pa] < 0E[p] + (1 — 0)Elpa),

which shows that F is a strictly convex functional. It follows that only extremal points of A(, p4,p-),
which are functions of the form in (8), can be local maximizers in (4).
Assume p* is a local maximum in (4) and suppose that (9) does not hold. Define the sets

By ={zeQ:p"(x)=p+} and B_={zecQ:p"(z)=p_},

where it is understood the equalities hold a.e. Then there exist disjoint, positive measure sets C;. C {Kp* <
a*}N By and C_ C {Kp* > o*} N B_ that satisfy |C4|q = |C—|aq. For € > 0, consider the test function
given by

g=p"+e(le. —1c,).

(Basically, we propose moving a small amount of density from {Kp* < a} to {Kp* > «a}, which is admissible
since we are taking from By and giving to B_.) Note that g € A(£, p+, p—) and we use strong convexity of
FE to compute

Elg] — Elp"] > (Kp*,g9 — p")
=e(Kp*, (1. —1¢,))
> ea(|C-|q — [Cla)
= 07

which contradicts the local optimality of p*. O

The property in (8) that the optimal density attains the allowed maximum and minimum values almost
everywhere is sometimes referred to as the “bang-bang” property of solutions. Many problems have similar
structure, including problems involving the principle eigenvalue for composite materials; see [15,7,6]. We
will retain the definition of the sets Bi from the above proof (i.e. for an optimal density p* for Problem
(4), the set By will be the set where p* = py).

3.1. Ezample: constant kernel

Consider the situation when k(z,y) = 1. Notice that this kernel does not satisfy the assumptions in
Section 1 because it is not positive definite. Then for any p € A(Q, p4+, p—) we compute

Elp] = /p(x)dx /p(y)dy: L

Q Q

Thus all admissible densities have the same objective value, so the extremal solution is non-unique.
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3.2. Example: delta distribution kernel

Consider k(z,y) = do(x — y), where J is the delta distribution. Note that this kernel does not satisfy the
assumptions in Section 1. For any p satisfying (8), we compute

Elp] = /pQ(x)dl’ = (PLIBila+ p2I1B-|a) = p+ + p— = p1p-|Qa
Q

Again all admissible densities have the same value, so the extremal solution is non-unique.
3.3. Solution of (4) for the d-dimensional ball

Let © = Bg(0) be the closed ball centered at 0 with radius R > 0. Here we use a rearrangement argument
to show that the optimal density, p*, is spherically symmetric. The following theorem can be found in [14,
p. 25], [11, p. 296] and [21, Theorem 14.8] (see also [13]).

Theorem 3.3. Let f, g, and h be nonnegative functions in R™ and let f*, g* h* be their spherically symmetric
decreasing rearrangements, respectively. Then

| [ #@gnte - sy < [ [ 7@g wh @~ pdsdy.

Rn R‘n, n Rﬂ

Proposition 3.4. Let 2 = Br(0) for R > 0 and k(z,y) = f(|lz — y|), where f is decreasing. The spherically
decreasing density that satisfies (8) is optimal in (4).

Proof. Let p be an admissible weight, i.e., p € A(Q, p4, p—). Notice that [{p > p_}a = |Q]a.
Define po(z) := p(z)lq(x) for all « € Rd and notice that f(]z|) is equal to its own spherically symmetric
decreasing rearrangement. It follows from Theorem 3.3 that for Q@ = Bg(0),

1

Elpl =5 / k(z,y) pa(x) paly) dz dy

RdxRd

[ Hww) ila) pity) o dy

RdxRd

:%/ k(z,y) p*(x) p*(y) dv dy

QxQ

= E[p"].

1
< Z
-2

Notice that p* € A(€2, p4, p—) because [{p* > p_}|a = [{p = p-}a = [©[a and the symmetry of € implies
p* > p_ on all of Q. It is trivial to see that p* < p, on all of R?. O

Taking d = 1 so that € is the unit interval, Proposition 3.4 states that an optimal density for (4) is
given by p* = p4 on a centered interval and one can check by elementary reasoning that this is the unique
maximizer as long as p_ > 0. This is illustrated in Fig. 1. Note that if p_ = 0, we wouldn’t get a unique
solution; the interval where p* = p; can be put anywhere in 2.
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P—pP— P+P— P—pP—
P+P— P+P+ P+P—
P—pP— P+p— P—pP—

Fig. 1. An illustration demonstrating that for the interval (one-dimensional ball), the region By = {z: p(z) = p4} is given by a
centered interval.

3.4. Solution of (4) for the unit sphere

For the unit sphere, Q = {x € R%*L: |z| = 1}, we will show that p* is equal to p; on a spherical cap and
equal to p_ on the compliment of this spherical cap. By spherical cap, we mean a subset of the sphere that
lies to one side of a hyperplane that intersects the sphere. We use the following result.

Theorem 3.5 ([1, Thm. 2]). Let h be a nondecreasing, bounded, and measurable function on the interval
[—1,1]. Then for all f,g € L*(Q),

/ / F(@)g()h((z y))dedy < / / F@)a(w)h((z, v))dzdy,
Q Q

Q Q

where f and § are the spherically increasing rearrangements of f and g.
Proposition 3.6. Suppose k(z,y) = f(|z—yl|) satisfies the assumptions in Section 1. If Q) is the d-dimensional
unit sphere, then the solution to (4) is given by p*, where p* is equal to py on a spherical cap and p_ on

the rest of €.

Proof. Assume first that k(z,y) is bounded. If we write

| =

Bl = [ fa= st @) dedy =5 [ F(/2 2o @) () dudy,

QxQ QxQ

then the result is an immediate consequence of Theorem 3.5.
If k(z,y) is unbounded, let f,, := min{m, f}. Then for any distribution p, we apply the above reasoning
to show that

/ F(V/Z = 20, ) pl)ply) d dy < / (V2= 20, 5))p* (20" () da dy.

QxN QxQ

Taking m — oo on both sides and applying Monotone Convergence proves the result. 0O
3.5. Non-symmetry and non-uniqueness for solutions of (4)

We have already seen that the solution of (4) does not necessarily preserve symmetries of Q and is
therefore not unique, but our counterexample required p_ = 0, which is trivial in the sense that it means
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we were looking at the wrong set 2 (we should have been working on B ). Next we will provide an explicit
example where the optimal solution does not preserve the symmetries of €2 even when p_ > 0.
For b > a > 0, we consider the d = 1 dimensional domain

Q2 =[-b,—a]U]a,b].

This domain is symmetric with respect to the origin, but below we show that the optimal solution p* is not
symmetric for all kernels k. In particular, this shows that the solution to (4) is not necessarily unique.
Consider the case with py = 2, p_ =1, a=1,b=2, and k(z,y) = f(|z — y|), where

J2-r relo,2]
f(r)_{O r>2 .

This kernel is positive definite by [23, Thm. 6.20]. Due to the support of f, the integrand of the energy, the
integral (3) vanishes on the region

([=b,—a] x [a,8]) | ) (Ja,b] x [-b,—a]) C Qx Q.

Therefore, the domain of integration for the energy is simply [—b, —a]? U [a, b]? C Q2. By Proposition 3.4, we
know that we can take B, so that B, N[a,b] is an interval centered at 2F? and similarly for B, N[—b, —a]. It
remains only to determine the length of those intervals, which we do by explicit calculation. We observe that
|By|1 = %Mh = 1. It follows that we can write By N [a,b] = [“£2 — ¢, %t 4 ¢] and By N [-b, —a] =
[-b+t,—a—t] for some value of t € [0, (b—a)/2]. Let p; denote the corresponding density. It is not difficult
to show that

E[pt}:ﬁjtg(t—l>2 te0,1/2].

216 9 4) ’

This quadratic function takes a minimum at 1/4 (corresponding to the symmetric solution). The maximum
energy solution thus corresponds to the endpoints, ¢t = 0 and ¢ = 1/2. These correspond to taking p = p
on one interval and p = p_ on the other interval. Since both ¢t = 0 and ¢ = 1/2 attain the maximum, the
maximum is not attained by a unique configuration.

3.6. Solution of (4) in the limit py — oo
We consider the asymptotic limit of (4) as p4 — oo.
Proposition 3.7. Let Q@ be a smooth d-dimensional manifold and suppose k(x,y) = f(lx — y|) where f is

strictly decreasing and continuous on [0,00) and k satisfies the assumptions in Section 1. Assume also that
T 1s the unique point in € that attains

yeN

max /k(m,y) dx. (10)
Q

Then in the limit p1 — 00, the unique weak-* limit of optimal densities is p—+md(xg), where m = 1—p_|Q|4
(chosen such that [, p=1).

Proof. Let 7 be a weak-* limit point of the measures (p_xp_ + p4+XxB, )dx as p; — oco. It must be the case
that 7 is of the form p_dx + mdu for some probability measure u. We then compute
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Elp-do+mdu = 2 [ flo~ o)) dedy+ 2mp_ [ ko) doduty) + m® [ ko, y)dua)duty).
QxQ Q QxQ

The middle term is bounded above by a multiple of the expression in (10) and the far-right term is bounded
above by m?f(0). Furthermore, both bounds are attained if and only if 4 is the point mass at xo. Note that
by taking B to be a small ball centered around xy, we see that p_ + md(xg) is a weak-* limit as p; — oo
of densities in A(Q, p1, p—). The desired conclusion now follows from the weak-* continuity of E[-], which
is a consequence of the continuity of f. O

For the special case that Q a d-dimensional ball, we showed in Proposition 3.4 that B, is a ball of
prescribed radius centered in 2. For other domains, it is tempting to think that as p; — oo, the optimal
density might attain the value p; on a ball centered in 2. However, the following example shows this to be
false.

3.7. Example: the ellipse

We consider the e-parameterized family of ellipses given by
Q. ={(z,y): A+e)z®+(1+e) 'y* <1}

Note that |Q.]o = 7, independent of ¢ > 0. In Proposition 3.4, we proved that there exists a value 7’
(depending on p; and p_) such that the optimal density for the ball, ) is given by

o oyl <
p(x) = )
p— x| >

If B(0,r") C Q, then this is an admissible density. We now ask whether it is possible for this p* to be
optimal for € # 07 The optimality condition (9) would require that a particular level set of

Kot () = / 1z = y)o* () dy
Qe

- / F(lz = y)o* () dy + / F(lz = 4o () dy - / f(lz = y))o*(y) dy

Q:\Q0 Q0\ Qe

be independent of €. But, this is false if f is convex, decreasing, and positive. To see this, we observe that as
e changes the change in the values of Kp*(z) at 2 = (+/,0) and = = (0,7’) have opposite sign. For z = (r’, 0),
the value of Kp*(z) is decreasing in € since

fU=1)+ (147
2

> ()= F(VI+0?).

The first inequality follows from the convexity of f and the second from f being decreasing. Similarly, for
x = (0,r"), the value of Kp*(x) is increasing in €. This shows that for all domains 2. with e > 0 sufficiently
small, the region where p* = p is not a ball. However, we believe that as p; — oo, the region where
p* = p4+ converges to a shrinking ball.

In light of the above examples and observations, we make the following conjecture.

Conjecture 3.8. Suppose Q) and k satisfy the assumptions in Section 1. Suppose also that Q is convexr and
p— > 0. Then the optimal density for (4) is unique and By is convex.
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Our next example shows that in general, convexity is not needed to deduce uniqueness of the optimal
density.

3.8. Ezample: the cross

Let us consider the case when 2 C R? and is given by

Q={(z,y): Va2 +y* <1, zy = 0}.

This is a union of two one-dimensional manifolds with boundary. Let us also set k(z,y) = f(lz — y|lm),
where |- |a is the Manhattan metric and f(r) is a decreasing convex function that is continuous on (0, co).
Note that this kernel does not satisfy the assumptions in Section 1. Nevertheless, the problem (4) still makes
sense for this choice of k, and we can find the optimizer. We will assume p; > p_ > 0.

Suppose BY is the intersection of By with the z-axis and BY is the intersection of By with the y-axis.
Invoking Theorem 3.3 and the fact that f is decreasing, it is clear that we increase E' by concentrating BY
and B;UF in centered intervals in their respective axes (we allow for the possibility that one of these intervals
is empty). It remains to figure out the length of these intervals.

If we label BY as [—t,t], and BY as [—(S —t),S — t],, then the energy of such a distribution can be
expressed as

t ot S—tS—t t 1
2,01//]‘( y)dzdy + 2p3 / /f y)dxdy + 4p4p— //f y)dzdy
Sty t=S y St
S—t 1 11 11
+4pip_ / /f y)dxdy + 4p* //f y)dxdy + 4p* //f(a:—y)dxdy
t=S S—t t y S—ty

-t 1 t—S 1

t
+2p2,//f(:c—y)dxdy+2p2,/ /f( y)dzdy + 8p3 //f:c—i—ydacdy
S1t S1os—e 00

t 1 S—t 1 11
+8p+p,/ / f(z+y)dady + 8pyp— / /f x + y)dady + 8p* // (z + y)dzdy.
0 S-t 0t t Ss—

If we take two derivatives of this expression with respect to ¢t and simplify, we get

(p+ — p=)[Bp+(f(2t) = f(t) + f(2S = 2t) — f(S = 1))
F4p BfA+t) = fFA—t)+3f(1+8 —t) — f(1 — S +1) — 2f(2t) — 2£(25 — 21))),

which is negative because f is decreasing and convex and 0 < ¢,5 — ¢ < 1. From this and the symmetry
of the problem, we see that energy is maximized when By is the union of two perpendicular segments of
equal length that intersect at the origin, which is the midpoint of each segment. One can calculate that the
length of these segments is determined by

1—-4p_

T

If we extend this example to the union of the segments [—1,1] in each of the coordinate axes in n-
dimensions, then by examining pairs and triples of segments in the energy maximizing configuration, we see
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that B, for the optimal configuration is n equal length segments that intersect at their midpoints, which is
the origin. Thus, in all these examples, the optimal density for (4) is unique, but € is not convex.

4. Relationship between the discrete (1) and continuous (4) problems

In this section we make precise the relationship between the discrete (1) and continuous (4) problems.
The first step in doing so is to make precise the relationship between r, R, p4 and p_. In Proposition 2.1 and
Theorem 2.2, we have already seen constraints on r and R that are sufficient for there to exist admissible
configurations and that every weak-* limit of the empirical measures is absolutely continuous with respect
to d-dimensional Hausdorff measure. Now we must be more precise.

For every d € N, define

/2

Pa= I(d/2+1)

so that the volume of the ball of radius 7 in R? is B4r%. Also, let Aq be the upper packing density of R?,
defined by

1SN =t 8%

where the supremum is taken over all collections {.S;};en of non-overlapping spheres of unit radius in R4
such that the limit exists. Similarly let ©4 be the lower covering density of R?, defined by

. SN =1
Q4 := inf {tlirglo (201 )

where the infimum is taken over all collections {S;};en of spheres of unit radius in R? whose union is all
of R? such that the limit exists. These packing and covering constants will be the key to establishing a
relationship between the extremal problems (1) and (4). In order to do so, we will assume (for convenience)
that € satisfies certain regularity conditions. To state these conditions, we must define some additional
notation. For any set X C RP and any ¢ > 0, we define

AN - N
Qu(X,5) = sup {Nﬁddd : N € N, {B;}Y, is a collection of closed balls, rad(B;) = 4, } 7

center(B;) € X,B; N B; = () when ¢ # j

and then define

Qq(X) :=limsup Qq(X, 9).

6—0+

Similarly, we define

Ca(X.6) = inf { NBg6%: N € N, {B;}}X, is a collection of closed balls} ’

center(B;) € X, rad(B;) =94, X C U;V=1 B
and then define

Ca(X) = lgg(l)rif Ca(X,9).
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We will say that the set Q is of Euclidean type if for every open set U C  that satisfies |U|q = |Ulq, it
holds that Qq(U) = Qq(U) = |U|qAq and Cyq(U) = Cq(U) = |U|404. Tt is easy to verify that sets like the
unit cube in R%, the unit sphere in R4*t!, and two tangent spheres in R%! are of Euclidean type. Now we
can state a relationship between r, R, py, and p_.

Proposition 4.1. Suppose Q) satisfies the hypotheses of Theorem 2.2 and is of Fuclidean type. Assume that
r and R have been chosen so that an admissible configuration satisfying (1b) and (1c) exists for every
sufficiently large n € N. For each large n € N, let X,, C Q be a collection having cardinality n and
satisfying (1b) and (1c). If py and p_ have been chosen so that p,r?By > 22Ny and p_R%Bq < Og4, then
every weak-* limit point of the measures {v,}n>2 defined in analogy with (2) has density in A(2, p4,p—).

Proof. Let v be a weak-* limit point of the measures {v, },>2 and let U be an open set in  that satisfies
|U|g = |Ula. Observe that v(U \ U) = 0 because U has d-dimensional Hausdorff measure 0 and by
Theorem 2.2 we know that v is mutually absolutely continuous with d-dimensional Hausdorff measure.

Notice that if 0 < # < 7, then the collection of closed balls of radius #n~/?/2 centered at points of
X, NU are disjoint. Therefore,

29Qq(U, Pn=14/2)  29A,4|U|4
U) <l W(U) <1i ! < .
A0 e O S e = g, =

Taking # — r, we conclude that
v(U) < pi|Ula.

Now for each fixed € > 0, let U. be an open set that satisfies |U.|q = |U.|q, contains an e-neighborhood
of U, and is contained in a 2e-neighborhood of U. Notice that the collection of closed balls of radius Rn /¢
centered at points of X, N U, cover U, 3 when n is sufficiently large. Therefore,

Ca(Uess, Rn1?)  ©4|U,
v(Ue) > liminf v, (Us) > lim inf aUe/s, Fn )> alUe/sla

>
n—o0 n—o00 Rdﬁd - Rdﬁd = pf‘U5/3|d'

Therefore, by taking ¢ — 0 we see that
p-Ula <v(U) < p4|Ula,
as desired. The result for a general open set now follows from the Monotone Convergence Theorem. 0O
Here is our main result of this section.

Theorem 4.2. Suppose 2 is a d-dimensional smooth manifold that satisfies the hypotheses of Theorem 2.2
and is of Euclidean type and that k satisfies the assumptions in Section 1. Suppose also that r, R, py, and
p— have been chosen so that admissible configurations satisfying (1b) and (1c) exist for every sufficiently
large n € N and so that pyr9Bq > 29Ay4 and p_R4Bq < ©4. Writing k(z,y) = f(|z —y|), assume that there
is a constant Cy so that

f(@)
$Zig?1/d flo+ \/§Rn71/d) < Cy. (11)

neN

Then
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limsup {Problem (1)} < sup {E[p]: p € A(Q, p+,p-)} (12)

n—oo

If we further assume that there is a sequence of n-point configurations {X/}°2 , satisfying (1b) and (1c) and
so that the measures {V],},>2 defined in analogy with (2) converge in the weak-* topology to a distribution
with density p* that is extremal for Problem (4), then the inequality (12) is an equality with the limsup
replaced by the full limit.

It is easy to see that for functions like f(t) = t—* for some s € (0,d), f(t) = —log(t), or f(t) = et/
for some o > 0, there exists a constant Cy such that (11) holds, but that it does not hold for the function
f) = ', The reason we make the assumption (11) is because of the following lemma.

Lemma 4.3. For each n > 2, suppose X, = {x;}7_; C Q is a collection satisfying (1b) and (1c). Let Vi; be
the Voronoi cell of (z;,2;) € Q x Q and let k;j be the average value of k over Vi;. If k(x,y) satisfies the
assumptions in Section 1, then

sup k(zi,x;) < swp f(@) '
itj ki wsrmizd f(z 4 2Rn=1/4)

neN

Proof. Suppose z; # z; in X,, are given. Then the condition (1c) implies that the point in V;; furthest from
the diagonal in 2 x 2 is a distance at most |x; — x;| + V2Rn =1/ from the diagonal. Therefore,

k(@i z)) _ flzi = z;])
kij = f(lw — 2] + V2Rn—1/d)’

which is upper bounded by

f(z)

sup )

zZr/nl/d f(x + \/ERn_l/d)

neN

as desired. 0O

Proof of Theorem 4.2. For each n > 2, let X;; = {x}}7_; C Q be a configuration that satisfies (1b) and (1c)
and define v;; in analogy with (2). Let /' C N be a subsequence so that the measures {1 },>2 converge to
a weak-* limit v as n — oo through . By Proposition 4.1 the conditions (1b) and (1c) assure us that v is
mutually absolutely continuous with respect to d-dimensional Hausdorff measure on €2 and with density in
A, pys p-).

For any € > 0, let A be a compact subset of 2 x Q that does not intersect the diagonal of 2 x ), has
boundary with d-dimensional Hausdorff measure zero, is symmetric, and satisfies |(2 x Q) \ Alqg < . We

write
1 . o1 k(zi xj) 1 k(af, 27)
g M) =g Y Ty 3 1
Z (w0 STEN (o7 )2A
i#]

The first sum on the right-hand side of (13) is equal to

%/k(m,y)d(l/n X Up) = / Ia(z, )k(x,y)d(vn X vn) —

A QxN

N =
N | —

/ ke, y) dv(z) du(y)
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as n — oo through A. To deal with the second sum on the right-hand side of (13), we use Lemma 4.3 to
bound it from above by

CO kij Co k
2 n? 2 n2|VZ]| [Viilea:

CHEL (=] D) EA
i2j i2j

From (1b) and (1c), we know that n?|V;;|2q is bounded above and below by positive constants. Therefore,
we can bound this sum from above by an absolute constant multiplied by the integral of k(z,y) over the
union of the Voronoi cells associated to pairs (z}, a:j) ¢ A. This can be made arbitrarily small by choosing
e sufficiently small (A large enough). Therefore,

Jm oD ke = 5 [ Mepdr@ ) Ssw (Bl p€ A pep ) (0

7] QxQ

Since this is true for every sequence {X},>2 of admissible configurations and every subsequence N, this
gives us the inequality we wanted.

To prove the reverse inequality, we assume that for each n > 2 we may choose a configuration X, =
{;U 7.1 C Q as in the statement of the theorem. Let ki be a continuous function on £ x § satisfying
0 <k <k.If X is optimal for Problem (1), then we have

2n22k i J 2Zk Lis J 22Zk1 i J

i#£] i#] i#]
1
=3 ki(z,y)dv, (x)dv), (y 222]61 ]7J
QxQ
1 * *
=5 || k@ y)p"(@)p™(y) dedy
QxQ

as n — oo. Taking the supremum over all such functions k; gives,

lim inf{Problem (1)} > sup {FE[p]: p € A(Q, ps,p_)} (15)

n—oo

Equations (14) and (15) give the desired equality. O
The proof of Theorem 4.2 yields the following corollary.

Corollary 4.4. Assume the hypotheses of Theorem 4.2, including the existence of the sequence {X] }n>2. For
each n € {2,3,...}, let X} = {x}}}_; C Q be a configuration that is optimal for Problem (1) and define v;;
in analogy with (2). Every weak-* lzmzt of the measures {v}n>2 is extremal for Problem (4).

The only shortcoming of Theorem 4.2 is the assumption required to make the inequality (12) into an equal-
ity. It is possible that such a sequence of configurations does not exist. Indeed, the proof of Proposition 4.1
shows that if p riB; > 29A4 or p_ R34 < O4, then no such sequence exists. However, if p,r?8; = 29A4
and p_R%B; = ©,4 and one has certain additional information, then one can deduce the existence of the
desired configurations { X/ },,>2. We illustrate this with an example.
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4.1. Example: constructing X,

Suppose €2 is of Euclidean type and py have been chosen so that there is a solution to Problem (4) for
which B, is an open rectifiable* set with smooth boundary satisfying | B, |4 = |B|4. Propositions 3.6 and
3.4 tell us that this is true if we take Q = S% C R¥*! or Q = B;(0) C R Assume r and R have been
chosen so that there exist configurations satisfying (1b) and (1c) for all large n € N and also so that R > 2r.
Suppose py and p_ are chosen so that p,r93; = 27A4 and p_R4B,; = O4.

Fix one B, satisfying |B,|q = |B|4 so that the density

. P+ r € By
P (@) =
pP— IEB_:Q\B_,_

is extremal for Problem (4). For any n € N, let

rn~1/d

—~1/d
Vi(n) = {x € By :dist(z,0By) > } and V_(n):= {x € B_ : dist(z,0B1) > rn2 }
We will also assume that for all sufficiently large n and m, the set V_(n) admits an m-point best packing
configuration that has mesh ratio equal to
1/0 1/d
- (=) . (16)
2\ Ay

According to [2, Theorem 4], such a mesh ratio is the best one could possibly hope for, at least in an
asymptotic sense. We will discuss the practicality of this assumption later, but for now let us proceed with
our construction.

For any n € N, define

ny =npy|Byla —o(n) (17)

for a sequence o(n) that we will specify later, and let X (n) C Vi (n) be an ny-point best-packing con-
figuration of Vi (n) that has mesh ratio at most 1 (we used [2, Theorem 1]). Now define n_ := n — ny
and let X_(n) C V_(n) be an n_-point best-packing configuration of V_(n) that has mesh ratio equal to
the quantity in (16). We claim that {X1(n) U X_(n)}32 5 (for some N € N) is a sequence of admissible
configurations whose counting measures converge to the density p* as n — oc.

First let us consider the admissibility of the configuration X (n) U X_(n) for large n. Notice that by [3,
Equation 2.3] it holds that

AN 1/d —1/d
5n+(V+(n))N2(B_) Bl g eV (18)
d

where we used the assumed relationship between p1, Ay, B4, and r. Therefore, one may choose the sequence
o(n) in (17) appropriately so that d,, (Vi (n)) > rn~%/¢ for all sufficiently large n. Thus, the fact that R > 2r
assures us that the set X, (n) is admissible on ©Q \ V_(n) (we used the assumption on the mesh ratio of
X (n) here).

Similar reasoning shows that

Sn_(V_(n)) ~rn1/d (%) 1/d |

4 We refer the reader to [3] for the definition of a rectifiable set.
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so X_(n) satisfies (1b) on V_(n) and with enough room to spare to accommodate the additional o(n) points
from (17). To show that X_(n) satisfies (1c¢) on V_(n), we calculate

a(X () = <i—z>1/d5(X(n)) ~ (%)w — (z%)”d -y

Therefore, if we choose the sequence o(n) in (17) appropriately, it will be true that n(X_(n)) < Rn~/4 for
all large n. We conclude that X (n) U X_(n) is admissible when n is large.

It remains to consider the weak-* limits of the counting measures. It is clear by construction that any
weak-* limit v satisfies v(By) = p4|By|q and v(B_) = p_|B_|4. Thus it suffices to show that v is uniform
on By and B_. This follows from [3, Theorem 2.2].

In the previous example, the assumption that V_(n) admits best packing configurations with mesh ratio
(16) was essential in calculating the covering radius of the set X_(n) in V_(n). The proof of [2, Theorem 4]
shows that in general, one cannot hope to find a configuration with a smaller mesh ratio than (16) and in
fact [2, Theorem 5] shows that subtleties arise even when considering nice sets like S2. However, if d = 2,
the fact that the best packing configuration in R? and the best covering configuration in R? are both given
by the vertices of the equilateral triangle lattice, one could hope to attain the bound (16) in situations when
d = 2 and By has a sufficiently regular boundary. In general, it is difficult to prove such regularity results
on the boundary of B, but we will return to this topic in Section 5 with some computational examples
that suggest this phenomenon occurs quite often.

4.2. Ezxample: the interval, [—1,1]

In the case of the interval [—1, 1], many of the quantities that we have so far discussed abstractly can be
made explicit. In this setting, an admissible configuration exists for all n if and only if r <2 and 1 < R. To

give us some flexibility in our configurations, let us suppose that both of these inequalities are strict. The
1 2r(R—1)
2R—r

extremal density p* is equal to r~* on an interval of length centered around 0 and equal to (2R) !
on the remainder of the interval.

To gain some insight into what an optimal solution to (1) looks like, consider the case n = 4, where the
optimal solution can be computed explicitly. Indeed, assume k(z,y) = f(|x — y|) for some decreasing and
convex function f that is continuous on (0, 00). In this case, the covering bound involving R implies that no
two nearest neighbors can have separation exceeding 2R/n, so the existence of an admissible configuration

requires r < 8/3, R > 1, and 2R > r. Suppose 21 < x2 < x5 < x4 and define
T = min{|x1 — $2|, |$2 — J,‘3|7 |l‘3 — .Z‘4|}

By symmetry, we may assume without loss of generality that |21 —x9| < |x3—24]. Suppose that |z —xz3| > 7.
Then we must have |1 — z3| = 7. However, reflecting z2 about the point (x; 4+ x3)/2 gives us a new
configuration, where the collection of pairwise distances between the points is the same, except |zo — 24]
has decreased. Thus, this is an energy increasing transformation and so in the extremal configuration, we
must have |zg — 23| = 7.

If 8 < 3r + 2R, then one can check that there is an admissible configuration with all nearest neighbor
distances equal to 7 = r/n. If 8 > 3r 4+ 2R, then we can increase the energy by sliding the points 27 and x4
towards 0 (and moving x5 and z3 accordingly) so the extremal configuration satisfies ;1 = —1 + R/4 and
x4 = 1 — R/4. All that remains is to determine |z1 — 22| and |z3 — x2].

Recall we are assuming that |z — zo| < |z3 — x4]. Suppose this inequality is strict. If we slide x5 and x3
toward z; by an amount € > 0 that is very small, then the total change in the energy is
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Fig. 2. The regions in the four parts of Theorem 4.5. Examples from the four cases are further illustrated in Fig. 3.

fleae—zi—e)+ flaa—mi+7-¢e)+ flaa—as+e)+ flaa—ax3— 7 +¢)
—flee—a1) = flae — 21 +7) = flea —x3) — f(wa — 25— 7)
=[flxa—z1 —e)+ flxa —z3+¢€) — flza —23) — f(22 — 21))]
+[fxe =21 +7—e)+ f(wa—a3—7+¢e)— flaz —a1+7) = f(wa — a5 — 7)]
> el|f'(x2 —x) [+ |f (w2 — 21+ 7)| = [ (22 — 23)| — | /(w2 — 23+ 7)[] > 0.

Therefore, if |z1 — x| < |rs — x4/, then we can increase the energy by sliding xo and x3 closer to z7. If
|21 — xo| = |z3 — x4], then the convexity of f shows that sliding x5 and x3 toward z; by a small and equal
amount is an energy increasing move. We conclude that to maximize the energy, xs should be as close to
x1 as possible within the constraint of admissibility.

Using these ideas, we can determine an optimal configuration for every choice of r, R satisfying r < 8/3,
R > 1, and 2R > r, which we summarize with the following results.

Theorem 4.5. Suppose Q = [—1,1] and k(z,y) = f(|z — y|) for some completely monotone function f. If
n =4, then an admissible configuration exists if and only if r < 8/3, R > 1, and 2R > r. In that case, the
extremal configurations {r1 < x3 < w3 < T4} are given by

i) If 8 < 3r+2R, then |x; — x2| = |2 —x3| = |z —z4| =7/n and 21 < -1+ R/4 and x4 > 1 — R/4

ii) If 2r+ 4R > 8 > 3r+ 2R, then 1 = =1+ R/4 and x4 =1 — R/4 and x5 — 20 = x93 — 21 =1 /4

iii) If 8 >3r+2R and 6R+r > 8 > 2r + 4R, then x;y = -1+ R/4 and x4 =1 — R/4 and x4 — x3 = 2R /4
and x3 — x9 = 1/4

iv) If8 > max{3r+2R,6R+r,2r+4R}, thenx; = =1+ R/4 and x4 = 1—R/4 and x4—x3 = x2—x1 = 2R /4

The regions in the four cases of Theorem 4.5 are illustrated in Fig. 2. In Fig. 3, we illustrate an op-
timal configuration for a choice of r, R for each of the four cases in Theorem 4.5. Note that the optimal
configurations for regions (ii) and (iii) break the symmetry of the interval.
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Fig. 3. An optimal point configuration for the following cases from Theorem 4.5, as illustrated in Fig. 2: (i) r =2 =R, (ii) r = 1/2
and R =5/2, (iii) r = 1/2 and R = 3/2, and (iv) r = 0.1 and R = 1.1.

Remark 4.6. The higher dimensional case, i.e., (1) for d > 2 dimensional ball is more difficult. From
Proposition 3.4, intuitively we should pack the points as close as possible in the center of the ball. In two
dimensions, this would be a triangular packing with a spacing given by rn~"/¢ with d = 2. Away from the
center region, we should put the points at the centers of an optimal covering where the spacing is given by
Rn~14._Of course, these two configurations won’t agree perfectly at the interface (“geometric frustration”),
but we expect this gives an approximate solution in the limit as n — oc.

5. A computational method for (4)

The implicit relationship in Proposition 3.2 that characterizes the optimal density motivates the rear-
rangement algorithm given in Algorithm 1 below. Here we alternatively apply the integral operator, K,
defined in (6), and threshold the result in such a way so that fQ p = 1. We've stated Algorithm 1 assuming
that [{Kps = a}|q =0 for all s € N.

Proposition 5.1. Let Q2 and k satisfy the assumptions in Section 1. Let ps, for s = 0,1,..., be the iterates
of Algorithm 1 and assume that |{Kps = a}|q = 0. Then the sequence E[ps] is strictly increasing for
non-stationary iterates.

Proof. By the strict convexity of E and (7), for ps41 # ps,

E(ps+1) — E(ps) > (K[ps], pst1 = ps) = (K[ps], por1) — (Klps], ps)-

The bathtub principle [16, Theorem 1.14] shows that

<K[ps], ps+1> > <K[/)5], ps>'

This, in turn, implies that E(psy1) > E(ps) for all non-stationary iterations. 0O

Non-stationary iterations of this algorithm have strictly increasing values, E[p;], so the sequence {ps}52,
will have a limit point, but we have not proven that such points are optimal p*. However, for a discretization
of the problem, there are only a finite number of {p_, p; }-valued functions, so Proposition 5.1 shows that
Algorithm 1 converges to a critical point in a finite number of iterations.

The following proposition shows that the algorithm preserves symmetry: if Q and the initial pg(z) €
A(, p4, p—) have a reflection symmetry, the algorithm can only converge to a critical point with the same
symmetry. One example of this behavior can be illustrated for the disjoint union of two identical intervals
considered in Section 3.5.
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Algorithm 1: A rearrangement algorithm for solving (4).

Data: Initial guess po(z) € A(S, p+, p—) and a convergence tolerance € > 0.
Set s = 0.
while s <1 or [lps — ps—1llzi() > ¢, do
Define ¢ = Kps.
1
Find the value « such that [{¢ > a}|s = %\QM.

=P
P+ #(z) > o

Set pst1(x) = {p_ bz) < a’

Set s = s+ 1.

Proposition 5.2. Let k(z,y) = f(|lx — y|) for some f: R — R. Suppose po(z) € A(Q, p+,p—) has the same
reflection symmetry as Q. Assume that the iterates {ps}s of Algorithm 1 satisfy |[{Kps = a}|q = 0. Then
all iterates enjoy the same reflection symmetry.

Proof. Let r: R? — RP? denote a reflection over a line of symmetry with 7(Q2) = Q and po(r(x)) = po(z).
We'll show that py satisfies p1(r(x)) = p1(x) a.e., which by induction proves the proposition. We compute
for a.e. x € Q,

Kp(r(x)) = / F(Ir(@) — ) p(y)dy = / £l = r(m))p(r(y))dy = / f(lz — 2)p(2)dz = Kp(z). ©
(@) Q

Q

Remark 5.3. Algorithm 1 is very similar to the Merriman-Bence-Osher (MBO) diffusion-generated method
[17] with the following differences: (i) The “diffusion step” in MBO (convolution with the heat kernel) has
been replaced by a more general integral operator in (6) and (ii) the “thresholding step” in MBO is replaced
by a volume preserving thresholding step as in [20]. In this context, the energy (3) can be viewed as the
corresponding generalization of the Lyapunov function for MBO given in [9].

5.1. Computational examples

We implement Algorithm 1 in Matlab and consider several examples. In all of the following examples,
the exponential kernel, k(z,y) = exp(—|x — y|), is used.

5.1.1. “Clover-shaped” domain
Consider the “clover shaped” domain, 2, given in polar coordinates by

Q={(r,0}:r <1+0.3 cos(40)} C R?

and an initial po(z) which is given in the left panel of Fig. 4. The parameters are chosen so that |By|q/|Q]q =
.25. Here white denotes p4 and black denotes p_. For a 200 x 200 discretization, the iterations of Algorithm 1
become stationary in 5 iterations. Iterations 1 and 5 are also plotted in the center and right panels of Fig. 4.
At the stationary solution, B, is a ball centered in €.

5.1.2. Annulus
We next consider the annulus, given in polar coordinates by

Qo ={(r,0}: a <r <12} CR%

We'll consider varying the inner radius, «. Consider o = 0.6 and an initial pg(z) which is given in the top
left panel of Fig. 5. The parameters are chosen so that |B|4/|2|q = 0.1. Here white denotes p; and black
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2’

Iteration 0 Iteration 1 Iteration 5

Fig. 4. An illustration of the rearrangement algorithm (Algorithm 1) for a “clover-shaped” domain, outlined in red. The white region
corresponds to B4 (where p = p1) and the black region denotes B_ (where p = p_). Algorithm 1 converges in 5 iterations with a
final B4 that is a centered domain. See Section 5.1. (For interpretation of the colors in the figure(s), the reader is referred to the
web version of this article.)

OO0

Iteration 0 Iteration 1 Iteration 48
Iteration 0 Iteration 1 Iteration 9

Fig. 5. An illustration of the rearrangement algorithm (Algorithm 1) for an annulus, Q.. The white region corresponds to By (where
p = p+) and the black region denotes B_ (where p = p_). (top) For inner radius « = 0.6 and this initial condition, Algorithm 1
converges in 48 iterations with a final By that is a centered annulus. (bottom) For inner radius a = 0.7 and this initial condition,
Algorithm 1 converges in 9 iterations with a final B that breaks the rotational symmetry of the annulus. See Section 5.1.

denotes p_. For a 200 x 200 discretization, the iterations of Algorithm 1 become stationary in 48 iterations.
Iterations 1 and 48 are also plotted in the top center and top right panels of Fig. 5. At the stationary
solution, By is a centered annulus.

Consider a = 0.7 and an initial po(z) which is given in the bottom left panel of Fig. 5. The parameters are
chosen so that |B|4/|Q]s = 0.1. Here white denotes p4 and black denotes p_. For a 200 x 200 discretization,
the iterations of Algorithm 1 become stationary in 9 iterations. Iterations 1 and 9 are also plotted in the
bottom center and bottom right panels of Fig. 5. The optimal solution breaks the symmetry of the annulus,
as in the explicit example from Section 3.5,

5.1.3. “Dumbbell-shaped” domain
Finally, we next consider the “dumbbell shaped” domain, 2, given by

Bos(1,0) U Bys(—1,0) U [~1,1] x [—0.1,0.1].

In Fig. 6, for a 200 x 200 discretization, we illustrate the evolution of p under the rearrangement algorithm
(Algorithm 4) with initial condition such that |B4|q/|2|a = 0.1, 0.2, 0.3 and 0.4. As in the explicit example
from Section 3.5, the solution breaks symmetry in the first three cases.
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-0 -0 -9

Iteration 0 Iteration 1 Iteration 6

Iteration 0 Iteration 1 Iteration 7

Iteration 0 Iteration 1 Iteration 7
——
)

Iteration 0 Iteration 1 Iteration 32

Fig. 6. An illustration of the rearrangement algorithm (Algorithm 1) for a “dumbbell-shaped” domain. The white region corresponds
to B4 (where p = p.) and the black region denotes B_ (where p = p_). The initial conditions (left) are chosen so that |B4|q/|Q]q =
0.1, 0.2, 0.3 and 0.4. The first iterations are shown in the center panel and the stationary states are shown in the right panel.
Note that symmetry is broken in the top three solutions. See Section 5.1.

6. Discussion

In this paper, we considered the extremal pointset configuration problem (1) of maximizing a kernel-
based energy subject to geometric constraints. We also formulated an extremal density problem (4) which
we showed to be related to the pointset configuration problem in the limit as the number of points tends
to infinity. For both problems, we were able to show that extremal solutions exist under the appropriate
hypotheses. For the density problem, we were also able to deduce several important properties of the extremal
density, such as the bang-bang property. We explored several examples in great detail and provided an
especially detailed analysis in the case of a sphere or a ball, where rearrangement inequalities allowed us to
precisely describe the extremal solutions to the density problem. In the general case, the optimal solution
may not be unique or share the symmetries of the domain. Our observations lead us to make a conjecture
for a sufficient condition that implies uniqueness. We concluded by developing a computational method for
the density problem that is very similar to the Merriman-Bence-Osher (MBO) diffusion-generated method
that we proved to be increasing for all non-stationary iterations. The method was applied to study several
additional example sets.
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Our analysis did not provide an algorithmic solution to the pointset problem (1) and one could ask if
such an algorithm can be easily obtained (for n large) from the solution of the continuous problem (4). In
Section 4.1, on the sphere, we performed some calculations suggesting that this is possible. More generally,
we would like to claim that given a solution to (4) that defines a partition, 2 = B4 L B_, one should be able
to approximately solve (1) by placing ny = np;|B4|q points in a best packing configuration in the region
B, and n_ = np_|B_|q4 points in a best covering configuration in the region B_. Some small modification
of the configuration would be required near the interface between B, and B_ to satisfy the constraints
in (1); see Remark 4.6. From the computational experiments in Section 5, we suspect that the interface
between the regions B, and B_ is very regular, so it might be possible to make this argument precise.
One substantial obstacle to the implementation of this algorithm is that best packing and best covering
configurations are difficult to obtain (or even approximate), especially in high dimensions. An interesting
problem for future research would be to find precise solutions to (1) for certain sets of interest and small
values of n as was done in Theorem 4.5 for the interval when n = 4.

Another possible approach to investigating the relationship between the discrete (1) and continuous
(4) problems considered here would be to study pointset configurations that arise naturally from other
problems. For instance, instead of using best-packing configurations and best-covering configuration as
described above, one could use pointset configurations that minimize a Riesz energy or cubature nodes. An
extensive list of interesting configurations on S? is provided in [12]. We note that i.i.d. random pointset
configurations should not be considered for Problem (1). Indeed, it is known that i.i.d. uniformly sampled
points are not expected to be admissible for (1). Namely, (1b) is violated since the expected separation
distance is proportional to n=2/¢ [5,4]. In a similar vein, it would be interesting to consider how solutions to
(4) compare to maximizers of other objectives that are convex in p, such as the spectral objectives considered
in [18].

While we explored properties of extremal solutions to (4), there is still much more we would like to know
about the regions By (see Conjecture 3.8). Another interesting problem to explore would be to find the
right hypotheses on 2 to ensure that B is connected. In Section 5, we developed a rearrangement algorithm
for finding critical points of (4). As commented in Remark 5.3, for the particular case that the kernel is
k(x,y) = (4n7) 4% exp(—|z — y|?/47) with 7 > 0, this is similar to MBO diffusion generated method with
a volume constraint. In the limit as 7 — 0, the MBO evolution evolves according to mean-curvature flow
[10] and Algorithm 1 thus minimizes the volume of the boundary between B, and B_. That is, it appears
that the interface between the sets where p = p4 and p = p_ is a minimal surface. It would be useful to
have a rigorous theorem to this effect.

It is tempting to think that the optimal p could be associated with level sets of some function, e.g., the
potential, V(x) = [, k(z,y)dy or the principal eigenfunction of K. However, Fig. 6 provides a counterex-
ample for this in the non-convex case. Looking at the middle-right and bottom-right panels of the figure,
the sets are not subsets of one another and therefore cannot both be the level sets of the same function.
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