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Abstract

Integrable standard and nonlocal derivative nonlinear Schrodinger
equations are investigated. The direct and inverse scattering are con-
structed for these equations; included are both the Riemann—Hilbert and
Gel fand-Levitan—Marchenko approaches and soliton solutions. As a typical
application, it is shown how these derivative NLS equations can be obtained as
asymptotic limits from a nonlinear Klein—Gordon equation.

Keywords: inverse scattering transform, Riemann—Hilbert problems,
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(Some figures may appear in colour only in the online journal)

1. Introduction

Nonlinear Schrodinger (NLS) equations are among the most physically important equations in
mathematical physics. The one space one time integrable cubic NLS equation

ig; + g £ Zqzq* =0,
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where * represents complex conjugation, is a universal model arising in nonlinear dispersive
waves cf [1]. Soon after the Korteweg—deVries (KdV) equation was integrated for rapidly
decaying data [17], this NLS equation was also found to be integrable by the inverse scat-
tering methods [23]. In 1974, KdV, NLS, modified KdV, sine-Gordon and, more generally,
a class of nonlinear equations were integrable by a unified method, termed the inverse scat-
tering transform (IST) [4]. Many new and physically significant equations were subsequently
found to be integrable by these procedures, both continuous and discrete cf [3, 9, 11], and there
have been extensive results inspired by IST [1, 2, 10]. Among these equations is the deriva-
tive NLS equation which arises in plasma physics [19], see equation (2.11) below. In [19], a
Gel’fand—Levitan—Marchenko approach was employed to carry out the inverse scattering, the
case of non-vanishing background was subsequently considered by Kawata and Inoue [20],
and the associated 1-soliton solutions were attained accordingly [19, 20]. The 2-soliton solu-
tions for zero and nonzero boundary conditions were reconstructed by Kawata et al [21]; later
Chen and Lam utilized Riemann—Hilbert methods to explore the case of non-decaying data
[14]. Subsequently, the multi-soliton solutions of the derivative NLS equation with vanish-
ing and non-vanishing backgrounds were investigated [15, 26]. More recently, the double-pole
solitons were formulated via IST [25]. Moreover, Liu, Perry and Sulem applied IST to study
global existence for the derivative NLS equation [22]. Subsequently, the long-time asymptotics
for the solution of the derivative NLS equation with generic initial data in a weighted Sobolev
space was analyzed and the asymptotical stability for the soliton solutions was proven [18].
In addition, the well-posedness and regularity of the derivative NLS equation on the half line
were discussed by Erdogan et al [16]. Even though there was extensive research in the field
of integrable systems/soliton theory, it was not until 2013—-2017 that large classes of new non-
local equations (of very simple form) were obtained and solved via AKNS procedure [5-7].
This included the PT symmetric NLS, the reverse space time (RST) NLS and reverse time (RT)
NLS equations:

iq,(x, 1) + qux(x, 1) £ 2¢% (x,0)g"(—x,1) = 0, PTNLS,
iq,(x, 1) + gu(x, 1) £ 267 (x, )g(—x, —1) = 0, RSTNLS,

igi(x, 1) + guc(x, 1) £+ 2¢%(x, )g(x, —1) = 0, RTNLS.

In this paper, we analyze the derivative NLS equation in the general case, the ‘standard’
derivative NLS equation (2.11), the nonlocal PT symmetric derivative NLS equation (2.13)
and the RST derivative NLS equation (2.16); we remark that we do not find an equivalent
integrable RT derivative NLS equation.

It should be pointed out that the derivative NLS type equations are extremely important.
From mathematical viewpoint, they are integrable systems and hence amenable to IST. Thus,
they have deep underlying mathematical structure, an infinite number of conserved quantities
and soliton solutions. In addition, the nonlocal PT and RST derivative NLS equations are new.
In this paper, the IST is employed to investigate the Cauchy problems for these novel non-
local equations; we revisit the standard derivative NLS equation. The inverse scattering via
both Riemann—Hilbert and Gel fand-Levitan—Marchenko approaches and soliton solutions
are formulated. The nonlocal derivative NLS systems are extremely simple in form. From phys-
ical intuition, one expects that simple equations should be derivable from physically related
problems. Indeed that is what we find. Here the derivative NLS type equations, including the
standard and two nonlocal cases, are obtained from a nonlinear Klein—Gordon type equation
via multi-scale methods.
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Note that different symmetry reductions between potentials ¢ and r yield different spectral
problems, see equation (2.1). For the standard derivative NLS equation, there is one-to-one
correspondence between eigenvalues k; defined in the upper half plane and 7 in the lower
half plane. However, such symmetries are not valid for either the PT or RST derivative NLS
equations. Consequently, there are different types of solutions that can occur; e.g. they admit
both singular and non-singular solutions; furthermore, the simplest soliton solution for the PT
case is a 2-soliton (there is no pure 1-soliton solution).

The outline of this paper is as follows. In section 2, we find compatible linear systems asso-
ciated with the general derivative NLS equations including the standard derivative NLS and
two nonlocal derivative NLS equations: the PT symmetric and RST derivative NLS equations.
Section 3 contains the direct scattering analysis, time dependence, symmetries and trace formu-
lae. Unlike the standard case, trace formulae are necessary in order to carry out the complete
IST in the nonlocal cases. Section 4 details the inverse scattering via the Riemann—Hilbert
method and pure soliton solutions. The Gel’ fand—Levitan—Marchenko approach is discussed
in section 5. In section 6, we address the important question of how the standard and nonlocal
systems arise in physically related systems. Here, by allowing for solutions to be complex,
we show how the general ‘g, r’ derivative NLS system: (2.8) and (2.9) is derived as a quasi-
monochromatic asymptotic limit from a nonlinear Klein—Gordon type equation. Since the
general derivative NLS equation has reductions to the standard and nonlocal derivative NLS
equations, they are all contained as asymptotic limits from this nonlinear Klein—Gordon type
equation. This is consistent with the result in [8], where it was shown that there are quasi-
monochromatic asymptotic reductions from nonlinear Klein—Gordon, KdV and water wave
equations to the general ‘g, r’ NLS equations found in [4]; these ‘g, ’ NLS equations have sym-
metry reductions to the nonlocal NLS equations: PT NLS, RST NLS and RT NLS equations.
We then conclude.

2. Compatible linear system: nonlocal derivative NLS equations

We begin with the linear scattering problem
v, = Xv = (kD + kQ(x, D)V, (2.1)

where v = v(x, £) is a two-component vector: v(x, 1) = (v (x, 1), v2(x, ))T; Xis a2 x 2 matrix; k
is a complex spectral parameter; D = diag(—1, 1) and Q(x, ¢) is an off diagonal matrix depend-
ing on two complex-valued potentials: g(x, ), r(x, #) that vanish rapidly as |x| — co. Below we
show that g(x, 1), r(x, t) satisfy coupled nonlinear equations. More explicitly, the matrix X takes

the form
i kq(x, 1)
X= (kr(x, n ik ) 22)

Associated with the scattering problem (2.1), the time evolution equation of the eigenfunctions
vj, j=1,2,1is given by

v, =Tv, (2.3)

A B
T:<C _A), (2.4)

where
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and the quantities A, B and C are scalar functions of g(x, t), r(x, ) and the spectral parameter
k. Depending on the choice of these functions, one finds an evolution equation for the poten-
tial functions g(x, f) and r(x, r) which, under a certain symmetry restriction, leads to a single
evolution equation for either g(x, ) or r(x, f). The above formulation [19] is a generalization
of the AKNS construction [3, 4, 11].

We are interested in the case where the quantities A, B and C are polynomials of degree four
in the constant parameter k£ with coefficients depending on g(x, ), r(x, ?):

A = —iQk* + ik q(x, Hr(x, 1)), (2.5)

B = —iQ2ik’q(x, 1) — kq, + ikrg?), (2.6)

C = —iQik’r(x, 1) + kry + ikr’q). 2.7)
The compatibility condition of system (2.1) and (2.3) leads to

qi(x, 1) = iqux(x, 1) + (¢7 (X, Dr(x, 1)), (2.8)

r(x, 1) = —irg(x, 1) + (FP(x, Hg(x, 1))y 2.9)

Below we give three symmetries of this ‘g, r’ system associated with the spectral/scattering
problem (2.1) and (2.2). Under the symmetry reduction

(1) r(x, 1) = oq*(x,1), o= =1, (2.10)

the system (2.8) and (2.9) is compatible; this yields the standard derivative nonlinear
Schrodinger (derivative NLS) equation:

@i, 1) = iquc(x, 1) + 0(g7 (6, DG (%, 1)) 2.11)

which was found/analyzed in [19]. There are two more symmetry reductions which lead to
integrable nonlocal nonlinear equations.

(i) r(x, 1) = ioq"(—x, ), o =+1. 2.12)

In this case, the compatibility of (2.8) and (2.9) yields the nonlocal PT derivative nonlinear
Schrodinger (PT derivative NLS) equation:

4:(x, 1) = iqec(x, 1) + 10(g*(x, Dg" (=%, 1)) (2.13)

‘We note that when the equation is put in the form

q1(x, 1) = iqux(x, 1) +i0(VIg; x, 1]q(x, 1))x, Vig; x, 1] = q(x, D" (—x, 1),
(2.14)

then the potential V[g; x, ] satisfies the PT-symmetry condition V[g; x,] = V*[gq; —x,1].
>iii) r(x,t) = og(—x, —1), o= =*l. (2.15)

In this case, the compatibility of (2.8) and (2.9) leads to the reverse space-time derivative
nonlinear Schrodinger (RST derivative NLS) equation:

4:(x, 1) = iquc(x, 1) + 0(g*(x, 0)g(—x, = 1)) (2.16)

4
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We further remark that unlike the standard NLS equation, the sign of ¢ = £1 does not matter
in the derivative NLS equations; it can be rescaled to unity. So it is sufficient to carry out the
analysis for ¢ = 1 only. Indeed, it is due to the invariance x — —x. The ‘g, r’ system (2.8) and
(2.9) here does not admit pure RT (without reverse space) symmetry; this is different from the
‘q, r’ system in the AKNS case [7], i.e. there is no analog of the RT NLS equation mentioned
in the introduction.

The ‘g, r’ system (2.8) and (2.9) has an infinite number of conserved quantities, among
which the simplest one is

Coz/ qrdxz/qrdx. (2.17)

We also note that the above nonlocal equations which are nonlocal in space or nonlocal in
both space and time are embedded into the local ‘g, r’ system. Namely, they satisfy the local
system (2.8) and (2.9). Then the nonlocal equation (2.13) is obtained from (2.8) and (2.9) with
the initial condition r(x,t = 0) = iog*(—x, ¢t = 0); similarly the nonlocal equation (2.15) is
obtained from (2.8) and (2.9) with the initial condition r(x, 7 = 0) = og(—x,t = 0).

3. Direct scattering, time dependence, symmetries, trace formulae

3.1. Direct scattering

We will assume that g(x, 1), r(x, ) — O rapidly as |x| — co. The solutions to the scattering
problem (2.1) and (2.2) are defined by their boundary conditions

D(x, 1, k) ~ (é) e T Bt k) ~ (?) T as x 5 —o0,

3.1
P(x, t, k) ~ (?) eik2", E(x, t,k) ~ (é) e’ik%‘, as x — +oo.

Note that the bar on the top of a quantity does not denote complex conjugation. In addition,
the bounded eigenfunctions are defined as follows:

M(x,t,k) = ¢p(x,t, 0¥, M(x,t,k) = p(x, 1, ke ¥+, 3.2)

NG, 1, k) = d(x, 6, e X%, N, t,k) = o, 1, ek, (3.3)

From the asymptotics (3.1), one has

W6, @) = lim W(o(x,1.), 3(x.1,00) = 1, (3.4)
W9 = lim Wi, 10, (. 1) = —1, (3.5)

where W(u, v) is the Wronskian of the two solutions u, v of the scattering problem (2.1) and
(2.2),i.e., W(u,v) = ujvz — viua. _

The functions ¢(x, t, k), ¢(x, t, k) and 1(x, 1, k), Y (x, t, k) are linearly independent, hence we
can write

d(x, 1,k) = alk, H))(x, t, k) + bk, D)(x, 1, k) (3.6)

5
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and

o(x, 1, k) = alk, ty(x, t, k) + b(k, t)p(x, t, k). (3.7)
From (3.4) and (3.5), we deduce the following characterization equation

a(k, tya(k, t) — b(k, )b(k,1) = 1. (3.8)

In addition, the scattering data: a(k, 1), b(k, t), a(k, 1), b(k, 1) are related to the Wronskian of
the system via the relations below:

a(k, 1) = W(o(x, 1, k), ¥(x, t, k)), (3.9)

ak, 1) = W((x, 1,k), d(x, t, k)), (3.10)
and

bk, t) = W(p(x, 1, k), p(x, 1, k)), (3.11)

b(k, 1) = W((x, 1, k), (x, 1, k)). (3.12)

The functions ¢,1) are analytic in the upper half k*-plane, and ¢, are analytic in the
lower half k*-plane. Equivalently, ¢, ¢ are analytic in quadrants I and III, and ¢, ¢ are ana-
lytic in quadrants IT and IV. The proof makes use of Neumann series for S &% > 0 or S k> < 0,
respectively (see lemma 2.1 in [9]).

As a result, a(k) is analytic in quadrants I and III, and a(k) is analytic in quadrants II and
IV. Further, the components

1,10, U1, ¢ are even functions of k;  ¢», 11,15, @1 are odd functions of k.
(3.13)
Therefore, the scattering data
a,a are even functions of k; b, b are odd functions of k. (3.14)

This follows from transformations to standard scattering problems. For example, letting

b1 = iy el e W (3.15)

ke = <7h2 e + %ﬁzl e51> e ik (3.16)

which transforms (2.1) and (2.2) with v = ¢ to

i = Ouing, (3.17)

ity x = 2ik*my + Ry, (3.18)
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where

i x ’ ~ i 1 2 2 e 2.

LY 2 2

Standard estimates [4, 11] show that ii1;, /i1, and hence ¢ €X°*, ¢, el’* are analytic in the upper
half kz-plane. The above equations also show that 71, ¢ are even functions of k, while 71,, ¢,
are odd functions of k.

Following the methods of AKNS [4, 11], we find the following asymptotics as k — oo,

i | L

mp ~1— Tkz/,ooQLRL dx/, (3.19)
7 L & (3.20)
nmyp 21]{2 L- .

In terms of ¢, the key term for large k from (3.15) and (3.16) is

1 22
g~ | ir e (3.21)
2k

Similar analysis can be employed for the other functions 1, 1, ¢ by considering the asymptotics
as k — oo, which are given by

— —iq 2 —iq ik ye ! ik?
| 2k e e ok e s i e,
1 1 2k

(3.22)

where s, = % fxooqr dx’. With the above results, we find the asymptotics of a(k, t), a(k, r) as
k — oo

a(k,t) = W(p,Y) ~¢°, S=51+ 5= %/ qrdx, (3.23)

o0

alk,t) = —W(p, ) ~e *. (3.24)

The zeros of a(k, 1), a(k, t) are the eigenvalues, which are associated with decaying eigen-
fucntions; i.e. the bound states. These values are assumed simple and finite in number; they
are a(k;,1) =0,j=1,2,...,J and E(Ej, n=0,j=12,. ..,J. Below we show that a(k, 1)
and @(k, 1) are time-independent so that the eigenvalues k; and k; are also time-independent.
Moreover, at these points

B(x,t,kj) = blkj, DY(x, 1, k)), o(x,t,k;) = bk, DY(x, 1, k). (3.25)

We simply write b(t) = b(k;, 1), b(t) = b(k;, 1).

7
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3.2. Time dependence

The evolution of the data will be needed in order to obtain solutions of the derivative NLS
equations. As |x| — oo, the coefficients of the time evolution of the eigenfunctions in (2.4)
behave like

A= A(k) = =2ik*, B—0, C—0. (3.26)

To account for the fact that the above eigenfunctions are time-independent, the time evolution
equation (2.3) needs to be modified:

bu(x, 1, k) = (A _éf”(k) 4 _BAOO (k)> d(x,1,k). (3.27)

Substituting the scattering equation (3.6) into the above equation yields

ak, ) = 0, bk, ) = —2A.(k)b(k, 1).
=> a(k,t) = a(k,0), bk, £) = b(k, 0)e A0 — p(k, 0)eHik'r.
(3.28)

Hence, the eigenvalues k; are time-independent. Applying a similar analysis on ¢ leads to

a,(k, ) = 0, by(k, ) = 2A(k)b(k, 1).
=> a(k,1) = a(k,0), bk, £) = b(k, 0)eXA~®" — p(k, 0)e 4k
(3.29)

Therefore, the eigenvalues k; are time-independent. Later we will also need the time depen-
dence of bj(t) = b(kj, 1), bj(t) = b(kj,1). A similar procedure as above shows that they satisfy
the same time dependence as b(k, t) and b(k, t). For convenience, we assume sufficient decay
on the initial data so that we can extend the data b(k, 1), b(k, t) off the real axis.

3.3. Symmetries

In what follows, we use the notations a(k):=a(k,0), a(k).=a(k,0), b(k):=b(k,0) and
b(k) == b(k, 0).

Associated with the scattering problem, (2.1) and (2.2) admit three symmetries in the physi-
cal space: (i): (2.10), (i1): (2.12), (iii): (2.15). With each of them, below we provide the spectral
symmetries. Later we use these symmetries to find solutions.

3.3.1 General case. If (vi(x,t,k),va(x,t, k)T satisfies (2.1), then (v;(x,t, —k),
—uy(x, 1, —k))T also solves for (2.1). Taking into account the boundary conditions (3.1),
one has

d)(x,t,k):(é _01> B(x, 1, —k), E(x,z,k)zG _01> P(x,t,—k),  (3.30)

5(x,t,k):<_01 ?) o(x, 1, —k), w(x,t,k):<_01 ?) vx,t,—k).  (3.31)

8
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Thus,
a(k,t) = a(—k, 1),
a(k,t) =a(—k,1),
b(k,t) = —b(—k,1),
b(k,t) = —b(—k,1). (3.32)

It follows that if k& = kjis a zero of a(k, 1), then so is k = —k;. Similarly, if k = Ej is a zero of
a(k, 1), then k = —k; is also a zero of a(k, t). Thus, the number of eigenvalues must be even,
and the minimal number is two for the non-trivial case.

Remark 3.1._ The above symmetry relations imply that ¢y, ¢, El,% are even functiogs of
k, and ¢y, 11,12, ¢ are odd functions of k. Moreover, a, @ are even functions of k and b, b are
odd functions of k. These properties are consistent with (3.13) and (3.14).
3.3.2. Standard derivative NLS equation. The first physical space symmetry

1) r(x,0) = oq*(x,1), o==l1

is the one connected with the standard derivative NLS equation (2.11).
In spectral space, we find the following symmetries associated with the eigenfunctions:

D(x, 1, k) = (g (1)> P (x, 1, k), (3.33)
Y 0 o * *
o(x, t,k) = (1 0) & (x, 1, k). (3.34)

These symmetries translate into the following symmetries in the scattering data
a(k,t) = a*(k*, 1), b(k,t) = ob*(k*, 1), cji(t) = oci(1), (3.35)

where ¢;(t) = b(k;,1)/d(k;, 1),¢; = b(k;, 1)/d (k;,1). We note that if k; is a zero of a(k, 1), then
kj= kj is also a zero of a(k, 1), where the eigenvalue k| is located either in quadrant I or III.

3.3.3. PT derivative NLS equation. The second physical space symmetry
(ii) r(x, 1) = ioq*(—x,1), o==+1

is the one connected with the PT derivative NLS equation (2.13).
In spectral space, we obtain the following symmetries associated with the eigenfunctions:

bx, 1,k) = < ioa é) W (—x, 1, +ik"), (3.36)
Bx, 1, k) = (? j%") D (—x, 1, Hik"). (3.37)

These symmetries yield the following symmetries in the scattering data

atk,t) = a*(Lik", 0,  alk, ) =a'(Lik', 1),  blk,f) = Fob*(£ik*,1).  (3.38)
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We note that if k; is a zero of a(k, 1), then so is £ik;, and similarly, if k j 1s a zero of a(k, 1),
then so is iiE}f. In general, the eigenvalues come in quartets, where {+k;, iik}f} are located in
quadrants I, IIl and {+k;, ik’ } are in quadrants IT, IV,

The normalization constants are defined as ¢;(t) = b(k;,1)/d'(k;, 1), ¢; = b(k;,1)/@ (k,, 1).
In this case, we determine a symmetry for b(kj, ) separately. We use trace formulae to deter-
mine d’(kj, t) (similarly for b(k;, t) and @ (k , 1)) [6, 7]. To obtain the symmetry for b(k;, 1), we
use (3.25) and the symmetry (3.36). Similarly, (3.25) and the symmetry (3.37) are applied to
b(k;, 1). This leads to

b(kj, Hb*(£ik;, 1) = £o, E(Ej, Nb*(ik*, 1) = +o. (3.39)
Indeed, from (3.2), (3.3), (3.6), (3.7) and (3.36)—(3.38), we derive

My(x,1, k) = bkj, DNy (x, 1, k)5 = ab(k;, DM3(—x, 1, +ik))e™5, (3.40)

Mo(—x, 1, +ik}) = b(Eik}, HNo(—x, 1, iik;)ezikf*. (3.41)
It follows that

My(x,1,k;) = £0b(kj, ))b* (i, DN (—x, 1, +ik))

= Fob(k), Db"(xik}, )M (x, 1, k)), (3.42)
which implies
b(kj, Ob*(£ik;, 1) = £o. (3.43)
Similarly, one has
b(k;, t)E*(:i:iE;, 1) = *o. (3.44)

Although, in principle, we can have two eigenvalues +k; on the rays w/4 and 57 /4, this
turns out not allowed by equation (3.38). The reason is as follows. When k; = re™/*, r > 0,
then k; = ik}, and for J = 2, we can take k, = ik}; similarly if k; = re>™/4,r > 0, then again
ki = ik}; hence (3.32) and (3.39) yield b(k;, b*(ik%, 1) = |b(k;, 1)|* = o7; therefore, we must
take o = 1. On the other hand, if we take k; = re ™/ or k; = re>™4, then for J = 2, we

Ee_ed to take_Ez = —i_l_c’f_: ki. However, in this case, the second symmetry condition yields
b(kj, Hb*(—ik;, 1) = |b(k;,1)|> = —o; hence in this case, we must take ¢ = —1, which con-
tradicts what we found for k; = re'™* or k; = re’™/*. Consequently, we have to consider

quartets: 4-ky, Tk, = Fik off the rays 7 /4, 57 /4 and analogous situation for +ky, +-ky = Fik}
off the rays 37 /4, —m /4 in order to construct a solution. This case is discussed below.

Remark 3.2. {4k, tikj :Rk;-Ik; >0 and Rk; # %k,};‘:l is the zero set of a(k).
The number of eigenvalues is J = 4J;, and the simplest non-trivial case is obtained when
J]lf :kl. Similarly, {=kj, ik’ : 9%k;- Sk; <0 and Rk, # —Sk;}L, is the zero set
of a(k).

Figure 1 shows the locations of eigenvalues, i.e., zeros of a(k) and a(k), respectively.

10
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o ik™
J

Rk

Figure 1. The sets of eigenvalues, where the solid/hollow dots are zeros of a(k)/a(k),
respectively.

3.3.4. RST derivative NLS equation. The third physical space symmetry
>iii) r(x, 1) = og(—x, —1), o= =1

is the one connected with the RST derivative NLS equation (2.16).
In spectral space, we find the following symmetries associated with the eigenfunctions:

b(x,1,k) = (2 é) W(—x, —1, —k), (3.45)
Bx, 1, k) = (‘1) g) D(—x, —t, —k). (3.46)

These symmetries translate into the following symmetries in the scattering data

a(k,t) = a(—k, —1), ak,t) = a(—k, —1), bk, 1) = —ob(—k, —1).
(3.47)

As above, the normalization constants are ¢ (1) = b(k;, 1)/d'(k;j,1),¢(t) = b(k;, 1) /@ (k;, 1), and
in this case, we determine the symmetry for b(k;,t) separately and use trace formulae to
determine @'(k;, 1) (similarly for b(k;, 1),@ (k;,1)). Using the same procedure that we used to
determine (3.38), we find

bk;,tb(—k;,—t) =0,  b(k;,)b(—k;, —t) = 0. (3.48)
By (3.32), one obtains
b(k;,b(k;, —t) = —o,  b(k;,)b(k;, —1) = —0, (3.49)

1
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which implies
b*(k;,0) = —o,
b*(k;,0) = —a,
b(k;,0)b(—k;,0) = o,
b(kj, 0)b(—k;,0) = 0. (3.50)

3.4. Trace formulae

Unlike the standard derivative NLS equation, in the nonlocal derivative NLS equations,
the numerator and denominator of the normalization constants c(t) = b(k;,1)/d'(k;, 1), T; =
b(kj,1)/@ (k;,t) need to be separated; we use the trace formulae to evaluate derivatives
a'k;,t),d (k »1). To find the trace formulae, we first define new scattering coefficients

a(k, 1) = a(k, e, a(k, 1) = a(k, H)e’.

We assume that a(k) and @(k) have simple zeros {+tk;:Rk; Sk;> 0};‘:1 and
{£k;: Rk;-Sk; < 0}! 1> respectively. Indeed, from the symmetry relation (3.32), one
has if k; (k )) is a zero of a(k)(a(k)), then so is —kj(—Ej).

3.4.1. General trace formulae. Letting J, = J,, we define

k-F)k+E) - (k — k(K + k)
k) = alk) - H Tkt k) CW= a®) - H k—k)k+k)
(3.51)

Thus, a(k) (ai(k)) is analytic in quadrants I and III (II and IV). Moreover, a(k), a(k) — 1 as
k — oo and have no zeros in their respective quadrants. Hence, we have

1 log al(§) 1 loga(§) .
log a(k) = ek d¢, 7 ek dé=0 (3.52)
for Rk -k > 0, and
_ 1 [loga(®) I [loga(® .,
log @(k) = prel S d¢, prel d¢=0 (3.53)

for 91k Sk <0, where ¥ =X U, % = (+i00,0] U [0, +00) and %, = (—ico, 0] U
[0, —oc0). The contour ¥ is depicted in figure 2.
Adding/subtracting the above equations in their quadrants respectively yields

log a(k) = 211/ %dg Rk-Sk >0, (3.54)
log a(k) = — L [ 108203 4 i sk <o, (3.55)

2mify  E—k

12
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Figure 2. The contour ¥ = ¥ U 3, where the blue one is for 3; and the red one is

for X,.

From (3.8) and (3.51), one obtains
Ji
log a(k) = Z log

=1

for Rk -k >0,

for Rk -k <O0.

kj)(k + k,-)) 41 / log(1 + b(E)b(E))
P

=
(k —

i - - -
log @) = 3" log <Ellz = kj)(k + kj)) L/EIOg(l + b(©)b(E)
=1

kyk+kp) " 2xi £k

kpytk+ky)  2mi £E—k

dé (3.56)

dé (3.57)

In order to reconstruct potentials, a'(k;), a'(—k;), ﬁ’(Ej) and ﬁ,(—Ej) are needed. These

derivatives are found to be

J —
[ jK) = Kon)  TLm Ky K)ok fo s

[(kj = k) - (kj + )]

b

_ _ 7 _ _ . _
. Hm;éj(kj - km) : Hmlzl(kj + km) ) efﬁfzw dé

anlzl(—kj - km)_- Hm#j(—kj_—k ki) . eﬁfz '°g“§f§c?5(5” d
Tl [k = Kn) - (= + k)]

L [ = k) - K+ k)]

m) - Hm;éj(_Ej + Em) ) e* P

b

1 log(14b(©b()

Stk

ak) =
S
a(—kj) =
a k)=
~r, = Hﬁ:l(__j_
—k) = _
A AN

J

— k) - (—k;j =+ k)]

13
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In general, these four derivatives depend on the simple zeros {£k;: Rk;- Jk; > O};‘:1 and
{£k;: Rk;-Sk; < 0}5‘:1 as well as the scattering data b(k) and b(k).
In particular, if b(k) = 0 or b(k) = 0 on ¥, then it corresponds to the reflectionless potentials.

Thus, these derivatives only depend on the above zeros; moreover, (3.56) and (3.57) imply
a(k) = a(—k) and a(k) = a(—k). Combining (3.32), one has

b(k,t)  b(—k,1) b(k,n)  b(—k,1)
akn ad(—kn Gk a(—ko

(3.62)

which will be applied in subsequent subsections.

3.4.2. Standard derivative NLS equation. By the symmetry relation a(k, t) = a*(k*, 1), we
have k; = ki and J; = Jy. Thus, {+k} : Rk;- Sk; > 0}5‘:1 are simple zeros of a(k). Com-
bining (3.35) and section 3.4.1, it yields

Ji
B (k — kj)(k + k) 1 /log(l + ab(§)b*(£"))
log a(k) = > log | 2o ) 4 d 3.63
og atk) - °8 ((k—k;)(k+k;)> Ty £k ¢ 06

for Rk -k >0,

d ((k—k;)(k+k;)) 1 /log<1+ab<£>b*<£*>> € 6o
b

log a(k) = ; log (k — kp)(k + kj) e §—k

for Rk - Sk < 0. ., »
In order to solve the inverse problem, we need &@'(k)), @' (—k;), a (k’j) anda (—k}f). In general,
these derivatives are found below:

- a(k) ~ a(k)
a/(kj) = m‘k:kj, al(—kj) = mh:—k.p (3.65)
J J
=/ a(k) = s a(k)
Q) = e @K = e (3.66)
J J
where
i
. (k — ki) - (k+ ky) L f loal4ob©b"E) 4
k) = . e2ndE -k y 3.67
=11 Gy i) 07
Ji
~ (k—k*)(k—Fk*) _L,f Md{
k) = m m’ -, 2riJ3 [ . 3.68
=11 Gy arn (308

m=1

In general, these four derivatives depend on the simple zeros {+k;: Rk;- Sk; > 0}5‘:1 as
well as the scattering coefficient b(k). In particular, if b(k) = 0 on 3, then it corresponds to
pure solitons. Thus, these derivatives only depend on {£k;: Rk;- Sk; > O};‘:l.

14
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3.4.3. PT derivative NLS equation. Under the symmetry reduc-
tion r(x,t) = ioq*(—x, 1), (3.38) implies that a(k) and a(k) have
the simple zeros {k;, £k} : Rk; - Sk; > 0 and Rk; # %k,};‘:l and
{k;, ik - 9%1}[ Skj <0 and Rk; # —Sk; L, respectively.

Letting J; = J;, we define

Tk — Kk + Kk — ik (k + k)
ot U=k k + ke (k — i) (k + k)

a(k) = a(k) -

, (3.69)
ak) = ak) - H

j=1

(k — kj)(k + k;)(k — ik3)(k + ik?)
(k — kp)(k + kj)(k — ik5)(k + ik})

Thus, a(k) (ai(k)) is analytic in quadrants I and III (IT and IV). Moreover, a(k), (k) — 1 as
k — oo and have no zeros in their respective quadrants. Hence, we have

1 [log a(§) 1 [ log a(f)

log a(k) = — e, — de=0 3.70
ogab =70 —x % ek © (3.70)
for Rk -k > 0, and
_ 1 [log a(§) 1 [log a(§)
logath) = —— | 2B qe [ 28BS4 3.71
el =5 -k & amf ek ® S

forRk - Sk < 0. Adding/subtracting the above equations in their quadrants respectively yields

log ak) = L M

dé, Rk-Sk>0, 372
i)y ok 4 RkSk (3.72)

log @(k) = —ﬁ/ﬁ% dé,  RMk-Sk<o. (3.73)

From (3.8), (3.38) and (3.51), one obtains

J . .
2 (k — k) + kj)(k — ik)(k + k")
log a(k) = ) _ log ((k KNk + Rk — KK+ k)

J=1

1 / log(1 F ob(&)b*(£if")) de (3.74)
b

27i E—k

for Rk -3k >0,

J - - . .7
S (k — &)k + kj)(k — ik (k + ik?)
log a(k) = ; log <(k — kj)(k + kj)(k — ik (k + ik})

1 / log(1 F ob(§)b" (£i€))
P

- - de (3.75)

for Rk -k <O.

15
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In order to recover the potentials, &'(k;), @'(—kj), @ (ik}), & (—ik}), @ (k;), @ (—kj), @ (ik}),

ﬁ/(—if}f) are needed. These derivatives are found as follows:

. a(k) ~ a(k)
ey = 29 (=)= 22 3.76
a(k;y) k_kj\k_k_, a(—kj) k+kj|k_ kj (3.76)
e alk) e atk)
a(ik;) = k_iik}f\k:lk}%, a(—ik;) = m\k:ﬂk}%, (3.77)
=1z a(k) =1 7 a(k)
(kp) = Kk le=z;» a(—kj = m\szkj, (3.78)
=1, T C:l(k) B S C:l(Z) B
(ik7) k— il}j k=ik"» a(—iky) = k+ ilgj ‘k:—ik}‘.’ (3.79)
where
7 . .
_ (k — k) - (k + kn) - (k — ik, )(k + ik;,)
a(k) = H = = — =
oy (k= k) - (kA k) - (k= ikG,) - (k- ikG,)
L [, loe(IFobOb* (£IED) e
X ez /s Tk , (3.80)
7 - - T .~
~ k— k) - (k+ ky) - (k —ik}) - (k + ik},
ity T &) et ) (k= Ky i)
LG Ut o - = kg - (k + ik
L f, los(FobOb GHED) g
X e 2miv ) E—k . (381)
In general, these derivatives depend on the simple Zeros
{kj, +ik; : Rk; - Sk; >0 and Rk; # Sk,

{k;, ik} : Rk;- Sk; < 0 and Rk; # —Sk; 1)L, and the scattering coefficient b(k).
In particular, if b(k) = 0 on X, then these derivatives only rely on the above simple zeros,
which corresponds to the case of pure solitons.

3.4.4. RST derivative NLS equation. Under the symmetry reduction r(x,t) = oq(—x, —1),
there are no more symmetries among eigenvalues, thus, the statement of trace formulae is
the same as the general case (section 3.4.1).

4. Inverse scattering: Riemann—Hilbert approach

The inverse scattering problem constructs the potentials ‘g, ’ from suitable scattering data.
To do this, we first determine a Riemann—Hilbert problem from the analytic properties of the
eigenfunctions and then use the above large k formulae to determine ¢, . Recall

ak,t) = a(k,t)e™’, atk, 1) = ack, e’

Multiplying equation (3.6) by e¥"*~*! and subtracting the bounded term and poles yield

16
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) ! b(k,t
By (ksx, 1) — D (ks x, 1) = e DPEN 1R, plk ) = D)
a(k, 1)
“4.1)
onRk=0USk =0, where
M(x,t,k)e ! j(z)e% *N(x, 1, kje ™
b (kyx, ) =8 ———— — , (4.2
+lx.) atk, 1) () Z K=k @2
J o~ 2ik2 x _
. _ (1 (O N, 1, ke
O_(x.1) = { N1 k)e” — <o> -y T (43)

J=1

®_(k; x,1) is analytic in the upper/lower half k*>-plane, and following the procedure outlined
earlier, the time dependence of the ‘normalization’ constants are given by

N bj(1) ik bty =g
cj(t) = D =¢j(0)e"7, ci(n) = =T =ci(0e 77, (4.4)
where ¢;(0) := 5,((12’%)) ,(O) ﬁ,(k_—o) Similarly, multiplying equation (3.7) by e~ ikx 51 and
/

subtracting the bounded term and poles yield

_ . . bk, t
Uk, d) — U_(kixt) = —jtk e N e, ko = 28D,
ak, 1)
4.5)
onRk=0USk =0, where
o nn— JHELRET (0 (T (e N, 1,k e “6)
_(ky x,1) = W— 1 —; k—%j > .
U (kix.t) = 4 N(x.t ke ™ — 0 _ zj: éj(t)e_ziﬁ,'xﬁ(x, 1, Ej)esl @)
+ Ry Ay — s by 1 k — Ej 5 .

17
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and W. (k; x,1) is analytic in the upper/lower half k*>-plane. For convenience, we define the
projection operators

_ 1 J©

where k + 0 represents that k slightly moves inside the +/— regions of the cross in figure 2.
The cross separates the plane into four regions with the usual four quadrants. The + region
consists of contours in the first and third quadrants: inside quadrants I and III with the arrows
indicating the positive direction; the—region consists of analogous regions inside quadrants II
and IV. If f. (k) is analytic in quadrants I and III (IT and IV) and f (k) — O as |k| — oo, then

Po(f5)(k) =0,  Pi(fo)(k) = £f:(k).

Recall that ¥ is illustrated in figure 2.
Taking the minus/plus projector of equations (4.1) and (4.5) respectively yields an inte-
gral/algebraic system of equations for N(x, t, k), N(x, t, k), N(x, t,k;), N(x,t,k;). Thus,

J - 2ik2x _
— s 1 ci(He” " N(x, t, ke 1
N, e — () = S0 S0 M bk,
J

J=1

d¢, 4.9)

ot [ 2 DN (x, €, e
2ri E—k

and

J = —2ik3x%7 -
s 0 ci(he “TN(x, 1, kj)et
v (1) - T

j=1

1, / PE De I N, &, e
T o2m E—k

where values of k in the P_/P_ projector are taken just inside the —/+ region of the cross
in figure 2. The system is closed when we evaluate equation (4.9) at k = k,, and evaluate
equation (4.10) atk = k,,,, m = 1,2,...,J.

By equating the 0(%) terms from equations (3.22) and (4.9), we can determine the potentials

q(x, 1), r(x, 1), which are

dg, (4.10)

J
et = 21 &0 TN (x, 1,k e

=1

41 / B(E, e TN (x, £, e de, @.11)
T/

J
rn ) = —20) &0 Nox, 1, ke
=1

+ ! / HE DN, (x, €, e ™1 dE, (4.12)
T )%

18
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where ¢ (1), éj(t) are given by equation (4.4). The structure of the equations for N, N implies
that we can solve for N e’ and N, e 2 in terms of scattering data. Note that the product gr
can be solved in terms of scattering data.

If the potentials decay rapidly at infinity such that j and 5 can be analytically continued
to include all poles {k;: R k; - Sk; > 0}, and {k;: Rk; - Sk; < O}, respectively, then
(4.9) and (4.10) can be written in reduced notation as

~ 2i¢2x —s1
1) " L/ p&, e N(x, & 1e ac, 4.13)
Co

_ o
N(x,t, k)e (o 5 —x

= —2i2x 77 51
0) RS / P&, e ¥ *N(x, &, e &, 4.14)
Jo

-5 _ _
N(x,t, k)e (1 5 —x

where the contours Cy = C; UC; and Cy = C, U Cy; here C; is a contour beginning from
+i0o + € continuing to +o0o + ie outside all poles inside quadrant I and C5 is a contour begin-
ning at —ioo — e continuing to —oo — ie outside all poles inside quadrant III, 0 < ¢ < 1. The
integral over Cy contains the continuous spectrum of P plus the pole contributions. Similarly,
C, U Cy is taken so that it contains the continuous spectrum of P_ plus the pole contributions
in quadrants II and IV.

Under the same hypothesis, (4.11) and (4.12) can be simplified as

400 =+ / B, e N (x, €, et de, (4.15)
™ Co

=+ / HE DN (x, €, d. (4.16)
s Co

4.1. Soliton solutions

The above system for N, N is reduced to an algebraic system when j(k, 1) = 0, 5(k, ) = 0:

J o 2ik3x _
— 1 ci(t)e" " I"N(x,t, ke !
52 J J
N(x,t,k)e? — <0> — E k&, =0, 4.17)

J=1

J =z —2ik%x 77 z
_ 0 ci(te “IN(x, t, ke’
N(x,t, ke 2 — — / = / =0, 4.18
(.1, e (1) > T, (4.18)
Jj=1
and we take k = k,, in equation (4.17) and k = k,, in equation (4.18). The solution of this
system yields the eigenfunctions/soliton solutions.

4.2. 1-soliton solution

The simplest case is a single soliton. From equation (3.14), eigenvalues always come
in pairs +k;, ki, hence the simplest soliton occurs when J = 2. Since the components
Ni(x,1,k), Na(x, 1, k) are odd in k, No(x, 1, k), N1 (x, 7, k) are even in k, ¢1, ¢, are even with respect
to +k;, +k;, we have
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Nl(x, ta _kl) - _Nl(x, ta kl)a NZ(X, ta _kl) - NZ(X, t, kl),

Nl(xa 1, _El) = Nl(xa 1, El)a NZ(X, 1, _El) = _NZ(X7 t El)'

From equations (3.62) and (4.17), we get
Nl(x,tak) sy 1 21kx —sl Nl(x,takl) 1
(Mx, A k)) e =\p) Tale Nyt k) K=&y
+ Nl (x, ta _kl) l
NZ(X,I, _kl) k+kl '
Hence, evaluating this equation at k = k; yields
Nite k) s _ (1 N &i(nePhire 261N (x, 1, Ky)
Nao(x .k~ \0O 2—k  \2kMNx k)"
Similarly, from equation (4.17), we find
NiGe k)Y o _ (O Qe 2Wix et 2k N (x1,K)
No(x,t, k) ! o 2k\No(x, 1, k)

Taking the first component of each equation and solving for N (x, ¢, k;) yield

e—j’z

Ni(x,t,ky) = —
14 <2k1)2c1(t)c1<t)e2‘(k )
®-R)

From (4.11), the solution corresponding to the above eigenfunction is given by

416’1([)6 21kx es1—%2

1+ @k (07 (02D
(87

q(x,1) =

Taking the second component of each equation and solving for N»(x, t, k;) yield

e

NZ(X, ta kl) - — .
k)% (t)q(z)ez‘(k )

b ey

Using (4.11), the solution corresponding to the above eigenfunction is given by

_4lcl(t)621kx 52 —581

1+ @2 @7 e ()
B-R)

r(x, 1) =

Since

we have

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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The first integral above is a constant of the motion. To calculate g(x, t) or r(x, ), we must
calculate s; — s,. We note that gr(x, ) is independent of s, s,, hence it is determined purely in
terms of scattering data. Indeed, gr can be readily integrated. We see that it takes the form

( t) —A ei/lx
rx,r) = - —— R
1 (1 + BK e)(1 + BRei)
where
A=@Pa0a0,  B=— 2 i - R
' ’ AR R o e
whereupon
. r(x l) o alei/‘x (6%} ei/“‘ = Ak% o — — AE%
q 5 - 1 + Bk% ei#x 1 + BE% eiﬂx’ 1 = k% — E%, 2 = k%—— %%,
hence
—A 1 + Bki e
/ grxndx = — 2 _log (1S
iuB(ky — k7) 1 + Bky e
1 + Bk? el*
= —2i log +7_le_
1 + Bk3 eirx
s1— s =1o 1+ Bl e Bl e\ [ —1lo 1+ Bk e -
R\ Tsre )| T B\ Tv B e
1 + Bk3 e~
=21 — . 4.27
o8 (1 + BR eW> (427)
Note that
B} bk, 0)eki! - b(ky, 0)e kit
a) = ————, ci()y = ——=—. (4.28)
1 @' (k1) 1 7 ()
From the trace formulae (section 3.4), one deduces
- 2k ~ = 2k,
"(ky) = =, ki) = = : 4.29
a(ky) ey a (ki) B (4.29)

Thus, s; — s, only depends on eigenvalues k;, k; and norming constants b(k,0), b(k;,0).
Moreover,

(3 — R)by etk ® — )y e 1

&) = , ) = : 4.30
c1(0) 2% 1 (1) o, (4.30)
where b, :=b(k;,0) and b, :=b(k;,0). Then (4.23) can be written as
2% — kb —4iktt \—2ik%x L5 —s5)
g,y = KL Kbre The T B 4.31)

— — cA T4 12 32
ki — k1b1b; e41(/<1 kDt ezl(k1 k)
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where s1 — 53 is given in (4.27). Specifically, (4.31) can be written in an explicit form:

o, 2
T2 12V a—diki G —2ikx (1+BK] €
Zl(kl kl )b € € ( 1+BE% eipx

2 4.32
%1 — klblgl C4i(k?_k?)l CZi(k%_Z%)X ( )

q(x,1) =

(4.32) is the general formula of a pure 1-soliton solution. Once the symmetry reduction is

imposed the above ¢g(x,r) will be specified. In general, the 1-soliton does not blow up if

£ e4‘(k —khr 21(/<2 B .
klblhl

4.3. 2-soliton solution

From (3.14), one has eigenvalues always come in pairs £k;, :N:Ej, j=1,2. Thus, a pure 2-
soliton solution occurs when J = 4. From (3.31), (3.62) and (4.17), one has

Nl(x’ t’k) s 1 21k X a1 Nl(x, t,kl) 1
(Nz(x, t, k)) e (0) +ae No(x,t.k1)) k= ky
+ Nl (xa t7 _kl) 1
No(x,t,—k1)) k+ k;
Ni(x,t,kp) 1
t 21k x —51 1
+eal)e <<N2<x, L kz)) K~k
+ Nl (xa t, _k2) 1
NZ(X, t, _k2) k + k2
1 21kx —vl Nl(x,t;kl) 1
<0> +ede ((Nz(X, ' kl)) —h
+ _Nl(-x3 ta kl) 1
NZ(X,t,kl) k"’kl
_ Ni(x,t, k) 1
t 21k X a1
+eal)e <<N2<x, L kz)) —ho
+ _Nl (x, ta k2) 1
No(x,t,k2) ) k+ ky
! N 26112k =51 (kN (x, 1, kp)
= o i kN (x, . k)

261?51 (N, (x, 1, k)
k2 — k3 kN> (x, 1, k2)

(4.33)

Evaluating the above equation at k = k; and k = k, yields

Ni(x,t,ky) e — 1 _,_M kiNi(x, 1, kr)
Mot k) € 0 K-k \kNannk)
260 e (N (x. 1. ko) (434)
k% _ k% kiNa(x,1, ko)
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and
NiGn k) o _ (1), 2008 e (N1, ki)
No(x,1,k) -~ \0 K-k kaNa(x, 1, ky)
28(0e? e 1 (N (x, 1, ko)
K — k2 kaNa(x, 1, k2))

Similarly, we deduce

Ni(x,t,k) e 0 n Zél(t)e—Ziz%x sl _k]_zl(x, I,E_l)
No(x, t,k) 1 K2 — k3 kiNa(x,t, ki)
. 265(ne et (kN (x,1,K)
K> — k3 koNa(x,1,k2)) -

Evaluating this equation at k = k; and k = k, gives

Ni(x Lk o _ (0) 28 (ne v e kN (x, 1, ky)
Na(x, 8, ky) RN K-k kiNo(x, 1, ki)
Zéz(f)efzi%x e'l _klNI(X, f,_Ez)
K —k3 kaNa(x, 1, k2)
and
Ntk s _ (0), 2005 e (N (k)
Na(x, 1, k2) RN k3 — k3 kiN>(x, 1, k)
26,(Ne MR et [ JoN i (x, 1, %)
k2 —k3 kaNa(x,1,k2) ) -
From equations (4.11) and (4.12), the solutions are given by

2
qxn =2 ¢ (e N (x 1, K et

J=1

and

2
ron ) = —20 &0 Ny, 1, ke

=1

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

with Ej(t),gj(t), j = 1,2 given by equation (4.4). Hence we need N (x, ¢, Ej), Na(x,t,kj), j =

1,2.
From (4.34), (4.35), (4.37) and (4.38), after some algebra, we find the solutions of the form
Ni(x, 1,k A tA T Ay + A
Ni(x,t,ky) =e - M, Ni(x,t,ky) = e 2 w,
Dy Dy

Dy = Aj1Ayp — ApAsg,
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B, + B By, + B
No(otk) = e - 22882 k) = e PP
DB DB
Dp = B11B2 — B12Bay, (4.42)
where
Ay =1 —kC1(k)Cy(ky) — k3Ca(k1)Ci (ko),
A = k5 Ci(k1)Ca(ky) + k3 Ca (k1) Ca(ka), (4.43)
A1 = k1 C1(ka)Ci(k1) + k3 Co (ko) C (k2),
Ary = 1 — kiCi(ka)Caky) — k3 Ca(k2) Ca(ks),
B = 1 — ki Ci(k)Ci(ky) — I3Ca (k) Ci (ka),
B = k1 Ci(k)Ca(ky) + k5 Ca (k) Ca(ka), (4.44)
By = k1Ci(ky)C1 (k1) + k5 Ca(ka) Ci (ka),
By = 1 —kiCi(k)Caky) — K5 Ca (k) Ca(kr),
and
02 ~ 72
26,0 2¢(ne
Ci(k) = e @ Cik) = e o
Recall that
} b, diklt } b, eHik31 N b e 4ikl1 - by e Hk51
() = ———, (t) = = , ) = ——, o) = ——=——,
: a (k) : @ (ky) ' 7 &) : 7 (k)
(4.45)

where by :=b(k;,0), by:=b(ks,0), by :=b(k,,0), by :=b(k,,0). From the trace formulae
(section 3.4), we have

2k - (k2 — K2) 2%y - (K2 — K2)

W w-mE-n YT e-me-g MY
N =) I A )
B e G M G R G R

By inserting the above into (4.39) and (4.40), the general formula of the 2-soliton solutions is
found.

Remark 4.1. (4.39) and (4.40) give the general formula of 2-soliton solutions, and a symmetry
reduction between potentials ¢, r will induce a 2-soliton solution to certain derivative NLS
equation. Note that the product gr is independent of sy, s5.
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Figure 3. Typical 1-soliton solutions of the standard derivative NLS equation with
by = 1+ 1. Left: left moving soliton with k; = —1 — 0.95i; right: standing soliton with
ki =1+1.

Remark 4.2. ¢(x, 1) and r(x, ) are regular if D4 # 0 and Dp # 0, respectively.

Recall that o can be rescaled to unity, in what follows, we only consider the case of o = 1.

4.4. Standard derivative NLS equation

By the symmetry relation @(k) = a*(k*), we have k j=k; and J, = J,. In addition, from the
general symmetry relations: a(k) = a(—k) and a(k) = a(—k), one has that k = —k; is also a
zero of a(k). Similarly, k = —k}f is also a zero of @(k). Thus, J = 2J4, it means that the number
of eigenvalues is even, and the simplest soliton solution is a 1-soliton, which is obtained when
Ji = 1,ie.,J = 2.By (3.35),itimplies by = b}. Letk; = &, + in, with 1, > 0, then (4.32)
gives

8¢ b} e HHEm (€~ Hi(E] i —6Eim Dt g 20261 m Hi(EF 1)l

q(x, 1) = ; B 77
(& —im) — (& + 1771)\191 |2e—32§1m(£1—nl)te—sglmx
1 — I P& —m2iem) 8y x-3261m e (4.48)
g+n
1 — [aPE i 2i6im) sy 32600 -
B

This 1-soliton solution is always non-singular and the velocity is 4(7? — £?). The minimal data
we use for recovering the simplest reflectionless potential (1-soliton) contain the following
two quantities: the eigenvalue k; = &, + in; and the norming constant b;, where £;7, > 0. In
figure 3, we show typical profiles of left moving and standing waves.

Moreover, a 2-soliton solution is given by setting J; = 2, i.e., J = 4. From (3.35), one has
Ej = bj, j = 1,2. By (4.45), we obtain

) by dikft 3 by dik31 ~ b o4kl ~ b3 e—4ik31
C(f):,yi, C(f): = . 5(t):~7_, E(l‘):~7_
: a(k) S5 : 7 &) ? )
(4.49)

Using the 2-soliton formulae derived earlier, from (4.39) and (4.40), we get a pure 2-soliton
solution of the standard derivative NLS equation (2.11). The corresponding velocities are

Hp =)= 1.2
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Il
Il

Figure 4. Typical 2-soliton solutions of the standard derivative NLS equation.
Left: ky =14 1.051,k; = —1.05 —1,b; = 1,b, = 0.9i; right: ky = 1.3 + 1.351,k, =
—1.05 —i,by = 1,b, = 0.9i.

The minimal data for reconstruction of pure 2-soliton solutions include two eigenvalues: ki,
k> and norming constants: by, by, where Rk; - Sk; > 0, j=1,2.

Figure 4 describes 2-soliton interactions for the standard derivative NLS equation. Specif-
ically, we find two solitons interact at around ¢ = 0, and the left figure shows the two solitons
are of the same magnitude, while the right one gives the collision of two solitons, whose
magnitudes are different.

Remark 4.3. The solutions obtained above are consistent with the results in [19], but the
methodology used here: Riemann—Hilbert problem is different.

4.5. PT derivative NLS equation

Ji

Recall that the eigenvalues come in quartets { £k, £ik} : Rk; - Sk; > 0 and Rk; # Ik;}L,,

{£kj, :tiEj :Rk; - Sk; < 0 and Rk; # —SE}?‘:P respectively. Let J; = J; = 1, ky = ik}
and k, = ikj, thus, J = 4. In addition, (3.38) implies by = 3= and b, = 7-. Combining (4.45),
1 1
one deduces
by ikl k31 ~ B o —Hki1 ~ o4kt
o) = —-—» ¢ty = ————, O(t) = ——=—.
2T b d k) : (k) T A

By substituting all information into (4.39) and (4.40), a pure 2-soliton solution
to the PT derivative NLS equation (2.13) is derived. This 2-soliton solution is
non—siggtﬂar if DA 7é 0, i.elAnAgz — A12A21 = 1-— k%cl(lleCQ(kl) + kTZCQ(lkT)CQ(IkT) —
k2 C(ik1)Ca(ky) + k2 Ca(k1)C1(ik}) # 0. Thus, kj= £k} and b; = a;b} induce a regular 2-
soliton with opposite Ve_locitieis, ie., i4(77f — Ef), where o is a real constant, j = 1, 2.

Note that k, = ik}, k, = ik}, and gr is independent of s; and s,, thus, the minimal data
needed for reconstructing the simplest pure soliton solution only include the eigenvalues: k; =
&, +iny, ki = & + i and norming constants: by, by, where &, -1y > 0,&, -7 < 0,&, #

and f 1 75 —.

Figure 5 shows the simplest soliton solution which we call a 2-soliton collision for the PT
derivative NLS equation. We see that the two solitons interact near r = 0. In addition, the left
figure depicts the two solitons are of the same magnitude, however, the right one describes the
interaction of two solitons with different amplitudes.
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Il
Il

Figure 5. Typical 2-soliton solutions of the PT derivative NLS equation. Left: k; = 1 +
1.05i, ky = 1 — 1.051, by = 1, by = 1; right: k; =1+ 1.051, ky = 1 — 1.051, by =
1, by =0.5.

4.6. RST derivative NLS equation

The simplest soliton solution is a 1-soliton, wklich is constructed when J; = 1, thatis J = 2.
LetJ; =1, k; :§1 +in; with £;m; > 0 and ky = & + iy with £;77; < 0. From (3.50), one
has b? = —1 and b? = —1. Then by = i6, and by = i6,, where 62 = 1, m = 1,2. (4.32) reads

q(x,0) = {—26[E — 7 — & +nD) + 2iEm — &)l

e 4EHT 66T 46T (€]~ —2Li(€] —T7)— 2617 Ix

X [(1 4 ((6:82(&1 + im))/ (€, + 1))

x i€l =667nt €1 =T +661T) ~4(Cim (& —nD)-ET € T y

J (4 (61626, + i) /(&1 +im1))

s @€ =680 —E1 =T+ 6ET) 4G & —nD)—Em E =Tl 12y

J{@ + i)+ 162(€1 + imn)

@M} — 68T 17 —E1 =T +6ETT)—4(€um (& —)) —ExTh (6 —T )= 20 T — € +np)—2E T —fmo]x} )
(4.50)

Note that the above 1-soliton is regular if k; = 4k}, whose velocity is 4(n? — £7). The
minimal data needed for reconstructing the simplest pure soliton solution (/ = 2 and hence
Ji = 1) incorporate eigenvalues: k; = &, +in,, k; = &, +i7; and the units d,,, m = 1,2,
where 02 = 1, &;n; > 0 and &,7; < 0. In general, we need the norming constants b; and b,
however, their values can be determined via the symmetries (3.50). In figure 6, we show typical
profiles of right moving and standing solitons.

In addition, a 2-soliton solution is attained by setting J; = 2, thatis J = 4. From (3.50), one
derives by = i8y, by = i6,, by = 03, by = id,, where 02, = 1,m = 1,2,3,4.

Thus, once all information is put into (4.39) and (4.40), a pure 2-soliton solution to the
RST derivative NLS equation (2.16) can be obtained. Note that the 2-soliton is non-singular if
kj= +k3, which leads to D, # 0. The corresponding velocities are 4(77]3 — 512), j=1,2.

The minimal data used to recover pure 2-soliton solutions include eigenvalues: ki, k, ki, ko
and the units 6,,, m = 1,2,3,4, where 02, = 1, Rk;- Sk; > 0and Rk; - Sk; <0, j=1,2.
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lg(x,t)!

Figure 6. Typical 1-soliton solutions of the RST derivative NLS equation with b; =

i, by = —i.Left: right moving soliton withk; = 0.95 + i, k; = —0.95 + i; right: stand-
ing soliton with k; = 1+1, k; =1 —1i.

la(x,t)!
gt

Figure 7. Typical 2-soliton solutions of the RST derivative NLS equation. Left:
k=141, ki =1—-1, by =1, by = —i, ko = 1 4+ 0.951, ky = 1 — 0.95i, b, = —i,
by =i; right: ky =14 1.051, ky =1 —1.05i, by =1, by = —i, kp = —1.3 — 1.25i,
ky =—13+4 1251, by =—i, by =1.

Figure 7 depicts typical 2-soliton solutions for the RST derivative NLS equation. It is seen
that two solitons interact near ¢ = 0. In addition, the left figure gives the two solitons are of

the same magnitude, while the right one describes the interaction of two solitons with different
amplitudes.

5. Inverse scattering—Gelfand—Levitan—Marchenko (GLM) equations

In this section, we reconstruct the potentials by developing the Gel’fand—Levitan—Marchenko

equations instead of the Riemann—Hilbert approach. In fact, we assume that N(x, z, k)e™*2 and
N(x, t, k)e*2 have the following triangular forms

0 oo Mk D (x, 1, u)e 22
-2 _ LRg)
N(x,t,k)e <1> +A ( K(z)(x’ 1, 1)

12
xe F= gy oy s x, SE >0,

5.1
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— 1 Foe KWV (x, 1, u)
52 — - ERgl
N(x,t,k)e (O) +/x (kK(z)(x, ‘ u)ez‘”)

22
x e dy uw>x, Sk <0, (5.2)

where v denotes the jth component of the vector v. By inserting (5.1) and (5.2) into (4.13)
and (4.14), one derives

—+o0
KV(x,t,y)—i / KY(x, t,u)F'(u+y, H)du =0 (5.3)
and
— +OO_ —
KO, 1,9) + Fx + 9,0 + / RO (et Fu + . )du = 0, (5.4)
. OF(z,)
where F'(z,1) == T.t’
1 - i§2x s
F(x,0) = = [ p(& ne™ *e'dg
27T CO
L / o 5(E, e et dE — iia(t)e“‘?-‘ e’ (5.5)
=3 . p&, — ] .
and

_ 1 ~ L2
F(x,1) = 5 / P, ne e de

&)
| e ) . e
=5 / P& e e dE i)y Eine e (5.6)
YIS
. i

It should be pointed out that (5.3) and (5.4) constitute the Gel’fand—Levitan—Marchenko
(GLM) equations.

By substituting (5.1) and (5.2) into (4.15) and (4.16), the reconstruction of the potentials is
obtained in terms of the kernels of the GLM equations, i.e.,

q(x, 1) = —2KV(x, 1, x)e =2, r(x, 1) = —2KP(x, t, x)e>2. (5.7)

Besides, KV and K® satisfy

0y — 0)KY = ¢ <K<2> — ;rK(l)em) e, (5.8)

Dy — ) <K<2> - ;rK(“eZ”) - —%K“)eﬂax (re™2) (5.9)

subject to the boundary conditions: g(x,?) = —2KV(x,1,x)e 22 and KY(x,t,u) =0 as
U — +0o0.

This is a Goursat problem. It can be proven that such a system is uniquely solved, from
which it follows the existence of the integral representation (5.1). A similar conclusion holds
for (5.2).
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5.1. Standard derivative NLS equation

The symmetry reduction r(x,f) = oq*(x,f) is amenable to the standard derivative NLS
equation. The symmetries among scattering data and eigenfunctions yield

F(x,1) = oF*(x,1) (5.10)

and

K(x,t,y) = (2 (1)> K*(x,t,y). (5.11)

5.2. PT derivative NLS equation

The symmetry reduction r(x, t) = icg*(—x, ) is subject to the PT derivative NLS equation. It
turns out that

K?(x,t,y)e*? = icKV (—x,1,y) (e 2)". (5.12)

5.3. RST derivative NLS equation

The symmetry reduction r(x, ) = og(—x, —t) is the one connected with the RST derivative
NLS equation. As a result,

KP(x,1,y)e*? = oKW (—x, —t,y)e 2. (5.13)

Remark 5.1. Unlike the standard derivative NLS equation, there is no symmetry relation
between F(x, t) and F(x, f) for the PT and RST cases.

6. Derivation of derivative NLS systems

The derivative NLS equation and its alternative forms can be derived in many applied fields,
such as nonlinear optics and magneto-hydrodynamics [12, 13, 24]. Different from the standard
NLS equation, the derivative NLS equation is not generic for any envelope dynamics. It is
usually valid for the wave packets associated with special modes. In the following, we give a
comprehensive derivation from a nonlinear Klein—Gordon type equation.

Consider the following general nonlinear Klein—Gordon type equation

Uy — Uy + 1+ € (af1(u; 0p; Ox) + Bfolu; 0;0¢) =0, (6.1)

where fi, f> are cubically nonlinear functionals. If only f; or f; are present, then we can derive
the standard NLS equation. However, if o and 3 are chosen appropriately, then we can derive
the derivative NLS equation. The following prototype illustrates the situation. The specific
choices of fi, f> are made so that a and  are related via a physically meaningful parameter
(the phase speed of the underlying wave).

We illustrate the derivation with the following nonlinear Klein—Gordon type equation

Uy — tyy + u+ (00,0, + BO*))ud =0, (6.2)
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where a > 0. In the weakly nonlinear regime, i.e., |¢| < 1, we consider the effective dynamics
of wave packets associated with a special plane wave solution by implementing the multi-scale
method. Define

0 = kx — wt, X = ex, T = et, T = €1,
where the linear dispersion relation satisfies
W=k +1.

Note that we want to understand the effective dynamics at the time scale O(1/ €%), so we
introduce two slow times 7 and 7.
Expand the solution in an asymptotic form

u=uy+eu + up + - - - (6.3)

withu; = u;(0,X,T,7), j=1,2,..., and substitute this into equation (6.2).
At the leading order, we have

Luy = (W — kK)ug + up = 0. (6.4)
Solving the leading equation yields
up=Ae’ + Be ™, (6.5)

where A =AX,T,7),B=B(X,T,7). Since in general B # A*, the asymptotic limiting
equations will be in the complex domain.

In order to obtain the most interested nonlinear dynamics, i.e., the nonlinearity is suitably
balanced with the slow time and wide envelope scales, we expand the nonlinear terms first.

(2,0 + BOHU = a(—wkd] + e(—wdODx + kDyOr) + O(e%))
+ BP0 + 2ek0pOx ) (U + 3eudus + O(e?)). (6.6)

Generically, cubic nonlinearity is obtained. In order to obtain the derivative cubic nonlinear
terms, we consider a special wave number (phase velocity and «, 3 satisfy)

awk — kK> = 0. (6.7)
Namely,
w

Then the leading nonlinear terms originally appear at O(e) which just vanish if we choose this
special wave number. Thus, the nonlinear effects appear at O(e).
At O(e), the equation is still linear

Luy = Quw0OyOr + 2kyOx)ug
= 2i(wAr + kAx)e" — 2i(wBr + kBy)e .
Removal of secular terms yields that

OJAT + kAX = 0, OJBT + kBX =0. (68)
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Taking u; = 0, we come to the balanced order O(¢?)
Luy = —[(0F — 0% — 2iwd,)A e + (0 — 0% + 2iwd,)Be ] — NL2,
where the nonlinear term is

NL2 = [3(c((—iwdyx + ikOr) + 2Bki0y)A’B] €
— [3(a(—iwdy + ikdr) + 2Bkidy)A*B] e
+ .83 e, (6.9)

For the simplicity, we have omitted the coefficients of non-secular terms.
Recall the linear dispersion relation

Wk =Ik2 + 1.
Then
k 1
Wik ==, W'k =—1—k&).
w w

Introducing the moving coordinate £ = X — w/(k)T and 7 = €T so that the terms in the
equation (6.8) move to O(¢?) and removing the secular terms yields

2iwd,A = ((W'(k))* — DOA + (=3iaw + 6ifk — iakw'(k))0xAB,
2iwd,B = —((w'(k))* — 1)IZB + (—3iaw + 6Bk — Jickw'(k))OxB*A.

Using the dispersion relation, the above equations are rewritten as

" k
0A =i 2( )02 + 1 0:A%B, (6.10)
"
0.B = —i2 Z(k)agB +70:B*A, (6.11)

where

—3aw + 68k — 3akw' (k)
v= 5 :
w

Note that we have chosen the special k such that 8 = aC(k) = a7. Using the dispersion
relation yields that

3

:ﬁ>0

v

Introduce the following rescallings

N 1 - 1 -
E=pf, A=-—A, B=-—B8B
NaIT

"

N 172
with p = (‘MT) . For the convenience, we drop the tildes and get
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0;A = is0;A + O:A’B,
9,B = —is0;B + 0:B’A, (6.12)

where s = sgn(w”(k)). If s = 1, the above system is the derivative ¢, r system given by the ¢, r
equations (2.8) and (2.9). Otherwise, i.e., s = —1, interchanging A, B, we still get the same
derivative g, r system. Since this ¢, r system reduces to the standard derivative NLS equation
and the nonlocal derivative NLS equations they are too included in this asymptotic limiting
procedure.

7. Conclusion

The derivative NLS equation is an important nonlinear dispersive equation, which arises in
many different contexts. In this paper, we revisit the standard derivative NLS equation and
investigate two nonlocal integrable derivative NLS equations via the IST. The direct problem
is analyzed, and the inverse scattering is formulated in terms of the Riemann—Hilbert (RH) and
Gel’fand-Levitan—Marchenko methods. Explicit soliton solutions are obtained. Finally, it is
shown how these equations can be derived, e.g., from a nonlinear Klein—Gordon type equation.
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