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Abstract. The Cahn-Hilliard-Navier-Stokes (CHNS) equations represent the fundamental building
blocks of hydrodynamic phase-field models for multiphase fluid flow dynamics. Due to the coupling
between the Navier-Stokes equation and the Cahn-Hilliard equation, the CHNS system is non-trivial
to solve numerically. Traditionally, a numerical extrapolation for the coupling terms is used. How-
ever, such brute-force extrapolation usually destroys the intrinsic thermodynamic structures of this
CHNS system. This paper proposes a new strategy to reformulate the CHNS system into a constraint
gradient flow formation. Under the new formulation, the reversible and irreversible structures are
clearly revealed. This guides us to propose operator splitting schemes that have several advanta-
geous properties. First of all, the proposed schemes lead to several decoupled systems in smaller
sizes to be solved at each time marching step. This significantly reduces computational costs. Sec-
ondly, the proposed schemes still guarantee the thermodynamic laws of the CHNS system at the dis-
crete level. In addition, unlike the recently populated IEQ or SAV approach using auxiliary variables,
our resulting energy laws are formulated in the original variables. This is a significant improvement,
as the modified energy laws with auxiliary variables sometimes deviate from the original energy
law. Our proposed framework lays a foundation for designing decoupled and energy stable numer-
ical algorithms for hydrodynamic phase-field models. Furthermore, various numerical algorithms
can be obtained given different splitting steps, making this framework rather general. The proposed
numerical algorithms are implemented. Their second-order temporal and spatial accuracy are ver-
ified numerically. Some numerical examples and benchmark problems are calculated to verify the
effectiveness of the proposed schemes.
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1 Background

Multiphase interfacial problems are ubiquitous in nature and industrial processes. As one of the
most widely used approaches, phase field methods/models have been broadly utilized in various
fields to investigate interfacial problems [1-3,5,10,29,33, 34,47]. The phase-field method’s major ad-
vantage is that the evolving interface is captured intrinsically instead of explicitly like other interface
tracking methods. This dramatically simplifies the modeling and computational processes. Mainly,
one needs to introduce phase-field variables that could either be the volume fractions or labels for
the phases. Then continuous partial differential equations (PDEs) are proposed in the computational
domain. Once the PDEs are solved, the interfaces will be retrieved through level sets of the phase vari-
ables. The phase-field models are also known as diffuse interface models since an artificial diffuse in-
terface is usually introduced to regularize the phase variables, which are the PDEs’ solutions [9]. Due
to its simplicity in the theoretical formulation and numerical implementation, the phase-field method
has been widely used in the fields where multiple material phases are involved [7, 24, 30, 40, 41, 50].
The velocity fields shall be considered when the material systems are fluids since the interactions be-
tween kinetics energy and free energy are not ignorable. Thus, the hydrodynamic equations for fluid
flows will be proposed along with the phase-field equations for the phase variables. The well-known
Cahn-Hilliard-Navier-Stokes equations are the fundamental system for the hydrodynamic phase-field
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models [4,6,21,31]. It has been widely used to investigate interfacial problems for the incompressible
fluid mixture.

Consider the domain Q) and time t € (0,T], and denote Qr = Qx (0,T]. In this paper, we use
¢ € [—1,1] as the phase variable, with ¢ =1 to label one phase, ¢ = —1 to label the other phase, and
¢ =0 representing the interface. The total energy of the two phase fluid-mixture system £ include the
Helmholtz free energy F and the kinetic energy E, i.e.

E(wg)=F@)+EwW), E@)= [ 2(51V0P+7@)dx Ew= [ Lufax.

where 1 is the surface tension between the two fluid phases, ¢ is an artificial parameter controlling
the interfacial thickness. f(¢) is the bulk free energy for the two phase material. u the volume-
averaged velocity, and p is the volume-averaged density. In this paper, we assume the fluid mixture is
incompressible, and both phases have the same density. The double-well potential

F9) =3¢~ 1)? (12

will be used as the bulk potential in the rest of this paper. Other cases, such as the Flory-Huggins bulk

potential [13,22], could be treated similarly with our proposed algorithms in this paper.
Then, the Cahn-Hilliard-Navier-Stokes (CHNS) equations are formulated as [4,6,21,31]

0 (atU+u- Vu) = —Vp+yV2u—¢Vu, (xt)€Qr,

V‘uzor (X,t)EQT,

Wp+V-(up)=V-(M($)Vp), (xt)€Qr,

p=—rebp+Ef(9), (1) EQr,

(1.3)

where 7 is the viscosity parameter, M(¢) >0 is the mobility operator, p is the hydrodynamic pressure,
and y = % is the chemical potential. The boundary conditions are not unique. In this paper, if not
otherwise specified, we focus on the following physical boundary conditions:

u(x,t)=0, Vu(xt)-n=0, V¢(x,t)-n=0, (xt)€aQx(0,T], (1.4)

with n the outward normal vector at the boundary. The CHNS system in (1.3)-(1.4) is known to satisfy
the second law of thermodynamics [4,6,21,31], with the energy dissipation rate calculated as

o = [ (1W/M@) VPVl )ax. (15)

One principle in developing numerical algorithms for solving the CHNS system is to guarantee that
the numerical solutions also satisfy the energy law in (1.5). A numerical scheme that satisfies the
monotone property of the energy is known as an energy stable scheme or energy-law-preserving
scheme [11]. In an energy-stable scheme, the energy of the system remains bounded (non-increasing)
at any time step regardless of the time step size, cf. (1.5). Therefore energy-stable schemes allow large
time marching while preserving accuracy and stability, which is essential in solving stiff systems such
as the CHNS system [35].

Given the significant role it played in the phase-field models, the CHNS system has drawn a con-
siderable amount of attention. Many seminal works have been published investigating different as-
pects. Here we briefly review some relevant results in numerical analysis. There are several pieces
of existing works on fully discrete schemes for the hydrodynamic phase-field model or its simplified
versions [8,20,21,42], all of them are either only first-order in time or nonlinear. In comparison, our
decoupled schemes can be more efficient in implementation and computational costs. Han and Wang
introduce a second-order velocity projection method for the CHNS system in [21]. The resulted nu-
merical scheme is second-order accurate in time. This is one of the earliest works to introduce second-
order numerical algorithms for the CHNS system while preserving energy stability. Later Gong et al.



manage to improve the scheme by using the energy quadratization (EQ) idea, such that only linear sys-
tems need to be solved at each time step [15]. Another linear and energy stable scheme is introduced
in [6], where a stabilized leap-frog type time-marching strategy is adapted. However, the velocity
field and phase variables have to be solved simultaneously in all the schemes just mentioned. This
requires either a Newton iteration method or a fixed-point iteration method. This drawback shall not
be ignored since the solution’s existence, and uniqueness for the iteration method usually have sub-
stantial requirements on the time step, making the unconditional stability of the original numerical
algorithms less appealing. We also note that some second-order (linear) energy stable schemes have
been developed for thermodynamic phase-field equations in recent years [12,14,18,26,37], which may
potentially be applicable to hydrodynamic phase-field models.

Due to the coupling between the hydrodynamic equation and the phase-field equation, it is desir-
able to develop accurate and efficient numerical algorithms that can decouple the two equations. It is
preferred that, in each time marching step, only a smaller size of problems shall be solved sequentially.
This is the primary motivation of this paper. Seeking decoupled numerical algorithms that can solve
the velocity field u and phase variable ¢ independently has been an active research topic. One ap-
proach is to treat the velocity u explicitly in the Cahn-Hilliard equation, cf. [23,28]. As is shown in [23],
the energy law is preserved under a CFL condition. Minjeaud realized that a first-order relaxation on
the velocity field could uncouple the velocity field and phase variable such that decoupled numerical
algorithms for triphasic Cahn-Hilliard-Navier-Stoke model can be developed [31]. This idea has been
further populated to investigate various hydrodynamic phase field models [25, 38, 46, 49], for which
one can get a linearly decoupled scheme such that the velocity field, phase variable, and pressure can
be solved sequentially. Each of the sub-problems is an elliptic-type equation so that fast and efficient
solvers can be applied. But due to the unavoidable first-order modification on the velocity field, the
accuracy is restricted to first-order, which is not much attractive for practical application. In parallel,
the idea of the scalar auxiliary variable (SAV) has been used to decouple the phase field and hydrody-
namic systems [27,44], from which second-order decoupled schemes could be developed. However,
such strategies usually introduce new variables so that discrete energy laws are modified using the
auxiliary variables, making the connections with the energy law with original variables less clear.

In this paper, we come up with a novel approach to overcome all these difficulties mentioned
above. Mainly, we propose an elegant strategy to develop decoupled and energy stable numerical
algorithms for the CHNS system in a confined geometry subject to physical boundary conditions.
We first reformulate the CHNS system into a constraint gradient flow system. This reformulation
provides insights into the numerical algorithm design. With the constraint gradient flow formation,
we propose several variants of second-order operator splitting schemes. All the schemes uncouple the
velocity field and phase variables so that only smaller systems need to be solved in each time marching
step. Besides the efficiency, all the schemes are rigorously shown to be energy stable, i.e., satisfy the
discrete energy law. We emphasize that our proposed schemes hold the discrete energy laws in the
original variables, which differs from the EQ or SAV approaches [37,45].

The rest of the paper is organized as follows. We first reformulate the CHNS system into a con-
straint gradient flow formulation in Section 2. Then we discretize the space with a second-order finite
difference on staggered grids in Section 3. Afterward, we introduce the second-order splitting tech-
niques to design second-order accurate in time and decoupled numerical algorithms for solving the
CHNS system in Section 4. The energy stable property of the proposed schemes is also rigorously
proved. Then, in Section 5, we present the convergence tests and several benchmark problems. The
numerical results highlight the effectiveness of our proposed decoupled numerical schemes. In the
end, we give a brief conclusion.

2 Model Reformulation of CHNS equations

2.1 Some notations

First of all, we illustrate the reformation of the incompressible CHNS system. Notice the pressure
p in (1.3) is a Lagrangian multiplier to enforce the in-compressibility of the velocity field u. With this
in mind, we can reformulate the CHNS system into a constraint gradient flow form that will guide us



in designing decoupled numerical algorithms.
Consider a regular domain Q) in d dimension. For any f,¢ € [L?(Q)]¢, we denote the inner product

and induced L? norm as )
()= [ Lhigds 1£1=y/(75) @)

Follow the notations in [17,32]. Let P, be a functional space defined by
Py= {u(x,t) ue[L2(O)]% V-u=0inQ, u=0on BQ}. (2.2)

The divergence free projection operator I1,: [L?(Q)]? — Py is defined as

Hu(a){ a—Vp, inQ/dQ, 2.3)

0 onoQ,

where p satisfies a Poisson equation with a Neumann-type boundary condition, as shown below

Ap=V-a, in(),
g—ﬁ:a-n, on 0Q).

With the projection operator Il in (2.3), we denote the constraint variational derivative of the kinetic
energy E in (1.1) with respect to the velocity field as

OE oE
— =ITy=—. 2.4
ou "ou 24)
Next, we illustrate the reformulation of the convection term in the Navier-Stokes equation. We
introduce the skew-symmetric form for the nonlinear convection term as

B(v,u):%{v-Vu—FV-(vu)] (2.5)

It induces a trilinear form b defined as [21]
_ _ 1 1
b(v,uw)= (B(v,u),w) =3 [(v-Vu,w) - (V'VW,H)] , Yu,v,weH;(Q), (2.6)

which has the property b(v,u,u) =0, Vu,ve H}(Q).

Remark 2.1. The reformulation of the skew-symmetric form B(v,u) for the convection term is not
unique. An alternative skew-symmetric form is B(v,u) = (v-V)u+1(V-v)u.

2.2 Model reformulation

Given V-u=0, we have the property B(u,u) =u-Vu. The incompressible CHNS system in (1.3)
can be rewritten as
p(dru+B(u,u))=—Vp+nAu—¢V. (2.7)

With the constraint variation in (2.4) and reformulation of the convection term in (2.5), we rewrite
the CHNS equation in (1.3) as a constraint gradient flow form

/ g(ﬁAoB(u,o) —pVe )/ 28)
—V-(ep)  V-(M(p)Ve)

u

¢

P

o0&
AN¥Y=G—, A=
at g(SIY/ 01

, Y=

with proper boundary conditions and initial values. Here % = Hug—ﬁ is defined using the projection
operator as shown in (2.4). G is called the mobility operator.

Remark 2.2. This constraint gradient flow reformulation is not limited to the Cahn-Hilliard-Navier-
Stokes system. Other thermodynamic consistent hydrodynamic models could be reformulated simi-
larly. We will not elaborate on it due to space limitations.



2.3 Splitting strategies for the mobility operator §

The mobility operator G can be splitting as two parts: G:=G,+7;. One splitting instance is defined

G — ( 0 (pVo) - (UAQB(u,o) 0 ) . 2.9)
—V (o) 0 0 V-(M(¢)Ve)

Here G, controls the reversible dynamics, representing the energy exchanges between the kinetic en-
ergy and the Helmholtz free energy, and Gs controls the irreversible dynamics, representing the energy
dissipation.

The splitting of the mobility operator G = G,+Gs is not unique. Different splitting strategies will
lead to different numerical algorithms, which will be elaborated in later sections. In particular, we
introduce an alternative splitting as below

G — ( 0 —pVe )/ G.— (ﬂAoB(u,o) 0). 2.10)
—V-(e¢) V-(M(¢p)Ve) 0 0

3 Spatial Discretization on Staggered Grids

as

In this section, we present the spatial discretization of the CHNS system in (1.3) with physical
boundary conditions in (1.4).

3.1 Notations for spatial discretization

To simplify the presentation, we introduce some finite difference notations for spatial discretiza-
tion. Although these notations can also be found in [8,15,36,42,43], we summarize them in this section
to make this paper reader-friendly.

We consider a rectangular spatial domain Q= [0,L,] x [0,L,] with L, and L, two positive nurnbers

The domain is discretized into uniform rectangular meshes with mesh size h, = N and h, = 1. Here
N, and Ny are two positive integers. We define the following 1D sets for grid points

Ex:{xi+%|i:0,1/...,Nx}/ Cx:{xi’l':1,2,...,Nx}, CY:{xi’i:O,l,...,Nx—f—l},

where x;=(I— %)hx, y=(- %)hy, and ! can take on either integer or half-integer values. Ey is called a
uniform partition of [0,L,] of size Ny, and its elements are called edge-centered points. The elements
of Cy and Cx are called cell-centered points. The two points belonging to Cx\ Cy are called ghost points.
Analogously, the set E, is a uniform partition of [0,L,] of size N, called edge-centered points, and C,
and Cy contain the cell-centered points of the interval [0,L,].

We define the following discrete function spaces

Cxxy—{cp CixCy—=R}, Coxy={¢:CzxCy =R}, Cixy={¢:CixCG—R},
Coxg={¢:CGexCyg— R}, &L, ={u:ExxCy—R}, ESy={u:ExxCy—R},
Ey={v:CexEy =R}, &5, ={v:CexEy =R}, Vigy={f:ExxE,—R}.

Throughout this paper, we denote the cell-centered, edge-centered and vertex-centered discrete
functions as follows:

cell centered functions:  ¢,1, 1t € Cyxy UCxxy UCx x5 UCzxy,

east west edge centered functions:  u,r € &5, UELy,
north south edge centered functions:  v,w €&y} UE,

vertex centered functions:  f,¢ € Vixy.



We define the discrete function spaces with homogeneous Dirichlet boundary conditions as fol-
lows:
&y ={ue 5§§yu5§§’y\u%4 =uy 1;=0,j=12,...Ny},
Ey={ue&y|uy j=uy .1,;=0,j=01,...,Ny+1},
&y ={vegl,u ;iy\vil% =0, n,+1=0,i1=12,..,Ns},
Eny= {veggiy\vi% =0, 5,41 =0,i1=0,1,..., Ny +1},
Vfc% ={fe Vxxy‘f%,]ur% :fo+%,j+% =0,j=0,1,...,Ny},
Vi, = {f€Voulfirii=fiiin+1=0i=01,..,Ni},
V0, =V VIS,

Note that 5;1’% C Eiz‘x’g and é}lioy C E;“ioy. The east-west-edge-to-center average and difference operators

are defined as ay, d: 5;% UVixy — CaxgUE }Ziy in component-wise forms:

axui,j = 7

(iyy ity ), detij=1-

1 1
“hijey =g Uinpey Hingjet) Bhijy =g Uiy ~fimyjey) aefilef €80y

(uiJr%/j —uif%/j), axut,dxu € Cyxy,

The north-south-edge-to-center average and difference operators are defined as ay, dy: &5 UVrxy —
CrxyUEY, in component-wise forms:

1
E(Ui,]'-i-%—'—vi,j—%)’ dyvi/j:E(vi,j+%_vi,j—%)’ ayv,dyUECyXy,
1
a?/ﬂ+%,j:i(fi+%,j+%+fi+%,jf%)/ dy i+%,j:E(fi+%,j+%_fi+%,jf%)/ ”yf/dyfegﬁ%-

ﬂyl),‘,j =

The center-to-east-west-edge average and difference operators are defined as Ay, Dy :Cfxyué’giy —
Efzi’yUVxxy in component-wise forms:

1 1
Ax¢i+%,j:§(4’i+l,j+¢i,j)r Dx¢i+%,j:?x(¢i+l,j_¢i,j)r Ax‘P/Dx‘Pe :iziyr

A

1
Wi died = 2 @iy Ha) De¥ig i =3Oy i) A0 D€ Ve,

The center-to-north-south-edge average and difference operators are defined as Ay, Dy:CxxyUET; —
E¢xyYVxxy In component-wise forms:

1 1
Ayij1=5(Pijr1+0ij), Dydyjp1= hfy(¢z}j+1 —¢ij), Ayp,Dyp€EL,,

1

Ay Q(ui+%,j+l+ui+%,j)’ Dyuiy1 i1 :Fy(ui+%,j+1_ui+%,j)’ Aytt, Dyt € Veey.

it
The discrete Laplacian operator Ay, : Czxy — Cxxy is defined as

App=dx(Dx¢p)+dy(Dyd).

We discretize the physical variables that satisfy Neumann boundary conditions at the cell-center
and the ones that satisfy Dirichlet boundary conditions at the edge-center. So, the cell-centered func-
tions ¢, € Cx«y satisfy homogeneous Neumann boundary conditions if and only if

$Poj=P1j PN, j=PN,+1jr Hoj=H1js HNej=HNet+1jr J=12,...,Ny, (3.1)
Pio=0¢i1, PN, =PiN+1,  Hi0=Hi1, HiN,=HiN+1, =01, Ny+1. (3.2)



The velocity u= (u,v) (foruec £, ve &L

Xy EXy) satisfies the no-slip (Dirichlet) boundary conditions

u|n =0 if and only if

u%,].:uNﬁ%,j:O, j=12,...,Ny, (3.3)
Ayt =Aytty g n 1 =0, i=0,1,... Ny, (3.4)
01 =0 N, 41 =0, i=1,2,...,Ny, (3.5)
Axv%ﬁ% =Avy L1l =0, j=0,1,...,N,. (3.6)

It is easy to show that

Dy, Dxp,u € EXYY, Dy, Dyp,v € EXL , Ayu, Axv € VY

XXy’ XXy’

wyr Dy €V, Dyve VIS, (3.7)

Based on the above definitions, we define the following discrete 2D weighted inner-products:
Nx NZ/

(P 9)a=hhy) ) @i,

i=1j=1
[1,1]ew=(ax(ur),1)2, [0,w]ns=(ay(vw),1)2, {f,&)oc=(ax(ay(fg)),1),,

and the corresponding discrete norms:

1ol =(00)3 lulew=lwuldo, [[ollus=[0,0)2 [flloc="{f.f)i-

Specially, we have

Ny—1 Z\]}/
[, )ew=lehy Y Y ity i UEEL,
i=1 j=1
N; Ny—1
i=1 j=1

I\I;'c_lz\]f‘/i1
: 0
(fi8)oe=hxhy ) 21 firyie18ivd iy HFE€ Vi
]:

i=1

For the edge-centered function u= (1,v), u€ & fﬁy,v € Egiy and the cell-centered function ¢ € Czy, we
define the following norms

[ull2:= /1o + 0l Vll2:= \/HDx4>H§w+HDy4>H%s-

Next, we introduce some useful lemmas [15].

Lemma 3.1. For ¢ € Cxxy, UE Sﬁzﬁoy, vE E}Zioy, there exist the following identities:

[Ax47/u]ew: ((P/ax”)Z/ [Dx¢/u]ezv+(¢/dx”)2:or (38)
[Ay‘l’/v]ns = (<P,ﬂy0)2, [qu’/v]ns + (47/dyv)2 =0. (3.9
Lemma3.2. For fe VY, ue Eleyy U E EFL s there exists the identities:
<f/Ayu>vc:[ayf/u]ewz <f/Dyu>vc+[dyf/u]ew:0/ (3-10)
<f/AxU>vc: [axfzv]ns/ <f/DxU>vc+[dxf/U]ns:0~ (3.11)
Lemma 3.3. For f € Vyxy, ue Ejz;’y, vVE Egiy and Ayu,Ayv € VSXy, there exist the identities:
<f/Dyu>UC+ [dyf,u]ew :O, (3.12)

(f,Dx0)oc+[dxf,0]ns =0. (3.13)



3.2 Spatial discretization

With the notation above, we are ready to explain the spatial discretization of the CHNS on stag-
gered grids. To write it in a clear manner, we write the spatial discretization in the following compo-
nent form

pdpu+L E (40au+05 (1) + 09y 1 +0, (0u1) ) = ~Dop-+ 12 Dctt— 9O, (3.14a)
p8t0+p (uavara (uv)+vayv+8y(vv)> = —0yp+10,0yv— POy H, (3.14b)
3, +9,v=0, (3.14c)
-+ (gu) +3y (90) =3 (M(9)2ept) +3y (M()3yn ), (3.14d)
u=—1edp+ L (@), (3.140)

where u= (u,v). Then, we apply the finite difference spatial discretization on a staggered grid on the
system (3.14).

Scheme 3.1 (Semi-discrete Scheme). Applying staggered-grid finite differences in space to the system
(3.14) with boundary conditions (1.4), we obtain a semi-discrete scheme as follows:

{P%LH-Z (qu(axu) + Ay (dyx(uu)) +ay(AyvDyu) —I—dy(Ayquv)> (3.15a)
:—Dxp‘i_rlD d u— AX(PDXV} .
i]
{p;tw p (ax<Ayquv) +dy (AyuA0) +vDy(ayv)+ A, (dy(vv))) (3.15b)
——Dyp+-+Dydyo— qubDyy}
{turdo=o} (3.15¢)
L]
d
{agb"‘dx(Ax(Pu) +dy(Ay(P’0) =d, (M(Ax(l))Dx‘u) —|—dy (M(Ay(l))Dy,u) }i/]" (315d)
{V:_')’SAh‘P‘“%f/(‘P)}, B (3.15¢)

i,j

where u,0v,¢,p satisfy the discrete boundary conditions (3.1)-(3.6), and i =1,...,Ny—1,j=1,...,N; for
Eq. (3.15a),i=1,...,Ny,j=1,...,N,—1 for Eq. (3.15b), i=1,...,N,,j=1,...,N,, for Egs. (3.15¢c)-(3.15e).

We can easily show that the semi-discrete scheme 3.1 has the following two properties.

Theorem 3.1. The semi-discrete scheme 3.1 preserves the discrete mass conservation law given by

2 (91)2=0. (3.16)

Proof. This can be easily verified. In fact, we can compute the discrete inner product of (3.15d) with
constant function 1, and use (3.7) and Lemma 3.1. Then, this leads us to (3.16). O

Theorem 3.2. The semi-discrete scheme 3.1 preserves the discrete energy dissipation law

%Eh—i— (ﬂ,(dxu)Z—l- (dyv)2>2—|— [M(Ax¢),(Dxp)?],,+ [M(Ay@),(Dyp)*], . =0, (3.17)

where Ey, is the discrete energy functional defined as

*|\U||z+ HV<P||2+ (f(@), )2 (3.18)



Proof. Noticing that ue & ;i’% and using Lemma 3.1, we have

[uDx(ayu)+ Ay (dx(uu)),u], = —(axu,dx(un)),+(de(uu),a,u), =0. (3.19)

Eq. (3.7) implies that u € 5;1;’%, vE Sgioy, and thus AyvDyu, AyuA,v € VSXy. According to Lemma 3.2,
we then have

ew

Similarly, we can deduce

{ax(Ayquv)—i—d (AyuAyv),0 ] [ Ay(d, (vv)),vz] ns:O, (3.21)
[Dxpr”]ew+[DyPrv]ns—_(Prdxu+d )= (3.22)
[qu(dxu),u] [qD } ( )2)2, (3.23)
[Ax¢Dxpt,uew+ [Ay@Dyp,v ]ns—_( ,dx (A x¢u)+dy( y$0)),, (3.24)
(dx (M(Ax¢)Dxp) +dy (M(Any)Dyl‘)fﬂ) ;=

— [M(Ax),(Dxpt)?],,, = [M(Ay9), (Dy1)’] .. (3.25)

Computing the discrete inner product of (3.15a), (3.15b) and (3.15d) with u, v and y, respectively, and
using (3.19)-(3.25), we have

[u/ut]ew + [Ulvt]ns + (‘u,¢t)2 =
— (7, (dee*+ (@,0)?)

In addition, it is not hard to calculate

— [M(A:9),(Dxp)?],,, — [M(Ay9), (Dyp)?] . (3:26)

2

;tEh:{”/”t]ew‘f’[vzvt]ns+'Y€([Dx¢/Dx¢t]ew+[ Dy, Dy(l’t]HS) (= f(¢) P1)2

= [ tte]ew +[0,0t]ns — (vedn,pr)2+( f(fP) 1)
- [u/ut]ew"f’ [U/ t]ns (,ucht) .
Adding the two equations above will lead us to (3.17). This completes the proof. O

4 Decoupled Time Discretization

With the semi-discrete scheme 3.1, we are ready to introduce the temporal discretization. Notice
the fact the spatial discretization and temporal discretization are independent. To simply our nota-
tions, we apply the temporal discretization directly on the continuous CHNS system (1.3), instead
of on the semi-discrete scheme in (3.15a)-(3.15e). However, we emphasize by using the same time
discretization on the semi-discrete scheme 3.1, the full discrete scheme will be immediately obtained.

4.1 Notations for temporal discretization

First of all, we introduce some notations for temporal discretization. Consider the time domain
€ [0,T]. We discretize it into equally distanced intervals 0=t)<t; <t, <---<ty=T, with §t = %, and
ti=iot,i=0,1,2---,N. Furthermore, we introduce the notations:

+1_ ( a1 ) p T2 (3¢n 4)71 1), (4.1)
41 +3
4l ; [
+1 n— 1 —-n 4)11 1 (42)
1 5 1 - 7 3 n-
sntg _—7(3"71 u' ), Wi ="u e, @t = ta - Se (4.3)
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Recall the bulk potential f(¢) in (1.2). For the semi-implicit discretization of f'(¢):=¢>—¢ in the
interval [t,,t,11], we denote it as % 1In this paper, we use the classical difference quotient

§(¢n,¢n+])
(5f B (¢n)2+(¢n+1)2 4)11 +¢n+1
ST [ . - 1] S (4.4)
It has the property that
n+1y _ ny_ (snt+l_ on 5f 45
P =F@) =0 =0 5y @)
The property in (4.5) is a rather strong requirement. In general, we could require a weaker property
of
n+1y_ my < (ph 1 _ pt ) 4.6
P = F@) <@ =9 e (@6)

The advantage of the choice in (4.4) is that the requirement in (4.5) is automatically satisfied. Mean-
while, the major disadvantage is that it is nonlinear, such that each time step, a nonlinear problem has
to be solved.

Remark 4.1. The choice of ——/___ is not unique. If we can assume maxger |f'(¢)] <L, with L a

o(gmgmtt)
constant, we can utilize the semi-implicit stabilized discretization to linearize it as
5f :f/(§¢n_lqbn—l)_A(StA(qbn—l—l_¢n)+B(¢n+1_2¢n+¢n—1) (47)
) ( ¢, 4)n+1 ) 2 2 ’ ’

where A and B are stabilization constants [39]. It can be shown that the scheme will be energy stable,
given A and B is big enough. Or as a simple case, we may use the linearized approximation

of
5(4)71’4)114-1)

with C a stabilization constant. The possible choices in (4.4), (4.7) and (4.8) all have their advantages
and disadvantages. One can even further simplify this by introducing auxiliary variables to result in
linear systems [48]. However, the major focus of this paper is to design decoupled numerical schemes
such that the CHNS system can be easily solved.

= o= 30" )+ Corlg™ —g), @8)

4.2 First-order decoupled schemes

With the reformulation (2.8) in mind, we start with first-order decoupled schemes. Utilizing the
classical first-order operator splitting method for the mobility operator G, we have the following result.

Scheme 4.1 (Generic First-order Operator Splitting Scheme). To solve the CHNS system of (2.8) in the
time interval [t,,f,41], we use the first-order operator splitting method for G:=G;+G,. Then each time
marching step will require the following three sub-steps.

e Step 1: In the interval [t,,t,41], solve the problem
A =G, 8 with ¥(t=t,) = ¥"
t 1(5\};/ n ’
and get ¥, =Y (t=t,11).
e Step 2: In the interval [t,,t,41], solve the problem
o .
NI =G with ¥ (t=t,) = ¥.,

and get Y"1 =¥ (t=t,.1).

Apply (2.10) with G; =G, and G, = G to the first-order scheme 4.1, we get the following specified
scheme for the CHNS system.
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Scheme 4.2. To solve the CHNS system in [t,,t,.1], we use the following two steps to obtain (u"1,¢" 1)
given (u",¢").
e Step 1,in [t,,t,11], solve (u,,¢" 1) from

u, —u"

5= Vp=¢"Vit, (4.9a)
V-u, =0, (4.9b)
4)Vl+1 _(Pn
stV (wg") =V (M(p") V'), (4.9¢)
n+1__ nl Y of
P = et A S ) (4.9d)
u,=0, V¢""l.n=0, Vu""l.n=0, onoQ. (4.9¢)
e Step 2, in [ty ty11), solve u"*! from
un+1 —u,
T+B(u",u”+1) =—-Vp+nAu"tl, (4.10a)
V-u"tl=0, (4.10b)
u, =0, on 0Q). (4.10c)

Theorem 4.1. The scheme 4.2 is energy stable, in the sense that
E(u, g ) = & (u'm, ") < —t | [ Va2 [/ M(gm) V2], (4.11)

where the energy is defined as

Elup)=EW+F(g), E)= [ BluPax, Flg)=7 [ 31VoP+ f(g)x

The proof is similar to those in the second-order schemes. Thus we omit the details for brevity.
Notice using different splitting techniques for the mobility operator G will lead to a different class of
numerical algorithms.

Remark 4.2. If we reduce the incompressibility constraint in (4.9b), and use velocity projection for
(4.10), the resulted scheme will be
e Step 1, in [t,,t,41], solve

n

u,—u n n
5= 9"V 1 (4.12a)
PPV (wg") = V- (M (9" V), (4.12b)
n+1_ nl Y of
P = et A 50 07) (4.12¢)
V¢ l.n=0, Vu".n=0, onoQ. (4.12d)
e Step 2, in [ty,t,41], solve
n+1__
S B ) =V au (4.13a)
u, =0, on 0Q). (4.13b)
¢ Step 3, solve
n+1__
% =—(Vpl—vph), (4.14a)
V-u"tl=0, (4.14b)

Vp".n=0, on 9Q. (4.14¢)
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Notice that Step 1 can be further simplified by eliminating u, in (4.12). This reduced scheme is equiv-
alent to the decoupled scheme discussed in [31,38]. In other words, the decoupled schemes in [31,38]
can be treated as a special case of first-order operator splitting schemes.

4.3 Second-order decoupled schemes
Next, we focus on developing second-order decoupled schemes for the CHNS system. Specifically,
we apply second-order operator splitting techniques to the reformulated model in (2.8).

Scheme 4.3 (Generic Second-order Operator Splitting Scheme). To solve the CHNS system of (2.8) in
the time interval [t,,t,11], we use the (second-order) Strang-Marchuk operator splitting method for
G :=G1+G>. Then each time marching step will require the following three sub-steps.

e Step 1: In the interval [t,,t , solve the problem

n+%]
5 )
AatT:glﬁ, WlthT(t:tn):‘F ,

and get‘i’*:‘I’(t:tn+%).

e Step 2: In the interval [t,,t,1], solve the problem
ADF =G> %8 with W(t=t,) =¥
t1 = 25‘{, =In)= I,

and get ¥, =Y (t=t,11).

* Step 3: In the interval [t, +1 ,tn+1], solve the problem

) :1]:!**.

n+%

5 B
N =Gy S, with ¥ (1=t

and get Y"1 =¥ (t,11).

The scheme above is a second-order operator splitting algorithm. Given specific operators G :=
G1+ 0>, the proposed scheme 4.3 can be specified. In the rest of this section, we will discuss several
variants of decoupled numerical schemes.

4.3.1 Second-order decoupled time-marching scheme for the CHNS model

If we plug the mobility operator splitting formula (2.9) into the general scheme 4.3, we obtain the
second-order numerical schemes below.
Scheme 4.4. Given (u”,¢"), (u"~!,¢""!) and u”-n=0, we can obtain (u"*1,¢"*1) in the following three
steps:

e Step 1:in [t,,t,, 1], we solve (u,,¢,) via the following two decoupled sub-steps.

n+i
- Step 1.1: solve u, via

u,— u,+u”

n
u+B

_ptl u*+un _
P75 BT, =5 —)=-Vptnd—F—, (4.152)
v-“*;“ =0, (4.15b)
w,=0, onaQ. (4.15¢)
- Step 1.2: solve ¢, via
(P*_(Pf’l _ *VH-% n+l
5172 =V(M(¢ "*)Vu"1), (4.16a)
n+1 __lg n z 5f
l’l = 2 (A¢*+A(P )—‘f_ € 5(4)71,4)*)/ (416b)

Vu'™in=0, V¢,-n=0, ondQ. (4.16¢)
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e Step 2, In [ty ty11], we solve (U, ¢Pux ) Via two sub-steps.

— Step 2.1, Solve (¢, p) via the following system

1 a1 a1 |
E(¢**—¢*)+V-(u*¢”+é):V-(S—t(¢”+5)2vﬂ”+%)+§—tv-(¢”+§Vp), (4.17a)
£ Y
n+l € Yy of
p2 == (At D) + S hnpr) (4.17b)
CAp—V-(@" IVt =0, (4.17¢)
Vu"t1.n=0, V¢,,-n=0, Vp-n=0, ondQ. (4.17d)
- Step 2.2, Update u,, via
u**zu*—(;t(Vp—l—cpn%Vy”*%), (4.18)

with 4" "2 defined in (4.17).

e Step 3,In [t n+1), we solve (u1,¢"*1) via the following decoupled two sub-steps.

n+%’t

— Step 3.1, Solve u"*! via

u" 1 — Uy _p43 u" u, u**+un+1
n+1
v-“f“** 0, (4.19b)
u"1'=0, onoQ. (4.19¢)
— Step 3.2, Solve ¢"*! via
n+1__
P v e, (4200
3 YE Y 9
‘1,[”4‘4 = —2(A¢n+l—|—A4)**)+£(5((ij;n_~_l)/ (4.20b)
V‘un+% -n=0, V¢n+1-n:0, on 0Q). (420C)

The scheme above is second-order accurate in time. Moreover, in each step, only problems with
smaller sizes need to be solved. Here are several remarks.

Remark 4.3. Step 2 in (4.17)-(4.18) comes from the problem

p“**(;“* = —Vp—§"rivyta, (4.21a)
n+1__E I 5f
= (A4’**+A4’*)+8 S hdn)’ (4.21b)
V. “**; T o, (4.21¢c)
x — Dxc Wy + Uy 0 1
¢ 5t4> =V (R, (4.21d)
Vu't2.n=0, V¢,, n=0, u,=0 ondQ. (4.21e)
H ¢

Notice u,, and ¢., can be decoupled, by realizing the following equality

Uy + Uy - _ﬁ *n—l—% n+i

Then we rewrite the problem in Step 2 as two decoupled sub-steps in (4.17)-(4.18). The coupled system
of (¢ux,p) is significantly reduced compared with the original coupled CHNS system in (1.3).
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Remark 4.4. Furthermore, we can even relax the in-compressibility constraint in Step 2. Then the
problem of (4.21) in Step 2 is reduced to

- 1 1
pu** U, — _¢ﬂ+§ VVTZ—FE

e i
Tias 5 (APt AP )+ 3 550 (4.22)

(P**(St P V- (u**;—u* (Pn+ ),

Vy’“r%.n:o, Vpuuon=0, u,=0, onodQ.

N\»—\

Hence, Step 2 can be solved by the following two sub-steps:

e Step 2.1, solve ¢, via

(e %Hﬂ7mw“w—V<%w brgpe),

‘un""% (A¢**+A¢*)+ Z 3 (Pff =)’ (4.23)

V;ﬂ”z n=0, V¢u-n=0, ondQ.

¢ Step 2.2, update u,, via
il
U = U, — ‘;tcp”ﬂ \V/Tkas S (4.24)

Since scheme 4.4 is already easy to solve, we don’t attempt this relaxation strategy in this paper. Inter-
ested readers are encouraged to explore it further.

Theorem 4.1 (Energy Stability). The proposed scheme 4.4 is energy stable, in the sense that

u,+u”

n41
+u
Pl v 2

VM@ T Py Mg v, @as)

£ )£ () <~ [V

where the energy is defined as

Elup)=E@+F(g), E)= [ BluPax, Flg)=7 [ JIVoP+ o) @29)

Proof. If we take inner product of (4.15a) with %%“n and apply the boundary conditions in (4.15¢c),
we will have

ot u+u” u,+u”
E(w)~E(w)=—2 (U0 gp) Oy ot (427)
If we take inner product of (4.15b) with %p, we have
ot u,+u’,
5 (pV-=5=)=0. (4.28)
Then, adding the two equations in (4.27) and (4.28) above, we get
u, + u”
E(u*)—E(u”):—— v 12, (4.29)

by noticing the boundary condition (4.15¢c) and u”-n=0.

Similarly, if we take inner product of (4.16a) with % ‘u”Jr%, and inner product of (4.16b) with ¢, —¢",
apply the boundary condition in (4.16c), and use the constraint (4.5), we have

) —n+1 1
F(g.)—E(¢") =5 |V M@ Hvuer i 2 (4.30)
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The two equations above give us

o * " —n+1 n+1
£ ) —E(u"9") == [ VT Py Mg v 2], (431)

Given that (4.17)-(4.18) is equivalent to (4.21). We take inner product of (4.21a) with (5tu**T+u*, inner
product of (4.21b) with (¢, —¢,), inner product of (4.21c) with p and inner product of (4.21d) with

ot ‘u”+%, and utilize the boundary conditions in (4.21e), we will get
g(u**l4)**) _g(u*/‘,b*) =0. (4.32)

In a similar manner, we take inner product of (4.19a) with % %, (4.19b) with p, we will get

un+1+u** 2
I

And if we take inner product of (4.20a) with 4 5 y’”% and (4.20b) with ¢"*! — ¢,.,, we will obtain

F(¢" ™) —F(fus) = H\/ v, (4.34)

Adding (4.33) and (4.34), we have

n ot un—i—l_’_u** —n+3 na3
£ g~ Eupen) = — 2 [V e M@ e ] s

Overall, if we add the three equations in (4.31), (4.32) and (4.35) together, the discrete energy law
is obtained as

E(u")— E(uy,) = —%qnv (4.33)

n n n oan ot u,+u" +1+u**
E(" 9" ) —E(u"g") < =T [V P[P
IV M@ DT P Y M@ e ] @36)

O

4.3.2 An alternative second-order decoupled numerical scheme based on a different operator split-
ting strategy

In the meanwhile, if we plug in the splitting operators defined in (2.10), we obtain the following
second-order operator splitting scheme.
Scheme 4.5. Given (u",¢"), (u"~1,¢" 1) and u"-n=0, we can obtain (u"*!,¢"*1) in the following three
steps:

e Step 1: In [tn,t,H_%], we set ¢, =¢", and solve u, via

u,—u" arl Wetu” u,+u"

05/, TBE 5, T = _VpgA o (4.37a)
v-“*;r“ —0, (4.37b)
u,=0, onadQ. (4.37¢)

e Step 2, In [ty,ty11], we solve (U, ¢Pxr ) Via the following two sub-steps.
- Step 2.1, Solve ((P**,p) via the following system
5t ((P** <P*)+V (u*<Pn+2) (438&)
—n 1 5t —n 1 5t n 1

V-((M($ *2)+$<¢ 2w+ 2V @ "Vp),

S LY P SOy S (4.38b)
Z 5 (BPutDp.)+ T

el

—Ap v.((pﬂhww%):o, (4.38¢)

Vu'in=0, V¢"t'n=0, Vpn=0, ondQ. (4.38d)
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- Step 2.2, Update u,, via
u**:u*_i)t-(vp+¢n+%vyn+%)- (4.39)

e Step 3, In [thr%,th], we set ¢" 1 = ¢,,, and solve u" ! via

utl—u, s w4, u,, +u"t!
Pw‘i‘B(u 4,*)—_VP+77AfI (4.40a)
V-u"tl=0, (4.40b)
u"'=0, onoQ. (4.40¢)

The scheme 4.5 is computationally efficient than the scheme 4.4 since the phase-field equation only
needs to be solved once. In the scheme 4.4, the phase-field equations have to be solved three times.

Remark 4.5. Notice that (4.38)-(4.39) is derived from the problem

pu**(sz U, — _vp_q‘jnJr%VﬂVhL%/ (4413)
Vo =0, (4.41b)
¢**5;(P*:_V(u**T—i_u*4_)n+%)+v(M($Vl+%)v‘un+%), (4:4:1C)
1 5f
e :_7 APii+ Ay r (4.41d)
" A AT W]
Vi 2n=0, V¢,,-n=0, u,=0, ondQ. (441e)

Remark 4.6. Similarly, as discussed in Remark 4.4, we can introduce relaxation in Step 2. As a minor
modification, we do not necessarily need to restrict the in-compressibility during the operator split-
ting. With that in mind, we can obtain a relaxed version of Step 2 such that a simplified numerical
scheme can be proposed. This idea will not be further elaborated due to space limitations.

Theorem 4.2. The proposed scheme 4.5 is energy stable, in the sense that

8(u"+1,(p”+1) _5(un,¢n) <

ot u, +u” utlu,, e pal
— 5 IV P4V P2 M@ V], @)

where the energy is defined as

Elug)=E()+F(9), Ew= [ Bludx Fi)=7 [ JIVoP+ flghix @49

Hence the scheme is energy stable with the total energy € (0" *1,¢" 1) non-increasing in time.

Proof. The proof is similar to the proof in Theorem 4.1. Here we only show the major steps. If we take

inner product of (4.37a) with % %“n, we will have

ot u,+u” u*+u
E(u)—E(u")==—2(Vp,— )—* IV I2. (4.44)
If we take the inner product of (4.37b) with % p, we have
ot u,+u”
hid . =0. 4.4
Adding the equations (4.44) and (4.45) above, we get
E(u*)—E(u”):—— y|v“*+“ 12 (4.46)
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Given the notations ¢, =¢", (4.46) is equivalent to

E(uta )~ E(u'g") =~ | VE P 447)
Similarly, if we take inner product of (4.41a) with 6t %= we will have
E(u)—E(u,) = —%(u**;u*,Vp) —ot( u**+u*,4>”+2 V), (4.48)
If we take inner product of (4.41b) with % p, we have
Y et g (449)

If we take inner product of (4.41c) with 6t "2, and (4.41d) with 6t(¢.. — ¢, ), we have

Wi +Us—n+1, 01 —n+1 n+l
F(ur) = F(92) = =S4V (Z5=2" ) p3) =t Y M(@" ) w22 (450)
Adding the equations (4.48), (4.49) and (4.50) above, we have

E (Wan o) — E () = —0t |\ M(P"F2) V3|2, (4.51)

Similarly, for Step 3, if we take inner product of (4.40a) with %%, and take inner product of
(4.40b) with ép, we have

un+1 + Uy HZ

" " ot
E (W4 —E (W s == 1| T

(4.52)
Adding the equations (4.47), (4.51) and (4.52) together, we finally obtain the energy dissipation law

5(un+1,¢n+1) —S(u”,qb”) S

u*—|—u "’u** n
e VA i M ] P

O]

4.4 Strategies to solve the Navier-Stokes equation

In the previous sub-sections, we introduce schemes that decouple the velocity fields and the phase
variables. This sub-section further discusses how the Navier-Stoke portion in Step 1 and Step 3 of
the proposed schemes can be solved effectively. Recall the Crank-Nicolson (CN) type scheme for the
Navier-Stokes equation

11+1 1 1 1
_|_ B n+2 n+ —Vp" T2 4+yAuta+ n+7’
{ p* pB(U""2,u"2)=-Vp 1 f (454)

V-u’”i:O.

Here f is the external force term. This paper introduces two strategies: (1) the preconditioner method;
(2) the velocity projection method.

4.4.1 Projection method as a preconditioner for the Naver-Stokes equation

First of all, we discuss the precondition strategy. Notice p’”% is a Lagrangian multiplier, so it is not

advisable to do time marching for p, saying p’”% =1(p"+p"*!). Instead, we treat p”+% as a variable
and solve it directly. Therefore, the Navier-Stokes portion in (4.54) can be written as
—A+pB"tl Y uts 240B" 0 | [ u nts
1nTe =1 P + f . (4.55)
\va 0 pt2 0 0 0

NI

0
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Here B"*! and B" are generic notations to represent the implicit and explicit parts in the convection

operator B (ﬁ’”%,u”*% ). To solve the system above, one need an efficient preconditioner. In this paper,
we utilize the idea in [16] for solving scheme 4.4 and scheme 4.5. Here we briefly explain how the
preconditioner can be constructed.

Recall the decoupled projection scheme for the Navier-Stokes equation in two steps:

¢ Step 1, solve the intermediate velocity field via

ﬁn—i-% —u"

Do +pB(E' L E" ) = AT 4 1, (4.56)

gl _
where "2 = 2 (2" +u").

¢ Step 2, solve the velocity field via the projection

2 un+§_ﬁn+§ :—V ;
P 4 (4.57)
\V4 un+1 =0
We can further rewrite (4.56) as
20 _ A+ B+l 0 ﬁn+% 2£+ B" 0 u” n+%
ot AT _ | xTP n f ’ (4.58)
0 I 0 0 0 0 0
For (4.57), it can be decomposed into
_sz_%v.ﬁ”"’%, (4.59a)
't =@t — ;;le, (4.59b)
ot
Vp'tt =V pZAle. (4.59¢)
Then the corresponding operator forms are given as
(1 0 i I 0 i
0 A = 2 , . , (4.60a)
| 0 - ¥ Tor Y T

un-H _ I _%t)v ﬁn-H . (460b)
prts 0 1-2%A | \

Therefore, the two-step procedure (4.56)-(4.57) can be written in an operator form as

n+li 2p n n n+1
24 5B" 0 :
Al " =1 3 . / . (4.61)
pits 0 0 0 0

with the inverse of the linear operator given by

) -1
10 I 0 (g —17A+pB”+1> 0 w2
0 —A7! I

20 4
—3F V- — 5 0
In other words, the operator in (4.62) is a good preconditioner. Since the inverse of B"*! is non-

trivial, we use the following operator
) -1
I -4V I 0 I 0 (ﬁ—ﬂA) 0 (4.63)

0 —Aa1 || -2v. -2 10 I

B
0 I—- ;ng
as the preconditioner for solving the Navier-Stokes equations in Step 1 and Step 3 of schemes 4.4 and
4.5. And it turns out to be effective numerically.

Nl

ot
ot1

ATl =
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4.4.2 Velocity projection to decouple the Navier-Stokes equation

In our second approach, we can further decouple the velocity and pressure fields in Step 1 and Step
3 of schemes 4.4 and 4.5, using the classical velocity projection method. The energy stability still holds.
Specifically, for the CN scheme of the NS equation, we can introduce the projection strategy by solving
several Poisson-type equations sequentially. The corresponding energy law can also be derived. The
equation (4.54) can be approximated by the following two steps with second-order accuracy.

* Step 1: solve the intermediate velocity field

" —u” —n+l onbly n TR n+1
P~ +pB(" "2, " ) =—Vp"+yAu T2 4 12, (4.64)
¢ Step 2: update the velocity field
%(u”“—ﬁ”“):—%V(p’“’l—p”). .65

V-u"tl=0.
This leads to a new variant of second-order decoupled numerical schemes for the CHNS system.
Scheme 4.6. Given (u”,¢") and (u"~1,¢" 1), we can obtain (u"*1,¢"!) in the following three steps:

¢ Step 1: in [tn,t , we set ¢, =¢" and solve u, via the following three sub-steps.

n+%]

- Step 1.1, get i1, from

i, —u" gl Wetut " i, +u”
P52 +B(u 4,7)— Vp"+nA > (4.66a)
i,=0, onadQ. (4.66b)
- Step 1.2, get p, from
oo - n
Ap,= Ev'u*—i—Ap , (4.67a)
Vp.-n=0, on oQ). (4.67b)
- Step 1.3, get u, from
u*:ﬁ*—:;V(p*—p”). (4.68)

 Step 2,1in [ty,t,+1], we solve (U, Py ) Via two sub-steps.

— Step 2.1, solve (¢, p) via the following system

1 1
**x — Wk —N+5 —N+5 5t 7n+§ 2 5tin+§
P g () = (M@ )+ ot 9 () o)
ot 2p 2p
LS S 0 W W R (4.69b)
p 5 (A ¢+) ¢ S Prprs)
1
—Ap—V- (¢ Ivpurta) =0, (4.69¢)
Vy”Jr%-n:O, Vpu-n=0, Vp-n=0, onadQ. (4.69d)
- Step 2.2, update u,, via
u**zu*—‘jf(ww”*%wﬁ%). (4.70)

* Step 3,in [f, +1 Jtui1], we set "1 =¢,,, and solve u*! via the follow three sub-steps.
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— Step 3.1, get @" ! from

S+l =+ n+1
S B, ) v ga (471a)
@""'=0 onoQ. (4.71b)
- Step 3.2, get p"*! from
A =g A (4.72a)
P =5 P e
Vp"1.n=0, on 9Q. (4.72b)
- Step 3.3, get u"*! from
un+1:ﬁn+l—2;V(Pn+l—P*). (473)
Remark 4.7. Note the decoupled steps in (4.67a)-(4.68) are from the general scheme
P (=) =~ (Vp,— V). (4.74)
5t/20 20
Similarly, the steps in (4.72a)-(4.73) are from the general scheme
N 1
(St’%(u”+l — iy ) = _E(anH —Vps). (4.75)

Remark 4.8. We further comment on Step 2. Based on the operator splitting strategy, in [t,,t,41], we
SOIVe (U, Pux ) Via

e e A (4.76a)
1 (Sf
= D (At Ap) ] (4.76b)
‘u ( (P (P ) ((P*/(P**)
v u**; =0, (4.76¢)
VVYH’%.I‘[:O, V(p**.n:O, u**:()/ on aQ (4768)

Decoupling the velocity field from the phase variables, we can simplify (4.76) into the equations (4.69)-
(4.70).

Besides, we still have the energy stability of this scheme as below.

Theorem 4.3. The decoupled scheme 4.6 is energy stable in the sense that
é(un+1,pn+1,¢n+l) _é(un’pn’¢n) <
ot u,+u” —i—u** n
I T g v 2 Mg e P, @)

where the modified energy is defined as & (u,p,¢) =E(u) —I—E(V p)+F(¢), with the three terms specified as

. 5t? 1
E(w)= [ SjuPax, E(Vp)= [ S IVpPax, F@)=7 [ JIVeP+ f@)ix @79

Proof. Since the proof of this theorem is a little different from the proofs of the other two theorems in

previous sections, we will illustrate the details. First of all, we take the inner product of (4.66a) with

cViol i
% %, we obtain

ot i, +u”

Poita 12 tan2y %t o n “*‘Hl 2
® (a2~ ) =— 5 (7, B B

)—* Y

(4.79)



If we take the inner product of (4.74) with étu,, we have

g(!lu*\lz— o2+ [ — @ ?) =o0.

We can rewrite (4.74) as

and test it with %V p". It yields

Ot ,+u” 4 Ot? ) 112 a2
5 (g P+ (VPP 9PV (=) ) =

Taking the inner product of (4.74) with itself, we have

512

2 P = 12—
53|V (PP P E s

Adding the equations (4.79),(4.80), (4.82) and (4.83) together will give us

u*+u HZ

P 2 P.nyp2 Ltz n)|2
Cllu+ 5 ||Vp*||> Gl 1P+ 55 IV 1) == 01V

Take inner product of (4.76a) with 6=+ we have

[V i

—n+1 nal
O T e )]

If we take inner product of (4.76¢c) with 5t‘u”+%, and (4.76d) with 6t (¢, — ¢, ), we have

F(o) —F(9) = —0H(V- (BTG5 yed) gty (g ) vy P,

Adding the equations (4.85) and (4.86) above, we have

0 (st PP+ P = F(p) = =3t MG T4 P,

Similarly, from (4.71a)-(4.72b), we will obtain
Gl 17+ 3 1991~ Bl 4 S [0 1) =~ Sy 2

Adding the equations (4.84), (4.87) and (4.88), it lead to

(& ! ||2+£||VP"H] 12+E@1) - (8 Hu”!|2+ﬁHVP”H2+F(¢”))
2 320 2 320
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(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

ot @ u,, i, +u" — "
:—E[WHV#HZ—{—WHV 5 H2+H M(¢n+2)v,u +2H2] (4.89)

O

Remark 4.9. We note that the modified free energy £ is a second-order perturbation of the original
energy. This type of perturbation is preferred than the modified free energy with auxiliary variables

since its errors are explicitly written as £(Vp), which is O(6t?).
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4.5 A completely decoupled scheme based on Strang splitting and pressure correction

In this section, we combine the idea of Strang splitting with that of pressure correction to design a
time-split method in which the velocity field, the pressure, and the phase field variable are computed
independent of each other. This leads to a new variant of second-order decoupled numerical schemes
for the CHNS system in (1.3)-(1.4).

Scheme 4.7. Given (u",p",¢") and (u"~1,¢"!), we obtain (u"*1,p"*1,¢"*1) in the following three
steps:

e Step 1:in [t t, ! |, we solve for the intermediate variables (¢, u,,p.) via

- Step 1.1, solve for ¢, via the following system

1 —n+1 5t —n+1 el 51’ —n % "
m(¢*—¢”)+V-(un¢ +4):V.(7(¢ +4)2v‘u +4)+@V(CP + vp ), (49021)

4p
S S R A S (4.90b)
Vy"*i n=0, V¢, .n=0, onadQ. (4.90c)
— Step 1.2, solve for g from the Poisson equation
~Ag—V- @”*31 V;ﬂ”%) =0, (4.91a)
Vg-n=0, onoaQ) (4.91b)
- Step 1.3, update (u,,p.) via
u*:u”—it)(Vq—l—ng‘l‘Vy”Hl), (4.92a)
px=2q—p". (4.92b)
e Step 2: in [ty t,11], we solve for (U, ¢, ) Via two sub-steps.
— Step 2.1: solve for u,, via
ple g, B T e T (£.93a)
W =0, onadQ. (4.93b)
— Step 2.2: solve for ¢, via
PP 0 (M@ v, (4.94a)
S S LI VAL (4.94b)
Au 2 ( (P (P ) 5(4)*,4)**)
Vu"™2.n=0, V¢,..n=0, ondQ. (4.94¢)

* Step 3,in [t ! ,tui1], we solve for (u*1,p"*+1,¢"*1) via the follow three sub-steps.

— Step 3.1, solve for ¢! via the following system

1 n+l . *VH-% _ . ﬁ *n—t-% 2 n_g_% ﬁ . 7,1_’_%
5720 ) HV (g =V (L @T IV V(3 VP, (4959)
3 )
HI’H‘E — —%(A(P**_FA(PH'Fl) —|—Zm']c;n+l), (4.95b)

Vyn+% ‘n=0, ch”“-n:O, on 9Q). (495C)
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— Step 3.2, solve for g from the Poisson equation

—Aq—V-@H%V,M”JF%):O, (4.96a)
Vg-n=0, onoQ) (4.96b)
- Step 3.3, update (u,,41,p,+1) Via
u”“:u**—it)(Vq—i—cpHiVy”*i), (4.97a)
pl=20—p,. (4.97b)
Similarly, by introducing another intermediate velocity
ﬁ*:u”—it)(vp”w”*iwﬂ*i), (4.98)
the scheme (4.90)—(4.92) can be equivalently written as
&1/2<¢*—4>">+v-<‘~‘*§“"4>”*1>:o, (4.99)
it =— (Acp* +A¢")+ ((P‘if o) (4.99b)
pugt_/;n —(Vp"+Vps)= —¢”+4V;4”+4 V-u,=0, (4.99¢)
w”+%.n:0, V¢, n=0, u,-n=0, ondQ. (4.99d)

Likewise, the scheme (4.95)—(4.97) can be similarly expressed in an equivalent form.
The fully decoupled time-marching scheme satisfies an energy law.

Theorem 4.4. The decoupled scheme 4.7 is energy stable in the sense that

B ..n n n Br. N N 4N Ui Uy —n+3 n+s5
Eu p g —E(u" p ) = ot [ | VI P | M@ Ve IE], @100)

where the modified energy is defined as € (u,p,¢) =E(u)+E(Vp)+F(¢), with the three terms specified as

2
E(u)z/ﬂg\HIdel E(VP)Z (St |Vp|2dx F(¢ / 4>|2+ f(@)dx (4.101)

Proof. The proof is largely the same as the proof for Theorem 4.3. We omit the details for brevity. [

5 Numerical Results

The central finite difference on staggered grids for the spatial discretization and the operator split-
ting finite difference method in uniform time meshes for the temporal discretization are independent.
Thus, the full discrete schemes for the CHNS system can be easily obtained by literately combine the
spatial discretization in Section 3 and temporal discretization in Section 4. Here we won'’t elaborate on
the details for simplicity. In this section, we conduct several numerical experiments with the proposed
schemes.

5.1 Time step refinement tests

First of all, we verify that the proposed numerical algorithms are second-order in time indeed.
Consider a square domain ) = [0,L,] x [0,L,] with L, =L, =1. We fix the parameters p =1,  =1.0,
M=0.01, e=0.01, y=0.01. The initial profiles are chosen as

R— \/(x—O.SLx)2+2*(y—O.5Ly)2

u(t=0)=0, ¢(t=0)=tanh 5

, with R=0.2.
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Figure 5.1: Temporal mesh refinement test for scheme 4.4. Here both the L2 errors and L*® errors using different time step
sizes are shown. We observe that the scheme 4.4 provides 2nd-order temporal accuracy.
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Figure 5.2: Temporal mesh refinement test for scheme 4.5. Here both the L? errors and L*® errors using different time step
sizes are shown. We observe that the scheme 4.5 provides 2nd-order temporal accuracy.

We use the meshes N, = N, =128, and numerical solutions with various time steps are calculated.
Since the true solution is unknown, we calculate the errors at T =0.2 as the differences between two
numerical solutions with adjacent time step sizes. The three proposed numerical schemes 4.4, 4.5, 4.6
are tested with the numerical results summarized in Figure 5.1, 5.2 and 5.3, respectively. It can be
easily seen that all the three proposed schemes reach second-order accuracy in time when the time
step is small.

In addition, it seems that the three schemes provide similar numerical results and accuracy, given
they are using the same time steps. This is no surprise since the three schemes only differ slightly,
and the major numerical errors resulted from these three schemes are due to the operator splitting.
Acknowledging this fact, we use scheme 4.6 for all numerical simulations in the rest of this paper.

5.2 Spatial mesh refinement test

Next, we conduct the spatial mesh refinement test for the scheme 4.6. We use the same parame-
ters and initial conditions as the examples above, and we use a fine time step 6t =10"* to eliminate
the possible effects of temporal errors on the spatial mesh tests. Various mesh sizes N, = N, = N,
with N=64x (2k+1), k=0,1,2,3,4,5,6, are used. Given that we are using staggered grids for spatial
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Figure 5.3: Temporal mesh refinement test for scheme 4.6. Here both the L? errors and L*® errors using different time step
sizes are shown. We observe that the scheme 4.6 provides 2nd-order temporal accuracy.
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discretization, these mesh grids choices would ensure all the cases have numerical solutions on the
coarse grid N = 64. So the errors between adjacent numerical solutions on the coarse grid N = 64 at
T =0.2 are calculated. The results are summarized in Table 5.1, where we observe a second-order
spatial convergence.

Table 5.1: Spatial mesh refinement test

¢ u %
N L2—error Order L?—error Order L?2—error Order
64 — — — — — —
192 0.6397 — 0.001381 - 0.001549 —

320  0.02646 2.63 0.0001007 2.09  0.00007986  2.43
448 0.007039  2.06  0.00002719  2.05  0.00002159  2.04
576  0.002867  2.02  0.00001111  2.02  0.000008827  2.02
704 0.001445 2.01 0.000005610 2.01  0.000004457 2.01
832 0.0008289 2.01 0.000003222 2.01 0.000002560  2.01

5.3 Bubbles merging driven by surface tension

Next, we conduct several numerical simulations on the merging of the two bubbles that is driven
by surface tension. We follow the similar set up as in [19]. Consider the domain Q = [0,L,] x [0,L,],
with Ly =L, =1. The initial conditions are provided as u(x,y,t=0)=0, and

V= x)+y—ve)® V=) + (-
2¢ 2¢ '

¢$(x,y,t=0)=1—tanh

with x;, =0.5L, — \i@, Ya = 0.5Ly+%, Xp = 0.5Lx+\%, yp=0.5L,— \%, r=0.15. The parameters are
chosen as p=1, M=0.01, v =0.01, ¢=0.01, and we use uniform meshes N, =N, =128 and 6t = 1073,
The numerical results with viscosity 7 =0.01 are shown in Figure 5.4, where the profiles of the phase
variable ¢ at various times are shown. It can be observed that the two drops merge into a single drop.

As a comparison, we present another simulation with the same parameters and other settings,
except a smaller viscosity #7 =0.001. The profiles of the phase variables at the same times as the previ-
ous example are summarized in Figure 5.5. Though the two bubbles eventually merged into a single
one and the round drop reaches a steady state, the dynamics between Figure 5.4 and 5.5 are dramat-
ically different. Mainly, when the viscosity is small, the effect of inertia is not negligible anymore. In
Figure 5.5, we observe that the drop squeezed and then stretched, showing back-and-forth damping
oscillations (due to the exchanges between the kinetic energy and the Helmholtz free energy). And
it eventually stabilizes as a round drop. In other words, the hydrodynamics or the Navier-Stokes
equation shall not be ignored when the inertia has noticeable effects on the dynamics.

To further compare the dynamics for the two cases above, we also visualize the velocity fields for
both cases, with the results summarized in Figure 5.6. It can be shown that the kinetic energy is high
for the case with smaller viscosity, and the kinetic energy shows oscillating and damping dynamics
(by noticing the magnitude of the velocity field is decreasing with time).

Meanwhile, as a double-verification of the energy stable property of our proposed scheme 4.6,
the energy evolution with time for both cases are summarized in Figure 5.7. We can observe that the
energy is dissipating in time for both cases. The one with smaller viscosity is dissipating slower, which
is reasonable, as the dissipation rate is proportional to the viscosity as shown in 1.5.
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(a) ¢ at+=0,0.2,0.4,0.8,1.0

(b) patt=12,15,2,332

() ¢ at t=34,4.6,4.8,5,10

Figure 5.4: The dynamics of bubble merging under hydrodynamic environment with viscosity 7=0.01. In this figure, the profiles
of the phase variable ¢ are shown at time =0, 0.2, 0.4, 0.8, 1.0, 1.2, 1.5, 2.0, 3.0, 3.2, 3.4, 4.6, 4.8, 5 and 10.
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(a) ¢ at £=0,0.2,0.4,0.8,1.0

(b) patt=1.2,15,2,3,3.2

(c) patt=3.4,4.6,4.8,510

Figure 5.5: The dynamics of bubble merging under hydrodynamic environment with viscosity 7 =0.001. In this figure, the
profiles of the phase variable ¢ are shown at different times.

0073 0.036 py 0.0022
0.055 0.027 0.0016
0.036 0.018 0.0011
0.018 0.0091 0.00054
0.0 0.0 0.0

(a) Velocity field for Figure 5.4 at time t =1,2,5

wm 026 0095 0050

0.19 0.071 0.037
0.13 0.047 0.025
0.064 0.024 0.012
0.0 0.0 0.0

(b) Velocity field for Figure 5.5 at time t=1,2,5

Figure 5.6: Visualization of the velocity field for the dynamics in Figure 5.4 and 5.5. (a) the velocity field for Figure 5.4; (b)
the velocity field for Figure 5.5.
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Time Time

(a) Energy evolution for Figure 5.4 (b) Energy evolution for Figure 5.5

Figure 5.7: The time evolution of the energy in log-log scale.

5.4 Coarsening

Next, we investigate the coarsening dynamics under hydrodynamics environments. We use the
domain Q)= [0,Ly] x [0,L,] with L, =1, L, =2. The parameters are picked as p=1, 7 =1.0, M=0.01,
£¢=0.01. To solve the problem, we use uniform meshes with N, =128 and N, =256 and 4t = 10-3. And
we pick different values for the surface tension y. Set a random initial condition for the phase variable
¢(x,y,t=0) :0.9(% —0.5)+0.001*rand(—1,1), and u(x,y,t =0) =0. The numerical results with y=0.1
and <y =0.01 are summarized in Figure 5.8. We observe that when the volume fraction of two phases
is similar, saying in the middle of the domain, spinodal decomposition takes more effect. Meanwhile,
when the volume fractions of each phase differ dramatically, the nucleation takes more effect.

Furthermore, the velocity fields for both cases are shown in Figure 5.9. We observe that the velocity
tield has a larger magnitude at the regions that are changing rapidly, which means the hydrodynamics
(kinetic energy) is interacting with the surface tension (Helmholtz free energy).

Meanwhile, the energy evolution for both cases are summarized in Figure 5.10. We observe that
the coarsening dynamics changes faster when the surface tension is high. This is agreeable with the
energy dissipation rate in (1.5).

5.5 Ostwald ripening under hydrodynamics

In this example, we study the Ostwald ripening dynamics driven by the CHNS system. In par-
ticular, we are interested in how energy evolves under topological changes. We consider the domain
O =0,Ly]x[0,L,] with Ly =L, =1. We set the initial velocity as zero and the initial profile of ¢ as
seven drops in various radii, a shown in Figure 5.11. We fix the parameters M =0.01, e =0.01 and
p=1. Then we pick different viscosity 7. The scheme 4.6 is used for this simulation with 6t=10"3. The
energy evolutions are summarized in Figure 5.11, where the Ostwald ripening dynamics take place.
We observe that the energy changes rapidly when topological changes are happening.

5.6 Lid-driven cavity

In the last example, we simulate the lid-driven cavity problem using the CHNS system. The do-
main is set up as () = [0,L,| x[0,L,] with Ly = L, = 1, with shear on the top. This is related with
the zero Dirichlet boundary condition for the velocity at the boundary, except at y = L, for which
we propose ul,—r, = (1,0). We choose the initial condition for the phase variable ¢(x,y,t =0) =

— — 2 — 2
tanh X Vi O'SLI‘S +y=05Ly) , with R=0.15. The boundary condition for the phase variable ¢ remains
the same. We use the following parameters p=1, 7 =1, M=0.01, e=0.01 and we use various surface
tension parameter y. We use mesh sizes Ny =N, =128 and ét= 10~3. The profiles of ¢ at various times
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(b) ¢ att=0.1,0.5,1,2,6.5 for the case y=0.01

Figure 5.8: Time evolution of phase variables with different surface tension. In (a) the profiles of ¢ at various times are shown
for the case y=0.1; (b) the profiles of ¢ at various times are shown for the case y=0.01.
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(a) velocity field at t=2,6.5 for Figure 5.8(a) (b) velocity field at t =2,6.5 for Figure 5.8(b)

Figure 5.9: Velocity field for the coarsening dynamics in Figure 5.8.
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(a) Energy evolution for Figure 5.8(a) (b) Energy evolution for Figure 5.8(b)

Figure 5.10: The time evolution of the energy for the coarsening dynamics in Figure 5.8.

0 5 10 15 20 25 30 35 40
Time

(a) Energy evolution with =1

1 1

0 5 10 15 20 25 30 35 40
Time

(b) Energy evolution with = 1073

Figure 5.11: The time evolution of the energy under topology changes for the phase variables. In this figure, we use different
viscosity parameter ;7 with the rest parameters fixed: (a) the profiles of ¢ at t+=0,5,15,25,30,35 are shown for 7 =1; (b) the

profiles of ¢ at t=0,5,25,30,35,40 are shown for =103,
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(@) ¢att=0,1,2,3

b) ¢ at t=>5,8,10,11

Figure 5.12: drop moving in a lid-driven cavity flow. In this figure, the profiles of the phase variable ¢ are various times are
shown. The drop is driven by the lid-driven cavity flow.

are summarized in Figure 5.12. We observe that our proposed numerical algorithms can accurately
solve the Cahn-Hilliard-Navier-Stokes system to investigate complicated two-phase fluid flow.

6 Conclusion

How to design decoupled numerical algorithms for the well-known Cahn-Hilliard-Navier-Stokes
(CHNS) system has been a long-standing problem. Many attempts are documented in published lit-
erature. So far, first-order decoupled and energy stable schemes for the CHNS system are widely
available. Some recent attempts on designing second-order decoupled schemes using the SAV strat-
egy also showing promising results. However, the schemes resulted from the SAV strategy only pre-
serve a modified energy law, where the discrete laws are formulated using the auxiliary variables. Its
connection with the discrete energy law using the original variables is not clear.

In this paper, we develop a class of second-order decoupled numerical schemes for the CHNS sys-
tem that are energy stable. Our idea is based on reformulating the CHNS system into a constraint
gradient flow form such that the operator splitting techniques can be utilized without destroying the
discrete energy laws. With this idea, we propose several variants of decoupled and second-order nu-
merical algorithms. All of them are shown to be energy stable. They are efficient since only problems
with smaller sizes shall be solved at every time step, instead of solving a fully-coupled system. Their
accuracy and effectiveness are verified numerically. Meanwhile, the idea introduced in this paper is
not limited to decoupling the Navier-Stokes equation and the Cahn-Hilliard equation. It is widely
applicable to a variety of hydrodynamics phase-field models. Its extensions to other coupled thermo-
dynamic and hydrodynamic models will be pursued in our later research.
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