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Q-SYSTEM COMPLETION FOR C* 2-CATEGORIES

QUAN CHEN, ROBERTO HERNANDEZ PALOMARES, COREY JONES, AND DAVID PENNEYS

ABSTRACT. A Q-system in a C* 2-category is a unitary version of a separable Frobenius
algebra object and can be viewed as a unitary version of a higher idempotent. We define a
higher unitary idempotent completion for C* 2-categories called Q-system completion and
study its properties. We show that the C* 2-category of right correspondences of unital
C*-algebras is Q-system complete by constructing an inverse realization t-2-functor. We
use this result to construct induced actions of group theoretical unitary fusion categories on
continuous trace C*-algebras with connected spectra.
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1. INTRODUCTION

A Q-system is a unitary version of a Frobenius algebra object in a C* tensor category
or C* 2-category. Q-systems were first introduced in [Lon94] to characterize the canonical

endomorphism associated to a finite index subfactor of an infinite factor [Lon84, Lon89].
Following [Miig03], a Q-system in a unitary tensor category (a semisimple rigid C* tensor
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category with simple unit) is an alternative axiomatization of the standard invariant of a
finite index subfactor [Ocn88, Pop95a, Jon99]. This viewpoint has been fruitful for classi-
fication of small index subfactors [JMS14, Liul5, AMP15] and constructing new subfactors
from existing examples [GS12, GIS18, GMP"18].

Given a unitary tensor category C, an indecomposable Q-system @) € C (Endg_g(Q) =
C), and a fully-faithful unitary tensor functor H : C — Bim(N) for some II; factor N,
we can perform the realization procedure to reconstruct a II;-factor M containing N as a
generalized crossed product M = N xy @ [JP19, JP20]. Furthermore, every irreducible,
finite index extension of N is of this form. Therefore, this technique splits the problem of
classifying finite index extensions of a II; factor NV into two parts:

(P1) The analytic problem of building and classifying actions H of unitary tensor cate-
gories C on N, and
(P2) The algebraic problem of classifying Q-systems ) in unitary tensor categories C.

The first part (P1) is a generalization of the notoriously difficult problem of classifying
group actions on II; factors up to cocycle conjugacy [Con75, Con77, Jon80, Ocn80] [IPPOS,
PV08, FV08], while the second part (P2) can be viewed as a non-abelian cohomology problem
internal to C. In the case that N = R is hyperfinite and C is (strongly) amenable, a deep result
of Popa shows that there exists a unique action of C on R [Pop94, Pop95b] (cf. [Tom21]). Thus
finite index extensions of R with amenable standard invariants correspond to Q-systems in
amenable unitary tensor categories. For finite depth, this a fundamentally algebraic problem
which has seen tremendous success in the aforementioned small index subfactor classification
results.

Beyond the hyperfinite and amenable case, little is known about classification of unitary
tensor category actions, with some exceptions [Vae08, Vae09, DV11, FR13]. However, the
algebraic understanding obtained from studying the second part (P2) immediately carries
over to new situations, since it is completely independent from N. Thus whenever a unitary
tensor category C acts on a II; factor IV, we can automatically realize the algebraic theory
internal to C to build finite index extensions of /N and bimodules between them. In particular,
we can construct new actions of categories Morita equivalent to C on finite index extensions
of N for free.

Recently there has been significant interest in classifying actions of groups and uni-
tary tensor categories on (unital) C*-algebras [Izu04, Szal9, BS17, IM19a, IM19b] [Jon20,
EGP21, Aral. One of the main goals of this article is to perform realization in the C* set-
ting to demonstrate how to apply the subfactor techniques discussed above directly to the C*
context. That is, whenever a unitary tensor category C acts on a unital C*-algebra A, we can
automatically realize solutions to (P2) to build finite (Watatani [Wat90]) index extensions
of A and bimodules between them.

Realization is not only valuable as a method to construct inclusions of operator algebras,
but it is also inverse to a higher idempotent completion. Idempotents in a category can
replicate freely.
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Densely packing the idempotent e, we see that e behaves like the identity of some new object
in our category. This directly leads to the notion of idempotent splitting.
One level higher, a Q-system is a l-morphism ) € End¢(c) in a C*/W* 2-category C
equipped with a multiplication m : Q X @ — @ and unit ¢ : 1. —  which are denoted
2



pictorially by a trivalent and univalent vertex respectively.

/l\ =m \TJ =ml I = 1 = =c

These 2-morphisms satisfy certain associativity, Frobenius, and separability relations (and
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which allow us to change the connectivity of a trivalent graph whose edges are labelled by @)
and whose vertices are labelled by m, m!. The separability condition allows these 2D meshes
to replicate in 2D, so that the trivalent graph depends only on the connectivity, and not on

the senms N Y Y-

Densely packing these strings, we see that () behaves like an identity 1-morphism and m
behaves like a unitor 2-morphism for a new object in our C*/W* 2-category C. This directly
leads to the notion of split higher idempotent. This story is a unitary version of that for
separable monads in [DR18] and unital condensation monads in [GJF19].

Given a C*/W* 2-category C, its Q-system completion is the 2-category QSys(C) of Q-
systems, bimodules, and intertwiners in C, which has been studied previously in [NY16,
BKLR15, GY20], building on algebraic versions in [Yam04a, CR16, DR18, GJF19]. This is
one version of a higher idempotent completion for C*/W* 2-categories in comparison with
2-categories of separable monads in [DR18] and condensation monads in [GJF19]. We have
a canonical inclusion { 2-functor ¢c : C < QSys(C) which is always an equivalence on all hom
categories. We call C @Q-system complete if 1¢ is a {-equivalence of § 2-categories. In Theorem
3.36 below, we show C is Q-system complete if and only if all Q-systems split (cf. [DR1S,
Prop. A.4.2]).

After establishing these basic general results for Q-system completion for C*/W* 2-
categories, our first main theorem analyzes C*Alg, the C* 2-category of unital C*-algebras,
right correspondences, and intertwiners.

Theorem A. The C* 2-category C*Alg is Q-system complete.

Essentially, C*Alg being Q-system complete allows for the straightforward adaptation of
subfactor results to the C* setting. This theorem also holds for the 2-categories W*Alg of W*-
correspondences and vNA of von Neumann algebras, but we focus on C*Alg to streamline the
exposition and to make subfactor results more easily adapted to C*-algebraists. These ideas
have been implicit in subfactor theory since Q-systems were introduced, and one purpose of
this paper is to make these implicit techniques explicit and easily accessible for applications.

To prove that C*Alg is Q-system complete, we extend realization to a 2-functor taking
values in C*Alg, and prove it is inverse to Q-system completion.

Lemma B. Realization extends to a t 2-functor |- | : QSys(C*Alg) — C*Alg which is inverse
to the inclusion T 2-functor tc-pig : C*Alg — QSys(C*Alg).

For a unital C*-algebra B and a Q-system ) € C*Alg(B — B), the realization is fairly

straightforward to describe. Our method follows [LR04], which is expressed diagrammatically
3



in [Hen14, §4.1]. We define |Q| := Hom¢_p(B — ¢B Xp @Qp) with multiplication, unit, and
x-structure given by

Similarly, we define the realization of a P — () bimodule using the hom spaces in C*Alg, along
with the realization of a P — () bimodule map. We refer the reader to §4 for more details.

In future work, we will prove that Q-system completion is a 3-endofunctor on the 3-
category (algebraic tricategory [Gurl3]) of C*/W* 2-categories [CP]. For the purposes of
this article, we show that any { 2-functor F' : C — D between C*/W* 2-categories induces
a T 2-functor QSys(F') : QSys(C) — QSys(D). Using Theorem A, we get the following
immediate corollary.

Corollary C. Suppose C is a unitary tensor category, A is a unital C*-algebra, and F : C —
C*Alg(A — A) is a T-tensor functor. We have a composite t 2-functor

QSys(C) 20, Qsys(CrAlg(A — A)) L cralg.

Moreover, when F' is fully faithful, then so is our composite 2-functor on 2-morphisms (see

Remark 5.530).

We remark that the same strategy as Corollary C was recently used to induce actions
of unitary multitensor categories on II; multifactors in [GY20]. (The multifactors there are
hyperfinite when the categories are multifusion.)

There are natural K-theory obstructions to the existence of fusion category actions on
C*-algebras. In particular, in Corollary 5.3, we show that if a fusion category C admits an
action on a continuous trace C*-algebra with compact connected spectrum X, then C must
be integral, i.e., all objects of C have integral Frobenius-Perron dimension. This naturally
leads to the question: which integral fusion categories admit such actions? It is a priori
plausible (but not the case) that such a fusion category might necessarily admit a fiber
functor, where the space X is a point.

We use Corollary C to address the question in the previous paragraph. A large class
integral fusion categories are the group theoretical fusion categories, which are unitary fusion
categories Morita equivalent to Hilbg (G, w) for a finite group G and w € Z3(G,w). In general,
these fusion categories do not admit fiber functors. In [Jon20] it was shown that the unitary
fusion categories Hilbgy (G, w) always admit an action on some C(X) for a closed connected
manifold X. Combining this fact with the above Corollary C, we obtain the following result.

Corollary D. Let C be a group theoretical fusion category and n > 2. There exists a closed,
connected manifold X of dimension n and an action of C on a unital continuous trace C*-
algebra with spectrum X.
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2. BACKGROUND

In this section, we recall the notions of C*/W* 2-category, and we define the particular
examples most relevant to this article, i.e., C*Alg, W*Alg, and vNA.

2.1. C*-2-categories and unitary tensor categories.

Notation 2.1. In this article, 2-category means a weak 2-category, also known as a bicate-
gory. We refer the reader to [JY20] for background on 2-categories.

Given a 2-category C, the objects are denoted by lower case letters a, b, ¢, . . ., 1-morphisms
a — b are denoted using notation , X, similar to bimodules, and 2-morphisms are denoted
by f,g,h,.... We write 1-composition X from left to right, e.g. ,X X, Y., and 2-composition
o from right to left. This notation is consistent with the tensor product of bimodules and
composition of intertwiners in the examples in this article.

To the best of our knowledge, the notion of a C* 2-category first appeared in [LRI7]
building on the notion of C* tensor category, and the notions of W* 2-category and W*
tensor category first appeared in [Yam07]. We refer the reader to [Zit07], [GL19], and [SY17]
for further discussion and applications. The notion of W* category was studied in detail in

[GLRS5).

Definition 2.2. A dagger structure on a 2-category C consists of an anti-linear map f :
C(oXp = oY) — C(Yy = oXp) for all 1-morphisms ,X,,Y, € C(a — b) for all objects
a,b € C satisfying the following conditions:
(11) For all f € C(. X, = Y3), f1T = f.
(12) For all f € C(u Xy = .Y3) and g € C(u,Yy = oZp), (go f)T = fTogl.
(13) For all f € C(,W, = X)) and g € C(,Ye = 1 Z.), (f Ky g)T = fT X, g
(14) All unitors and associators in C are unitary (u’ = u=1).
At 2-category is a 2-category equipped with a dagger structure.
We call a 1 2-category C a C* 2-category if every hom 1-category is a C* category. This
means:
(C*1) For all f € C(, X}, = .Y3), thereis a g € C(, X}, = ,X;) such that fTo f=glog.
(C*2) For each ,X,,,Y, € C(a — b), the function || - || : C(oX» = oY) — [0, 00| given by

If1I* :==sup {|\| > 0| fTo f — Xidx is not invertible}
gives a complete norm on C(,X, = ,Y;) which is:

e (sub-multiplicative) For all f € C(, X, = .Y3) and g € C(oYs = o %), |lgo f|| <

lgll - | fII, and
o (C) Forall f € C(aXy = aYs), /7o fl = IIfI

If C admits direct sums of 1-morphisms, then by Roberts’ 2 x 2 trick [GLR85, Lem. 2.6],
(C*1) and (C*2) are equivalent to:
(C*) For all ,X,, .Yp, Ende(, Xy @ ,Y3) is a C* algebra.

We call a C* 2-category a W* 2-category if
5



(W*1) each hom 1-category is a W* category, i.e., for each X4, .Y, € C(a — b), the Banach
space C(,Xp = oY3) has a predual, and
(W*2) 1-composition K is separately normal (weak™ continuous) in each variable.

Lemma 2.3. Suppose C is a C* 2-cateqory, «Xp, oY v,asp are 1-morphisms in C, and [ €
C(oYy = oZy). The map
fo—:C(aXp= oY) — C(oXp = oZp)

is norm continuous. If C is W*, then f o — is normal (weak*-continuous).
Proof. Norm continuity follows from submultiplicativity of the norm. When C is W*, com-
position is multiplication in the 3 x 3 W* linking algebra End¢(,(X & Y @ Z),), which is
separately weak*-continuous. O
Proposition 2.4. Suppose C is a C* 2-category that satisfies (W*1). Condition (W*2) is
equivalent to:
(W*2') For every Wy, o Xo, 0 Ye, bZ¢, the following maps are normal (weak™ continuous):

e idy ®— : Hom(;Y. = ,Z.) — Hom(, X K, Y, = X K, Z.) given by [ — idx Xf

e —Xidy : Hom(,W, = ,X;) - Hom(, WK, Z. = , XK, Z.) given by f — fXidy
Proof. 1t is immediate that (W*2) implies (W*2'). The converse follows immediately from
Lemma 2.3. m

Remark 2.5. Observe that for a C* 2-category C, the analogous norm continuous version
of (W*2') follows automatically from (C*). For example, the map

idy X—: Hom(,Y, = 1Z.) — Hom(, X X, Y. = , X K, Z.) f—idx ®f
is a unital *-homomorphism on the 2 x 2 C* linking algebra End¢(,(Y & Z).), and thus norm
contractive.

The following counter-example shows that (C*) and (W*1) do not imply (W*2').

Counter-Example 2.6. Let A = L>[0, 1] with Lebesgue measure, and consider the dagger
tensor category End(A) whose objects are (not necessarily normal) unital *-endomorphisms
of A and whose morphisms

Hom(c — 7) := {a € Alac(b) = 7(b)a for all b € A}.
For 0,7 € End(A), we define c X7 := o7 and for a € Hom(oy; — 05) and b € Hom(m, — 1),
we set
aXb:= aoq(b) = oz(b)a. (1)
Now End(A) is a dagger category with af := a*, and the underlying dagger category is W*
as every 2 x 2 linking algebra is a von Neumann algebra:

<Hom(0 — o) Hom(r — a)) _ {(a(a) 0 >

Hom(c — 7) Hom(r — 7) 0 7(a)

By [Tak02, Thm. 1.18], A = C(X) for some hyperstonean space X, and point evaluation
ev, : A — C C A is a non-normal unital x-endomorphism. (Indeed, the kernel projection
p of a normal unital *-homomorphism A — C must satisfy 1 — p is minimal, and A has no
minimal projections.) Observe that by (1), the map

ev, X— : Hom(id — id) = A — Hom(ev, — ev,) = A

ac A}/ N My(A).

is exactly ev,, which is not normal.



Assumption 2.7. We will further assume all hom 1-categories in our C*/W* 2-categories
are unitarily Cauchy complete, i.e., for each a,b € C, the C*/W* category C(a — b) admits
all orthogonal direct sums, and all orthogonal projections split via an isometry. We provide
the definitions of the relevant terms below.

e An object @, X; is the orthogonal direct sum of X7,..., X, if there are isometries
v; « X; = €D Xi such that . v; ;r =id.

e An orthogonal splitting of an orthogonal projection p € End(,X}) is a 1-morphism
.Y, and an isometry v : Y = X such that vof = p.

Remark 2.8. In a C* 1-category, two objects X,Y are isomorphic if and only if they are
unitarily isomorphic. Indeed, if f : X — Y is an isomorphism, then fTf : X — X is
invertible, and thus so is |f| := /fTf. Setting u := f|f|7' : X — Y, we calculate that u is
a unitary isomorphism:

whu = [f[7FIF17 = 1A AP = idx
wat = I3 = FUFP AT = U = idy

In this article we will make heavy use of the graphical calculus of string diagrams for
2-categories [HV19, §8.1.2], which are dual to pasting diagrams. In a pasting diagram, one
represents objects as vertices, 1-morphisms as arrows, and 2-morphisms as 2-cells. In the
string diagram calculus, we represent objects by shaded regions, 1-morphisms by (oriented)
strands between these regions, and 2-morphisms by coupons.

FraX R Y= uZe a 7 c - of F e
’ T @

Horizontal 1-composition is read from left to right, and vertical 2-composition is read from
bottom to top.

Definition 2.9. A 2-category C is called rigid if for every 1-morphism ,X;, € C(a — b),
there is a , XY € C(b — a) together with maps evy € C(,XV X, X, = 1,) and coevy €
C(l, = X K, X)) satisfying the zig-zag/snake equations, which are best depicted in the
graphical calculus for 2-categories:

Moreover, we assume for each 1-morphism , X, € C(a — b), there is a predual object (X ), €
C(b — a) such that (X,)¥ = X in C(a — b). Observe that being rigid is a property of C,
and not extra structure.

Now suppose C is C*/W*. A wunitary dual functor [Pen20] on C consists of a choice of

dual (,X),evx,coevy) for each 1-morphism ,X; € C(a — b) such that
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(V1) For each ,X,,,Y,, the canonical tensorator

(YRX)V

(evX X id(ng)v) 0] (idxv evVy ldX X id(y@x)v)
Vxy ‘= = .
o (1dngyv X COQVY@)()

xXVyv

is a unitary 2-morphism, and

(V2) for each f € C(, X} = ,Y3), we have f¥T = fTV where f¥ :=

In contrast to rigidity being a property, a unitary dual functor is extra structure.

Remark 2.10. It is well known that (C*) tensor categories are equivalent to (C*) 2-categories
with exactly one object [BS10, Delooping Hypothesis 22]; in the graphical calculus, this
object is represented by the empty (lack of) shading. Starting with a tensor category T,
we take its delooping BT to get a 2-category with one object * whose endomorphism tensor
category is 7. Conversely, given a 2-category C with one object we take the so-called loop
space €2C which ignores the object and considers 1-morphisms as objects and 2-morphisms
as 1-morphisms. (In fact, more is true; while 2-categories form a 3-category and tensor
categories form a 2-category, 2-categories with one object considered as pointed 2-categories
actually form a 2-category which is equivalent to the 2-category of tensor categories. See
[BS10, §5.6] or [JPR20, §1.2] for more details.)

Definition 2.11. A unitary multitensor category is a semisimple rigid C*-tensor category.
A unitary tensor category is a unitary multitensor category with simple unit object.

2.2. Receptacles for actions. In this section, we define several C* and W* 2-categories
which admit tensor functors from unitary tensor categories; we call such 2-categories recep-
tacles for actions of unitary tensor categories. One of the main results of this article is that
all these receptacles are @Q)-system complete, a notion we define in §3.4 below. We will only
prove this result in detail for the first C* 2-category C*Alg defined below, but we will include
many remarks along the way on how to adapt our proof to the other 2-categories defined
here.

Our treatment below of right C*/W*-correspondences follows [BLMO04, §8]. Other earlier
references include [Pas73, Rie74].

Definition 2.12 (Right C*-correspondences). The C*-2-category C*Alg of right correspon-
dences has objects unital C*-algebras, 1-morphisms 4 Xpg are right correspondences, and
2-morphisms 4 Xp = AYp are adjointable A — B bimodular maps.

For unital C*-algebras A, B, a right correspondence 4 Xp € C*Alg(A — B) is a C-vector
space X equipped with commuting left A- and right B-actions, and a right B-valued inner
product (-|-)g: X x X — B which is:

o right B-linear: (&€ b+ &3)p = (&1/€2) b+ (&11&3) B,

e left conjugate B-linear: (§; <b+ &[&3)p = 0"(6116) B + (&2[3) B
e positive: ({|¢)p > 0in B, and

e definite: (€|¢)p = 0 implies & = 0.



Observe that (n|£)5 = (€|n)p by the polarization identity, and we have the Cauchy-Schwarz
imequality:
(&) s(&lns < (€1€)sll5 - (nln)s v, § € X.
This identity implies that
€M% = 1€l€) sl 5

gives a well-defined norm on X. We require that X is complete with respect to the metric
induced by this norm.

Moreover, we require the left A-action on X is by adjointable operators. A right B-linear
map T : Xp — Yg between right B-modules is adjointable if there is a right B-linear map
TT: Yy — Xp such that

T s = (T™n|¢) 5 VéEe X, VneY.

Observe that adjointable maps are necessarily bounded by the Closed Graph Theorem.

Suppose A, B, C are unital C*-algebras and 4Xp and gYy are right correspondences.
The composition of 1-morphisms is given by the relative tensor product X Xg Y, which is
defined as follows. First, we take the algebraic tensor product X ®¢ Y and consider the right
C-valued sesquilinear form

(G @mlé&@m)c = (ml{&&)5 > m)e-
We let N denote the left kernel of this form, i.e.,

N ={¢e X acY[{|()c =0},
which is an algebraic A — C' sub-bimodule of X ®¢ Y, and note

spanc{(§ <b) ®cn—E®c (b>n)} C N.

Observe that (|- )¢ descends to a well-defined C-valued inner product on (X ®¢Y')/N. We
define X Xp Y to be the completion of (X ®¢Y)/N under the norm [|£|5g,y = [I{¢])x]lc-

The unit A — A correspondence is given by 4 A4 with (a;|as)a := ajas, and the unitors
are given by the obvious unitary maps

M ARG X - X PR XNgB— X
a € — ag EXD s b

To construct the associator axyz : A(X XpY)Ne Zp — 24X Kp (Y We Z)p, we observe
the map (£ ®c 1) ¢ ¢ — £ ¢ (n ®c () on the algebraic tensor product preserves D-valued
inner products, and thus descends to a unitary isomorphism.

Example 2.13 (Creation/Annihilation operators). Suppose 4 Xpg, pYc are right correspon-
dences. Every £ € X gives rise to a right C-linear adjointable operator L¢ : Y — X MgV

given by n — £ X n with adjoint Lz(g’ Xn) = (| s > 0.

Remark 2.14. For any right Hilbert C* B-module Xpg, the maps T+ (n|T¢)p for n,£ € X
separate points of End(Xp). Indeed, observe that if S, T € End(Xp), then (n|(S—T){)p =
for all n,& € X implies ((S —T)¢|(S —T)¢)p = 0 for all £ € X. Thus (S —T)¢ = 0 for all
feXandS="T.

Definition 2.15 (Right W*-correspondences). The W* 2-category of right W*-correspondences
W*Alg has objects von Neumann algebras and 1-morphisms 4 X5 are right C*-correspondences

AXp such that
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(1) one of the following two equivalent conditions holds [BLM04, Lem. 8.5.4]:
o (self-dual) the map X — Hom(Xp — Bg) given by £ Lz is an isometric
isomorphism, or
e (predual) 4Xp has a predual, and the B-valued inner product (-|-)p is sepa-
rately weak*-continuous.
Under these equivalent conditions, all operators in End(Xpg) are adjointable, and
End(Xp) is a von Neumann algebra.
(2) The left action map A — End(Xp) is normal.

The 2-morphisms 4 X5 = 4Yp are normal bounded A — B bimodular maps. Composition
of 1-morphisms and coheretors are defined as in C*Alg.

It is easy to see that W*Alg admits direct sums of 1-morphisms, and every endomorphism
algebra of a 1-morphism is a W*-algebra. Thus W*Alg is C* by (C*) and (W*1) holds. To
prove W*Alg is W*, we use the following lemma.

Lemma 2.16. For all n,§ € X, the map A — B given by a — (n]|a&)p is normal (weak*
continuous)."

Proof. Let ¢ : A — End(Xp) denote the normal left action unital *-homomorphism. By
[BLM04, Cor. 8.5.5] a bounded net (7;) C End(Xp) converges to T" weak™ if and only if
T — T weak* for all £ € X. Hence if (a;) C AT is an increasing net with a;  a, then
(a;) is bounded, and thus so is (¢(a;)). Then p(a;)§ — ¢(a)é weak™, and thus (¢|¢(a;)€) s
(€|e(a)é)p by [BLMO4, Lem. 8.5.4], so a — (§|p(a)é)p is normal. Finally, a — (n]¢(a)é)s
is normal by polarization. U

Proposition 2.17. The C* 2-category W*Alg is W*.

Proof. It remains to show (W*2'). It suffices to consider the case pYo = gZ¢ by Roberts’
2 x 2 trick [GLR85, Lem. 2.6], i.e., we need to prove that the unital x-algebra map idx X— :
Endg_¢(Y) — Endg_o(XXpY) between von Neumann algebras is normal. Suppose f; 7~ f
in Endp_¢(Y)". We can conclude idy Xf; 7 idx Xf in Ends_¢(X KpY) if we can show
p(idx Xf;) = p(idy Xf) for all ¢ in a dense subspace D, C Endg_¢(XXpY), (for example,
see [Penl3, Lem. A.2]). Define

D, :=span{g = ¢((nRElgn®E))e) [ne X, €Y, p e C}.
Claim. D, is dense in Endy_c(X Kp Y),.

Proof of Claim. By Lemma 2.16, for all n € 4Xg, £ € gYe, and ¢ € CJ, the map g —
e((nX&lg(n X E))e) is normal, ie., D, C Enda_o(X Mg Y),.. By polarization and taking
linear combinations, every map of the form

;3 <zmm»
i=1 j=1

is in D,. It remains to show that D, separates points of Ends_¢(X Xp Y'). This follows
by Remark 2.14, approximating arbitrary vectors in X Xp Y by finite sums of elementary
tensors, and the fact that C', separates points of C'. U

q

IThis condition appears in Rieffel’s definition of a normal B-rigged A-module in [Rie74, Def. 5.1].
10



Now observe that for all b € B, b*f;b / bfb in End(Ys). Hence for every n € X and
£eY,

(MREARFNRE e = (nRENR £:6)0 = (Elnln)sfi€)e = Elmn) Y flnln) 1 E)o

S P iy e e = - = (nREJARS)n R €)e.
Hence for all ¢ € C,

(XX fi)n K )e)  d((n R EJAdRf)n K E)e).
This completes the proof. 0

Remark 2.18. There are variants of right C*/W* correspondences which equip 4 X g simul-
taneously with a left A-valued inner product. One can perform the same analysis in this
article with these 2-categories, but we will not comment further.

Definition 2.19 (von Neumann algebras). The W* 2-category vNA of von Neumann algebras
has objects von Neumann algebras, 1-morphisms 4Hpg are Hilbert spaces with commuting
normal actions of A and B°P, and 2-morphisms bounded intertwiners. Composition of 1-
morphisms is given by Connes’ fusion relative tensor product. One proves vNA is a W*
2-category similar to Proposition 2.17, but the result is easier as 1-morphisms are honest
Hilbert spaces. We refer the reader to [Yam07] for an alternative proof. Yet another proof
follows from the fact that vNA is t 2-equivalent to W*Alg; we refer the reader to [BLMO04,
8.5.39] for more details.

Remark 2.20. For the C*/W* 2-categories defined above, the sub 2-category of dual-
izble 1-morphisms is equivalent to the 2-category of finitely generated projective bimodules
(equipped with the appropriate number of inner products) with the algebraic relative tensor
product; references are as follows:

e right C*-correspondences: [KW00, Lem 1.11, Lem 1.12]

e right W*-correspondences and von Neumann algebras: [Tholl] (see also [Jon08])
This offers the advantage that while the analytic relative tensor product X does not in
general satisfy a universal property, the algebraic relative tensor product does.

The most important step in the proof of this fact is to show that the left kernel N of the

right C-valued inner product on X ®¢ Y is equal to

spanc{({ <b) @cn — & ®c (b>n)}.

(For vNA, we must replace X with the bounded vectors X° := {¢ € X|L¢ € Hom(Bg — Xp)}.)

Here is a sketch which works simultaneously for all the examples above. In what follows, ®

denotes the algebraic relative tensor product over B.

Step 1: First, every element of X Xg Y can be written as a finite sum Z?:l & Xp n; using
finite bases for Xp and Yo. (For vNA, we may assume each & € XU, i.e., is right

B-bounded.)
Step 2: The space X ®p X is a unital algebra which acts unitally on X ©p Y:
(E0&) - (608) =80 (&Llé)p> & (EO&L) > (&GO =66 (&G0

The unit 1y, v => 3080 B is given by summing over a finite X p-basis {}. (For

vNA, we replace X with X°, and observe the Xp-basis lies in X9.)
11



Step 3: If .7 & ©pmi =0in X Op Y (again, for vNA, replace X with XV), then applying
the adjointable map LTB : X XY — Y given by £ K n+— (B|¢)pn yields

n

Z<5|§i>3>m=0 VB3 e Xg.

i=1
We conclude that

ZﬁiQBmz (Zﬁ®35> > (Z& ®B77i) 2225®<5’fi>3>77i=0-
i=1 B8 =1 =1

B

Remark 2.21. While we do not need it for our purposes here, observe all the C*/W* 2-
categories defined above are actually symmetric monoidal 2-categories.

Remark 2.22. The W* 2-category vNA has an extra involution given by complex con-
jugation, which is a 2-functor C — C which is the identity on objects, contravariant on
1-morphisms, and anti-linear and involtutive on 2-morphisms. In more detail, for 4Hg €
VWNA(A — B), H is the complex conjugate Hilbert space with left B-action and right A-
action given by b>7 < a :=a*>n<b*. For amap T': nHp — aKp, we get the complex
conjugate map T : gH 4 — pK A by T(7) :=Tn.

3. Q-SYSTEM COMPLETION

Q-systems were first introduced in [Lon94] to characterize the canonical endomorphism
associated to a subfactor of an infinite factor [Lon84, Lon89]. Since, they have been studied in
many articles, including [LR97, Miig03, Zit07, BKLR15, GY20]. In this section, we define the
notion of Q-system completion, which is a unitary version of the (co)unital higher idempotent
completion for 2-categories discussed in [CR16] and [DR18]. To do so, we first introduce the
C*/W* 2-category structure on Q-systems following [Yam04a, CR16, NY16, DR18, GJF19].
We then introduce a graphical calculus for working with Q-systems.

3.1. Q-systems. For this section, we fix a C*/W* 2-category C.

Definition 3.1. A @Q-system in C is a 1-endomorphism @) € C(b — b) with a multiplication

and unit that satisfy certain properties best represented graphically. We typically represent
the object b € C by a shaded region and @ € C(b — b) by a black strand which is b-shaded
on either side

=b | =1Q
We denote the multiplication m and the unit ¢ by trivalent and univalent vertices respectively,
and m' and i are given by the vertical reflections

/l\ =m \T/ =m! - ? =il

We call Q a @Q-system if (Q, m, ) satisfies:

(Q1) (associativity) m m
(Q2) (unitality) h h

(Q3) (Frobenius) N w

12



(Q4) (separable) <> — ‘

If (Q, m, 1) satisfies (Q1), (Q2), and (Q3), we call Q a C* Frobenius algebra. If (Q), m) satisfies
(Q1), (Q3), and (Q4), we call @ a unitary condensation algebra.

Remark 3.2. One can view a Q-system in a C* tensor category as a C*-algebra object
internal to C, with a choice of state. We refer the reader to [JP17, JP20] for a comparison
between C*-algebra objects and Q-systems in the connected/irreducible setting, where there
is a unique choice of state.

Definition 3.3. Given a Q-system or C*-Frobenius algebra (Q),m, ), we define
dg = I € Endc(1,)*. (2)

o If dg is invertible, we call () non-degenerate or an extension of 1.
o If dg is an idempotent, we call ) a summand of 1.

Facts 3.4. We have the following dependencies amongst the Q-system axioms:
e By [LR9I7, Eq. (d) p.148], [Zit07, Prop. 5.17], or [BKLR15, Lem. 3.7] (Q1)+(Q2)+(Q4)
= (Q3).
e By [Zit07, Prop. 5.17], (Q2)+(Q4)+(Q3) = (Q1).
Facts 3.5. We have the following facts about a C* Frobenius algebra ,Q, € C.
(Z1) Q is dualizble with evg := [ ¢ and coevy =
(Z2) By (Z1) and [Zit07, Lem. 1.16], 1 <I] ‘ :

(Z3) By [Zit07, Cor. 1.19], either dg is invertible, or zero is an isolated point in Spec(dg).
By a slight abuse of notation, set dél := f(dg) via the continuous functional calculus
where f : Spec(dg) — C is given by

if 2 =
flz) = {21 ifi;ég

andsetsQ::deél. Then I‘ = ‘ = ‘

Remark 3.6. While [Zit07, Cor. 5.18] states that each Frobenius algebra in a tensor C*-
category is equivalent to a Q-system satisfying (Q1)-(Q4), the proof (which is omitted and
inferred from [Zit07, Pf. of (5.8)+(5.9)=-(5.7) in Prop. 5.17]) only applies to C* Frobenius
algebras, and not arbitrary Frobenius algebras.

\ < lldo]l -

Question 3.7. Is every arbitrary Frobenius algebra in a unitary tensor category equivalent
to a Q-system?

Remark 3.8. When End(1,) is not finite dimensional, there may not be a good notion of
quantum dimension in the monoidal category End(b), which may even fail to be rigid. We
refer the reader to [Zit07] for a discussion of rigid C* tensor categories 7 where End(17)
is not finite dimensional, where it is not clear how to define a quantum dimension. For

example, it is an open question whether C*Alg(A — A) for A abelian has a unitary spherical
13



structure. For the purposes of this article, dg for a @-system defined in (2) is a suitable
replacement.

When End(1,) is finite dimensional and all 1-morphisms in End(b) are dualizable, then
there are various notions of quantum dimension in End(b), depending on whether End(1) is
one dimensional [LR97, Yam04b] or finite dimensional [BDH14, GL19, Pen20]. One may then
consider normalized non-degenerate Q-systems for which dg equals this quantum dimension.

Example 3.9. Suppose C is a C*/W* 2-category and , X, € C(a — b). A unitarily separable
left dual for , X, is a dual (,X),evx,coevy) such that evy o ev& = id;,.” There is a similar
notion of a unitarily separable right dual.

Given a unitarily separable left dual for , X, ,X X, XY € C(a — a) is a Q-system with
multiplication and unit given by

m = /m\ =1idx Mevy Xidxv 1:= U = coevy .

Example 3.10. Suppose now that A is a unital C*-algebra and A C B is a unital inclusion of
C*-algebras equipped with a faithful A — A bimodular unital completely positive (ucp) map
(a.k.a. a faithful conditional expectation) E4 : B — A. We can endow B with the structure
of a right correspondence in C*Alg(A — A) by setting (by|bs) 4 := Ea(bjbs). Observe that
the inclusion ip : 4A4 = 4B4 is then an adjointable operator in C*Alg(4 A4 = 4Ba) with
adjoint £4 : B = A.

The (Pimsner-Popa) index of E4: B — A is

ind(E4) :=inf{\ € [1,00)|\- Ea(b) > bforallbe B,},
with the convention that inf () = co. If ind(E4) < oo, then the B — B bimodular multipli-
cation map m : BX, B — B given by the extension of by X by — b1by is bounded
<blbg‘blb2>3 - b;b;blbg
S md(EA) . b;EA(bTbl)bg
= Hld(EA) . <bg|<b1|b1>A > bz)B
= md(EA) . <b1 X b2|b1 X bg)B@AB.

The following lemma characterizes exactly when m is adjointable and m' is a B— B bimodule
map.

Lemma 3.11. Suppose A C B is a unital inclusion of C*-algebras and E4 : B — A is a
faithful conditional expectation. The following are equivalent.

(1) By is finitely generated projective,

(2) m is adjointable, and m' is a B — B bimodule map.

(3) (B, m,1) is a C* Frobenius algebra in C*Alg(A — A), and

(4) aBa € C*Alg(A — A) is dualizable.

Proof.
(1) = (2): Let {b} C B be a finite By-basis, so }_; 8(B|z)a = b for all b € B. By [KW00,
§4, p3462] (see also [Wat90, Props. 1.2.6 and 1.2.8]), the element >, 3 X 3" € BX, B is

2For a 1-morphism , X, in a 2-category C, X dualizable does not necessarily imply X has a separable left
dual cf. [DR18, §A.3].
14



independent of the choice of By-basis. We claim that the map m' : b+ > 5 B 7D is the
adjoint of m. One calculates for all by, b9, b3 € B,

(m(bs) b1 R by) g = Y (B 37bs|by W by)
8

- Z (B7b3|(5]b1) ab2) g
B

— Z (bs|B{B|b1) ab2) 5
B

= (b3|b1b2) 5
= (bs|m(by X bs)) 5.

To see that m' is B — B bilinear, we observe that given any unitary v € U(B), {u8} is
another finite B4-basis, and thus

u(ZﬂXlﬂ*) = uBRB =) uBR (uf)u= (Zﬁxﬂ*) u.
B B B B

Since B is linearly spanned by its unitaries, for all by,b, € B,

by(m(by)) = by (Z B ﬁ*) by = <Z B 5*) biby = mT(byby) = m(by)bs.
B B

(2) = (3): The straightforward verification of the algebra and Frobenius relations is left to
the reader.

(3) = (4): This is (Z1).

(4) = (1): By [KPW04, Thm 4.13], we have 4B4 can be endowed with a finite index bi-
Hilbertian structure which is dualizable in the 2 C*-category of bi-Hilbertian correspon-
dences. By [KPWO04, Ex. 2.31], 4B4 dualizable implies B, is finitely generated projec-
tive. 0]

Suppose now the equivalent conditions of Lemma 3.11 hold. The Watatani index [B :
Al =) ;88" € Z(B)} is independent of the choice of basis [Wat90, Prop. 1.2.8]. We may
renormalize m and i so that (B, m, 1) is a Q-system. Indeed, [B : A]7"/?is a B— B bimodular
map, so we may replace m by [B : A]7"/?m and i by [B : A]'/?i.

Example 3.12. Building on Example 3.10, Suppose A C B is a unital inclusion of C*-
algebras equipped with a faithful surjective cp A — A bimodular map F : B — A such that
By is finitely generated projective.® For any auxiliary unital C*-algebra A’, we may view
Basan A® A" — A® A’ bimodule, where A’ acts by zero. Using the A @ A’-valued inner
product (by|bs) agar := E(bibz), we may modify the multiplication and unit of B to make it
a Q-system in C*Alg(Ad A" - A A').

Remark 3.13. When C is a bi-involutive C*/W* 2-category and End(1,) is finite dimen-
sional, the tensor subcategory of dualizable endomorphisms Endg(b) is a unitary multitensor

31t follows that E(1g) is invertible. Indeed, since F is surjective, there is a b € B such that E(b) = 1.
Replacing b with (b + b*)/2, we may may assume b is self-adjoint. Then b < ||b]|15, so E(1g) > [|b||*14.
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category with canonical involutive structure ~. By [BDH14], there is a unique balanced uni-
tary dual functor which gives the unique unitary spherical structure, and there is a canonical
unitary isomorphism XV 2 X. (Such a canonical isomorphism exists for all unitary dual
functors by [Pen20, Cor. BJ.)
Suppose now that b is simple so that End(1,) = C, Endg4(b) is a unitary tensor category.
In this setting, we can ask for an additional axiom for a (non-degenerate) Q-system ,Q, €
Endy(b):
e (normalized) evg, coevg from (Z1) are standard solutions to the conjugate equations,
ie., (Q,evg,coevg) is a balanced dual for Q).

This axiom was required for the definition of a Q-system in [BKLR15, Def. 3.2 and 3.8]. In
this setting, by [NT13, Prop. 2.2.13], (see also [LR97, §6], [Vicll, §3|, [JP20, Lem. 2.9]), @
is a real (symmetrically self-dual) object in Endy(b) via the unitary isomorphism

o N 2 _ (i* om) Kidg) o (idg K coevg) € C(4Qp = vQy)-

3.2. Bimodules.

Definition 3.14. Given two Q-systems P € C(a — a) and @ € C(b — b), a P — Q
bimodule consists of a triple (X, A, p) where X € C(a — b) and A € C(PX X = X) and
p € C(X K@ = X) satisfy certain axioms. We denote , X by a red colored strand which is
a-shaded on the left and b-shaded on the right

—a =b | = X,

The maps ), p are denoted trivalent vertices respectively, and Af, p! are denoted by the
vertical reflections

A - N @

Here, P, () are both denoted by black strands as their type may be inferred from the side of
the red strand on which they lie.
These maps must satisfy the following axioms:

(B1) (associativity) (A 4 h R i A= B

(B2) (unitality)

MMWN;jmmmtiN

(B4) (separable)

We leave it to the reader to deﬁne the notions of left and right modules by removing one of
these actions (or replacing it with an identity Q-system).

Facts 3.15. We collect some additional well-known facts about modules for Q-systems below.

For these statements below, P € C(a — a) is a Q-system and ,X,, .Y, € C(a — b) are left
16



P-modules. (We ignore any right action, which can be taken to be 1, if needed.) We denote
a and b by shaded regions and , X, .Y}, by colored strands.

=qa =b | = aXb = aYEJ
(MM1) The adjoint AT of the left P-action A : PX X — X is given by

3-W

Proof. This is immediate from (B2) and (B3). U
(MM2) Given a left P-module map f: pX — pY, fT:Y — X is also a left P-module map.

o 0
f
B B B _ f
Proof. Apply 7 to (MM1) - - (MMT1) . '

Facts 3.16. We again have the following dependencies amongst the relations.
e (B1)+(B4)=(B2)
e By [BKLR15, Lem. 3.23], (B1)+(B4)=-(B3)
e Using (MM1), we have (B1)+(B2)+(B3) = (B4)
e (MM2) follows from (B1), (B3), and (B4) without even assuming (()2). This fact is
useful when one defines the C*/W* 2-category Kar'(C) of unitary condensation alge-

bras, unitary condensation bimodules, and intertwiners in C in the spirit of [GJF19].
Indeed, take § of

_ \_ \_
(B4) (B3) B! L e '

Definition 3.17. Let C be a C*/W* 2-category. We define the C*/W* 2-category QSys(C)
as follows:

e objects are Q-systems (@, m,i) € C(b — b),

e l-morphisms between Q-systems P € C(a — a) and Q € C(b — b) are (unital
Frobenius) bimodules (, X3, A, p) € C(a — b), and

e 2-morphisms are bimodule intertwiners. That is, if P € C(a — a) and Q €
C(b — b) are Q-systems and ,Xp,,Y, € C(a — b) are P — () bimodules, we de-
fine QSys(C)(pXg = pYy) as the set of f € C(,Xp = ,Y}) such that

_ and ﬂ 3)

By (MM2), every hom 1-category in QSys(C) is a t 2-category. Combining Remark

2.5 and Lemma 2.3, we see (3) is a norm- closed condition. When C is W*, (3) is a
17



weak*-closed (normal) condition by replacing Remark 2.5 with (W*2’). Thus every
hom 1-category in QSys(C) is C*/W* respectively.

We now define composition of 1-morphisms and the associator of QSys(C).

Definition 3.18 (Composition of 1-morphisms). Let P € C(a — a), @ € C(b — b), and
R € C(c — ¢) be Q-systems. Let ,X; € QSys(C)(P — @) and ,Y. € QSys(C)(Q — R). Since
C is unitarily idempotent complete, and QSys(C)(P — R) is a C*/W* subcategory of C, it
is straightforward to show that QSys(C)(P — R) is also unitarily idempotent complete. We
define the P — R bimodule ,X ®¢ Y} € QSys(C)(P — R) by unitarily splitting the canonical

separability projector
Pxy = }‘ r\yf \’/ (4)

in the C*/W* category QSys(C)(P — R). That is, there is an object , X®¢Y, € QSys(C)(P —
R) and a P— R bimodular coisometry uxy : XK, Y — X ®qY such that pxy = UE(’YOUX’y.
Since uy y is a coisometry, we have uxy o pxy = uxy. Graphically, we denote

:X®QY @ =Uuxy-

The dots between the red and orange strands are meant to evoke the separability projector.
The pair (,X ®¢ Yp, ux,y) is unique up to canonical unitary isomorphism.

We now define the horizontal composition ®¢ of bimodule intertwiners. It suffices to
define horizontal composition with an identity 2-morphism on both sides and prove the
exchange relation. Suppose P € C(a — a), Q € C(b — b), and R € C(c — ¢) are Q-systems
and pWy € Cla — b),pXg € C(a — b) and YR, oZr € C(b — ¢) are bimodules. For
f € QSys(C)(pWg = pXg), we define

f 290%) idy := Ux,y © (f X, 1dy) o UJ{MY € stS(C)(pW Kq Yr = pX Kq YR) (5)
For g € QSys(C)(oYr = ¢Zr), we define

idx ®qg := ux z o (idx Mg) o u}y € QSys(C)(pX ®q Yr = pX ®q Zr). (6)
The interchange relation now follows immediately by the fact that
pxy o (fRpyidy) = (fXpidy)opwy  and  px zo (idx Kyg) = (idx Kpg) o px v
as f, g are bimodule maps.

Remark 3.19. Observe that (X ®¢ Y, uxy) is the coequalizer

idx XA
XRQRY — X&Y<:>X®QY.
px Xidy U‘E(Y (7)
> \i{a!f
Z

Indeed, any map 7' € Homp_g(X KoY — Z) which coequalizes the two maps on the left of
(7) satisfies

Topxy =T o (idy ®Ay) o (pl Ridy) =T o (px Midy) o (p Midy) =
18



Since pxy = u&,yu x,y and ux y is a coisometry, the unique map T:X ®qY — Z such that
T opxy =T must be given by T":="T o u&,y.

Definition 3.20 (Unitor and associator). For each Q-system @ € C(b — b), @ is also the
unit 1-morphism in QSys(C)(Q — Q). Given a ) — R bimodule ;Y. € C(b — ¢), the unitor
natural isomorphism )\8 tQ®oY — Y is given by Ay o uay. Similarly, given a P — @
bimodule ,X;, € C(a — b), the unitor natural isomorphisms p$ : X ®q @ — X is given by
px © ug(’@.

The associator for QSys is also built from the uxy. Suppose a,b,c,d € C, denoted by
the following shaded regions:

= q :b .:C .:d

Suppose we have 1-morphism , X5, Y., .Z4 which we denote graphically by

=X, 0= B-=2z

Assume these are P — @), Q@ — R, and R — S bimodule objects for Q-systems P € C(a — a),
QeCb—b), ReC(c—c),and S € C(d — d) respectively. We define

(X ®R0Y)@rZ = X 0o (Y ®r 2). (8)

Here, we write the associator in C for clarity, but we usually suppress it whenever possible.
While we use the same string type for both the source and target, the label may be inferred
from the strings from the nearest u or uf. It is a straightforward and enjoyable exercise to
prove the pentagon relation using the relation uTXy ouxy = px,y and the fact that the u
and u' are bimodule maps.

Remark 3.21. One can show using (7) that a®*, o and u satisfy the following associativity
relation [NY16, p. 27]:

:(XlX]Y)lZ]ZiX@Q(Y@)RZ).

One can also prove the pentagon relation for a®¥5() using this relation.
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Proposition 3.22. IfC is a C*/W* 2-category, then QSys(C) is a C*/W*-2-category respec-
tively.

Proof. It remains to check (W*2') in the W* case. Recall that tensoring with an identity
2-morphism on the right and left are given respectively by (5) and (6). The result now
follows as idy X,— as — X, idy are normal by (W*2') for C, as is pre-composition with u'
and post-composition with u. O

Notation 3.23. Suppose C, D are 2-categories. We use the following coherence conventions
for a 2-functor F = (F, F? F'):C — D:

F2, € D(F(X)Rpp) F(Y) = F(XK®,Y))  and  F' € D(1p@ = F(La)).

Construction 3.24. Suppose C is a C*/W*-2-category. We have a canonical inclusion {
2-functor ¢c : C — QSys(C) given as follows.

e For an object ¢ € C, we map ¢ to 1. € C(c — ¢) with its obvious Q-system structure
as the tensor unit of C(c — ¢).

e For a l-morphism ,X;, € C(a — b), X itself is a unital Frobenius 1, — 1, bimodule
object, so we map X to itself.

e For a 2-morphism f € C(X = Y), we see that f is 1, — 1, bimodular, so we map f
to itself.

Recall that the associator in QSys(C) is built from the associator in C using a unitary splitting
of the canonical separability projector as in (8). But the canonical separability projector for
X ®1, Y is the identity, so the associator on the image of ¢ in QSys(C) is the same as the
associator in C. We may thus take the tensorator and unitor of + to be identity morphisms.
That is, ¢ is a strict T 2-functor.

Example 3.25. Continuing Example 3.10, suppose A C B is a unital inclusion of C*-
algebras together with a finite index faithful ucp conditional expectation £, : B — A
such that B, is finitely generated projective. As before, we can renormalize m,i so that
(aBa,m,1) is a Q-system. Let 1p denote the trivial Q-system B € C*Alg(B — B).

We claim that 4B and 1p are equivalent as Q-systems in QSys(C*Alg). Set X :=
4Bp with right B-valued inner product (bi|be)p := bjby, and set XV := pB,4 with right
A-valued inner product (by|by)a = Ea(bjb2). Let the evaluation evy : XV X4 X — B
be the renormalized multiplication, and the coevaluation coevy : A — X X XV be the
renormalized inclusion. Then (XY, evx,coevy) is a unitarily separable left dual for X, and
(X,evyv :=il[B: A]7Y2 coevxv := m![B : A]'/?) is a unitarily separable left dual for XV.
The Q-system structures on on X ®;, X" and XV ® ,5, X are given by Example 3.9.

It is clear that X ®;, XV = X Mg XV & 4B, as Q-systems. We now calculate that
XV ® X = 1p, and this isomorphism intertwines the canonical Q-system structure on
XY ®,p, X with the unitor on 15. Denote A, B and X by the following shaded regions and
strand respectively:

ABa

A - B ’ = X5
Using the previous calculation, it is straightforward to see that the separability idempotent
in Endp_p(XY X4 X) onto XV ® X is given by
t \_/

Pxv.x = €Vx O0€Vx =

ABa
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We see now that the coisometry uxv x :=evy : XVK4X — B unitarily splits the separability
idempotent pxv x. Moreover, uﬁ(v v B =15 - XV X, X is clearly an isomorphism of

Q-systems:
N

The claim now follows from the following lemma, whose straightforward proof is left to the
reader.

Lemma 3.26. Let C be a C*/W* 2-category. Suppose X}, has unitarily separable dual
(, X/, evx,coevyx) such that X is also a unitarily separable dual for XV via evxv,coevxv.
Then the canonical Q-systems X XK, XV and XV X, X are equivalent in QSys(C) wvia the
XX, XY — XV X, X bimodule X whose left and right actions are given by

% :ldX &bevx x :eVX\/&idX

XXV X X XVX

Example 3.27. Continuing Example 3.12, suppose A C B is a unital inclusion of C*-
algebras equipped with a faithful cp A — A bimodular map (non-normalized conditional
expectation) £ : B — A, and suppose A’ is any auxiliary unital C*-algebra. We can
renormalize the multiplication on B so that 4B, is a Q-system, and so that sga Bagas is a
Q-system.

We claim that 4 B4 and aq4 Bagar are equivalent as Q-systems. Indeed, define 4 X 44/ :=
ABaga as a unitarily separable s B4 — 4g 4 Baga bimodule with the obvious left and right
actions. It is straightforward to adapt the previous Example 3.25 to show that X ®
XV~ By and XV ®,p5, X X agaBasa as Q-systems.

ApA’Bagar

Remark 3.28. In followup work [CP|, we will prove that QSys is a 3-endofunctor on the
3-category (algebraic tricategory [Gurl3]) of 2 C*/W* categories. For the purposes of this
article, in order to induce actions of C*-algebras, we need only the construction below at the
level of t 2-functors. The following construction is similar to [DR18, §A.6].

Construction 3.29. A { 2-functor F' : C — D between C*/W* 2-categories induces a T
2-functor QSys(F') : QSys(C) — QSys(D).
Objects: Given a Q-system (Q,m,i) € C(b — b), QSys(F') maps (Q, m,i) to (F(Q), F(m) o
F§0, F(i)o F)) € D(F(b) — F(b)).

I-morphisms: Given Q-systems P € C(a — a) and ) € C(b — b) and a P — ) bimodule
(aXp, A, p) € Cla — b), QSys(F) maps (X3, A, p) to (F(X),F(X) o Fpx,F(p) o Fg) €
D(F(a) — F(b)).
2-morphisms: Given Q-systems P € C(a — a) and Q € C(b — b), P — @ bimodules
aXpyaYs € C(a — 1), and an intertwiner f € C(,Xp = oY), QSys(F) maps f to F(f) €
D(ra)F(X)rm) = r)F (Y)r@)-
Coheretors: For pX¢ € QSys(C)(P — Q) and ¢Yr € QSys(C)(Q — R), we define QSys(F)% y €
QSys(D)(F(X)®@p) F(Y) = F(X®qY)) as the unique map given by the universal property

21



of the coequalizer:

ldF(X) X—p>—

FIX)RFQRF(Y) = F(X)RF(Y) —2 P(X) @pig) F(Y).
—<-Rid ,
o lF)Q(,Y :3!Q5y5(F)§(,Y
N2
FI(XRY) — ") p(X )
Observe we have the following direct formula for QSys(F)% y-:
QSYS(F>§<,Y = F(uxy) o F)2(,Y © u;(X),F(Y)‘ (9)

By definition of the separability projector (4) for F'(X) ®p(g) F(Y'), we have

prx),r) = (dre) BrpAry)) (P}( x) Mre) idpyy)
= (F(idx) Meg) (F(y) 0 Fgy)) o (Fpx) © Fx o) R F(idy))
= (F)Q(,Y)T o F(pxy)o Fg{,y-

This formula for pp(x) py) immediately implies QSys(F )_QXY is unitary:

(QSYS(F)E(,Y)T © QSYS(F);Y = (F(uxy)o F)2(,Y © uJ]f?(X),F(Y)>T o (F(ux,y)o F)2<,Y © uJ]f?(X),F(Y)>
= upx)rv) © (Fry) o F(pxy)o Fxy o u}’(X),F(Y)
= up(x),r) © (Fxy)' o Fiy 0 e, ror) © W) rev
= dr(0)@rg F(Y)

QSYS(F)_QX,Y © (QSYS(F)?Y)T = (F(ux,y) o F)2(,Y © u}(X),F(Y)) o (Fuxy)o F)2(,Y © qur?(X),F(Y))
= F(uxy)o Fxy o prix)ru) o (Fry) o F(U},y)

uxy) o F(pxy)o Fy o (Fyy) o F(ul )

idxe,y) = idr(xeoy) -

t
= F(
= F(

2

We get the following two relations from (9) using unitarity of QSys(F)* and that u is a

coisometry:

QSys(F)%y o urx)riv) = Fluxy) o Fxy (10)

F(UE{Y) © QSYS(F)%Y = F)Q(,Y o uf (X),F(Y) (11)
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In turn, these identities are used to prove the associativity of QSys(F')?:

QSys(F)*@id QSys(F)?

(F(X) ®r@ FY)) ®rm F(Z) > F(X ®qY) ®pr) F(Z) > F(X ®qY)®r Z)
ut o an Fluh)
(F(X) @p F(Y))RF(Z) F(X®0Y)RF(Z) —E 3 F((X ®0 V)X Z)
lmad (1) lF(u'ww lﬂmid)
(FIX)RFY)RF(Z) —Z8 s pXRY)RF(Z) —2 3 F(XRY)R 2)
@QSy=(D) (®) lnv \LF‘(QC) F(B) | F(a(©)
F(X)R(F(Y)RF(Z) —Y22 s pIX)RF(YRZ) —2 3 F(XR (Y R Z))

lid Hu (10) J/id RF(u) J/F(id Ru)

F(X)R (F(Y) @y F(2)) 220K px)RF(Y ©p 2) —23 F(XR (Y @ 2))

»l/u (10) \
~ w F
/ id ®QSys(F)? QSys(F)?

W :
F(X) @rq (FY) ®rm F(2)) > F(X) @p) F'(Y ®r Z) >

QSys(F)?xi

F(X &g (’Y ®r Z))

Finally, for a Q-system Q € C(b — b), we define QSys(F)s, € QSys(D)(1p) = F(Q) =
F(Q)) to be the identity. The diagram on the left below commutes as

QSys(F)(,o?() ° QSYS(F)?X,Q = F(P?() o Fuxgq)o F)2<,Q o uf (X),F(Q)

_ 2 f _ i _ F(Q)
= Flpx) o Fx g © up(x) p(q) = PFX) © Up(x) p(@) = PR(X)

The one on the right is similar.

F(Q) F(Q)

F(X) F(Y)
F(X) ®@r@) lrq) F(X) lr@) ®r@) F(Y) F(Y)
id ®QSys(F)é2l QSys(F)(pg)T QSys(F)b@idl QSys(F)()\g)T
F(X) ®p@) F(Q) sts(—p)g;Q F(X ®qQ) F(Q) ®pq) F(Y) CW FQ®qY)

Remark 3.30. Observe that if our { 2-functor F': C — D is fully faithful on 2-morphisms,
then QSys(F') : QSys(C) — QSys(D) is as well.

3.3. Graphical calculus for QSys(C). We now expand the graphical calculus for C to
a graphical calculus for QSys(C) which is compatible with the canonical embedding ¢c :
C — QSys(C). As before, objects ¢ € C, which are now the Q-systems 1. € QSys(C), are
represented by shaded regions, which we still denote in gray-scale:

:1(1 :1b :16‘

Given Q-systems P € C(a — a),Q € C(b — b), R € C(c — ¢), we represent these objects in
QSys(C) by colored regions as follows:

Suppose pXg € C(a — b) is a unital Frobenius P — @) bimodule. Depending on whether we
view X as a l-morphism in C(a — b) = QSys(C)(1, — 1;), QSys(C)(1, — @), QSys(C)(P —
1p), or X € QSys(P — @), we represent it by a colored strand with the appropriate left and
right shadings:

‘ :1‘1le | :LzXQ ‘ :Ple | :PXQ.
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We denote the Q-system as a bimodule over itself by a string of similar, but slightly darker
color. Again, the shadings on the left and right designate over which Q-systems we are
considering the bimodule. For example:

=11, | =1,Q0 0= rRu, =pbPp (12)

As before, the 1-composite of two separable bimodules in QSys(C) (i.e., relative tensor prod-
uct) is denoted by horizontal juxtaposition with the appropriate shading in between. For
example, given separable bimodules pXg € C(a — b) and oYr € C(b — ¢), we denote their
1-composition by

|| =pX®qYa where | =»rXq = oYx.

The coisometry U%Y XX Y = X ®qY from Definition 3.18 is P — R bimodular and can
be represented graphically by

u?(,y = }— XKY - X®qY and (u)Q(’Y)T = }>

Here, we suppress the external shading, which can be taken to be any of the four combinations
given above in (12). We have the following relations for u? xy and its adjoint:

Q Q i _ _ Q
uky o (uxy)' = = =idxagr  (ufy) oufy = ﬁ }‘ =3y

We define
== et e 8- = oo o

and ' I‘,

and thus A{ is unitary. Similarly, p(jg( is unitary.

The unitor Ay : PX, X — X may be represented as a P — 1, bimodular map in QSys(C)
by introducing a shading on the left. Similarly, we may introduce a shading on the right to
see px as a 1, — () bimodular map.

we B el

These maps are partial isometries as , X, is unitarily separable:

1= T

Facts 3.31. We have the following easily verified relations amongst the separability coisome-
tries and trivalent vertices.

3P Be-ge

and




(2) Considering () as a bimodule over itself, ” is a unitary, and u = -

By = | - u -

(4) For a bimodule map f: pXg — pZg, j d and t *

Lemma 3.32.

(1) Suppose @ € C(b — b) is a Q-system, then ,Qp = vQ ®q Qp as Q-systems in QSys(C).

(2) Suppose (R,mf, i) € C(b— b) is a Q-system in C and (Q,m%,i%) € QSys(C)(R —
R) is a Q-system in QSys(C). Then Q € C(b — b) is a Q-system in C with multipli-
cation and unit given by

@0

Here, we use the same notation for b,Q, R as in the beginning of this section, and
the 4-valent vertex is defined as

8- ) 0.+ veo0an

is a unitary from Facts 3.31(2). Moreover, this unitary intertwines the Q-system structures

as

) We verify that (Q, mb ,zb € C(b— b) is a Q-system by using Facts 3.31.

QL):
..

A
@

Proof.
(1) Note that

(Q2):



BEOE &

Qu): [ = - q) -

O

Remark 3.33. In Lemma 3.32(2), if (R, mf,if?) and (Q,m%,i%) are non-degenerate, then

so is (@, me, z?) Indeed, (i) oift is positive and invertible and thus bounded below. Hence
there is some ¢ > 0 such that

% = ' >c- U € End(1)*.

3.4. Q-system completion. We now present the notion of Q-system completeness for a
C*/W* 2-category. The following presentation is motivated by [DR18, §A.5] and [GJF19].
Similar results to those in this section were proved for particular W* 2-subcategories of vNA
in [GY20, §3.2] (see Example 3.38 below).

Definition 3.34. We say that a C*-2-category C is @-system complete if the inclusion
e : C — QSys(C) is a t 2-equivalence.

Remark 3.35 (cf. [DR18, Prop. A.5.4]). Observe that by construction, the inclusion f
2-functor tc : C — QSys(C) is
(¢1) unitarily essentially surjective on 1-morphisms between trivial Q-systems (those of
the form 1, for ¢ € C), since the unital Frobenius 1, — 1, bimodule objects are exactly
the 1-morphisms ,X;, € C(a — b),* and
(12) fully faithful on 2-morphisms, since the 1, — 1, bimodule maps , X, = .Y, are exactly
the 2-morphisms f € C(, X, = .Y5).
This means that by a dagger version of [JY20, Thm. 7.4.1], C is Q-system complete if and
only if ¢ is unitarily essentially surjective on objects. By Remark 2.8, it suffices to prove ¢
is (algebraically) essentially surjective on objects.

Various results related to the next theorem for Q-systems have appeared in the subfactor
literature; for example, see [BKLR15, Thm. 3.11] and [Miig03].

Theorem 3.36 (cf. [DR18, Prop. A.4.2]). A C*/W* 2-category C is Q-system complete if
and only if every Q-system @ € C(b — b) splits, i.e., there is an object ¢ € C and a dualizable
I-morphism ,X. € C(b — ¢) which admits a unitarily separable dual (XV,evx,coevy) such

that (Q,m, 1) is isomorphic to X K. X with its usual multiplication and unit from Example
3.9.

4For a unital 1, — 1, bimodule , X} € C(a — b), the left 1,- and right 1,-actions must be unitors in C.
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Proof.
=-: Suppose @ € C(b — b) is a Q-system. Since C — QSys(C) is an equivalence, it is unitarily
essentially surjective on objects. This means there is an object ¢ € C and an invertible

(which implies dualizable) separable bimodule oY), = € QSys(C)(Q — 1.) together with
unitaries
€= LY @1, Yy = 0Qo- and § = 1. 1en, = 1YY ® Y1,

which satisfy the zigzag conditions. Since € and 0 are unitaries, we see that Y is a unitarily
separable dual for Y, and Y is a unitarily separable dual for Y.
Now consider 1,Qg = ’ as a 1 — @ bimodule, and set X 1=, ®¢q Y, = ’ . Then

clearly 1, X ®;, X 1vb = | | is isomorphic to Q) ®q @ as Q-systems via the isomorphism

By Lemma 3.32(1), 1, X ®1, X)) = ,Q ®q @y = @y as Q-systems. Hence @ splits as
desired.
<: Suppose every Q-system @) € C(b — b) splits. To show C is Q-system complete, by
Remark 3.35, it suffices to show that every Q)-system ,(@), is equivalent to a trivial Q-system.
Let ,Y. be a dualizable 1-morphism with unitarily separable dual (.Y;", evy, coevy) such that
bQp = Y XK. Y)Y as Q-systems. This isomorphism intertwines the @ — @) bimodule structure
on ,@p with the ;Y X.Y,Y —,Y K.Y, bimodule structure on ,Y X.Y,”. The rest of the proof
is now similar to Example 3.25. Observe that under the above isomorphism, the canonical
separability projector pyvy € End(.Y"V X, Y,) onto .Y ®q Y. = .Y Qyg,yv Y- is given as
in (4) by

Pyyv = / = = = eV; oevy .

Thus evy is a coisometry which splits pyvy. Since the image of evy is 1., we see that Y,
is an invertible ) — 1. bimodule in QSys(C)(Q — 1.), as desired. O

The following example of Q-system splitting will be useful in our proof of Theorem A,
which says that C*Alg is Q-system complete.

Corollary 3.37 (cf. [CR16, Prop. 4.2] and [DR18, Prop. A.5.3]). QSys(C) is Q-system
complete.

Proof. By Theorem 3.36, it suffices to prove every Q-system P € QSys(C)(Q) — Q) splits,
where @ € C(b — b) is a Q-system in C. According to Lemma 3.32(2), P € C(b — b) is a
Q-system in C, Py = P ®p Pg as Q-systems, where o Pp € QSys(C)(Q — P) is a unitarily
separable dualizable 1-morphism. [l
Example 3.38 ([GY20]). Let vNAﬁftc’r denote the W* 2-category whose objects are type II;
factors. Then QSys(VNAJF™") = vNAJ' <" " whose objects are II; multifactors, i.e., finite

direct sums of II; factors. For R the hyperfinite II; factor, the objects of QSys(Bim(R)) are

exactly the hyperfinite II; multifactors, i.e., finite direct sums of R.
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Example 3.39. Let C be a unitary fusion category. Recall from Remark 2.10 that BC is
the delooping of C, which is C considered as a C* 2-category with one object.

The C* 2-category Mod'(C) has

e objects finitely semisimple left C-module C*-categories,
e l-morphisms T C-module functors, and
e 2-morphisms C-module natural transformations.

By the unitary version of the Barr-Beck/Ostrik theorem [Ost03a, Thm. 3.1], [BZBJ18, §4]
for unitary fusion categories, ModT(C) is unitarily 2-equivalent to the Q-system completion
QSys(BC). We sketch a proof below for the reader’s convenience.

It is straightforward to prove that the map

Q — Mod’(Q) pXo — (—®p X : Mod(P) — Mod}(Q)) (13)

defines a 1 2-functor QSys(BC) — Mod'(C). Here, Mod},(Q) is the category of unitarily sep-
arable right ()-module objects in C with right ()-module maps, which is C* by the analogous
version of (MM2).

One checks that for all unital P — () bimodules pXg, pYq,

HOIHP_Q(X$Y)90!—)(—®Qi—®pXQ$—®pYQ)

is an isomorphism. Indeed, every C-module natural transformation 6 : —®p Xg = —®p Xg
is completely determined by 6p using that Modé(P) is the unitary Cauchy completion of
FreeMod¢(P).

Thus to show our 2-functor (13) is fully faithful, we need to prove the hom functors are
essentially surjective. Suppose F : Modz,(P) — Modé(@) is a C-module f-functor. Then
F(P) € Mod},(Q) carries a unitarily separable right Q-action be definition, and a left P-
action using the modulator Ap := F(mp) o Fpp. Moreover, it is straightforward to see

ApAb = F(mp)o ]:}23,P © (‘F}%,P)T o F(mp)' = F(mp o m}) = idy,

so the left P-action on F(P) is unitarily separable. One then checks that F is unitarily
isomorphic to — ®@p F(P).

It remains to show the t 2-functor (13) is essentially surjective. This follows by [NY18,
Thm. A.1], which essentially shows that a semisimple left C-module C*-category M which
admits a pointing is unitarily equivalent to Modé(@) for some Q-system Q.

Remark 3.40. Q-system completion satisfies a universal property similar to [Déc20, §1.2].
We leave this to our future work [CP] as it would take us too far afield.

4. C*Alg 18 Q-SYSTEM COMPLETE
In this section we prove the following theorem.
Theorem (Theorem A). C*Alg is Q-system complete.

To do so, we construct a 1 2-functor | - | : QSys(C*Alg) — C*Alg called the realization
functor, and show it is inverse to the canonical inclusion ¢ : C < QSys(C). Our strategy will
be to adapt the usual subfactor method [LLR04], which is clearly expressed diagrammatically
in [Henl4, §4.1]. (This strategy is also similar to that employed to describe the Tannaka
duality for semisimple Hopf algebras in terms of Frobenius algebras [Yam04a, §7].)

We begin with the following important initial observation.
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Construction 4.1. Suppose 4 Xp € C*Alg(A — B). Consider the right B-module
HOIII(C_B((CBB — (CA &A XB)
with left A-action (ar> f)(x) := (aKidy)o f)(x) (here, we identify A = End(A,)), right B-
action (f<1b)(x) := f(br), and right B-valued inner product (f|g)}°™ := ffog € End(Bp) =
B. Identifying ¢ Xp = cA K4 Xpg, the maps
AXB —>HOIIl(C_B((cBB—>(cXB> d HOIIl(C_B((cBB _>(CXB) HXB
an

Er— (Le: b= ) fr— f(1p)

are mutually inverse linear maps which preserve these B-valued inner products. Indeed, L,
is adjointable with adjoint Lz(n) = (&|n)%. Thus

<L§‘Ln>gom = Lz oLy= <5’77>§
Remark 4.2. Observe that while we always have Hom¢_p(Bg — Xp) = Xp, in general,
Home_p(Xp — Bp) 2 5X. Each € € X still gives us an adjointable map LE : Xp — Bp by

n — (£|n)p, but the anti-linear map & Lz need not be onto. This map is onto precisely
when Xp is a self-dual B-module; see [Pas73, §3] for more details.

4.1. Realization of Q-systems. For this section, we fix a unital C*-algebra B. In the
graphical calculus for C*Alg, we denote the algebra B by a shaded region and C by an
unshaded region.

Ti=c oy
Suppose (gQ@p, i, 1) is a Q-system in C*Alg(B — B). We denote @ by a black strand shaded
on both sides, and ¢Bp by a dashed strand which is shaded on the right side

o ‘ ¢By = | cBRpQp = |

We denote the multiplication and unit of ) by a trivalent and univalent vertex respectively.
Observe that the C — B bimodule ¢B Xp Qg which forgets the left B-action is a right
@-module object in C*Alg(C — B).

le ond |4 - (lW and l

Construction 4.3. Following Construction 4.1, we define |@Q| to be the unital *-algebra

whose underlying vector space is Homc_g(cBp — ¢B Xp @), and we denote its elements
by

@ S |Q| = HomC_B((CBB—MCB Xpg QB)

We define the multiplication, unit, and adjoint * of |@Q| respectively by
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Associativity of the multiplication m¢ gives associativity of multiplication for |@|, and uni-
tality of @ gives unitality of |@|. The Frobenius property for () and unitality yields ¢** = q.
That (¢1 - ¢2)* = ¢; - ¢} again follows from unitality and the Frobenius properties:

To see that |@Q| is a C*-algebra, we show it is *-isomorphic to a closed *-subalgebra of the
unital C*-algebra End¢_p(cB Kp Qp), which has multiplication, unit, and adjoint * given
respectively by

Indeed, consider the unital x-subalgebra

End_Q(CB [EB QB) e l = 3 (14)

which is clearly a norm closed unital *-subalgebra.” It is a straightforward and enjoyable
exercise using the graphical calculus that the maps ® : |Q| — End_g(cB Kp Qp) and
U : End_g(cBXp Qp) — |Q| given by

a4 a4 -

are mutually inverse unital x-isomorphisms.

Remark 4.4. If we instead work in the W* 2-category of W*-correspondences (or vNA),
observe that the unital C*-algebra |Q| = Homc¢_p(c(L?B)g — ¢(L?*B)Xp Xp) has a predual
as it is a hom space in a W* category [GLR85], and is thus a von Neumann algebra. One can
also use that right @Q-linearity is a weak* closed condition by combining (W*2') and Lemma
2.3.

Indeed, the map End(cBKg Qp) >z +— xKidg € End(cBXp Q Kp Qp) is injective and thus norm-
preserving. Since pre- and post-composition with a morphism in C*Alg is a norm-continuous operation by
Lemma 2.3, we see that the defining condition of End_q(cB Kp @p) in (14) is a norm-closed condition.
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Definition 4.5. Observe we have a unital *-algebra homomorphism ¢ : B — |@Q| given by

| B
B= EHd(C_B(B) ) @ — @ S |Q|

This map is adjointable in C*Alge_5(B = |Q|) (equipped with the right B-valued inner
products from Construction 4.1) with adjoint «' : |Q| = B given by

Q> @) — @ € Endc_p(B) = B.

We define F : |Q| — B by

Ep(q) == IC‘I]) ;

which is a B — B bimodular map onto sgBsg where sg = deél € B is the support of () as
in (Z3).

Proposition 4.6. The map Ep : |Q| — B is completely positive, faithful and has finite
Pimsner-Popa indez, i.e., there is a ¢ > 0 such that for all x € |Q|", x < c¢-1(Ep(x)).

Proof. Under the isomorphisms (15) above, the expectation to Ep : |Q| — |Q| is mapped to

EB(I) = ZEIld_Q((CB IXB QB) —>End_Q(CB XB QB);

which is manifestly cp; we conclude that Ep is also cp. We compute that £z has finite
Pimsner-Popa index:

= Idell - = lldoll- = ldol* - Ep(x).  (16)

We conclude that the expectation Ep : |Q| — B has finite Pimsner-Popa index. Faithfulness
follows immediately from the Pimnser-Popa inequality. 0

Remark 4.7. The observant reader may notice that we get the Pimsner-Popa bound ||dg||?
instead of ||dg||; one should expect the latter from subfactor theory. The reason is that we
have secretly embedded |@| into the Jones/Watatani basic construction Endc_p(cBXp @p)
(where the right Q-action is replaced by B), and noticed that the conditional expectation
down to B restricts to the correct expectation on the image of |Q| = Endc_q(cB Xg Qp).

Thus the best bound we can obtain in this way is ||dg||* rather than ||dg]|.
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4.2. Realization of 1-morphisms between Q-systems. Suppose A, B are unital C*-
algebras and 4 Xp € C*Alg(A — B). We denote the algebras A, B by shaded regions and X
by a red string respectively:

= A =B |:X

Suppose now that P € C*Alg(A — A) and @ € C*Alg(B — B) are Q-systems, and X : P —
@ is a 1-morphism in QSys(C*Alg). We denote the left P- and right Q-action morphisms
graphically by red trivalent vertices:

= = K

We suppress the labellings of the P and () strings, which can be inferred from whether they
act from the left or the right on X.

As above, ¢cA K4 Xp is the right B-module obtained from X by forgetting the left A-
action. We denote ¢ A4 by a dashed string which is shaded by A on the right.

DR

=cAN, X E = c¢Bg.

Observe that c AKX 4 Xp has an obvious right QQ-action, but there is no longer an obvious left
P-action.

Construction 4.8. Following Construction 4.1, we define | X| := Hom¢_p(cBg — cA Xa
Xp), whose elements are represented graphically by

e |X|.

We endow | X| with a |P|-|@Q| bimodule structure by

VfelP|
Vn e |M|, and
Vg el|qQ|

It is a straightforward exercise using the graphical calculus to prove associativity and uni-
tality for the |P| and |@| actions.

Lemma 4.9. The |Q|-valued sesquilinear form on |X| given by

Mg = € Home_p(cBp = cBXp Qp) = |Q)

is a |Q|-valued inner product.

Proof. We need to prove right |Q|-linearity, positivity (which implies self-adjointness by

polarization), and definiteness.
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Right |Q|-linear: (n|§ < q)jq = = l&)q < q

Positive: To show that (£[€)ig > 0 for all ¢ € |X|, we use the unital x-algebra isomorphism
P :|Q| — End_g(cBXp Qp) from (15). For all £ € | X],

D((l)q) =

Hence (£|€)|g) > 0 as ® is a unital *-isomorphism.
Definite: Suppose (£|)|g = 0. Again applying the isomorphism ® and using the fact that
C*Alg is C*, we have

| A
:o:> :0=> : = 0. O

Proposition 4.10. The space | X| equipped with its right |Q|-valued inner product is a right
|P| — |Q| correspondence.

Proof. We must check that that the left | P|-action is by adjointable operators and that |X|
is complete in the norm induced from |Q)|.
Adjointable | P|-action: Observe that for all n,£ € | X| and p € |P|,

(f>nl)q = = (nlp* > &)|q-

Complete: By definition, |X| is complete in the norm induced from the right B-valued inner

product given by (n|§>|§‘ =nl o0& € Ende_p(B) = B from Construction 4.1. We prove this
norm is equivalent to the norm induced by the right |@Q|-valued inner product. Indeed,

mle)s! = o Es(mle)y)
33



where Ep : |Q| — B is the finite index conditional expectation from Definition 4.5. This
means that there is a ¢ > 0 such that ¢ < c¢- Eg(q) for all ¢ € Q. Since ||Ep(q)||s < ||4ljg|
for all ¢ € |Q], for all £ € | X],

€l = I1€l)igiar < e IBs(ElNIE" < e I8l = ¢ I€lar

Il

This completes the proof. O

4.3. Realization of 2-morphisms. Suppose A, B are unital C*-algebras and 1 Xpg, AY5, 145 €
C*Alg(A — B). We denote A, B as above by shaded regions and 4 Xpg, 4Yp, 4Zp by colored
strands:

— A = B. =X =Y | =z

Construction 4.11. Suppose f € C*Alg(4Xp = 4Y5) is a P — @ bimodule intertwiner.
We define |f] : | X| — |Y]| by

/] r= e [Y].

Since f is P — @ bimodular, it follows that |f| is |P|-|@| bimodular.

Lemma 4.12. For f € C*Alg(uXp = 4YB) and g € C*Alg(4Ys = aZp) both P — Q
bimodular, |g o f| = ig|o |-

Proof. We observe that for all £ € | X/,

The claim follows. U

Lemma 4.13. For f € C*Alg(aXp = 4Yp) P —Q bimodular, |f] : | X| — |Y| is adjointable
with respect to the right |Q|-valued inner products with |f|* = |fT|.

Proof. For all ¢ € | X|and n € |Y/|, <77Hf’f>}gl‘ - 3 ( M

MM?2)
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Remark 4.14. Suppose 4 Xp, 1Y € C*Alg(A — B). Recall from Construction 4.1 that we
have canonical unitary isomorphisms 4 Xp = 4|X|p and 4Yp = 4|Y|g. We claim that for
all f € C*Alg(aXp = 4Yp), the following diagram commutes:

AXB S N AYB

T i

|£]
AlX|p —— alY]s.

This is easily seen from the following calculation. Given ¢ € X, going right then down yields
Lye - b 1,X(f€)<ib, whereas going down then right yields | floLe : b +— (id4 X f)(14XE<b),
which are visibly equal maps in |Y| = Homc_g(cBp — cA X4 Y3p).

4.4. Composition of 1-morphisms. Suppose A, B, are unital C*-algebras, and 4 Xp €
C*Alg(A — B) and pYo € C*Alg(B — (). We denote the algebras A, B,C' by shaded
regions and X, Y by red and strings respectively:

= A =B =C =X =Y.

Suppose now that P € C*Alg(A — A), @ € C*Alg(B — B), and R € C*Alg(C — C) are
Q-systems, and X is a P — () unital Frobenius bimodule object and Y is a () — R unital
Frobenius bimodule object. As in Definition 3.18, we denote the separability idempotent
pxy € Enda_o(X Kp Y) with respect to @, the object X ®qg Y € C*Alg(A — ('), and the
coisometry uyy € Homy (X XY - X ®qY) by

}‘ =Pxy =X®qY @ =uxy.

We now construct the tensorator p for our 2-functor QSys(C*Alg) — C*Alg, i.e, an asso-
ciative unitary natural isomorphism p = {px,y € Hom|p—z|(|X| Mg Y] = [X @ Y])}xy.
Before we do so, we make the following remark.

Remark 4.15. Observe that the map

Q= -
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descends to a unitary isomorphism Txy : | X|Xp |Y| — | X Kp Y|. Indeed, it is B-middle
linear, it preserves the B-valued inner products

(€ Bmle Ry = = (m|(&]&)5 > m)e

and it clearly has dense range as |X|p = Xp and g|Y|c = gYe as in Construction 4.1.
Observe that the composite

X|®p V] =5 X Bp Y] 2525 |X 00 Y
is a coisometry as |uxy| € Home_¢(|X Mg Y| = | X ®¢ Y|) is a coisometry.

Proposition 4.16. The realization (|Q|,|m| o Tgq,|i]) is a Q-system in C*Alg(B — B)
which is equivalent to (Q,m, 1) in QSys(C*Alg).

Proof. Under the identification |B| = End¢_p(B) = B, the map B — |Q)] is given by [i],

and the multiplication on |Q)] is the composite

Q| K5 Q| —2% |Q Ky Q| =

which are both obviously adjointable operators. It follows that the adjoint of multiplication
is given by |m|" o T4, and that (|Ql,|m| o Tg ., |i]) is a Q-system in C*Alg(B — B), as

(Im| o To,q) o (Im| 0 To.q)' = Im| o |m|" =idjq, .

Letting sg € B be the range projection of dg as in (Z3), the B— B bimodular map Ep : |Q| —
B is a faithful ¢cp map onto By := sgBsg by Proposition 4.6. In particular, |Q|p, is finitely
generated projective by Lemma 3.11, and thus so is |Q|p as the orthogonal complement of
By acts by zero on |Q)|.

Moreover, by Construction 4.1, we have that g@p is isomorphic to g|Q|p as 1-morphisms
in C*Alg(B — B). It is straightforward to show that this isomorphism intertwines the
multiplication and unit, giving an isomorphism of Q-systems. This is seen by analyzing the
following diagrams which commute by (17):

QN5 Q > Q B ———Q
e S A
QX5 |Q] — [QXp Q] — [Q] =B — ||

This concludes the proof. 0

The following corollary is a rephrasing of Proposition 4.16.
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Corollary 4.17. Every Q-system P € C*Alg(A — A) is equivalent in QSys(C*Alg) to a
Q-system of the form of Example 3.12. In more detail, there is a direct sum decomposition
A= Ay® Ay and a surjective faithful cp Ag — Ao bimodular map E : |P| — Ag such that the
Q-system built from (A C |P|, E) as in Example 3.12 is equivalent to 4 P4 in QSys(C*Alg).

Construction 4.18. We define puxy : | X| Mg |Y| = |X ®¢ Y] as follows. First, the map
X ®cY — |X ®¢q Y| given by

Since uyy = ux,y o px,y, the left and right hand sides are visibly equal. Next, observe that
forall ¢ e X andneY,

(x.y (€ @) |pxy (€ @)@ =

Y1

= (m @ley o),
X Iig YT

= (& X&)

Hence we get a well-defined isometric map pxy : [ X| Mg |Y| = | X ®¢ Y|. We immediately
see that im(|uxy| o Txy) C im(ux,y), so pxy is surjective. Finally, it is straightforward to

verify that pxy is P — R bimodular.
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While the relative tensor product of right correspondences does not satisfy a universal
property, the following corollary establishes a universal property for changing the fusion by
a finite index over algebra.

Corollary 4.19. Let B C @) be a unital inclusion of C*-algebras equipped with a finite index
faithful (completely positive) conditional expectation Eg : QQ — B as in Example 3.10, so
that 1 = EL is the inclusion B — Q). Suppose that the multiplication m : Q Mg Q — Q 1is
adjointable such that (Q, m,i) is a Q-system in C*Alg(B — B).

(1) If X € C*Alg(A — @) and Y € C*Alg(Q — C) satisfy (B4), then restricting the
Q-actions to B-actions and endowing Xp with the right inner product (£|n)%s =
i((n]€)3), we may view X € C*Alg(A — B) and Y € C*Alg(B — C).

(2) The unitary coequalizer (which exists by Definition 3.18 and Remark 5.19)

XRpQRpY ——3 XKV —— % X @,V

s unitarily isomorphic to X Mg Y.

Proof.

(1) This is immediate.

(2) By Construction 4.1, 4 Xp = 4|X|p, sYe = g|Y]|c, and X ®¢ Yo = 5|X ®¢g Y|c.
Moreover, observe that ) = |Q| as unital C*-algebras. This implies

KXY

Remark 4.20. By the above corollary, there is a canonical coisometry vxy : | X|Xp Y] —
| X | Xq| |Y] such that the following diagram commutes, where the first line is a coequalizer:

X[ Bp Q| Kp |Y] ——= |X|Rp Y] —— |X| K Y|

Txy EE!MX,Y (18)

<

Since |uxy|o Txy coequalizes the two maps on the left hand side of (18), we see that pxy
is then the unique map from the universal property of the coequalizer. We record for later
use the following identity for p1xy which follows by precomposing with the isometry v},Y:

,UX7Y = ’UX’y‘ ¢} TX,Y o U;(Ap (19)
Proposition 4.21. The collection {uxy }xy assembles into a unitary natural isomorphism.

Proof. It remains to prove naturality. Consider bimodules p X and oYy and a P — @
bimodular map ¢ € C*Alg,_z(X = X’) and a ) — R bimodular map ¢ € C*Algg_(Y =

Y’). By naturality of the families of unitary isomorphisms {uyy} and {vxy} (as they are
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the canonical coequalizer maps), we have

pxryr o (|6l R [¥]) o vxy = pxryr o vyxop vy o (9] Kg [¥])
= |uxry'| o Txry o (|| Rp [¢])
= |uxy| o |pXMp | o Txy
= |luxry o (pXp )| o Txy
=[(p®q ) ouxy|oTxy
= [¢p ®@q Y| ofuxyloTxy
= |¢ ®q Y| o pxy ovx,y.

We now precompose with the isometry U;QY to obtain

|0 ®q ¥l o pxy = pxry o (|0 Kigl [¢]). m

Finally, we remark that associativity of u = {uxy}xy follows similarly to that of
QSys(F)?* from Construction 3.29. Indeed, the formula (19) for p is entirely similar to
the definition (9) of QSys(F)?. We leave the straightforward details to the reader.

4.5. Equivalence. We now prove that the 1 2-functors ¢ : C*Alg — QSys(C*Alg) and | - | :
QSys(C*Alg) — C*Alg witness a 2-equivalence. First, under the identifications
A= EndC,A(CAA) and AXB = HOHI(C,B(CBB — (CA @A XB)

Const. 4.1

and naturality of the unitary isomorphism on the right hand side above from (17), we see
| - | o ¢ is unitarily naturally isomorphic to the identity 2-functor on C*Alg. Thus once we
prove ¢ is an equivalence, it follows formally that | - | is an inverse T 2-functor. By Remark
3.35, ¢ is an equivalence if and only if it is essentially surjective on objects.

Proposition 4.22. The T 2-functor v is essentially surjective on objects.

Proof. Suppose (@, m,i) in C*Alg(B — B) is a Q-system. We must show @ is equivalent to
a trivial Q-system. By Prop. 4.16, (Q, m, ) is equivalent to the realized Q-system (|Q|, |m| o
To.0,i]). Let By = sgBsq, where sq is the range projection of dg as in (Z3). By Ex. 3.25,
the realized Q-system (|Q], |m| o Ty.q, |i|) is equivalent to p,|Q|p,, the same Q-system, but
considered over By rather than B. Finally, by Ex. 3.27, p,|Q|5, is equivalent to the trivial
Q-system 1,9 € C*Alg(|Q] — |Q|). The result follows by concatenating equivalences of
Q-systems in QSys(C*AIg):

50 Prop. 1.10 Bl “H5m 5lQlr e lLieiel - O
This concludes the proof of Theorem A. O

5. INDUCED ACTIONS ON C* ALGEBRAS

We now describe an application of our constructions above. Recall an action of a unitary
fusion category (UFC) C on a (unital) C*-algebra A is a unitary tensor functor F' : C —
C*Alg(A — A). Finding actions of UFCs on C*-algebras is generally a difficult task. Most
known examples use C*-analogues of subfactor constructions, e.g. [Izu98, HHP20]. In [Jon20],
the author constructed actions of pointed fusion categories Hilb(G, w)® on C(X), where X is

SHere, G is a finite group and w is some normalized representative for a class [w] € H3(G,U(1)).
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a closed connected manifold. Using these types of constructions as input, we can apply the
general theory we have developed to actions of dual fusion categories on QQ-system extensions.
We call such actions induced actions.

We divide this section into two subsections. In §5.1, we observe that an action of a UFC
on a unital, stably finite C*-algebra A equips the abelian group Ky(A) with the structure of
a right module over the fusion ring Ky (C). Furthermore, this module structure plays nicely
with the order structure on Ky(A), which leads naturally to K-theoretical obstructions for
the existence of actions. Using these properties, we conclude in Corollary 5.3 that non-
integral UFCs do not admit actions on any continuous trace C* algebra with connected
spectrum.

In §5.2 we address the existence question of which integral UFCs act on such C* alge-
bras. Given a unitary tensor functor F' : Hilb(G,w) — C*Alg(C(X) — C(X)), Q-system
completion yields induced actions of group theoretical UFCs, a.k.a. UFCs unitarily Morita
equivalent to Hilb(G,w) (see Definition 5.4), on Q-system extensions of C(X), which are
continuous trace C* algebras whose spectrum is some closed connected n-manifold for n > 2
(Corollary D). This construction therefore produces larger families of actions of integral
UFCs on continuous trace C* algebras over connected spectra.

5.1. Ky-obstructions to actions of unitary fusion categories. Recall that if A is stably
finite (the identities of M, (A) are not equivalent to proper sub-projections for all n), then
Ky(A) naturally acquires the structure of an ordered abelian group, with order unit [14],
whose positive cone K (A) is given by the image of [X], where X € C*Algg,(C — A) is a
finitely generated projective right Hilbert A-module (e.g. [Bla98, Chapter I11.6]). A state is
a homomorphism of ordered groups ¢ : Ko(A) — (R, +) such that ¢([14]) = 1.

Let C be a unitary tensor category. Given a unitary tensor functor F' : C — C*Alggg,(A —
A), by the universal property of the Grothendieck construction, we may canonically endow
Ko(A) with a the structure of a right K(C) module. If X € C*Algg,(C — A) and a € C,
the action is induced by [X] < [a] := X K4 F(a). By definition, each [a] acts by a positive
endomorphism, namely K (A)<[a] C KJ (A).

Now if C is a fusion category, we can take a state on Ky and ‘average it’ over the action
of the fusion category. Using the Perron-Frobenius theorem, this allows us to produce an
‘eigenstate’ for the action. As a consequence, we obtain no-go theorems for actions of fusion
categories on large classes of C*-algebras.

Lemma 5.1. Let A be a stably finite C*-algebra and F : C — C*Algep(A — A) an action.
For any object a € C, the endomorphism — < [a] € End(K{ (A)) is not the zero operator.

Proof. Suppose for contradiction that [H]<[a] = 0 for all [H] € K (A). Then since Nalca =1,
0=(H]<[a)ala] = [H]<[a®a = Y Np[H] <[] =[H+ ) N;,[H]<[b].
belrr(C) b#1c
But Y, N2, [H] < [b] > 0. Thus [H] < 0, and since this group is ordered, this implies
[H] = 0 for all H, a contradiction. O
The following proposition should be compared with [KW00, Thm. 5.9].

Proposition 5.2. If A is a unital stably finite C*-algebra, C is a unitary fusion category,
and F : C — C*Algg,(A — A) is a unitary tensor functor, there ezists a state ¢ of Ko(A)

such that ¢(— < [a]) = FPdim(a)p(—) for all objects a € C.
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Proof. By [GH76, Cor. 3.3], any ordered abelian group with an order unit admits a state .
Consider the linear functional ¢(—) = > 1) FPdim(a) - ¢(— <[a]). Then o([H]) > 0.
We compute

p([H]a[t]) = ) FPdim(a)¢([H] <[b® a))

a€lrr(C)

= ) FPdim(a) NSy ([H] < [d])

a,c€Irr(C)

= > | 3 Frdim(a)NG | o([H]<[d])

celrr(C) \ a€lrr(C)

= Y FPdim(b) FPdim(c)y([H] < [c])
celrr(C)
= FPdim(b)p([H])

We claim that ¢([14]) # 0. To see this, suppose for contradiction that
0=(la]) = ) FPdim(a)i([La] <[a]).

a€lrr(C)

Then by positivity, for all a, FPdim(a)y([14]<[a]) = 0. In particular, for a = 1¢, ¥([14]) = 0,
contradicting the assumption that 1 is a state. Hence the state ¢ := p([14])7" - ¢ satisfies
the desired property. O

Proposition 5.2 provides a particularly useful obstruction to the existence of actions of
fusion categories on stably finite C*-algebras whose K-theory has a unique state ¢. In this
case, the unique state is necessarily an ‘eigenstate’ for the fusion category action in the sense
of the above proposition. Thus for a given fusion category to act on A, it is necessarily the
case that ¢(Ky(A)) C R is closed under multiplication by the dimensions of C.

One class of C*-algebras that are closely related to classical topology are the continuous
trace C*-algebras. The unital continuous trace algebras are essentially locally trivial bundles
of matrix algebras over their spectrum (which happens to be a compact Hausdorff space). In
particular, unital C*-algebras Morita equivalent to C'(X) are continuous trace, but there are
many examples not of this form. However, unital continuous trace algebras are always stably
finite, nuclear C*-algebras. It is natural to ask whether fusion categories admit actions on
these algebras, in particular when the spectrum is a ‘nice’ space, for example some sort of
manifold. We have the following corollary, which greatly restricts the possibilities.

Corollary 5.3. If a fusion category contains an object with a non-integral dimension, there
18 mo action on any unital continuous trace C*-algebra with connected spectrum.

Proof. Let A be a unital continuous trace C*-algebra with corlnected spectrum A. For a
projection p € My (A), the function z — tr(z(p)) € Z for x € A is continuous, and since A
is connected, is some constant value we call p. Every state on Ky(A) arises from a quasitrace
on A [BR92|. Since A is nuclear by [RW98, B.44], all states on K| arise then arise from
traces on A [Haal4, Thm 5.11]. But since A is continuous trace (hence postliminal), traces

on A correspond to probability measures on the spectrum A [Dix77, §8.8], and thus any
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trace 7 on A will satisfy

~

r(p) = /A tra(p)) = [ dpl = 7

14 A 1y 14

We conclude there is a unique state on Ky(A), defined by p — TLA € Q. In particular, this

implies that if a fusion category admits an action on A, then FPdim(a) € Q for all objects a.
But these dimensions are algebraic integers, and rational algebraic integers are integers. [

5.2. Group theoretical fusion categories act on continuous trace C*-algebras.
Corollary 5.3 in the previous section implies that only integral fusion categories admit ac-
tions on continuous trace C*-algebras. This motivates the question of which integral fusion
categories admit such an action? A large class of integral fusion categories are given by
group-theoretical fusion categories. We recall the definition below.

Definition 5.4. Two unitary fusion categories C,D are called unitarily Morita equivalent
if there exists a connected Q-system @ € C such that D = QSys(BC)(Q — Q).” A unitary
fusion category C is called group theoretical if it is unitarily Morita equivalent to Hilbgy (G, w)
for some finite group G and [w] € H3(G,U(1)).

Using our above results, we can build actions of group theoretical fusion categories on
C*-algebras by finding actions of Hilbg(G,w) on algebras, and inducing actions on the cor-
responding Q-system extensions. By [Jon20], every Hilbg(G,w) admits an action on C'(X)
where X is a ‘nice’ compact Hausdorff space (e.g. closed connected n-manifold for n > 2).
This implies we can build arbitrary group theoretical fusion category actions on Q-system
extensions of these C'(X). We would like to characterize the C*-algebras that arise this way.

By [Ost03b, Thm. 3.1}, an irreducible Q-system in Hilbg (G, w) is given by a pair (H, p)
where H < G and p: H x H — U(1) satisfies du = w|y. Equivalently, we have

u(gh, k)u(g, h) = w(g, h, k)p(g, hk)u(h, k) Vg, hk€G.
Following [EGP21, Example 5.5], for any (unital) C*-algebra A and an automorphism
a € Aut(A), we can define a bimodule A, € C*Alg(A — A) by setting A, := A as a vector
space with A actions and A-valued inner product defined by

avn<b:= ana(b) (| €a=a " (n"¢).
For any two automorphisms «, 8 € Aut(A), the intertwiner J, g : Ay X Ag — A, given by
the extension of £ K7 — £a(n) is a unitary isomorphism in C*Alg(A — A). Furthermore, if

a(-) = uB(-)u*, then the map n — nu extends to a unitary isomorphism A, — Ag in
C*Alg(A — A). Such unitaries u form a torsor over the U(Z(A)), and comprise all unitary
A — A bimodule isomorphisms A, — Ag.

An action Hilb(G,w) — C*Alg(A — A) is called automorphic if for each g € G, the
image of the corresponding simple object is isomorphic to A, for some o € Aut(A). This
yields an assignment g — a, € Aut(A). Combining the observations above, our tensorators
must have the form

Mg p(n ® &) = Jaga, (N @ Eug
where the unitaries ug 5 satisfy ayoan () = ug nogn( - )uy 5, That this data defines a monoidal
functor is equivalent to the conditions

Ug h0ty © (- ) = agn( - )ugn and Ug hi g (Un i) = wW(g, Ry k) Ugh kg p-

"This definition is equivalent to the definitions given in [Miig03, HP20] using [NY18, Thm. A.1].
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Taking the *x of both sides, this is precisely the same data as an w-anomalous action of G,
where @ is the complex conjugate 3-cocycle (c.f. [EGP21, Example 5.5, Proposition 5.6],
[Jon20, Remark 2.5]).

Lemma 5.5. Let A be a unital continuous trace C*-algebra and F an automorphic action
of Hilbgy(G,w) on A which induces a free action of G on the spectrum A. Then for any
Q system (H,p) € Hilbi(G,w), the realization |(H, u)|p is continuous trace, with spectrum
X/H.

Proof. First we claim the realization |(H, )| is isomorphic to a Busby-Smith twisted crossed
product (also called a cocycle crossed product) A xp,, H (see [RSWO00] for an overview). To
see this, suppose we have an automorphic action of Hilb(G,w) with g — «, € Aut(A) and
unitaries u,j as above. Restricting to H, if we set wy;, = g pugn € A. We notice that w,
satisfies the ‘non-anomalous’ cocycle equation, namely

Wkl (Whk) = (Pgnbini) (Ugnetg(tnk)) = w ™ (g, hy K)w(g, b, k) (tigh ktig.n) (Ugn ktign)
= U)gthwg’h.

The realization of the Q-system (H, ) as a bimodule can be written

(H, 1) = D A,

geG

Writing an element a € A, as ad,, we then see the formula for the product on the realization
is (ady)(bdn) = aoy(b)wgpdgn. This is exactly the definition for the product of Fourier
coefficients for the cocycle crossed product with cocycle {w,}y. Since our groups are
finite, this yields an isomorphism of C*-algebras.

Now, by the Packer-Raeburn stabilization trick [PR89|, |(H,p)|r ® B((*(H)) = (A ®
B((*(H))) x5 H, where 3 is an ordinary (untwisted) action of H on A ® B({*(H)) which
induces the same action of H on Z(A ® B({*(H))) = Z(A) (see [PR89, Formula 3.1]), and

thus also on (A® B(¢*(H))) = A. Since the action of H is free on the spectrum, by [RR88,
Theorem 1.1], A ® B(¢*(H)) is continuous trace with spectrum A/H. O

Corollary (Corollary D). Let C be a group theoretical fusion category, and n > 2. Then
there exists a closed, connected manifold X of dimension n and an action of C on a unital
continuous trace C*-algebra with spectrum X.

Proof. Let C be a group theoretical unitary fusion category Morita equivalent to Hilbg(G,w)
via a Q-system (H, p1) € Hilbg(G,w). Let n > 2. The proof of [Jon20, Thm. 1.3] shows there
exists an w-anomalous action on a unital C*-algebra A which is Morita equivalent to C'(M),
where M is a closed, connected n-manifold, which is thus continuous trace. By [EGP21,
Proposition 5.6], this yields an automorphic action of Hilbgy(G,w) on the continuous trace
C*-algebra A whose spectrum is M. From the construction it is clear that the action of
G on X is free. Applying the above lemma, |(H, p)|r is continuous trace with spectrum
X = M/H, which is again a closed connected manifold of dimension n. By Theorem A, C
acts on |(H, )| p. O

We end this article by posing some questions about Q-systems, realization, and actions
of UFCs on C*-algebras.

Question 5.6. Can one replace ‘continuous trace’ with ‘commutative’ in Corollary D?
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Remark 5.7. For pointed fusion categories, we have a positive answer to Question 5.6 by
[Jon20, Thm. 1.3] (indeed we used this result as input to obtain the corollary). In general, the
construction outlined above will produce actions on continuous trace C*-algebras which have
non-trivial Dixmier-Douady invariant, valued in H?(X,Z). These invariants are precisely
obstructions to being Morita equivalent with C'(X). The value of this invariant for |(H, )|
can be computed with the tools developed in [CKRW97].

Question 5.8. What are the Q-systems in C*Alg(C(X) — C(X))?

Note that if we look at the full subcategory Mod(C'(X)), [HR18] tells us the Q-systems
are bundles of matrix algebras over X.

Question 5.9. What are the connected components of QSys(C*Alg) ?

Question 5.10. Suppose () is a Q-system in a unitary tensor category C acting on a unital
C*-algebra A via F : C — C*Algep(A — A). Can one compute the K-theory of |F(Q)] in
terms of the K-theory of A and categorical data from C?
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