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Many service systems provide customers with information about the system so that customers
can make an informed decision about whether to join or not. Many of these systems provide
information in the form of an update. Thus, the information about the system is updated
periodically in increments of size ∆. It is known that these updates can cause oscillations in the
resulting dynamics. However, it is an open problem to explicitly characterize the size of these
oscillations when they occur. In this paper, we solve this open problem and show how to exactly
calculate the amplitude of these oscillations via a fixed point equation. We also calculate closed
form approximations via Taylor expansions of the fixed point equation and show that these
approximations are very accurate, especially when ∆ is large. Our analysis provides new insight
for systems that use updates as a way of disseminating information to customers.
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1. Introduction

In many queueing systems, customers are provided information about the queue length or waiting time so
customers can make an appropriate decision about whether to join or not. This queue length information
has the potential to impact a service system in a variety of ways. However, it is often that this queue length
or waiting time information is not provided in real-time. One cause of this delay in information is that
it often takes time to process and push the information to customers. Much of the delayed information
literature focuses on delays that are constant throughout time, see for example Mitzenmacher [2000];
Lipshutz & Williams [2015]; Lipshutz [2017]; Pender et al. [2017, 2020, 2018]; Atar & Lipshutz [2021];
Nirenberg et al. [2018]; Novitzky et al. [2020]; Whitt [2021]. There is also some literature where the delay
is random [Mahdian et al., 2018; Doldo & Pender, 2020; Novitzky & Pender, 2020]. However, this work
considers stochastic models and not deterministic ones. We also think it is important to mention that
[Novitzky & Pender, 2020] finds that randomness inhibits oscillations, which implies that the constant
delay has the most extreme oscillations for a fixed mean.
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However, in practice many of these delays are caused by systems that update periodically. Periodic
updates help service systems managers balance the cost of information and computational issues into
consideration. Unfortunately, there is not much research on queueing systems with updates and in fact the
only papers to consider such models are Novitzky & Pender [2021] and Mitzenmacher [2000]. Moreover, in
Novitzky & Pender [2021] the authors prove a functional strong law of large numbers limit showing that an
appropriately scaled queueing process converges to a functional differential equation (FDE) system. With
the limiting FDE system, they show that the system can undergo a Hopf bifurcation when the updating
interval ∆ is sufficiently large. However, there is some research from the dynamical systems community
on control systems with updates. In the control literature, these types of updates are called piecewise
continuous arguments or delays Silkowski [1979]; Cooke & Wiener [1984]; Aftabizadeh & Wiener [1987];
Wiener & Cooke [1989]; Cooke & Wiener [1991]. Not surprisingly, much of the research centers around
determining the stability regions for these types of systems to understand when oscillations will or will not
occur.

However, one important open problem that remains is to find the amplitude of the oscillations that
result from the Hopf bifurcations. Instability in a queueing system causes queue lengths to oscillate with
time which can lead to inefficiencies due to some servers being overworked and others being underworked.
Being able to compute the amplitude of the queue length oscillations could help a service manager quantify
the level of inefficiency present due to the system’s instability. Typically oscillations in systems with
delays are calculated approximately by a method called the Lindstedt-Poincaré method. In fact, how
to approximate the amplitude of oscillations in queueing systems with delays is outlined in Novitzky et al.
[2019]. Despite the analysis carried out in Novitzky et al. [2019] it still remains an open question to compute
the amplitude of oscillations in the FDE model we study in this paper. The main reason is that the delay
is non-stationary with respect to time, which renders the Lindstedt-Poincaré approach ineffective. A
new approach must be derived, which is the main focus of this work. Thus, in this paper, we answer the
following question: when oscillations occur, how does the amplitude of the oscillations depend on the model
parameters?

1.1. Main Contributions of Paper

The contributions of this work can be summarized as follows:

• We develop a functional differential equation model for queues with updating information.
• We derive a fixed-point equation for computing the steady-state amplitude for our updating queueing

system when the system undergoes a Hopf bifurcation in the two-dimensional case.
• We derive new closed-form approximations for the amplitude using first order and second order Taylor

expansions and show that the amplitude can be upper bounded by the first order Taylor expansion in the
two-dimensional case.
• We derive nonlinear equations that can be solved to compute the steady-state amplitude when the system

undergoes a Hopf bifurcation in the N -dimensional case for N > 2.
• We derive closed-form approximations of the amplitudes using first-order Taylor expansions in the N -

dimensional case for N > 2.

1.2. Organization of Paper

The remainder of this paper is organized as follows. In Section 2 we introduce the updating queueing
model, determine how to compute the steady-state amplitude of the queue length oscillations in the two-
dimensional setting, and we introduce linear and quadratic closed-form approximations of the steady-state
amplitude. In Section 3, we consider finding the steady-state amplitudes of queue length oscillations when
we have N > 2 queues in our system. We consider separately the cases when N is even and when N is odd
and in each case we compare the result with closed-form approximations of the steady-state amplitudes.
Finally, in Section 4, we give concluding thoughts and discuss potential ideas for future research.
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2. Updating Queueing Model

In this section, we present a functional dynamical system queueing model where we haveN queues operating
in parallel and customers choose which station to join via a customer choice model that depends on the
queue length. We assume that the total arrival rate to the system (sum of all queues) is λ, the service rate
for each of the infinite number of servers at each queue is given by µ. In the spirit of delayed information,
customers do not observe the real-time queue length. However, customers observe the queue length at the
time of the most current update, which are periodic with size ∆. Thus, the information that the customer
receives is actually the queue length t−

⌊
t
∆

⌋
∆ time units in the past, The function t−

⌊
t
∆

⌋
∆ is also known

as a sawtooth function. Thus, the customer will not make their decision on which queue to join based on
the real-time queue length q(t), but they will make their decision based on q

(⌊
t
∆

⌋
∆
)
, which is precisely

the queue length at the time of the previous update.
One important thing to note is that the sawtooth function t −

⌊
t
∆

⌋
∆ is not constant like in a

constant delay model and increases linearly within an updating interval. Thus, if we interpret the update
as a delay in information, then the delay that the customer experiences is non-stationary and is not
constant. This is an important distinction from the constant delay models studied in Pender et al. [2017,
2018] and the non-stationary behavior of the periodic updates will add additional complexities to our
analysis of the updating model. We will also show that we cannot rely on previous analytical methods
that were developed in Pender et al. [2020] for the constant delay setting because of the non-stationarity
of the delay function. Non-stationary delay FDE models have been explored in the dynamical systems and
control theory literature, see for example Louisell [2001]; Niculescu et al. [1998]; Cooke & Wiener [1991].
However, much of this literature focuses on either looking at the average variation of the time varying
function or providing robust bounds for stability with a non-stationary delay function.

The N -dimensional queueing model that our work focuses on is given by the following system of
functional differential equations.

•
qi(t) = λ · exp (−θ · qi(Φ(t,∆)))∑N

j=1 exp (−θ · qj(Φ(t,∆))
− µqi(t), i = 1, ..., N (1)

where

Φ(t,∆) :=

⌊
t

∆

⌋
∆.

In this model, the parameter λ > 0 represents the arrival rate into the queueing system, µ > 0 represents the
service rate of the system, and qi(t) represents the length of the ith queue at time t. We use a multinomial
logit model to model customer choice which is informed by information from the most recent update time.
That is,

exp (−θ · qi(Φ(t,∆)))∑N
j=1 exp (−θ · qj(Φ(t,∆))

can be interpreted as the probability that a customer joins the ith queue, where we note that this probability
depends on the queue lengths at time Φ(t,∆), which is the most recent update time that occurred at or
before time t, so customers are only informed by queue length information from this time which will update
once

⌊
t
∆

⌋
changes value. Note that the multinomial logit model interpolates smoothly between a random

queue model at θ = 0 and join-the-shortest-queue as θ → ∞. Stability properties of the model were
considered in Novitzky & Pender [2021] where it was found that this system undergoes a Hopf bifurcation
at the critical delay

∆cr =

ln

(
1 + 2

λθ
µN
−1

)
µ

provided that λ
µN < 1. We note that as N increases, so does the critical delay (assuming that the condition

λ
µN < 1 is not violated). Moving forward, we will be interested in computing the steady-state amplitude of
the queue length oscillations that result from the Hopf bifurcation.
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2.1. Two-Dimensional Case

Before thinking about the more general multi-dimensional case, we explore the two-dimensional case to
gain important intuition about the model. In the two-dimensional case, our updating queueing system is
given by the following functional differential system

•
qi(t) = λ · exp (−θ · qi(Φ(t,∆)))∑2

j=1 exp (−θ · qj(Φ(t,∆))
− µqi(t), i = 1, 2 (2)

where

Φ(t,∆) :=

⌊
t

∆

⌋
∆.

Thus, for k ∈ Z+ ∪ {0} and ∆ > 0, we have that

Φ(t,∆) = k∆

when t ∈ [k∆, (k+1)∆) and on this interval our updating queueing system reduces to a system of ordinary
differential equations (ODEs) i.e.

•
qi(t) = λ · exp (−θ · qi(k∆))∑2

j=1 exp (−θ · qj(k∆))
− µqi(t), i = 1, 2. (3)

This is a nice observation because we can analyze the system on each interval of size ∆ and repeat
the process over and over again. One other observation to make is to notice that on each interval of size ∆
the arrival rate to each queue is fixed. Thus, on a specific interval, one can view the queueing system as
a system of infinite server queues with a constant arrival rate. From a differential equations perspective,
this reduces to linear ODEs and allows us to get a closed-form solution in each interval given the starting
point. However, before we begin to use these observations to find the amplitude for the queueing model,
we find it important to recall a standard result for linear differential equations. We will exploit this result
in the sequel.

Lemma 1. Let q(t) be the solution to the following differential equation
•
q = α− βq(t) (4)

where q(0) = x. Then the solution for any value of t is given by

q(t) = xe−βt +
α

β

(
1− e−βt

)
. (5)

Proof. This follows from standard results on ordinary differential equations. �

Using Lemma 1, we observe that on the interval t ∈ [k∆, (k + 1)∆), we can solve each ODE to get

qi(t) = qi(k∆)e−µ(t−k∆) + ρ
exp (−θ · qi(k∆))∑2
j=1 exp(−θ · qj(k∆))

(1− e−µ(t−k∆)). (6)

where, for ease of notation, we have defined

ρ :=
λ

µ

and will continue to use this definition throughout the paper. This implies that

qi((k + 1)∆) = qi(k∆)e−µ∆ +
ρ exp (−θ · qi(k∆))∑2
j=1 exp(−θ · qj(k∆))

(1− e−µ∆). (7)

We see from Equations 6 and 7 that we can describe the dynamics of the update system. We show in the
following Theorem that we can exactly compute the amplitude of the oscillations in the two-dimensional
case using a fixed-point equation.
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Fig. 1. The queue lengths plotted against time for where the horizontal lines represent our approximations of the amplitude
of the oscillations. This plot is for λ = 10, µ = 1, θ = 1,∆ = .45, and for t ∈ [−∆, 0] we have q1 = .49 and q2 = .51.

Theorem 1. Given that (q1(t), q2(t)) solves the dynamics given in Equation 2 and a Hopf bifurcation
occurs, then the steady-state minimum, L, is the non-trivial solution to the following fixed-point equation

ρ− L = Le−µ∆ + ρ
e−θ·L

e−θ·L + e−θ·(ρ−L)
(1− e−µ∆). (8)

Moreover, the amplitude of oscillations is given by the formula

Amplitude =
ρ

2
− L. (9)

Proof. Before we start a more formal proof, we think it is important to build some intuition for this result.
The first observation to make is that we know that as time gets large after a Hopf bifurcation that the
queueing system settles down to a periodic steady state. The second observation is that in this steady state,
the first queue grows to a maximum and the second queue shrinks to a minimum. When the time crosses
another integer multiple of delta, the queues switch and the first queue drops to the minimum and the
second queue increases to the maximum. This happens indefinitely as the system of functional differential
equations has undergone a Hopf bifurcation. As a result, we will show that our queueing problem can be
mapped to one a problem where a capacitor charges and subsequently discharges.

Thus, when the update system is unstable, we have that the queue lengths will oscillate periodically
and that these oscillations will approach some limiting amplitude. That is, if we let L denote the greatest
lower bound of the queue lengths for all time and U denote the least upper bound of the queue lengths as
time gets large, then for some sufficiently large k ∈ Z+ and for one of the queues (without loss of generality,
let this queue be q1) we have that

q1(k∆) = U

and

q1((k + 1)∆) = L.
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By following the differential equation given in Equation 2 for ∆ time units using Equation 7, this implies
that

L = q1(k∆)e−µ∆ + ρ
e−θ·q1(k∆)

e−θ·q1(k∆) + e−θ·q1((k+1)∆)
(1− e−µ∆) (10)

= Ue−µ∆ + ρ
e−θ·U

e−θ·U + e−θ·L
(1− e−µ∆). (11)

Similarly, for any k′ ∈ Z+ such that k′ = k + (2n+ 1)m for some m ∈ Z+, we have that

q1(k′∆) = L

and

q1((k′ + 1)∆) = U

and we get that

U = q1(k′∆)e−µ∆ + ρ
e−θ·q1(k′∆)

e−θ·q1(k′∆) + e−θ·q1((k′+1)∆)
(1− e−µ∆) (12)

= Le−µ∆ + ρ
e−θ·L

e−θ·L + e−θ·U
(1− e−µ∆). (13)

Thus, finally we arrive at a two-dimensional system of nonlinear equations i.e.

L = Ue−µ∆ + ρ
e−θ·U

e−θ·U + e−θ·L
(1− e−µ∆) (14)

U = Le−µ∆ + ρ
e−θ·L

e−θ·L + e−θ·U
(1− e−µ∆). (15)

Now by adding Equations 14 and 15, we observe the following relationship between the upper and lower
values

L+ U = ρ. (16)

Thus, we can use this observation to substitute the quantity U = ρ−L in Equation 15 to get an expression
that completely depends on L. Once one makes this substitution, one obtains the following equation

ρ− L = Le−µ∆ + ρ
e−θ·L

e−θ·L + e−θ·(ρ−L)
(1− e−µ∆). (17)

We can solve Equation 17 numerically to get a value for L and then use the fact that U = ρ− L to get a
value for U . Moreover, since we can determine the values of L and U , we can determine the amplitude of
the oscillations of the queue lengths by observing that the amplitude is given by the following formula

Amplitude =
U − L

2
=

(ρ− L)− L
2

=
ρ

2
− L. (18)

This completes the proof. �

Now that we have a fixed-point equation to derive the ampltiude of the oscillations, it is important
to see numerically how this works. In Figure 2, we plot two different examples of oscillating queues. We
see in both plots that our fixed-point equation captures the correct amplitude of the oscillations. Thus,
we immediately see the value of our fixed-point equation to give us insight about the size of oscillations in
queues with information updates.

Although we have a quite simple fixed-point equation which we can solve numerically to find the
amplitude of the oscillations, it still is of interest to have closed-form formulas even if they are only
approximately correct. These closed-form formulas or approximations provide insight into the problem
and give the size of the amplitude explicitly in terms of the model parameters. This is especially valuable
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Fig. 2. The queue lengths plotted against time where the horizontal lines represent our approximations of the amplitude
of the oscillations by numerically solving the fixed-point equation for L. These plots are for λ = 10, µ = 1, θ = 1, and for
t ∈ [−∆, 0] we have q1 = .49 and q2 = .51. In the left plot ∆ = .45 and in the right plot ∆ = .7.

in some parameter regimes where some parameters are large. To this end, in the sequel, we provide two
approximations for the amplitude using first-order and second-order Taylor expansions of the multinomial
logit probability function and demonstrate in some numerical examples that these approximations are quite
accurate.

Before proceeding, we define the multinomial logit function f : R→ R such that

f(x) =
e−θx

e−θx + e−θ(ρ−L)

and for convenience we evaluate f and some of its derivatives at values that will be used in some upcoming
proofs.

f(L) =
e−θL

e−θL + e−θ(ρ−L)
=

1

1 + e−θ(ρ−2L)

f ′(L) = =
−2θe−θ(ρ−2L)(
1 + e−θ(ρ−2L)

)2 = −
θsech2

(
θL− θ ρ2

)
2

f ′′(L) =
8θ2e−2θ(ρ−2L)(
1 + e−θ(ρ−2L)

)3 − 4θ2e−θ(ρ−2L)(
1 + e−θ(ρ−2L)

)2 = θ2tanh
(
θL− θρ

2

)
sech2

(
θL− θρ

2

)
f(0) =

1

1 + e−θρ

f ′(0) =
−2θe−θρ

(1 + e−θρ)
2 = −θ

2
sech2

(
−ρθ

2

)
f ′′(0) =

8θ2e−2θρ

(1 + e−θρ)
3 −

4θ2e−θρ

(1 + e−θρ)
2 = θ2tanh

(
−θρ

2

)
sech2

(
−θρ

2

)
f
(ρ

2

)
=

1

2

f ′
(ρ

2

)
= −θ

2

f ′′
(ρ

2

)
= 0
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Theorem 2. We obtain the following first-order Taylor approximation for the amplitude

Amplitude =
ρ

2
−

ρ− ρ
(

1−e−µ∆

1+e−ρθ

)
1 + e−µ∆ − ρθ

2 · sech2
(
−ρθ

2

)
· (1− e−µ∆)

. (19)

Proof. The first step is to perform a Taylor expansion for the multinomial logit function as a function of
L. A first order Taylor expansion yields

f(L) =
e−θL

e−θL + e−θ(ρ−L)

≈ f(0) + f ′(0)L

=
1

1 + e−θρ
−
(
θ

2
sech2

(
−ρθ

2

))
· L.

Now we substitute the Taylor approximation for the function f(L) into the fixed-point equation and
solve for the variable L. This yields

L =
ρ− ρ

(
1−e−µ∆

1+e−ρθ

)
1 + e−µ∆ − ρθ

2 · sech2
(
−ρθ

2

)
· (1− e−µ∆)

, (20)

which implies that the amplitude is given by the following equation

Amplitude =
ρ

2
−

ρ− ρ
(

1−e−µ∆

1+e−ρθ

)
1 + e−µ∆ − ρθ

2 · sech2
(
−ρθ

2

)
· (1− e−µ∆)

. (21)

This completes the proof. �

Theorem 3. We obtain the following second-order Taylor approximation for the amplitude

Amplitude =
ρ

2
− L∗ (22)

where

L∗ = −1 + e−µ∆ + ρf ′(0)(1− e−µ∆)

ρf ′′(0)(1− e−µ∆)

±
√

(1 + e−µ∆ + ρf ′(0)(1− e−µ∆))2 − 2ρ2f ′(0)(1− e−µ∆)(f(0)(1− e−µ∆)− 1)

ρf ′′(0)(1− e−µ∆)
.

and we define

f(0) =
1

1 + e−θρ

f ′(0) = −θ
2

sech2

(
−ρθ

2

)
f ′′(0) = θ2tanh

(
−θρ

2

)
sech2

(
−θρ

2

)
.

Proof. The first step is to perform a Taylor expansion for the multinomial logit function as a function of
L. A second order Taylor expansion yields

f(L) =
e−θL

e−θL + e−θ(ρ−L)

≈ f(0) + f ′(0)L+
f ′′(0)

2
L2

=
1

1 + e−θρ
−
(
θ

2
sech2

(
−ρθ

2

))
· L+

θ2

2
tanh

(
−θρ

2

)
sech2

(
−θρ

2

)
· L2.
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Now we substitute the Taylor approximation for the function f(L) into the fixed-point equation and
solve for the variable L using the quadratic formula. This yields

L∗ = −1 + e−µ∆ + ρf ′(0)(1− e−µ∆)

ρf ′′(0)(1− e−µ∆)

±
√

(1 + e−µ∆ + ρf ′(0)(1− e−µ∆))2 − 2ρ2f ′(0)(1− e−µ∆)(f(0)(1− e−µ∆)− 1)

ρf ′′(0)(1− e−µ∆)
.

where we define

f(0) =
1

1 + e−θρ

f ′(0) = −θ
2

sech2

(
−ρθ

2

)
f ′′(0) = θ2tanh

(
−ρθ

2

)
sech2

(
−ρθ

2

)
.

Using the amplitude formula (Equation 18), we complete the proof. �

We have observed that the + from the ± as the corresponding root performs better numerically than
the −.

Remark 2.1. One might ask whether the Taylor expansion around 0 is the right Taylor expansion to do.
We have attempted to do a Taylor expansion around the equilibrium point ρ

2 and find that the expansion
yields

f
(ρ

2

)
=

1

2

f ′
(ρ

2

)
= −θ

2

f ′′
(ρ

2

)
= 0.

This seems promising since the second derivative around the equilibrium point is equal to zero. However,
what we find is that the Taylor expansion around the equilibrium only yields the equilibrium solution,
which is an amplitude of zero. Thus, the Taylor expansion around the equilibrium does not yield any
information about the amplitude.

Theorem 4. When the two-dimensional update system exhibits a nonzero amplitude, the first-order Taylor
approximation for the amplitude is an upper bound for the actual amplitude (which is obtained by solving
the nonlinear fixed-point equation). In particular, if we let A1 denote the first-order Taylor approximation
of the amplitude and A denote the actual amplitude, then if A > 0 we have that

A1 ≥ A.

Proof. First consider the multinomial logit function

f(x) =
1

1 + e−θ(ρ−2x)

which is the function in the nonlinear fixed-point equation that we approximate with a first-order Taylor
expansion to get our first-order approximation. The second derivative of this function is given by

f ′′(x) = θ2tanh
(
θx− θρ

2

)
sech2

(
θx− θρ

2

)
and we see that f ′′(x) = 0 precisely when x = ρ

2 . Additionally, f ′′(x) < 0 when x < ρ
2 and f ′′(x) > 0 when

x > ρ
2 . This tells us that this function is concave when x < ρ

2 and convex when x > ρ
2 . In our fixed-point
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equation for L, we have an f(L) term that we ultimately take a first-order Taylor expansion of to get our
first-order approximation. Recall that the nonlinear fixed-point equation is

ρ− L = Le−µ∆ + ρf(L)(1− e−µ∆) (23)

and we can rewrite it as

C1 + C2L = f(L) (24)

where

C1 =
1

1− e−µ∆

and

C2 = − 1 + e−µ∆

ρ (1− e−µ∆)
.

Note that since µ,∆, ρ > 0, it follows that C2 < 0, so C1 + C2L as a function of L is a line with negative
slope. Recall that U +L = ρ and that L ≤ U so that L ≤ ρ

2 . If L = U = ρ
2 , then the solution is stable and

the amplitude is 0, so we instead consider the case where L < ρ
2 which corresponds to the system having

a nonzero amplitude. In this case, we see that f is concave and thus

f(L) ≤ f(0) + f ′(0)L.

Our nonlinear fixed-point equation is

C1 + C2L = f(L)

and the fixed-point equation corresponding to the first-order Taylor approximation is

C1 + C2L = f(0) + f ′(0)L.

Since C1+C2L is a line with negative slope, it will intersect with a strictly larger function before it intersects
with a strictly smaller function and thus if L∗ is the solution to the nonlinear fixed-point equation and L∗1
is the solution to the first-order Taylor approximation fixed-point equation, then we have that

L∗1 ≤ L∗

where we note that since f ′(0) 6= C2, we have that L∗1 exists and is unique. The corresponding approxi-
mations for the upper value of the amplitude are U∗ := ρ − L∗ and U∗1 := ρ − L∗1, respectively, and so it
follows that

U∗1 ≥ U∗

and so

A1 =
U∗1 − L∗1

2
≥ U∗ − L∗

2
= A.

�

Below, in Figures 3, 4, and 5, we show examples of our amplitude approximations being applied to the
two-dimensional update system for various values of ∆. Additionally, we collect data on the amplitude
approximations for several values of ∆ in Figure 6
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Fig. 3. The queue lengths plotted against time where the horizontal lines represent our approximations of the amplitude of
the oscillations by numerically solving the nonlinear fixed-point equation for L. These plots are for λ = 10, µ = 1, θ = 1, and
for t ∈ [−∆, 0] we have q1 = .49 and q2 = .51. In the left plot ∆ = .7 and in the right plot ∆ = 1.
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Fig. 4. The queue lengths plotted against time where the horizontal lines represent our approximations of the amplitude
of the oscillations by numerically solving the first-order Taylor approximation fixed-point equation for L. These plots are for
λ = 10, µ = 1, θ = 1, and for t ∈ [−∆, 0] we have q1 = .49 and q2 = .51. In the left plot ∆ = .7 and in the right plot ∆ = 1.
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Fig. 5. The queue lengths plotted against time where the horizontal lines represent our approximations of the amplitude of
the oscillations by numerically solving the second-order Taylor approximation fixed-point equation for L. These plots are for
λ = 10, µ = 1, θ = 1, and for t ∈ [−∆, 0] we have q1 = .49 and q2 = .51. In the left plot ∆ = .7 and in the right plot ∆ = 1.
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Fig. 6. The values of the amplitude of the oscillations in the two-delay update system for various values of ∆ according to
three different approximations. The Fixed-Point plot corresponds to numerically solving the nonlinear fixed-point equation for
L and then computing λ

2µ −L to obtain the amplitude. The Linear plot uses a first-order Taylor expansion of the multinomial
logit function in the fixed-point equation before solving for L and the Quadratic plot does the same except with a second-order
Taylor expansion. Other parameters used were λ = 10, µ = 1, and θ = 1 for all cases.

3. The Multi-dimensional Case

In the N-dimensional case, we have the following system of functional delay differential equations

•
qi(t) = λ · exp (−θ · qi(Φ(t,∆)))∑N

j=1 exp (−θ · qj(Φ(t,∆))
− µqi(t), i = 1, 2, ..., N. (25)

where

Φ(t,∆) :=

⌊
t

∆

⌋
∆.

Like in the two-dimensional case, the amplitude can be obtained by solving a system of 2N nonlinear
equations i.e.

Ui = Lie
−µ∆ + ρ

e−θ·Li∑N
j=1 e

−θ·Lj
(1− e−µ∆) (26)

Li = Uie
−µ∆ + ρ

e−θ·Ui∑N
j=1 e

−θ·Uj
(1− e−µ∆). (27)

Unfortunately, just like in the two-dimensional case, we cannot find an explicit closed-form solution to
the system of equations. Moreover, what is also true is that the upper and lower interpretations of the Ui
and Li no longer apply in the case where N > 2. This can be observed in the example given in Figure 7.
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Fig. 7. A plot of the queue lengths for the update system with N = 3 against time. We see that the first queue, q1, approaches
a different limiting amplitude than the other two queues do.

3.1. The Even Number of Queues Case

In this case, we can reduce the problem back to the two dimensional case. We observe from our numerical
examples that the even dimensional case always reduces to a setting where the amplitudes are all the
same size for all queues. In particular there are two sets of queues, each containing N

2 identically-behaving
(approximately, for large time) queues, and both sets of queues have the same amplitude but they are out
of phase with each other. In this case, we can map this to the two dimensional case where the arrival rate
is suppressed. This implies that

λ∗

µ
− L = Le−µ∆ +

λ∗

µ

e−θ·L

e−θ·L + e
−θ·(λ∗

µ
−L)

(1− e−µ∆). (28)

where λ∗ = 2λ/N . This factor of 2
N is applied to the original arrival rate λ because the arrival rate is

shared equally amongst all N
2 queues in each set of queues.

Moreover, the Taylor expansion approximations can also be modified by replacing λ with λ∗ to compute
the amplitude. In Figures 8-9 we compare the amplitude obtained by numerically solving the fixed-point
equation 17 (after scaling the arrival rate by 2

N , as mentioned above) with the corresponding linear and
quadratic approximations introduced in Equation 19 and Equation 22, respectively. We compare the ampli-
tude with the linear and quadratic approximations for several values of ∆ and we do so for N = 4, N = 6,
and N = 8. In each of these figures, the Fixed-Point plot corresponds to the amplitude obtained by numer-
ically solving the nonlinear fixed-point equation for L and then computing λ∗

2µ −L to obtain the amplitude.
The Linear plot uses a first-order Taylor expansion of the multinomial logit function in the fixed-point
equation before solving for L and the Quadratic plot does the same except with a second-order Taylor
expansion.

From the figures, we see that the linear approximation appears to get more accurate as ∆ increases
and less accurate as N increases. While the quadratic approximation is more accurate than the linear
approximation in some cases, there are many cases for which the linear approximation is still more accurate.
Overall, the linear approximation appears to be more reliable than the quadratic approximation.
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Fig. 8. N = 4 (Left), N = 6 (Right), λ = 10, µ = 1, and θ = 1
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Fig. 9. N = 8, λ = 10, µ = 1, and θ = 1

3.2. The Odd Number of Queues Case

When N is odd, numerics show that N−1
2 of the queues are in phase with each other and have the same

amplitudes whereas the other N+1
2 queues are in phase with each other and approach another amplitude.

With this insight, we can reduce the system of 2N equations to the following system of four equations.

U1 = L1e
−µ∆ + ρ

e−θL1(
N+1

2

)
e−θL1 +

(
N−1

2

)
e−θU2

(1− e−µ∆) (29)

L1 = U1e
−µ∆ + ρ

e−θU1(
N+1

2

)
e−θU1 +

(
N−1

2

)
e−θL2

(1− e−µ∆) (30)

U2 = L2e
−µ∆ + ρ

e−θL2(
N−1

2

)
e−θL2 +

(
N+1

2

)
e−θU1

(1− e−µ∆) (31)

L2 = U2e
−µ∆ + ρ

e−θU2(
N−1

2

)
e−θU2 +

(
N+1

2

)
e−θL1

(1− e−µ∆) (32)

This is similar to the two-dimensional case except the two queues are really two sets of queues, both of
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Fig. 10. Above is a plot of queue length (vertical axis) against time (horizontal axis). The magenta curve corresponds to the
set of N+1

2 queues whose lengths are all overlapping with each other and all have the same amplitude of U1−L1
2 . The blue

curve corresponds to the set of N−1
2 queues whose lengths are all overlapping with each other and all have the same amplitude

of U2−L2
2 .

which have different amplitudes, one of which contains N+1
2 queues with the same amplitude and the other

contains N−1
2 queues with the same amplitude. We account for these different amplitudes by scaling the

arrival rate corresponding to one of the sets of queues by 2
N+1 and the other by 2

N−1 because the true
arrival rate is split evenly amongst each queue in each set of queues. In equations 29-32, the variables L1

and U1 can be interpreted as the lower and upper values of the amplitude corresponding to the set of
queues containing N+1

2 queues whereas L2 and U2 are the analogous values corresponding to the set of

queues containing N−1
2 queues. This is illustrated in Figure 10 and we can also see from this figure that one

set of queues attains the value L1 at the same time that the other set of queues attains U2 and similarly
U1 and L2 are attained by their respective sets of queues at the same time. This motivates the following
substitutions. (

N + 1

2

)
U1 +

(
N − 1

2

)
L2 = ρ (33)(

N + 1

2

)
L1 +

(
N − 1

2

)
U2 = ρ (34)

Using these substitutions, we can further reduce this system of four equations to be the following system
of two equations.

U1 = L1e
−µ∆ + ρ

e−θL1(
N+1

2

)
e−θL1 +

(
N−1

2

)
e
− 2ρθ

(N−1) eθ(
N+1
N−1)L1

(1− e−µ∆) (35)

L1 = U1e
−µ∆ + ρ

e−θU1(
N+1

2

)
e−θU1 +

(
N−1

2

)
e
− 2ρθ

(N−1) eθ(
N+1
N−1)U1

(1− e−µ∆) (36)

This system of two nonlinear Equations 35-36 can be solved numerically to give us L1 and U1 which can
be used to obtain L2 and U2 by using Equations 33-34 and from these we can obtain the amplitudes for
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each set of queues, which will be U1−L1
2 for the set of queues containing N+1

2 queues and U2−L2
2 for the set

of queues containing N−1
2 queues.

Remark 3.1. From Equations 33-34, we see that(
N + 1

N − 1

)
U1 − L1

2
=
U2 − L2

2

and thus the amplitude corresponding to the set ofN−1 queues will differ from the amplitude corresponding
to the remaining N +1 queues by a factor of N+1

N−1 . This tells us that in the limit as N →∞ (and implicitly
as ∆→∞ because the critical delay increases as N increases and it only makes sense to discuss amplitudes
when the system is unstable), the two amplitudes will approach the same value. Additionally, the amplitudes
approach 0 and the linear approximations of the amplitudes that we found also approach 0 in each case.
This is unsurprising as the arrival rate is held fixed and needs to be distributed among increasingly many
queues as N →∞.

Now that we know that we can numerically solve a system of two nonlinear equations to find the
amplitude of each queue, it is reasonable to search for closed-form approximations of the amplitudes. We
present such approximations in the following theorem.

Theorem 5. When N is an odd integer such that N ≥ 3, we can obtain linear approximations of the
amplitudes which are

A
(1)
1 :=

(a− 1)L
(1)
1 + b · g

(
L

(1)
1

)
2

(which corresponds to the set of queues containing N+1
2 queues) and

A
(1)
2 :=

(
N + 1

N − 1

)
A

(1)
1

(which corresponds to the remaining N−1
2 queues) where

L
(1)
1 =

ab · g(0) + b · g(b · g(0))

1− a2 − ab · g′(0)− g′(b · g(0))(ab+ b2 · g′(0))

where we define the function g : R→ R such that

g(x) :=
e−θx(

N+1
2

)
e−θx +

(
N−1

2

)
e−

2ρθ
N−1 eθ(

N+1
N−1)x

and we let

a := e−µ∆

b := ρ(1− e−µ∆).

Proof.

With the stated definitions, we can concisely rewrite Equations 35-36 as follows.

U1 = aL1 + b · g(L1) (37)

L1 = aU1 + b · g(U1) (38)

To get our approximation for the amplitude, we will take the expression for U1 given by Equation 37 and
substitute it into Equation 38 and then linearize the resulting nonlinear function about L1 = 0. Following
this approach, we have that Equation 38 becomes

L1 = a(aL1 + b · g(L1)) + b · g(aL1 + b · g(L1)) (39)

= a2L1 + ab · g(L1) + b · g(aL1 + b · g(L1)) (40)

≈ a2L1 + ab[g(0) + g′(0)L1] + b[g(b · g(0)) + g′(b · g(0))(a+ b · g′(0))L1] (41)



June 27, 2022 13:37 output

Queues with Updating Information: Finding the Amplitude of Oscillations 17

where

g(0) =
2

(N + 1) + (N − 1)e−
2ρθ
N−1

(42)

g′(0) =
−2θ(N + 1)e−

2ρθ
N−1(

(N + 1) + (N − 1)e−
2ρθ
N−1

)2 (43)

and this gives us that

L1 ≈ L(1)
1 :=

ab · g(0) + b · g(b · g(0))

1− a2 − ab · g′(0)− g′(b · g(0))(ab+ b2 · g′(0))
(44)

and that

U1 ≈ U (1)
1 := aL

(1)
1 + b · g

(
L

(1)
1

)
(45)

so that our amplitude approximation is

A
(1)
1 :=

U
(1)
1 − L(1)

1

2
=

(a− 1)L
(1)
1 + b · g

(
L

(1)
1

)
2

. (46)

Similarly, we define the approximations L
(1)
2 and U

(1)
2 according to the equations(

N + 1

2

)
U

(1)
1 +

(
N − 1

2

)
L

(1)
2 = ρ (47)(

N + 1

2

)
L

(1)
1 +

(
N − 1

2

)
U

(1)
2 = ρ (48)

so that

L
(1)
2 :=

2ρ

N − 1
−
(
N + 1

N − 1

)
U

(1)
1 (49)

:=
2ρ

N − 1
−
(
N + 1

N − 1

)(
aL

(1)
1 + b · g

(
L

(1)
1

))
(50)

and

U
(1)
2 :=

2ρ

N − 1
−
(
N + 1

N − 1

)
L

(1)
1 (51)

and we let the approximation to the other amplitude be

A
(1)
2 :=

U
(1)
2 − L(1)

2

2
(52)

=

(
N + 1

N − 1

)(a− 1)L
(1)
1 + b · g

(
L

(1)
1

)
2

 (53)

=

(
N + 1

N − 1

)
A

(1)
1 (54)

�

We explore the accuracy of these amplitude approximations below in Figures 11-12 where we consider
N = 3, N = 5, N = 7, and N = 9 (respectively) and compare solving the nonlinear system 35-36 to
obtain the amplitude against the linear approximations obtained in 46 and 52. In each of these figures,
we show values corresponding to each of the two amplitudes present in the system, whose values differ
by a factor of N+1

N−1 , for various values of ∆. The Nonlinear (1) and Nonlinear (2) plots correspond to
the value of each of the amplitudes obtained by numerically solving the nonlinear system 35-36 and then
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Fig. 11. N = 3 (Left), N = 5 (Right), λ = 10, µ = 1, and θ = 1
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Fig. 12. N = 7 (Left), N = 9 (Right), λ = 10, µ = 1, and θ = 1

computing U1−L1
2 and U2−L2

2 to obtain the amplitudes. The Linear (1) and Linear (2) plots, correspond to
the approximate amplitude values obtained by using the first-order Taylor approximation that we came up
with in Equations 46 and 52. We can observe that the linear amplitude approximation tends to get more
accurate as ∆ increases and less accurate as N increases. Additionally, the linear approximation appears
to be an upper bound for the actual value of the amplitude.

4. Conclusion and Further Research

In this paper we analyze a system of functional differential equations which models a queueing system
with updating information. In particular, we found out how to compute the amplitude of the queue length
oscillations that occur after the system experiences a Hopf bifurcation. The methods used in our work
differ from those used in the existing literature because the FDE system we consider uses a non-stationary
delay and thus techniques used in the existing literature, such the Lindstedt-Poincaré method which uses
asymptotic analysis to approximate the amplitude of oscillations, do not apply to our problem. Indeed, we
were able to find a fixed-point equation in the two-dimensional case which can be solved to allow us to
exactly compute the amplitude of the oscillations. Extensions of this fixed-point equation were obtained
in the N -dimensional case for N > 2 as well, where we separately considered the cases for which N is
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odd or even. While this fixed-point equation and its N -dimensional analogues theoretically provide us
with a method for exactly computing the amplitude, we can only solve them numerically in practice.
Because of this, we developed closed-form approximations of the amplitude via Taylor expansions which
we numerically tested the accuracy of for several values of ∆.

There are several potential extensions for future research on this topic. One possible extension could
be to consider a choice model that depends on different information, such as information about the time
derivative of queue lengths evaluated at the most recent update time. Exploring such an extension could
give more insight into how providing customers with different types of information impacts the dynamics of
updating queueing systems. Another possible direction for future work could be to try to analyze updating
queueing systems that use a time-varying arrival rate instead of the constant arrival rate used in our model.
An interesting observation that we made in the three-dimensional case is that one of the three queue lengths
had an amplitude that decayed to zero for some values of ∆ that were larger than the critical delay for this
system and that this third queue length will approach a nonzero amplitude if ∆ is sufficiently increased
past these values. Therefore, there appears to be a second ”critical” value of ∆ at which the stability of the
third queue changes. Finding a way to compute this second critical value as well as better understanding
why we only observed this phenomenon in the three-dimensional case as opposed to higher-dimensional
cases would be interesting problems to consider.
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5. Appendix: A

In this section, we provide additional plots of the queue lengths against time to illustrate the accuracy of
our method for calculating the amplitude of the dynamics. We first consider the case where N is even and
then we consider the case where N is odd in the subsequent subsection.

5.1. Even Case

Here we consider various plots of queue length against time in Figures 13-18 for N = 4, N = 6, and N = 8.
In Figure 13 we plot queue length against time for all four of the queues in the N = 4 update system. We
see that there are two sets of two queues where the queues in different sets all have the same amplitude
and only differ by a phase shift. In Figure 14 we plot amplitude bars obtained from solving the fixed-point
equation as well as amplitude bars obtained from the linear amplitude approximation.

In Figure 15 we plot queue length against time for all four of the queues in the N = 6 update system.
We see that there are two sets of three queues where the queues in different sets all have the same amplitude
and only differ by a phase shift. In Figure 16 we plot amplitude bars obtained from solving the fixed-point
equation as well as amplitude bars obtained from the linear amplitude approximation.

In Figure 17 we plot queue length against time for all four of the queues in the N = 8 update system.
We see that there are two sets of four queues where the queues in different sets all have the same amplitude
and only differ by a phase shift. In Figure 18 we plot amplitude bars obtained from solving the fixed-point
equation as well as amplitude bars obtained from the linear amplitude approximation.

Overall, we see that the plots reiterate the conclusion made earlier that the linear amplitude approxi-
mation tends to get worse as N increases as all of the plots have the same value of ∆ = 3 and the amplitude
approximation is considerably worse in the N = 8 case than in the other cases.
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Fig. 13. N = 4
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Fig. 14. N = 4

5.2. Odd Case

For the odd number of queues case, we consider various plots of queue length against time in Figures 19-27
for N = 3, N = 5, N = 7, and N = 9. In Figure 19 we plot queue length against time for N = 3 and we
see that two of the queue lengths converge to the smaller amplitude and the other queue converges to the
larger amplitude. In this case, ∆ = 3 which is sufficiently large for all of the queue lengths to be unstable.
An interesting phenomenon that we observed in the N = 3 case (but did not see in any of the N 6= 3 cases)
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Fig. 15. N = 6
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Fig. 16. N = 6

is that if ∆ is larger than the critical delay but not too large, then only two of the three queues will be
unstable. This phenomenon is shown in Figure 20 where we have that ∆ = 1.5 (for reference, the critical
delay is approximately 0.619 for the chosen parameters in this case). Additionally, in Figure 21 we plot
amplitude bars obtained from solving the fixed-point equation as well as amplitude bars corresponding to
the linear amplitude approximation.

In Figure 22 we consider the case where N = 5 and we see that two of the queue lengths converge to the
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Fig. 17. N = 8
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Fig. 18. N = 8

larger amplitude while the other three queue lengths converge to the smaller queue length. In Figure 23 we
plot amplitude bars obtained from solving the fixed-point equation as well as amplitude bars corresponding
to the linear amplitude approximation.

In Figure 24 we consider the case whereN = 7 and we see that three of the queue lengths converge to the
larger amplitude while the other four queue lengths converge to the smaller queue length. In Figure 25 we
plot amplitude bars obtained from solving the fixed-point equation as well as amplitude bars corresponding
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to the linear amplitude approximation.
In Figure 25 we consider the case where N = 9 and we see that four of the queue lengths converge to the

larger amplitude while the other five queue lengths converge to the smaller queue length. In Figure 27 we
plot amplitude bars obtained from solving the fixed-point equation as well as amplitude bars corresponding
to the linear amplitude approximation.

While the value of ∆ used for these figures varied (intentionally, to get plots that are easier to quali-
tatively examine), we see that the figures support the observation made from Figures 11-12 that the linear
approximation is less accurate when N is larger (noting that we used values of ∆ greater than or equal to
those used for smaller values of N).
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Fig. 20. Strange case in N = 3 where one queue length decays

470 475 480 485 490 495

1

2

3

4

5

6

7

8

9

λ=10.00, µ=1.00, θ=1.00, ∆=3.00

Time

Q
ue

ue
 L

en
gt

h

 

 
FP Lower (1)

FP Upper (1)

M1 Lower (1)

M1 Upper (1)

FP Lower (2)

FP Upper (2)

M1 Lower (2)

M1 Upper (2)

q
1

q
2

q
3

Fig. 21. N = 3



June 27, 2022 13:37 output

26 REFERENCES

40 50 60 70 80 90 100 110

0.5

1

1.5

2

2.5

3

3.5

4

4.5
λ=10.00, µ=1.00, θ=1.00, ∆=3.00

Time

Q
ue

ue
 L

en
gt

h

 

 
q

1

q
2

q
3

q
4

q
5

Fig. 22. N = 5
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Fig. 26. N = 9
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Fig. 27. N = 9


