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Abstract

We define a category parameterizing Calabi—Yau algebra objects in an infinity category
of spans. Using this category, we prove that there are equivalences of infinity categories
relating, firstly: 2-Segal simplicial objects in C to algebra objects in Span(C); and
secondly: 2-Segal cyclic objects in C to Calabi—Yau algebra objects in Span(C).
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Introduction

2-Segal objects and associativity

A familiar concept in higher category theory is that of Segal objects in an co-category
C, that is, simplicial objects X : A°? — € such that the natural map

Xn

Xn—>X1 XXUXI XXO-”XXOX].
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298 W. H. Stern

is an equivalence. Introduced by Rezk in [17], Segal objects show up in a variety
of guises, from monoidal co-categories (cf. [12]) to the nerves of 1-categories. Of
particular interest is the algebraic content of the Segal condition. Given a Segal set X,
the span

X xxy X1 < X5 — X (1)

can be read as a multiplication law, owing to the invertibility of the left hand morphism.
Moreover, the Segal condition on higher simplices also expresses the associativity of
this multiplication.

The Segal condition on a simplicial set was generalized to the ‘higher-dimensional’
2-Segal condition by Dyckerhoff and Kapranov [4] and Galvez-Carrillo et al. [10] (2-
Segal spaces are called decomposition spaces in the latter). In a sense, the 2-Segal
condition no longer requires that the span (1) define a multiplication, but retains the
higher associativity conditions encoded in the higher simplices. More precisely, the
2-Segal condition on a simplicial object X : A°? — C requires that the diagrams

all be pullback diagrams in C. The 2-Segal condition is indeed a generalization of the
Segal condition, insofar as every Segal simplicial object is 2-Segal.
A 2-Segal object X is said to be unital if, additionally, the diagrams

Xn—1 — X,

! l

Xi — Xiin1

are pullback in C. Throughout this paper, we adopt the convention that ‘2-Segal object’
refers to a unital 2-Segal object in the terminology of [4]. This terminology acquired
a post-hoc justification from the recent paper [7], in which it is shown that all 2-Segal
objects in the Dyckerhoff-Kapranov sense are unital 2-Segal, obviating the need for
the distinction drawn in [4].

The sense in which such structures encode associativity relies on thinking of spans

X1 x Xy x---x X1 +— X, — X

as ‘n-fold multiplications’, regardless of whether the left-hand morphisms are equiv-
alences. We then compose by concatenating spans and taking a pullback, thinking of
the result as a ‘space of compositions’. In this language, the 2-Segal condition says
that the space of compositions of n-fold multiplications with m-fold multiplications
is precisely the space of n 4+ m — 1-fold multiplications.
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2-Segal objects and algebras in spans 299

There are a number of ways to make this intuitive picture rigorous (see, for example,
the relation to Hall algebras presented in [4], and the connection with operads from
[18]). The present paper concerns itself with one such perspective, namely, considering
the relation between 2-Segal objects in an co-category € and algebra objects in an oo-
category Span(C) whose morphisms are spans in C (for a more precise construction,
see 1.4). Several results in this direction have already appeared in the literature. In
the original Dyckerhoff-Kapranov paper [4], monads and algebra objects in (0o, 2)-
categories of spans were constructed from 2-Segal objects. More recently, Penney
[16] defined lax algebras in spans coming from simplicial objects, and showed that
the associativity of these lax algebras was equivalent to the 2-Segal condition. In this
paper, we prove prove a more general result.

Theorem A Let C be an oo-category with small limits. There is an equivalence of
oo-categories

~ ) 2-Segal simplical

Algebra objects
- objects in C .

in Span(C)

This theorem appears in full detail in the text as Theorem 2.23.

The proof of Theorem 2.23 is by necessity quite technical. However, in broad
strokes, the steps of the proof are relatively straightforward. To avoid confusion in the
combinatorial material which is to follow, we briefly sketch the elements of the proof
here.

A sketch of the main argument

The first necessary ingredient in the proof is left-hand co-category—algebra objects
in Span(C) equipped with the pointwise-Cartesian monoidal structure. The model for
this monoidal category used here is a Cartesian fibration

Span ,(C¥) - N(4)

as constructed in [4] and recapitulated in Sect. 1.4 of this paper. The definition of
Span 4 (G)) proceeds via a pair of adjunctions, so that maps of co-(co)operads

N(A) ———— Span,(C¥)

o~

N(4)
correspond to functors of co-categories
O :=Tw(A) x, A" > @

satisfying four additional conditions. We define a category Algg,(C) to be the full

oo-subcategory of Fun(Tw(A) x 4 AY. @) on the functors satisfying these conditions
It is essential to here remark on two features of this definition:
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— Firstly, the construction in terms of Cartesian fibrations is quite natural in this
setting. However, it does require that we work with coalgebras (as above) rather
than algebras in Span(C). Fortunately, this is a minor inconvenience, as, owing
to the duality Span(C) =~ Span(C)°P, algebras and coalgebras in Span(C) can be
identified.

— Secondly, this definition of Algg,(C) imposes a somewhat unusual functoriality on
the result. Whereas the morphisms between algebras in Span(C) are natural trans-
formations whose components are themselves spans, the morphisms in Algsp(e)
are natural transformations whose components are morphisms in C. The latter
morphisms can be viewed as the special case of the former in which one leg of
each component span is a degenerate morphism in €. More formally, one might
say: “Morphisms in Algg,(C) are defined to be natural transformations of the cor-
responding adjoint diagram in C, rather than natural transformations in Span(C)”.

With these definitions in place, we note that & can be expressed as the nerve of a
1-category, and the proof proceeds by progressively eliminating or reinterpreting the
four conditions which describe the functors in Algg,(C).

FIRST CONDITION: The first of these conditions merely amounts to certain objects being
sent to the terminal object of C, and is briefly dealt with in Sect. 2.2 by eliminating
those objects from ©.

SECOND CONDITION: The second condition specifies a set E of morphisms in &
which must be sent to equivalences in C. By universal property, this means that the
oo-category of functors satisfying this condition will correspond to functors out of
the oo-categorical localization of ® at the morphisms in E. The handling of this
oo-categorical localization forms the most technical combinatorial argument of the
paper.

To effectively deal with this second condition, we first interpret the objects of &
as rooted planar forests with a linear order on their roots, and a chosen interval in the
linearly-ordered set of roots. This pictorial reinterpretation then allows us to observe
that the morphisms in E induce bijections on the chosen interval of the roots, and
moreover, induce a bijection on the sets of leaf interstices of the chosen trees.

Armed with this interpretation, we define an auxiliary category A* of ordered
tuples of elements in A. There is then a functor £ : ® — A* which, loosely speaking,
sends a planar tree to the ordered set of interstices between its leaves.! Section 2.3
and Appendix A are devoted to formalizing this picture and proving that the map
L : 6 — A*is an oo-categorical localization at the morphisms in E. The latter is
accomplished via direct combinatorics on the slices of the map L.

The category A* thus plays a key role in the proof overall. On the one hand, it
is an oo-categorical localization of @; on the other, it contains A°? C A* as a full
subcategory. This means that we can use A* to interpolate between ® and A°P, and
thus between algebra objects in Span(C) and 2-Segal objects in C.

! The reader familiar with the work [18] may notice a similarity with Walde’s treatment of dendroidal spaces
presenting invertible co-operads. The two constructions involve a very similar intuition, which suggests a
deep connection between the 2-Segal conditions and the combinatorics of trees.
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2-Segal objects and algebras in spans 301

Once A* has been displayed as an oo-categorical localization, it is a simple matter
to translate the remaining two conditions on the elements of Algsp((?) into conditions
on functors A* — C.

THIRD CONDITION: The third condition, when translated to functors F : A* — C,
requires that the image F(([m1], [m2], ..., [mg])) of a tuple ([m1], [m2], ..., [mi])
in A* be canonically displayed as a product F([m1]) x --- x F([mg]). After some
careful unwinding in Sect. 2.4, we find that this precisely characterizes the image of
the right Kan extension along A°? — A*. Consequently, the co-category of functors
A* — C satisfying the third condition is equivalent to the co-category of functors
A% — G,

FOURTH CONDITION: The fourth condition is a pullback condition which, when trans-
lated through the localization and the restriction to A°P, is precisely a reformulation
of the Segal conditions. This is shown in Sect. 2.4.

Polygons, surfaces, and topological field theories

There is an additional geometric intuition underlying the 2-Segal condition. Fix a
standard n 4+ 1-gon P,, and a simplicial object X : A°? — C. The set of vertices
V, of P, defines a simplicial set AVn . For any triangulation 7 of P, with vertices
in P,, one can define a simplicial subset AT < A" whose 2-simplices correspond
to the triangles in 7. Taking limits of the simplicial object X over the corresponding
categories of simplices, the inclusion AT c AV yields a morphism

X, — lim Xg.
A/AT

By [4, Proposition 2.3.2], the 2-Segal condition is equivalent to the condition that this
morphism be an equivalence for every n > 2 and every such triangulation 7 of P,.
Intuitively, this means that the 2-Segal condition allows one to glue together the X,
to get invariants of 2-dimensional simplicial complexes.

The connection of 2-Segal spaces to 2-dimensional geometry can be extended fur-
ther with recourse to 2-Segal cyclic objects, that is cyclic objects in C whose underlying
simplicial objects are 2-Segal. In [5, Section V.2], Dyckerhoff and Kapranov construct
invariants X (S, M) of stable marked surface (S, M) with boundary, associated to a
2-Segal cyclic object X : A°P — C. For the subset N C M of marked points on the
boundary of S, this invariant comes equipped with a projection X (S, M) — X |1N|.
More suggestively, if we label some of these marked points as ‘incoming’ and the rest
as ‘outgoing’, we can read the invariant X (S, M) as a span

XMl x (8, My — x (Mo,

Moreover, the X (S, M) come equipped with coherent actions of the mapping class
group. It is therefore natural to ask whether the invariants X (S, M) form an open,
oriented, oo-categorical topological field theory in Span(C).
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302 W. H. Stern

Such open, oriented theories have attracted some attention in the literature already.
In [2], Costello considers open oriented theories equipped with a set of D-branes and
valued in the (dg-)category of chain complexes. He shows that such field theories are
equivalent to Calabi—Yau A, categories—a generalization of the Calabi—Yau algebras
in chain complexes. A similar classification which has more bearing on the situation
detailed above, is that of Lurie:

Theorem [15, Theorem 4.2.11] Let C be a symmetric monoidal co-category. The
following types of data are equivalent:

1. Open oriented topological field theories in C.
2. Calabi—Yau algebra objects in C.

Based on this theorem, the latter half of this paper seeks to relate cyclic 2-Segal
objects to Calabi—Yau algebras. Such a relation is realized by:

Theorem B Let C be an co-category with small limits. There is an equivalence of
oo-categories

Calabi—Yau welic
Algebra objects § ~ iz_sgg’fl".”é;c } .
in Span(C) objects in

This appears in the text in full detail as Theorem 3.25. As a consequence of The-
orem 3.25, we see that 2-Segal cyclic objects in C are equivalent to open oriented
topological field theories in Span(C).

The proof of Theorem 3.25 proceeds along much the same lines as that of Theo-
rem 2.23. Rather than recapitulate the method here, we briefly mention the changes
which pose additional difficulties.

— We need to define a category Asscy which parameterizes Calabi—Yau algebras.

This is done in Sect. 1.2.

We must add conditions which formally account for the non-degeneracy of the

trace in the definition of a Calabi—Yau algebra.

— We need to account for the cyclic symmetries inherent in Calabi—Yau algebras.
We thus work with symmetric monoidal categories of spans, and must make use
of the combinatorics relating A to Fin,.

— The construction of a category A* (a cyclic analogue of A*) is more difficult,
and the pictorial intuition more involved (see, for instance, the difference between
Figs. 3, 4 and 5 ). Similarly, the localization result is commensurately more com-
binatorially complex.

— One must pass through two adjunctions—a restriction-Kan extension adjunction
and a reflective localization—to arrive from A* to A°P.

Regrettably, these difficulties necessitate a certain amount of repetition in this paper—
in particular the inclusion of two localization results. Where possible, the exposition
has been streamlined to eliminate some duplication. In some cases, the proofs of
results, while not identical, are similar enough that I have chosen to leave the second
to the reader, with every confidence that the former will prove a sufficient guide to the
argument.
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2-Segal objects and algebras in spans 303

Examples and consequences

Once the correspondence of Theorem 3.25 is established, a wealth of avenues to
construct topological field theories open up. A number of examples of interest have
already been explored in the literature.

— Per [6], the Waldhausen S-construction also gives rise to many cyclic 2-segal
spaces. An interesting special case is discussed in [3,5,6], where various versions
of topological Fukaya categories are constructed as invariants X (S, M) associated
to 2-Segal objects arising from the Waldhausen S-construction.

— 1-Segal cyclic objects also provide a zoo of interesting examples. As a particular
example, consider a morphism f : A — B in the co-category of spaces 8. The
Cech nerve of this morphism is the 1-Segal simplicial space

AxBAxBAEEAXBA_>_>A

which realizes to B. An appropriately chosen circle action on B equips the Cech
nerve with a canonical cyclic structure, and similarly, a cyclic structure on the
Cech nerve equips its realization with a coherent S'-action. Loosely speaking,
the surface invariant X (S, M) associated to this cyclic Cech nerve of f is the
space of ‘S!-equivariant B-local systems on the circle bundle of a twisted tangent
bundle of (S, M) equipped with reduction of structure group to A over the marked
points’. When B is BSL>(R) and A is BU, where U is the subgroup of upper
unitriangular matrices, this construction can be related to the higher Teichmiiller
spaces constructed by Fock and Goncharov in [9].

— Another interesting incarnation of the cyclic Cech nerve construction is its appli-
cation to a morphism f : x — X into a connected space X. In this context, the
Cech nerve has the loop space £2X based at f (x) as its space of 1-simplices, and
we expect the resulting surface invariants to relate to string topology.

Theorems 2.23 and 3.25 also bear an interesting relation to another construction
in the literature. Following Cisinski and Moerdijk (cf. [1]), Walde defines a notion of
a cyclic oo-operad in [18], and shows that there are equivalences of co-categories

invertible cyclic | ~_ J2-Segal cyclic
oo-operads objects in 8

and

invertible | ~_ | 2-Segal simplicial
{OO—Operads} { objects in § ] :

Which now has the immediate implication of relating invertible (cyclic) co-operads

to (Calabi—Yau) algebras in Span(8).

There are also a number of possible generalizations of Theorems 2.23 and 3.25.
For instance, the cyclic category A is one example of a crossed simplicial group, a
notion defined by Fiedorowicz and Loday [8] and Krasauskas [11]. In [5], invariants
analogous to the X (S, M) were constructed for functors X : AB°? — C satisfying
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304 W. H. Stern

the 2-Segal condition, where A® is a crossed simplicial group. We expect that the
relation between open topological field theories in spans and 2-Segal cyclic objects
generalizes to this additional structure, which will be the basis for some future work
on the subject.

1 The menagerie: notations, conventions, and constructions

This section will be given over to a review of the fundamental definitions and con-
structions that we will use the the proof of the main results. Along the way, we will
also prove relations between these objects, so as to somewhat ameliorate the density
of our later arguments.

1.1 Linear and cyclic orders

We first review the combinatorics of categories of ordered and unordered sets. The
material here is mostly standard (with the possible exception of the imbrication in
Definition 1.5), and the section serves mostly to introduce notation. The section may
thus comfortably be skipped by most readers, and used as a reference for later sections.

Remark 1.1 Itis worth noting that we follow a general convention: the skeletal version
of a category will be denote by the conventional symbol (e.g. A), whereas a blackboard
bold symbol will be used for an “enlarged” version (e.g. A for all finite non-empty
linearly ordered sets.) While it is not strictly necessary to work with both the skeletal
and non-skeletal versions of these categories, a number of constructions (e.g. cyclic
duality, Construction 1.11) are more canonical in their non-skeletal form. We therefore
discuss both versions of these combinatorial categories, in hopes of clarifying the
constructions to come.

Definition 1.2 The simplex category A has objects the standard linearly ordered sets
[n] ={0, 1, ..., n}forn > 0and morphisms the order-preserving maps. The enlarged
simplex category A has objects finite non-empty linearly ordered sets, and morphisms
order-preserving maps.

The augmented simplex category A (resp. the augmented simplex category A ) is
obtained from A (resp. A) by appending an initial object , which will also sometimes
be denoted by [—1].

The interval category V is the subcategory of A on the objects [r] for n > 1, the
morphisms of which preserve maximal and minimal elements. The enlarged interval
category V is the subcategory of A on those sets of cardinality > 2, whose morphisms
preserve maximal and minimal elements.

The augmented interval category V4 (resp. the augmented extended interval cat-
egory V) is the subcategory of A (resp. A) whose objects have cardinality > 1 and
whose morphisms preserve the maximal and minimal elements.

Definition 1.3 The category of the standard finite sets n := {1,2,...,n} forn > 0
will be denoted Fin. The category of the standard finite pointed sets (n) := n LI {x}
will be denoted Fin,. The category of all finite sets (resp. the category of all finite
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2-Segal objects and algebras in spans 305

pointed sets) will be denoted by Fin (resp. by Fin,). When convenient, we will denote
by I (resp. by I') the opposites of the categories [Fin, (resp. Fin,). Given a pointed set
S € Hin,, we denote by S° the set S\ {x*}, where * denotes the basepoint of S.

We additionally denote by Ass the associative operad, i.e. the category whose
objects are objects of [Fin,, and whose morphisms ¢ : S — T are morphisms in [Fin,
equipped with a chosen linear order on the fiber ¢! (i) for each i € T°. Composition
is defined by composition in Fin,, together with the lexicographic orders. Note that
there is a forgetful functor Ass — Fin,, which equips N (Ass) with the structure of
an oo-operad in the sense of [13].

Construction 1.4 (Linear interstices) Given a linearly ordered set S € A we define an
inner interstice of S to be an ordered pair (k, k + 1) € § x S, where k + 1 denotes the
successor to k. The set of inner interstices of S is, itself, a linearly ordered set, with
the order

kk+D)<(,j+D) & k<]

We will denote the linearly ordered set of inner interstices of S by I(S). Note that
10D = 2. )

Given a linearly ordered set S € A4, let S be the set {a} I § L {b}, where b is
taken to be maximal and ¢ minimal. We define an outer interstice of S to be an inner
interstice of S. We will denote the linearly ordered set of outer interstices of S by
O(S). Note that O(?) = {(a, b)}.

We define functors

0:0F -V S 0O)
and
1:VP > 4y S 1)

as follows (we will define O explicitly, the definition of I is similar). Given a morphism
f:8S — Tin A4, we define a morphism OQ(f) : O(S) — O(T) by setting

k,k+1) f)<j=<j+1=flk+1)
ONG,j+Dh=1@a+1) j=<fk)VkesS
(b-1,b) j> fk) Vk € S.

Pictorially, we can represent the morphism O(f) as a forest as in Fig. 1, thinking
leaves j € O(T) as being attached to the root k € OQ(S) if O(f)(j) = k.

Note that the functors I and O define an equivalence of categories. Since A (resp.
V) is the skeletal version of A (resp. V), all isomorphisms in these categories are
identities, we see that we get an induced isomorphism of categories

0:AT S5y, 1
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Fig.1 Left: amorphism f of linearly ordered sets. Right: the morphism O( f), visualized as a forest (blue)

Moreover, we can define a functor V. — Fin, by

S = (S U {*})/ max(s)~min(s)~*
We then find that the induced functor
AT — AP q V., — Fin,
is precisely the functor cut : A°? — Fin, defined in [13, 4.1.2.9].

The next definition, the imbrication, is of particular import in the main argument.
Loosely, the imbrication is the dual monoidal structure to the ordinal sum, as expressed
on V. It will be used in Sect. 2.3 to give a precise description of the category A*,
which interpolates between the indexing category for algebra objects in spans, and the
category A°P.

Definition 1.5 Given two linearly ordered sets S, T € A, define the ordinal sum S&T
to be the set S LI T equipped with the linear order defined by the orders on S and T
and the proscription that for all s € S and t € T, s < t. The ordinal sum defines a
monoidal structure on A4 .

Given two linearly ordered sets S, T € V., with b the maximum of S and a the
minimum of 7', define the imbrication SxT to be the linearly ordered set (S ® T') /a~p
(note that since a is the successor to b in S @ T, there is a canonical linear order on
S*xT compatible with the quotient map).

Lemma 1.6 The functor Q is a monoidal functor sending the ordinal sum to the imbri-
cation.
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2-Segal objects and algebras in spans 307

Remark 1.7 1t is worth noting here that some of these notions appear in [10] (using
different notation). The duality between A and V. is the content of [10, Lemma 6.2],
and the imbrication appears in Sect. 2.4 as the amalgamated ordinal sum.

Definition 1.8 A cyclic order on afinite set S is a transitive Z-action on S. Equivalently,
this is simply transitive action of Z/|S]| on S.

Definition 1.9 Given a cyclic set S, and a collection {[n;]};cs of objects in Ay, we
define a cyclic set US([n,-]) as follows. The underlying set is ]_[i eslnil, and the cyclic
order is given by the Z/n-action (where n := ), _¢(n; + 1)) that sends

— : _
jelmlm 20 S
0€lnipl j=ni
where i + 1 denotes the successor of i in the cyclic order on S. We call this order on
[ [;cslnil the lexicographic (cyclic) order.

Definition 1.10 A morphism of cyclically ordered sets S — T consists of a map of
sets ¢ : S — T, and a linear order on each fiber such that the lexicographic cyclic
order on § agrees with the predefined cyclic order on S.

The cyclic category has as its objects the standard cyclicly ordered sets (n) for
n > 0, and as its morphisms the maps of finite sets respecting the cyclic order. The
enlarged cyclic category M has as its objects all finite, non-empty, cyclically ordered
sets, and as its morphisms the maps which respect the cyclic order.

Construction 1.11 (Cyclic duality) In analogy to the construction of the linear inter-
stice functors, we define a duality

D: AP — A

on the cyclic category. Let S € A be a cyclicly ordered set. We define a cyclic interstice
of S to be an ordered pair (a,a + 1) € S x §, where a + 1 denotes the successor of
a under the cyclic order. We denote the set of cyclic interstices of S by ID(S). The set
ID(S) inherits a canonical cyclic order from S, which can be visualized as in Fig. 2.
The functor D is specified on morphisms by an analogue of Construction 1.4, namely,
for f: S — TinAand (j, j+ 1) € D(T), we set

DG, J+ 1D = (k, k+ 1)

where (k, k + 1) is the unique interstice of S such that the linearly ordered set
(ftk), ftky+1, f(k)+2,..., f(k+ 1)) contains (j, j + 1) in order.

This functor is an equivalence of categories. Since A is the skeletal version of A,
D descends to an equivalence D : AP — A
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308 W. H. Stern

Fig.2 A cyclic set with its
cyclic order visualized via an
embedding into the oriented
circle (black), together with its
set of cyclic interstices (blue
crosses)

Construction 1.12 (Cyclic closures) We define a functor K : A — A in the following
way. Given a linearly ordered set S of cardinality n + 1, there is a unique order-
preserving bijection ¢ : S — [n]. We define a bijection

27”'(15(]'))

S — r(n); jr—>exp( 1
n

to the nth roots of unity in S'. The orientation on S' then yields a canonical cyclic
order on S. Passing to skeletal versions yields the well-known functor « : A — A.

Via the equivalences O and D we can then define a functor C : V — A such that
the diagram

rr 2y

K| lc

op
N T/\

commutes up to natural isomorphism. The functor C admits the following explicit
description on objects. Let S € V with maximal element » and minimal element a.
Then C(S) can be identified with with quotient of K(S) by the identification a ~ b.
Once again, we have that C descends to a functor C : V — A.

Lemma 1.13 Let S € A a set {[n;l}ics of elements in A, and a compatible linear
order ¢ : K([m]) = S, there is a canonical isomorphism

K @[Iw(,’)] ;US[ni]

i€[m]
which acts as the identity on underlying sets.

Proof We compare the Z /n-actions. When j € P ][n,-] is not maximal, the suc-

i€lm
cessor function for the ordinal sum agrees with the Z/n-action on US [n;]. If j is
maximal, we have that the action on the left sends j to 0 € ng (), which agrees with

the definition of the cyclic order on the right. O
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1.2 Calabi-Yau algebras

We now turn our attention to Calabi—Yau algebras. After briefly recalling the main
definitions, we construct a category Asscy such that maps from Asscy into a sym-
metric monoidal oco-category satisfying non-degeneracy conditions are the same as
Calabi—Yau algebras. We then use 4sscy to provide a definition of the co-category of
Calabi—Yau algebras in a specified symmetric monoidal co-category. The proof that
Asscy does, in fact, parameterize the desired algebraic structures is somewhat long
and combinatorial, and forms the greater part of this section.

Throughout the section, we take C® — Tin, to be a symmetric monoidal oco-
category with monoidal unit 1 and tensor product Q.

Construction 1.14 There is a functor B : A — Ass defined as follows. On objects,
sendeach § € Ato SL{x}, forgetting the cyclic order. On morphisms,send f : S — T
to its underlying map of sets. Define a linear order on the fibers of f by choosing
embeddings of S and T into S' compatible with the cyclic order, and representing f
as a commutative diagram

sty s
aT . B
S%T

where f is monotone of degree 1. For i € T, the preimage of B(i) under f is an
interval, and B(f ~1(i)) ¢ f~1(B()). The orientation of S! induces an orientation of
f’l (B(i)), and hence a linear order on f’l @i).

Definition 1.15 The cyclic bar object of an algebra object X : Ass — € is the
composition B*(X). A cyclic trace on X is a natural transformation 7 from B*(X)
to the constant cyclic object on 1 € €. We call a pair (X, ) consisting of an algebra
object in €% and a cyclic trace a trace algebra.

Remark 1.16 A natural transformation to a constant cyclic object may be modeled as a
functor from the category A, obtained from A by formally adjoining a terminal object.
We denote the terminal object of A, by ©.

Definition 1.17 A morphism y : X ® X — 1 in C is called non-degenerate if there
exists a morphism 7 : 1T — X ® X such that

— The composite

d d ~
¥3x1™ xexex "iex 3 x

is homotopic to the identity.
— The composite

id d ~
¥310Xx " Yxexex 2 xe13 x
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is homotopic to the identity.

Definition 1.18 Let (X, n) be a trace algebra in C, and let n; : X ® X — 1 be the
map induced by (2) — ¢ in A, under . We call (X, n) a Calabi-Yau algebra in C if
12 is non-degenerate.

Remark 1.19 The definition above is precisely that of [15, Example 4.2.8]. When
Hochschild homology is defined, the map n : B*(X) — 1 is equivalently an S'-

equivariant trace
/ X — 1.
s!

Definition 1.20 Let Asscy be the category with

Objects ob(Ass) LI {o}.
Morphisms between S, T € Ass

Hom ggs0y (S, T) := Hom 44 (S, T).

For S € Ass,
Hom g5y (0, 8) 1= 0
and a morphism S — ¢ is a choice of a subset 7 C S° and a cyclic order on 7.

For S, T € Ass, and morphisms ¢ : S — T and ¢ : T — ¢, the composite ¥ o ¢
is given by the induced cyclic order

Note that Asscy comes equipped with a functor Asscy — Fin, sending ¢ +—> (1).

Construction 1.21 Let A — A, and Ass — Asscy be the inclusions. Define a functor
F : Ao — Asscy by setting F = B on A C A, and sending ¢ — ©. By definition,
the diagram

N ——— A

5 Ir @)

Ass — Assc Y

commutes.

Definition 1.22 We take ‘I3 to be the categorical pattern of [13, Proposition 2.1.4.6]. In
the following proof, we will freely make reference to this proposition, and Appendix
B from the same.

Lemma 1.23 The diagram
N(@P) —— N(Qo)
B| 17

N(Ass) — N(AsscY)
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induces an SP3-anodyne morphism of oo-categories

0 : N(Ass) ]_[ N(Ns) = N(Asscy)
N(N)

over Hin,, where the non-degenerate marked simplices are precisely the inert mor-
phisms of Ass.

Proof An n-simplex of N(Ass)]] Ny N (Do) is an equivalence class in N (Ass) LI
N (M) under the relation that

So—>8S1—>--—=>8)~Ty—>T1 — ---—> Ty,

eN (Ass), EN (M
if and only if
B(To—>T — - -—>T,) =y —> S1 —> --- > S,).

In particular, 6 is injective, and a bijection on O-simplices.
We proceed by induction. For ease of notation, we set Q = N (Ass) [ | Ny N (As).

1. Suppose f : § — ¢ is a 1-simplex not contained in the image of 6. Then S is
determined by 7 C S° and a cyclic order on S. Adding a basepoint to T to get
Tr € Asscy we get a factorization of f as

7N
S —mm ¢

in Asscy. Taking such a 2-simplex o ¢ for every such f, we can form the pushout

L ;(AD” — Qo

l |

[ (4%" — 01

The morphism on the left is of type (C1) from [13, B.1.1], so we get a factorization
0
Q0 5 01— N(Asscy)
where 1 is 3-anodyne, and 6 is bijective on 1-simplices.
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2. Now suppose that o : A> — Asscy is a 2-simplex not in the image of 1. Then o
must be given by a sequence

Sli>52‘—f)<>

(if o does not contain ¢, it is the image of a simplex in Ass, if it contains two
copies of ¢, it is degenerate). Consequently, we get two 2-simplices, o s, and o,
in the image of 6;. Moreover, g restricts to a morphism

g: Tfog — Tf,
and we get a 2-simplex S1 — S — Ty. We then note that the A% horn

Ty

;

Tfog

7

S ——mm8M8 — ¢

can be filled to a 2-simplex S; — Ty — < via a horn of type (Cy). Finally, we get
a A3-horn

\Y)

1
g Ty f
S]TQ

of type (C1). This gives us a factorization of 6 as Qg 2 o) 03) N (Asscy) where
71 is PB-anodyne and 6, is bijective on simplices of dimension < 2.

3. Now suppose inductively that we have obtained a factorization through 6,1 :
0, — N(Asscy) such that

— 6,_ is bijective on k-simplices for k <n — 1.
— The image of 6,,_1 contains all n-simplices of the form

So—>S1—> = S,1—>¢
where S;,_1 — ¢ is a I-simplex in the image of A,.
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Suppose given an n-simplex o not in the image of 6,,_1. Then, by similar reasoning
to that above, o must be of the form

Sogslgn-—)Sn_]ﬁl)O

with S,+1 — ¢ not in the image of A,,. Define ¥y := ¢, o py—1 0--- 0 Py, We
then get n-simplices in the image of 6,,_

So — S1 ﬂz) e S‘;—> Sp—1 — Ty,—©
and an n-simplex in the image of 6,
So—> 81— = S —> Ty
These n n-simplices form a AZH-horn in N (Asscy) which, once again, can be

filled by a pushout of type (Cy).

We therefore get a factorization
Qo —> Q1 — -+ = N(Asscy)

which exhausts N (Asscy). Each morphism in this sequence is 3-anodyne, and so the
transfinite composition Qg — N (Asscy) is P-anodyne. O

Corollary 1.24 The oco-category of trace algebras in C is equivalent to the full subcat-
egory ofMap]ﬁFm* (N (Asscy), C®) sending o to 1.

Definition 1.25 We define the co-category of Calabi—Yau algebras in C to be the full
subcategory of Map]%n* (N (Asscy), C®) on those objects which

1. send ¢ to 1, and
2. send the morphism (2) — ¢ in A, to a non-degenerate morphism X x X — 1.

1.3 Cartesian monoidal structures

We now briefly recapitulate Cartesian monoidal structures. This is necessitated by
the fact that, throughout this paper, we will model (symmetric) monoidal structions
by Cartesian fibrations, rather than the coCartesian fibrations used in [13]. Indeed,
this section amounts, more or less, to a dualized recapitulation of the corresponding
sections of [13].

The Cartesian fibrations modeling these monoidal structures will be defined via
adjunctions, as laid out below. Throughout this section, C will denote an co-category
which admits finite products.

Definition 1.26 The category A has as its objects pairs ([n], {i, j}), where [n] € A
and i < j are elements in [n]. The morphisms ([n], {i, j}) — ([m], {k, £}) consist of
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amorphism ¢ : [n] — [m]suchthat¢ (i) <k <€ < ¢(j). We will, in general, think
of {i, j} as an interval inside [n], and denote by {i < j} the linearly ordered set

{i<jl=14i+1,...,j}Clnl

The category Finl has as its objects pairs (S, T) where S € Fin, and T C S°. A
morphism (S, T) — (P, Q) consists of a morphism ¢ : S — P in [Fin, such that
¢(T) C Q. We will sometimes denote by I the category (]FlnE)OP.

Remark 1.27 We can provide an alternate characterization of A and Fin!. The functor
AH > A is the coCartesian fibration defined as a Grothendieck construction of the
functors

A — Cat; [n]+— I[(:B.

The functor Finl! — Fin is the Cartesian fibration defined as a Grothendieck construc-
tion of the (contravariant) power set functor

Fng® — Cat; S+ P(S°).

Note that, as in [4, Remark 10.3.2], these constructions relate to the constructions
A* — Aand I'’* — Fin, from [12, Proposition 1.2.8] and [13, Proposition 2.4.1.5]
respectively. In particular, the functor I"* — Fin, is the Cartesian fibration arising as
the Grothendieck construction of

Fin* — Cat; S+ P(S°)°P.

For an co-category D with enough colimits, the functor Finl! — Tin, can therefore
be used to construct a coCartesian fibration DY — Tin, modeling the coCartesian
symmetric monoidal structure on D.

Construction 1.28 The functor cut : A — Fny" yields a functor AY — (EHH)OP. To
see this, we first note that for {i, j} C [n]in AY, we have O({i < j}) € O([n]). On
objects we therefore define {i, j} C [n] — (O([n]), O{i < j}))

Given a morphism f : ([n], {i, j}) to ([m], {k, £}) in AU we get a morphism
Of) : O(m]) — O([n]). Moreover, the condition that f(i) < k < £ < f(j)
ensures that O(f) (O({k < £})) Cc O{i < j}).

Construction 1.29 (Cartesian monoidal structures) Given an co-category € with finite
products, we can associate two Cartesian fibrations to € as follows.
We define a functor of co-categories € — A via the universal property
Hom (K, €¥) = Homse, (K x4 AY, ©).
Similarly, we define a functor ©X — [ via the universal property

Homp (K, G_g) = Homger, (K X1 't e.
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Both of these are Cartesian fibrations by dint of [14, 3.2.2.13].
We now let €% ¢ €X' be the full subcategory on those objects G : 1[(;5 — C for
which G displays G({i < j}) as aproduct over G({k <k +1}) fori <k < j.
Similarly, we let C* C €* be the full subcategory on those objects G : P(S°)°P —
C for which G displays G(S) as a product over G (i) fori € S.

With these definitions in place, we can now recall the main results characterizing
them.

Proposition 1.30 The functor ¥ — A is a Cartesian fibration exhibiting the Carte-
sian monoidal structure on C.

Proof This is [4, Prop. 10.3.8]. O

Proposition 1.31 The functor C* — [ is a Cartesian fibration exhibiting the Carte-
sian symmetric monoidal structure on C.

Proof The proof of this statement is, mutatis mutandis, the same as the proof of [13,
Proposition 2.4.1.5]. O

There is a further feature of interest to the presentation of monoidal structures by
Cartesian fibrations. Given a Cartesian fibration p : D® — I representing a monoidal
structure on D := D%, the opposite map p° : (D®)%P — [P i5 the coCartesian
fibration representing the induced monoidal structure on D°P. The Cartesian fibration
p thus gives us direct access to coalgebras in D:

Definition 1.32 Given an oo-operad O® — I'°P and a Cartesian fibration D® — I'
exhibiting a symmetric monoidal structure on D, a O®-coalgebra in D is a functor

A: (0% — D®

over I" such that (the opposite of) every inert morphism f in O® is sent to a Cartesian
morphism in D.

The oco-category of O®-coalgebras in D is the full subcategory CoAlgq (D®) :=
Funp ((O®)°P, D®) on the O®-coalgebras.

In our exploration of co-categories of spans, we will freely make use of the relation
between algebras and coalgebras induced by the duality on spans, as described in the
lemma below.

Lemma 1.33 Let p : D® — I be a Cartesian fibration exhibiting a model structure
® on D, and suppose that we have a duality D ~ DP so that p® : (D®)P — [°P
exhibits a monoidal structure X on D. Then for every oo-operad O®, there is an
equivalence

CoAlg (D®) ~ Algy (DY),

Proof Follows directly from unwinding the definitions. O
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1.4 oo-Categories of Spans

We will briefly recall here the requisite constructions and definitions for co-categories
of spans. For a fuller exposition, see [4, Chapter 10]. Throughout this section, we will
assume that C is an co-category with small limits.

Definition 1.34 Let S be a linearly ordered set. We define I to be the poset of non-

empty sub-intervals {i < j} C S.
Let A" be the standard n-simplex. We define the spine J" C A" to be

gn .= Al01) L[A{I,Z}_” ]_[ Aln=1.n)
Al Aln-1)

Construction 1.35 (Categories of spans) We define the functor Tw : A — Setx by
[n] — N(][n])()p.

By left Kan extension along the Yoneda embedding and restriction, we get an adjunc-
tion, which we will also denote by

Tw : Setp <> Seta : Span. 3)

For an oo-category D, the simplicial set Tw(D) is an oco-category, which we will
call the twisted arrow oco-category of D. Note that Tw(D) comes with a canonical
projection np : Tw(D) — D. If D is the nerve of a 1-category D, Tw(D) can
be identified with the nerve of the 1-category Tw(D) whose objects are morphisms
f :a — bin D and whose morphisms f — g are commutative diagrams

L,
—

84— 9
LU—

8

in D, i.e. factorizations f = ho gol.
Given X € Setp, we can extend the adjunction 3 to an adjunction

Twx : (Seta),x <> (Seta),x : Spany
by setting Twy (S — X) to be the composite

Tw(S) — Tw(X) % x
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and by setting Spany (S — X) to be the left-hand column of the pullback

Spany (§) — Span(S)

| !

X — Span(X)

in Setn.

Let p : § — X be a map of simplicial sets. We call an n-simplex in Spany (S)
represented by a map o : Tw(A") — S a Segal simplex if, for every A¥ ¢ A", the
composite diagram

{0, kIxTw (g  Tw(A¥) ¢ Tw(a™) > S

is a p-limit diagram. We denote by Spany (S) C Spany(S) the simplicial subset
consisting of the Segal simplices.

The use of these relative constructions, for our purposes, is that they define Cartesian
fibrations exhibiting the pointwise Cartesian model structures.

Proposition 1.36 [4, 10.2.31] Let p : C® — N(A) be a Cartesian fibration
exhibiting a monoidal structure on C‘fﬁ)] such that p admits relative pullbacks. Then

Span ,(€®) — N(A) is a Cartesian fibration exhibiting a monoidal structure on
Span*(G‘[Xl’]).

Corollary 1.37 Let p : C® — N(I') be a Cartesian fibration exhibiting a sym-
metric monoidal structure on G% such that p admits relative pullbacks. Then
Span-(€®) — N(I') is a Cartesian fibration exhibiting a symmetric monoidal struc-
ture on Span,, (C®).

Corollary 1.38 Let C be an oo-category that admits small limits. Then the functors

Span 4 (€%) > N(4)
Spang (C*) — N(I')

are Cartesian fibrations exhibiting a monoidal or a symmetric monoidal structure on
Span, (C) respectively, called the pointwise Cartesian (symmetric) monoidal structure.

Remark 1.39 Tracing through the definition, it is easy to see that, for any co-category
C which admits small limits, there is a duality Span(C) = Span(C)°P. Under this
duality, the opposites of the Cartesian fibrations of Corollary 1.38 are coCartesian
fibrations which classify the same pointwise Cartesian (symmetric) monoidal structure
on Span(C). Consequently, Lemma 1.33 allows us to identify algebras in Span(C)
and coalgebras in Span(C). A more general account of this phenomenon (in (oo, 2)-
categories of bispans) is given in [4, Remarks 11.1.16 and 11.1.17]. We will use this
identification freely in the sequel, working with coalgebra objects in Span(C).
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2 Algebras in spans

We now begin the proof of the first of our main results: Theorem 2.23, which shows the
equivalence between associative algebras in Span(C) and 2-Segal simplicial objects
in C. As a matter of course, we will use the identification of Remark 1.39, and work
with coalgebras in Span(C). This is primarily a device to simplify our computations,
allowing us to work entirely within the framework of Cartesian fibrations developed
above.

Before embarking on the proof, let us briefly expand on the general course we will
follow. For the remainder of the section, we fix an oo-category C with small limits.
By construction, a functor

G:A— SpanA((?®)
over A corresponds to a functor
G :Tw(A) x4 A > €@

satisfying certain conditions. Throughout this section, we will fix the notation @ :=
Tw(A) x 4 AY. We can identify the objects of @ with pairs consisting of a morphism
f i [n] — [m]in A together with an interval {i, j} C [r]. We will sometimes denote
an object by the pair (f, {i, j}). Morphisms in ® will be represented as diagrams

i) < L ]

g| I

{i".j'y < Il - [m']

in A.

As afirst step, we identify sufficient and necessary conditions for the adjointmap G :
® — Ctodefine an algebra object G : A — Span 4 (C%). The first of these conditions
allows us to instead consider functors £2 — €, where 2 is the full subcategory of &
on the objects such that the interval {i, j} C [r] is non-degenerate. We then define
Algsp(G) to be the full subcategory of Fun(£2, C) satisfying these conditions.

The equivalence between Algsp(e) and 2 -Seg(C) is achieved by defining an auxil-
iary category A* and a full subcategory Fun®€(A*, €)) C Fun(A*, C) which fits into
a sequence of equivalences

Algg,(€) <5 Funil2(A*, €)) = 2-Seg(©).

The latter of these equivalences descends from a restriction-Kan extension adjunction,
and is quite straightforward to prove. The bulk of the combinatorial work in the proof
of the main theorem is thus devoted to defining the functor £ : £2 — A*, and showing
that it is an oo-categorical localization at the necessary set of morphisms. This is
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accomplished by direct computation, using a lemma from [18]. To streamline the
presentation, we defer the proof of the localization to Appendix A.

2.1 Conditions on functors

The first step of our proof will be to identify conditions on a functor G : ® — C
sufficient and necessary for G to define a coalgebra object G : A — Span A((?&).
We begin with the conditions necessary for the adjoint map to send simplices to Segal
simplices.

To this end, suppose we are given a functor G : ® — € which corresponds to a
functor

G :Tw(A) — X

over A.

Proposition 2.1 The functor G defines a functor G : A — SpanA(@g) if and only if,

for every simplex [ng] ﬂ [71] iz) cee ﬂ [nk] in A and every interval {i, j} C [no],

the corresponding diagram

G, {i, D

G, i, i) e G (e, Y10, J)) )

SN T TS N

G([nol, {i, j) GUnmi), ¥1G, 1) -+ GUng—1], ¥u—1G, j)) Gkl ¥ @G, j))

is a limit diagram in C. Here \; := ¢; o ¢pi—1 0 --- o ¢1, and Y (i, j) denotes the
interval {¥ (i), ¥ (j)}.

Proof By definition, G defines a functor
— =
G : A — Span,(C™)

if and only if every restriction of G to Tw(A™) C Tw(A) is a Segal simplex in eY,
Let AK < A be the simplex

o) % 11 % - B ().
Then by [4, Lemma 10.2.13], there is a functor
H - (A‘ x Tw(Ak)) x, Al S e
representing a homotopy
H: A" x Tw(ab) > eX.
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This homotopy has components that are Cartesian morphisms, and the component
Go = H| {0} xTw(ak) has image contained in G[ o1- Since this is the case, the condition

that G is a p-limit diagram when restricted to the Segal cone is equivalent to the
condition that Gy is a limit diagram in GEO] when restricted to the Segal cone. This
can be checked componentwise, using one component for each subinterval of [ng].

Fix one such subinterval, {i, j}. Then the corresponding Segal cone diagram in C
will be

Go(@no---0¢1,{i, j})

/

Go(ér, (i, j}) Go(dr, {i, j})

SN SN N

Go([nol, (i, jb)  Go(lm1l, {i, j}) --- Go(lnk—11, {i, j)  Go(lml, {i, j})

Since the homotopy has Cartesian components, H will restrict to a natural equivalence
between this diagram and the diagram (1). Therefore, a simplex is Segal if and only
if all such diagrams are limit diagrams. O

2.1.1 Cartesian morphisms and equivalences

The condition above, which corresponds to G sending Segal simplices to Segal sim-
plices, does not guarantee that G is a coalgebra object. For that to hold, we need
the additional condition that inert morphisms are sent to Cartesian morphisms in

Span 4, (G&).

Suppose G represents a coalgebra object. Given an inert morphism A' {i’ﬁ A
(¢ : [n] — [m]), G must send ¢ to a Cartesian morphism in Span 4 ((3&). This means
that the adjoint map

Tw(a!) — X

is comprised only of Cartesian morphisms. Therefore:

— For the source map ¢ — [n] in Tw(A), and for any {i, j} € [n], the induced
morphism

G, {i,jb) — G(nl, {i, j}
is an equivalence.
— For the target map ¢ — [m] in Tw(A), and for any {i, j} € [n] The induced
morphism

G@. {i,jh) = G(m], {¢@), ()}

is an equivalence.
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We will write ¢; ; : [i,..., j] — [n] for the inert morphism which includes the
interval [i, ..., j].

Proposition 2.2 Suppose G represents a coalgebra object. Let f : [n] — [m] be a
morphism in A, viewed as an object in Tw(A).

1. Let fl, jy: li, ..., j1 = [m] bethe restriction of f to i, ..., j| C [n]. Then the

induced morphism

G(fligy{i. JH) = G(f . {i, jD

is an equivalence.
2. Let f : [n] = [i, ..., jl C [m] be amorphism such that composing with the inert
morphism ¢; j : [i, ..., j1 — [m]yields f. Then the induced morphism

G(f i, jD) = G(f. i, j)
is an equivalence.

Proof Applying our conclusion from Proposition 2.1, we find that in case (1), the
diagram

G(fli. i, jh

/

G(@ij. {i,jD G(f.{i. 7D

T

Gidi, (i, J1)

\J/

must be pullback. Therefore, since G(¢; j, {i, j}) — G(@dp,y, {i, j}) must be an
equivalence, so must G(fly;,jy, {i, j}) — G(f, {i, j}).
Similarly, in case (2), the diagram

G(f. 1. jh

/ \
G(¢ij, {i, jP

G(idy,...j. {i, jD

G(f, {i, i}

must be pullback. Therefore, since G(¢; ;, {i, j}) — G(dy.,... ;1. {i, j}) must be an
equivalence, so must G(f, {i, j}) — G(f, {i, . |
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Lemma 2.3 Suppose G sends the morphisms from Proposition 2.2 to equivalences.
Let

K=1{i.j) C [n] -2 [m]

W= s =)

k1= i) < 1L ]

IN

be a morphism such that g restricts to an isomorphism [i, ..., j1 = [i’,..., ']

and g restricts to an isomorphism [ f'(i"), f'(") +1,..., f'(G)H] = [f@), fG) +
1,..., f(j)]. Then G sends u to an equivalence.

IR

Proof We first note that, under the given hypotheses, G will send morphisms of the
form

0.k} S [kK] == [m]

V= id[k]l Th

0.k} € K] —> [w]

to equivalences, where h sends [s'(i’), s'(i") + 1, ..., s’(j")] isomorphically to [m].
This follows from composing

{0k} C [kl = [m]

id[k]l Th

0.k} < [k =5 (]

id[k]l Tl//

0.k} < [k] —= [m]

Where ¢ is the inclusion of the interval [ f(0), ..., f(k)]. The lower morphism is
then one of the morphisms of type (2) from Proposition 2.2 and the two morphisms
compose to the identity. So, by 2-out-of-3, v must be sent to an equivalence.

Now write [£] := [f (i), f(@) + 1,..., f(j)], and consider the composition

0.k} < [k] —— [£]

e

K=, < ] -1 ]

where h sends [£] isomorphically to itself. The upper morphism is the composite of
a morphism of type (1) from Proposition 2.2 and a morphism of the same kind as v.
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Moreover, the composite

0k} < [k] —— [£]

it j Th’
k1= {i'".j} < [n] - [m']
is also the composite of a morphism of type (1) from Proposition 2.2 and a morphism

of the same kind as v. Therefore, by the 2-out-of-3 property, ;. must be sent to an
equivalence. O

Definition 2.4 We define E to be the set of all morphisms of the form from Lemma 2.3.
Note that E is closed under composition.

Let us briefly unwind what we have shown. We assumed that G : 2 — C corre-
sponded to a functor G : Tw(A) > @™ over A. We then found two conditions on G
— the limit condition of Proposition 2.1 and the condition that G send the morphisms
in E to equivalences — which are necessary and sufficient for G : Tw(A) — e¥ to
define a coalgebra object.

However, not every functor G : £2 — C defines a functor G: Tw(A) — ¥ over
A. We therefore must also require the product diagram condition of Construction 1.29.
For reasons which will become clear shortly, we separate out the condition that G send
degenerate intervals to the terminal object.

Corollary 2.5 A functor G : ©® — C defines a coalgebra object in Span 4 (e if and
only if

1. G sends degenerate intervals to the terminal object.
2. G sends the morphisms in E to equivalences.

3. G sends ({i, j} C [n] —f> [m]) together with its projections to sub-intervals to a
product diagram.
4. G sends all diagrams of the form (4) to limit diagrams.

With these conditions in place, we can now define our category Algsp(G) of algebras
in Span(C).

Definition 2.6 We denote by Algg,(€) the full sub-oco-category of Fun(@, C) on those
functors satisfying conditions (1)-(4) from the corollary. We denote by Fun*(®, C)
the full sub-oco-category of functors sending every degenerate interval to a terminal
object in C (i.e., those functors satisfying condition (1) from the corollary).

2.2 Forgetting degenerate intervals
We now begin the process of relating functors G : ® — C satisfying conditions

(1)-(4) to 2-Segal objects in C. Our first order of business will be to show that we can
‘forget’ the degenerate intervals in @ without losing any information.
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Definition 2.7 Let £2 be the full subcategory of ® on those objects {i, j} C [n] —f> [m]
such that the interval {i, j} is not degenerate (i.e. i # j). Pulling back along the
inclusion £2 — ® induces a functor S : Fun*(®, ) — Fun(s2, C).

Our aim will be to show that S is an equivalence of co-categories. To do this, we
first prove a general lemma.

Definition 2.8 Given a 1-category D, call an objectd € D attracting if, foralla € D,
Homp(a,d) #@, and Homp(d,a) =0.

Lemma 2.9 Letd € D be an attracting object, denote by Fun*(D, C) the full sub-oo-
category on those functors sending d to the terminal object, and denote by D° the full
subcategory on all objects other than d. Then the functor

Fun*(D, €) — Fun(D°, @)

is an equivalence.

Proof Without loss of generality, we assume that C has a unique terminal object.
when f sends d to the terminal object. Denote by €’ C € the largest subcategory
not containing morphisms from the terminal object to any other object, and denote
by C° the full subcategory on non-terminal objects. Then we have an equivalence

€ =~ (€)™ since the hom-spaces to the terminal object are all contractible. Any
simplex in Fun*(D, €) factors through Fun*(D, €'), so it will suffice to show that

Fun*(D, (€°)%) — (D°, €)

is a trivial Kan fibration.
Unwinding the definitions, this amounts to solving the extension problem

(0A" x D) [[ypnxpo A" X D°

f
J > (eo)D

A" x D~

where f sends d A" x D to the cone point. However, this implies that f factors through

(A" x DO)D. Pulling back along A" x D — (A" X D")D then gives the desired
extension.
O

Corollary 2.10 The functor S : Fun*(®, C) — Fun($2, @) is an equivalence of co-
categories.
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Proof We again assume that C has a unique terminal object. Let ©@%¢¢ be the full
subcategory on only the degenerate intervals. We can write Fun*(®, €) as a pullback
in Sety

Fun*(®, ) —— Fun(®, @)

! !

Fun(©9¢, x) — Fun(©7¢, C)
There is a natural transformation of diagrams to the pullback diagram

Fun*(® [ ] gaes *, ©) —— Fun(®, C)

l l

Fun*(x, ©) —— Fun(®9%¢, @)

Since this natural transformation is an isomorphism on the bottom three objects,
the universal property of the pullback gives us an isomorphism Fun*(®,C) =
Fun*(O [[gaes *, €). * € O [ [ gaes * is an attracting object, and so Lemma 2.9 yields
the desired result. O

2.3 The localization map

We now come to the meat of the proof: the construction of the category A* and the
functor £ : 2 — A*, and the proof the £ is an co-categorical localization at the
morphisms in E. There is an underlying graphical intuition which underlies these
constructions, which is sketched in Fig. 3.

To start off, we can immediately write down the definition of the category A* which
will interpolate between £2 and A°P.

Definition 2.11 Define a category A* to have objects finite (non-empty) ordered tuples
of elements in A. The morphisms of A* from ([ng], ..., [nx]) — (mo]l, ..., [me])
consist of

1. A morphism ¢ : [{] — [k] in A.
2. Foreachi € {0, 1, ...k}, with~'(i) = (ji, ..., jr), a morphism

fi i Imj IxlmjpIx - - - x[m . ] — [n;]

in A.
Satisfying the conditions that

1. If thereis a p € (£)° withr > max ;c4-1¢) (), then f; hits n; € [n;].

2. Ifthereisa p € (£)° withr < minje¢—1(i)(j), then f; hits 0 € [n;].

Remark 2.12 We could equivalently define the morphisms to be
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0 0 0///*///(1)4
\

I~
A~

A)

A
4

I
AN
w
'
1N

4\
4 5

A~

Fig. 3 A pictorial representation of a morphism p in §2, viewed as a triple of composable morphisms

!
[n] £ [n'] i) [m’] £ [m] in A. The dual forest is drawn in black, the chosen subintervals of [n] and
[n'] marked in red, and the induced morphism £ (i) is drawn in blue. Note that that source of £(u) is the
imbrication of the ordered sets { f/(i), f'()) + 1, ... f'(i + 1)}

1. A morphism ¢ : [£] — [k] in A.
2. A morphism

f o milxlmals- - *[me] — [nylx[na]x - - - *[ng]
in A.
Satisfying the condition that, forany i € [k] with c/)‘l(i) = (J1, ..., jr),therestriction
Ji v mjIxmjylx---xlmj ] — [na]slnals - - - +lng]
has image contained in [#n;].

Before defining the localization functor £ : 2 — A*, we will give a construction
of a map which will simplify the construction.

Construction 2.13 Let ¢ : ([n], {i, j}) — ([m], {k, £}) be a morphism in AY. and
write {i < j} for the linearly ordered set {i,i 41, ..., j}. Applying O to ¢, we obtain
a diagram

Oml) —2 o(n)

Ul Ul
O({k < ¢£}) O{i <jbH
Ul Ul
I({k <€) I(ti <jbH
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Since ¢p(i) < k < £ < ¢(j), we see that for every a € {k < £}, there exists a
be{i <j}lsuchthatgp(b) <a <a+1 < ¢p(b+1). Thatis, O(¢) descends uniquely
to a map

res(¢) : I({k < £}) — I({i < j}.
Note that we here apply the convention that [([0]) = ¢J. We therefore obtain a functor
LAl op
res: A- — A}
which sends all non-degenerate intervals into A C A..

Construction 2.14 We now define a functor £ : £2 — A*. On objects it is given by

(i) C Il tmle (FG) < FG+ DYoo (FG =D < F(DD

where {f (k) < f(k+ 1D} :={f(k), f(k)+1),..., f(k+ 1)} are considered to be
ordered via the order on [m]. Note that the indexing set of L({i, j}, f) is precisely
Itfi <Jjb

On morphisms, £ is more complicated. A morphism in §2 is given by a commutative
diagram of the form

(k] ={i, j}

n= gl g

(K1={"j"Y < (] - [m']

I
=
B

where g(i) < i’ < j' < g(j). We define L(u) to be a pair (¢, 1/ ). We then write
¢y =res(g) : I({i" < j'H) — 1({i < j}.
Since the diagram commutes, for each pair {p, p + 1} C {i, j} C [n], we have that

2(f(g(p)) =pandg(f(g(p+1))) = p+1,sothat g descends to a map of ordered
sets

g, 11 g(p) = f1(g(p) + Dix---+{f(g(p+ 1D =1 < f(glp+ 1))}
- {f(p=flp+D}

It is easy to verify that conditions (1) and (2) from the definition of A* are satisfied
by the §p. On morphisms, therefore, we define

£ = (@ {2,},-,,)-
This is functorial via the functoriality of res and the restriction of g.
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2.3.1 Localizing

We now discuss a key element in our argument: the proof L is an oco-categorical
localization of §2 at the morphisms in E. Our helpmeet in this endeavor will be the
following lemma

Lemma 2.15 [18, Lemma 3.1.1] Let L : C — D be a functor of 1-categories. For
each d € D, define the weak fiber Cq C C /4 to be the full subcategory of the slice on
the isomorphisms L(c) = D. Suppose that, for every d € D, there is a subcategory
By C Cy4 such that

— By has an initial object by and
— the inclusion N(Bg) — N(C),q is cofinal.

Then L is an co-categorical localization of C at the morphisms of the categories Bg.

In our application of Lemma 2.15, we will be interested in the weak fibers of the
functor £ : 2 — A*. We first note that, given an object M = ([m1], ..., [mg]) € A*,
the weak fiber €2/ is non-empty. We can explicitly build an object

S
(0, k) C K] =% [mylsmalx - +[my] = [m]
in the fiber over M, given by

P {0 €[mip] i<k

my € [my] i =k.

Secure in the knowledge that our weak fibers do not fall at the first hurdle, we can
define the subcategories necessary for our application of Lemma 2.15.

Definition 2.16 For M = ([m1], ..., [my]) € A*, we define a subcategory .Q}E, C
£2)y as follows. The objects of .Qf, are the same as those of £2, but the morphisms
are only those in E. Note that since elements of E are sent to isomorphisms by L,
every morphism of E appears in a category §2 AE4 for some M € A*.

The desired localization result will then follow as a corollary of

Proposition 2.17 For every object M € A*

1. .Qf[ has an initial object.
2. The inclusion 9151 < 2/um is cofinal.

Due to its long and combinatorial nature, we will defer the proof of Proposition 2.17
to Appendix A. More precisely, Lemma A.4 shows the first assertion, and Lemma A.5
shows the second.

Corollary 2.18 The functor L : §2 — A* is an oo-categorical localization at the
morphisms in E.
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2.3.2 Algebra conditions

We have shown that £ localizes §2 at the morphisms in E, which necessarily identifies
Algg,(€) with a full subcategory of Fun(A*, €). It remains for us to characterize
this subcategory — i.e. to translate conditions (3) and (4) into conditions on functors
A — C.

Denote by Fun®2(A*, C) the full sub-oco-category of functors f which

(A) send the diagrams

O jemilm;l, ..., *jemlm;])

—

/

([n1l, ..., [ne]) ([m1], ..., Img])
({11, ..., [11)
———
xk
opposite the diagrams
/ b \
[n1]x- - *[ng] [mylx- - x[mg]

S et

[1]x-- - *[1]

to pullback diagrams and
(B) send the diagrams

([m1], ..., Imk])

| \‘[\

mi—1] [my]

&

[m1] [m2
to product diagrams.
Proposition 2.19 There is an equivalence of co-categories
Algg, (C) ~ Fun#(4*,0).

Proof 1t is clear that condition (B) corresponds to condition (3) from Corollary 2.5.

For condition (A), first consider a 3-simplex [rn] @) [n1] ﬁz) [n2] fi [n3] in A. The
corresponding limit diagram (4) can be written as
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G(p2001.{i.jD

l

G(g1.{i. jh G(g2. {¢1(D). 1()HD G(¢3. {2 (D). ¥2()HD
G([m], {1 D), ¥1(HYH G([n2], {(¥2(D). ¥2()HD

However, by (the dual of) [14, Proposition 4.4.2.2], this diagram is a limit if and only
if the induced diagram

G(p20¢1.{i. j})

T

G([m], {y1 (D, Y1 (HDH G([n2], {2(D), ¥2()H})

/

G(#3, {$1(), P1(J)})

/5

is pullback. However, combining these two diagrams, we get

2001, {i, j})

s
/

G([ni] Ay (), ¥1(HH G([n2]. {¥2(D). ¥2(HDH

— T

G(1. (i, jD G (3. {91, ¢1()N) G @k, {¥2(D), ¥2()ND)

. —

G([m ). (Y1), ¥1(HDH G([n2), {¥2(D), ¥2(HDH

\g/
/E\

By the pasting property for pullback diagrams, we thus see that it is sufficient to
require that each of the diagrams corresponding to the sub-2-simplices of our simplex
is pullback. Iterating this argument, we find that property (4) of corollary 2.5 is satisfied
if and only if it is satisfied on 2-simplices. Since condition (A) is the image of this
2-simplex condition under £, this proves the proposition. O

Lemma 2.20 A functor f € Fun(A*, C) satisfies condition (A) if and only if it satisfies
condition (A) for collections where all but one of the [m;] are equal to [1].
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Proof This follows from applying the pasting law to diagrams of the form

(In1l, ..., [ne)) ——— ({11,.... [1D

T T

(ZZINRI RV e (p — @ml, 111, ..., 1y —— L., )

T T T

(I Ixlma 11472, 10, (1D > (fm1], [m2], ..., (p » (11, ..., (11, fm2], (11, ..., (1D

T T T

If condition (A) is satisfied for squares where all but one of the [m;] are equal to [1],
then the bottom right square and the bottom rectangle are both pullback. Therefore,
the bottom left square is pullback. Since our restricted version of condition (A) also
implies that the top left square is pullback, the left-hand rectangle is pullback. Iterating
this argument yields the lemma. O

2.4 Extension and restriction
We now come to the final step of the proof: showing an equivalence between
Fun®€(A*, @) and 2 -Seg 4(€). As mentioned above, this follows from a restriction-
Kan extension adjunction.
Considering the full subcategory of A* on the objects ([n]) for n > 0 we get
L AP - A*,
Taking restriction and right Kan extension gives us an adjunction of infinity categories

tx : Fun(A*, €) < Fun(A°?, C) :

Denote by Fun* (A*, €) the full sub-oco-category that sends each diagram

([m1], ..., [mi])

[m1] [m3] [my—1] [my]

to a limit diagram.

Proposition 2.21 The adjunction t, : Fun(A*, C) <> Fun(AP, C) : 1 descends to an
equivalence of oo-categories

Fun™ (A*, ) ~ Fun(A?, ©).

Proof We compute the overcategory (A°?) (m,1.....ime])/- An object in the overcategory
will consist of a choice of i € {1, 2, ..., k} and a morphism [#] — [m;]. A morphism
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@, [n] = [m;]) — (j,[€] — [m;]) only exists if i = j, and in this case is given by
a commutative diagram

] ————— [n]

\[ ’]/

consequently, we find that the induced diagram

(A°P) (1, fmi D)/

7 NT—

AP)miy, (AP (ma)yy EE AP me1n, AP (imp)yy

displays (A)(m,).....my1); @s a coproduct, and, hence, for any f € Fun(A%, €), the

.....

diagram
uf ((Imil, ..., [mg]))
// \\ Q)
uf mD)  uf dm2)) uf Ume—1)  uf (Ime)
displays v f (([m1], ..., [mk])) as a product. Consequently, the adjunction descends

to an adjunction ¢, : Fun™ (A*, C) <> Fun(A%, @) : ¢

Since this is a right Kan extension from a full subcategory, the counit is an equiv-
alence. Moreover, the components of the unit are equivalences on the objects of A°P.
However, for every object ([m1], ..., [mk]), the unit induces a natural transformation
of limit diagrams of the form in diagram (5). Therefore, we see that the components of
the unit are equivalences for all objects, and thus, the unit is also an equivalence. O

Proposition 2.22 Denote by 2-Seg ,(C) the full subcategory of Fun(A°P, €) on 2-
Segal objects. Then the equivalence of the previous proposition descends to an
equivalence of oo-categories

Fun®€(A*, €) ~ 2-Seg ,(€).

Proof Let G € Fun®g(A*, @), and consider the diagram

[n] < [n+m—1]

j a

——
({0, 1}, {1,2}, ..., {n —1,n}) «<— ([11,..., [m],...,[1])
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in A*. We can expand this diagram to

[n] < [n+m—1]

j +,,

—_—
o, 13, {1,2},....{n—1,n}) «<— (11,..., [m],...,[1])

l !

=17}« [m]

Since the two vertical morphisms in the lower square are sent to projections onto
factors of a product, the lower square is sent to a pullback diagram under G. We
therefore see that the exterior square is sent to a pullback if and only if the upper
square is sent to a pullback. However, the exterior square is opposite to the diagram

[n] —> [n+m — 1]

-1 T

[1] W [m]

in A, which is precisely the diagram for the 2-Segal conditions when [m] # [0], and
is the diagram for the unitality condition when [m] = [0]. Therefore, we see that
G € Fun*(A*, @) is in Fun¥2(A*, @) if and only if the underlying simplicial object
is 2-Segal. O

We can summarize our results in the following theorem.

Theorem 2.23 There is an equivalence of co-categories

Algg, (€) 2 2-Seg 5 (©).

3 Calabi-Yau algebras in spans

This final section is devoted to the proof of the second main theorem of the paper—
Theorem 3.25—which gives the equivalence between Calabi—Yau (co)algebras in
Span(C) and 2-Segal cyclic objects in C. From a bird’s perspective, the forms of
the proofs of Theorems 2.23 and 3.25 are identical. We define an ancillary category
A* and a sub-category Fun?2(A*, @) C Fun(A*, ©), and then show two equivalences

AlgSY (€) 45— Fun?2(A*, ©) 4=+ 2-Seg,(C)

The first of these proceeds, as before, from an co-categorical localization.
However, as soon as one zooms in to the combinatorial details, significant differ-
ences between the proofs appear. So as to avoid recapitulating too much material,
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we will state lemmata in this section without proof when the corresponding proof in
the previous section is sufficiently similar. We will similarly, insofar as it is possible,
parallel the structure of Sect. 2 here, to make the analogy more plain.

As before, we let C be an oo-category with small limits, and we set ©® =
TW(.ASS?IPY) X[ Y. Note that, analogously to the associative case, the functors

G : Assgy, — Spanp(€*)
over [ that define Calabi—Yau (co)algebras will correspond to functors
G:6—-¢C

satisfying additional conditions. We will represent morphisms in ® diagrammatically
as

0 < sl T
gT 3
P ST

where f, f’, g, and g are morphisms in Asscy (not Assoc%).

In general, for a morphism ¢ <L T in Asscy, we will denote the two possible
subsets of the image of ¢ in Fin, by @ and {1}.

3.1 Conditions on functors

We again seek to find conditions on functors ® — € which are necessary and sufficient
for the adjoint Ass(g; — Spanp(C*) to exist and define a Calabi—Yau (co)algebra in
spans.

To this end, suppose we have a functor

G:0—C

which corresponds to a functor TW(.ASSOC%() — @€ over [. The condition on G which
guarantees that we obtain a map Ass?% — Spanp(C*) is an analogue of Proposi-
tion 2.1.

Proposition 3.1 The functor G defines a functor G : .Ass?% — Spanp(C*) if and

only if for every simplex Sy ﬂ) S1 ﬂ) S» — .-+ = S, in Asscy, and every subset
P C S, the corresponding diagram
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G(Yu—1, P)
\
G(¢n, P) G(o1, ¥, 2(P)) (6)
G(S,, P) G(Su—1, ¢, (P)) --- G(Sl,wn_z(P)) G(So, t/f,,‘_ll(P))

is a limit diagram in C, where Yy := ¢, 0 py—1 -+ 0 Pp—i

Proof This is, mutatis mutandis, the same as the proof of Proposition 2.1. Note that if
Sk =o,then §; =oforall j > k. O

Definition 3.2 We define a set of morphisms E in @ to consist of the following two
types of morphisms.

1. Morphisms

~

{n

IN
<

g
S

v
id
<_

{1}

IN
<

h

such that g| ;-1 : o) > g7l (o) isan isomorphism.
2. Morphisms

Q§S<LT

1 s

such that g|p : P — Q is an isomorphism, P = g~!(Q), and 8lr-1(0)
f~1(Q) — h~1(P) is an isomorphism.

Analogously to the associative case, one can then show

Proposition 3.3 A functor G : ©® — C defines a trace co-algebra in Span(C*) if
and only if it satisfies the following conditions:

1. G sends empty subsets to the terminal object.

2. G sends the morphisms in E to equivalences.

3. Gsends P C S < T together with its projections to {i} C S < T fori € Ptoa
product diagram.

4. G sends all diagrams of the form (6) to limit diagrams.
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3.1.1 Non-degeneracy

Unlike in the associative case, we must consider one additional condition on our

functors. The difference between Calabi—Yau algebras and trace algebras is precisely

that certain morphisms must be non-degenerate. Our goal in this section is to unwind

precisely what this non-degeneracy means in terms of the adjoint map G : ® — C.
To this end, we consider a morphism y in Span - (C*) represented by

(yw)Y—>*.

Lemma 3.4 The morphism y is non-degenerate in the sense of Definition 1.17 if and
only if y1 and y, are equivalences.

Proof If y| and y, are equivalences, we can define a morphism

*<—Y(}H>Z)X><X

which displays the non-degeneracy of y.
Now suppose that y is non-degenerate, and let n := (171, 172) be a morphism

w7z M X xx

displaying the non-degeneracy of y. Then we have the diagram

where every square is pullback. The left hand pullback must define an equivalence in
Span(C), and therefore, the morphism ¢ is an equivalence. We thus see that y; must
have a left inverse up to homotopy. Similarly, we see that the morphism k must be
an equivalence. By the symmetry of the left-hand pullback square, g o s must be an
equivalence, and thus , b o v is an equivalence. However, v is a pullback of y; along
an equivalence, and therefore is homotopic to y;. Therefore, we see that y; has a right
inverse up to homotopy, and so, y; is an equivalence. A similar argument shows that
2 is an equivalence. O

Construction 3.5 Let G : ® — C be a functor representing a trace (co)algebra in
Spanp(€*). In particular, we have the object

Y :=G({l} Co < (2)
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and the object

X, =62 c @ Lty
where f(1) =1 and f(i) = 2 for all i # 1. Finally, we have the object
Z, =G{1} C o <« (n)

By 3.1, we get a pullback diagram
Zy
5 > ,
((2), {2

By 3.4, we know that the trace is non-degenerate if and only if the bottom right
morphism is an equivalence. From the structure of the pullback diagram, we see that
this is equivalent to requiring that the morphism Z, — X, is an equivalence for all .

We have thus found a final condition, which allows us to guarantee that G is adjoint
to a Calabi—Yau algebra. Combining this with the conditions that G : ® — C defines
amap Tw(AssOCF;{) — @* over I', we can summarize the conditions we have obtained
in the following corollary

Corollary 3.6 A functor G : ©® — C defines a Calabi-Yau co-algebra in Span (C*)
if and only if it satisfies the following conditions:

1. G sends empty subsets to the terminal object.

2. G sends the morphisms in E to equivalences.

3. G sends P C S < T together with its projections to {i} C S < T fori € Ptoa
product diagram.

4. G sends the morphisms Z, — X,, from 3.5 to equivalences.

5. G sends all diagrams of the form (6) to limit diagrams.

With these conditions in place, we can now define our category of Calabi—Yau
algebras in Spany(C*).

Definition 3.7 We define Alggg (@) to be the full co-subcategory of Fun(®, C) satis-
fying the conditions of Corollary 3.6.

Before continuing on to the localization, we again forget the objects corresponding
to degenerate (empty) subsets.

Definition 3.8 Let £2 be the full subcategory of ® on those objects
7
QCS<«~T
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suchthat Q # Wand f : T — S is not ids.

Lemma 3.9 There is an equivalence of co-categories
Fun*(®, €) ~ Fun(s$2, ©)

Where Fun* denotes the full subcategory on those functors which send empty subsets
to the terminal object of C.

Proof This is, mutatis mutandis, the same proof as that of Lemma 2.9. O

3.2 The localization map

The key technical difficulty of the proof, as in the associative case, is the construction
of the map £ : 2 — A™* and the proof that it is an co-categorical localization
at the morphisms in E. Each of the facets of the construction and proof is rather
more involved than in the associative case. However, there is still a useful underlying
graphical intuition, which is suggested by Figs. 4 and 5. Owing to the substantial
differences between the localization maps in the associative and Calabi—Yau cases, it
is necessary to present the construction here in full.

We begin with the construction of A*. This generalizes the construction of A* in
three ways. Firstly, since our morphisms in .Ass (viewed, as before, as planar forests)
are equipped with a subset of the set of roots, rather than an inferval in an ordered
set of roots, we must index the collections {[m;]} by unordered sets, rather than by
ordered sets. Similarly, the product associated with morphisms of such collections is
no longer the imbrication, but the ordinal sum. Finally, we must also include objects
(n) € A, so as to account for the morphisms P — ¢ in Asscy.

Definition 3.10 Let A* be the category with objects

— finite collections {[m;]}ics in A indexed by S € Fin, and
— (n)in A,

and morphisms given by:
1. A morphism {[m;]};es — {[n;]}er is given by

— amorphism ¢ : T — S in Fin, with a chosen linear order on each fiber, and
— foreachi € S, a morphism

P 1 mi]
jep=t@)
2. A morphism (n) — {[m;]}ics is given by

— acyclic order on S, and
— amorphism

U il > )
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- — 0
0 4 ////?
*\\\\\

[ < ® <
p
1 W
2
0 > 3
[ < - < 1 > 4

A

Fig.4 A pictorial representation of a morphism p in £2, considered as a sequence T’ Ly —h> UL sof
morphisms in Ass. The chosen subsets Q C S and P C U are marked in red, and the induced morphism
L(w) is drawn in blue. Note that, unlike in the analogous Fig. 3, the source of £(u) is the ordinal sum
Dicp O(f -1 (7)), owing to the presence interstitial trees with roots not in P

in A.

3. A morphism (n) — (m) is given by a morphism (m) — (n) in A.
4. Empty homsets {[m;]} — (n).

Composition is defined by taking lexicographic linear and cyclic orders. It is well-
defined by Lemma 1.13.

The construction of £ : £ — A* is substantially more complex than in the
associative case. However, the underlying intuition is more or less the same: we forget
all information about a rooted tree except the interstices between its leaves, together
with the induced (linear or cyclic) order.

Construction 3.11 We define a functor £ : 2 — A* as follows. Let
pcsir
be an object in £2 with f a morphism in .4ss. We send this object to the collection
o ()], e
Let

{<>}c<><f—S
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be an object in £2. Then we send this object to
D(f (o)) € A.

To define £ on morphisms, we proceed by cases:

1. Suppose we have a diagram
Q0 € S«+—T

PCU(TV

representing a morphism g in £2, where all of the objects are in Ass C Asscy.
L(w) will be given by a morphism ¢,, in Fin, and a set of morphisms {;};co in
A. The morphism ¢, we take to be the restriction of g to P C U°. Fixingi € Q,
we see that g restricts to a morphism g; : f~'(i) — h~'(g~'(i)) of linearly
ordered sets. This can be rewritten as

g:f - @ '
Jjeg™ta)
It therefore induces a morphism
* 1) O (D) =~ 0(f7 (D)
We then define i/; to be the composite
P on@) = K1 O D) — O(F @)
jeg tiHnp

See Fig. 4 for a pictorial representation.
2. Suppose we have a diagram

{1} <
id
{1} <

<

f
«—

<<w—"ﬂ

<

h
representing a morphism u in 2 with T, U € Ass. Then L£(u) will be given

by a morphism ¢ : D(h~ (o)) — D(f~'(0)). The morphism g restricts to a
morphism of cyclically ordered sets

To: ) = h (o)

we therefore define i to be D(g,,).
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3. Suppose we have a diagram

1) < o+l

AR

representing a morphism p in §2, where all objects except ¢ are in Ass. The
morphism L£(u) will be given by a cyclic order on P and a morphism v :
US O(f~ 1)) - D(f~'(¢)). The cyclic order on P is induced by the cyclic
order on g~!(¢) D P. The morphism g restricts to a morphism

8o [T = (gom)(0)
of cyclically ordered sets. Passing through D gives a morphism
D(g,) : D((g o h)~'(e)) = D(f (o).

Choosing any linear order on g ! (¢) compatible with the cyclic order we can write
D(g,) as

clo|l @ r'o||=plk| @ r'o||-> D@

icg~1(0) ieg1l(o)
We then have the canonical morphism
k[ @ ow'in]|—c (*,-eg_l(o)O(h—l(i))) =clo| @ r'®
icg=1(0) ieg71(0)

And so we define ¥ to be the composite

K (@iEP O(h_l(i))) — K <@ieg"(o) O(h_l(i))>

L

C (0 (Bieg-10h7' D)) ——— Do)

See Fig. 5 for a pictorial representation.
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Fig. 5 A morphism in §2 represented as a composite of three morphisms in Asscy, T Ly ﬁ) vt
The chosen subset P C U is marked by red points. The corresponding interstice sets / (h~1(i)) are written
in red numbers, and the set D(f_] (¢)) in blue numbers. The induced morphism £(u) : UP 1 (h_1 i) —
D(f -1 (¢)) is drawn in blue. Note that the unmarked points in U are the reason that we do not necessarily
get a morphism C(%kjcpl(h~1() — D(f~1(¢))

3.2.1 Localizing

As with the constructions of A* and £, the proof of localization is more combinatorially
involved. We will, however, still show that £ is a localization at the morphisms of E
using Lemma 2.15.

Definition 3.12 Let M € A*. We denote by .Qf, the subcategory of the weak fiber
£2)1 whose morphisms are morphisms in E.

Proposition 3.13 For every M in A*,

1. .Q/ﬁ has an initial object.
2. The inclusion .Qf, < 2y is cofinal.

As before, we defer the combinatorial to Appendix B. Proposition B.1 shows that
the weak fibers £2 Ab; have initial objects, and Propositions B.2 and B.3 show that the
inclusions

.Qf, C 2/mu

are cofinal.

Corollary 3.14 The functor L : 2 — A* is an oo-categorical localization at the
morphisms of E.
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3.2.2 Algebra Conditions

It remains only for us to identify the conditions on F : A* — € which corresponding
to F o L satisfying conditions (3)—(5) in Corollary 3.6. These will uniquely characterize

the image of Alggg (@) in Fun(A*, ©). It is immediate that condition (3) is equivalent

to the condition that F display F ({[m;]}ics) canonically as products of the F ([m;]).
Similarly, it is clear that condition (4) corresponds to the requirement that F({n) —
{[n]}) is an equivalence for all n.

Construction 3.15 Given (n) in A*, we define a morphism

on :(n) = {[1Gi+1)}G,i+DeDn)

in A* as follows. Take the canonical cyclic order on D((n)), and define

D((n))
U Ha.ivn = (1)

sending

0e[lgivy =i
1e [1](,",‘4_1) =i+ 1.

Note that given an object X € £2(,) in the fiber over (n), 0, is simply the image of the

source morphism in £2.
Similarly, given an object {[m;]}ics in A*, define two morphisms

tmgy 2 {lmilties = {[1]i}ies
Simiy = {[millies = {1, j+0}G.j+1)e®;es 10miD)

in A* as follows. We define t(,,;) := (ids, { fi}) where f; : [1]; — [m;] is given by
the formula

£©0) =0
[ =m

We define s; := (¢, {gi}), where

¢:@PI1amd — s

ieS

sends I ([m;]) to i, and the morphism

8i: @ [, j+1) = [mi]

(. J+DeD;cs IImil)

@ Springer



344 W. H. Stern

is given by

gOelllg vy =J
gi(l e[y, j+n) =Jj+1

Note that, given an object X € §2) inthe fiber over M := {[m;]};cs, the morphisms sy,
and 1y are simply the images under £ of the source and target morphisms, respectively.

Lemma 3.16 Given afunctor G : A* — C, G o L satisfies condition 5 of Corollary 3.6
if and only if the following two conditions on G are satisfied:

L. For any {[mil}ies, and any {[n;, j+ 1)1} ;. j+1)e@, s 1(m:1) the diagram

(¥, j+nerqmplng, j+nllies

—

{[nG.j+01 G, j+ D e, s

—
T /

G+ G+ e@ies 1AmiD

{[mil}ies

is sent to a pullback under G.
2. For (n) and any {[m; j11)}(,j+1)eD((n)) the diagram

C(k(j, j+nepmnlm,j+n))

/ \
{lm, j+1}G.j+DeDn) (n)
\ %

{(11;}jepny)

is sent to a pullback diagram under G.

Proof Using the same technique as in the proof of Proposition 2.19, we can reduce
condition 5 to a statement about pullback squares along source and target maps. The
diagrams of the lemma are then the images under £ of the requisite pullback diagrams.

(]

We can now explicitly characterize the subcategory of Fun(A*, €) corresponding
to Algg) (€):

Definition 3.17 We denote by Fun¥2(A*, ©) the full sub-category on those functors
which

1. Send {[m;]}ics together with the projections to [m;] to product diagrams.
2. Send the morphisms (n) — {[n]} to equivalences.
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3. Send the diagrams from 3.16 to pullback diagrams.

Corollary 3.18 There is an equivalence of co-categories

Alg§) (€) ~ Fun"¢(4*, €).

3.3 Extension and restriction
We now come to final step of the proof: a pair of adjunctions
Fun(A*, €) = Fun(A%, ©)
and
Fun(A%, €) 7— Fun(A®, €)
which descend to an equivalence
Fun¥2(A*, @) ~ 2-Seg ,(©).

Definition 3.19 We define a category A4 to be the Grothendieck construction of the
functor

K
A8 car

explicitly, ob(A 4) = ob(A) L ob(A), with morphisms

— f :[n] — [m] morphism in A
— f:(n) — (m) morphism in A
— f :[n] — (m) given by a morphism f : K([n]) — (m) in A.

The category (A 4)°P can be identified with the full subcategory of A* on the objects
{[m]} and (n).

Construction 3.20 By taking restriction and right Kan extension along the inclusion
Azp C A*, we get an adjunction

1 Fun(A*, €) < Fun(A%, ©) : ¢

of oco-categories.

Definition 3.21 Denote by Fun™ (A*, C) the full co-subcategory of Fun(A*, C) on
those functors which satisfy (1) from Definition 3.17.

Proposition 3.22 The adjunction of Construction 3.20 restricts to an equivalence of
oo-categories

Fun™(A*, @) ~ Fun(A4, C)
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Proof Since there are no morphisms {[m;]};cs — (n) in A*, this is, mutatis mutandis,
the same as the proof of 2.21. O

Construction 3.23 We have a full subcategory F : A C A 4. We can similarly define
a functor

H:Ap—> A

by acting as K on A and as the identity on all other objects and morphisms. This
defines an adjunction

F: A< Ap: H

It is easy to see that H is a reflective localization at the morphisms [rn] — (n) given
by isomorphisms K ([n]) = (n).

Proposition 3.24 There is an equivalence of co-categories
Fun2(A*, €) ~ 2-Seg 4 (€).

Proof Proposition 3.22 and Construction 3.23 show us that Fun(A°P, C) is equivalent,
as an oo-category, to the full subcategory of Fun* (A*, C) satisfying (1) and (2) from
Definition 3.17. The relation between the 2-Segal condition and condition 3 from
Definition 3.17 follows from a similar argument to the proof of Proposition 2.22. O

We can then summarize our results in the following theorem:

Theorem 3.25 There is an equivalence of co-categories
Algg) (€) ~2-Seg, ().

Acknowledgements Iam grateful to my advisor, Tobias Dyckerhoff, for his advice and guidance thoughout
my doctoral studies. I extend further thanks to the Max Planck Institute for Mathematics in Bonn and
Universitidt Hamburg for supporting my doctoral studies, during which this paper was written. Finally, I
would like to thank the anonymous referee, whose comments greatly helped me in improving the clarity of
the exposition.

A The localization: associative case

This appendix is given over to the proof that the functor £ : 2 — A* constructed in
Sect. 2 satisfies the conditions of Lemma 2.15, and thus is an co-categorical localiza-
tion at the morphisms of E. By necessity, this involves fairly intricate combinatorial
verifications.
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A.1 Decomposing morphisms

Construction A.1 Given a morphism
film] — [n]

in A, we can uniquely decompose it as follows: Let [1] =: [1;] C [m] be the interval
{i — 1 < i}, and let [n;] C [n] be the interval {f(i — 1) < f(i)}. Moreover, let
[n1ef/] and [n;;gp,] be the intervals {0 < f(0)} and { f(m) < n} in [n] respectively.
Then f is completely determined by the decomposition of [#], since, given such a
decomposition, we can reconstruct f by defining f; : [1;] — [n;] to be the unique
map preserving maximal and minimal elements, so that f is the composition

f=fix-ooxfu i [lxe - *[1p] — [ng]x- - [ny] = [nleft]*[nl]*' . [nm]*[nright]-
We can clarify the indexing of the decomposition of [n#] by noting that the pairs

(i — 1, 1) considered above are precisely the inner interstices of [m]. Hence, we have
decomposed f as a morphism

*i—1iel(mpli — 1, i} = Ki—1iyerqmplnil-
Definition A.2 Given a morphism y : [n] — [m] in A, we can uniquely factor y as

(n] 5 [m,1 <5 [m]

where [m] = [k] @ [m,] @ [£]. Applying O, we get
O([m]) - O(lmy]) — O)ln].

Where O([m]) — O([m,]) acts as projection onto a sub-interval. We call O ([m,])
the minimal interval of y.

Lemma A.3 Given an interval {i, j} C [n] and a morphism n : ({i, j} C [n]) —
(r,r+k} C[m])in AU et [p, ..., ql be the minimal interval of y := res(n). Then
Nip+1,eg=11 = OW)p+1,....g—11-

Proof If [p + 1,...,q — 1] is empty, the statement is vacuously true. Otherwise,
note that for s € [p + 1,..., g — 1], the requirement that res(n) = y means that
y(n(s)) <s < y(n(s)+ 1). Such an n(s) always exists, and this inequality uniquely
determines 7n(s). (Note that, for p or g in [p, ..., q], we only have one-half of the
inequality so that uniqueness need not hold.) O

With these lemmata in hand, we can return to the proof of the localization result.
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A.2 Constructing morphisms
We now prove the first criterion of Lemma 2.15.
Lemma A.4 The object {0, k} C [k] Q{ [m] is an initial object in SZAZEI
Proof Given another object
IR EN

in .Qlfl, and a morphism

0.8 € K 25 ]

o

[n] — [m']

IN

{i, /)

¢ must be the inclusion of [i, ..., j], since any such morphism in £ will induce an
isomorphism [k] — [i, ..., j]. Moreover, & is clearly uniquely determined by the
condition that it maps [ f (i), f(i + 1), ..., f(j)] isomorphically to [m]. O

To show the second criterion of Lemma 2.15, we must show that the inclusion
Q]f[ < £2/um is cofinal. This amounts to showing, for any g : £(Z) — M in £2,y,
the category (£2 A’f}) ¢/ 1s contractible. We will do this by showing that (£2 51) ¢/ has an
initial object.

To this end, we suppose we are given an object

.o f
Z:= {{I,J} Cln] = [ﬁ]}
in £ whose image under £ is ([£;11], ..., [£;]), and a morphism

g ([iv1l, ... [€;D) = (Imol, ..., [mr—1])

in A* Write y : [k—1] > [i +1,...,j] € Aand g : [mo]*---x[mp_1] —
[£iy1]*x---*[£;] for the morphisms defining g. Denote by [n.] := [p,...,q] C
{i, j} C [n] the minimal interval of y and by ¢ : [i, ..., j] — [n.] the projection as

above, and let {0, k} C [k] f—>M [m] := [mo]*- - - x[m_1] be the minimal object in £2
representing the target.

Note that, by definition, the morphism g has image containedin [£ 4 1]x - - - x[£4] =:
[£.]. We introduce some notation for specific decompositions:

[n] = [n¢]x[nclx[n,]
[€] = [Lelx[LcIx[£r]

@ Springer



2-Segal objects and algebras in spans 349

Lemma A.5 There is a morphism in 2

poad S Ipe..oiql =200 qe
i Te

{0.k} S [1]x[k]x[1] - (€' 1x[m]x[€*]
M

which extends to a morphism [z p in §2 covering g

Z ={i,j} S [nedslnclsln,] ———— [Celx[lIx[4/]

Wz M = l T

Zu < {0, k} S [+ 1Is[kIx[1x[n, ] — [Lelx€! Tx[mIx[€*]x[€,]

Moreover, given any other morphism Z — X covering g, there is a unique morphism
Zy — X in E such that the diagram

commutes.

Proof In the first diagram, we define the mapvon [p+1, ..., g — 1] to be the unique
map from Lemma A.3 dual to y under res, and send the endpoints to the endpoints of
[1]*[k]*[1]. Then we write

[€c] = (€' I+ %€,

where [£!"] is the minimal interval containing the image of g : [m] — [£]. Note that
g : [m] — [€X] hits both endpoints. We then define

g = idpp prgxidyey [0 IxmIx[€7] — [€]
(which then, by definition, hits both endpoints), and
Fig s D[kI[1] — [€']x[m]«[€%]

to be far on [k], and to send endpoints to endpoints. Then we can decompose the
diagram as

{p.a} S [lpgilx---=*[14] % [€ps1lx- - x[4y]

c | N

{0, k} S [1]xlkpgiTx - - - *[kg 1#[1] - (€' xlm g1 1x - - xlmg 1x[€2]
M
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by decomposing the morphisms v, f|(, 4}, and f;, ov. The condition that the diagram
commute is then equivalent to the conditions that, (1) foreachr € {p+2,...,q9 —1},
the endpoints of [m,] are sent to the endpoints of [£,] by g, and (2) that g sends
the endpoints of [Kl]*[mp_H] and [mq]*[ﬁz] to the endpoints of [£,11] and [£,],
respectively. Since

[(mr] = Jaerquplfyla — D, fyyla—=1D+1,..., fi(@]

we see that case (1) is true by the definition of A*. Case (2) is true by construction.

This diagram is defined so that the maps v, f;,, 8", and f|{, 4} preserve endpoints.
Therefore, we can take the appropriate star products with the morphisms idy,,, id[,],
idpe,1, idie,1s fling) = [mel — [€el, and fl[n, : [n-] — [€,] to get a commutative
diagram

Z ={i,j} < [nedslnclxln,] ————— [Lelxlle]xler]

l T

Zum = {0, k} S [nelw[1xlkIx[11xln,] — [€c1x[€" Ix[m]x[€21x[¢, ]

By construction, the morphismres(v) : [k—1] — (i+1, ..., j)isy,and the morphism
g’ restricts to g on [m], so this diagram determines a morphism in £2 covering g. Call
this morphism wz a1 Z — Zy.

Now suppose we are given a morphism

Z={i.j} < -1

L

X ={0.k} < l[a]l —= [b]
covering g. We can decompose this into

Z ={i,j} < [nexnclxln,] L eete e

| o

Zu ={0,k} S laelxlaclxlar] —— [belx[bclx[br]

where {0, k} C [a.]. By Lemma A.3, we know that p is uniquely determined on all of
[n.] except the endpoints. This allows us to further decompose the diagram

(e —L 16.]

L

[ac] T> [bc]
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as a diagram where the bottom map is a star product with f;.

o] ——L— [6,]

il o

la} x[K1x[a2] —— [BlIlmIx([b2]

If there is morphism Zjp; — X in E commuting with the morphisms Z — X and
Wz .M, it must, in particular, restrict to a commutative diagram

[ne] ——— [£.]

[1]4] k]*N* m]*N

lag IxlkIxaz] —— [bI+lmIx(b;]

Moreover, since the morphism is in E, the bottom square must restrict to the commu-
tative diagram

k] 2% [m]

idl Ti
(k] — [m]

[=9

As aresult, the component morphism [1]x[k]*[1] — [acl]*[k]*[ag] is uniquely deter-
mined by the commutativity of the left-hand triangle. Additionally, since w : [b] — [£]
must restrict to g on [m], we can decompose w as a star product

w = wlxgxw? : [ x[mx[b] — [£11x[€71x[€?]
Therefore, the component morphism

[b) 1x[mIx[b2] — [€'1x[m]x[€*]

is uniquely determined, and must be w'xid,,jxw?.

We now extend back to the full diagram

[nelxlnelxn,] ———— [Lelx[Le]x[Er]

l T

(e el 1Tk e[ 1wl 1 NI €1 T [m [ €2 ][ €, ]

\

[aclx[al1x[kIx[a21x[a,] = [beIx[bl1x[mIx[b21x[b,]
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and note that, since the vertical components of the back square restrict to identities on
[n¢], [n,], [£e], and [£,], the bottom square is uniquely determined by the morphisms
[n¢] — [ael, [n,] — lar],be] — [€¢],and [b,] — [€,]. So there is a unique morphism
Zy — X in §2 with the desired properties. O

B The localization: Calabi-Yau case

We can immediately verify that each QAE,I has an initial object — showing the first
criterion of Lemma 2.15.

Proposition B.1 For every M in A*, there is an initial element in .{25[

Proof We will complete the proof in two cases:
Suppose first that M = {[m;]};cp. Then the weak fiber only involves morphisms
in Ass C Asscy. We define a set

T =] J1dm

ieP

and a morphism f3; : T — P by setting fp (I([m;])) = i. The canonical isomor-
phisms

ni : OA(lm; 1) = [m;]
equipP C P <fi T with the structure of an object of £2 f, Given an element

PCU<f—V

and an isomorphism ¢; : O(f~1(i)) = [m;], we define a unique morphism 1 in £2 ,E,
given by

p c pdn

as follows. Since this must be a morphism in E, we see that g must map P identically
to P, and send U°\ P to the basepoint. On fibers, we consider the isomorphisms

' ogi i O(f7N @) = 0UImi])
Since O is fully faithful, this lifts to a unique isomorphism 7 (¢;) : I([m;]) = f 1.
We therefore see that g must be the coproduct of these morphisms if u is to be a
morphism in the weak fiber. It is immediate that this does, indeed, define a morphism

: E
in QM.
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Now suppose instead M = (m). We define fjs : D({(m)) — ¢ to be the morphism
with f 1;11(0) = D((m)). Since D is an equivalence, we choose the isomorphism

n: D*((m)) = (m)
Suppose given another element
;
{}co<«—T

with ¢ : D(f~1(¢)) = (n) in the weak fiber. We define a unique morphism p € .Qﬁl
given by

1y < o< Dim)
gT lg
() € o7

as follows. The morphism g must be the identity, so we need only define g. The
condition that u be in the weak fiber implies that n; o D(g|p(my)) = @i, i.e.

D(@lpumy) = ni_l o ¢;. However, since D is fully faithful, this condition defines
a unique isomorphism D((m)) = f~!(0), determining g, and thus 4, uniquely. O

B.1 Cofinality

We now prove the second criterion of Lemma 2.15: that the inclusion £2 AA,;I — Q/p is
cofinal. As before, we do this by finding an initial object in each slice of the inclusion.
Unlike the associative case, however, we must do this in two steps, depending on
whether M = {[m;]}icp or M = (m).

Proposition B.2 Suppose given an object M = {[m;l}icp in A*, an object
fz
Z=10CS<T

in §2, and a morphism

(@, {vitico) : L(Z) > M
in A*. Then there is an element X,z in .QAE4 and a morphism @ : Z — Xy .z in

£2 covering (¢, {Yi}iep) such that, for any other morphism ¥ : Z — X covering
(¢, {Vilicp), there is a unique morphism t : Xy 7 — X which makes the diagram

o

Xpz ——— X
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commute.

Proof There are two cases to consider, corresponding to whether or not S = ©.
Case 1: First suppose S € Ass. In this case, we construct Xy z as follows. Let

pcprdmy

be the object constructed in Proposition B.2. Then, in particular, ¢ : P — Q C S.
For eachi € Q, we have a morphism

P mi1— oz 6y
jepl @)

For each j € ¢~!(i) denote by y;([m;]) the smallest subinterval of O(f, ! (i)) con-
taining the image of [m ;] under y;. Then y; |[mj] — ¥i([m;]) preserves boundary,
and thus corresponds to a map g it I(yi([m;])) — I([m;]) of linearly ordered sets.
Moreover, g j fits into a commutative diagram

S <2 1 (tm, D)

dl %

P <— I([m;])

in Ass. We here use the identification of 7 (y;([m])) with a subset of T'.
Since, by definition, U = || jep I([m 1), we can then write down a commutative
diagram

S L 11 1Gimy D)

‘4 l]—[i.j 8 0

P 1m)

in Ass.
For each i € Q, this restricts to a diagram of ordered sets

(i) 22— L; 1Gi(im ;D)

I s

) LA g1 Lm;D)

We denote L; := fZ_1 O\ jep-
— For p, p+1in ¢_1(i), if there is at least one k € L; such that

1) I(y;([m;]), and proceed as follows.

I(yi(fmp])) <k < I(yi(lmp+1])
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we define a new element 7, and append it to ¢~1(i) between p and p + 1.
— If there exists k € L; such that

k < I(yi([mpl))

for all p € ¢~ 1(i), then we append a new minimal element 7y, to ¢~ (i).
— If there exists k € L; such that

I(yi(Imp]) < k

forall p € ¢_1 (i), then we append a new maximal element to d)‘l (i).

Call the resulting set W; D ¢_1 (i). We then set
R, :=UUL;
and define f; : R; — W; toactas fyy on U and on L; to send
— k> rpif
I(yi(Imp)) <k < I(yi(Imp411))
— k> rpip if
k < I(yi(lmp)))

forall p € ¢~ 1(i)

— k> rypax if

I(yi([mp))) <k

forall p € ¢~ 1(i)

We make f; into a morphism in Ass by taking the linear order induced by L; on the
fibers over the 7, rimin and ryq,. We then define

gf ) - R

toactas [ [;c4-10478; 0n [[;cs-14) I (vi(Im;1) and as the identity on L;. We further
define ¢; : W; — {i} to send every element to i. We thus have a commutative diagram

TR Ty PECE | I T

S

PRo-l) € W «—Tl R
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in Ass, which covers the morphism y; : @jap—](i)[mj] — O(fz_l(i)). Taking the
coproduct over i € Im(¢) gives us a morphism

Im@@) C Im@) < £, Am@)

L ¢’T l]_[, g

PRy < ILw <21k

Finally, we set

w=| [[ wi|us\im@)
ielm(¢p)

and

R=| [] R|U(\f;' am(g))
ielm(¢p)
We then define morphisms:

~ g: W — Stoactas [ ;) ¢i on [[;cim(p) Wi and as the identity otherwise.
— fm.z: R— Wtoactas f; on R; and as fz on T\fz_l(Im(¢)).
—¢g:T — Rtoactas L[ielm(¢) g’ on fz_l(Im(d))) and the identity elsewhere.

By construction, this defines a commutative diagram

s T
| @®)
M.z R

Q

N

P c wiz

in Ass, covering (¢, {;}), and the bottom row is in £2),. We therefore define X z
to be the bottom row, and @ to be the morphism defined by the diagram (8).
To check the remaining universal property, we let

PCA&B

and S; : O(f;] (i)) & [m;] be another element in £2£, and let v be a morphism

= fz

NI
4~

fx
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covering (¢, {¥i}ic@)-
For each i € Im(¢), the identity on P and the condition nothing be sent to the

basepoint uniquely determines a map of ordered sets

Gt - W

Moreover, the ¢; together with the restriction of p to A\p~!(Im(¢)) uniquely deter-
mines a map

AW
such that the diagram

A—7" s

NS

commutes. Note that ¢|p induces the identity P — P.
Moreover, for each i € Im(¢) the isomorphisms 7(8;) on I([m;]) and restriction

p; L — f);l(,o*1 (7)) uniquely determine a map
CiiRi— fx (07 ).

These, together with the restriction of p to T\ f, ! (Im(¢)) uniquely determine a mor-
phism

R — B

such that the diagram

B+ 1
N s
R
commutes, and the restriction of ¢ to fx Y(P) is the isomorphism [ [; 7(8;).
We therefore have constructed a unique morphism
(¢.0): Xzm— X

in £2 151 such that the diagram

>N

XMZ—>
(N9
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commutes.
Case 2: Now suppose that S = ¢. Then ¢ is completely determined by a cyclic

order on P, and y is a morphism
S -1
y :|J tmil = D(f' (o).
We note that, given any morphism

(1} € o<l v

‘e

ACB(TC

achoice of linear order on g ~! (¢) compatible with the cyclic order uniquely determines

a factorization

{1} € o<l-v

T w

1y c y&v

gT Jﬁ

AgB(TC

Similarly, given a morphism (Y, ) : (n) — {[ni]}ies, a choice of linear order on §
compatible with the cyclic order uniquely determines a factorization

(n) = {[n]} = {[n:1}.

We can therefore choose a linear order on P and define Y to be the object
mcmir

Then take (¢y, yy) to be the unique morphism yielding a factorization

L. y): D7) = K7 ©) 2 (Imilhier

We can then construct X,y as in case 1. It is immediate that

1 < ol 71

T
{1} € (<=7

¢] l@
P C Wy <«<— Ry

Suy
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defines a morphism @ in £2 covering (¢, y).

Now suppose given any other morphism ¥ = (Y, %) : Z — X covering (¢, y).
A choice of linear order on 1~ (o) compatible with the chosen linear order on P
uniquely factors ¥ through Y. We therefore get a morphism 7 : X, y — X such that
the diagram

o

Xpy —— X

commutes.

To see that this morphism is unique, suppose that (&, E), ¢, E) : Xmy — X are
two such morphisms. Then, choosing a linear order on ¥ ~! (o) compatible with the
chosen linear order on P uniquely factors the diagram as

XM*Y _— X
(¢.8),(6,¢)

But, by case 1, there is a unique morphism making the bottom triangle commute.
Therefore, (&, &) = (¢, ¢), proving the proposition. O

In the second case, that of M = (m), the computation is somewhat simpler.

Proposition B.3 Suppose given an object M = (m) in A*, an object
Z = {Q cS <f£ T}

in §2, and a morphism

(@, {Vitieg) : L(Z) > M
in A*. Then there is an element Xy, 7 in .Qfl and a morphism ® : Z — Xy 7 in

$2 covering (¢, {vi}ieg) such that, for any other morphism ¥ : Z — X covering
(¢, {vitico), there is a unique morphism t : Xy 7z — X which makes the diagram

7z
VRN

commute.
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Proof We first note that S = ¢, since otherwise no such morphism (¢, {y;}icg) can
exist. Consequently, ¢ = id,, and y is a morphism of cyclically ordered sets (m) —
D(f; ! (¢)). We can therefore take Xz u to be the object

(1) c o2 Deimy)

constructed in the proof of Proposition B.1. We then get a commutative diagram

[w

{1} < o T
id lg

< o D((m) (T \ £ (o))

where g acts as D(y) on f, ! (¢) and the identity on T'\ f, ! (¢). This morphism in £2
clearly covers (id, y).
Given X € 2 151 and ¥ : Z — X, represented by a diagram

{1} € o+=—T
{1} € o+— A
fx

by B.1 that there is a unique morphism
i c o< p

{1} € o«+—

x

in .Qf, Via the restriction of £ to T'\ f7 ! (¢), this extends to a morphism

{1

N

L D(my) LT\ £ (o))

idT 15

{1} A

N
;{

in QF.

M
Since all of the left-hand vertical morphisms are required to be identities, we only
need to check that § o g = ¢, which is true by construction. The requirement that §
define a morphism in £2 AE,I uniquely determines & on D({m)) and the requirement that

& 0 g = £ uniquely determines £ on T'\ fr Lo). O
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