STATIONARITY AND UNIFORM IN TIME CONVERGENCE FOR THE
GRAPHON PARTICLE SYSTEM

ERHAN BAYRAKTAR AND RUOYU WU

ABSTRACT. We consider the long time behavior of heterogeneously interacting diffusive par-
ticle systems and their large population limit. The interaction is of mean field type with
weights characterized by an underlying graphon. The limit is given by a graphon particle
system consisting of independent but heterogeneous nonlinear diffusions whose probability
distributions are fully coupled. Under suitable assumptions, including a certain convexity
condition, we show the exponential ergodicity for both systems, establish the uniform-in-
time law of large numbers for marginal distributions as the number of particles increases,
and introduce the uniform-in-time Euler approximation. The precise rate of convergence of
the Euler approximation is provided.
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1. INTRODUCTION

In this work we study the long time behavior of graphon particle systems and the finite
particle approximations. The interaction is of mean-field type and characterized by a graphon

Date: June 27, 2022.

2020 Mathematics Subject Classification. 05C80 60J60 60K35.

Key words and phrases. graphons, graphon particle systems, mean field interaction, heterogeneous inter-
action, networks, exponential ergodicity, stationary distribution, long time behavior, uniform in time law of
large numbers, uniform in time Euler approximations.

E. Bayraktar is partially supported by the National Science Foundation under grant DMS-2106556 and by
the Susan M. Smith chair.



2 BAYRAKTAR AND WU

G, which is a symmetric measurable function from [0, 1] x [0,1] to [0, 1] (see e.g. [27] for the
theory of graphons). More precisely, denoting by X, the state of the particle at u € [0, 1],

X0 = X0+ [ ( / [ P61 )G ) o) ) s

+0By(t), wel0,1],t>0, (1.1)

where [i, s is the probability distribution of the R valued random variable )_(v(s) for each
v € [0,1] and s > 0, f are b are suitable functions, o € R?*? is a constant, {B, : u € I} are d-
dimensional standard Brownian motions, and {X,(0), B, : u € I'} are mutually independent.
We will also study the mean-field particle system with heterogeneous interactions given by

XI'(t) = X,

L
n

O+ [ £+ Y. X)) | ds
0 =
—I-O'B%'(t), ie{l,...,n}, t>0, (1.2)

and its Euler discretization. Here {f; : 1 <i < j < n} is a collection of independent [0, 1]-
valued random variables sampled from a step graphon G, that converges to the graphon G
in the cut metric.

The study of mean-field heterogeneously interacting particle systems on random graphs
converging to a graphon emerged recently ([3,5,15,19,23,28,30-32]). There is also a growing
number of applications of graphons in game theory; see e.g. [1,11-13,21,33, 37]for the study
of graphon mean field games in static and dynamic settings. Among these, the only work
on long time analysis is [15], which shows that the stochastic Kuramoto model defined on a
sequence of graphs converging to a constant graphon behaves asymptotically as the mean-field
limit (in general the manifold of McKean—Vlasov equations), up to an exponential time. More
precisely, it is shown in [15] that, in the subcritical regime, the trajectory of the empirical
measure of n oscillators ([0, 27]-valued diffusions), over ¢ € [0,7,] where T,, = exp(o(n)),
converges uniformly in probability to the same limit as in the Kuramoto model; while in the
supercritical regime, with initial states close to a stable stationary solution, the trajectory of
the empirical measure is uniformly close to the manifold of stable stationary solutions over

€ [0,7,,]. This is in contrast to our case where the limiting system (1.1) is heterogeneous
and the stationary measure relies crucially on the underlying graphon (see Example 3.1).

The study of classic mean-field homogeneously interacting particle systems and the associ-
ated limiting system given by nonlinear processes, or equivalently, McKean—Vlasov equations,
dates back to works of Boltzmann, Vlasov, McKean and others; see [25,29,36] and references
therein. Besides large population limits such as law of large numbers (LLN) and propagation
of chaos (POC) on the finite time horizon, there have been an extensive collection of results on
long time behaviors and Euler approximations for such systems (see e.g. [7,8,10,38] and refer-
ences therein) with suitable convexity assumptions. In recent ten years, there has been a grow-
ing interest in the mean-field inhomogeneous particle system, where the interaction between
particles is governed by their own types and/or random graphs (see e.g. [2,4,6,9,16-18,26])
and the limiting system consists of countable McKean-Vlasov processes (as opposed to un-
countable heterogeneous processes in graphon particle systems like (1.1)). Among these, the
paper [2] considers a collection of diffusions interacting through state-dependent fast evolving
random graphs and shows a uniform-in-time averaging and LLN result. The interaction in
[2], although not in the mean-field form, is close to be mean-field due to the averaging effect,
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and the limiting system is given by independent and identically distributed (i.i.d.) nonlinear
diffusions.

The goal of this work is to study the long time behavior, including the stationary distribu-
tion and uniform-in-time convergence, of the graphon particle system (1.1), the approximating
finite particle system (1.2), and its Euler discretization, under our standing assumptions stated
in Section 2, including convexity conditions (2.1) and (2.2). We are in particular interested
in the following two questions:

1. Knowing that G,, — G as n — oo, does the long time behavior of {X" : i = 1,...,n}
approach that of {X, : u € [0,1]}?

2. Given a graphon G and the associated {X, : u € [0,1]}, could one choose a sequence of
graphons G, finite particle systems {X/" : i = 1,...,n}, and the Euler discretizations to
approximate the long time behavior of { X, : u € [0, 1]} such as the stationary distribution?
In order to control the approximation error, what would be the balance between the number
of particles, the time to run processes, and the discretization step size?

The first question is natural and its finite time analogue has been answered in the works
[3,5,15,28,32] mentioned above with (possibly) different model setups. The second question,
opposite to the first one, is also (and actually more) important to us, as one may worry that
the graphon particle system (1.1), consisting of uncountably many heterogeneous particles
(or equivalently, their probability distributions), is not always tractable, for the either finite-
time or long-time behavior (see Example 3.1). Answering the second question will suggest,
for example to simulate the stationary distributions of (1.1) using the Euler discretization
of (1.2), and how to choose parameters in a balanced and efficient manner. As the classic
POC result was useful in finding e-Nash equilibrium in the mean field game (see e.g. [14]),
our uniform-in-time convergence and POC results will be helpful for the same purpose in the
graphon mean field game counterpart (such as with mean-reverting drifts).

Our first main result is the exponential ergodicity of the two systems (1.1) and (1.2). For
the graphon particle system (1.1), we show that fi,; converges to a limiting distribution as
t — oo for each u € [0,1] with exponentially small errors, and the limit is invariant with
respect to the system evolution (Theorem 3.1). For the finite particle system (1.2), although
the random vector (X/'(t) : ¢ = 1,...,n) is not Markovian, it is Markovian conditioned on
the interaction { jil<i<j< n}. Using this observation we prove the quenched (and
hence annealed) exponential ergodicity and also show that the quenched limiting distribution
is invariant (Theorem 4.1).

The second main result is the uniform-in-time convergence of (1.2) to (1.1) when G,, - G
in the cut metric. A uniform-in-time LLN for marginal distributions is established in Theorem
5.1, which says that the empirical measure v"(t) of n particles {X* : i =1,...,n} converges
to the averaged distribution of a continuum of particles {X, : u € [0,1]}. The proof relies on
a truncation and approximation argument for the drift coefficients (Lemma 7.2), and certain
generalization (Lemma A.1) of bounds on the Wasserstein distance between i.i.d. random
variables and their common distribution established in [20]. In Theorem 5.2, we strengthen
Theorem 5.1 with additional assumptions on graphons, to further obtain a uniform-in-particle
convergence, LLN, and POC, all uniformly in time. Theorem 5.1 or 5.2, together with the
exponential ergodicity, guarantees the interchange of limits of large n and ¢ for empirical
measures and the convergence of stationary measures (Corollaries 5.1, 5.2 and 5.3).

Our last main result is on the tractable computation of the graphon particle system and
its stationary distributions. We study the Euler scheme associated with (1.2), and obtain a
uniform-in-time bound (Theorem 6.1) for errors arising from the discretization. Under certain
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conditions on the graphons, explicit rates of convergence are obtained in Corollaries 6.1 and
6.2, of the empirical measure of the Euler discretization to the stationary distribution of the
graphon particle system (1.1). This in particular answers the second question above.

1.1. Organization. The paper is organized as follows. In Section 2 we state the space of
graphons, the standing assumptions, and well-posedness of systems (1.1) and (1.2). In Section
3 we study the long time behavior of the graphon particle system (1.1). The exponential
ergodicity and stationary distribution are shown in Theorem 3.1. In Section 4 we analyze the
long time behavior of the finite particle system (1.2). The quenched and annealed exponential
ergodicity and quenched stationary distribution are shown in Theorem 4.1. In Section 5 we
study the uniform-in-time convergence of the system (1.2) to the system (1.1). LLN and POC
are given in Theorems 5.1 and 5.2. We also show the interchange of limits and the convergence
of limiting distributions in Corollaries 5.1, 5.2 and 5.3. In Section 6 we introduce the Euler
discretization. The convergence that is uniform in time and the number of particles is shown
in Theorem 6.1. The rate of convergence in given in Corollaries 6.1 and 6.2. Finally Section
7 collects the proofs of results in Sections 3—6.
We close this section by introducing some frequently used notation.

1.2. Notation. Given a Polish space S, denote by B(S) the Borel o-field. Let P(S) be the
space of probability measures on S endowed with the topology of weak convergence. For a
measurable function f: S — R, let || f|loc := sup,es|f(z)|. Denote by C([0,00) : S) (resp.
C([0,T] :S) for T € (0,00)) the space of continuous functions from [0, c0) (resp. [0,7]) to S,
endowed with the topology of uniform convergence on compacts (resp. uniform convergence).
We will use C' to denote various positive constants in the paper and C), to emphasize the
dependence on some parameter m. Their values may change from line to line. The probability
law of a random variable X will be denoted by £(X). Expectations under P will be denoted
by E. To simplify the notation, we will usually write E[X*] as EX*. For vectors z,y € RY,
denote by |z| the Euclidean norm and z - y the inner product. Let Ny := NU {0}.
Denote by W), p € N, the Wasserstein-p distance (cf. [39, Chapter 6]) on PRF), k€ N:

1/p
Wytms,ma) o= (inf [ Je=yPatdzdn) L mm € PE),
Rk xRk

™

where the infimum is taken over all probability measures 7 € P(R¥ x R*) with marginals
my and ma, that is, 7(- x R¥) = mq(:) and 7(R* x -) = ma(-). It is well-known that (cf.
[39, Remarks 6.5 and 6.6])

Wp(ml, mg) Z Wl(ml, mg)
= sup {/Rk o(x) my(de) — /Rk o(x)ma(dz) | ¢: RF - R is 1—Lipschitz} . (1.3)

Note that
W3 (m,m) > Wi(my,m1) + Wi (ma, ma) (1.4)
for any m,m € P(R* x R*¥2) with marginals my,m; € P(R*1) and ma,ms € P(R*?) respec-

tively, where k1, ko € N. In addition, if m = m1 ®ms and m = m1 ® Mo are product measures,
then

W3 (m,m) = Wi (mq,m1) + Wi (ma, ma). (1.5)
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2. MODEL AND ASSUMPTIONS

We follow the notation used in [27, Chapters 7 and 8]. Let I := [0,1]. Denote by G the
space of all bounded symmetric measurable functions G: I x I — R. A graphon G is an
element of G with 0 < G < 1. The cut norm on G is defined by

|G|l := sup G(u,v)dudv

S, TeB(I)

9

SxT

and the corresponding cut metric and cut distance are defined by

do(G1, Ga) = ||G1 — Gallo,  00(G1,G2) = ;gg 1G1 — GFl|n,
I

where S; denotes the set of all invertible measure preserving maps I — I, and G¥(u,v) :=
G(p(u), o(v)).

Remark 2.1. We will also view a graphon G as an operator from L°(I) to L*(I) with the
operator norm

IGIl = [Gllooss = sup |Galli = sup /I du.

llglloo <1 llglloo <1

/IG(u,v)g(v) dv

From [27, Lemma 8.11] it follows that if |G, — G||o — 0 for a sequence of graphons G, then
|Gn — G| — 0.

Given a graphon G' € G and a collection of initial distributions f(0) := (fi,(0) € P(RY) :
u € I), recall the graphon particle system (1.1) and the finite particle system (1.2). The
following assumptions will be made throughout the paper.

Standing Assumptions:
e The map I > u ~ [i,(0) := £(X,(0)) € P(R?) is measurable, and sup,,c; E| X, (0)[* <
0.
e The drift functions f and b are Lipschiz with Lipschitz constant K; and Kj, respec-
tively, namely

|f(z1) — f(22)| < Kflwy — a2, Vap,x2 € RY
b(z1,y1) — b(z2,y2)| < Kp(|21 — ma| + Jy1 — 12]), Va1, 22,51,52 € RY

e Dissipativity: There exists some ¢ € (0, 00) such that

(.%1 — xg) . (f(.fl) — f(xg)) < —00]x1 — $2‘2, le,l‘z S Rd (2.1)

and
K:=cog— 2K, > 0. (2.2)

e G, € G is a graphon and
(i) either & = Gn(:,2),

(ii) or & =¢J; = Bernoulli(G (£, %)) independently for 1 <7 < j < n, and indepen-
dent of {X,(0), B, : u € I}.

Remark 2.2. (a) The finite forth moment on X (0) is assumed to obtain Wasserstein-2 esti-
mates in Sections 5 and 6. A weaker condition such as a finite second moment on X (0)
would be sufficient to establish exponential ergodicity properties in Sections 3 and 4.

(b) Clearly, f and b have linear growth, namely there exists some C € (0,00) such that
(@)] + bz, )| < C(L+ [z] + [y)) for all z,y € RY.
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(¢) By the Lipschitz property of f, there exists some co € [—Ky, K¢ such that (2.1) holds.
Here the dissipativity assumption requires that co > 2Kp. A common example of b and f
satisfying (2.1) and (2.2) is linear (as in the study of linear quadratic graphon mean-field
games in, e.g., [21]) and mean-reverting:

f(z)+b(z,y) = —c1z + cay, for some c1 > ca > 0.

In particular, the choice of f(x) = —(c1 + c2)x and b(x,y) = co(x + y) satisfies (2.1) and
(2.2) since co = c1 + cg > 2¢y = 2K,

The following result gives well-posedness of systems (1.1) and (1.2).

Proposition 2.1. (a) There exists a unique pathwise solution to (1.1). For every T < oo,
the map I > u v fi, € P(C([0,T] : RY)) is measurable and

sup sup E [|Xu(t)|4] < 0.
uel t€[0,T]

(b) There exists a unique pathwise solution to (1.2). Also for every T < oo,

‘max sup E[|X7'(t)]"] < oc.
=L, e 0,7]

The proof of Proposition 2.1 is standard (see e.g. [36] and [3] for part (a), and [24, Theorems
5.2.5 and 5.2.9] for part (b)) and hence is omitted.
3. EXPONENTIAL ERGODICITY OF THE GRAPHON PARTICLE SYSTEM

In this section we show the exponential ergodicity for the graphon particle system (1.1).
First recall the standing assumptions in Section 2. The following result guarantees that
Proposition 2.1(a) holds uniformly in time.

Proposition 3.1. The system (1.1) has finite fourth moments uniformly in time, namely
supsup E [| X, (t)|*] < oo.
uel >0
Next we introduce some notations before stating the exponential ergodicity property. For

n:=(ny:u € I) e [PRY with sup,c; [ga [#|* 7u(dz) < 0o, consider the system Y7 = (V;/ :
u € I) given by

v =y + [ (s [ [ iemc g mada)ds @)

+0Bu(t)’ Mut_‘c(yn( 9 UEI

where (¥/(0) : u € I) are mutually independent and also independent of {B, : u € I'} with
L(Y,(0)) = ny. Note that Y7 is well-defined and sup,c;sup;sq [ga |2|* g (dz) < oo by
Proposition 2.1(a). Denote by P; the associated Markov semigroup:

P = L(Y"(t), t>0. (3.2)

The following theorem shows that fi,+ (and its average) converges exponentially fast to the
limiting distribution, which is also invariant with respect to P;.

Theorem 3.1. (a) There exists a unique collection of probability measures (fiyoo : © € I)

such that
- K
sup Wa(fiu,t, flu,o0) < \/4ﬁlue*”t/2, t>0, (3.3)
uel K
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— K,
Wa(i(t), i(00)) < 4/ dm=—=Le ™™/, ¢ >0, (3.4)

where K1 := sup,c; sup;>q E|Xy(t)|? and the averaged measures fi(t) and fi(co) are defined
as

and hence

(0= [ fusdn, 3(60) = [ i (3.5)

(b) The collection [i(00) = (fiy,00 : u € I) is invariant with respect to the Markov semigroup
P, defined in (3.2), namely
Pi(oc) = (o), £ 0.
(¢) There exists some C' € (0,00) such that

S[up ]WQ(,D‘ul,t),aug,t) S max {W2(ﬂul,07 ﬁu2,0)7 C/ |G(’U,1,U) - G(’U,Q,’U)’ dU} ) U1, U2 S 1.
te|0,00 I

Proofs of Proposition 3.1 and Theorem 3.1 are given in Section 7.1.
An immediate consequence of Theorem 3.1(c) is that the marginal distribution is (Lipschitz)
continuous as long as the initial distribution and the graphon are so.

Condition 3.1. There exists a finite collection of intervals {I; : i = 1,...,N} for some
N €N, such that UY,I; = I and for eachi € {1,...,N}:

(a) The map I; > u — [i,,(0) € P(RY) is continuous with respect to the Wy metric.

(b) For each uw € I;, there exists a subset A, C I such that \;(Ay) = 0 and G(u,v) is
continuous at (u,v) € I x I for each v € I'\ A,, where \; denotes the Lebesgue measure
on I.

Condition 3.2. There exist some Kg € (0,00) and a finite collection of intervals {I; : i =
1,...,N} for some N € N, such that UN I, = I and

WQ(”Lul(O)?:u’UQ(O)) SKG’”I_UQ‘v Ur, u2 EIia (&S {1""7N}7
|G(u1,v1) — G(uz,v2)| < Ka(|ur — ua| + [v1 — val), (u1,v1), (u2,v2) € I; x I, 4,5 € {1,...,N}.

Corollary 3.1. (a) Suppose Condition 3.1 holds.  Then for each i € {l1,...,N},
SUPye(0,00] Wao(ftuy b, flus,t) — O whenever uy — ug in 1.
(b) Suppose Condition 3.2 holds. Then there exists some C € (0,00) such that

sup WQ(ﬂul,ta ﬂuz,t) S C‘ul - ’LL2|

te[0,00]
whenever uy,ug € I; for somei € {1,...,N}.
Proof. This is immediate from Theorem 3.1(c). [

We note that, as illustrated through the following example of Gaussian processes with
linear coefficients, the graph structure plays a crucial role in the long-time behavior of the
system, and hence the stationary measure, due to the heterogeneity of the system, is not
necessarily tractable. This is indeed one of the main reasons we are interested in the second
question in the introduction, which is answered via the uniform-in-time convergence and Euler
discretization in the next few sections.
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Example 3.1. Suppose d = 1. Suppose f and b are linear, namely f(x) = c¢1 — cox and
b(x,y) = c3+ cax + c5y. Suppose ca > 0 and ca —2max{|ca|, |c5|} > 0 so that the dissipativity

assumption holds. Then (1.1) is a collection of Gaussian processes. Letting my(t) := E[X, ()]
and M, (t) := E[X2(t)], we have

my(t) = my(0) + /Ot <C1 — camy(s) + /01(63 + camu(s) + esmy(s))G (u, v) dv) ds,
M, (t) = M,(0) +E [ /0 t 2X,(s) qu(s)} + ot
= M, (0) + 2/0t (c1muy(s) — caMuy(s)

1
+/0 (csmy(s) + caMy(s) + csmy(s)my(s))G(u, v) dv) ds + o*t.

By Theorem 3.1, the limits my,(00) := limy_o0 my(t) and My(00) := limy_yoo My (t) exist and
should satisfy the following equations:

1
c1 — camy,(00) + /0 (3 + camy(00) + csmy (00))G(u, v) dv = 0,

1
c1my(00) — oMy, (00) + /0 (cg3miy (00) + €4 My, (00) + csmy(00)my(00))G(u, v) dv + %O’Q = 0.

Here the first equation is a Fredholm integral equation of the second kind, from which m,(c0)
could be written as a Liouville~Neumann series, and M,(c0) could then be solved from the
second equation; see e.g. [34, Chapter 13| for methods of solving such integral equations.

We note that even in this setup of linear systems, the long time behavior crucially depends
on the graphon G and the stationary distribution, such as the mean my(00), is not necessarily
explicit or tractable. In some special cases, one can get explicit expressions. For example, if
we further assume ¢y = c3 = 0, then we can get

0.2

2(cg — ¢y fol G(u,v) dv)’

and the second moment of the averaged measure [i(c0) is

[ i) = [ atutooran =

my(00) =0, M,(c0) =

o2 ! 1

2 Jo CQ—C4f01G(u,’U)d’U

du.

4. EXPONENTIAL ERGODICITY OF THE FINITE PARTICLE SYSTEM

In this section we establish the exponential ergodicity of the joint distribution for the finite
particle system (1.2).

Using the standing assumptions in Section 2, we first show that Proposition 2.1(b) holds
uniformly in time, in the quenched sense by conditioning on the random interactions &%, and
hence also in the annealed sense. Write §" := (£}%)};_; and

E™2[] = B[ [ €0 = (2)m)s (2 = 0o € [0,1)7

Proposition 4.1. There exists some constant ko € (0,00) such that

n
150

sup max supE™*" [|XI(t)|*] < ko a.s., sup max supE [|X"(t)[*] < ko.
neN i=1,...,n t>0 neN i=1,...,n t>0
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Next we introduce some notations before stating the exponential ergodicity property. Define
the annealed and quenched joint distributions at time ¢ > 0 by

0" (t) == LU(X]'(1))imy) € P(RD)")
and
03 (1) = LOXP Oy | € = (i)Fy)s 2 = (25 = )1 € 0,1]7
For n € P(RY)") and z = (zij = 2ji)};—, € [0, 1]*, consider the system Y™ = (Y=
given by

n

t
1
Y(t) =Y 1(0) + / FET)) + > zb(Y N (s), Y (s)) | ds (4.1)
0 .
Jj=1

+oBi(t), ie€{l,...,n},

where Y™#7(0) is independent of {B, : u € I} with L(Y™*"(0)) = 5. Denote by P,"* the
associated Markov semigroup:

PPy = L(Y™(t), t>0, neP(RH™). (4.2)

The following theorem shows that 6™%(t) (resp. 6™ (t)) converges exponentially fast to the
limiting distribution, which is also invariant with respect to P,".

Theorem 4.1. (a) There exists a unique collection of probability measures {6™%(c0) : z =
(2ij = 25i)i j=1 € [0, 1]”2} such that

1 n n
sup —=Wa (0™ (1), 0™ (00)) < VAkge ™, t>0, a.s., (4.3)
neN v
and hence .
sup —=Wa(0™(t),0"(c0)) < Varge ™™, >0, (4.4)
neN V1
where ko s as in Proposition 4.1, and

0" (c0) = E[0™S" (c0)). (4.5)

(b) The joint distribution 0™*(co) is invariant with respect to the Markov semigroup P;"*
defined in (4.2), namely

Pl 0m% (00) = 0™ (00), ¢ > 0.

Proofs of Proposition 4.1 and Theorem 4.1 are given in Section 7.2.

5. UNIFORM-IN-TIME CONVERGENCE

In this section we analyze the uniform-in-time convergence of the finite particle system
(1.2) to the graphon particle system (1.1).

We make the following assumption on the kernel G,,. Note that (5.1) is just a convenient
i g

and natural form to view (Gn(,2):4,j5 =1,...,n) as a piece-wise constant graphon.

Condition 5.1. G, is a step graphon, that is,

Gn(u,v) = Gy, <W, W) ,  for (u,v) eI x1I. (5.1)

n n

Moreover, G,, — G in the cut metric as n — 0.
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Remark 5.1. In general, if 60(Gn,G) — 0 for a sequence of step graphons, then it follows
from [27, Theorem 11.59] that ||G,, — G|lo — 0, after suitable relabeling of G,. Therefore
we directly assume in Condition 5.1 that the convergence of G, to G is in the cut metric
dn, instead of assuming that do(G3", G) — 0 for some relabeling function @y, and X(0) =
Xt (2)(0)-

The following convergence on finite time intervals was shown in [3, Theorem 3.1] without
the dissipativity assumption.

Proposition 5.1. ([3, Theorem 3.1]) Suppose Conditions 3.1 and 5.1 hold. Fiz T € (0,00).
Asn — oo,

1< _ 2
—» E| sup ‘X" Xi(t)‘ — 0.
n = [telo,T] "

Recall ji(t) and fi(co) introduced in (3.5). Let

1 . n 1 . n n
= ﬁzéXf(t)a pr() = D LX) = Ev"(2).
i=1 i=1

Although Proposition 5.1 holds for finite time horizon, it does not provide sufficient infor-
mation about the convergence of stationary measures. Under the dissipativity assumption,
we have the following uniform in time convergence of X" and LLN of »" and p", which in
particular guarantees the convergence of stationary measures (see Corollary 5.3).

Theorem 5.1. Suppose Conditions 3.1 and 5.1 hold.
(a) Asn — oo,

stggnZE]X" *%()|2—>o.
(b) (LLN) As n — oo,
Sup Wa(u" (), i(t)) — 0, iggEWz(v”(t% fi(t)) — 0. (5.2)

Remark 5.2. (a) We note that Theorem 5.1 and many existing results (such as [2, The-
orem 2.1(b)], [8, Theorem 3.4], [10, Theorem 3.4] and [38, Theorem 2]) work on
the marginal distributions, which is sufficient for the analysis of approximating sta-
tionary measure in Corollary 6.2. The study on the trajectory level of the difference
E [supt>0 LS IXr@) - X (t)ﬂ is more challenging and beyond the scope of this work.

(b) We also note that graphs with vanishing density degrees and rescaled strength of inter-
actions are analyzed in [3] and Proposition 5.1 is proved under certain conditions via a
Girsanov’s change of measure argument. It is challenging to apply such an argument

to the long-time analysis. The study of the uniform-in-time convergence (and Euler dis-
cretization) for such graphs will be the future work.

The following condition will be used for analyzing efficient Euler discretization and simu-
lation in Section 6.
Condition 5.2. G, is a graphon such that Gy(%, %) = G(L, %) for eachi,j € {1,...,n}.

Remark 5.3. We note that Condition 5.2 is trivially satisfied if G, = G. Alternatively, one
may take G, to be a step graphon that is consistent with G:

Gnlu,v) = G <W M“) . for (u,v) € I x I.

n n
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Condition 5.2 allows one to obtain POC and the rate of convergence in Theorem 5.1. Let
a(n) :==n~ Y4 4 =112, (5.3)

Theorem 5.2. Suppose Conditions 3.2 and 5.2 hold. Then there exists some C € (0,00)
such that the following hold.

(a) For alln € N,

| Q

sup max E|X"(t) — X.:(t)]> <
tZO i:l,...,n n

3

(b) (LLN) For alln € N,

. C i A
sup Wa(u"(t), i(t)) < —=, supEW(v"(t), (1)) < Ca(n).
>0 V>0

(¢) (POC) For all n,k € N and any distinct iy,...,ix € {1,...,n},

sup Wa(L(XP (1), .., X[L(1), i @+ @ sy )

“a ’k
t>0 n

Proofs of Theorems 5.1 and 5.2 are given in Section 7.3.

Remark 5.4. The rate a(n) is related to the upper bound of the Wasserstein distance between
the empirical measure of independent random variables and their averaged distribution. It may
be replaced by other function of n that vanishes faster, as a result of which the constant C in
Theorem 5.2(b) will be larger; see Remark 7.1.

As an immediate consequence of the exponential ergodicity of the graphon particle system
(1.1) and the uniform-in-time convergence, one has the interchange of limits as ¢ — oo and
n — 0o.

Corollary 5.1. Suppose Conditions 3.1 and 5.1 hold. Then
lim Wa(u"(t), fi(00)) = 0, lim EW(v"(t), i(c0)) = 0.

n,t—oo
Proof. This follows from (3.4) and Theorem 5.1(b). [
Corollary 5.2. Suppose Conditions 3.2 and 5.2 hold. Then there exists C € (0,00) such that

the following hold.
(a) For allmn € N and t >0,

Wa(u™(t), fi(00)) < C <\/15 + e””) , EWa(v"(t), a(c0)) < C (a(n) + e”‘“m) .

In particular,

lm Wa(u"(t),i(c0)) =0, lim EWs(v"(t), 1(c0)) = 0.

n,t—00 n,t—o00

(b) For alln,k € N, t >0 and any distinct i1,...,i; € {1,...,n},

1
Wa(L(XP (1), ..., XE(0), iy ® - @y ) < OVE <\/ﬁ + e_“t/2> .

N
n

Proof. (a) This follows from (3.4) and Theorem 5.2(b).
(b) This follows from Theorem 5.2(c), (1.5) and (3.3). [
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From Theorem 4.1(a) we know that the limiting distribution

' (o0) := lim p"(t) = lim — ZEX"

t—o0 t—oo n

is well-defined. The following corollary shows that (oo) converges to the averaged long time
distribution ji(co) of the graphon particle system (1.1).

Corollary 5.3. (a) Suppose Conditions 3.1 and 5.1 hold. Then
Jim Wa(p"(00), fi(00)) = 0.
(b) Suppose Conditions 3.2 and 5.2 hold. Then there exists C' € (0,00) such that

Walu"(o0), (o) < =
In addition, for all n,k € N, t > 0 and any distinct iq,... i, € {1,...,n},
CVk
n n s @ )< 2V
Walim LOC (0o XL iy 0y ) <

Proof. Write

Wa(p" (00), i(00)) < Wa(u" (00), u"(t)) + Wa(p" (t), iu(0)).
Using the convexity of W2(-,-), (1.4) and (4.4), we have

S§—00

W3 (i (o) sz (lim £(X{(s)), L(X (1)) < %Wf(H”(OO),Q”(t)) < Ce™?
=1

for each t > 0. Comblmng these with Corollary 5.1 (resp. Corollary 5.2(a)) gives part (a)
(resp. the first statement in part (b)). The second statement in part (b) follows by taking
t — oo in Corollary 5.2(b). [ |

6. EULER DISCRETIZATION

In this section we analyze the Euler discretization of the system (1.2) with step size h > 0,
namely, with s, := |} |h,

O+ [ | PO ) + 5 SO s0). X () | s
j=1

+oBi(t), i€{l,....n}, t>0. (6.1)

XMty =X

(2

3l

The following theorem shows the convergence of the Euler scheme, uniformly in time ¢ and
the number of particles n. The proof is given in Section 7.4.

Theorem 6.1. There exist C, hy € (0,00) such that
sup max supE|[X™"(t) — XP(t)|* < Ch, Vh e (0,ho).

neN=L...n >0

Theorem 6.1 and Corollary 5.1 guarantee that the Euler scheme (6.1) provides a good
numerical approximation to the graphon particle system (1.1) uniformly in time, as shown in
the following corollary. Let

1 & n,h
=02 O WD) =
=1
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Corollary 6.1. Suppose Conditions 3.1 and 5.1 hold. Then there exist C,hy € (0,00) such
that

lim sup sup Wa (1™ (t), iu(t)) < CVh, limsupsup EW, (™" (t), i(t)) < CVh,

n—o0o t>0 n—oo  t>0

and

lim sup Wa (" (t), i(00)) < CVh,  limsup EW, (0™ (t), fi(c0)) < CVh,

n,t—o00 n,t—o00

for all h € (0, ho).

Proof. Let ho € (0,00) be as in Theorem 6.1. Taking 7 = 237, E(Xi"’h(t),Xf(t)) as the
coupling of u™"(t) and p™(t) gives

n 1/2
sup sup Wo (u"(t), u™(t)) < supsup (711 ZE\Xf’h(t) - Xi"(t)]2> < CVh, (6.2)
i=1

neN t>0 neN t>0

and taking m =1 577 | (S(X?,h(t)’Xin(t)) as the coupling of ™" (t) and v"(t) gives

neN t>0 neN t>0

n 1/2
sup sup EWa (1™ (t), v"(t)) < sup sup (1 ZE\X?’h(t) - Xi"(t)]2> < CcVh, (6.3)
n
i=1

for all A € (0, hg). Combining these with Theorem 5.1(b) (resp. Corollary 5.1) gives the first
(resp. second) statement. This completes the proof. |

As stated in the second question in the introduction, we are also interested in the precise
rate of convergence of the Euler scheme, as an approximation to the graphon particle system
(1.1) and its stationary distribution. This is answered in the following corollary.

Corollary 6.2. Suppose Conditions 3.2 and 5.2 hold. Then there exist C,hy € (0,00) such
that the following hold.

(a) For all h € (0,ho), n € N andt >0,

Walu(0). ) < € (= + VR . EWa (0, (0) < € (alo) + V).

and

Wl (0). ) < € (-

(b) For alln,k € N, t >0 and any distinct i1, ...,ix € {1,...,n},

@ ® flig )<Cf<f+f>

+vVh+ e”t/2> JEWa (V™ (1), i(o0)) < C (a(n) +vVh+ e*“tﬂ) .

Wa(L(X" (1), X" (1), s

11 ? ik oy
n

7

and

WaL(X"(0), ., X" (1), s

1
i ir ®- @ fiy )SC@<+\/E+6"“/2>-

Vn

Proof. (a) Combining (6.2), (6.3) and Theorem 5.2(b) (resp. Corollary 5.2(a)) gives the first
(resp. last) two statements.

1~
n ,O0 ,O0
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(b) Taking 7 = £ ((Xﬁ’h(t), . ngh(t)) J(XP(), ..., XD (t))), we have
1/2

WaL(X (), ..., X[ (), LOXPR (L), .. ZE\X” HOEP Ol

< CVkh,

where the last line uses Theorem 6.1. Combining this with Theorem 5.2(c) (resp. Corollary
5.2(b)) gives the first (resp. second) statement. This completes the proof. [

Remark 6.1. The constant C' here could be made explicit, but we didn’t explore that direction.

7. PROOFS

We first present an elementary result that will be used in several later proofs.

Lemma 7.1. Let y: [0,00) — [0,00) be a non-negative differentiable function. Suppose

t
()~ y(r) < ~ar [ o(s) ds+a2/\ﬁds+/ Sds, V10,

for some a1 > 0, a2 € R and non-negative and continuous function as. Then

2
su as(s 2
y(t) < max < y(0), (aQ + \/pOSSSt s5) a22) . Vit>0.

2a1 aq 4CL1

In particular, y(t) < max {y(O), M} if ag = 0.

al
Proof. Fix T € (0,00). Since y(t) is differentiable, we have
a9 2 a2
Y'(t) < —ary(t) + ag/y(t) + az(t) < —ay ( y(t) — ) + sup az(s) + =, te€[0,T).
2a1 0<s<T day
Noting that the right hand side above is negative when

Supg<,<7 a3(s) = a3
Vylt) > — — + 5,
2a1 4af

ay

we have the desired result. [ |

7.1. Proofs for Section 3.

Proof of Proposition 3.1. Using 1t6’s formula, Remark 2.2(b) and Proposition 2.1(a), we have
E|Xu(t)’4 - E|Xu(0)’4

~& [P (7 + [ [ 661G 0 0) sl o) s +

Therefore the functions

=FE|X 1 at) = X Ydv= [ ay v
ault) = EIX (O, alt) / EIX,(6)'d / (t)d
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are differentiable, and

E[Xu(t)|" — E[Xu(r)|* (7.1)

t
= IE/ 41X (s) P Xu(s) - (f()_(u(s)) + // b(Xu(8), 2)G(u,v) fiys(dr) dv> ds+C(t—r)
r IJRd
for all t > r > 0. From (2.1) we have
- (f(x) = £(0)) < —colzf

and hence for each s > 0,

E [|Xu(s) P Xu(5) - f(Xu(s))] <E[—co| Xu(s)[* + [£(0)|| Xu(s)|’]
co — 2K,
4

where the last line uses Young’s inequality and (2.2). For the rest of integrand in (7.1), using
the Lipschitz property of b we have

B [P [ [ 66000 () ]

< —coau(s) + au(s) +C, (7.2)

= /I/RE [1Xu()[® (1b(0,0)] + K| Xo(s)] + Kola])] fivs(da) dv

< Cad(s) + Kyay(s) + Kya/4(s) /a}/‘l(s) dv
I

— 2K 3 !
< %au(s) + C + Ky (s) + ZKbau(S) + ZKbO[(S)’

where the third line uses Jensen’s inequality and the last line uses Young’s inequality and
(2.2). Combining this with (7.1) and (7.2) gives

() — an(r) < —(2¢0 — 3K3) / on(s)ds + K, / Ca(s)ds+ Clt—r).  (73)
Integrating over u € I gives
a(t) — a(r) < —2(co — 2Kp) /t a(s)ds+C(t—r).

Since the function «/(t) is non-negative and differentiable, using Lemma 7.1 (with a; = 2(co —
2Ky), ag =0, a3 = C) we have a(t) < C. Applying this to (7.3) gives

() — () < —(200 — 3Kp) / a(s) ds + C(t — 7).

Since the function a,,(t) is non-negative and differentiable, using Lemma 7.1 again we have
ay(t) < C, uniformly in u € I. This completes the proof. [ |

Proof of Theorem 3.1. (a) From Proposition 3.1 we see that the quantity s =
SUPyer SUP>0 E|Xu(7f)|2 is finite. Let

A= {n = (:uel) e [PRY)) : Sup f | || 1 (dz) < fﬂ}-

Recall & in (2.2) and the process Y,/ in (3.1).
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We claim that

N co— Ky _ N
sup W2 ((Pin)u, (Peif)u) < ———Le ™ sup W (1, fiu) (7.4)
uel R uel

for any 7,7 € A and ¢ > 0. To see this, by [t&’s formula, we have
BV ~ VIO ~EIVI0) - VIO)P
= [ R 2 (76) - V16 (2060 - £76)
(o - [ .o i) ) Gl )| d
%-jﬁtne“sE{Yj(s)——?ﬁ(sﬂ2ds.
Using (2.1) we have

E [(Yi(s) = YJ(s) - (F(Y(s) = F(V(5)))] < —coE[Y,(s) = V. (s)]*.

By adding and subtracting terms, we have

where the fourth line uses the Lipschitz property of b and (1.3) and the last line uses Young’s
inequality and Jensen’s inequality. Combining above three displays gives

ME|Y,1(1) = V1) — E[Y;)(0) - Y,7(0)[?

t B t _
< —(20 = 3K, — ) [ BTN - V)P ds + Ky [ e [ W) dvds. (79
0 0 I

Since the function ¢ — e*E|Y,!(t) — Y, (t)|2 is non-negative and differentiable, using Lemma
7.1 (with a1 = 2co — 3K, — K, ag = 0, ag(s) = Kpe™ [, Wi (il s, fids) dv) we have

_ _ _ s K su s [ W2 725,725 dv
MRV (1) — YI(1)]* < max {E|Yu"(0) _yi(0)2, i Poss<r Ji W3 (s, d,s) }

’ 2c0 — 3Ky, — K

Kb il i
sup eHS sup W22 (//Jgsa /‘L”TU],S)'

SERY0) - VIO + 5357 s, ¢ sup
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Taking the infimum over the joint distribution of (Y,(0), Y4 (0)) gives
W3 ((Pin)u, (Pef)u) < " E|Y,1(t) = Y1(t)]”

Ky P =1
sup es sup W22 (H&Sa /"LZ,S)'

< W3 (s ) + 57—
< W3 (1, 1) + 2c0 — 3Ky — K o<s<t  wel

Taking the supremum over u € I and the time interval [0, ¢] gives

_ _ Ky B
sup €™ sup W3 ((Psn)u, (Psii)u) < sup Wy (1, flu) + 57— sup €™ sup W5 (il il ).
0<s<t  wel uel 2c0 — 3Ky — K o<s<t  wel
Since k = ¢y — 2K > 0, by rearranging terms we have
co — Ky

sup € sup W22((Ps Jus (Psi)u) < sup W22(77m M)
0<s<t el co — 2Ky wer
This gives the claim (7.4).
Note that fi(t) := (fius : v € I) € A and f(t) = P(0) for each ¢ > 0 by Propositions
2.1(a) and 3.1. It then follows from (7.4) that

Wg(ﬂu,ﬂr& fut) = Wg((Ptﬂ(S))uv (Pi1(0))u)

co— Kp _ o
< Te Ntwg(ﬂu,svuu,O)

co— Ky _
~ "0 mf.

S 4,‘4,1 (76)

K

This means that fi,; is a Ws-Cauchy family when ¢ — oo. So there exists a probability
measure fiy, oo € P(R?) such that

lim W (fiut, flu,co) = O. (7.7)
t—o0
In fact, taking s — oo in (7.6) gives Wa(fiyt, fluco) < \/4K1 %e‘“tm, uniformly in u € I.
This gives (3.3). Since W2(-,) is convex, (3.4) follows from (3.3) and (3.5).
(b) Next we argue that fi(co) is invariant with respect to P;. Noting that fi(oo) € A, we
can apply (7.4) and use (7.7) to get

- K
lim sup Wo((Pyji(00) us ) < limsup || Z—=Le™ 2 W (fi 0, fs) = 0

S—00 S—00
and
. _ _ . =Ky oo - -
lim sup Wa (i, t+s, flu,s) < limsup {/ ——e Wa ([t fru0) = 0.
§—00 8§—00 Y

Combining these two with (7.7) gives
Wa((Pefi(00))u, flu,co) < lirrisup Wa((Pefi(00) )us flu,t+s)

+ lim sup Wy (/ju,t—i-s; ﬂu,s) + lim sup Ws (/jfu,sy /ju,oo)

S§—00 5—00
=0.

This gives part (b).
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(c) Fix uj,ug € I. Consider the following diffusions:

Ko () = X (0) + /O t ( £ () + /I /R (X (5), )G, ) i) dv) ds + o B(t),

Ko, (1) = X, (0) + /O t (f(XuZ(s)H— /[ /R (R (5), )Gz, ) i) dv> ds + o B(t).

Here B is a d-dimensional Brownian motion independent of {X,, (0), X.,(0)}, £(Xy,(0)) =
fiuy 05 £(Xuz(0)) = fiug.0, but X, (0) and X, (0) may not be independent. From the unique-
ness property in Proposition 2.1(a) we have £(Xy,) = fiu, and £(Xy,) = fiu,. Using Itd’s
formula we have

E’Xm (t) - XUQ (t)‘Q - E’Xm (T) - XU2 (7’)|2
=5 [ 2% (9) - Kunls)) - (S (ur()) — (sl
n /[ /R (B (), 2)C ) — B(Ky (), 7)o, ) ) () dv) ds.

For each s > 0, from (2.1) we have

E | (X () = Kua(5)) - (£(Xur () = F(Xun () ) | < oI Koy () = Koo (5)

By adding and subtracting terms we get

E‘(f(ul(s) — Xu(s)) - /1 /R (B (), 2)G 1, v) = b(Koy (5), 2) Gz, ) ) foys(de)

<E ‘(f(ul(s) — Xy (8)) - //Rd b(Xul(s),x) — b( X, (5), x)) G(u1,v) fiy,s(dz) dv

+E‘(X //R Koy (), 2) (Glur, v) — Gz, v)) fins(d) do

For the first term on the right hand side, it follows from the Lipschitz property of b that

(Rur(5) / /R d ).2) = B(Xuy (5),2)) Gl 0) i, ) do
< KyE| Xy, (s) — Xu,

E

For the other term, using the Cauchy-Schwarz inequality, Young’s inequality, the Lipschitz
property of b and Proposition 3.1 we have

E '(fcm(s) = Fus(o) [ [ WFa(9).) (Glur.0) = Gz, ) sl

< KyE| R, (5) — Xy (5) +4KbE<// (X, (5), )]G (uur, v) — G(ug,v)|uv7s(d:1;)dv>2
< KB (5) ~ Yo+ CE (1+1Xm<s>\) G, 0) ~ Gl vl

2
< KyE| Xy, (5) — Xu,(8)> 4+ C (/I |G (u1,v) — G(u2,v)| dv) .
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Combining above five displays gives

E|Xu, (1) = Xup () — E[Xy, (1) — Xy (r)|?

Lo - 2
< —2(ep — 2Kb)/ E| Xy, (5) — Xu,(s)|ds + C(t — ) (/[ |G (u1,v) — G(uz,v)| dv>

Since the function ¢ — E|X,, (t) — Xy, (t)|? is non-negative and differentiable, using Lemma
7.1 (with a1 = 2(co — 2K3), a2 =0, ag = C ([;|G(u1,v) — G(ug,v)| dv)Q) we have

2
E| X, (t) — Xy, (t)]? < max {E]Xul(O) — X, (0% C </ |G (u1,v) — G(ug,v)| dv) } .
I
Taking the infimum over the joint distribution of X,, (0) and X,,(0) gives part (c) and com-
pletes the proof. |
7.2. Proofs for Section 4.

Proof of Proposition 4.1. Fix n € N and z = (zi; = 2;i); ;- € [0, 1]”2. Using the Lipschitz
property of f,b and a standard argument one has

‘max sup E™*|XP(t)|*> < oo a.s., VT € (0,00).
Z:l,...,nOStST

Using this and It6’s formula, we have

E™2 X ()7 - EVX] ()]

t 1 n
= En,z/ 2X1(s) - | fF(XP(s)) + - Z 2iib (X7 (s), X7'(s)) | ds + C(t — 1),
r j=1
and hence the functions

1

1 n
ap (1) == EMXP(R, o () = - Y BN
n
=1

are differentiable. For each s > 0, using (2.1) and the Lipschitz property of b we have

B X0(5) - | SO + 2 D b(XE (), X))
j=1

n,z n n 1 n n n
<E™ | —col X7 (s)] + C|XP(s)| + - Z [ X7 ()] (C + Kbl X7'(5)] + Kp| XF(5)])

j=1
— 2K K K,
< —cgaf*(s) + g =La] (s) + O + Kpa] () + 5Laf(s) + ra”(s),
where the last line uses Young’s inequality and (2.2). Therefore
t t
" (t) — a;*(r) < — (co — Kp) / a;"%(s)ds + Kb/ a™*(s)ds+ C(t —r). (7.8)
T T

Taking the average over i =1,...,n gives

a™m*(t) — a™*(r) < —(co — 2Kp) / a™*(s)ds+ C(t —r).
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Since the function a™?(t) is non-negative and differentiable, using Lemma 7.1 (with a; =
co — 2Ky, ag =0, ag = C) we have a'*(t) < C. From this and (7.8) we further have

;" (t) — ;" (r) < —(co — Kp) / a;%(s)ds+C(t —r).

Since the function a;*(¢) is non-negative and differentiable, using Lemma 7.1 again we have
a;"*(t) < C, uniformly in n € N, i = 1,...,n and ¢ > 0. This completes the proof. [ |

Proof of Theorem 4.1. (a) Recall Proposition 4.1 and k9 therein. Fix n € N and z = (z;; =
Zﬁ)?,j:l € [O, 1]"2. Let

An = {n € P((RY") : max / il n(dz) < mz} :
=1,...,n (Rd)n

Recall the process Y™*" in (4.1).
We claim that

WQQ(Pth?% Poi) < W22(777 77)6_2’% (7.9)
for any n,7 € A, and ¢t > 0. To see this, by It6’s formula, we have
n n
e2nt Z En,z’Yin,zm (t) _ Yimzm (t)|2 _ Z E™* Yin,zm (0) _ Yimzm(o)P
i=1 =1

-/ e 3B [ (1) =¥ - (07 = 107
LS (070, Y26) — 07,170 | [
j=1

t n )
+ [ omet SR s) s s
i=1
Using (2.1) we have

> B [(176) ) - (50756) — 075

n
< —co Y EBMEY(s) — Y (s)
i=1
Using the Cauchy-Schwarz inequality, the Lipschitz property of b and Young’s inequality we
have

n n
_ 1 _ _
DB (V7 (s) = ¥ s) ) D (B (8), Y5 s)) = b (), V) (s)))
i=1 j=1
n B K n _ B
< DR V) V)| ST () = V)] 1) - v ))
i=1 j=1

n
< 9K, Z En,z|Yin,zﬂ7(s> _ Yn,z,ﬁ(s) |2'

%
=1
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Combining above three estimates with the definition of « in (2.2) gives

() = Y@ <
i=1 =1

=1(0) = Y0,

Therefore

n n
W22(Ptn,zn’ Ptn,zﬁ) < Z En,z’Yin,z,n(t) _ Y;n,z,f](t)|2 < o2kt ZE”’Z\Yin’Z’"(O) _ Yn,z,ﬁ(o)‘Q‘
i=1 i=1
Taking the infimum over the joint distribution of (Y™*7(0), Y™#%(0)) gives the claim (7.9).
Note that 0™*(t) = P,8™*(0) € A,, for each t > 0 by Proposition 4.1. Therefore

WR(0™(),0"%(0)) < ZE"ZrX" —XPO) <25 ERIXEP + |XH0)?] < dnrs.
=1
It then follows from (7.9) that
WE(0™*(t + 5),0™%(1)) = W3 (P76 (s), P"*0™*(0))
< Wg(en,z(s)7 9n,z(0))€721€t
< dnkge 2, (7.10)

This means that §™%(t) is a Wy-Cauchy family when ¢ — co. So there exists a probability
measure ™% (co0) € P((R?)™) such that

tlim Wo(0™*(t),0™*(0)) = 0. (7.11)
In fact, taking s — oo in (7.10) gives
1
%WQ(H"’Z(t),Q”’Z(oo)) < VAkge ™,
which gives (4.3). From this and (4.5) we have

1 1
L@@, 0M00)) < s LWa(07(1), 607 (00) < Ve,
vn ze[o,1n? T

Therefore (4.4) hold.
(b) Finally we argue that §™%(c0) is invariant with respect to P;"*. Noting that §™*(c0) €
Ay, we can apply (7.9) and use (7.11) to get
lim sup Wo(P"*0™*(c0), 0™*(t + s)) < limsup e "Wy (0™*(c0), 0™*(s)) = 0
S5—00 S$—00

and

lim sup Wa (0™*(t + s),0™*(s)) < limsup e "*Wa(0™*(t),0™*(0)) = 0.

§—00 §—00
Combining these two with (7.11) gives
Wo(P"*6™%(00), 0™%(00)) < lim sup Wa(P,"*0™*(c0), 0™ (t + s))
§—00
+ lim sup W (0™*(t + s),0™*(s)) + limsup Wa(0™*(s), 0% (0))
S§—00 S5—00

=0.
This gives part (b) and completes the proof. |



22 BAYRAKTAR AND WU

7.3. Proofs for Section 5. We need the following lemma to prove Theorem 5.1.

Lemma 7.2. Suppose Conditions 3.1 and 5.1 hold. For s > 0, write
D SEIED Y IS AR IR A Ay AeR
= — — i(s),x — =), (dz

o nigJre on ) s

_ / / bK< (), 2)G (L, 0) fins (dr) | (7.12)
IJRE n n

Then
lim supR. = 0.

n—oo 5>0
Proof. Fix M > 1 and write
b (2, y) = (2, y) L{jg|<rr,y|<r}- (7.13)

It then follows from [35, Corollary 2 of Theorem 3.1] that there exist some m € N and
polynomials

b (2, y) ==Y ak (@) ()1 {jaj<ar,yi<ary s (7.14)
k=1
where a; and ¢ are polynomials for each kK = 1,...,m, such that
|bas (2, y) = bin (2, y)| < 1/M. (7.15)

By adding and subtracting terms, we have

RE<2YEILS [ (MR o) — b (¥ (6).2)) Gul ) ()
i=1 j=1
5 — _ _ B 2
+ n;E /I/Rd <b(X%(5)a$) - bM(X%(S),$)> G(E,v) fiw,s(dx) dv
2
+ %ZE 7122/ (bM(XL(S)ax) - Bm(XL(S),,ZII)) Gn(l, l) ﬂl,s(d‘r)
i=1 —1 /Re " n nnn
5 — _ . i 2
+n;E /I/Rd (bar(X 5 (5),2) = Bn(X s (5),)) G- 0) i () o
S5 DEIED B I AE NORINERIFINCS
i=1 j=1 R4 n nmn n
2
[ ] il G ) i) o
5
=5) Ry (7.16)
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Next we analyze each term. For RZ' and R2?, using (7.13), Remark 2.2(b), Proposition
3.1 and the Cauchy-Schwarz inequality we have

2
RMW < = ZE{ Z/ 14X ( |+|fcl) ( (1% s)|>M}+1{:B|>M}) ;s(dx)]

< fZE [(1 + !X%(s)l)2 1{|X;-L<s>|>M}}

< (7.17)

%st

and
2
RI? < *ZE [// 1+ \X s)| + ’ﬂ) ( {1 4 (s)>0} +1{|:c|>M}) fw,s(dx) dv ]
S S 2

< (7.18)

- %Q;

For R%* and R%", using (7.15) we have

C C
3 A
RO<ap RS
For R2° , using the step graphon structure (5.1) of G,, and by adding and subtracting terms,
we have

RZ’5:/E

(7.19)

b (X fnun (8), ) G (1, V) [ ) S(dx)dv

n n
2

R
nu| du

//R (X >G<[n ) fiv,o(da) dv

2
3 / E (Xt (), 2) (Gon(11,0) — G, ) frgmn () | dl
I IJRd n n
o [nu] _ ?
3 E b (X rnu1 (8), ) | G(u,v) — G( - ) ) B (dz) do| du
Rd n n
> fmﬂ _ _ ?
(X 12 (8),2) GO 0) (figeat(d) = fus(der) ) dv| du
Rd n
= RY 6 + R?; T RIS, (7.20)

For R?’6, using the definition of by, in (7.14), Proposition 3.1 and Remark 2.1, we have
RS < 3m Y [ B [(X i (9)
k=171

. /I(Gn(u,v) — G(u,v)) (/Rd () Lqjp1<ar} M(r;vlﬁ(dx)) dv
< Cur| G — G,

2
du
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where C)s depends on M but not on n or s. For R?’7, we have

[nu]

RMT < Oy G(u,v) — G( ,v)| dudv.

n

IxI

For R?’S, using (1.3) and the Lipschitz property of b (and hence l;m), we have
RS < CM/W22<NW o Hw,s) dv.
I no

Combining above three estimates with (7.20) and using Remark 2.1, Condition 5.1, Condition
3.1 and Corollary 3.1(a) gives

lim sup R™° = 0.

n—oo SZO

Combining this with (7.16)—(7.19) gives

C
limsupsup R} < —.
n%oop 52%)) 5 \/M
Taking lim sup,;_,,, completes the proof. |

Proof of Theorem 5.1. (a) Using It6’s formula, we have

()

L
n

1< b =
_n;}z/o 2(XP(s) — X

1 & _
NTEIX(t) - X
n;lz()

() - (FOXP()) = F(X

K3
n

(s))

K3
n

3|

Ly 4 ; 7 - Xi(s), iv 0 xT) dv s
o LT X ) [ [ HE 60060 ) st do | s

This implies that the function

o"(t) = %ZE’XZ"U) - Xi ()P (7.21)
is differentiable, and -
. f}E'Xz”(t) - X0F - iEX?(r) — X ()
- ZE / X)X () (FX2 () = F(X 1 (5))

For each s > 0, using (2.1) we have

L
n

iZE [(X7(5) = X (6) - (ST — F(X(6)] < —eor S E[IX7(5) ~ Xu(s)?]



STATIONARITY FOR THE GRAPHON PARTICLE SYSTEM 25

For the rest in the integrand of (7.22), by adding and subtracting terms, we have

fZE[X” 0

1 - n n n _
'(n;fﬁb@‘i( / /Rdb X (s) < mv,s(dw)dv)]

(X2(5) ~ X (9)) (Z@j( J<s>>b<X;<s>,Xi<s>>))}

+ = Y E[(X0(s) - X1 (9))
=1
1 — _ _
( M CIEHCEACIEY N ACEIAEED ;,S<dx>))]
j=1
1 « " _
+ =Y E[(XP(s) — X1 ()
i=1
Z / X (900Gl D)y () = [ [ BE 900G 0) (i) do
RA Z n'n’ s I n’ ’
= S+ 3:»2 S, (7.24)
For S;L’l, using the Lipschitz property of b and Young’s inequality, we have
1 « _
<K, =) EIXP(s) — Xa(s)% 2
Ss = bn; | 1(3) ;(3)| (7 5)

For SQ’Z, using the Cauchy-Schwarz inequality we have

1/2
Si? < ( ZEIX" Xi(s )IZ)

3 \s.

iz

2
Ly “h(Xi(s), X, (s)) — X LAY x
12 (0 Xy [0y 0016 D )
1= on s o - Jy - ’
—EZE ERD(X 1 (s), X (s) —/ b(Xi(s),2)Gn(—, =) 1s (dx)
i=1 " ReT !
g%, (7.26)
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where the last line uses Remark 2.2(b) and Proposition 3.1. Therefore

1/2
S < ( ZJE|X” ~Xi(s )|> . (7.27)

For S;L’g, using the Cauchy-Schwarz inequality and the definition of R? in (7.12), we have

1/2
8™ < (RD) 1/2( ZE|X” ~ X (s) > : (7.28)
Combining (7.21)-(7.25), (7.27) and (7.28), we have
a(t) — a"(r) < —2(co — 2Kb)/ a"(s)ds + (55 + 221;%) @) / Van(s)ds.

Recall that the function a™(t) is differentiable, non-negative, and o™(0) = 0. It then follows
from Lemma 7.1 (with a1 = 2(co — 2K3), ag = % +2sup,>( /RY, az = 0) that

1
a"(t) < C < + sup R?) .
n s>0

Combining this with Lemma 7.2 gives part (a).
(b) Next we prove the first convergence statement in (5.2). Write

1 n
= — i . 2
- Zjug,t (7.29)
Using the triangle inequality we have
Wa (™ (£), i) < Walu™ (£), 1" (2)) + Wali" (£), i(t))- (7.30)
Taking 7 = 2 3% | L(XP(t), X:(t)) as the coupling of x"(t) and i"(t) and using part (a),

we have

1/2
X ()I) — 0

i
n

sup Wao(u"(t), ) < sup E| X[ (t
sup Wa (" (£), /" (¢ t>0<nz |

as n — oo. Using the convexity of WZ2(-,-) and Corollary 3.1(a) we have

1
sup Wi (a"(t), iu(t)) < / sup W3 (fa [mu] o, ¢+)du — 0 (7.31)
t>0 0 t>0

as n — oo. Combining these three displays gives the first convergence in part (b).
Finally, for the second convergence statement in part (b), let

= % ; 5)2%- )" (7.32)
From the triangle inequality we have
EW(v"(t), i(t)) < EWa(v"(t), 7" (¢)) + EW2(9"(¢), " () + Wa(a" (), a(t)).  (7.33)
In view of (7.31), it suffices to show

il>110) EWy(v"(t), 7" (t)) + stl;g EWsy (0" (t), 5" (t)) — 0 (7.34)
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as n — oo. Taking 7 = 1377, S(xn(1),X, (1)) as the coupling of v"(¢) and v"(t) and using

1/2
X ()|> —0

part (a), we have

i
n

sup EWo (v"(t), 0™ (t)) < sup (n ZE|X"

>0 >0
as n — 0o. Applying Lemma A.1 with ¥; = X, p =3 and ¢ = 4, we have

1/q
=N =N —n —-n 1 —n
B (0.1 (0) < EWE0" 0, 1 0) 7 < ¢ ([ el o)) ao)
where a(n) = n~'/4 4 n=1/12 is defined in (5.3). It then follows from Proposition 3.1 that

sup EWs (2" (t), 5" (t)) < Ca(n) — 0 (7.35)

t>0

as n — o0o. Therefore (7.34) holds and hence the second convergence in part (b) holds. This
completes the proof. |

Remark 7.1. The choice of p = 3 above (7.35) could be replaced by any 2 < p < 4. As a
result, the constant C' and rate a(n) will change accordingly, by Lemma A.1.

Proof of Theorem 5.2. (a) Similar to the proof of Theorem 5.1(a), we apply Itd’s formula and
get

BIX () = X, (0 = B | 2079 = X,(5) - (/X7 (3) = F(X, (5)
1 g n n Z 17
+n;£’ijb(Xi (s), X //Rd % (n,v) fiys(dx) dv | ds.
This implies that the functions
a;'(t) :=E|X](t) — X% (t)* and a" ZE\X" i( )2 (7.36)

are differentiable, and

E|X7 () — X

2
n

—E [ 2(X7(5) - X, () (X7 () - FX

(&) —E[X]'(r) = X2 (r)?

1 n n n(g n(g)) — o s). z 1 ) i ) do s
o DA ) X7 [ [ ox o060 sy | ds. (ran

For each s > 0, using (2.1) we have

E [(Xi”(s) -~ X,

K2
n

() - (F(XI(5) = F(X ()] < —coBIX(s) - X
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For the rest in the integrand, by adding and subtracting terms and using Condition 5.2, we
have

—. Sn,z,l +Sn,z,2+5~g,i,3. (739)

For S;“?l, using the Cauchy-Schwarz inequality, the Lipschitz property of b and Young’s
inequality, we have

gl < g ‘X{L(s) ~Xo(s)] =2 (‘Xi"(s) — X (s)| + ‘Xj”(s) - Xi(s))]
=1
3?"1@\){71( )~ X ()P + %% S EIX}(s) ~ X4 () (7.40)

For 5‘;”"72, using the Cauchy-Schwarz inequality and the weak LLN type estimate (7.26), we
have

S;’L,i,Q S (E\Xl"(s) *X%(S)P) 1/2
o\ 1/2
1" nh(Xi(s), X, (s)) — X, (s). x Y INa . (de
(IE n; (Q;b(X;( ), X (s) /Rdb Xi(9),2)Gn(—, ) iz (d )) )
= % (E‘Xﬁ(s) —X:(s) 2>1/2 (7.41)
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For S™3_ note that

28| [ [ 00,90 (p1a,0) = o)) G o)
C
_ﬁ7

where the last inequality uses Condition 3.2, Proposition 3.1 and Remark 2.2(b) for the
first term, and the Lipschitz property of b, (1.3) and Corollary 3.1(b) for the second term.
Therefore

s < (Elxp(s) - X (9)P)
2\ 1/2
Lo [ s Iy . i .
E n;/Rd b(X%(3)7$)G(57*)M%78(d$) —/I/Rd b(X%(s),x)G( ) fi.s(dz) d
< & (BIxre) - X, 607) " (1.42)
Combining (7.36)—(7.42), we have

Qi

10 - a0) < oo 80) [t as i [aras 5 [ fareas, @

Taking the average over ¢ = 1,...,n gives

t ¢
a(t) —a"™(r) < =2(co — 2Kb)/ a"(s)ds + jﬁ/ Var(s)ds.

Since the function @"(t) is non-negative and differentiable with a"(0) = 0, using Lemma 7.1
(with a1 = 2(co —2K3), ag = %, az = 0) we have a"(t) < €. From this and (7.43) we further
have

t
ai'(t) —al(r) < —(200—3Kb)/ ds—i—/ al(s ds+ (t—r).
T
Since the function &j'(t) is non-negative and differentiable with &'(0) = O, it follows from
Lemma 7.1 again that &' (t) < %, uniformly in ¢t > 0, n € Nand ¢ = 1,...,n. This gives part

(a).
(b) The proof is similar to that of Theorem 5.1(b), but we will have better estimates under
Conditions 3.2 and 5.2. Recall g"(¢) in (7.29). Taking 7 = 13" | £(X7(t),X.(t)) as the

coupling of p"(t) and " (t) and using part (a), we have

IN

ER

1/2
sup W (p" (t), 1" (t)) < sup (n > _EIXP(1) ~ X:(0)] )

>0 >0



30 BAYRAKTAR AND WU

Using the convexity of W2(-,-) and Corollary 3.1(b) we have

1
_n N C’

sup W3 (1" (t), i(t)) < / SUP W (i oy flst) A < — (7.44)

t>0 0 t>0 n?

Combining these two estimates with (7.30) gives the first statement in part (b).
For the second statement in part (b), recall 7 (¢) in (7.32). Takingr = 13", O(xm(1),X 1 (1))

4
n

as the coupling of v"(t) and v"(t) and using part (a), we have

1/2
sup EWo (v"(t), " (t)) < sup (n > EIX] (1) - X (1) > < \%

>0 £>0

Combining this with (7.33), (7.35) and (7.44) gives the second statement in part (b).
(c) Flnally, for all n,k € N and any distinct i1,...,4, € {1,...,n}, taking 7 =
L ((Xﬁ( )s - - (X'il( X (t)>> as the coupling and using part (a), we have
1/2
n o i o Vi
sup Wo(L(XE (), - XE (1), iy @ - @ figg ) < D EIXT () — X (1)] <=
This gives part (c) and completes the proof. |

7.4. Proofs for Section 6. We first show the following uniform-in-time estimates.

Lemma 7.3. There exist ho,C € (0,00) such that

sup max E|X""(s) = X""(s)]? < C(s —s1) < Ch, Vs>0,he(0,h),
n>11=1,...,n

and

sup sup max sup1E|X:”’h(t)|2 < C.
RE(0,hg) n>1=Lm >0

Proof. Before analyzing the system (6.1), consider the following equivalent discrete-time
model: Z/""(0) = X""(0) and

M+ 1) =20 k) + | f(Z wa (k), Z" (k) | h+A¢Bs, k€N,

where AyB; := B (kh). Note that 2" (k) := X" (kh).

We claimnthat

((k+1)h) —

i
n

3\@

sup sup max sup E|Z]" "k < o0, (7.45)
he(0,ho) n>1 =11 keN
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for some hgy € (0,00). To see this, write
127" (ke DI =128 ()
=220 (k) - (20" (k1) = 2] () + 120" (e 4+ 1) = 27 ()2

7

= 977" (k) - F(ZP R+ 2277 (k) - | S0 ERMZ (R), 2 () | b+ G R) 0B
j=1

2

n 1 & n n n 2
|2 0) + DT enb(Z" k), 27" (k)| b+ [o By
j=1

)

J

where ¢/""(k) is measurable with respect to o{Bj(s) : 0 < s < kh}. Let g""(k) :=

E|Z"" (k)] and g™"(k) = L 5" | E[Z]"(k)[>. Using (2.1), the Lipschitz property of f,b
and the Cauchy-Schwarz inequality we have

BT (k1) = B (k) = BIZ1" (O + DI — B 22 (k)

< <—2c05;"’1(k> + OV B () + 2K, 87" (k) 4 2K/ 5f’h(k)5”uh(k)> h

+C (1 + Bk + ﬂ"’h(k:)> h? + Ch.

Since C/ 8" (k) < (co — 2Kp) B (k) + 1oz and 24/ 80" (k) Bk (k) < 87" (k) + B (k),

we have
Bk + 1) — B (k) (7.46)
< (—(CO — K3) B (k) + KB (k) + C) h+C (1 + Bk + ﬂ"’h(k)> K2,

Taking the average over 1 = 1,...,n gives

Bk +1) < (1 — hiy) ™" (k) + Ch,

where £y, := cg — 2Kp — Ch. From (2.2) we can choose hg > 0 such that inf,¢ (g p,) £n > 0 and
1 — hkp € (0,1) for all h € (0, hg). Then for all h € (0, ho),

B+ 1) < (1 — hip)?B""(k—1) + (1 — hep)Ch+Ch < - -

k
< (1= hueg)MFB™1(0) + ) (1 — by ) Ch
=0
Ch
< (1-— kt1 —_— < (.
_( h/ih) C+1—(1—h/€h)_0

Applying this back to (7.46) gives
B (k+1) < (1= hwy) 8" (k) + Ch,

which again gives 8" (k 4+ 1) < C and verifies (7.45).
Using (7.45) and Remark 2.2(b), we immediately have the first statement, which further
implies the second statement. This completes the proof. |
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Proof of Theorem 6.1. Recall hg in Lemma 7.3. Using It6’s formula, we have
h 2 ! h h
E|X]" (1) = X} (1) = E /0 2 (X7 s) = X2(5)) - (SO (m)) = SXI(S))
1 - n n,h n h n X7
+E Zfz]b<Xz ) X . Zgz] X ( )) ds.
j=1
This implies that the functions

W0 = EIX 0 = XPOPR, (0 = 5 S BIXP 0 - X0

are differentiable.
By adding and subtracting terms, we have

E[(x1 () = X7(9)) - (")) = FX7(5)))
<E[(X"() = X2(5)) - (S (n)) = FX] () )|
FE (X1 (s) - X7(5)) - (FO(s) — FXT(9)))]

< Cy/i(s)h = covi' (),

where the last line uses the Cauchy-Schwarz inequality, the Lipschitz property of f and Lemma
7.3 for the first term and (2.1) for the second term. Also by adding and subtracting terms,
we have

E | (X7(s) - X7(9)) - Z@J X 1), X (sn) Z@j X (3), X (5)

=E

(37(5) = X72(5)) - S0 (O (50), X" (50)) = DX (5), X7 ’h<5>>)]
j=1

+E (Xf’h(s) - Xf(s)) : % En: 3 (b(X?’h(s), XM (s)) = b(X]'(s), X?(s)))
j=1

< C\Ap()h+ Kif (s) + Ko7 (s)77(s),

where the last line uses the Cauchy-Schwarz inequality, the Lipschitz property of b and Lemma
7.3. Combining these two estimates gives

00210 < ~2e0-13) [ ) ast VR [\ asiam, [ Frenme s @4

for all t > r > 0. Taking the average over i = 1,...,n, we get

() — () < —2(eo — 20) / y™(s) ds + CVR / VA (s) ds.

T
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Since the function 7"(t) is non-negative and differentiable with v™(0) = 0, using Lemma 7.1
(with a3 = 2(co — 2K3), aa = CvVh, a3 = 0) we have 4*(t) < Ch. Applying this to (7.47) gives

i () =it (r) < —2(co — Kp) /rt’yl-”(s) ds + C’\/H/Tt A/ (s) ds.

Since the function ~+/'(¢) is non-negative and differentiable with 47(0) = 0, it follows from
Lemma 7.1 again that 7*(t) < Ch, uniformly in h € (0,hg), t >0, n € Nandi=1,...,n.
This completes the proof. |

APPENDIX A. A WASSERSTEIN DISTANCE RESULT

In this section we prove Lemma A.1 on the Wasserstein distance about the empirical mea-
sure of independent (but not necessarily identically distributed) random variables. It is a
natural generalization of [20, Theorem 1] where i.i.d. samples are studied. It is also worth
mentioning that for i.i.d. samples, the upper bounds are obtained in [22, Lemma 3.7 and
Appendix] for complete cases with explicit constants that was not provided in [20, Theorem
1]. But the three cases in Lemma A.1 below are sufficient for our use and we provide a proof
for completeness.

Lemma A.1. Let {Y; :i € N} be independent R*-valued random variables. Write
o= £00, = 2> a1
i = i) Up = — i) Up = — -
g i " s 8

Let p > 0. Assume that sup;ey E|Y;|? < 0o for some g > p. Then there exists a constant C
depending only on p,q,d such that, for allm > 1,

p/q
EW?(v, 7) < C (/ quan(dx)>
]Rd

n=1/2 4 p—(a-p/a if p>d/2 and q # 2p,
x ¢ n~Y2log(1+n) +n~@ P/ ifp=d/2 and q # 2p,
np/d 4 p-(a-)/a if p € (0,d/2) and q # d/(d - p).

Proof of Lemma A.1. Fix A C R% In view of the proof of [20, Theorem 1], it suffices to verify
that

Elvn(4) = 7(4)] < min {27,(4), /7 (A)/n} (A1)
For this, clearly we have

E|vn(A) — vn(A)| < Evp(A) + vn(A) = 20, (A).
Also note that, by the independence of {Y; : i € N},

. 2

Elvn(A) ~ (AP =E | -3 (e ~ (A) | = 5 DB [1yea — (A)]’
i=1 =1
= Y A~ (A < 5 > (A) = (4)

This completes the proof. |
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