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It is already well-understood that many delay differential equations with only a single constant
delay exhibit a change in stability according to the value of the delay in relation to a critical
delay value. Finding a formula for the critical delay is important to understanding the dynamics
of delayed systems and is often simple to obtain when the system only has a single constant
delay. However, if we consider a system with multiple constant delays, there is no known way
to obtain such a formula that determines for what values of the delays a change in stability
occurs. In this paper, we present some single-delay approximations to a multi-delay system
obtained via a Taylor expansion as well as formulas for their critical delays which are used to
approximate where the change in stability occurs in the multi-delay system. We determine when
our approximations perform well and we give extra analytical and numerical attention to the
two-delay and three-delay settings.

Keywords: delay differential equations, multiple delays, distributed delay, Hopf bifurcation, Tay-
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1 . Introduction

Delay differential equations (DDESs) are useful for modeling phenomena that arise in areas such as biology,
machine learning, neural networks, physics, and surprisingly queueing theory. See for example [Cooke &
Van Den Driessche, 1996; Wei & Ruan, 1999; Freedman & Rao, 1986; Campbell, 2007; Wu, 2011; Novitzky
et al., 2019; Novitzky & Pender, 2020; Penkovsky et al., 2019; Rackauckas et al., 2020]. When trying
to understand the dynamics of a DDE with only a single constant delay, it is often crucial to find the
critical delay at which solutions to the system exhibit a change in stability when treating the delay as a
bifurcation parameter. In many cases, deriving an expression for the critical delay in a single-delay system
and one space dimension is quite easy and provides valuable information about the behavior of the system.
However, DDEs with multiple constant delays are significantly more difficult to analyze than DDEs with
only a single constant delay due to the presence of additional exponential terms in the characteristic
equation. This complicates the standard procedure typically used for finding the critical delay in single-
delay systems and consequently there are far fewer analytical results for multi-delay systems than there
are for single-delay systems. When the space is also multi-dimensional, this only complicates the problem
even further.

Despite the complexity to obtain analytic results for multi-delay differential equations, some analytic
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results do exist for certain classes of DDE systems that have two or three delays. For example, [Nussbaum,
1978] proves the existence of periodic solutions for a specific class of DDEs with two delays. Some stability
results for DDEs with two delays can be found in [Wei & Ruan, 1999; Freedman & Rao, 1986; Ruan &
Wei, 2003; Bélair & Campbell, 1994; Campbell et al., 1999; Shayer & Campbell, 2000; Campbell et al.,
2006; Guo et al., 2008]. In [Wei & Ruan, 1999], a neural network model with two delays is examined by
analyzing its transcendental characteristic equation and by applying normal form theory and the center
manifold theorem. In [Campbell et al., 1999], a neural network model where each neuron receives two time
delayed inputs is considered and sufficient conditions for stability of an equilibrium are determined by
analyzing a system of transcendental equations obtained from the characteristic equation. In [Freedman
& Rao, 1986], a system of two DDEs, each having two delays, is considered and the Nyquist criterion is
applied to the characteristic equation to obtain estimates on the values of delays for which the system’s
stability is preserved, in addition to other stability criteria. In [Ruan & Wei, 2003], results on the zeros
of general transcendental functions are obtained and applied to exponential polynomials and DDEs with
two delays. Additional results for multi-delay systems can be found in [Liicken et al., 2015; Llibre & Tarta,
2006; Yoneyama & Sugie, 1988] and references therein. In [Bernard et al., 2001], DDEs with distributed
delays are considered and analyzed using Laplace transforms. Regardless of existing results, there is no
known general formula for the critical values of the delays in multi-delay systems that determine where
the system changes stability and thus a better understanding of the stability properties of multi-delay
DDEs is desired. Our work differs from the existing literature as we focus on using single-delay differential
equations, which already have well-understood stability properties, to approximate multi-delay differential
equations to better understand the stability of systems with multiple delays.

Although there are many application areas for DDEs, our work is motivated by multi-delay DDE mod-
els from queueing theory. In recent years, there has been a great interest in studying queues with delayed
information, see for example [Novitzky et al., 2019; Pender et al., 2017; Novitzky et al., 2020; Novitzky &
Pender, 2020; Doldo et al., 2020; Liu & Whitt, 2012; Atar & Lipshutz, 2021]. Queues with delayed infor-
mation is an important area as they describe how information is lagged in information-technology driven
systems. In some empirical research, it has been observed that delayed information can cause oscillations
in healthcare, amusement parks, transportation systems, and even produce prices [Tao & Pender, 2017;
Dong et al., 2019; Nirenberg et al., 2018; Mackey, 1989].

In this paper, we aim to contribute to the understanding of where the change in stability occurs in multi-
delay systems by introducing single-delay approximations to a multi-delay system. The main idea is that we
can easily compute the critical delays of our single-delay approximations due to their comparatively simple
characteristic equations and then use these critical delays to approximate where the multi-delay system
undergoes a change in stability. We will primarily focus our attention on two single-delay approximations,
one of which is a first-order neutral DDE and one which also contains a delayed second-derivative term.
We analyze each of these approximations and numerically examine their performance in both a two-delay
system and three-delay system.

1.1. Main Contributions of Paper

The contributions of this work can be summarized as follows:

We develop a neutral DDE with only a single constant delay and derive its critical delay in an attempt to
approximate where the change in stability occurs in the multi-delay system.

We also present a DDE with a single constant delay that has a delayed second-derivative term and we
derive its critical delay and use it to approximate where the change in stability occurs in the multi-delay
system.

We analyze the performance of these approximations in a two-delay system.

1 .2. Organization of Paper

The remainder of this paper is organized as follows. In Section 2 we discuss an application of multi-delay
systems in queueing theory that motivates the analysis in this paper. In Section 3 we present two single-



Multi-Delay Differential Equations: A Taylor Expansion Approach 3

delay approximations to a multi-delay system (in addition to discussing the constant-delay approximation),
compute their critical delays, and examine their performance numerically in the two-delay and three-delay
cases. In Section 4 we analyze under which conditions our single-delay approximations perform the best
in the two-delay setting. In Section 5 , we briefly discuss how our single-delay approximations relate to
generalizations of the Lambert W function. Finally, in Section 6 , we give some closing thoughts and discuss
potential directions for future research.

2 . Motivating Application

In many queueing systems, customers are often supplied with information about queue lengths or waiting
times. The information that a customer is provided with can influence the customer’s decision of whether
or not to join a queue and wait for a service. However, the information that customers are given is often
inherently delayed in some sense. For example, waiting times or queue length information is often not
updated in real time, so the information that the customer is receiving is actually information about
the state of the queueing system in the past. Another way that this information can be delayed is if a
customer has to commit to joining a queue before being able to physically travel to join the queue. Indeed,
physically traveling to join a queue takes time, so by the time the customer actually arrives at the queue,
the information that informed the customer’s decision to join the queue is information from the past and
the queue length or waiting time could be different when the customer arrives.

As one might expect, the delay introduced from traveling will depend on how far the customer had
to physically travel to arrive at the queue. In many situations, not all customers are going to be traveling
to the queue from the same location. For example, some service might be available in only a single city
and thus this service could receive customers that traveled from multiple nearby cities, each city having
a different distance from the destination. Thus, if some percentage of customers must travel from a given
location, we can assume that they all experience the same delay. Keeping this in mind, in this section we
will introduce a stochastic queueing model where customers travel from location k& with probability pi and
experience constant delay Ay, as illustrated in Figure 1. A stochastic queueing model that models customer
choice to depend on the queue lengths with a single constant delay has already been introduced in [Pender
et al., 2020]. The model that we will present is a multi-delay generalization of this stochastic queueing
model. Indeed, we consider a system of IV infinite-server queues where the choice model used to determine
which queue a customer joins is based on a Multinomial Logit Model (MNL) so that the probability of
joining the ™" queue is given by the following expression

exp(—0 Xk prQi(t — Ag)))
Sy exp(—0 (4, prQj(t — Ag)))
where Q(t) = (Q1(£), Qa(t), ., Qn (1)) and A = (Ay, A, .., An).

Using these probabilities for joining each queue allows us to construct the following stochastic model
for the queue length process of our N dimensional system for ¢ > 0

LN exp(—0 (Sh, prQils — M) ds)
0 Z;V:l exp(—0 (i, peQj(s — Ax)))

([ nu(oyas) @)

where each II(-) is a unit rate Poisson process and Q;(s) = ¢;(s) for all s € [— maxj<g<m Ag,0]. In this
model, for the i*" queue, we have that

e ( " A exp(=0 (i, prQils — Ax)) ds)
7 N m
0 23:1 exp(—0 (Xojq PeQj(s — Ag)))

counts the number of customers that decide to join the i*" queue in the time interval (0,t]. Note that the
rate depends on the queue length at times t — A,k = 1, ..., m and not time ¢, hence representing the lags

pi(Q(t),A) =

(1)

Qi(t) = Qi(0) + I17 (

(3)
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in information corresponding to each of the m locations that a customer can potentially travel to the queue
from. Similarly, the randomly time changed Poisson process

ey ()

counts the number of customers that depart the it queue having received service from an agent or server
in the time interval (0,¢]. However, in contrast to the arrival process, the service process depends on the
current queue length and not the past queue length.

P1
®

P2

{‘

.-—-—""""_'.
A2
... Am
@
Pm

Fig. 1: Customers travel from one of m locations (represented by blue circles) to arrive at the queue
(represented by a red circle) and experience a different constant delay in information depending on this
location. Sampling over customers from all locations, we assume that a given customer travels from location
k with probability pr and this customer experiences constant delay Ap. We average over these experiences
to get a distributed delay equation.

One should note that we are not assuming that the each customer experiences a random delay, however,
we are averaging the experiences of all of the customers and using that to choose which queue to join. Thus,
we are not viewing A as a random variable as this would be a different model. We are using distributed
delay equations to model the different travel dynamics of different customers. This is very different from
assuming a random delay.

2 .1. Fluid Limit Scaling and Convergence

In many service systems, the arrival rate of customers is high. For example in Disneyland there are thou-
sands of customers moving around the park and deciding on which ride they should join. Motivated by the
large number of customers, we introduce the following scaled queue length process by a parameter n

A - exp(=6 (35t prQ7 (s — Ak)))
Sy exp(=6 (7 Qs = Ar) )

Lt (o [ wrras) 5)

Note that we scale the rates of both Poisson processes, which is different from the many server scaling,
which would only scale the arrival rate. Scaling only the arrival rate would yield a different limit than the
one analyzed by [Pender et al., 2018] since the multinomial logit function is not a homogeneous function.
Letting the scaling parameter n go to infinity gives us our first result.

1 t
n — " .
Q) = QI (0)+ nHZ 7]/0 ds

Theorem 1. If Q](s) — ¢i(s) almost surely for all s € [—maxy Ay, 0] and for all 1 < i < N, then
the sequence of stochastic processes {Q"(t) = (Q7(t), Q3(t),...,Q%(t)}nen converges almost surely and
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uniformly on compact sets of time to (q(t) = (q1(t), q2(t), ..., qn (t)) where

) = r. PO st =D)L ;
S STy PP R ©
and ¢;(s) = @i(s) for all s € [— maxy(Ag),0] and for all1 <i < N.

Proof. See Appendiz A .
[ |

This result states that as we let 17 go towards infinity, the sequence of queueing processes converges to
a system of delay differential equations.

2 .2. Fluid Limait

As discussed earlier, an interesting extension of the queueing model from previous work is to make the
customer choice model depend on delayed information which has multiple constant delays. A physical
motivation for the following model is that customers maybe be traveling to the queueing system from
multiple different locations which have different travel times to the queueing system. We suppose that
customers are in location k with probability p; and experience delay Ap > 0, for k = 1,...,m. It is easy
to check that the system 6 has an equilibrium at ¢; =--- = qn = N%L We can linearize this system about
this equilibrium point by introducing the variables

A
qi(t) = Ni +w;(t), i=1,...,N.

After making the change of variables, the i-th equation is in the form

. exp (—0 D71 prwi(t — A A
) = AP i Pl = B A @
2 j=10xXp (=0 D25y prw;(t — Ag)])
and linearizing this system gives us
A o A &
w;(t) = W;;wj(t_Ak)_N;wi(t_Ak)_ﬂwi(t)- (8)
Jj= = =

As done similarly in [Novitzky et al., 2020], we can uncouple the delayed part of this system by making a
change of variables w = Ev, where w = (w1, ...,wnx)T,v = (v1,...,o5)T, and E is a matrix whose columns
are the eigenvectors of the matrix corresponding to delayed terms in Equation 8 for ¢ = 1, ..., N, to get the
following N equations.

U1(t) + por () =0 (9)
Ba(t) + 30 S pranlt — Ay) + pa(t) = 0 (10)
k=1
. A
Bn(0)+ 00 S prow(t - Ag) + pow(t) = 0 (1)
k=1

We notice that the first of these equations is simply an ODE which we can solve to get that vi(t) =
¢exp(—pt) for some undetermined constant ¢, so the analysis of the system reduces to solving the remaining
N — 1 equations. The remaining equations are all in the same form, which is a DDE with multiple delays
and we dedicate the next section to analyzing equations in this form.
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3 . Single-Delay Approximations

In the previous section, we saw that we could reduce the analysis of the multi-delay system of N queues
to the analysis of just a single DDE with multiple constant delays in the form

m
u(t) + % kzlpku(t — Ap) 4 pu(t) = 0. (12)
However, analyzing even just a single DDE with multiple constant delays is challenging in general. Because
of this difficulty, in the following sections we will explore ways of approximating multi-delay DDEs with
DDEs that are easier to analyze.

To further motivate the importance of analyzing DDEs with multiple constant delays, it is worth noting
that the multi-delay DDEs that we are considering can be viewed as DDEs that only depend on a single
discrete random variable delay A where A = A, with probability p; for k = 1, ..., m, so we could rewrite
Equation 12 as

u(t) + )\NQE[u(t — A)] + pu(t) = 0. (13)

Naturally, such DDEs can be used to approximate the behavior of DDEs that depend on a single random
variable delay A that is distributed according to some continuous probability distribution as we can use a
discrete distribution to approximate a continuous distribution. For example, if A were distributed according
to a continuous uniform distribution over the interval [a, b], then we would have that

1 b
Elu(t — A)] = 5 / u(t — s)ds (14)
—a ),
and we could approximate this expectation with a finite number of constant delays as follows
1 m
Elu(t — A)] =~ p- u(t — Ag) (15)
k=1

(b=a)

where Ay = a + =k, for k = 1,...,m. Thus, a better understanding of DDEs with multiple constant
delays can help us to better understand a variety of problems.

3 .1. Constant-Delay Approximation

Now we consider a DDE with multiple, m > 2, constant delays in the form

m
u(t) = agu(t) + Y aju(t — A;) (16)
j=1
where a; = Cp; for some C' # 0 and probabilities p; € [0,1] for j = 1,...,m and Z;n:1 p; = 1. We
are motivated to consider equations of this form because Equation 10 is in this form with ap = —p and
aj = —’\Wepj for j = 1,...,m. Alternatively, we can write Equation 16 as
u(t) = apu(t) + C - Elu(t — A)] (17)

where we are viewing A as a discrete random variable which has value A; with probability p; for j = 1,...,m.
Unfortunately in the general case, there does not exist an explicit solution for the critical delay A, which
determines what values of Ay, ..., A, a Hopf bifurcation will occur at. This leads us to search for ways to
approximate where the change in stability occurs. A natural first step is to compare the multi-delay system
to its constant-delay counterpart, that is

u(t) = agu(t) + C - u(t — A*) (18)

for some constant A* > 0, so we have essentially replaced the discrete random variable A with a constant
delay A* to get a single-delay approximation of the multi-delay equation. The advantage of making this
approximation is that we can easily compute the critical delay of the constant-delay approximation, which
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we can use as an approximation for where the change in stability occurs in the multi-delay system. Indeed,
the critical delay of the constant-delay system is

arccos (— %)

Aconstant —
cr
C?—a3

In Figure 2, we numerically compare the stability of the multi-delay system for m = 2, N > 2, and
pL=po = % to that of the constant-delay system with A* = p1 Ay +pa2Ag = E[A] by numerically integrating
for many (Aj, Ag) pairs and seeing if the solutions are stable or unstable at each point (A1, Ay). We see
that the constant-delay system ends up being more unstable than the multi-delay system and the constant-
delay system seems to approximate the change in stability best when A; = As. Of course, it makes sense
that the approximation is good when A; = Ay as the multi-delay DDE reduces to a single-delay DDE in
this case which makes our formula for the critical delay exact.

Constant and Multi-Delay Systems (Mean)

0.4

0.3
0 2
01

0 01 02 03 04 05 0B 07 0B 08 1
A

Fig. 2: Green: Both the constant-delay and multi-delay systems are stable (solutions converge to an equi-
librium). Yellow: constant-delay system is unstable and the multi-delay system is stable. Red: Both the
constant-delay and multi-delay systems are unstable. p; = ps = .5, a9 = —1,C' = —5.

The accuracy of the constant-delay approximation will depend on the choice of the constant A*. In
the two-delay setting, we numerically compare the performance of the constant-delay system with several
different choices of A* being used. We created scatterplots such as the one in Figure 2 for several values
of p and we considered four different choices of A*.

A" = A

A" = Ay

A* = % (midpoint)

A* = pA; + (1 — p)Ay = E[A] (mean)

We collected data on how accurately the constant-delay approximation approximates the stability of the

multi-delay system under each of these choices of A* in Table 1. For clarity, the accuracy percentages are
computed according to the formula

A % — 100 # of points with same color in approximation and multi-delay plots
ccuracy %o = : .

total # of points considered in the unit square

It is worth noting that this definition of accuracy is somewhat arbitrary due to the restriction of only
considering (A1, Ag) pairs in the unit square and sampling (A1, Ay) pairs from other regions would give
different results in general. We give some examples of this in the Appendix.

From the information in Table 1, we observe that the choice A* = E[A] gives the best results on average
(uniformly sampling over each value of p in the table), though other choices of A* perform better for some
specific values of p. Moving forward, we will see if we can improve upon the constant-delay approximation
by introducing other approximations of the multi-delay system in the following two sections.
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P A" = A1 | A* = Ay | Midpoint | Mean

.01 | 53.91% 99.99% 76.95% 99.52%
1| 54.28% 97.40% 77.32% 95.82%
2 | 56.58% 94.62% 79.62% 91.22%
3 | 62.65% 89.15% 79.41% 83.71%
4 1 71.20% 81.96% 73.88% 74.76%
5 | 76.96% 76.96% 72.38% 72.38%
6 | 81.96% 71.20% 73.88% 74.76%
7] 89.15% 62.65% 79.41% 83.71%
8 | 94.62% 56.58% 79.62% 91.22%
9 | 97.40% 54.28% 77.32% 95.82%
99 | 99.99% 53.91% 76.95% 99.52%

Table 1: The percentage of points in the constant-delay approximation scatterplots that correctly matched
those in the multi-delay system scatterplot for various values of p, with C' = —5 and ag = —1. Based on
the table, the average accuracy percentage for the A* = A case is about 76.25%, for the A* = Ay case it
is about 76.25%, for the midpoint case it is about 76.98%, and for the mean case it is about 87.49%.

3 .2. Neutral Approximation

The observations in the previous section help motivate the main focus of this work in which we use a novel
approximation that exploits the fact that we know how to calculate the critical delay in a neutral DDE
with one constant delay. Our goal is to approximate our multi-delay system with a neutral DDE that has
a single delay, which we can do by Taylor expanding, as follows

u(t) = agu(t) + Y aju(t — A"+ A* = A)) (19)
j=1
~ agu(t) + Y oglu(t — A) + (AT = Aj) - ut — AY)] (20)
j=1
= agu(t) + Z aj | -u(t—A")+ Zaj(A* — A | -alt — AY) (21)
j=1 Jj=1
= apu(t) + Ao - u(t — A%) 4+ Ay - u(t — A¥) (22)

where
A() = Za]‘ and A1 = ZOJj(A* — A])
j=1 J=1

It is important to recognize that A; depends on all of the delays Ay, ..., A,, as well as the choice of A*,
which might depend on any of Ay, ..., A,, itself. More specifically, A; explicitly depends on the differences
A*—Aj for j = 1,...,m. Despite this dependence, we will essentially be treating A; as a constant parameter
in our analysis. With this understanding, we want to obtain an expression for the critical value of A*
corresponding to when solutions to this neutral DDE exhibit a change in stability. The critical delay of
this neutral DDE can then be viewed as an approximation for where the change in stability occurs in the
multi-delay system in the sense that the expression for the critical delay of the neutral DDE can take A*
and Aq,...,A,, as input and then be used to, with hopefully a reasonable degree of accuracy, determine
the stability of the multi-delay system at the point (Aq, ..., A,,) by checking whether or not A* is greater
than or less than the critical delay of the neutral DDE.
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Theorem 2. The approximate critical delay under the neutral approximation is given by

P 1 —apgAg + w2A1
Acfp = ; arccos <w (23)
where
N
1— A2
and
AOZZOA]', A1 :Zaj(A*—Aj).
j=1 j=1
Proof. We start the proof by starting with the approrimation given by the neutral DDE, i.e.
u(t) = apul(t) + Zaj cu(t — A%) + Zaj(A* —-Aj) |- u(t — A¥) (24)
j=1 j=1
= apu(t) + Ao - u(t — A*) 4+ Ay - u(t — A¥). (25)

rt

Letting u(t) = e, we get the following characteristic equation.

r=ay+ Age T + Ayre ™A

A change in stability occurs when the real part of r changes sign, so we consider when r is on the imaginary
axis so that r = iw for some w € R. Separating real and imaginary parts yields the following system of
equations.

—op = Ap cos(wA") + wA; sin(wA") (26)
w = —Apsin(wA*) + wA; cos(wA™) (27)
We can solve this system to get
o —0dg + w?A;
cos(wA*) = Az W24 (28)
. % —on — aowA1
sin(wA*) = A2 4 R A2 (29)

and using the identity cos®(z) + sin?(z) = 1 on Equations 26 and 27, we get

Af — a3
1—- A2

w =

Then, from our cosine expression in Equation 28, we are able to solve for the critical delay for the neutral
equation, which is meant to approximate the critical delay of the queueing system. Thus, we have

<—040A0 + OJ2A1)

1
AIPPTOT — _ arccos
er A% + wQA%

w

To get an idea of how well the critical delay for the neutral system approximates the change in
stability of the multi-delay system, we numerically integrated the multi-delay system with m = 2, p; = p,
and po = 1 — p for many (A, Ag) pairs and determined if the solution was stable or unstable at each
point (A1, As) to create a scatterplot to show where in the Aj-Ay plane the change in stability occurs
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P A" = A1 | A* = Ay | Midpoint | Mean

01 | 51.32% 99.52% 76.08% 99.52%
1| 52.73% 95.14% 78.95% 95.82%
2 | 55.90% 86.63% 79.46% 91.22%
3] 62.39% 77.48% 77.28% 83.71%
4 1 70.18% 72.09% 73.40% 74.76%
5| 72.13% 72.13% 72.38% 72.38%
6 | 72.09% 70.18% 73.40% 74.76%
T 77.48% 62.39% 77.28% 83.71%
8 | 86.63% 55.90% 79.46% 91.22%
9 ] 95.14% 52.73% 78.95% 95.82%
99 | 99.52% 51.32% 76.08% 99.52%

Table 2: The percentage of points in the neutral approximation scatterplots that correctly matched those
in the multi-delay system scatterplot for various values of p, with C' = —5 and ap = —1. Based on the
table, the average accuracy percentage for the A* = A case is about 72.32%, for the A* = Ay case it is
about 72.32%, for the midpoint case it is about 76.61%, and for the mean case it is about 87.49%.

and then compared this to analogous scatterplots for the neutral approximation for various choices of A*
and checked what percentage of points in each scatterplot matched with those in the scatterplot for the
multi-delay system. We created such scatterplots for several values of p and we considered the same four
choices of A* considered in Table 1.

Examples of these scatterplots can be found in Appendix B .1. We collected data on how accurate each
approximation is in Table 2. We observe that the mean approximation A* = E[A] does the best overall,
however it does poorly near p = % We will give an explanation of this in Section 4 . It is worth noting that
the definition of accuracy used in Table 2 is based on (A1, Ag) pairs sampled from the unit square, but
if we had instead sampled from a different-sized square then we would in general get different accuracies.
Indeed, in the Appendix we consider the scatterplots from sampling (Aj, Ay) pairs from a two-by-two
square and a five-by-five square and see that the analogously defined accuracy differs from that in the unit
square case.

3 .3. Keeping the Second Derivative

Now that we have looked at various choices of A* for our neutral approximation, it is natural to question
what the best choice of A* is. We explore this question next. Consider an equation in the form

u(t) = agu(t) + C iju(t - Aj)
j=1

where the discrete random variable A is equal to A; with probability p; for j = 1,...,m. By Taylor
expanding, we obtain the neutral approximation to this equation.



Multi-Delay Differential Equations: A Taylor Expansion Approach 11

u(t) = apu(t) + C ij (t— A" + A — A))
_‘721

3

= apu(t) + C ij <u(t — A") + (A" = Aju/(t — A*) + %(A* — APt — AF) - >

J=1

= agu(t) + C |3 klE [(A* - A)ﬂ u® (¢ — A*)]
Lk=0

8

= agu(t) + C [u(t — A%) + E[(A* — A)Ju/(t — A™)] + R
~ agu(t) + O [u(t — A") + E[(A" — A)Ju/(t — A")]

We want to choose the value of A* that minimizes the remainder R in some sense. We do this by minimizing
the coefficient of the leading-order term in R. The leading term in R is

]‘ * " *
SEIAT = A)u(t — A7)

and so we want to minimize
o1 . 1 &
A = I8 = 8] =5 ) ot

Setting the first derivative equal to 0, we get

(8 = 38 - A = 3 = 3y = A7 - B{a] 0
j=1 j=1 j=1
and f”(A*) > 0 so we have that A* = [A] minimizes f(A*), at which point we have

LIVEE

and higher-order terms in R contain the subsequent central moments. This result supports what we observed
numerically as A* = E[A] minimizes the leading-order term in the error of the neutral approximation to
the multi-delay equation. We remark that making the choice A* = E[A] makes the delayed first-derivative
term vanish and so the DDE is no longer neutral in this case.

Seeing that our neutral approximation using the mean appears to be the best neutral approximation we
can get if we only keep the first derivative, we naturally want to improve upon it given its poor performance
near p = % in the two-delay case. We aim to improve the neutral approximation from the previous section

by Taylor expanding in the same fashion but keeping the second derivative term. We get

SEIE(A] - A7) = S Var(a)

u(t) ~ agu(t Za] u(t — Za] —Aj) | u(t — A"

1 S * 21 °° *
+ Q;aj(A — A2 Ut —AY)

= apu(t) + Agu(t — A*) + Aju(t — A) + AU (t — AY)

where

m m . 1 m .
Aozzlaj, Alzzlaj(A —Aj), A2:2_Zlaj(A —Aj)Q.
J= J= J=
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As before, we note that Ay, in addition to Ay, depends on the differences (A* — A;) for j =1,...,m. Just
as we did for the neutral approximation, we find the critical delay corresponding to this second-derivative
equation with the goal of using it to approximate where the change in stability occurs in the multi-delay
system.

Theorem 3. If As # 0, the approximate critical delay under the second-derivative approrimation is given
by

Agfprozz _ l ATCCOS <_Ozo(A0 — A2w2)2 + A1w2(A0 — A2w2) + OéOWQA% + A?w3>

w (AO — A2w2)3
where
2 A2 —2A0Ay — 1) — 442 (A2 — o2
9 1+2A40A5 — Al \/( 1 0412 ) 2 ( 0 040)
= =+ .
242 243
Proof.

We begin the proof by starting with the second-derivative approximation

U(t) = agu(t) + Agu(t — A*) 4+ Ayu(t — AY) + AU (t — A¥).
Letting u(t) = €™ and r = iw, we get
iw=ag+ Age P +iwAje WA — wWrAge WA

and separating real and imaginary parts gives us the following system.

—ag = cos(wA*)[Ag — Asw?] + sin(wA*) - Ajw (30)
w = —sin(wA*)[Ag — Aw?] + cos(wA*) - Ayw (31)
This implies that
af +w? = A2 - 245 A0w? + Adw! + AP
so that
Afwt + (A7 — 24042 — 1) W + (45 —ad) =0
which is a quadratic equation in w?. Solving this, we get that
s 14240y A3 (A7 = 24045 — 1)2 — 443 (43 - o3)
242 242
From the above system, we can get

B QQ(AO — A2w2)2 + A1w2(A0 — A2w2) + aowQA% + A?wg
(Ag — Agw?)3

and applying the inverse cosine function to both sides of the equation gives us our result.
[ |

cos(wA™) =

We notice that we have two roots for w? and consequently two values for AP °*2. Based on numerical
experiments, it seems that the negative root is significantly more accurate than the positive root, so in the
numerics that follow we use our expression for AP 2 with

, 142404y A7 V(42 = 24045 — 1) — 443 (A3 - o)
B 2A2 2A2
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P A*= Ay | A* = Ay | Midpoint | Mean

01 | 26.76% 99.58% 47.18% 99.86%
1] 29.28% 95.53% 53.60% 99.40%
2 | 31.84% 81.20% 60.18% 96.83%
3 | 35.31% 62.96% 71.35% 95.06%
4 ] 39.69% 51.84% 88.42% 98.47%
5| 44.91% 44.91% 99.38% 99.38%
6 | 51.84% 39.69% 88.42% 98.47%
7| 62.96% 35.31% 71.35% 95.06%
8 | 81.20% 31.84% 60.18% 96.83%
9 | 95.53% 29.28% 53.60% 99.40%
.99 | 99.58% 26.76% 47.18% 99.86%

Table 3: The percentage of points in the second-derivative scatterplots that correctly matched those in the
scatterplot corresponding to the multi-delay system with m = 2 for various values of p and choices of A*,
with ap = —1 and C' = —5. Based on the table, the average accuracy percentage for the A* = A; case is
about 54.45%, for the A* = A, case it is about 54.45 %, for the midpoint case it is about 67.35%, and for
the mean case it is about 98.06%.

We now consider several choices of A* in the second-derivative approximation and numerically compare
the stability of the approximation under each choice against that of the multi-delay system for m = 2
and several values of p. We consider the same four choices of A* considered in Table 1. We collect this
information in Table 3 and it turns out that the choice A* = E[A] is by far the best choice according to
the table.

Given that the choice of A* = E[A] was the most successful approximation in both the neutral and
second-derivative approximations, we now consider this choice of A* and compare the neutral and second-
derivative approximations to the the multi-delay system with m = 2 for various values of p. We collect this
information in Table 4 and we show examples of the scatterplots we generated while collecting this data
in Appendix B .2. The second-derivative approximation is

u(t) = agu(t) + C - u(t — A*) + C[A* —E[A]] - a(t — A*) + %E[(A* — A)?]- Ut — AY).

However, if we make the choice A* = E[A], then this reduces to
u(t) = agu(t) + C - u(t — E[A]) + %Var(A) LUt — AY).

It is worth mentioning that with this choice of A*  we have that Act?"**? is undefined when Var(A) = 0
as this implies that Ay = 0 and thus the expression for w? has division by zero. When Ay = 0, the critical
delay AcPP"*? of the second-derivative approximation reduces to that of the neutral approximation Act?"**
because the second-derivative term in the DDE vanishes and thus reduces to a neutral equation.

We see that the second-derivative approximation performs very well in the two-delay case for all values
of p. However, it is worth noting that it does the worst when p is somewhere between .2 and .4 or .6 and
.8. We will explore the reasoning behind this in Section 4 .

We also considered both the neutral and second-derivative approximations in the three-delay setting,
taking points (A, Ag, A3) from the unit cube. In Table 5 and Table 6, we collected data on how accurate
the neutral and second-derivative approximations are, respectively, for several values of p; and py (letting
p3 =1 —p1 — p2). Indeed, we see that the second-derivative approximation still seems to perform decently
well in the three-delay setting.

When working in a three-delay setting, another potentially interesting choice of A* to consider is
A* = median(A). However, choosing A* to be the mean still performed better numerically in all of the
situations that we considered.
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p | Neutral (Mean) | Second Derivative (Mean)
.01 | 99.52% 99.86%
1] 95.82% 99.40%
2] 91.22% 96.83%
3 | 83.71% 95.06%
A4 | 74.76% 98.47%
5] 72.38% 99.38%
6 | 74.76% 98.47%
7] 83.T1% 95.06%
8 1 91.22% 96.83%
9 | 95.82% 99.40%
.99 | 99.52% 99.86%

Table 4: The percentage of points in the neutral approximation and second-derivative approximation scat-
terplots that correctly matched those in the scatterplot corresponding to the multi-delay system with m = 2
for various values of p, with a9 = —1 and C = —5. Based on the table, the average accuracy percentage
for the neutral case is about 87.49% and for the second-derivative case it is about 98.06%.

p=1|p=2 pm=3|pp=4 p=5|p=6|p=7| p=23
po=.1190.96% | 85.31% | 75.50% | 68.86% | 68.86% | 75.50% | 85.31% | 90.96%
po=.2 | 85.31% | 77.25% | 68.36% | 65.01% | 68.36% | 77.25% | 85.31%
po=.3 | 75.50% | 68.36% | 62.72% | 62.72% | 68.36% | 75.50%
p2 = .4 | 68.86% | 65.01% | 62.72% | 65.01% | 68.86%
po=.5 | 68.86% | 68.36% | 68.36% | 68.86%
p2 = .6 | 75.50% | 77.25% | 75.50%
py =.7 | 85.31% | 85.31%
D2 — 8 | 90.96%

Table 5: The percentage of points in the neutral approximation scatterplot that correctly matched those
in the scatterplot corresponding to the multi-delay system with m = 3 for various values of p; and ps where
p3 =1—p; — pg, with ap = —1 and C' = —5.

p=1|p=2 ;=3 pp=4 | p=5|p=6|p=7p=23
po=.119893% | 95.54% | 96.13% | 98.56% | 98.56% | 96.13% | 95.54% | 98.93%
po=.2 | 95.54% | 94.71% | 95.54% | 97.13% | 95.44% | 94.71% | 95.54%
po=.3 | 96.13% | 95.44% | 95.61% | 95.61% | 95.44% | 96.13%
po = .4 | 98.56% | 97.13% | 95.61% | 97.13% | 98.56%
po=.5 | 98.56% | 95.44% | 95.44% | 98.56%
po=.6 | 96.13% | 94.71% | 96.13%
po = .7 | 95.54% | 95.54%
Dy — 8 | 98.93%

Table 6: The percentage of points in the second-derivative approximation scatterplot that correctly
matched those in the scatterplot corresponding to the multi-delay system with m = 3 for various values of
p1 and po where ps =1 — p; — po, with ag = —1 and C' = —5.

4 . Explicit Analysis of Two-Delay Model

We examine the two-delay model to get a better understanding of how good our approximations are in this
setting. In the two-delay model, we assume that delay Ay occurs with probability p and delay As occurs
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with probability 1 — p, as written below.

u(t) = agu(t) + cqu(t — Ay) + asu(t — Ag) (32)
= aou(t) + Clp-u(t — A1) + (1 —p) - u(t — Az)] (33)

In this two-delay setting our neutral approximation is
w(t) = agu(t) + Ag - u(t — A*) + Ay - a(t — A¥)
and our second-derivative approximation is
ut) = agu(t) + Ag - u(t — A%) + Ay - a(t — A*) + Ay - U (t — A*)
with

Ay=a1 +ay=C
A = Oél(A* — Al) + QQ(A* — AQ) =C- E[(A* — A)]

A = fon(A" — A1 +as(A" - %) = S E[(A" - AP

However, we saw earlier that the choice A* = E[A] performed the best in the neutral case, so we will make
that choice here as well. Making this choice makes it so that

Al =0 and A2 = % . Var(A)

We note that this causes the first derivative term to vanish in our neutral approximation. Recall that before
truncating our Taylor expansion, we had

u(t) = agu(t) + C

> 1 * *
I;O ~E [(A . A)’f} u®) (t — A%

and with the choice of A* = E[A], this becomes

u(t) = agu(t) + C

&=

(E[A] - AY] ul (¢~ E[A])

= aou(t) +C

_1\k
0 [(a -~ BA)H] w9 e - BlA)

_ — (=DF gy
= agu(t) + C | et (¢ = E[A])
Lk=0

where my, is the k-th central moment of A. Because of this, we can see that the error terms of our
approximations can be expressed in terms of central moments of A. We are interested in understanding
how approximations would do if we kept higher-order terms in the Taylor expansion. This will lead us to
explore some properties of the central moments of A when examining the error of our approximations. We
start by stating Lemma 1 and Lemma 2 which explain why our approximations did poorly near certain
values of p.

Lemma 1. The coefficient of the leading-order term in the error for the neutral approximation of the
two-delay system with A* = E[A] is mazimized at p = %
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Proof. The leading-order error term for the neutral approximation when A* = E[A] is
1 (1)
EE[(A* — A)?Ju(t — A*).

Thus, we want to find the value of p that maximizes the function

flp) = 2,IE[(A — A2
= % (p([pA1 + (1 —p)Ag] — A1)2 + (1 = p)([pA1 + (1 — p)Ag] — A2))

= (= D) (A - Ag)?

Setting the derivative equal to zero, we have that

1
F'(p) = 5 (1= 2p)(A1 = Ag)* =0
and thus p = 1. Indeed, f”(p) < 0 and f(p) is maximized at this point.

Lemma 1 helps to explain why the neutral approximation performs poorly near p = %, as we saw earlier.
Lemma 2. The magnitude of the coefficient of the leading-order term in the error for the second-derivative

approximation of the two-delay system with A* = E[A] is mazimized at p = % + \/%

Proof.
The leading-order term for the second-derivative approximation when A* = E[A] is

1 (1]
§E[(A* — A)Pu(t — A*).
Thus, we want to find the value of p that maximizes the function
1 3
F(p) = E[(A" ~ A
1
3, (P([PA1 + (1 = p)Ag] — A1)* + (1 = p)([pPA1 + (1 — p)Ag] — Ag)?)

= g(Al — 22 [p(1 =p)® = (1 = p)p*].
Setting the derivative equal to zero, we have
1
f'(p) = 3;(A1 = A2)*(6p” = 6p+ 1) = 0
L 1
so that p =5 + f One can see that f”(3 + f) >0 and f"(5 —
and a maximum, respectively. Lastly, f(3 + ) —f(3 - ﬁ)
|

) < 0 so that we have a minimum

ﬁ\

As demonstrated in the above lemmas, it is useful for us to understand what the roots are of the
derivatives of the central moments of A in order to understand where the central moments, and thus the
error terms in our approximations, get maximized in absolute value. Below we write an expression for the
nt" central moment of A, denoted m,,, and its derivative.

=E[(E[A] — A)"] (34)
=p([pA1 + (1 = p)Az — Aq])" + (1 = p)([pA1 + (1 = p)Ag] — Ag)" (35)
=p(1—p)" (A2 — A1)" + (1 —p)p" (A1 — Ag)" (36)
=p(1=p)[(1—=p)" "+ (=1)"p" ")(A2 — A" (37)
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dmy, d n
o dp (E[(E[A] —A)") (38)
= (A = A (np+p—1)(L—p)" " = (A1 = Ag)*(n(p— 1) + p)p" " (39)
= (A2 — AY)"[(L=p) —np](1 —p)" " = (A1 — Ag)*[p— n(1 — p)]p" ! (40)
= (A2 =AD" [ =p) —np](L=p)" ' = (=1)"[p— n(1 = p)]p" " (41)

It is easy to compute the roots of m,, when n is small, but it becomes more difficult when n is large.
This leads us to approximate the roots of the derivative of the nt" central moment.

4 .1. Approxzimate Extreme Points of the ntt Central Moment

Because the error terms of our approximations contain scaled central moments of A, it is useful to get
an understanding of what the roots of the derivative of the n'" central moment are because this gives us

an idea of what values of p maximize the error of our approximations. We can immediately see that if n

is even, then p = 3 is a root of d% (E[(E[A] — A)™). The other roots are more complicated, but we can

approximate them when n is large. Consider when p # % so that either p >1—porp<1—p
In the former case, we have that (1 — p)"~! goes to zero faster than p"~! does as n — oo, so we can
approximate one of the roots for large n by examining the roots the dominant term.

—(A1 = A9)"p—n(l=p)p" =0
We see that this equation is satisfied when
p—n(l-p)=0

so that
n
n+1
Similarly, if we consider the latter case, the other term is the dominant term for large n.

(Ay — A1 —p) —np)(1—p)"~ ' =0

p:

is also satisfied when

(1=p)—np=0

so that
1
Pt
Thus, we have that p = 1 and p = ;%5 approximate some of the roots of % (E[(E[A] — A)™). On the left
side of Flgure 3 we plot several central moments and we see that they are maximized in magnitude close
top = —1 and p = T' However, the leading-order error term of the approximation to the multi-delay

system that keeps the first n — 1 derivatives is

) gl(g[A] - )]

n!
We plot these leading-order error terms for various values of n on the right side in Figure 3 and we see
that the factor of 1, makes most of these terms quite small so that only examining the error terms up to
n = 4 might sufﬁce in practice. Coincidentally, it turns out that the third and fourth central moments are
each maximized in magnitude at p = 1 5+ \1ﬁ This fact would lead us to beheve that the second-derivative
approximation would do most poorly around p = 1 — ﬁ 2113 and p = 2 + f ~ .7887. Indeed, the
information in Table 4 seems to suggest that the Second derivative approximation does the worst somewhat
close to these values of p. We take a closer look at the accuracy of the second-derivative approximation
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Fig. 3: Left: Various central moments for A are plotted against p with A; = 1.4 and Ay = .4. Right:
Various error terms in the Taylor expansion are plotted against p with Ay = 1.4 and Ay = 4.

near one of these values and collect this information in the table in Figure 7 to get a better idea of what
is going on.

From the information in the table in Figure 7, we see that the second-derivative approximation actually
did the worst close to p = .27. While this is not precisely the value of p at which the leading-order error
terms (namely, those corresponding to n = 3 and n = 4) are maximized, it is fairly close by and differs
due to the little influence that the higher-ordered error terms have. While it is not completely accurate,
determining where the leading-ordered error term is maximized is still a good way of approximating what
values of p the approximation will be the least accurate at.

p | Second Derivative (Mean)
.20 | 96.83%
21 1 96.22%
.22 | 95.68 %
.23 | 95.21%
24 | 94.92%
.25 | 94.69%
.26 | 94.60%
27 | 94.55%
.28 | 94.66%
.29 | 94.90%
.30 | 95.06%
31| 95.65%
.32 | 96.24%
.33 | 96.65%
34 1 96.98%
.35 | 97.31%

Table 7: The percentage of points in the second-derivative approximation scatterplots that correctly

matched those in the scatterplot corresponding to the multi-delay system with m = 2 for various val-

ues of p close to p = £ — —— one of the points where the third and fourth central moments are maximized,

27 V12’
with ag = —1 and C = —5.
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Second-Derivative Approximation Accuracy
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Fig. 4: The data from Table 7 is plotted here to better visualize how the accuracy of the second-derivative
approximation varies with p in the two-delay setting.

5 . Potential Insight from the Lambert W Function

The Lambert W function can be used to solve linear constant-coefficient delay differential equations ana-
lytically. First consider the constant-delay differential equation

u(t) = agu(t) + Agu(t — A*).
We note that our neutral approximation reduces to a DDE in this form when A* = E[A*]. By looking for
solutions in the form u(t) = €', we obtain the characteristic equation corresponding to this DDE which is
r=ag+ Age A
and we can rearrange this equation to be in the form
A*(r — oco)eA*(T_ao) = A*Age" @0~
so that it can be directly solved using the Lambert W function to obtain
Wi (A*Aoe*aoA*)
r= A
where Wy(-) denotes the k-th branch of the Lambert W function. This gives us a general solution in the

form
oo * —apA*
u(t) = Z Ck €Xp ([Wk (A% Ape™ ™) + ag t) .

A*
Now consider a DDE in the form of our neutral approximation (but with A* # E[A] so that A; # 0,
otherwise the analysis reduces to the case we just considered above).

u(t) = agu(t) + Agu(t — A*) + Ayu(t — A¥)

The characteristic equation corresponding to this DDE is

+ o

k=—o0

r=ay+ Age T +rAe A

=ag+ e A (Ag +1rA7)
which can be rewritten to be in the form

eTA* rAy + Ag

r—Qp
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This equation can not be explicitly solved for r with the Lambert W function and instead we must use a
generalization of the Lambert W function, as was introduced in [Mez& & Baricz, 2017]. Taking a look at
a DDE in the form of our second-derivative approximation

u(t) = agu(t) + Agu(t — A%) + Ayu(t — A*) + A (t — A¥)
we see that the corresponding characteristic equation is
T = 0o+ e A (Ag +7rA; + TZAQ)

which can be rewritten to be in the form

erA* _ 7“2142 +rA; + AO'
r— Qo

Assuming that aq is not a root of the polynomial r2As + rA; + A, then this characteristic equation also
cannot be solved explicitly with only the Lambert W function and the aforementioned generalization to
the Lambert W function could instead be used to solve for r explicitly.

In general, suppose that we considered a single-delay approximation that kept the first n derivatives,
yielding a DDE in the form

n
u(t) = aqu(t) + Y _ AP (t — A%).
k=0
The corresponding characteristic equation is
n
r=aoay+ e A Z Ak’l"]C

k=0

which can be rewritten to be in the form

n k
rAr _ 2k—o AT

r— QO

e

If the polynomial >~ Apr* has roots t1, ..., t,, then we can rewrite this as

T — CEO rA* _ 1
(r—t1) - (r—ty)
Let r = &5 and the equation becomes
z— A*ag . 1

(z— A1) (z— A ,)C T~ (Ar)nT
so an analysis of the multivalued inverse function of

) =

(z—a1) - (z—ap)

for some constants ay, ..., a, would be sufficient for better understanding the solutions and stability of
DDESs in this form. Indeed, the inverse of such a function would generalize the Lambert W function which
is the multivalued inverse of

f(z) = ze®.
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6 . Conclusion and Future Research

In this paper we introduced two single-delay approximations to a system with multiple constant delays
with the goal of approximating where the change in stability occurs in the multi-delay system. Our single-
delay approximations were obtained by Taylor expanding delayed terms in the multi-delay DDE about
some constant A* and then truncating higher-order terms. When keeping only the first derivative term
from the Taylor expansion, we obtained our neutral approximation to the multi-delay system and derived
a formula for the critical delay of this neutral DDE which we used to approximate where the change in
stability occurs in the multi-delay system. We observed that making the choice A* = E[A] in our neutral
approximation gave better results than other choices of A* and we noted that this has to do with the
coefficient of the leading-order error term from the Taylor expansion being minimized for this choice of A*.

Unsatisfied with the performance of the neutral approximation in the two-delay setting near p = %, we
considered keeping the second-derivative term from the Taylor expansion to get our other approximation
to the multi-delay system. After deriving the critical delay for our second-derivative approximation, we
saw that it performed quite well in the two-delay setting, approximating the change in stability of the
multi-delay system with greater than 94% accuracy in all cases we considered with about 98% accuracy
on average over various values of p when sampling (A1, Ay) pairs from the unit square, as seen in Table 4.

We took a closer look at a two-delay model and found values of p that maximized the coefficients
of the leading-order error terms in the Taylor expansions for each approximation which helped explain
why each approximation did not perform as well near certain values of p. We also briefly compared the
stability of two-delay and three-delay systems with the same value of E[A] numerically and we indeed
saw analytically that the two-delay system was more stable the the three-delay system with appropriate
symmetric probability distributions for the delays in each case. It would be interesting to see if this result
could be generalized to asymmetric probability distributions. Another natural extension to our work would
be to do a more in-depth analysis of a system with more than two constant delays to better understand
how our approximations perform in more complicated settings.

One potential extension to our work could be to do an analysis of approximations that include more
terms from the Taylor expansion we used, such as including the delayed third-derivative term in the
approximation. In this case, the cubic formula can be used to find an expression for the critical delay,
though we have not analyzed this case in full detail. Another possible extension for future research could
be to consider similar approximations to more general multi-delay systems with higher-order derivative
terms.

References

Atar, R. & Lipshutz, D. [2021] “Heavy traffic limits for join-the-shortest-estimated-queue policy using
delayed information,” Mathematics of Operations Research 46, 268-300.

Bélair, J. & Campbell, S. A. [1994] “Stability and bifurcations of equilibria in a multiple-delayed differential
equation,” SIAM Journal on Applied Mathematics 54, 1402—-1424.

Bernard, S., Bélair, J. & Mackey, M. C. [2001] “Sufficient conditions for stability of linear differential
equations with distributed delay,” Discrete & Continuous Dynamical Systems-B 1, 233.

Campbell, S. A. [2007] “Time delays in neural systems,” Handbook of Brain Connectivity (Springer), pp.
65-90.

Campbell, S. A., Ncube, I. & Wu, J. [2006] “Multistability and stable asynchronous periodic oscillations
in a multiple-delayed neural system,” Physica D: Nonlinear Phenomena 214, 101-119.

Campbell, S. A., Ruan, S. & Wei, J. [1999] “Qualitative analysis of a neural network model with multiple
time delays,” International Journal of Bifurcation and Chaos 9, 1585-1595.

Cooke, K. L. & Van Den Driessche, P. [1996] “Analysis of an seirs epidemic model with two delays,” Journal
of Mathematical Biology 35, 240-260.

Doldo, P., Pender, J. & Rand, R. [2020] “Breaking the symmetry in queues with delayed information,”
arXww preprint arXiw:2004.06640 .

Dong, J., Yom-Tov, E. & Yom-Tov, G. B. [2019] “The impact of delay announcements on hospital network
coordination and waiting times,” Management Science 65, 1969-1994.



22 REFERENCES

Freedman, H. & Rao, V. S. H. [1986] “Stability criteria for a system involving two time delays,” SIAM
Journal on Applied Mathematics 46, 552—-560.

Guo, S., Chen, Y. & Wu, J. [2008] “Two-parameter bifurcations in a network of two neurons with multiple
delays,” Journal of Differential Equations 244, 444-486.

Hale, J. K. [1969] Ordinary Differential Equations (Pure and Applied Mathematics).

Kurtz, T. G. [1978] “Strong approximation theorems for density dependent markov chains,” Stochastic
Processes and their Applications 6, 223—-240.

Liu, Y. & Whitt, W. [2012] “A many-server fluid limit for the gt/gi/st+ gi queueing model experiencing
periods of overloading,” Operations Research Letters 40, 307-312.

Llibre, J. & Tarta, A.-A. [2006] “Periodic solutions of delay equations with three delays via bi-hamiltonian
systems,” Nonlinear Analysis: Theory, Methods & Applications 64, 2433—-2441.

Liicken, L., Pade, J. P. & Knauer, K. [2015] “Classification of coupled dynamical systems with multiple
delays: Finding the minimal number of delays,” SIAM Journal on Applied Dynamical Systems 14,
286—-304.

Mackey, M. C. [1989] “Commodity price fluctuations: Price dependent delays and nonlinearities as explana-
tory factors,” Journal of Economic Theory 48, 497 — 509, doi:https://doi.org/10.1016,/0022-0531(89)
90039-2, URL http://www.sciencedirect.com/science/article/pii/0022053189900392.

Mezé, 1. & Baricz, A. [2017] “On the generalization of the Lambert W function,” Transactions of the
American Mathematical Society 369, 7917-7934.

Nirenberg, S., Daw, A. & Pender, J. [2018] “The impact of queue length rounding and delayed app infor-
mation on disney world queues,” 2018 Winter Simulation Conference (WSC) (IEEE), pp. 3849-3860.

Novitzky, S. & Pender, J. [2020] “Queues with delayed information: a probabilistic perspective,” Cornell
University, Ithaca NY 14853.

Novitzky, S., Pender, J., Rand, R. H. & Wesson, E. [2019] “Nonlinear dynamics in queueing theory:
Determining the size of oscillations in queues with delay,” SIAM Journal on Applied Dynamical
Systems 18, 279-311.

Novitzky, S., Pender, J., Rand, R. H. & Wesson, E. [2020] “Limiting the oscillations in queues with delayed
information through a novel type of delay announcement,” Queueing Systems 95, 281-330.

Nussbaum, R. D. [1978] Differential-delay Equations with Two Time Lags, Vol. 205 (American Mathemat-
ical Soc.).

Pender, J., Rand, R. & Wesson, E. [2020] “A stochastic analysis of queues with customer choice and delayed
information,” Mathematics of Operations Research .

Pender, J., Rand, R. H. & Wesson, E. [2017] “Queues with choice via delay differential equations,” Inter-
national Journal of Bifurcation and Chaos 27, 1730016.

Pender, J., Rand, R. H. & Wesson, E. [2018] “An analysis of queues with delayed information and time-
varying arrival rates,” Nonlinear Dynamics 91, 2411-2427.

Penkovsky, B., Porte, X., Jacquot, M., Larger, L. & Brunner, D. [2019] “Coupled nonlinear delay systems
as deep convolutional neural networks,” Physical review letters 123, 054101.

Rackauckas, C., Ma, Y., Martensen, J., Warner, C., Zubov, K., Supekar, R., Skinner, D. & Ramad-
han, A. [2020] “Universal differential equations for scientific machine learning,” arXiv preprint
arXiw:2001.04385 .

Ruan, S. & Wei, J. [2003] “On the zeros of transcendental functions with applications to stability of delay
differential equations with two delays,” Dynamics of Continuous Discrete and Impulsive Systems
Series A 10, 863-874.

Shayer, L. P. & Campbell, S. A. [2000] “Stability, bifurcation, and multistability in a system of two coupled
neurons with multiple time delays,” SIAM Journal on Applied Mathematics 61, 673-700.

Tao, S. & Pender, J. [2017] “A stochastic analysis of bike sharing systems,” Awvailable at SSRN 302632/ .

Wei, J. & Ruan, S. [1999] “Stability and bifurcation in a neural network model with two delays,” Physica
D: Nonlinear Phenomena 130, 255-272.

Wu, J. [2011] Introduction to Neural Dynamics and Signal Transmission Delay, Vol. 6 (Walter de Gruyter).

Yoneyama, T. & Sugie, J. [1988] “On the stability region of differential equations with two delays,” Funkcial.
Ekvac 31, 233-240.



REFERENCES 23

Appendices
A . Fluid Limit

Before we prove Theorem 1, we state a useful lemma from [Kurtz, 1978] that will be used in the proof.

Lemma 3. A standard Poisson process {I1(t) }+>0 can be realized on the same probability space as a standard
Brownian motion {W(t)}+>0 in such a way that the almost surely finite random variable

[1I(t) —t — W(t)|
7 =su
t;g log(2 V t)

has finite moment generating function in a neighborhood of the origin and in particular finite mean.

Proof of Theorem 1.

Proof.
We will proceed with a proof very similar to that found in [Pender et al., 2020]. Recall that the scaled
queueing process is defined as follows.

A exp(—0 (VR @) (s — Aw)))
S exp(=0 (S, Qs — Ap) )
Lid (o [ uon(syas
it (o [ warieias). (2

We take the difference of the scaled queue length process and the fluid limit in preparation for finding
an upper bound to it.

ds

1 t
n — " i § (4
Q) = Qo) + 1 77/0

A-exp (-0 Zzlzl Q?(S —Ag))
S exp (0, QUs — M)
[ enCoTE -,

0 SN exp (—0 S 4] (s — Ak))

1 L '
_ 51_[? <77/0 pQ; (s)dS) +/0 pgi(s)ds
= Q7(0) — ¢;(0)
U/t A-exp (0341, Qf (s — Ay)) ds)
0
-

ds

1 o t
QIO = ait) = Q1(0) ~ () + 11 | /O

1
+ I
U

Sy exp (=037 QUs — Ax)
b X exp (=035, QY (s — Ag)) !
+ ds —
/0 S exp (—0 25, Qs — A)) /0
~ /t Aexp (“030 (s = D)
N m n
0 Zj:l exp <_9 > ket 4; (s — Ak))

t t t t
- 71711? <77/0 MQ?(S)dS> +/0 uQ?(S)dS—/O MQ?(S)dSJr/O 1q;(s)ds

We added and subtracted the same term a couple times to put the expression in a better form to apply
the result from Lemma 3, which tells us that

exp (=037, Q) (s — Ay))

N ds
S exp (~0 50, Qs — Aw))
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nyy — O | — ! A-exp(—&ZZ”:l Q?(S—Ak))
Q;(t) =Q/(0)+-Wi [n ds
7 ( /0 >N exp (_9 S Qs — Ak)) )

P exp (=035, Q) (s — Ay))
+ ds
/0 Zj\[_l exp (—9 Py Q?(S - Ak))

—Wd< /MQn() )—/OtuQn( )ds +O<logn( ))

Y L a ' A-exp (=00 Q?(S_Ak)) s

=Q{(0)+ \/ﬁWZ (/o Zj.vzlexp (—GZkZi—l Q?(S_Ak))d )
A e (0305, Qs - Ay)

+/0 S exp (—9 > Qs = Ak)) d

_ ;ﬁwid (/Ot uQ?(s)ds> — /Ot 1Q"(s)ds + O <log77( ))

where W;* and Wid are standard Brownian motions and we used the scaling property of Brownian motion

in the second equality.
Taking the absolute value and using the result from Lemma 3, we obtain the following upper bound

on the difference.

QY (1) — ai(t)] < 1Q(0) — ai(0)]

Lo [f Aexp (=070, Q7 (s — Ay))

+ |—=W; ds
V1 (/0 ZN,I exp (70 oy Q?(s — Ak)) )
1o

|7 (] wercras)

/t A-exp (=035, QF (s — Ap)) ds—/t A-exp (Z0300L, 4 (s = Bk))
0 S e (-0 Qs —AR) S0 S exp (<05 (s — A))

o)

t t
| [ neiis = [ u(spas

We now want to show that, for all 7" > 0,

| b exp (=030, Q) (s — Ay))
1y ds || =0
NI (/0 S exp (—9 21 @ (s — A’“)) )

lim sup
n—oo tST

and

lim sup = 0.

n—oo t<T

\}ﬁWid </075 MQ?(S)dS)

‘We have
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A-exp (—0 E?:l Q?(S — Ayg)) ds

1 t
lim sup |— W} < lim sup |—W(\ - 1)
Kt \/> ' N m " 7n—00 g
t<T | V1 0 Zj:l exXp (_9 Zk:l Qj (s — Ak)) t<T [V
-t
= lim sup |W} <A>’
700 4<T n

where we used the fact that the multinomial logit function is bounded above by 1, Brownian scaling, and
the fact that W (0) = 0. Similarly, for the next term we have

1 t 1
lim sup Wfl(/ Q) 5d5>‘ < lim sup —Wid - (Q1(0) + A ‘
s sup | N (s) A S| (-t (Q7(0) + X))
1
= lim sup |[W¢ (-,u-t~(Q?(0)+/\))‘
n—)OOtST T]

=0.

Thus, we have that for every € > 0, there exists some n* such that for every n > n* we have that

1 t . —oN"m MTs— A
PN T R
N—=X0 ¢<T \/ﬁ 0 Z;\le exp (—0 ZZL:I Q;’(S — Ak)) 5
lim sup LWd </t Q"(s)ds)’ < -
N—=00 4T \/77 ! 0 i 57

Q7(0) ~ ai(0)] < £,

and

so that

Qi) o) < | [ Do UINE QIO A, [F A e COSE 0l — B,
0 )) 0

S exp (<057, Qs — Ay S exp (—0 5, (s — Ap))
t t

| nQi)ds = [ pa(s)as
0 0

< [[| Dol a0 AeoChTk gt |,
o Zjvzl exp (“9 Dokt @ (s — Ak)) Z;VZI exp (—0 S 4 (s — Ak))
o,

t
nQl(s) = [ na(s)
Using the fact that the multinomial logit probability function and the departure function are both differ-
entiable with bounded first derivatives, there exists some constant C such that

n +46
5

4e
d —.
s + 5
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t 4e
Q7 () —a(t)| < C sup Q7 (r) = ai(r)] ds + =
0 —maxg(Ag)<r<s
t " " 4e
<C- sup |Q;(r) — qi(r)| ds + sup Qi (r) — @)l -t ) +
0 0<r<s — maxg (Ag)<r<0

Since we assumed that Q] (s) — ¢;(s) almost surely for all s € [— maxg(Ag),0] and for each 1 < i < N
and that ¢;(s) = ¢;(s) for all s € [— max(Ag),0] and 1 <i < N, then if n* is sufficiently large so that we
also have that
sup < —,
—max(Ay)<r<o 90t
then we have the following bound almost surely
t

Q7(t) —ai(t)| < C [ sup [Q](r) — qi(r)|ds +e.
0 0<r<s

Using Gronwall’s lemma in [Hale, 1969], we have that

sup [Q(t) — qi(t)] < e-e“T
0<t<T
and since € > 0 is arbitrarily small, we can let it approach zero. This proves the fluid limit.
[ |

B . Additional Information on Stability
B .1. Comparing Choices of A* in Neutral Approximation

Recall that earlier we approximated a multi-delay DDE with a neutral equation that explicitly depends on
only a single constant delay, A*. Keeping in mind that A* can itself depend on any of the delays present in
the multi-delay DDE, earlier we explored how making different choices of A* caused our neutral equation
to approximate where the change in stability occurs in the multi-delay system with varying degrees of
accuracy. In this section we provide some visual results from some numerical examples we looked at for
the two-delay system that we discussed in Section 3 .2. More specifically, we provide scatterplots showing
where the change in stability occurs in the A1-As plane for several choices of A* and values of p. The points
in the Ai-Ay plane shaded green are points where the system is stable in the sense that the amplitudes
of solutions decay as they approach an equilibrium whereas those shaded red are points where the system
is unstable in the sense that the amplitudes of solutions increase and approach limit cycles. Points shaded
yellow represent points where the approximation is unstable, but the multi-delay system is stable, and
points shaded blue correspond to points where the multi-delay system is unstable, but the approximation
being used is stable.

Below, each column of scatterplots corresponds to a specific value of p and each of the rows corresponds
to a choice of A* in the neutral equation. In the first row of scatterplots, we consider the choice A* = A,
which is the delay in the two-delay system that occurs with probability p. In the second row we make the
choice A* = As which is the delay in the two-delay system that occurs with probability 1 — p. In the third
row, we use a midpoint approximation where we let A* = %. In the fourth row, we use the mean of
the discrete random variable A by setting A* = E[A] = pA; + (1 — p)Aa.

B .2. Comparing Neutral and Second-Derivative Approxrimations

Earlier we saw that the various choices of A* in the neutral approximation affected how accurately the
neutral system approximated the multi-delay system. In addition, we saw that choosing A* = E[A] gave
the neutral approximation the best accuracy in approximating the multi-delay system, which we explained
by noting that this choice of A* minimizes the magnitude of the leading-order error term of the Taylor
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Fig. 5: Comparing choices of A* in the neutral approximation for p € {.01,.2,.5}.

expansion (essentially just using the fact that the mean minimizes the L?-norm). The good performance of
the mean in the neutral setting led us to use this same choice of A* in the second-derivative approximation.
We also saw that the neutral approximation with A* = E[A] of the two-delay system does poorly near
p= % due to the leading-order error term in the Taylor expansion being maximized for this value of p.
We saw numerically that the accuracy of the neutral approximation would get as low as about 72% in
the two-delay setting. This motivated us to keep the second derivative term to improve upon the neutral
approximation as we discussed in Section 3 .3. We saw that this led to a significant improvement in the
approximation as the second-derivative approximation’s accuracy was never worse than 94% across all of
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Fig. 6: Comparing choices of A* in the neutral approximation for p € {.8,.99}.

the values of p that we tested.

In this section we supply more visual aids to seeing how well the neutral and second-derivative ap-
proximations estimate where in the A1-As plane the change in stability occurs in the two-delay system by
showing more scatterplots. Below we have several rows of scatterplots, where each row corresponds to a
specific value of p and contains three scatterplots. The first scatterplot in each row compares the stabil-
ity of the neutral approximation to the stability of the multi-delay system and the second scatterplot in
each row compares the stability of the second-derivative approximation to the stability of the multi-delay
system. The points in the A1-As plane shaded green represent points where both the approximation and
the multi-delay system are stable, points shaded red correspond to points where both the approximation
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and the multi-delay system are unstable, points shaded yellow represent points where the approximation
is unstable, but the multi-delay system is stable, and points shaded blue correspond to points where the
multi-delay system is unstable, but the approximation being used is stable. From this, we can observe that
the region of instability for the multi-delay system appears to be a subset of the region of instability for the
neutral approximation. On the other hand, the region of instability of the second-derivative approximation
appears to almost be a subset of the region of instability of the multi-delay system, but we can see that it
is not quite a true subset for most values of p.

B .3. Comparing Symmetric Two-Delay and Three-Delay Systems

After looking into the two-delay system numerically and observing where the change in stability occurs,
it is interesting to consider how this would change with the addition of a third delay to the system. In
particular, we would like to consider a two-delay system where each delay occurs with equal probability
and then compare the stability of this system to that of a three-delay system where two of the delays are
the same values as those in the two-delay system occurring with probability p, but the added delay is the
midpoint of the other two delays and occurs with probability 1 — 2p, as pictured in Figure 8.

By this construction, E[A] will be the same for all values of p € [0, 1]. The specific example that we will
look at numerically has Ay = .3 and Ay = .7 in the two-delay system and A; = .3, Ay = .5, and Az =.7
in the three-delay system. We compare these two systems for various values of p by checking whether each
system is stable or unstable in each case. We collect this information in Table 8 and we observe that the
two-delay system is more stable than the three-delay system in the cases we considered. To add a little
intuition, we include some scatterplots in Figure 9 showing the stability of the three-delay system for p = .2
and compare it so the stability scatterplot for the two-delay system. While these numerical examples are
far from giving a conclusive test, it seems plausible that the two-delay system might always be more stable
than the corresponding three-delay system with E[A] remaining fixed.

p | Two-Delay | Three-Delay
.1 | Stable Unstable

.2 | Stable Unstable

.3 | Stable Unstable

.4 | Stable Unstable

.5 | Stable Stable

Table 8: Comparison of the stability of the two-delay system with Ay = .3 and Ay = .7 with p1 = p2 = .5
to the three-delay system with A1 = .3, Ay = .5, A3 = .7 with p; = p3 = p and py = 1 — 2p for various
values of p. We note that the three-delay system reduces to the two-delay system in the p = .5 case.

Motivated by these numerical results, we take a closer look at the two-delay and three-delay systems.
The two-delay system is in the form

u(t) = agu(t) + C Bu(t —Ay) + %u(t - Aa)]

and the corresponding symmetric three-delay system is

u(t) = aou(t) + € [PU(t — A+ (1—2p)u (t _Aiths

5 > + pu(t — Ag)] :

The corresponding characteristic polynomials for the two-delay and three-delay systems are

1 1
r=ag+C [26_’"A1 + 2€_A3:| (43)

Ay Az

1 2
=ay+C {2 (e*”T — e*TT) + e%e?’z] (44)
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Fig. 7: Comparing choices of A* in the second-derivative approximation for p € {.01,.2,.5,.8,.99}.
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p1=.5 p2=.5 p 1-2p p

A1 Ao A1 A Az
I @ ® i | | —— |
0 3 7 10 3 5 7 1

Fig. 8: The delays for the two-delay system (pictured left) are A; = .3 and Ay = .7, both occurring
with equal probability. The delays for the three-delay system (pictured right) are Ay = .3, As = .5, and
A3 = .7, where Ay and Aj each occur with probability p and Ay occurs with probability 1 — 2p. We note
that E[A] = .5 for both of these example systems.

Mult-Delay Syster Stability
e e e e e b e e

Multi-Delay System Stability Multi-Delay System Stability

i i i i H i H i i i
0 01 02 03 04 05 06 07 08 08 1

Multi-Delay System

0
L] o1 02 03 04 05 06 07 08 08 1

Fig. 9: The top three scatterplots correspond to the three-delay system with p; = p3 = .2 and py = .6,
viewed from three different angles. The bottom scatterplot corresponds to the two-delay system with
p1 = p2 = .5. Green points in the scatterplots correspond to points where the system is stable and red
points in the scatterplots correspond to points where the system is unstable.

and
A1+A
r=oay+C [pe_rAl +(1- 2p)e_r( B 3) —|—pe_’"A3] (45)
B AL AN Z A Ay
=a+Clple"2 —e "2 ) +e "2 "2 (46)

respectively. Let r = a + ib for a,b € R. We now aim to split each of the characteristic equations into
the real and imaginary parts of r and then we will specifically analyze the equations corresponding to the
real part of r as this is the part that determines the stability of the system. Below we have the equations
corresponding to the real part of r for the two-delay and three-delay systems, respectively. We have

1
a=ay+C 3 (e_“Al + e_“A3) (47)

=+ C'fg(a) (48)
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a=ay+C |p (e_aAl + e_aA?’) +(1— 2p)e_a(A1J2rA3) cos (b <A1;—A3>>} (49)
= a0+ Cfs(a) (%0)
where
fala) = 5 (€000 4 e70) 51)
fg(a) =p (efaAl + efaAg) + (1 _ 2p)€_a(A1;A3) oS (b <A1—;A3>> . (52)

Since we are assuming that C' < 0, if we can show that fo(a) > f3(a) for all a € R, then we will have that
the real parts of the roots of the characteristic polynomial for the two-delay system will be less than or
equal to those corresponding to the three-delay system for all r € C. This would suggest that the two-delay
system is more stable the the three-delay system. Thus, it remains to show that fa(a) > f3(a). First, we
observe that f3(a) has the following upper bound

Aq+Ag

fa(a) < p (e 4 e ) 4 (1 - 2p)e (55 = gy(a).
Thus, if we can show that fa(a) — gs(a) > 0, then we are done. We have

fa(a) — g3(a) = <; —p) (ema81 4 gmabda) _ (1 — 2p)e’“<A1;A3> 53)
B .
>0 (55)
because
Loty ramy o (35

2

by Jensen’s inequality. This result essentially shows that the two-delay system is more stable than the
three-delay system.

B .4. Scatterplots from Larger Regions

Earlier we made note of the arbitrariness of the definition of accuracy being used. In this section, we show
some examples of scatterplots obtained from considering points (A, As) in regions other than the unit
square. In Figure 10 and Figure 11 we show scatterplots from sampling points from a two-by-two square as
well as those sampling from a five-by-five square, respectively. It is easy to see that as the square that we
sample (A, Ag) pairs from gets larger, the percentage of points in the neutral approximation scatterplot
that match those in the corresponding multi-delay scatterplot increases whereas the percentage of points in
the second-derivative approximation scatterplot that match those in the multi-delay scatterplot decreases.
While this may initially make the second-derivative approximation appear less promising than it did in the
unit-square setting, it is worth noting that the multi-delay scatterplot seems to have a relatively simple
structure for large values of Ay or Ay as the red-green border appears to be easy to approximate with
either a horizontal or vertical line for sufficiently large delays. Thus, the fact that much of the nonlinearity
of the red-green border occurs in the unit square is reassuring regarding the meaningfulness of the accuracy
statistics collected earlier.
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Fig. 10: Scatterplots for the neutral and second-derivative approximations with A* = E[A] as well as a
scatterplot for the actual two-delay system, all sampling (A1, Ag) pairs from a two-by-two square and
with p = .5,C' = =5, a9 = —1. The analogously-defined accuracy for the neutral approximation is about
74.62% and for the second-derivative approximation it is about 94.54%.
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Fig. 11: Scatterplots for the neutral and second-derivative approximations with A* = E[A] as well as a
scatterplot for the actual two-delay system, all sampling (A, Ag) pairs from a five-by-five square and
with p = .5,C' = =5, a9 = —1. The analogously-defined accuracy for the neutral approximation is about
88.78% and for the second-derivative approximation it is about 79.10%.



