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SPECTRAL SPARSIFICATION OF SIMPLICIAL COMPLEXES
FOR CLUSTERING AND LABEL PROPAGATION*

Braxzton Osting,” Sourabh Palande,* and Bei Wang®

ABSTRACT. As a generalization of the use of graphs to describe pairwise interactions,
simplicial complexes can be used to model higher order interactions between three or more
objects in complex systems. There has been a recent surge in activity to develop data analysis
methods applicable to simplicial complexes, including techniques based on computational
topology, higher order random processes, generalized Cheeger inequalities, isoperimetric
inequalities, and spectral methods. In particular, spectral learning methods (e.g., label
propagation and clustering) that directly operate on simplicial complexes represent a new
direction for analyzing such complex datasets.

To apply spectral learning methods to massive datasets modeled as simplicial com-
plexes, we develop a method for sparsifying simplicial complexes that preserves the spectrum
of the associated Laplacian matrices. We show that the theory of Spielman and Srivastava
for the sparsification of graphs extends to simplicial complexes via the up Laplacian. In
particular, we introduce a generalized effective resistance for simplices, provide an algorithm
for sparsifying simplicial complexes at a fixed dimension, and give a specific version of the
generalized Cheeger inequality for weighted simplicial complexes. Finally, we introduce higher
order generalizations of spectral clustering and label propagation for simplicial complexes
and demonstrate via experiments the utility of the proposed spectral sparsification method
for these applications.

1 Introduction

Understanding massive systems with complex interactions and multiscale dynamics is im-
portant in a variety of social, biological, and technological settings. A common approach to
understanding such a system is to represent it as a graph where vertices represent objects,
and (weighted) edges represent pairwise interactions between the objects. A large arsenal of
methods has been developed to analyze properties of graphs, which can then be combined
with domain-specific knowledge to infer properties of the system being studied. These tools
include graph partitioning and clustering [54, 70, 71|, random processes on graphs [32], graph
distances, various measures of graph connectivity [53]|, combinatorial graph invariants [23],
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and spectral graph theory [15]. In particular, spectral methods for graph-based learning have
had great success due to their efficiency and good theoretical guarantees for applications
ranging from image segmentation [47] to community detection [2]. For example, the spectral
clustering method (see, e.g., [1, 65]) is a graph-based learning method used for the unsuper-
vised clustering task, and label propagation [68, 76| is a graph-based learning method for
semisupervised regression.

Simplicial complexes and data analysis. Although graphs have been used with great
success to describe pairwise interactions between objects in datasets, they fail to capture
higher order interactions that occur between three or more objects. Higher order interactions
in complex datasets can be modeled using simplicial complezes [34, 49]. The recent surge in
activity to develop machine learning methods for data represented by simplicial complexes
has included methods based on computational topology [10, 27, 30, 34|, higher order random
processes |7, 33|, generalized Cheeger inequalities [35, 67|, isoperimetric inequalities [57],
high-dimensional expanders [24, 46, 56], and spectral methods [37]. In particular, topological
data analysis methods using simplicial complexes as the underlying combinatorial structures
have been successfully employed for diverse applications |20, 38, 43, 52, 55, 58, 59, 72].

Learning (indirectly or directly) based on simplicial complexes represents a new
direction that has recently emerged from the confluence of computational topology and
machine learning. This work is ongoing; whereas topological features derived from simplicial
complexes, used as input to machine learning algorithms, have been shown to increase the
predictive power compared to graph-theoretic features [6, 74|, interest in developing learning
algorithms that directly operate on simplicial complexes is growing. For example, researchers
have begun to develop mathematical intuition behind higher dimensional notions of spectral
clustering and label propagation [48, 67, 71].

Sparsification of graphs and simplicial complexes. For unstructured graphs repre-
senting massive datasets, the computational costs associated with naive implementations of
many graph based algorithms are prohibitive. In this scenario, it is useful to approximate
the original graph with one having fewer edges or vertices while preserving certain properties
of interest, known as graph sparsification. A variety of graph sparsification methods have
been developed that allow for both efficient storage and computation [5, 63, 64]; see [4] for a
survey. In particular, Spielman and Srivastava developed a method for graph sparsification
using effective resistances of edges that approximately preserves the spectrum of the graph
Laplacian [63]; their work is most relevant to the results presented in this paper. It is
well known from spectral graph theory that the spectrum of the graph Laplacian bounds
a variety of properties of interest, including the size of cuts (i.e., bottlenecks), clusters
(i.e., communities), distances, various random processes (i.e., PageRank), and combinatorial
properties (e.g., coloring, spanning trees, etc.). It follows that this method [4] can be used to
produce a sparsified graph that contains a great deal of information about the original graph
and, hence, in the graph-based machine learning setting, about the underlying dataset.

Analogously, computational methods that operate on simplicial complexes are severely
limited by the computational costs associated with massive datasets. Although geometric
complexes (embedded in Euclidean space) tend to be naturally sparse, abstract simplicial
complexes coming from data analysis can be dense and do not have natural embeddings in
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Fuclidean space. For example, a dense simplicial complex is obtained when representing
functional brain networks using simplicial complexes (e.g., [11, 44, 45]). Here, a brain network
is mapped to a point cloud in a metric space, where network nodes map to points, pairwise
associations between nodes map to distances between pairs of points, and higher order infor-
mation is mapped to higher dimensional simplices [3, 74]. Another motivation for studying
sparsification of simplicial complexes is the fact that high-order tensors (multidimensional
arrays) can be represented by simplicial complexes and vice versa. Just as spectral graph
sparsifiers are useful in matrix decompositions and linear system solvers, one can expect
simplicial complex sparsifiers to be useful in tensor decompositions and multilinear system
solvers.

Several approaches have recently been proposed to sparsify simplicial complexes. One
class of methods, referred to as homological sparsification, involves constructing a sparse
simplicial complex that approximates persistence homology [8, 9, 12, 14, 21, 22, 40, 61, 69].
Persistence homology [28] turns the algebraic concept of homology into a multiscale notion. It
typically operates on a sequence of simplicial complexes (referred to as a filtration), constructs
a series of homology groups, and measures their relevant scales in the filtration. Common
simplicial filtrations arise from Cech or Vietoris-Rips complexes, and most of the homological
sparsification techniques produce sparsified complexes that give guaranteed approximations
to the persistent homology of the unsparsified filtration.

The sparsification processes involve either the removal or subsampling of vertices or
edge contraction from the sparse filtration. It is also possible to sparsify simplicial complexes
using another class of methods called sketching, particularly those applied to tensors. Tensor
decomposition methods have found many applications in machine learning [41], including
recent advancements in tensor sparsification |73, 36, 51, 62| using sampling methods from
randomized linear algebra.

Since many learning methods based on simplicial complexes rely — either explicitly
or implicitly — on the spectral theory for higher order Laplacians, developing methods for
sparsifying simplicial complexes that approximately preserves the spectrum of higher order
Laplacians is desirable.

Contributions. In this paper, motivated by learning based on simplicial complexes, we
develop computational methods for the spectral sparsification of simplicial complexes. In
particular:

e We introduce a generalized effective resistance of simplices by extending the notion of
effective resistance of edges (e.g., [13, 25, 29]); see Section 3.1.

e We extend the methods and analysis of Spielman and Srivastava [63] for sparsifying
graphs to the context of simiplicial complexes at a fixed dimension. We prove that the
spectrum of the up Laplacian is approximately preserved under sparsification in the
sense that the spectrum of the up Laplacian for the sparsified simplicial complex is
controlled by the spectrum of the up Laplacian for the original simplicial complex; see
Theorem 3.1.

e We generalize the Cheeger constant of Gundert and Szedlak for unweighted simplicial
complexes [35] to weighted simplicial complexes and show that the Cheeger constant of
the sparsified simplicial complex is bounded below by a multiplicative factor of the first
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nontrivial eigenvalue of the up Laplacian for the original complex; see Corollary 4.1.

e Our theoretical results are supported by substantial numerical experiments. By extend-
ing spectral learning algorithms such as spectral clustering and label propagation to
simplicial complexes, we demonstrate that preserving the structure of the up Laplacian
via sparsification also preserves the results of these algorithms (Section 5). These
applications exemplify the utility of our spectral sparsification methods.

We proceed as follows: In Section 2 we introduce the notation and give a brief description of
relevant algebraic concepts such as effective resistance and spectral sparsification of graphs.
The theory and algorithm for sparsifying simplicial complexes are presented in Section 3.
We state the implications of the algorithm for a generalized Cheeger cut for the simplicial
complex in Section 4. We showcase experimental results validating our algorithms in Section 5
and conclude with a discussion and some open questions in Section 6.

2 Background

Simplicial complexes. A simplicial compler K is a finite collection of simplices such that
every face of a simplex of K is in K, and the intersection of any two simplices of K is a
face of each of them [49]. The 0-, 1-, and 2-simplices correspond to vertices, edges, and
triangles. An oriented simplez is a simplex with a chosen ordering of its vertices. Consider
an oriented (k + 1)-simplex 7 = [vg, ..., vg+1] of K where vg < -+ < vg4q is the vertex
ordering. o = 7\{v;} is the k-simplex obtained from 7 by omitting vertex v;. The oriented
incidence number [7: o] of a k-simplex o of K is defined as (—1)7 if ¢ = 7\{v;} for some
j=0,....,k+1and 0 if ¢ € 7. For the remainder of this paper, we will assume K is
an oriented simplicial complex on a vertex set V. = {v1,v9,...,v,}. Sk(K) denotes the
collection of all oriented k-simplices of K and ny = |Si(K)|. The p-skeleton of K is denoted
as K®) .= Uo<r<p Sk(K). Let dim (K) denote the dimension of K. For a review of simplicial
complexes, see [31, 34, 49].

Laplace operators on simplicial complexes. The k-th chain group Cyx(K) = Ci(K,R)
of a complex K with coefficient R is a vector space over the field R with basis Si(K). The
k-th cochain group C*(K) = C*(K,R) is the dual of the chain group, defined by C*(K) :=
Hom(Ck(K),R), where Hom(Cy(K),R) denotes all homomorphisms of Cy(K) into R. The
coboundary operator &: C*(K) — CFFY(K) is defined as (0.f)(7) = > ves, [Ti alf(o).
Let ZF = Ker(d;,) and B* = Im(6,_1) denote the groups of k-dimensional cocycles and
k-dimensional coboundaries, respectively. The coboundary operator satisfies the property
8x0k—1 = 0, which implies that B¥ C Z*. The boundary operators, 6}, are the adjoints of
the coboundary operators,

R 2 b i) TS okl
(K)SCH(K) S (K)
o7 51,

satisfying (6xa,b)cri1 = (a,85b)ck for every a € C¥(K) and b € C*1(K), where (-, )cx
denotes the scalar product on the cochain group. We denote by Z;, = Ker(d;) and By, =
Im(6;; +1), the groups of k-dimensional cycles and k-dimensional boundaries, respectively.
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Following [37], we define three combinatorial Laplace operators that operate on C*(K)
(for the k-th dimension), namely, the up Laplacian,

LiP(K) = 070,

the down Laplacian, LI (K) = 6x_16}_,, and the Laplacian, Lx(K) = LF(K)+ LV (K).
All three operators are self-adjoint, non-negative, and compact, and they enjoy a collection
of spectral properties, as detailed in [37]. We restrict our attention to the up Laplacians.

Explicit expression for the up Laplacian. To make the expression of the up Laplacian
explicit, we need to choose a scalar product on the coboundary vector spaces that can be
viewed in terms of weight functions [37]. In particular, the weight function w is evaluated
on the set of all simplices of K, w: Uif(l](K) Sip(K) — RT, where the weight of a simplex
fis w(f) (also denoted as wy). Let wy: Sg(K) — RT. Then, C*(K) is the space of
real-valued functions on Si(K), with inner product (a,b)cr =3 reg, () we(f)a(f)b(f), for
every a,b € C*(K).

Choosing the natural bases, we identify each coboundary operator d; with an incidence
matrix Dj. The incidence matriz Dy, € R™+1 x R™ encodes which k-simplices are incident
to which (k + 1) simplices in the complex, and is defined as

k+1

0 if aé-“ is not on the boundary of o;

k+1

Dy(i,j) =41 if aé“ is coherent with the induced orientation of o7

k+1

-1 if Uf is not coherent with the induced orientation of o; ™.

Let Dg be the transpose of Dy. Let W} be the diagonal matrix representing the scalar
product on C*(K ). The k-dimensional up Laplacian can then be expressed in the chosen
bases as the matrix

LP(K) =W, ' D{W,.41Dy.

Effective resistance. We quickly review the notation in [63]| regarding effective resistance.
Let G = (V, E,w) be a connected weighted undirected graph with n vertices and m edges,
and edge weights w, € RT. W is an m x m diagonal matrix with W (e, e) = we. Suppose
the edges are oriented arbitrarily. The Laplacian L € R™*™ of G can be written as

L=BT"WB,
where B € R™*™ is the signed edge-vertex incidence matrix, that is,
0 if vertex j is not on the boundary of edge ¢
B(i,j) =41 if jis i’s head
—1 if j is 4’s tail.
The effective resistance R, at an edge e is the energy dissipation (potential difference) when
a unit current is injected at one end and removed at the other end of e [63]. Define the

matrix R := B(L)"BT = B(BTWB)* BT, where L* is the Moore-Penrose pseudoinverse of
L. The diagonal entry R(e,e) of R, is the effective resistance R, across e.
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Using the previous notation for up Laplacians, we can write L = Dg WiDg = WoLk o,
by setting B = Dg and W = Wj. Vertex weights are usually ignored in the graph sparsification
literature, which is equivalent to setting the corresponding weight matrix Wy to the identity.
We can now express R as Ry = Do(L)* DI = Do(DIW1Dy)* DY

Graph sparsification. There are several different notions of approximation for graph
sparsification, including the following based on spectral properties of the associated graph
Laplacian. We say H = (V, F,u) is a sparse e-approzimation of G = (V, E,w) if F C E and

(1—e)Lg = Ly <X (1+¢)Lg, (1)

where Lg and Ly are the graph Laplacians of G and H, respectively, and the inequalities
are to be understood in the sense of the semidefinite matrix ordering. That is,

(1-e)alLgr < a'Lyx < 1 +¢e)a’Logr Vo € R™

3 Sparsification of simplicial complexes

We describe a sparsification algorithm for simplicial complexes and our main theoretical
result (Theorem 3.1) in Section 3.1, whose proof is detailed in Section 3.2.

3.1 Sparsification algorithm

To prove the existence of a sparse e-approximation of simplicial complex, we will follow the
approach of [63] for the analogous problem for graphs.

Generalized effective resistance for simplicial complexes. We define the following
symmetric positive semidefinite matrix:

Li = WilLyP(K) = Df W41 Dy.

To generalize the effective resistance for simplices beyond dimension one (i.e., edges), we
consider the operator Rj,: C* — C*, defined by

+
Ry, = Dy 1(Lg k1) Dj_y = Di1 (D ;Wi Dy—1) " Di_4,

which is the projection onto the image of Dy_1. The generalized effective resistance of the
k-dimensional simplex, f, is defined to be the diagonal entry, Ri(f, f) (also denoted as Ry).
For k = 1, the generalized effective resistance reduces to the effective resistance for graphs
[29].

Sparsification algorithm. Algorithm 1 is a natural generalization of the Sparsify Al-
gorithm given in [63]. The algorithm sparsifies a given simplicial complex K at a fixed
dimension k£ (while ignoring all dimensions larger than k). The main idea is to include each
k-simplex f of K in the sparsifier J with a probability proportional to its generalized effective
resistance. Specifially, for a fixed dimension k, the algorithm chooses a random k-simplex
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Algorithm 1: J = Sparsify (K, k, q)
Data: A weighted, oriented simplicial complex K, a dimension k (where
1 <k <dim(K)), and an integer gq.

Result: A weighted, oriented simplicial complex J that is sparsified at
dimension k, with equivalent (k — 1)-skeleton to K and dim (J) = k.

J = Kk-1)
Sample g k-dimensional simplices independently with replacement according to
the probability
_w )RS )
> pwr(f)Re(f, f)

and add sampled simplices to J with weight wy(f)/gps. If a simplex is chosen
more than once, the weights are summed.

f of K with probability ps (proportional to wyRy), and adds f to J with weight w/qpy.
q samples are taken independently with replacement, summing the weights if a simplex is
chosen more than once. The following theorem (Theorem 3.1) shows that if ¢ is sufficiently
large, the (k — 1)-dimensional up Laplacians of K and J are close:

Theorem 3.1. Let K be a weighted, oriented simpicial complez, and J = Sparsify (K, k, q)
for some fized k (where 1 < k < dim (K)). Suppose K and J have (k — 1)-th up Laplacians
Lr:=L" (K) and Lj:= L;"(J), respectively. Let ny_y denote the number of (k —1)-
simplices in K. Fire >0 (where 1/\/nxg_1 <& < 1), and let ¢ = 9C%ny,_1logny_1/€2, where
C' is an absolute constant. If ng_1 is sufficently large, then with probability at least 1/2,

(1-e)fk = Ly = (1+¢)Lk, (2)

where the inequalities are to be understood in the sense of the semidefinite matriz ordering.
Equivalently,

(1-— a)xTEKx < 2TLyx < (1+ E)xTEKx Vo e Rt

A proof of Theorem 3.1 is detailed in Section 3.2.

3.2 Proof of Theorem 3.1

In this section, we provide a detailed proof of theorem 3.1. Our proof closely follows the
proof of Spielman and Srivastava [63, Theorem 1].

Following the definitions from Section 3.1, let £ = Wy_1Lx and £ = Wy_1Ly. L
and £ are symmetric positive semidefinite matrices. When our sparsification algorithm is
applied to sparsify K at dimension k, all simplices in K of dimensions up to k — 1 are simply
copied to J along with the corresponding weights so that the weight matrix Wj_; is the
same for K and J. To prove theorem 3.1, we will first establish that

(1-e)L<L=(1+e)L,
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and then show that (2) holds if and only if the inequality above holds.

Since £ is symmetric, positive semidefinite, £* and R}, are also symmetric positive
semidefinite matrices. We define the matrix IT = Wkl / 2RkaI 2,

Lemma 3.1. The matrix II = I/VI,CUQRIJ/V/,CU2 defined above has the following properties:
(i) 1I is a projection matrix.
(ii) Tm(TT) = Im(W,"* Dy_y).

(iii) TI(f, f) = |[T(, f)I.
(tv) Rank(II) = Tr(II) < ng_q.

Proof. (i) Observe that

I = (W, *Dy,_1 £ DL WY W2 Dy LD W)
= (W2 D ) (DWW P D) (£ D W)
= W;/QD;C,1£+£/J+D£_1W,§/2 since L = DkT_IWka,l
=W\ Dy LT D] W)
—1I

(i) First, note that Im(II) = Im(Wg/2Dk,1E+DkT_1Wk1/2) C Im(W,i/sz,l). Now, for
any vector y € Im(Wg/ZDk_l), there exists a vector z L Ker(Wg/ZDk_l) = Ker(£L)
such that y = Wkl/ZDk_lx. Then,

My = (W) 2Dy 1 LTDF W)W, Dy )
= (chl/QDk—1£+)(DlleWl:ﬂWkl/QDk—l)x
— WDy 1L L
= WDy 1z
Therefore, y € Im(II).
(iii) We have, II(f, f) = II?(f, f), and since II is symmetric,

IP(f, f) = (-, NI £) = [T AP

(iv) Since I1? = I, all eigenvalues of II are either 0 or 1. Therefore, Rank(IT) = Tr(II).
And since Dj_q is an ny X ni_j matrix,

dim (Tm(TT)) = dim (Tm(W;/*Dy_1)) < ng_1.
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We also define the nj x ni non-negative, diagonal matrix @ with entries:

wy _ # times f is sampled

Qulf.f) == ,
f qprf

where the random entry Qx(f, f) captures the “amount” of k-simplex f included in J by
Sparsify. The weight of simplex f in J is Wy = Qi(f, f)ws. The weight matrix can be

written as Wy = WiQp, = Wkl/2QkaI/2. The (k — 1)-up Laplacian L of the sparse complex
can be written as

L =DL \WyDy_y = D} (W} ?QuW,/*)Dy_y.

The scaling by 1 /qps in Qj, ensures that EW), = W. As a result, we have EQ), = I and
EL = L.

Lemma 3.2 (Rudelson and Vershynin [60]). Let p be a probability distribution over Q C R?
such that supycq [|yll, < M and HEpnyH2 < 1. Let y1,y2,...,yq be independent samples
drawn from p. Then

E

1 q
= iyl —Eyy”
q =1

1
< min {C’M Og(Q), 1} ,
q
2
where C' 1s an absolute constant.

The matrix ITQ¢II can be expressed as the average of symmetric rank one matrices:

QLT =Y Qk(f, HTI(, T f)T
f

_ Z (# times f is Sampled)ﬂ(-,f)l'[(-,f)T

f apy
- ;; (# times f is sampled) H\(/;Tf) H(\‘aﬁz;ff)T

1 q
LSl
q =1

Vectors y; are drawn independently with replacement from the distribution
1

y = ——II(-, f) with probability p;.
VPf

The expectation of yyT is given by

H(vf) H(af)T
Eyy” = = IIII = II.
" 7 SV
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Therefore, T ‘ ‘ 5

Eyy* ||, = |[II]|, = 1. A bound on the norm of y is given by

w% I ), = VH%” = [ w0 = VB < e

Now, using lemma 3.2, with ¢ = 9C?n;_1 Inny_1 /2, we have

1< In (9C2ny_y Inny_y /e
7Zyly;r SC\/E‘an_l H( Neg—11nng 1/6 ) S
q =1 2

9C'an_1 In NE—1
for sufficiently large njy_1, as € is assumed to be at least 1/,/nx_1. Then, by Markov’s
inequality, we have ||[IIQ;II — IIII||, < e with a probability at least 1/2.

3
E 1QuT), = E :

Lemma 3.3. Suppose Q) is non-negative diagonal matriz such that ||IIQ,IT — IIII||, < e.
Then, for all x € R™-1,

(1—e)aTLae <2Tlx < (1+e)xLa

where £ = DI\ WyDy_y and £ = DT W} ?QuW /> Dy_,.

ly™ Ay|
yTy

Proof. For a symmetric matrix A, ||Ally = sup,g . Therefore, the assumption that

|IIQxIT — IIII||, < € is equivalent to

11 — DI
sup ly (Qz; )y| <e
yERk y#0 yy

Note that if x € ker(Wkl/QDk,l), 2TLx = 2TLx = 0 and the claim holds trivially. If
x ¢ ker(Wkl/QDk_l), then a vector y = W,CI/QDk_la: is in Im(W£/2Dk_1). Restricting our
attention to such vectors, we have

11 — DI
sup ly* TL(Qx )yISE_

T
yEIm (W, 2Dy _1),y#0 vy

However, from lemma 1.2 we have Ily = y for any y € Im(VVk1 / 2Dk,1). Therefore, we have,

ly Q) — )11y

sup

T
yEIm(Wkl/QDkfl),wéU L
B sup T (Qr — 1)y
- T
yelm(W 2D )0 VY
1/2 1/2
_ sup ‘UUTDI{—ka/ (Qr — I)Wk/ Dy12]

T nNHT
zER"k—l,Wklka,l:cyéO T Dk—1Wka—1$

2T DT W) QW 2Dy 1x — 2T DT Wi Dj_1a
QTTDg_kaDk,l;C

= sup
z€R™ -1 W2 Dy 240

|2 L — 2T L]

= su
b T Lx

2€R™ -1 W2 Dy 240
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Therefore, if ||IIQ;IT — IIII||, < €, then

sup
2€R™ =1 W2 Dy 240

Rearranging the terms, we get for all x € R™ -1,
(1—e)a’ Lo <aTlo < (1+¢e)a” La,

which is equivalent to

(1—e)L = L = (1+¢)L. (3)
O

Now, to show that (2) holds, we use the following elementary lemma (whose proof is included
for completeness):

Lemma 3.4. For any symmetric positive semidefinite matrices A and B and any positive
definite diagonal matriz D, we have A = B if and only if DA > DB.

Proof. First, assume A = B. Let C = A — B. Then, C > 0. Since D is a positive definite
diagonal matrix, DY2CDY? = 0. However, DY/2C' DY/2 is similar to DC' because

D1/20D1/2 — D_l/Q(DC)Dl/Q.

Therefore, DC has the same eigenvalues as DY/2C'D'/2 which means DC > 0 or equivalently,
DA > DB.

Now suppose DC = 0. Then, DY2CDY2 = 0, due to similarity. However,
O = D’l/Z(D1/2C’D1/2)D’1/2,

and therefore C' = 0 or equivalently, A > B. O

We can write the up Laplacians as Lx = Wk__llﬁ and L = Wk__lllf Since Wj_1 is a
diagonal matrix of positive weights, Wk_fl is a positive definite diagonal matrix. Therefore,
according to lemma 3.4, if inequality (3) holds, inequality (2) must hold, i.e.,

(1-e)fkx 2Ly 2 (1+6)Lk.

Corollary 3.1. Suppose Zy are numbers satisfying Zy > Ri(f, f)/a, and
Zf weZs < azf weRL(f, f) for some o > 1. If we sample as in Sparsify but take each k-
simplex f with probability p'y = wyZy/ 3 wyZy instead of py = wiRy(f, f)/ 32, wyRe(f, f),

then the resulting sparse complex J satisfies

(1—ea)l =< L = (1+ea)Ll.
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Proof. Note that
wiZy o _wil(fi fla by
YopwpZp T ay swiRe(f, f) o
Proceeding as in the proof for theorem 3.1, the new bound on the norm of random vector y
is given by

Py =

1 «
()l < ——
m [ITIC, )l VT

Thus, constant factor approximation of generalized effective resistances introduces the same
constant factor, «, in the bound on expectation in lemma 3.2, and consequently in the final
inequality, but does not change anything else. O

VI, f) = ay/Te(1D).

4 Generalized Cheeger inequalities for simplicial complexes

In Section 4.1, we show that the Cheeger constant of the sparsified simplicial complex
is bounded below by a multiplicative factor of the first nontrivial eigenvalue of the up
Laplacian for the original complex (via Theorem 4.2 and Corollary 4.1). We give the proof
of Theorem 4.2 in Section 4.2.

4.1 Cheeger constant of sparsified simplicial complexes

Cheeger constant and inequality for graphs. We begin with the following definition of
the Cheeger constant for an unweighted graph G = (V, E) used by Gundert and Szedlak [35]:

VI E(A,V\A)
seAcv  |A[[VNA[ (4)

where E(A,V \ A) is the set of edges that connect A C V to (V' \ A) C V. For a weighted
graph, G = (V, E, w), this definition is typically generalized to

hG) =

_ 14 >
h(G):= min ————r Y ’

The Cheeger inequality for graphs takes the form c¢- A\ (Lg) < h(G) < C - \/Ai(Lg), where
A1 is the first nontrivial eigenvalue of a graph Laplacian. The constants ¢ and C depend
on the choice of definition for the Cheeger constant and the graph Laplaican; see, e.g., [15,
Chapter 2|. Using the variational formulation for eigenvalues and a suitable test function,
we have no difficulty proving that for the weighted (un-normlized) graph Laplacian, the
lower bound for the Cheeger constant defined in (5) is given by 3 - A;(Lg) < h(G). Here, we
prove an analogous inequality for weighted simplicial complexes, which we refer to as the
generalized Cheeger inequality. This inequality gives a lower bound on the Cheeger constant;
an upper bound is not possible for weighted simplicial complexes by the argument of Gundert
and Szedlak [35, p.5|.

Generalized Cheeger inequality for simplicial complexes of Gundert and Szedlak.
We first recall the generalized Cheeger inequality for simplicial complexes of Gundert and
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Szedlak [35]. For a k-dimensional simplicial complex K, its k-dimensional completion is
defined to be

K=K {T* e <k‘i 1)1(7*\{1)}) € X,V e T*}.

K is the complete k-dimensional complex when K has a complete (k — 1)-skeleton. The
generalized Cheeger constant for unweighted simplicial complexes is defined to be

h(K) = min |VHF(AO7A1, .. .,Ak)|

Vel o4, [F* (Ao, Ary o Al
A #D

(6)

where F(Ag, A1, ..., Ag) and F*(Ag, A1, ..., Ag) are the sets of all k-simplices of K and K,
respectively, with one vertex in A; for all 0 < i < k.

Theorem 4.1 (|35, Theorem 2|). If \(Lx) is the first nontrivial eigenvalue of the k-th up
Laplacian and if every (k — 1)-face is contained in at most C* k-face of K, then

Remark. Recall that the Cheeger inequality for graphs includes an upper bound of the
Cheeger constant h(G) in terms of A (L¢). However, as pointed out by Gundert and Szedlak,
A (Lk) = 0 does not imply A(K) = 0 [35]. Therefore, a higher dimensional analogue of
this upper bound of the form h(K) < C - Al(ﬁK)% is not possible. We also remark that an
alternative Cheeger inequality is given in [57].

A generalized Cheeger constant for weighted simplicial complexes. Analogous to
the generalization of the unweighted Cheeger constant in Equation (4) to the weighted
Cheeger constant in Equation (5), we define the generalized Cheeger constant for weighted
simplicial complexes by

- Vi
WE) = min Ay A 2 ) g
A;é:g g ’ ’ ’ XGF(Ao,Al,‘..,Ak)

Observe that Equation (7) agrees with Equation (6) in the case when all weights are unity.
The following result can be proved analogously to Theorem 4.1:

Theorem 4.2. Let \i(Lg) be the first nontrivial eigenvalue of the (k — 1)-th weighted
up Laplacian L. If every (k — 1)-face o is contained in at most C* k-faces of K and
wi—1(0) > W* >0, then
viwr
———— M (Lr) < h(K).
ey G (L) < B
A proof of Theorem 4.2 is given in Section 4.2. Combining Theorem 3.1 and

Theorem 4.2 leads to the following result:
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Corollary 4.1. In the setting as Theorem 3.1 and Theorem /.2, we have with probability %

viwr

k+1) C* ML) < h).

(1—6)')\1(£K)§m <

Thus, the Cheeger constant of the sparsified simplicial complex, J, is bounded below
by a multiplicative factor of the first nontrivial eigenvalue of the up Laplacian for the original
complex, K.

4.2 Proof of Theorem 4.2

Note that Ker(Lr) = Ker(6,_1) = ZF~1. Since B¥~! C Z*~1| the eigenvectors corresponding
to the nonzero eigenvalues of L are contained in (B*~!)+. By the Hodge decomposition,
we know that (B¥~1)t = Z; ;. Therefore, \;(Lx) can be formulated as [35, Section 4,
Equation (2)]
. (‘CKfa f)Ck’_l
M(Lkg)= min ————— 8

VB = B Plw s ®)
where (a,0)cr = g, Wk(o)a(o)b(o) for all a,b € C* is the inner product defined over C*,
the space of all real valued functions on S;. We will omit the subscript C* from here on.
The key idea in the proof is to find a function f € Z;_1 such that

(Lxf f)
G -

In order to define such a function, we fix a partition Ay, ..., Ax of the vertex set V of K,
which realizes the minimum in equation 7. We will refer to A;’s as blocks. For simplicity, we
choose a linear ordering on V' such that for all w € A; and v € A; we have w < v if i < j.
To keep the notation simple, we will simply write F' and F* instead of F'(Ay,...,Ar) and
F*(Ao,...,Ar). Note that A;(Lx) does not depend on the choice of orientation.

Let 0 = [vg,...,v5—1] € Sp_1. Then f € C*~1 is defined as

f(0) {(—1)1|Al| if A; is the unique block not containing any v;
g)=

0 otherwise.

Lemma 4.1. Let Lx be the (k — 1)-th weighted up Laplacian of K and let f be defined as
above. Then,

(Lif, f) = Ouo1fserf) = VI D wilr).

TeF

Proof. Consider 7 = [vg,...,vg] € Sk. lf 7 € F, ie., if v; € A; for all i =0,...,k, then

k k

(Gr-1)f (1) = DI I\ ol f (P\{wi}) = Y (=D (=1 |Ail = V.

=0 1=0

Now suppose 7 € F, but v;,v; is the only pair of vertices in the same block. Let v; < vj.
Then by our chosen linear ordering, i+1 = j. If [ is not equal to 7 or i+1, then f(7\{v;}) = 0.
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The only nonzero terms are f(7\{v;}) = f(7\{v;}). However, these terms cancel out because
[7: T\{vi}] = =[r: T\{via}]-
If three vertices belong to the same block or if two pairs of vertices belong to the

same blocks, or indeed in any other arrangement not covered before, then we have at least
two empty blocks and f is zero. Therefore,

V| ifreF,

0 otherwise,

(Ok—1f)(T) = {

and,

(Ok1f,0k1F) = > we(D)((Gh-1H)(1)* = [V Y wi(7).

TEF TEF
[l

Lemma 4.2. Let f € C*~! be as previously defined. Then, unique z € Zj_1, b € B*~1 such
that f = z + b exist. Furthermore,

\4E

(2,2)

M(Lk) <

Z wk(T).

TEF

Proof. Since Zj,_1 = (B¥~1)*, unique cochains z € Z;_; and b € B¥~! such that f =z + b
exist. Also, (Lxz,2) = (Lxf, f), because b € B¥~1 C Ker(Lx). The claim now follows from
this fact and using equation 8 and lemma 4.1. O

Lemma 4.3. Let f € C*1 be as previously defined and let g € C*=2 be arbitrary. For
T € F*, define

o= 3 D (0) - biag(o)

oCT*,0€S_1

where for all 0 € Sy_1, d(o) = {7* D o|t* € F*}|. Then,

1. (f - 5k—2.ga f - 5k—2.g) > ZT*EF* Q(T*’g)
2. For 7% ={vg,v1,...,v0p} € F* with vg < vy < -+ < vy,
v[?

22120 we A\ {w])

Proof. 1. By definition of the inner product,

(f = k20, f — Op—2g) = > we1(0)(f(0) — 6p—29(0))*.

0ESK_1
Now, consider the sum on the right-hand side

Yo=Y X () - sl

THEF™* T*EF* oCT1*,06S_1
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Note that for any ¢ € Si_1 such that o C 7%, the corresponding term in the summation
appears exactly d(o) times. If o 7%, then the corresponding term does not appear at
all. Therefore,

ST oalrtg) < > wie(0)(f(0) — Gr_ag(0))*.

T*EF* oE€SKL_1

2. Let 7* = [vg,...,vg] € F*, such that v; € A; for i =1,... k. Then,

k
o) = S W (M) g T\ 1))
100 = 3 ey (DAL deag(\ ()

k N\ Lo
= Z W(Mz — [ T\ {0 Hok—2g(7*\{vi}))?.
i=0 ‘

Note that the oriented incidence number [7*: o] is (—1)" if 0 = 7*\{v;} for i =
.,k and 0 if o € 7. We also observe that ZfZO[T*: 7\ {v; }k—29(7*\{vi})
Ok—10k—29(7*\{vi}) = 0. Therefore,

k *
* WE—1\T (%
q(T ’g) — y S( \{ Z})’Az|2
2 )
Now, using the following version of Cauchy-Schwarz inequality (Titu’s lemma / Engel’s
form) for positive real numbers,

we obtain i
Oio A V]?

9) 2 T dn ) T <k )
Zizom Zi:om

*

q(t

O

Finally, from lemma 4.2, recall that f = z + b where z € Z;_; and b € B* L.
Therefore, some g € C*~2 such that f — 2z = b = §j,_og exists. By lemma 4.3,

V 2
(2,2) = (f = Ok—29, f — r—29) > Z k | d(‘T\{vi})
et 2oi=0 TP\ (o))

Now, if every (k — 1)-face o of K is contained in C* k-faces of K and wy_1(c) > W*, then

Mod(r\{vi)) C
zzw (e = F U
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and
VI* [F*| W™

>
=22 "0 o
Using this inequality along with lemma 4.2, we can write

VI (k+1)C*
M(Lk) < ‘W"Q(W* \;*I > wi(7).

TEF

Recall that we defined the function f by fixing a partition Ag,..., Ax that realizes the
minimum from equation 7, which means

|V\
and we get the stated lower bound on h(K):

viw:

m)q(ﬁ}() < h(K)

5 Experimental validation

In Section 5.1, we conduct numerical experiments to illustrate the inequalities bounding the
spectrum of the up Laplacian of the sparsified simplicial complex, proven in Theorem 3.1. In
Section 5.2, we extend a well-known graph spectral clustering method to simplicial complexes.
We show that the clusters obtained for sparsified simplicial complexes are similar to those
of the original simplicial complex. In Section 5.3, we show results for label propagation on
simplicial complexes before and after sparsification.

For each section, we also include the analogous results for graphs to serve as a
comparison. We present nothing new in the setting of graphs, Laplacian preservation, spectral
clustering, and label propagation; graph-based results are included solely for comparative
purposes and to help illustrate our results on simplicial complexes in a more familiar context.
We also would like to point out that it is not the focus of this paper to provide the most
efficient implementation or to perform large-scale experiments on spectral sparsification of
simplicial complexes, but rather, to show that such a sparsification is feasible and theoretically
sound. Nevertheless, we have included a discussion on efficient implementations for simplicial
complexes in terms of sparsification, spectral clustering, and label propagation in Appendix
A. In a nutshell, the naive implementation of spectral clustering is quadratic in the number
of simplices, whereas label propagation is cubic. We can take advantage of sparse matrix
methods (see Appendix A for details); our proposed sparsification method could further
improve these computational complexity estimates.

5.1 Preservation of the spectrum of the up Laplacian for simplicial complexes

Experimental setup. Our experimental setup for sparsifying simplicial complexes is an
extension of that for graphs; therefore, we begin with a review of graph sparsification. In the
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setting of graph sparsification [63], we recall that if a graph H is an e-approximation of a
graph G and n is the number of vertices in H and G, then we have the following inequality:

(1—e)aTLgr < 2TLyx < (14 ¢)2T Lgx, Vo € R". 9)
Subtracting 27 Lgz from all terms in this inequality, we obtain
—exlLogr < 27 (Ly — Lg)r < ez’ (Lg)x, Vo € R™. (10)

Let Mpaz(La)s Amaz (L) and Apaz(Lg — L) be the maximum eigenvalues of Lg and Ly
and Ly — Lg, respectively. Also, let Ain (L) be the minimum eigenvalue of L. Looking at
the inequality on the right-hand side of (10), after some algebraic manipulations, we obtain

Amaz(Ly — La) = ”mHaX1 2T (Ly — Lg)r < ¢ Hm”ax 2T (Le)x = eXmaz(La).
x||= z||=1

Similarly, for the inequality on the left-hand side of (10), we obtain

0= —elmin(Lg) = —¢ min 2T Lex = max —ex! Lax
[|=]|=1 || |=1
< max eT(Ly — La)x = Mnaz(Ly — Lg).
x||=1

Together, we have the inequality
0 < Amax(LH - LG) < 5>\max(LG)~ (11)

Moving from graphs to simplicial complexes, we can obtain the analogous inequality in the
setting of simplicial complex sparsification. Let J be a sparsified version of K following the
setting of Theorem 3.1. Suppose for a fixed dimension k (where 1 <i < dim (K)), K and J
have (k — 1)-th up Laplacians Lg := Lk j—1 and L := Lj;_1, respectively, we have

(1-— 6)$T£Kx <z'Lyx< (1+ z-:)acTL’Kx, Vo € R™%-1, (12)
A similar argument leads to the following inequality:
0 < )\maz(ﬁJ _EK) < EAmax(ﬁK)- (13)

Notice that inequality (11) is a special case of the inequality (13).

Preservation of the spectrum of the sparsified graph Laplacian. To demonstrate
how the spectrum of the graph Laplacian is preserved during graph sparsification, we set
up the following experiments. Note that graph sparsification of large graphs is well known;
the results described here are used for comparative purposes only. In particular, we would
like to give a simple example to compare similar behaviors in preserving the spectrum of up
Laplacian for both graphs and simplicial complexes.

Consider a complete graph G with ng = 40 vertices and n; = 780 edges. We run
multiple sparsification processes on this graph G and study the convergence behavior based
on the inequality in (9). For each sparsification process, we use a sequence of sample sizes,
ranging between 10 and 2n;. For each sample size ¢, we set e = y/nglogng/q by assuming
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(a) (b)
Figure 1: The results of a numerical experiment illustrating inequalities that control the
spectrum of sparsified graph Laplacians. (a) For an ensemble of vectors, x € S™, and

sparsified graphs, H, we plot the terms in inequality (9). (b) For an ensemble of sparsified
graphs, H, we plot the terms in the inequality (11).

that 9C? = 1 in the hypothesis of Theorem 3.1. As ¢ varies, we correspondingly obtain a
sequence of varying ¢ values.

In particular, we run 25 simulations on G. For each simulation, we fix a unit vector
2 uniformly randomly sampled from S™ and perform 25 instances of experiments. For each
instance, we apply our sparsification procedure to generate the convergence plot using the
list of fixed sample sizes ¢ and their corresponding ¢’s. Specifically, for each sample size,
we obtain a sparse graph H and compute x7 Lyz and Apaz(Ly — Lg), and we observe the
convergence behavior of these quantities as the sample size increases.

In Figure 1(a), we show the convergence behavior based on the inequality in (9). For
a single simulation, we compute the point-wise average of z7 Ly« across the 25 instances, and
we plot these values as a function of the sample size ¢, which gives rise to a single convergence
curve in aqua. Then, we compute the point-wise average of the aqua curves across all
simulations, producing the red curve. Since each simulation (for a fixed x) has a different
upper bound curve (1 — )2’ Lgz and lower bound curve (1 4 ¢)z” Lgx, respectively (not
shown here), the point-wise average of the upper and lower bound curves across all simulations
is plotted in blue. We observe that, on average, these curves reflect the inequality (9), that is,
the red curve is nested within its approximated theoretical upper and lower bounds in blue.

In Figure 1(b), we illustrate the theoretical upper and lower bounds for Ay (L — L)
given in inequality (11) as the sample size g increases. In particular, we run a single simulation
with 25 instances, computing Apq (L — Lg). Each instance gives us a convergence curve
shown in aqua. We compare the point-wise average of A\par(Ly — Lg) (in red) with its
(approximated) theoretical upper bound in blue and lower bound (i.e., 0, the x-axis). On
average, the experimental results respect the inequality (11). Figure 3(a) illustrates how the
number of edges increases with the number of samples across all instances.
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Preservation of the spectrum of the up Laplacian for a sparsified simplicial com-
plex. To demonstrate that the spectrum of the up Laplacian is preserved during the
sparsification of a simplicial complex, we set up a similar experiment. We start with a
2-dimensional simplicial complex, K, that contains all edges and triangles on ng = 40 vertices
(with n; = 780 edges and ny = 9880 faces) and a sequence of fixed sample sizes . For each
sample size ¢, we solve for € = y/n1logni/q assuming that 9C2? = 1 in the hypothesis of
Theorem 3.1, to get the corresponding sequence of € values. With the simplicial complex K
and the sequence of sample sizes fixed, we run 25 simulations, each consisting 25 instances
and a fixed randomly sampled unit vector x as described previously. This time, however, we
sparsify the faces of the simplicial complex by applying Algorithm 1 with & = 2. In Figure 2,
we plot the terms in inequalities describing the spectrum for these sparsified simplicial
complexes.

In Figure 2(a), following the same procedure as for graph sparsification, we obtain a
plot that respects the inequality (12). The curves in aqua show the point-wise average of
T L jx across all instances in a single simulation, whereas the red curve represents point-wise
average across all instances and all simulations. Since the random vector z is re-sampled
for each simulation, the upper and lower bound curves are different for every simulation. In
Figure 2(a), we plot their point-wise average across all simulations as the upper and lower
bound curves in blue.

In Figure 2(b), to illustrate inequality (13), we run a single simulation with 25
instances. Each instance gives us a sequence of Ayq. (L7 — L) values as a function of sample
size. We plot them as curves in aqua. We compare the point-wise averages of Az (L7 — LK)
(in red) with its (approximated) theoretical upper and lower bounds in blue. Figure 3(b)
shows how the number of faces scales with the increasing number of samples across all
instances.

5.2 Spectral clustering of simplicial complexes

Spectral clustering can be considered as a class of algorithms with many variations. Here,
we apply spectral clustering to simplicial complexes before and after sparsification. We
demonstrate, via numerical experiments, that preserving the structure of the up Laplacian
via sparsification also preserves the results of spectral clustering on simplicial complexes.

Datasets. For comparative purposes, we consider a graph that contains two complete
subgraphs, with 20 vertices (and 190 edges) each that are connected by 64 = 8 x 8 edges
spanning across the two subgraphs. We refer to this graph, G, as the dumbbell graph; it has
nog = 40 vertices and n1 = 444 edges. All edge weights are set to be 1. To compute the
sparsified graph, the number of samples, g, is set to be 0.5n.

Similarly, we consider a simplicial complex that contains two complete subcomplexes,
with 10 vertices, 45 edges, and 120 triangles each. The two subcomplexes are connected by
16 cross edges and 48 cross triangles so that the simplicial complex is made up of ng = 20
vertices, n1 = 106 edges, and no = 288 triangles. We refer to this simplicial complex, K, as
the dumbbell complex. The weights on all edges and triangles are set to be 1. To compute
the sparsified simplicial complex, the number of samples, g, is set to be 0.75n,. We compare
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Figure 2: The results of a numerical experiment illustrating inequalities that control the
spectrum of the up Laplacian for sparsified simplicial complexes. (a) For an ensemble of
vectors, x € S™, and sparsified simplicial complexes, .J, we plot the terms in inequality (12).
(b) For an ensemble of sparsified simplicial complexes, J, we plot the terms in the inequality

(13).
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Figure 3: Plots illustrating how (a) the number of edges in the case of graph sparsification
and (b) the number of faces/triangles in the case of simplicial complex sparsification vary
with increasing sample size.

the result of spectral clustering on the dumbbell graph to the result on a dumbbell complex.

Spectral clustering algorithm for graphs. We use the Ng-Jordan-Weiss algorithm [50],
given here as Algorithm 2, to perform spectral clustering of graphs. Let ng be the number
of vertices in a graph. Recall the affinity matriz A € R™0*™0 is a matrix where A(i,7) > 0
captures the affinity (i.e., measure of similarity) between vertex i and vertex j. In our
setting, A(i,j) corresponds to the weight of edge e;; in the diagonal edge weight matrix
Wy. The graph Laplacian can be written as L = A — A. Furthermore M = I — Ly, where
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Algorithm 2: y = Cluster(G,d)
Data: A weighted, undirected graph G with n vertices, and the number of
clusters d.

Result: A vector y containing cluster assignments [ € {1,2,...,d} for the
vertices of G.

Construct matrix A where A(7, j) = the weight of edge e;;, A(7,7) = 0 otherwise.

Compute diagonal matrix A € R"0*"0 where A(j,7) = >, A(3, 7).

M = A7Y2ANT2,

Construct matrix X = [ujug - uy] € R™*4 where u;’s are the eigenvectors
corresponding to the d largest eigenvalues of M (chosen to be orthogonal to
each other in the case of repeated eigenvalues).

1/2
Yij = Xij/ (ZJ X%) (normalize rows of X to have unit length).
y = kMeans(Y, d).

Return y as cluster assignments for vertices of G.

Ly = A~Y2LA71/2 ig referred to as the normalized graph Laplacian. In the case of a binary
graph (where edge weights are either 0 or 1), the affinity matrix A equals the vertex-vertex
adjacency matrix, and A is the degree matrix with diagonal elements A(7j,j) being the
number of edges incident on vertex v;.

To demonstrate the utility of the sparsification, we illustrate the spectral clustering
results before and after graph sparsification in Figure 4 (a)-(b). Since graph sparsification
preserves the spectral properties of graph Laplacian, we expect it to also preserve (to some
extent) the results of spectral methods, such as spectral clustering.

Spectral clustering algorithm for simplicial complexes. We seek to extend the Ng-
Jordan-Weiss algorithm [50] to simplicial complexes, which has not yet been studied. We seck
the simplest generalization by replacing the vertex-vertex affinity matrix with an edge-edge
affinity matrix A4, where two edges are considered to be adjacent if they are faces of the
same triangle. This definition is a straightforward extension of the adjacency among vertices
in graphs; however, it does not account for the orientation of edges or triangles.

Formally, let n; be the number of edges. We define the edge-edge affinity matriz
Ag € RM*™M  where

Ag(i ) {wf if e; and e; are both edges of triangle f € K with weight wy,
a\t,J]) =

0 otherwise.

We define Ay € R™*™ to be the diagonal matrix with element Ag4(7, 7) being the sum of
A’s j-th column. With A; and Ay defined this way, we can apply the Ng-Jordan-Weiss
algorithm to cluster the edges of the simplicial complex K.

This approach is equivalent to applying spectral clustering to the dual graph of
K. A dual graph G of a given simplicial complex K is created as follows: each edge in K
becomes a vertex in the dual graph G, and there is an edge between two vertices in G if their
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Figure 4: (a)-(b): Spectral clustering of graphs before (a) and after (b) sparsification.
(c)-(d): Spectral clustering of simplicial complexes into two clusters before (c) and after
(d) sparsification. We observe that the clusters are very similar. See Section 5.2 for details.

corresponding edges in K share the same triangle. We then apply spectral clustering to the
dual graph G as usual and obtain the resulting clustering of vertices in G (which correspond
to the clustering of edges in K'). To better illustrate our edge clustering results, we visualize
the resulting clusters based upon the dual graph. The results are plotted in Figure 4 (c)-(d)
for two clusters and Figure 5 for three clusters. Applying the spectral algorithm with these
new definitions of A4 and Ay results in clusters that agree reasonably well before and after
sparsification.

The affinity matrix, Ay, does not take into consideration the orientation of the edges,
so the above clustering algorithm does not directly rely on the up Laplacian. One can verify
that the dimension 1 up Laplacian can be written as Lx 1 = Ag/2 — Ay, where Ay is the
diagonal matrix defined previously and the oriented edge-edge affinity matriz, A, € R™M*™1,
is given by

—wy edges e; and e; are both faces of the same triangle f and both agree or
disagree with the orientation of their shared triangle,
wy  if either e; or e; (but not both) agree with the orientation of f,

0 if e; and e; are not adjacent.

It follows that A4 = |A,| where the absolute value operation is applied element-wise. The
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Figure 5: Spectral clustering of simplicial complexes into three clusters before (a) and after
(b) sparsification. See Section 5.2 for details.

relationship between the spectrum of the dual graph Laplacian L = Aj— Ay and the spectrum
of up Laplacian, Lk 1, used by our sparsification algorithm remains unclear.

5.3 Label propagation

A good example of spectral methods in learning arises from extending label propagation
algorithms on graphs to simplicial complexes, in particular, the work by Mukherjee and
Steenbergen [48]. Specifically, they adapt the label propagation algorithm to higher dimen-
sional walks on oriented edges, and give visual examples of applying label propagation with
the 1-dimensional up Laplacian £}, down Laplacian E‘fow”, and Laplacian £;. We envision
label propagation to be generalized to random walks on even higher dimensional simplices,
such as triangles. A direct application of our work is to sparsify the top-dimensional simplices
(e.g., triangles in a 2-dimensional simplicial complex) and examine how label propagation
behaves on these top-dimensional simplices of the sparsified representation.

Similar to the setting of Section 5.2, we apply and generalize a simple version of
label propagation algorithms [75] to the setting of both graphs and simplicial complexes.
In particular, as illustrated in Figure 6, we show via the dual graph representation that
the results obtained from sparsified simplicial complexes are similar to those of the original
simplicial complex. We now describe the algorithmic details.

Label propagation on graphs. Again for comparative purposes, we implement a simplified
version of the iterative label propagation algorithm [75] based on the notion of stochastic
matrix (i.e., random walk matrix) P = AA™! where A is the affinity matrix and A is the
diagonal matrix with diagonal elements Aj;; = >, A(,j) (as defined in Section 5.2).

The matrix P represents the transition probabilities of the labels. Given P and
an initial label distribution y, we iteratively multiply the vector y by P. If the graph is
label-connected (i.e., we can always reach a labeled vertex from any unlabeled one), then P?
converges to a stationary distribution z, that is, P!x = x for a large enough t.

Suppose we have two label classes {+1,—1}. Without loss of generality, assume
that first [ of the n vertices are assigned labels initially, represented as a length-I vector y;.
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Figure 6: The results of label propagation on simplicial complexes before (a) and after (b)
sparsification. The red and blue colored vertices correspond to fixed edge labels, and the
green and orange colored vertices correspond to propagated edge labels. Blue and green
share the same label, and red and orange share the same label. See Section 5.3 for details.

Algorithm 3: y = PropagateLabels(G,y;)

Data: A weighted, undirected graph G with n vertices, vector y; containing
labels € {+1,—1} of first I vertices.

Result: A vector y containing label assignments [ € {+1,—1} for all the
vertices of G.

Order the vertices of G so that labels y; correspond to the first [ vertices.
Construct matrix A where A(7, j) = the weight of edge (4, 7), A(i,7) =0
otherwise.

Compute diagonal matrix A € R"0*"0 where A(j,7) = >, Aij-

P=AAL

Initialize y(©) = (y;,0), t = 0.

Repeat until convergence:

y(t+h) = py(®)
yl(tJrl) _ yl(t)‘

Return sgn(y®) as label assignments for vertices of G.

Given a graph G(V, E) and labels y;, the simplified version of label propagation algorithm is
outlined in algorithm 3. Consider P to be divided into blocks as follows:

Pll Plu >
P =
(Pul Pufzu
where [ and v index the labeled and unlabeled vertices with the number of vertices ng = [ +u.
Let y = (y1,yu) be the labels at convergence; then y, is given by

Yu = (I - Puu)ilpulyl
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As long as our graph is connected, it is also label-connected and (I — P,,,) nonsingular.
Therefore, we can directly compute the labels at convergence without going through the
iterative process described in algorithm 3. As illustrated in Figure 7, we apply the label

32

(b)

Figure 7: The results of label propagation on the dumbbell graph before (a) and after (b)
sparsification. The red and blue color represent the initial opposite vertex labels, and the
green and orange color correspond to the final propagated vertex labels. Blue and green
share the same label, and red and orange share the same label.

propagation algorithm to the dumbbell graph dataset to demonstrate that preserving the
structure of graph Laplacian via sparsification also preserves the results of label propagation
on graphs.

Label propagation on simplicial complexes. To apply label propagation to our dumbbell
complex example, we extend the label propagation algorithm of [75] to simplicial complexes,
again, by replacing the vertex-vertex affinity matrix with edge-edge affinity matrix Ag. The
resulting stochastic matrix P = AdAgl captures the transition probabilities between edges
instead of vertices. Without considering the orientation of edges or triangles, the algorithm
can be considered as applying label propagation to the dual graph of the simplicial complex.

In addition to the example shown in Figure 6, we give a few more instances of the
results of label propagation on the dumbbell complex in Figure 8 with different initial labels.

6 Discussion

We present an algorithm for the simplification of simplicial complexes that preserves the
spectral properties of the up Laplacian. Our work is strongly motivated by the study of an
emerging class of learning algorithms based on simplicial complexes, and in particular, those
spectral algorithms that operate with higher order Laplacians. We would like to understand
the benefits and incurred error when such learning algorithms are applied to sketches of the
data. Several ongoing and future directions are described below.

Challenges for efficient implementation. To compute generalized effective resistances
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Figure 8: More instances of label propagation on the dumbbell complex before (a), (c) and
after (b), (d) sparsification.

of i-simplices of K exactly, we need to solve linear systems involving the up Laplacian. The
best solution is to compute a QR or SVD decomposition of the scaled incidence matrix
Wz-l/ 2Di_1, which can be done in O(n; - n?_l) time, where n; is the number of i-simplices
and n;_1 is the number of (i — 1)-simplices of K.

Spielman and Srivastava [63] gave an algorithm that can approximate effective
resistances and produce the sparse graph in O(mlog(r)/e?) time, where m is the number
of edges, and r is the ratio of the largest to the smallest edge weights. The key to their
algorithm was an efficient SDD solver [66] that approximately solves the linear systems
involving the graph Laplacian in O(mlog(1/d)), where § is an error parameter. Recent
SDD solvers, also using graph-based preconditioners (low stretch spanning trees, etc.), have
improved the running time even further |39, 18].

However, the up Laplacians L ; for i« > 1 are not diagonally dominant matrices.
Therefore, these fast SDD solvers may not be applied directly to approximate generalized
effective resistance. Although solving linear systems of higher order Laplacians has been
studied for limited classes of complexes [17, 19, 42|, no such solvers exist for up Laplacians
of arbitrary (nongeometric) simplicial complexes.

Generalizations of spanning trees to higher dimensions may be useful in constructing
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fast solvers for up Laplacians of arbitrary simplicial complexes. Alternatively, sparsification
using generalized effective resistance can be thought of as a form of leverage score sampling.
Computation of exact leverage scores has the same time complexity as the computation of
exact generalized effective resistance. However, fast algorithms to compute constant factor
approximations to leverage scores [26, 16] exist, which in theory, can run in o(n; - n? ;)
time. However, further analysis is required before we can apply any of these approaches to
approximate generalized effective resistances and make claims about the runtime of such
implementations.

Physical meaning of generalized effective resistance. We believe the generalization
of effective resistance to simplicial complexes, introduced in Section 3.1, may find other
applications in analyzing simplicial complexes. Although the generalization is algebraically
straightforward, its interpretation and properties pose many natural and interesting questions.
For example, does it have an interpretation in terms of a random process, such as an effective
commute time as in the case of a graph (see, e.g., [29])7 Is it related to minimum spanning
objects in the simplicial complex? Does it play a further role in spectral clustering of
simplicial complexes?

Multilevel and Hodge sparsification. We are also interested in performing multilevel
sparsification of simplicial complexes; for example, we would like to sparsify triangles and
edges simultaneously while preserving spectral properties of the dimension-0 and dimension-1
up Laplacians. Such sparsification is challenging if we would like to simultaneously maintain
structures of simplicial complexes; we may be able to relax our structural constraints to work
with hypergraphs instead. In addition, multilevel sparsification is also related to preserving
the spectral properties of the (Hodge) Laplacian. Finally, we are also interested in deriving
formal connections between homological sparsification and spectral sparsification of simplicial
complexes.
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A Implementation and Execution Rates

We will first take a quick look at the execution rates for the spectral clustering and label
propagation algorithms used in our experiments. It is not our goal to provide efficient
algorithms for spectral clustering or label propagation. We only want to show that, by
reducing ng, the number of k-simplices, our sparsification algorithm can greatly improve the
rate of execution of both spectral clustering and label propagation. Since the spectrum of
L -1 is also approximately preserved, the output clusters or labels are approximately the
same for the original simplicial complex and the sparse complex output by the sparsifier.

A.1 Spectral Clustering

In spectral clustering, our objective is to cluster (k — 1)-simplices of K into d clusters. To
do this, we first compute the eigenvectors corresponding to the d largest eigenvalues of the
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Laplacian of the dual graph and then apply k-means clustering to nj_; points in R? formed
by these d eigenvectors. To compute eigenvectors of a sparse, symmetric Laplacian matrix,
one can use ARPACK’s Implicitly Restarted Arnoldi Method (IRAM). The rates of execution
(in flops) for various steps in the algorithm are as follows:

1. Computing Lanczos vectors and tridiagonal matrix - O(nnz - ng_1).
2. Eigendecomposition of the tridiagonal matrix - O(n2_,).
3. Computing d eigenvectors of the input matrix - O(ng_1 - d).

4. k-means clustering with the d eigenvectors - O(ng_1 - d - t).

Here nnz is the number of nonzero entries in the input matrix, and ¢ is the number of
iterations required for the k-means (Lloyd’s) algorithm to converge. The input matrix is the
nk—1 X ng_1 Laplacian of the dual graph. The term O(nnz - ni_1) dominates the overall cost
since d < ng_1 < nnz. Our sparsification algorithm can help reduce this cost significantly
by reducing nnz.

A.2 Label Propagation

In the label propagation problem, we are given discrete labels for a small subset of (k — 1)-
simplices of K, and the objective is to learn the labels on the remaining unlabeled (k — 1)-
simplices. Our label propagation algorithm requires constructing the adjacency matrix of
(k — 1)-simplices and then normlizing it to obain the transition probability matrix P, which
can be achieved in O(ny) flops. The algorithm then requires solving the linear system
(I — Puw)yu = Puyi, where, y; is the vector of known labels, and P,, is the submatrix of P
corresponding to unlabeled (k — 1)-simplices. As long as the simplices are label-connected,
i.e., there is a sequence of k-simplices connecting every unlabeled (k — 1)-simplex to a labeled
(k — 1)-simplex, (I — P,,) is symmetric positive definite. Using conjugate gradients, the
system can be solved in O(nnz - ni_1), where nnz is the number of nonzero entries in P.
Once again, our sparsification algorithm can reduce the cost significantly by reducing nnz,
the number of nonzero entries in P, which is proportional to the number of k-simplices.

A.3 Sparsification

To sparsify a weighted simplicial complex K at dimension k, we need to compute the
generalized effective resistances of the k-simplices, which we defined as the diagonal entries
of matrix Ry = Dk_l(EKk_l)“'D%_l. Lk k-1 is an ng_1 X ng_1 symmetric positive semi-
definite matrix. Dj_q is an ny X ng_1 matrix. Both these matrices can be constructed in
O(ny), where ny is the number of k-simplices of K.

Computing generalized effective resistances exactly. In a naive implementation, one
would obtain generalized effective resistances by computing Ry as defined. To do that, we
would first need to solve ny, linear systems of the form Ly p_12f = d?, where dy is the row
of Dy_1 corresponding to k-simplex f of K. The total cost of obtaining generalized effective
resistances this way is as follows:
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1. Obtain LU or QR decomposition of L x—1 - O(n3_,).
2. Solve ny, linear systems using the decomposition - O(ny, - n_,).
3. Compute Ry - O(n3).

4. Obtain ¢ samples with replacement from the probability distribution defined by
generalized effective resistances - O(q) = O(ny_1 log(ny_1)/2).

Note that ¢ is a fixed error parameter and ng_1 < ng (otherwise, sparsifying at dimension k
would not be necessary). Therefore, the total cost is dominated by the O(ny - nf_,) term.

Another possible approach is to look at sparsification by generalized effective resis-
tances as a form of leverage score sampling. For an n x d matrix A, with SVD A = UXVT,
the leverage scores of rows of A are defined as the squared norms of rows of U. To see the
relation between generalized effective resistances and leverage scores, define ® = VV/,C1 / 2Dk,1
to be a scaled incidence matrix with singular value decomposition ® = UXV”. Note that
Lgp—1= ®T®. The sampling probability of an k-dimensional simplex f of K is proportional
to II(f, f) = w(f)Ri(f, f), where IT = W,€1/2R;€Wkl/2 is the projection matrix defined in the
proof of theorem 3.1. Then, we have

=W, Dy 1(Lxpr)t DL WL
= o(oT )t ol
=uxviwsutusvh)ytvsut
=uxviwsvhytvsu?
=uxvTiwvhHr 2y )tvsou?
=Uu”.

Therefore, diagonal entries of I are the same as diagonal entries of UUT, which are precisely
the leverage scores of rows of ®. Unfortunately, this approach requires computing the singular
value decomposition of the nj x ng_1 matrix ®, which again has the cost O(ny - n%fl).

Approximating generalized effective resistances. Corollary 3.1 is a straightforward
generalization of [Spielman and Srivastava|63], Corollary 6]. It shows that a constant factor
approximation of generalized effective resistances is sufficient to obtain a good sparsifier of K.
Using this corollary, Spielman and Srivastava [63] gave an algorithm for graph sparsification
that runs in O(mlog(r)/e?) time, where m is the number of edges and r is the ratio of
largest to smallest edge weights. The key to their algorithm was an efficient SDD solver [66]
that approximately solves the linear system involving the graph Laplacian in O(mlog(1/9))
where § is an error parameter. More recent SDD solvers, using graph-based preconditioners
(low stretch spanning trees, etc.), have improved the running time even further [39]. The
fastest known SDD solver, proposed by Cohen et al. [18], has O(m - log"/? nlog(1/¢)) time
complexity for an n x n SDD matrix with m nonzero entries.

However, L -1 for k > 1 is not a diagonally dominant matrix. Therefore, the
fast SDD solvers used to compute effective resistances in graph sparsification cannot be
used directly to compute generalized effective resistance. Solving linear systems in the
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k-dimensional up Laplacian has been studied by Cohen et al. [17] for limited classes of
complexes. A related line of work on spectral algorithms for 2-dimensional truss matrices
was initiated by Daitch and Spielman [19]. However, more analysis is required before we
can apply these approaches to approximate generalized effective resistances for simplices in
arbitrary (nongeometric) simplicial complexes.

Some work has also been done on fast approximation of leverage scores [26, 16].
Given an n X d matrix with n > d, constant factor approximations of its leverage scores can
be computed using randomization techniques like matrix sketching. These algorithms run
in O(nnz -log(n) + d> - log(d) - log(n). In fact, under certain conditions on n and d, these
methods can approximate leverage scores in o(n - d?). However, further analysis is required
to determine whether our input boundary matrices satisfy the specific assumptions under
which this runtime bound holds. If they do, this runtime would translate to o(ny - n2_,) in
our case.
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