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Abstract

This is part two of our study on the spreading properties of the Lotka-
Volterra competition-diffusion systems with a stable coexistence state.
We focus on the case when the initial data are exponential decaying. By
establishing a comparison principle for Hamilton-Jacobi equations, we are
able to apply the Hamilton-Jacobi approach for Fisher-KPP equation due
to Freidlin, Evans and Souganidis. As a result, the exact formulas of
spreading speeds and their dependence on initial data are derived. Our
results indicate that sometimes the spreading speed of the slower species
is nonlocally determined. Connections of our results with the traveling
profile due to Tang and Fife, as well as the more recent spreading result
of Girardin and Lam, will be discussed.
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1 Introduction

For monotone dynamical systems, the pioneering work of Weinberger et
al. [55,157] (see also [43]) relates the spreading speed of the population to
the minimal speed of (monostable) traveling wave solutions. Their result can
be applied to the diffusive Lotka-Volterra competition system. Suitably non-
dimensionalized, the system is given by

O — Opzu = u(l — u — av), in (0,00) x R,

Opv — dOzv = rv(l —bu—v), in (0,00) X R, (1.1)
u(0,2) = uo(x), on R, '
v(0,z) = vo(x), on R,

with a,b € (0,1). It is clear that (LI} admits a trivial equilibrium (0, 0), two
semi-trivial equilibria (1,0) and (0,1), and further a linearly stable equilibrium

l—a 1-0b
ki,k) = ——,—— ).
(17 2) <1_ab71_ab>
Theorem 1.1 (Lewis et al. [36]). Let (u,v) be the solution of (L)) with initial
data

U(va) = pl(x)v U(va) =1- pg(fL‘),

where 0 < p; < 1 (i = 1,2) are compactly supported functions in R. Then there
exists some copw € [2v/1 — a, 2] such that

lim sup (|u(t,z) — k1| + |v(t,z) — ko|) =0  for each ¢ < cLrw,

=00 |51 <ct

lim sup (Ju(t,z)| + [v(t,z) —1]) =0 for each ¢ > cLiw.

t—o0 |z|>ct
In this case, we say that u spreads at speed criw .

Remark 1.2. If the initial data (u,v)(0,2) is a compact perturbation of (1,0),
then there exists cLpw € [2+/dr(1 —b),2Vdr] such that the species v spreads at
speed Cyrw -

It is shown in [38,[39] that the spreading speed cprw (resp. érrw) is identical
to the minimum wave speed of traveling wave solution connecting the pair of
equilibria (k1, k2) and (0,1) (resp. (1,0)). It is crucial for the theory that the
pair of equilibria forms an ordered pair of equilibria (regarding the comparability
of steady states in the theory of monotone semi-flows, see [49]).

For the weak competitive diffusive system (L1l), Tang and Fife [50] proved an
additional class of traveling wave solutions connecting the positive equilibrium
(k1, k2) with the trivial equilibrium (0,0). In this case, the equilibria (0,0) and
(k1, k2) are un-ordered, and hence the existence of traveling wave, due to Tang
and Fife [50], does not directly follow from the monotone dynamical systems
framework due to Weinberger et al. [56l/57] (see also [20,139]).

A natural question is whether the speed traveling wave solutions due to
Tang and Fife, which connect (k1,k2) to (0,0), determine the spreading speed



of the populations in the Cauchy problem (L.I]), provided the initial data (ug, vo)
has the same asymptotics at x = +o0o as the traveling wave solution? What
happens for more general exponentially decaying initial data? Does the two
species spread with different speeds?

In this paper, we continue our investigation in [41] on the spreading proper-
ties of solutions of the Cauchy problem (L.I). We are interested in determining
the spreading speeds of each of the populations v and v, for the class of initial
data (ug, vo) satisfying (ug, vo)(—o00) = (1,0), (ug, vo)(c0) = (0,0) and such that
ug — 0 exponentially at oo with rate A\, > 0; vg — 0 decays exponentially at
oo (resp. —oo) with rate Al > 0 (resp. A, > 0).

We introduce the Hamilton-Jacobi approach to study the spreading of two-
interacting species into an open habitat, and resolve a conjecture by Shige-
sada [48, Ch. 7]. Inspired by the pioneering work of Freidlin [22] and of Evans
and Souganidis [I7] on the Fisher-KPP equation, we shall derive, via the thin-
front limit, a couple of Hamilton-Jacobi equations for which solutions have to
be understood in the viscosity sense. In our previous work [41], we considered
the Cauchy problem (1) endowed with compactly supported initial data, and
used the dynamics programming approach to show the uniqueness of the limit-
ing Hamilton-Jacobi equations, and to evaluate the solution by determining the
path that minimizes certain action functional. In contrast to our previous pa-
per, we will tackle the Cauchy problem with exponentially decaying initial data
using entirely PDE arguments. For this purpose, we establish a general com-
parison principle for discontinuous viscosity solutions associated with piecewise
Lipschitz Hamiltonians, the latter arising naturally in the spreading of multiple
species. The proof of the comparison result is based on combining the ideas due
to Ishii [33] and Tourin [51]. With this comparison principle at our disposal, we
are able to obtain large-deviation type estimates of the solutions (u,v) to the
Cauchy problem (1)) by explicit construction of simple piecewise linear super-
and sub-solutions.

1.1 Known results of a single population

We first recall some classical asymptotic spreading results concerning the
single Fisher-KPP equation:

{ Orp — ddyud = Fp(1 — $), in (0,00) x R,

1.2
¢(07 ‘T) = (;50(.%'), on R, ( )

where cz,f are positive constants. If the initial data is a Heaviside function,
supported on (—oo, 0], it is shown [3,211[35] that the population, whose density

is given by ¢(t, ) has the spreading speed ¢* = 2V/dr, i.e.,
lim sup |¢p(t,z) — 1] =0 for all ¢ < ¢*,

=00 p<et

lim sup |p(t,z)| =0 for all ¢ > c*.

=00 g>ct



In addition, the spreading speed c¢* coincides with the minimal speed of the
traveling wave solutions to (L.2)) in this case. If we broaden the scope of initial
data ¢¢ to include the class of exponentially decaying data, then the asymptotic
behavior of the solution to (L.2)) is sensitive to the rate of decay of ¢ at x = +o0
(see e.g. [30, pp.42]), which is the leading edge of the front. This is related to
the fact that 0 is a saddle for (L.2)), see [9L[16][34/44./47].

Precisely, denoting A* = \/7/d. It is proved [34,44] that:
(i) When the initial data ¢o(x) decays faster than exp{—A*z} at © = oo, then
the spreading speed c¢* = 2V dr;
(ii) When the initial data ¢o(x) is the form of exp{—(A + o(1))z} at = =
with A < A\*, then the population has the spreading speed c(\) = dA
which is strictly greater than 2V dr.

> B

For recent developments in asymptotic spreading of a single population in
heterogeneous environments, we refer to [5,[7,[19] for the one-dimensional case,
and to [6[8/[45L[56] for higher-dimensional case.

1.2 Known results of multiple populations

For close to three decades, researchers have been trying to extend these
results to reaction-diffusion systems describing two or more interacting popula-
tions.

Motivated by the northward spreading of several tree species into the newly
de-glaciated North American continent at the end of the last ice age, Shigesada
et al. [48, Ch. 7] formulated the question of spreading of two or more competing
species into an open habitat, i.e., one that is unoccupied by either species. In
case of two competing species, it is conjectured that for large time, the solution
behaves like stacked traveling fronts, i.e., it exhibits two transition layers moving
at two different speeds ¢; > co, connecting three homogeneous equilibrium states
(0,0), By and E>. Here Fj is the semi-trivial equilibrium where the faster
species is present, and FEs is either the other semi-trivial equilibrium or the
coexistence equilibrium (if the latter exists). While it is not difficult to see that
the spreading speed c; of the faster species can be predicted by the underlying
single equation (since the slower species is essentially absent at the leading
edge of the front), the determination of the second speed remained open over a
decade. Lin and Li [40] first worked on the spreading properties of (L1 in the
weak competition case 0 < a,b < 1 with compactly supported initial condition
(ug,vp) and obtained estimates for the spreading speed ¢y of the slower species.
For the strong competition case a,b > 1, Carrére [10] determined both of the
spreading speeds, where c; is determined by the unique speed of traveling wave
solutions connecting the semi-trivial steady state (1,0) and (0,1). The predator-
prey system was considered by Ducrot et al. [15]. For cooperative systems
with equal diffusion coefficients, the existence of stacked fronts for cooperative
systems was also studied by [31]. In these cases, the spreading speeds of each



individual species can be determined locally and is not influenced by the presence
of other invasion fronts.

However, the second speed c¢s can in general be influenced by the first front
with speed c;, as demonstrated by the work of Holzer and Scheel [29] which
applies in particular to (LI for the case a = 0 and b > 0. They showed that
the second speed c; can be determined by the linear instability of the zero
solution of a single equation with space-time inhomogeneous coefficient. For
coupled systems, the case 0 < a < 1 < b was treated in a recently appeared
paper of Girardin and the third author [26]. By deriving an explicit formula for
ca, it is observed that co can sometimes be strictly greater than the minimal
speed of traveling wave connecting F; and F5, and that it depends on the first
speed ¢; in a non-increasing manner. The proof in [26] is based on a delicate
construction of (piecewise smooth) super- and sub-solutions for the parabolic
system. In our previous paper [41], we showed that in the weak competition
case 0 < a,b < 1 the formula for ¢ is exactly the same as the one in [26] but
with a novel strategy of proof based on obtaining large deviation estimates via
analyzing the Hamilton-Jacobi equations obtained in the thin-front limit. We
also mention that coupled parabolic systems were also treated in [18.[23] based
on the large deviations approach, but in these papers all components spread
with a single spreading speed.

1.3 Main results

In this paper, we study the spreading of two competing species into an open
habitat with exponentially decaying (in space) initial data, with attention to
how the spreading speeds are influenced by the exponential rates of decay at
infinity.

For a function g : R — R and A € R, we say that g(z) ~ e™** at oo if

0 < liminf eMg(x) < limsup eMg(z) < 0.
Tr—r 00 T—00
Definition for g(z) ~ e** at —oc is similar. We now state our hypothesis for the
initial data (ug,vg).

The initial value (ug,vo) € C(R;[0,1])? is strictly positive on R,

and there exist positive constants 0y, Ay, A}, A, such that

H
() ug(z) > 6y in (—00,0], wp(x) ~e T at oo,

vo(z) ~eM® at —oo, and wp(z) ~e M at oo.
We denote

1
— AN A )+, 2= (A A
n =08 M0+ S = A
(1.3)
1-0 1-0
e Y o ) rid —b

v + 5
d ) Ar A /r(ld—b)



where a Ab = min{a, b} for a,b € R. Here the quantity o1 (resp. o) denotes the
spreading speed of v (resp. u) in the absence of the competitor [34144]. Without
loss of generality, we assume o7 > o9 throughout this paper. This amounts to
fixing the choice of v to be the faster spreading species.

Our main result is stated as follows.

Theorem 1.3. Assume o1 > 03. Let (u,v) be the solution of (LI) such that
the initial data satisfies (Hy). Then there exist c¢1,ca,c3 € R such that cs < 0 <
ca < c1, and for each small n > 0, the following spreading results hold:

lim  sup  (Ju(t,2)| + |v(t,2)]) =0,
t‘)001>(cl+n)t

lim sup (Ju(t,z)| + v(t,z) = 1]) = 0,
E=00 (epbm)t<a<(c1—n)t (1.4)
lim sup (Ju(t, =) — k1| + |o(t,x) — k2|) = 0,

t—ro0 (es+m)t<z<(ca—n)t
lim sup (Ju(t,z) — 1| + |v(t,z)|) = 0.

t—o0 z<(c3—n)t

Precisely, the spreading speeds c3 < 0 < ca < ¢1 can be determined as follows:
1 =01, ¢ =max{cLiw,¢énlp}, ¢3=—max{ériw,03}, (1.5)

where cuw (resp. ¢Lw) s given in Theorem L1l (resp. Remark[1.2), and

G —Va+ Lll:‘\l/a, if o1 <2\, and o1 <2(va++1-a),
2

Enlp = 3 Anlp + =2, if o1 > 2\ and Aup < V1—a, (1.6)

Anlp

2y/1 —a, otherwise,

with the quantity :\nlp being given by

1
Saip = 5 [01 — /(o1 —2)0)% + 4a) . (1.7)

To visualize the spreading result (I.4) visually, we consider the scaling

(4, 0)(t, ) = lim (u, v) <E, E) for (¢t,z) € (0,00) x R,

e—0 € €
whose asymptotic behaviors can be given in Figure [L.

Note that while the spreading speed c¢; of the faster species v is entirely
determined by A" (the exponential decay of vy at  ~ o0), and is unaffected by
the slower species u, the corresponding speed ¢y of species v depends upon o
and A, (the exponential decay of ug at = =~ 00). In particular, when A\f > /%
and A\, > %, i.e., vo(x) and up(x) decay fast enough, the speeds ¢; and ¢, are the

same as that of the case of compactly supported initial data (see |41, Theorem
1.2]).
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Figure 1: The asymptotic behaviors of (4, 9).

Remark 1.4. We point out that the speed co in Theorem [L.3 is non-increasing
in both o1 and Ay, which follows from the following observations: (i) anp given
by (L) is non-decreasing in both oy and \y; (ii) s + =% is non-increasing in
(0,41 —a]. This fact makes intuitive sense: (i) a higher o1 means the region
dominated by species v, which is roughly {(t,x) : cat < x < o1t}, is larger and
thus rendering it more difficult for species u to invade; (ii) a higher A, means
there are less population at the front to pull the invasion wave, which also makes
it difficult for species u to invade.

Fix 01, Ay > 0 and 0 < a < 1, such that o; > o5 holds. We shall see that
the quantity éup in (L6]) can be equivalently defined by

{(t,z) :wWa(t,z) =0} = {(t,z) : t >0 and x < éupt},

where W (¢, x) is the unique viscosity solution of the Hamilton-Jacobi equation

{ min{dyw + [Opw]* + 1 — aX{zcoyt}, w} =0, in (0,00) X R, 18)

w(0,z) = A, max{z, 0}, on R.

Here xg is the indicator function of the set S € (0,00) x R.

A further point of interest is the involvement of (0,0) and (ki, k2) in co-
invasion process of (L1, which happens only in the weak competition case 0 <
a,b < 1. In this case, the equilibrium states (0,0) and (k1, k2) are un-ordered,
and hence the existence of traveling wave, due to Tang and Fife [50], cannot be
established by monotone dynamical systems framework due to Weinberger et
al. [57] (see also [20139]). We will see that the invasion front (k1, k2) into (0, 0) is
indeed realized in (1)) for initial data with certain values of exponential decay
rates A, A\l at infinity, namely, when o1 = 0.

Theorem 1.5. Assume o1 = 0o. Let (u,v) be the solution of (LI) such that



the initial data satisfies (Hy). Then for each small n > 0, it holds that

lim  sup (Ju(t,2)| + |v(t, z)|) =0,
t_’ooz>(a'1+n)t

lim sup (lu(t,z) — k1| + |v(t, z) — k2|) = 0, (1.9)
t00 (cqpm)t<a<(o1—n)t
lim  sup (Ju(t,z) — 1|+ |v(t,z)|) =0,
t=90 o< (eg—n)t
where c3 = —max{éLLw, 03} and that ¢Liw is given in Remark[L2

For initial data with general exponential decay rates, Theorem [[.3] demon-
strates that there are two separate monostable fronts where each of the two
species invades with distinct speeds. Moreover, if the parameters of (L1
changes in such a way that |07 — o3| — 0, the distance of the two fronts tends to
zero. Therefore, the invasion front of (k1, k2) transitioning directly into (0,0),
due to Tang and Fife, is in fact the special case when these two monostable
fronts coincide (Theorem [L5).

Remark 1.6. As in [17[41], our approach can be applied to the spreading prob-
lem of competing species in higher dimensions under minor modifications. How-
ever, we choose to focus here on the one-dimensional case to keep our exposition
simple, and close to the original formulation of the conjecture in [48, Chapter

7]

1.4 Outline of main ideas

To determine ¢y, ¢z, c3, we introduce large deviation approach and construct
appropriate viscosity super- and sub-solutions for certain Hamilton-Jacobi equa-
tions, and then apply the comparison principle (Theorem [AT) to obtain the
desired estimations. We outline the main steps leading to the determination of
the nonlocally pulled spreading speed cz, as stated Theorem [1.3] and remark
that c1,c3 can be obtained by a similar even simpler argument as co.

1. To estimate ¢y from below, we consider the transformation w$§(t,z) =
—elogu (E f) and show that the half-relaxed limits

€’
wo(t,x) = liminf w§(t,2’) and wi(t,z) = limsup ws(t',2")
€—=0 e—0
(', z") — (t,x) (', z") — (t,z)
exist, upon establishing uniform bounds in Cj,. (see Lemma [B.2]). By
constructing viscosity super-solution ws, which satisfies

{(t,x) : wa(t,x) =0} = {(t,z) : t > 0 and x < éypt},
and using the comparison principle (Theorem [A.T), we can show that
wh < Way, and thus w§ — 0 locally uniformly in {(t,2) : < énpt}. One
can then apply the arguments in [17, Section 4] to show that

e—0

t
liminfu (—,£> >0 in {(t,z):t>0 and = < éypt}.
€ €



This implies that ca > énip (see Lemma [3.8)).

2. To estimate co from above, we construct viscosity sub-solution w, and
apply Theorem [A.1]to estimate wy from below, see Proposition [4.2l This
enables us to obtain a large deviation estimate of w. Namely, for each
small § > 0, let ¢s = 01 — §, we have

u(t, ést) < exp (=[5 +o(1)]t) for t > 1,

where fis = Wa(l,és) = Wa(l,01 — §). Now, recalling that (u,v) is a
solution to (L1 restricted to the domain {(¢,x) : 0 < z < ést}, with
boundary condition satisfying

tl_l}r{)l()(u, ’U)(t, 0) = (kla k2) and tli)rgo(ua ’U) (ta C5t) = (05 1)7
we may apply Lemma [B.2]in Appendix to show that és5 and jis completely
controls the spreading speed ¢y of u from above.

The rest of the paper is organized as follows: In Section [2, we give upper
estimates ¢; for i = 1, 2, 3 and ¢3 > cpw. In Section [3, we give lower estimates
of ¢1, co. The approximate asymptotic expressions of u and v are established in
Section 4, where we also determine c¢o, c3. In Section [5, we discuss the relation
of our results with the invasion mode due to Tang and Fife [50]. In Sectionld we
discuss the relation of our result with that of [26] due to Girardin and the last
author. In Section [T, we prove an extension which is associated to the spreading
speeds of the three-species competition systems. We conclude the article with
the Appendix. Therein we give the comparison principle of Hamilton-Jacobi
equation with piecewise Lipschitz continuous Hamiltonian and two other useful
lemmas.

This paper concerns the Cauchy problem of a system of reaction-diffusion
equations modeling two competing species. For the spreading of two species into
an open habitat, we refer to [37] for an integro-difference competition model,
and to [14] for a competition model with free-boundaries. See also [27,142]53,
54,[58] for other related results in free-boundary problems. We also note that
in those works the spreading speeds are always locally determined and thus do
not interact.



2 Estimating the maximal and minimal speeds

The concepts of maximal and minimal spreading speeds are introduced in 28]
Definition 1.2] for a single species; see also [24)/41]. In our setting, we define

¢ =inf {¢ > 0| limsup sup v(t,z) = 0},
t—oo xz>ct
¢ =sup{c>0 |htn_1)£fct_lu<1£<ctv(t,:c) > 0},
¢ = inf{c > 0 | limsup sup u(t,z) = 0},
t—oo x>ct (21)

= liminf  inf t
=mp{e>0 [lminf, jof _ u(t.2) >0}

¢3 =inf{c < 0| htrg})r.}f Ct<;réfct+1v(t,:v) > 0},

¢y =sup{c < 0 | limsup sup v(t,z) = 0},

t—oo x<ct

where ¢; and ¢; (resp. ¢z and ¢,) are the maximal and minimal rightward
spreading speeds of species v (resp. species u), whereas —cq and —¢3 are the
maximal and minimal leftward spreading speeds of v, respectively.

In this section, for initial data satisfying (Hy), we will give some estimates
of the maximal and minimal spreading speeds. The main result of this section
can be precisely stated as follows.

Proposition 2.1. Let (u,v) be a solution of (1) with initial data satisfying
(Hy). Then the spreading speeds defined in [2.1) satisfy

(1) ¢ <o; fori=1,2 and ¢z < —o3;
(i) ¢ > cLow, and e3 < —CLiw,

where o1,09,03 are defined in ([L3) and cLuw, CLuw are given respectively in
Theorem [L1] and Remark[1.2. Furthermore, we have

Tim (Ju(t, 0) = k| + [0(£,0) — kal) = 0. (2.2)

Proof. We will complete the proof in the following order: (1) ¢2 < o2, (2)

t1 <01, (3) 3 < —o3, (4) €3 < —¢rw, (5) ¢ > cLrw, (6) ([2.2) holds.
Step 1. We show assertions (1), (2) and (3).
Observe that for some M > 0 the function

u(t, ) := min{1, M exp(— min{A,, 1}(z — o2t))}
is a weak super-solution to the single KPP-type equation
Ot — Oyt =u(l —w) in (0,00) X R,

of which u(t, z) is clearly a sub-solution. By choosing the constant M > 0 so
large that uo(z) <7(0,z) in R, it follows by comparison that

u(t,z) <u(t,x) = min {1, M exp(— min{A,, 1} (x — oaot) } (2.3)

10



for (¢t,z) € [0,00) x R. In particular,

lim sup |u(t,z)]=0 for eachn > 0. (2.4)
t—o0 I>(O’2+n)t
This proves ¢ < 09, i.e., assertion (1) holds.
Similarly, we deduce assertion (2) by comparison with

o(t, ) := min{1, M exp(— min{\}, \/r/d}(x — o11))
which is the solution of
00 — dO0yy U = 19(1 — D), in (0,00) x R,
{ 7(0, z) = min(1, Me_mi“{w’\/g}m), x eR.

To prove assertion (3), let o(t,z) = v(¢t,—x), we turn to consider another
single KPP-type equation

0w — dOggv = rv(l —b—w), in (0,00) x R,
Q(O,.I) = ’Uo(—.I), z €R.

Again the scalar comparison principle implies v(¢, —x) = 0(¢,x) > v. By the
results in [34] or [44], we have

lim inf inf v > liminf inf v > —, (2.5)
t—00 (—oz+n)t<z<0 t—=oo |z|<(o3—n)t 2
which means ¢3 < —o3.
Step 2. We show assertions (4) and (5).
Given any non-trivial, compactly supported function vy such that 0 < 99 <
vo. Then

(uo(x),vo(x)) 2 (1,90(x)) inR.

Let (a4rrw,PLow) be the solution to (LI) with initial value (1,09(x)). Then
Theorem [L.1] and Remark [[.2] guarantee the existence of ériw > 24/dr(1 —b),
such that

liminf inf oppw(t,z) >0 for each ¢ € (—érrw, 0).

t—oo |z|<|c|t
By the comparison principle for (L)), we have (u,v) < (@rLLw,dLLw) for all
(t,x) € (0,00) x R, which yields, for each ¢ € (—éLLw, 0),

liminf inf o(t,z) >liminf inf Opow(t,z) > 0.
t—oo ct<x<ct+1 t—oo ct<x<ct+1

This proves ¢3 < —¢rLw and thus assertion (4) holds.

Similarly, we can get show assertion (5), i.e., ¢ > cLow. By comparing
(u,v) with the solution (urrw,vrrw) of (1) with initial condition (g, 1), for
some compactly supported ug satisfying 0 < @9 < ug, and then using Theorem
[LT In this way, we get

liminf inf u > liminf inf uppw >0 for each ¢ € (0, cLiw)- (2.6)
t—oo |z|<ct t—oo |z|<ct
Step 3. We show assertion (6). In view of (2.5) and (2.6)), one can deduce (Iﬂ[)
from items (a) and (c) of Lemma [B.1]

11



3 Estimating ¢; and ¢, from below

We assume o7 > o9 throughout this section. In this section, we estimate c;
and ¢, from below via the large deviation approach and applying Theorem [A.T.
To this end, we introduce a small parameter e via the following scaling

ue(t,x)_uGﬁ) and ve(t,x)_v<f,f>. (3.1)

€ €

Under the new scaling, we rewrite the equation of u¢ and v¢ in (1)) as

Opu® = €0gzut + “?6 1—u — ave), in (0,00) x R,

O0pv€ = €d0zgv° + T%(l —bu —v), in (0,00) xR, (3.2)
u(0,2) = uo(%), on R, '
ve(0,2) = vo (%), on R.

To obtain the asymptotic behaviors of v and u® as € — 0, the idea is to
consider the WKB ansatz w{ and w§, which are given respectively by

wi(t,z) = —elogv(t,x), ws(t,xz) = —elogu(t,x), (3.3)

and satisfy, respectively, the equations

Oywe — €dOyppw® + d|Oyw|? +r(1 — bu —v€) =0, in (0,00) x R, (3.4)
we(0,z) = —elogv(0, x), on R, '
and
0w — €Dy w + |0pw 2 +1 —uf —av® =0, in (0,00) x R, (3.5)
we(0,z) = —elogu®(0, x), on R. '

Lemma 3.1. Let G be an open set in (0,00) x R and K, K’ be compact sets
such that K cInt K’ ¢ K' C G.

(a) If ws — 0 uniformly in K' as e — 0, then

lim inf inf u¢ > 1 — a lim sup sup v¢; (3.6)
e—0 K e—0 K’

(b) If w§ — 0 uniformly in K’ as e — 0, then

lim inf inf v¢ > 1 — blim sup sup u®. (3.7)

e—0 K €e—0 K’
Proof. We first prove (a) by adapting the arguments from [17, Section 4]. Let
K, K’ and G be given as above.
Fix an arbitrary (to, o) € K and define the test function

plt,x) = |z — 9co|2 +(t— t0)2.
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Since (i) (to,70) € K C Int K’ and (ii) w§ — 0 uniformly in K’, the function
w§ — p attains global maximum over K’ at (te, z.) € Int K’ such that (te,z.) —
(to, zo) as € = 0. Furthermore, Op(te, xc), Oxp(te, z) — 0, so that at the point
(tév'ré)v

0(1) = Oyp—€0pup+0.p* < 8tw§—68mw§+|8zw§|2 < u®—1+alimsupsupv°.
e—0 K/

This yields

u(te,zc) > 1 — alimsupsupv® + o(1).
e—0 K’

Since w§ — p attains maximum over K’ at (¢, x.), we have in particular
w(te, we) = (w3 — p)(te, xe) = (w5 — p)(to, xo) = ws(to, o).
Recalling u®(tg, xo) = e~<w2(t0:0) and u®(t, z.) = e~“w2(te:%<) e therefore have

u(to, xo) > u(te, ze) > 1 — alimsupsup v + o(1).
e—0 K’

Since this argument is uniform for (tg, z9) € K (depends only on K, K’ and G),
we deduce assertion (a). The proof for (b) is analogous. O

Next, we will pass to the (upper and lower) limits using the half-relaxed
limit method, which is due to Barles and Perthame [4]. Define

wi(t,z) =  limsup wi(t,a),
e—0
(t',2") — (t,x)
wi(t,z) = limsup w§(t',2") and wa.(t,z) = liminf w§(t',2").
e —0 e—0

', z") — (t,z) (t',a") = (t, @)
That the above are well defined is due to the following lemma:

Lemma 3.2. Let w§ and w§ be the solutions to B.4) and (B.9), respectively.
Then there exits some Q) > 0, independent of € small, such that

max{\ Tz, + A, 2- —Q(t+¢€),0} <wi(t,z) < Ao+ A 2-+Q(t+e), (3.8a)
max{ A,z — Q(t+¢€),0} < ws(t,z) < Az + Q(t +e), (3.8b)
0<wi(t,z) <Q\Foy + M\ 2 +e), (3.8¢)

0 <ws(t,z) < Q(Ayx4 + €), (3.8d)

for (t,z) € [0,00) X R, where x4 = max{z,0} and z_ = max{—=z,0}.

Proof. We only prove (3.8a) and the estimations (B.8b)-(3.8d) follow from a
quite similar argument. Since v¢ < 1, we have w§ > 0 by definition. By (H)),
there exist positive constants C7 and C5 such that

Che~Martrie) < v(0,z) < Cre~ e+, 2-)  for 4 € R,

13



By definition (3.3), we have
Moy + A,z —elogCr <w§(0,2) < NFoy + A\ 2 — elog Cs. (3.9)
Define
Zi= A2+ Qt+e).
We shall choose large @) independent of € such that
wi(t,x) <z} in[0,00) x [0, 00). (3.10)

To this end, observe that z§ is a (classical) super-solution of (8.4]) in (0, c0) x
(0,00) provided Q > r. By (2.2) in Proposition 2.1] we find —logwv(t,0) is
uniformly bounded in [0, 00) (since v(0,z) > 0 in R), so that we may choose

Q =max<{ sup [—loguv(t,0)], |logCsl, r;, (3.11)
t€[0,00)
such that
wi(¢,0) <zi(¢t,0) forallt>0, wi(0,z)<z(0,z) forall x>0,

where the last inequality is due to (8.9). By comparison, (3.10) thus holds.
By a similar argument, we can verify

Z5= -\ 2+ Q(t +e)
is a super-solution of ([B.4)) in (0, 00) x (—00,0), so that
wi(t,z) <zZ5(t,x)  in [0,00) X (—00,0], (3.12)

where @Q is defined by (8.11). Combining with (8.10) and (8.12) gives the desired
upper bound of wg.
To obtain the lower bound of w{, we may define functions

2=AN2-Qt+e¢) and z5=-N2-Q(t+e).
By the same arguments as before, we can check
wi(t,x) > 2] in [0,00) x R and wj(t,z) > 2§ in [0,00) X R,
by choosing @ = max { |logC1, d(A})* +d(A;)? +r}. This completes the
proof of (3.8a)). O

Remark 3.3. According to Lemma 3.2, by letting t = 0 and then ¢ — 0 in

(B.8a) and (B8B), we deduce that
AF 0
Wi (0,2) = Z% for x € [0,00),
A, x, forx € (—00,0],

and
w0 =m0 = (37 [TEE0T,
Similarly, by setting x = 0 and then € — 0 in (3.8¢) and (B.8d), we have
wi (t,0) = w5 (t,0) = wa«(t,0) =0 for t > 0.
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3.1 Estimating ¢, from below

By Proposition 2.1} ¢ < 09, so we deduce

0 < limsup u(t',2") < X{o<ost}- (3.13)
e—0
t',2") — (t,x)

Lemma 3.4. Let (u,v) be a solution of (1) with initial data satisfying (Hy).
Then

(a) wi is a viscosity sub-solution of

min{dyw + d|d,w|* + r(1 — bx{z<oy}), w} =0, in (0,00) x (0,00),
w(0,z) = A\t x, on [0, 00),
w(t,0) =0, on [0, 00);

(3.14)

(b) wi is a viscosity sub-solution of

min{dyw + d|d,w|* + r(1 — bx{s<oy} ), w} =0, in (0,00) x (—00,0),
w(0,z) = =\, x, on (—o0, 0],
w(t,0) =0, on [0, 00),

(3.15)

where o2 is defined by ([L3) and A\, A} € (0,00) are given in (H)).

Proof. First, observe that w} is upper semicontinuous (usc) by construction.
By Remark B.3] the initial and boundary conditions of (8.14) and (B.15) are
satisfied.

It remains to show that w} is a viscosity sub-solution of min{d;w+ d|d,w|*+
7(1 = bX{z<oyt}),w} = 0 in the domain (0,00) x R. According to definition
of viscosity sub-solution of Hamilton-Jacobi equation, (see Appendix [A), let
v € C*°((0,00) x R) and let (tg,zo) be a strict local maximum point of wi — ¢
such that wj(to,z¢) > 0. By passing to a sequence € = ¢, if necessary, w§ — ¢
has a local maximum point at (t.,z) such that w$(te,z.) — wi(to,x0) and
(te,xe) = (to,xo) uniformly as e — 0. At the point (¢, x.), we have

¢
w1

<)
€
w1

= 0sp +d|0p® +r(1 —bu® —e” ).

€d0zgpp > €d0zpw] = Oywi + al|8gcw§|2 +r(1—bu—e”

By the fact that e~ vilteT)/c 5 0 (as w(t,, x.) — wi(to, x0) > 0), we may pass
to the limit € = ¢ — 0 so that

0 2 6t30(t07 .’IIQ) + d|6m90(f0, :EO)|2 + T(l - bX{(t,m):zSa'2t}(to,mg) - 0)

Hence wj is a viscosity sub-solution of (8.14) and (3.15). O
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Lemma 3.5. Let (u,v) be a solution of (1) with initial data satisfying (Hy).
Then

1 2 01,
where o1 is defined by (L3)).

Proof. Define the function w; : [0, 00) X [0,00) — [0, 00) by

Nz = (dXF + Z)t), for £ > dAF +
w t,x = v v
6o 0, for 0 < 2 <dX\b + =

AT

when A\ < /%, and by

A (= (dXF + 5)t), for £ > 2dA],

xS
wy(t, x) = ﬁ(f—; — 4dr), for 2v/dr < 2 < 2d\},
0, for 0 < 2 < 2V/dr,

when A > /T
By construction, w; is continuous in [0,00) X [0,00). Next, we claim that

the continuous w; is a viscosity super-solution of (3.14). We will check the

latter case of A} > \/g as the former case can be verified analogously. Un-

der the condition A} > /%, we have o1 = 2V/dr. According to definition
of viscosity super-solution of Hamilton-Jacobi equation (see Appendix [A)), let
w € C*((0,00) x R) and let (tg,x0) be a strict local minimum point of w; — .
If zo/to # 2V dr, then w; is a classical solution of (8.14]).
If x0/to = 2V dr, then Wi (tg, zg) = 0 by definition. Moreover,
—o(t,2Vdrt) = (@) — ¢)(t,2Vdrt) > (W1 — @) (to, x0) = —(to, o)  for t = to,
and we must have ;¢ (tg, o) + 2V drd,p(to, xo)) = 0, and hence

at(P(tO; IO) + d|am</7(t05 I0)|2 + T(l - bX{(t,w):mgagt} (to, :EO))
= —2Vdrd,p(to, o) + d|0xp(to, xo)|* + 7

— (Vavsg(to,a0) —vF) 20,

where the first equality follows from the fact that z¢/tg = 2vdr = o1 > 09.
By Remark [3.3] and the expression of w;, we have

w1 (t, ) = Ao = wi(t,z) on 9[(0,00) x (0, 00)].

And recalling Lemma B.4(a), w; and wj is a pair of viscosity super and sub-
solutions of (3.14). Then, we may apply Theorem [AT]to get

0<wi <w in [0, 00) % [0, 00),
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which implies that
{(t,z) rwi(t,z) =0} D {(t,z) :w1(t,z) =0} = {(t,2) : 0 <z < oyt}.
Letting € — 0, we arrive at
wi(t,x) = —elogv®(t, z) — 0 locally uniformly on {(¢,z) : 0 < x < o1t}.
Hence for each small n > 0, by choosing the compact sets K = {(1,2) : n <z <

op —ntand K' = {(1,2) : § < < o0y — 5}, we may apply Lemma [B.1(b) to
deduce that

1-0
lim inf inf v(t,z) = liminf inf v(¢,2) > —— > 0. (3.16)
t—00 nt<z<(o1—n)t e—~0 K 2
This implies ¢; > o7. O

Corollary 3.6. Let 01 > o2 and let (u,v) be a solution of (LI) with initial
data satisfying (Hy). Then for each small n >0,

lim  sup (Jul+ |v]) =0, (3.17a)
t—o00 I>(O’1+7])t
lim sup (lul + v —=1]) =0, (3.17Db)

t=00 3y tm)t<z<(o1—7)t
where o1 is defined by (L3)).

Proof. By definition, ¢; < €. It follows from Proposition 2.I] and Lemma
B.A that o1 < ¢; < < 01. Hence, ¢y = ¢ = o1. By Proposition 2.1]i),
Ca < 09 < 01, so that (8.17a) holds. In view of ([B.16) and definition of ¢, we
have, for each small > 0,

lim inf inf v(t,z) >0, and lim sup w=0.
t—oo ni<z<(o1—n)t E200 o> (cat)t

We may then apply Lemma [B.ld) to deduce (3.17D). O

3.2 Estimating ¢, from below

By Corollary 8.6, we have

X{ost<z<ort} < linljréf ve(t', ) < limsgp ve(t', ) < X{z<o1t}- (3.18)
€ € —
(t',a") = (t,2) (t,z') > (t,z)

Lemma 3.7. Let (u,v) be a solution of (1) with initial data satisfying (Hy).
Then, w3 is a viscosity sub-solution of

{ min{d,w + |O,w|? +1 — aX{z<ort}, W} =0, in (0,00) x R, (3.19)

w(0,z) = A\, max{z, 0}, on R,

where o1 is defined by ([L3) and A\, > 0 is given in (Hy).
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Proof. The proof is analogous to Lemma [3.4] and we omit the details. O

Lemma 3.8. Let (u,v) be a solution of (1) with initial data satisfying (Hy).
Then
Co > énlpv

where ¢nip is defined in Theorem [L3.

Proof. According to definition of énp in Theorem [L.3] we consider the three
cases separately: (a) o1 < 2\, and 01 < 2(va + /1 —a); (b) o1 > 2\, and
Antp < V1 —a; (c) otherwise.

First, we claim that we are done in case (c). Since in that case énp =
2v/1 —a, and, according to Proposition R.I[ii), ¢ > cLow where copw >
2y/1 — a by Theorem [I.1l Thus

Cy > cLiw = 2V1 —a = Cnip.
It remains to consider cases (a) and (b). We start by defining

_ o1 1—a
Cnlng—\/a‘f'ﬁ\/a
2

and

(01 — Vo1 =22+ 4a) . (3.20)

DN =

~ X —a X
Cnlp = /\nlp + —= where )\nlp =
nlp

Suppose case (a) holds, then éy, = Enp. Define ws by

Au(x — (A + )\iu)t), for § > 2X,,

t oz x
(% —4), for o1 < Z <2,
Wa(t, r) = ( ) =

1
(% —Va)(x — cupt), for ép < § < o1,
0

for % < Culp.

By construction, ws is continuous in [0, 00) x R. We claim that continuous ws is
a viscosity super-solution of (8.19). (Actually, it is the unique viscosity solution
of (B.19), but we do not need this fact.) Indeed, w2 is a classical solution for
(B.19) whenever ¥ & {o1,¢Cup}. Now, it remains to consider the case when

W2 —  attains a strict local minimum at (¢, zo) for Vo € C*°(0, 00) x R), when
12 = 01 Or Culp. In case 3¢ = o1, (W2 — gp)(t;alt) > (w2 — ¢)(to,xo) for all
o

t & to, so that dyp(to, z0) + 010:¢(to, x0) = F- — 1. Hence, at (to, o), (note
that (—ax{z<ot})* = —0X{z<o1t})

2
g
61590 + |6m(p|2 +1- AX{z<oit} = Il

— 1= 010,90+ |0,0* +1
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On the other hand, if 2 = ¢u1p, then Vo(to, zo) - (1, Cup) = 0, and
o
0 < Vo(to, o) - (—Caipt, 1) < V[(?l - \/a)(x — Caipt)] - (=Calp, 1),
which means 0:¢(to, To) = —CnipOe and 0 < 0,p(to, 20) < G — v/a, whence
e + 100 + 1 — aX (o<t} = —CatpOap + 10201° +1 —a
1—a o1
— (orp - 222 ) (o0 - T4 v) 20
( e \/a> -5 +Va)z

at (to, zo). The last inequality holds because 0,0 < Z-—+/a < V1 —a < ﬂl:‘\l/a
2

Hence, w2 is a viscosity super-solution of (3.19)).
By Remark [3.3] and the express of ws, we have

w2(0,z) = A\, max{z,0} = w3(0,2) for z € R.

And recalling that w3 is a viscosity sub-solution of (8.19), we may deduce by
Theorem [A.T that
0 < wj <wsy in [0,00) x R. (3.21)

Now,
{(t,z) rw3(t,x) =0} D {(t,z) : Wa(t,z) =0} = {(¢t, ) : & < énpt}.
Hence,
ws(t,x) = —elogu(t,z) - 0 locally uniformly on {(¢,z) : = < énipt}.

Hence for each small n > 0, by choosing the compact sets K = {(1,z) :n <z <
Calp — ) and K" = {(1,2) : 2 <2 < énp — 3}, we may apply Lemma [3.1[a) to

get
1-a

lim inf inf u(t,x) = lim inf i%f u(t,z) > > 0,

t—=00 nt<z<(énip—n)t e—0

which implies ¢, > énip.
Finally, for case (b), then we have éy1, = ¢nip. We define
Az — (A + %)t), for £ > o1,
EQ(ta I) = /N\nlp('r - &nlpt)v for 6nlp <Z< 01,

0, for £ < éhpp.

Then one can verify that W, is likewise a viscosity super-solution of (8.19), so
that one can repeat the arguments for case (a) to show, again, that ¢, > énjp. O

4 Estimating ¢; from above and ¢; from below

We assume g1 > g9 throughout this section. It remains to show

Ty < max{cLiw,énp} and ¢z > —max{¢Liw,03}.
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4.1 Estimating ¢, from above

For § > 0, we will construct an exponent s depending continuously on §
such that
u(t, (o1 — 9)t) <exp(—(fis +0(1))t) fort > 1,

so that we may apply Lemma [B.2a) to estimate ¢5 from above.

Lemma 4.1. Let (u,v) be a solution of (1) with initial data satisfying (Hy).
Then wa « 15 a viscosity super-solution of

min{atw + |amw|2 +1- aX{G’zt<:E<O’1t}a w} = 07 mn (Oa OO) X R, (4 1)
w(0, z) = A\, max{z, 0}, on R, ’
where o1 and o are defined in (L3]).
Proof. Tt follows from standard arguments as in Lemma [3.4] O

Proposition 4.2. Let (u,v) be a solution of (L) with initial data satisfying
(Hy). Then
¢ < max{criw, éuip }

where cppw and éyyp are defined respectively in Theorem [I.1] and [L.3]
Proof. Step 1. Define w, : [0,00) x R by
Au(x — (A + %)t), for § > 2\,

(22— 1), for 2 < % <23, (4.2)

MQ(tv'I) = t2

S |

, for + <2,
in case A\, > 1, and by

wy(t, ) = A\, max {x — (A + /\i)t,O} )

in case A\, < 1. Then it is straightforward to verify that w, is a viscosity sub-
solution of ([AI)). Since, ws (0,2) = A, max{z,0} = wy(0,z) in R (by Remark
[B.3), we may apply Theorem [A1 to deduce
wa (L, ) > wy(t,x)  for [0,00) x R. (4.3)
Step 2. To show that, for each ¢ > 0,
u(t, ét) < exp{—(wy(1,¢) +o(1))t} fort>> 1. (4.4)
And that wy(1,07) is given by

w2(1701) _ { (~0—21 — \/6)(01 — El’llp)u for o1 < 2, (45)

Anlp(o'l - 6nlp)7 for 01 Z 2)\u;
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and Cuip, Cnip, Anip are all given in Lemma [3.8]
By definition of ws . and w§(t,x) = —elogu®(t, x), for each small € > 0, by
applying Step 1, we have

~clogu (1, ) > w3,4(1,8) + (1) = wy(1,6) + o(1)

€ €

— <1> < exp GM)

€ €

which implies (4.4). By the formula of w,, we can show
(i) For o1 < 2\, we substitute (¢,z) = (1,01) in (4.2) to obtain

wy(1,01) = (0% —4) = (5 = Va) (o1 — Cupp), (4.6)

_ 1—
where G = % — Va + %1_‘\1/5;

(ii) For o1 > 2\, we substitute (¢,2) = (1,01) in ({.2) to obtain

wy(1,01) = Ay (01 — (A + /\—lu)) . (4.7)

Recalling the definition of Ay, in (3.20), we have
- 1
Raip = = 5 [(al —2\) — Vo1 — 2h)2 1+ 4a} ,

so that

(Aatp — M) = (01 = 220) (Aatp — Au) —a = 0. (4.8)
Hence, (4.7) becomes

w,(1,00) = A (m et Ai)) (01 — ) (49)

u

where €nip, Anip are as in (3.20).

This implies (4.5) holds, which completes Step 2.
Step 3. To show ¢ < max{cruw, énlp}-
It follows from Proposition 2.1l and Corollary [3.6] that for ¢ € (o2, 01),
tl_lglo(u,v)(t,O) = (k1,k2) and tl_lglo(u,v)(t,ct) =(0,1).

By Step 2 and observation A\ppwerw = )\%LW +1—a, then we apply Lemma
[B:2(a) in Appendix to conclude that for ¢ € (o3, 01),

CLLW; if wy(1,8) = =Afpw + Autwe — (1 —a),
C2 < Cow,(1,8) = . 2w, (1,é) . . 5 .
T Vw0t if wy(1,6) < =Afpw + /\L(szlcO; (1—a).
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Letting ¢ /' o1, (A10) can be expressed as (denote fi = wy(1,01))

CLLW if i > =M w + Auowor — (1 —a),
Co < Coyp = 20 PN 2
o1 — P =T rs g if f < —Apw + Auowor — (1 —a).
(4.11)
It remains to verify c,, 5 = max{crrw, énip }, where énip = Apip + +=2 and

)\nlp

G —Va, ifeoy <2\, and o1 <2(Va+ V1 -a),

Aalp = < Anip, if o > 2\, and Ay, < VI-—a, (4.12)
Vv1—a, otherwise,

and 5\n1p is given in Lemma [3.8] Note that

R Q- Va, for o1 <2\,
Anip = min{A;, V1 —a}, where X\, :=<

Anlp, for o1 > 2\,.
(4.13)
By (4.6) and (9], i = wy(1,01) can be expressed as

fi=G(\s), where G(\):=- +0A—(1-a) (4.14)

and \; is as defined in (4.13). Note that G()) is strictly increasing on [0, F].

We note for later purposes that ([£.14) is a quadratic equation in A;, so that

— 2 _ A +1—
py = DoV 2(“+ 9, (4.15)

Since Anw € (0,v/1 — a], we divide our discussion into two cases: (i) Az <
Arow; (i) Adoow < Mg
(i) Case A\ < ALrw. (Recall that Apw < V1 —a.)
By (4.13), ;\nlp = A\a < ALnw, whence it follows from the observation

R Q 1—a 1—
Calp = Anlp + 3 and coow = Auow + v
nlp

(4.16)

and the monotonicity of s—i—l;sa in (0,41 — a] that éup > cLiw. It remains
to show that c,, 5 = Cnlp-

Now, by monotonicity of G, we have
= G()\ﬂ) < G()\LLW) = _)‘%LW + ALLwo1 — (1 - a).

.
B we have ¢, ; = 01 — g . Hence
y @10, = 01— e ,

it l—a
—:AA ——— = Cnlp,
)‘ﬂ ;U'+ )\ﬂ Cnlp

where the first and second equalities follow from (4.15) and (4.14), respec-
tively.

Cor,ip = 01 —
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(11) Case /\LLVV S /\ﬂ.
By (.13),
;\nlp = min{)\ﬂ, vV 1-— CL} Z min{)\LLW, vV 1-— CL} = )\LLW-

It follows from (4.16) that énp < cppw. It remains to show that g >
G(ALLw), so that ¢y, 4 = cLow = max{criw, énip b Indeed, one can check
that Apow < Ay < 01/2, and we deduce

f=G(M\y) > G(Auw),
by the monotonicity of G in [0, 07 /2].

The proof of Proposition 4.2]is now complete. O

4.2 Estimating c; from below

For convenience, let a(t,x) = u(t, —z), 0(t,x) = v(t, —z), and define

t t
uc(t, ) =1a (—, E) , 05(t,x) =0 (—, E) , w§ = —elog¥¢(¢t,x) in [0,00) x R.
€ € € €
Again we pass to the half-relaxed limit:

ws i (t,z) = liEnLiréf w§(t', x').
(t',z') = (t,z)

Lemma 4.3. Let (@, ) be a solution of (1) such that x — (@(0, —x),d(0, —x))
satisfies (Hy). Then, for each smalln > 0,

lim sup (la(t,z) — 1| + |o(t, x)]) = 0. (4.17)
70w (an )

Proof. Let vkpp be the solution of

Owvkpp — dOzzvkpp = rvgpp(l —vkpp), in (0,00) x R,
vgpp = min{1, Ce ™ 7}, onz € R.

By choosing C' to be sufficiently large, we may apply comparison principle to
get 0 < 0 < vgpp. Therefore, for each n > 0,

lim sup [o(t, )| = 0 for each n > 0. (4.18)
o0 > (g At

Let ukpp be the solution of

Orukpp — Orzukpp = ukpp(l —a —ukpp), in (0,00) x R,
ukpp (0, z) = up(z), onz € R.
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Again the scalar comparison principle implies u > ugpp. By the results in [34]
or [44], we have, for each small n > 0,

l1—a

lim inf a(t,x) = lim inf u(t,x) >

(4.19)
t—=00 x> (2¢/T—a+4n)t t—=00 < (2v/T—a—n)t

By small >0, we have (418)) and (4.19) hold, thus we may apply Lemma
B.I(b) to deduce (4.17). O

In view of Lemma [4.3] we obtain

Xfa>(drs =)y < lminf ac(t',2’) < lizrljtép ac(t',2') < 1. (4.20)
(t',a") = (t, @) t,z') = (t,z)

Lemma 4.4. Let (4, 0) be a solution of (L1) such that x — (@(0, —x), (0, —x))
satisfies (Hy). Then, ws . is a viscosity super-solution of

min{dyw + d|0,w|* +r(1 — DX (4> (ars +—yip)> wh =0 in (0,00) x (0, 00),
Ay

w(0,z) = A\, x, on [0, 00),
w(t,0) =0, for t>0.
(4.21)
Proof. The proof is similar to proof of Lemma [3.4(b) and is omitted. O

Proposition 4.5. Let (u,v) be a solution of (1) with initial data satisfying
(Hy). Then

¢y > —max{éLw, 03}

where ¢Luw and o3 are defined in Remark[L.2 and (L3]), respectively.
Proof. Step 1. To show

wa,«(t, ) > ws(t,x) for [0,00) x [0,00), (4.22)

where w; : [0,00) X [0,00) is defined by

ws(t,x) = A, max {3: —(dr; + /\L_)t,O} .

As in Step 1 of Proposition[4.2] one can verify that ws is a viscosity sub-solution
of (@.21)). By the expression of ws, Remark B.3land wq . (¢, —x) = w3 (t, x), we
have ws(t,x) = A, max{z,0} = ws.(¢t,x) on 9[(0,00) x (0,00)]. Hence we
apply Theorem [A.T] to obtain (4.22)).

Step 2. To show for each ¢ > 0, we have

0(t, ét) < exp{(ws(1,¢é) +o(1))t} fort> 1. (4.23)

This can be done as in Step 2 of Proposition 4.2
Step 3. To show ¢3 > — max{érLw, 03}
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Fix ¢ > (dA, + 5=). By Proposition 2.1l and Lemma [4.3] we arrive at

lim (@, 0)(t,0) = tl_i)IEo(u,v)(t,O) = (k1,k2) and lim (@, 0)(¢,ét) = (1,0).

t—o0 t—o0

(4.24)
This verifies condition (i) of Lemma [B.2(b). Next, by Step 2, we have
o(t, ét) < exp{—(fiz + o(1))t} for ¢t > 1,
where ,
fir = wa(1,0) = X7 (6~ (@7 + ). (4.25)

We note for later purposes that fis is a quadratic expression in A, , so that

v
fo = Aré—dA)?—r, and Ay = V¢ (fiz 1) (4.26)

2d

We may then apply Lemma [B.2(b) to conclude

CLLW, if fi2 > Apow (é — ELiw ),
—C3 < Cepy = A 2dfiz . ~ 1 A =
C éf\/6274d[ﬂ2+r(17b)]7 if0 < Lo < )\LLW (C CLLW)-
(4.27)
To complete the proof, we need to verify
lim sup é j, < max{érLw, o3} .
E—00
Since 0 = _dS‘%LW + S‘LLW6LLW — T(l — b), then
fiz — Auiw (¢ — éLiw) =fi2 — (—dM\ipw + Adrzwé — (1 — b)) (4.28)
4.28

= (A = Auw) [6= A0 + Auow)] = 1,
where (4.26]) is used for the last inequality.
(i) For the case A\, > ALmw, we take é — oo in (£.28) to get
fiz > Arow (¢ — éLow) ,
so that by (4.27), —¢y < érow < max {¢LLw, 03};
(if) For the case A, < :\LLW, we have A\ < ALLw < 1/ @ and

1-b ~ 1-b
o3 =dA, + r( — ) > dA\pw + T(~ ) = éLLwW-

we have R
0< [LQ < )\LLW (é — &LLVV) .
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e/t ()]
’ 4d2[5z+ i)l R W

Denote A¢ g, =

d(Ne py)® = EXe + fi2 +7(1 = b) =0, (4.29)
and Az, < Ay (by comparing with the second part of (4.26)). Hence, we
arrive at R -

—C3 S Cep, = C— b2 _ e,y + ril = ) (4.30)
Az iz Aé iz
Next, we claim that
Alirn /\@”a2 = )\; (431)
C— 00

To this end, subtract the first part of (4.26) from (4.29) to get
d(Nein)? = Qe = AY) = d(A;)? = b = 0.

Dividing the above by ¢ and letting ¢ — oo, we obtain (4.31).
By (4.31)), we can take ¢ — oo in (4.30)) to get —¢5 < 03 < max {érLrw, 03}

This completes the proof of Proposition [4.5] O

4.3 Proof of Theorem [1.3

Proof of Theorem[L.3. For i = 1,2,3, let ¢;,¢; be the maximal and minimal
spreading speeds defined in (2.1I). It follows from definition directly that ¢; > ¢;.
By Corollary[3.6 we have ¢ = ¢; = 01. By Proposition [2.1[ii) and Lemma [3.8]
we arrive at ¢, > max{cLLw, énlp}, which, together with ¢ < max{crrw, énip}
in Proposition [4.2] we have ¢; = ¢, = max{crrw, éup}- Moreover, combining
with Propositions [2.1] and [4.5] gives ¢35 = ¢5 = — max{os, cLLw}. Recalling the
¢; as defined in (L.5]), we have ¢; = ¢, = ¢; for all i = 1,2,3. To complete the
proof of Theorem [[.3] it remains to show (L4).

Observe that the first two items of (L4)) is a direct consequence of Corollary
[3.6] Next, we shall show that

lim inf inf v(t,z) >0 for small n > 0. (4.32)
t=00  (cgtm)t<z<(o1-m)t

Given some small 1 > 0, definitions of ¢3 and ¢; imply the existence of
ch € (e3,c3+m), o) € (01 —n,01) and T > 0 such that

. . / /
tlgg min{wv(¢, c5t), v(t,01t)} > 0.
Now, define

R —b . . .
J := min {IT, chégia;Tv(T’ x), tlgg min{v(t, c5t), v(t, O'it)}} > 0.

Observe that v(t,z) and 0 form a pair of super- and sub-solutions to the KPP-
type equation 9;v = d0;,v+rv(1 —b—v) such that v(¢,z) > § on the parabolic
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boundary of the domain Q := {(¢t,z) : ¢t > T, ¢4t < z < oit}. It follows from
the maximum principle that v > § in . In particular, (4.32) holds.
Similarly, we can show that

liminf inf w(t,z) >0 for small n > 0, (4.33)
t—=00 z<(co—n)t
by definition of ¢, and by (419) in Lemma 4.3l Fix small n > 0. In view

of (4.32) and (4.33), the third item of (L.4) holds by applying (a) and (c) in
Lemma [B.I]l Finally, since (£.33) and lim sup v = 0 (by definition of ¢;),

t—o0 z<(cz—n)t
by applying Lemma [BI(b), the fourth item of (L4) holds true. The proof of
Theorem [1.3]is now complete. O

5 The invasion mode due to Tang and Fife

In this section, we assume o; = o2 and prove Theorem [1.5

Proof of Theorem[L3. For any small § € (0,1), let (u°,7°) and (@°,2°) be re-
spectively any solution of

Opu — Oz = u(l — u — av), in (0,00) x R,
{ 00 — dOggv = rv(1 + 6 —bu—v), in (0,00) x R, (5:1)
and
Ot — Ogzpu = u(l — u — av), in (0,00) x R,
{ 00 — dOggv = rv(1 —§ —bu —v), in (0,00) x R, (5:2)
with initial data satisfying (Hy). By comparison, we deduce that
(@, 7°) < (u,v) < (@°,2%) in [0,00) x R. (5.3)
Notice that (u?,7°) is a solution of (5.1)) if and only if
UV = <g v ) (5.4)
149
is a solution of
U — 0,,U =U(1 = U —a°V), in (0,00) x R,
{ OV — ddy,V =7V (1 —b’U — V), in (0,00) x R, (55)
where @ = (14 8)a, 7 = (1 + 6)r and b° = #‘5. Observe that &7 =

dAF A %) + +F6 — > 01 =02 and 0 < a’,b° < 1 by choosing & small
M

enough. By applying Theorem [L.3] to (5.3, we deduce that the rightward and
leftward spreading speeds @ and ¢ of v (which is the same as 7°), and the
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rightward spreading speed ¢j of U’ (same as u°) exist. Furthermore, they can
be characterized by

R 5 _ 5 ) 5 _ =6 -5
€1 =01, L= maX{QLLWainp}v ¢y = —max{Cpy, 03}

. =0 . . . .
Precisely, ¢ (resp. cLLW) is the spreadlng speed for (5.5)) as given in Theorem

[L1] (resp. Remark [1.2)), 7§ = d(\, A \/ (-8 41 moreover

=
T

-Va +0566 if 50 < 2)\, and & <2(Va® +1-a),
- —-Va
=5 5 =5
Catp = 4 Ay + 52, if 75 > 2\, and Ay, <V1-@,

Anlp

2v/1—a’, otherwise,

(5.6)
=6
where A, = & [E‘ls - \/(E‘ls —2X\)% + 465} . Now, by the relation (5.3)), we can

compare with the spreading speeds ¢, ¢, and ¢4 of (u,v):
6 <8, >¢ and ¢ > (5.7)

It remains to show that, assuming o; = o2, we have Qf]lp — 09 as § — 0. Divide
into the two cases:

(i) If Ay > 1, then 01 = 092 = 2 < 2),. Since 1 < \/a + /1 — a, by choosing
d > 0 small enough we get 61 <2\, and 7 < 2(Va® + /1 — @), which

1mphesc ——\/_+ \/_—>1—\/_+1\‘}:2:agas6—>0.

(if) If A, <1, then first claim that
7 > 01 > 2\, (5.8)

whichisduetoﬁ‘onl202:/\u+%2222)\u.

Next, we claim that

Autp < V1 —a, (5.9)

where Ayp is given in (7). To this end, observe that

o1 —2V1—a < /(01 —2\)? +4a (5.10)
which is a consequence of

(o1 —2vV1—a)®> = [(o1 —2X\u)* + 4a] =4(2—2a — 01V1 —a)
<4(2—-2a-2V/1—-a)<0.

From definition of An, = 2lo1 — /(01 — 2A4)? + 4a), we deduce (5.9).
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75
By (5.8) and (5.9), we have 0 > 2\, and Anlp < V1 — @ for ¢ small, so

. = 1-a - 1—
iy = Aip + —— = Aapp +

as 6 — 0.

nlp
nlp

Since we want Qfﬂp — 039, it remains to show that o2 = Anp + i;—l‘: To

this end, recall, from the definition of :\nlp (L7, that

A \/(01 —2)\,)? +4a 2(01 A — A2 —a)
nlp 9 o1+ \/(01 — 2)\u)2 T 4@.

Using 01 = 092 = Ay + )\L, we deduce
u

~ — —2X\,)2 +4 2(1—
Aatp = 2 Vi Fida 1-a) . (5.11)
2 o2+ /(02 —2X\,)% + 4a
This implies 03 = :\nlp + }\_—“ The proof is now complete.
nlp

Hence, by the continuity of ¢, and EéLLW in ¢ (see, e.g. [52, Theorem 4.2
of Ch. 3]), letting 6 — 0 in (5.7) yields

¢ <01, ¢ >02 and c¢g>—max{éLiw,03}. (5.12)

By a quite similar process, we can obtain (7°,v?) is a solution of (5.2) if and

only if
5
779 6\ (=5 U
N

is a solution of

U — 0ppU =U(1 = U — a®V), in (0,00) x R,
(5.13)

BV — ddy,V =1°V(1 —BU — V), in (0,00) x R,

where a® = (1 — §)a, 7% = (1 — §)r and y = -2<. Observe that of = d(A} A

S 5

=)+ +I\/—5 < o0; =09 and 0 < Q6,55 < 1 for small §. By exchanging
XS A E

the roles of v and v in (1)), we may follow the arguments above, and apply
Theorem [I.3] once again to deduce that

¢ 201, C<o02 and ¢3 < —max{ELLw,o3}. (514)

Theorem [L5] follows from combining ¢; < ¢;, (6.12), (514) and o1 = os. O
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6 The case 0 < a < 1 < b due to Girardin and
Lam

The Hamilton-Jacobi approach, which we have so far applied to study the
weak competition case (0 < a,b < 1), can also be applied to tackle the case
(0 < a < 1 < b), which was previously studied by Girardin and the third
author [26]. This provides an alternative approach which is more transparent
than the involved construction of global super- and sub-solutions for the Cauchy
problem, as was done in [26]. By arguing similarly as in Theorem [L.3] one can
prove the following result.

Theorem 6.1. Assume 0 < a <1 <b and o1 > o2. Let (u,v) be the solution
of (LI) such that the initial data satisfies (Hy). Then there exist c1,ca € (0, 00)
such that ¢1 > co and, for each smallm > 0, the following spreading results hold:
lim  sup (Ju(t, @) + [v(t, 2)]) =0,
t—o00 I>(Cl+77)t

lim sup (|u(t, z)| + |v(t,z) — 1|) = 0,
t=roo (catmt<z<(ci—n)t (61)

lim sup (Ju(t,z) — 1| + |v(t, z)|) = 0.
t=00 < (co—n)t
Precisely, the spreading speeds c1 and ce can be determined as follows:

c1 =01, ¢2=max{C¢Liw, Culp},

where o1 is defined in (L3), cLiw denotes the minimal wave speed of (LI
connecting (1,0) with (0,1) and éunp, is given by

G —Va+ Lll:‘\l/a, if o1 <2\, and o1 <2(va++1-a),
2

Eatp = 4 Aulp + §;:, if 01> 2\ and Aup < V1—a, (6.2)
2y/1 —a, otherwise,
with 1
Saip = [01 — V(01 —2))2 + 4al . (6.3)

By Theorem [6.1] the spreading speed cg is determined by o7 (i.e., ¢;) and
Ay- In what follows, we explore the relation of ¢ and o; for fixed A,. Define
the following auxiliary functions:

flo1) =

o1 1—a ~ 1—a
S — = Aatp + ——,
y Verg e )=t Rl

where anlp is given by (6.3). It is easily seen that f is decreasing and bijective
in [2v/1 — a,2(v/1 — a + v/a)], while g is decreasing and bijective in

[2\/1—a,/\u+\/1—a+ Ai;\/‘ii—a} as A\, > V1 —a,
()\u—l—\/l—a—i-)\ui;\/‘;_ia,oo) as Ay < V1 —a.
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More precisely, it follows that

f7H(e2) =ca — /3 —4(1 —a) + 2+/a,
ca—v/c2—4(1—a
g (e2) = A+ 2V

a
2 Au—027¢63274(17a)

In view of 5\n1p — Ay 88 01 = 00, oo = g(00) = Ay + 1/\_—“ For fixed A\,
and varied A} (or 1), by Theorem [6.1] we can rewrite the spreading speed co
as follows.

(a) For goo < éLrw, we have the followings:
(al) If Ay, > (Va++/1—a), then
{f(al), for max{2\/ﬂ, oo} < o1 < f(eLw),
Coy =

éuw,  for o1 > f~(éLow),

independent Ay;
(a2) If Vdr < M\, < va+ 1 —aand g~ (érow) > 2\, then

f(o1), for max{2vdr,o2} < o1 < 2\,
ca =< g(oy), for 2\, <oy < g '(eLiw),
éow,  for o1 > g H(éLw);

(a3) If \, < V/dr, then

. g(o1), for max{2Vdr,o2} < o1 < g7 (éLiw),
2 =19". 1/a
érow,  for o > g7 (éw);

(b) For goo > ¢éLLw, we have the followings:
(b1) If Ay > (vVa+ V1 —a), then
{f(Ul), for max{2V/dr,o2} < o1 < f~(érw),
Cg =

éuiw,  for o1 > f (éLow),

independent Ay;

(b2) If Vdr < A\, < va++/1—a, then

f(o1), for max{2Vdr,o9} < o1 < 2),
Co =
? glo1), for o1 > 2\y;

(b3) If A, < V/dr, then

co =g(o1) for oy > max{2Vdr, o5}
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For the case (a) goo < érrw, the relationship between the spreading speeds
o1 and ¢ given by (al)-(a3) is illustrated in Figure 2l Therein we may obtain
the exact spreading speeds of (LI)), which are determined entirely by A,, A} €
(0,00). Traversing all of A,, the set of admissible speeds o1 and co agrees
with |26, Figure 1.1]. Particularly, a direct consequence of Theorem [6.1] is the
following proposition, which improves upon |26, Theorem 1.3] by clarifying the
role of exponential decay (A, AT) of the initial data.

Proposition 6.2. Let (G,c) € (2V/dr,00) x (éLiw, o0) such that € > c.

(a) If ¢ < f(€), then the pair of spreading speeds (¢, c) is not realized by solu-
tions of (1) with initial data satisfying (Hy).

(b) If c = f(©), then there exists a unique A} = 55(¢ — /@ — 4dr) such that
for Ay € [¢/2,00), the pair of spreading speeds (¢,c) can be realized by
solutions of (LI)) with initial data satisfying (Hy).

(¢) If ¢ > f(T), then there exists a unique pair (A, \,) such that the pair of
spreading speeds (¢, c) can be realized by solutions of (1) with initial data
satisfying (Hy).

Proof. Assertion (a) follows directly from |26, Theorem 1.2]. For assertion (b),
¢ > éow > 2v/1 — a, so that we have ¢ < 2(y/a + /1 — a). Hence it follows
directly from (6.2). It remains to show (c).
First, we define A = S=¥° 2 ”Z—MT € (0, /%) such that ¢ = o1 = dA} + 3
Since oy is strictly monotone in (0, \/g ), the choice of such A} is unique. Then
3 l1—a

we shall determine A, such that c; = ¢ = Anip + .
nlp

Since ¢ > f(¢) > 2v/1 — a and ¢ > érnw, to satisfy c2 = ¢, by (6.2)) we must

have \, € (Y222 V22 —da ) and

2 ’ 2

c¢=g(¢) and anp = % {E — \/(E —2X\)2 +4a| < V1 —a. (6.4)

Hence, it suffices to choose the unique A, € (@, £) such that (6.4) holds.

(i) If ¢ < 2(V1—a + /a), then observe that when A, € (Y2 ”3274(1,%),

Anlp € (0,¢/2 — \/a) is increasing in A, so that
o3 l-a o\ =
9(@) = dap + —— € (f(0),0),

nlp
is decreasing in A,. Noting that ¢ € (f(¢),¢), we may select the unique

Ay € (e V&' —da ) such that (6.4) holds;

2 ’2
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(i) If¢ > 2(y/1 — a++/a), then to satisfy ;\nlp < VT —ain (64), it is necessary
that \, € (5—\/22—4117 E*\/(Efz\z/m)thl)

. In this case,

Autp € (0,v/1—a) and thus () = Aupp + 1; e @vi—ae),

nlp

are also strictly monotone in \,, so that there is the unique A, such that

(6.4)) holds.

The proof is now complete. O

(a3) A < Jdr

Figure 2: The profile of ¢y(01) for case (a) goo < érrw, which is expressed by
the solid line with the blue one representing f and the red one representing g.
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7 An extension
In this section, we consider the following competition system with forcing:

O — Opzu = u(l — u — av — h(t, x)), in (0,00) x R,
Opv — dOggv = rv(1 —bu —v — k(t,z)), in (0,00) x R,

u(0,7) = uo ), on E, =
v(0, z) = vo(x), on R,
where
lim sup (|h(t, )| + |k(t,x)]) =0 for some ¢y € R. (7.2)

t—o00 T>cot
We will make an observation in preparation for our forthcoming work on three-
species competition systems. Recall the definitions of o; (i = 1,2, 3) from (L3).

Theorem 7.1. Let d,rv,b > 0, 0 < a < 1 and o1 > o9. Suppose that
h(z,t), k(z,t) are non-negative and satisfy (L2). Let (u,v) be the solution of
(L1 with the initial data satisfying (Hy). Assume

1—-a

co < oy  where Ué:()\u/\\/l—a)—l—m.

Then,
¢ =0 =01, G2 <max{cLiw,¢énlp}, Co > Cnlp,

where ¢;, ¢ (i =1,2) are defined in 2.1). Furthermore, for each smalln > 0,

lim  sup (Ju(t,2)| + |v(t, z)|) =0,
t_’ooz>(a'1+n)t

tlim sup (lu(t, z)| + |v(t,x) — 1]) = 0, (7.3)
T (Eadn)t<z< (o1 —n)t
lim inf u(t,z) >0,

t—00 (cot+n)t<z<(c;—n)t

where o1, o2 are defined in (L3) and cLiw, éup are respectively given in Theo-

rem[L1] and[L3.
Proof. The proof can be mimicked after that of Theorem [1.3]

Step 1. The estimates ¢; < o7 and ¢ < g9 can be proved by rather similar
arguments as in Proposition 2.1l and the details are omitted here.
Step 2. We show that for each small > 0,

liminf u(t, (04 —n)t) >0 and liminfo(t, (o1 —n)t) > 0. (7.4)

t—o0 t—o0

Here, we just show the first one since the proof of the second one is analo-
gous. For the case of A, > /1 —a, by (2) and ¢y < 0}, the system (Z.I)) is
approximately equal to (LI) in {(t,z) : & > ©3%2¢ ¢ > T} for sufficient large T,
so that we can deduce (Z.4) by applying the similar arguments in Steps 4 of the
proof of [41] Proposition 2.1]. It remains to consider the case of A, < /1 —a.
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Fix any ¢’ € (max{%,%/l —a},04). It is enough to show that there
exist positive constants d, A1, Ao, T such that A\; < Ao and

u(t,z + c't) > gmax { {ef)‘”” — eiiﬂ} ,O} fort > T,z > 0. (7.5)

This implies ¢, > ¢’ for each ¢’ € (max{%, 2V1 —a},dh), ie., cy > 0h.
To this end, choose d; > 0 small enough so that

AP [~ VEE =4l —a—25)] > A (7.6)

—4/82—4(1—a)
2

This is possible since ¢/ < ¢} and that s — is monotone, so that

1

[ - VEE=aa=a) > 4 [t e 10— )] =

Next, choose T' > 0 large so that
|h(t,z)| <6 for t >T, x> c't, (7.7)

and then choose § € (0, d1] so that
(S 3 ’
uw(T,z) > Ze_’\l(m_c T for x> (T, (7.8)

where (Z.7) follows from (Z.2) by noting ¢’ > co; and that (Z.8) holds due to
u(T,x) ~ e at 0o and A1 > Ay (see, e.g. [52, Corollary 1 of Ch. 1]). By the
choice of Ay < Ao, 6,01, T, it follows that

6 3 ’ 1 ’
u(t, ) == max {Z {e*h(z’c B g helo—e t)} ,0} 5 (7.9)

is a sub-solution of the KPP-type equation
Ou = Ogpu +ru(l —a — h(x,t) —w) in Q, (7.10)

where Q := {(t,x): t > T, x > 't}.
For ¢ € (0,61] to be specified later, define

6 3 / 3 /
u(t, ) := max {Z {e*h(z’c B e talz=e t)} ,0} ; (7.11)

where A, is given in (Z.6) and Ay = : {c’ +/(@)2 -4l —-a— 25)]. We will
choose T'> 0 and ¢ € (0, 1] so that

Ot — Ogzu — u(l —a — h(z,t) —u) < —u (26 — h(z,t) —u) <0 in Q,
u(t, c't) > 0= u(t,c't) fort > T,
u(T,z) > %e’Al(m*c,T) > u(T, x) for x > T,
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i.e., u and u is a pair of super- and sub-solutions of the KPP-type equation
Ou = Ogpu +ru(l —a — h(x,t) —w) in Q, (7.12)

where Q := {(¢t,x) : t > T, x > ¢'t}. Hence, by comparison, (Z.5) holds.
To proceed further, as in Section [3, based on the scaling (8.1]), we introduce
the WKB ansatz w$, which is given by

’LU; (t7 JI) = —¢€ ].Og uf (t7 JJ),
satisfying the equation:

Oyw§ — €Dppws + |0pw§|? + 1 — uf — av® —he =0, in (0,00) x R,
w5(0,z) = —eloguf(0, ), on R.
Here he(t,z) = h(%,2). By Remark [B.3] we also use the half-relaxed limit

€’ €

method and introduce wj and ws .. By (7.4),

lim inf u®(t, (b, — n)t) > 0,

e—0

and u€ is moreover bounded by 1. We have then, by definitions, that

ws (2, (Ué —nt) = w2,*(t7 (Ué - ﬁ)t) =0. (7'13)

Step 3. We prove ¢; > o;.

This follows from (7.4 and definition of ¢; .
Step 4. We prove ¢y, > Cuip.

By Step 1 and h > 0, we have

0< limsup o°(t,2) < X{z<oit}-
(t'2) = (t,2) -
e—0

In view of o§ > ¢o, we choose 0 < 1 < 1 such that o5 —n > co. We then use

(Z.2) to derive that

lim sup h(t,z) =0.
0> (op—n)t

Based on (7.13), similar to Lemma [3.4] we can deduce that w3 is a viscosity
sub-solution of
min{dw + |O,w|? + 1 — aX{z<ort},w} =0, for x> (o5 —)t,
w(0,2) = Az, for x > 0,
w(t, (oh —n)t) =0, for ¢t > 0.
We then apply the same arguments developed in Lemmas[3.8 by constructing

the same super-solutions, to deduce that ¢, > épip.
Step 5. We show ¢ < max{criw, éuip} and (7.3).
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By (7.2) again, similar to Corollary [3.6, we can get

<tf1i1?>1irff @) v (', 2") Z X{oat<a<oit)s
' e—0 '

so that we may use (Z.13) to deduce that ws . is a viscosity super-solution of

min{dyw + |0, w|? + 1 — aX{ost<z<orty, W} =0 for x> (o5 —n)t,
w(0,z) = Ay, for x > 0,
’LU(t, (Ué - W)t) = 07 for ¢ > O,

as in Lemmal4.1] Then we can get €2 < max{criw, énip } by the same arguments
developed in Proposition 4.2l We finally deduce (7.3) by similar arguments as
in the proof of Theorem [L.3] which completes the proof. O
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Appendix A Comparison principle

This section is devoted to the proof of a comparison lemma for Hamilton-
Jacobi equation for discontinuous super and sub-solutions and for piecewise
Lipschitz continuous Hamiltonian. Our proof is inspired by the arguments de-
veloped by Ishii [33] and Tourin [51] (see also [2,11L125]). Ishii used a crucial
observation of [2] to prove the comparison principle for discontinuous super-
and sub-soultion of Hamilton-Jacobi equations with nonconvex but continu-
ous Hamiltonian, whereas Tourin gave the uniqueness of continuous solution
of Hamilton-Jacobi equations with piecewise Lipschitz continuous Hamiltonian.
The uniqueness of viscosity solution for nonlinear first-order partial differential
equations was first introduced by Crandall and Lions in [12], then Crandall, Ishii
and Lions [13] gave a simpler proof. Ishii [32] study the discontinuous Hamil-
tonian with time measure and Tourin and Ostrov [46] studied the piecewise
Lipschitz continuous, convex Hamiltonian, based on the dynamic programming
principle.

Let 2 be a smooth domain in (0, 7] x R, which is allowed to be unbounded
or even equal to (0,7] x RY. We assume without loss that T = sup{t >
0: (t,x) € Q}, and define the parabolic boundary of Q as

0,0 = {(t,z) €99 : te[0,T)}.
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Consider the following Hamilton-Jacobi equation:
min{0yw + H(t,x,0,w),w — Lt} =0 in Q. (A.1)

Let H* and H., be, respectively, the upper semicontinuous (usc) and lower semi-
continuous (Isc) envelope of H with respect to its first two variables. Precisely,

H*(t,z,p) = limsup H(t,2',p) and H.(t,z,p)= liminf H(t x',p).

(t",2") = (t,z) (t"2)—(t,2)

We say that a lower semicontinuous (Isc) function w is a viscosity super-
solution of (A) if w — Lt > 0 in ©Q, and for all test functions ¢ € C*>(Q), if
(to, o) € Q is a strict local minimum point of w — ¢, then

Opp(to, zo) + H* (to, 20, 0zp(to, x0)) > 0

holds; A upper semicontinuous (usc) function w is a viscosity sub-solution of
(A.D) if for all test functions ¢ € C* (), if (tg, xo) € Q is a strict local maximum
point of w — ¢ such that w(tg,z¢) — Lty > 0, then

6t30(t07x0) + H*(t07x07 6m(p(t07x0)) <0

holds. Finally, w is a viscosity solution of (A1) if and only if w is simultaneously
a viscosity super-solution and a viscosity sub-solution of (A.T).

We impose additional assumptions on the domain 2 and the Hamiltonian
H : QxRN — R. Namely, there exists a closed set I' C [0,7] x RY and, for
each R > 0, a continuous function wg : [0,00) — [0,00) such that wgr(0) = 0
and wg(r) > 0 for » > 0, such that the following holds:

(A1) H € C((Q\T) x RN);

(A2) For each (tg,z9) € (2\T)N((0,7) x Br(0)), there exist a constant
0o = 0o (R) > 0 such that

H(t,y,p) — H(t,z,p) < wr (|z —y|(1+|p|))

for t, z, y, p such that || (¢, z) — (to, zo)||+ || (¢, ¥) — (to, z0)|| < do and p € RY;

(A3) For each (tg,z9) € QNT N ((0,T) x Br(0)), there exist a constant dy =
So(R) > 0 and a unit vector (hg, ko) € R x RY such that

H*(s,y,p) = Hi(t,2,p) < wr ([t — s[4+ [z —y)(1 +[p])
for all p € RN and s, t,y,  satisfying

(¢, 2) = (to, o)l + [I(s,y) — (o, o) < do,
‘ . (ho,ko)H < do;

TGE=s,a=y)
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(A4) There exists some M > 0 such that for each A € [0,1) and o € RY, there
exists constants €(\,zg) > 0 and C(\,z¢) > 0 such that for all p € RV,
(t,x) € Q, if € € [0,€(\, zo)], then

e(x — xo) _
H{(t - | - M < A(H(t - M .
<7$7)\p |.’I]_5E0|2+1) —)\( (7$7p) )+€O()\5IO)

Theorem A.1. Suppose that H satisfies the hypotheses (A1)-(A4). Let W and
w be a pair of super- and sub-solutions of (AI) such that W > w on 9,%, then

w>w  in S

Remark A.2. Let
H(t,r,p) = H(p) + R(z/t),

where H is convexr and coercive in p, and s — R(s) has bounded variation
and satisfies |R(s)| < M for some M > 0. Then it is easy to verify that the
hypotheses (A1)-(A4) hold. In particular, it applies for all our purposes in this
paper.

Our condition (A3) is a quantitative version of the “local monotonicity condi-
tion” that was introduced in [11]. See [11]33] for more examples of Hamiltonians
verifying the hypotheses (A1)-(A4).

Proof. Assume to the contrary that

sup(w — w) > 0. (A.2)
Q

Step 1. We may assume, without loss of generality, that M = 0 in the hypoth-
esis (A4). Indeed, if we make the change of variables w'(t,z) = w(t,x) + Mt
and W' (t,z) = w(t,z) + Mt, then w', W’ are, respectively, a sub-solution and a
super-solution of (A.T) with L replaced by L' = L+ M, and H (t, x,p) replaced
by H'(t,z,p) = H(t,z,p) — M. This function H' satisfies the hypotheses (A1)-
(A4) with M = 0. Henceforth in the proof we assume that the hypothesis (A4)
holds with M = 0.
Step 2. It suffices to show that w < w under the additional assumption that
w < K for some K > 0.

Indeed, if w is unbounded in €2, then fix a constant K > 0 and take a
sequence {g,} of smooth functions satisfying ¢;(r) ,/* min{r, K} and

0< g}(r) <1, g; (r)yr<r, g;(r) <min{r,K} forallrcR.

Then o := g;(w) is a viscosity sub-solution of (A.T), since in the region {(¢,z) : w—
Lt >0} C {(t,z) : w— Lt > 0}, we may use the hypothesis (A4) to yield

< gh(w) [Oyw + H*(t, 2, Dw)] < 0.

By the stability of property of viscosity super and sub-solutions [1, Theorem
6.2], we may let j — oo to conclude that min{w, K’} is a viscosity sub-solution
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of (AJ) for each K > 0. It now remains to prove Theorem [AT for all bounded
above viscosity sub-solutions, since then

min{w, K} <w foral K >0 = w<w.

For X\, 6 € (0,1), denote

IV@xy:Vwaﬂg—w@xy—&w@y+cﬁ+f%7y—mcu

where ¢ (z) = §log(|z|> + 1) and C = C(A,0) as in the hypothesis (A4).
Step 3. We choose A 7 1, § € (0,€(A\,0)], R > 0 and (tg,z09) € Qg =
QN [(0,T) x Br(0)] such that

W (to, xo) = max W(t,z) = max W(t,z) > 0. (A.3)
R

From (A.2) and Step 3, we may fix A 1 and § N\, 0 such that

)
supW(t,z) >0, and W(tz) < —m—y on OpS2.
Q -

Since ¥(R) — o0 as R — oo and w —w < K, we arrive at

sup W(t,z) - —co as R — oo,
(t,x)eQ: |z|=R

whence we may fix R > 1 so that max W(t,z) = max W (t,z) > 0 holds. Tt
R

remains to observe that the maximum (¢g, zg) in Qr is attained in the interior,
since W (t,z) < 0 when t =T or when (t,z) € 9,%2.
Step 4. With z( as being given in Step 3, fix € > 0 small enough so that

eC(\, ) < C(N,0) and e < &\, z0), (A.4)

and define

1
W(t,z) == W(t,xz) — dAep(x — x) — §|t —tol?, (A.5)
where ¢(2) = $log (|z|? +1) and C = C(A,0) is as before. Then, (to,z¢) is a

strict global maximum of W (¢, z). Define also

B

« 2 s 1 2
— — |z —y* = S|t — s> — =|t — to|?.
=y = Sl =P = Sl —to]

Step 5. We claim that there exists a > 0 such that if min{«, 8} > a, then
(i) ¥, p has alocal maximum point (¢1,1,s1,%1) in Qg X Qg;

(i) Wa5(t1,21,81,41) > W(to, 20) = W (to, x9) > 0;
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(iii) Blt1 — s1|*> + alzy —y1|*> = 0, as min{a, B} — oo;
(iv) (t1,21) = (to, o) and (s1,y1) — (to, o) as min{«, 8} — oo,

where Qr = QN [(0,T) x Br(0)]. Since w > 0 and w < K by Step 2, we see
that supq o, Ya,s < K independently of a and 3, and has a maximum point

(tlaxlaslvyl) € ﬁR X ﬁR' NOW7 by m;
\Ija,ﬂ(tlu‘rlasluyl) 2 HgllaX\I/a”@(t,Ji,t,(E) = W(to,.’[]o) = W(t07x0)'
R

This proves assertion (ii).

Furthermore, the boundedness also yields B[t; — s1]? + alz1 — y1|> = O(1).
We claim that (t1,21) — (to,z0) and (s1,y1) — (to, o). Indeed, we may pass
to a subsequence to get (f,2) such that (t;,z1) — (£,4) and (s1,91) — (£,2) as
min{«, 8} = oco. Now, by (ii) we can write

a . .
§|£C1 — >+ §|t1 — 51> < =W (to,z0) + (W(t1, 1) +@(t1, 1)) — W(s1,1)-

Letting min{a, 3} — oo, then (t1,z1,51,y1) — (£,,%,%). Using the fact that
W(t,x) + W(t,z) (which is essentially A\2w(t,z) up to addition of continuous
functions) and —w(s,y) are both upper semi-continuous in 2, we may take
limsup as min{a, 8} — oo and deduce that

0 < limsup %|x1 —y]? + §|t1 —s1]2| < =W(to, o) + W(t,2) <O0.

Since (tg,xo) is a strict maximum point of W, we must have (£,2) = (to, o).
This proves assertions (iii) and (iv).
Finally, (t1,21,s1,91) — (f0,Z0,t0, o) and hence must be an interior point
of Qr x Qr when min{a, 8} is sufficiently large. This proves (i).
Step 6. We show the following inequality:
5 .
72 < H (s1, 91, a(e1 —y1)) — Ha(ty, 21, a2 = y1)) + [t — tol. (A.6)
Observe that (¢1, 1) is an interior maximum point of the function w(t, z) —
o(t, z), where

o(t, ) :%[E(sl,yl) +o(W(x) + Ct+ %) + M(eyp(x — o) + Ct)
B

«o 2 o 1 2
—|z— it — ~|t — to)?].
+2|33 yi| +2| 51 +2| ol]

Alsow(ty,x1) > 0, which is a consequence of W(s1,y1) > 0and U, (1,21, 51,91) >
0. By definition of w being a viscosity sub-solution of (A.T), we have

1 1
2 {(5(0 + [(SE +AC) + B(t1 — s1) + (t1 — to)]
+ H, (tl,xl, % (6Dm’¢($1) + A&EDI’Q/J(JJl - LL‘Q) + Oé(i[]l — yl))) <0,
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which can be rewritten as

1
8(C + 7 +A0) + Bt — 51) + (11— to)
1
X

(A7)
+ )\QH* (thxla (56wa($l - JIQ) + d)) < 07

where § = 1 (6Dytp(21) + a(z1 — y1)). In the view of Dip(zq —zg) = —2=29

T |z —mo|?+1?

we may apply the hypothesis (A4) to get

~6(C + g +AC) ~ Bt — 51) — (1 — o)

2 A [H* (tla zy, Q) - 5€O(>\a :170)]
1
2 )\H* (tlaxlu X (5wa($1) + a(xl - yl))) - )‘607
where we used eC(\,29) < C(\,0) = C (due to (AZ)) in the last inequality.
Applying the hypothesis (A4) once more, we have

1

_6(C+ﬁ

+ )\C) — ﬁ(tl — 81) — (tl — to)

Z [H* (tl,xl,a(:tl — yl)) — 60] —AoC
> H, (t, 21,021 — y1)) — 6C — A3C,
and hence
)
el B(t1 — s1) + (t1 — to) + Hu(t1, 21, a(x1 —y1)) < 0. (A.8)

In the same way, (s1,y1) is a interior minimum point of the function w(s, y)—
Y (s,y) with

W(s,y) = w(tr, 21) — S(p(x1) + Cty + %) — Xo((x1 — o) + Cty)

o 2 B 2 1 2
— Do =y = St = s?) = |t — ¢t

5 121 = yl" = St = s[) = St —tol,

whence
Bty — s1) + H*(s1,y1, (a1 — 1)) > 0. (A9)
Subtracting (A.8) from (A.9), we obtain (A.6) as claimed.
By Step 5 (iv), we have (t1, 21) — (to, zo) and (s1,y1) — (o, zo) as min{«, 5} —

0o. On the one hand, if (to,z¢) ¢ T, then there exists «; > 0 such that (¢1,21)

and (s1,y1) enter the (dp/2)-neighborhood of (tg, xo) whenever min{«, 8} > ay.
Now, fix o and let 8 — oo, then after passing to a sequence, we have

tl,Sl — t, T, — f, Y1 — :lj
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Furthermore, by Step 5, we have
t—ty, T—mx0, §—x0, and alz—g*—=0 as a—oco. (A.10)

Hence, we deduce from (A.6) and the hypothesis (A2) that

0 - P T

72 S H'(69,0(2 — 7)) - Hi(t,2,a(z — 7)) + [t — to]

1
<o (ale — g2 + 3 ) +ol1),
from which we derive a contradiction for large enough «. This proves Theorem
[ATin case (tg,x0) € Q\T.
On the other hand, (¢9, ) € I'. Let 6y and the unit vector (ho, ko) € R x RN

be given by the hypothesis (A3). Define

\ijayﬁ(th’ 579) :>\2w(t,$) — E(S — a_1/2h0, Yy — a_1/2k0)
— 0(p(a) + Ct+ =) — M(ela —a0) + C8) (A1)

Tt
B 1
§|t—8|2 — 5|t_t0|2

By repeating Steps 5 and 6, we can again obtain

o 2
51z =yl

6 _ _ _
7z < H*(t—a"Y2hg, j—a~YV2ko, a(Z—7)) — Ho (8, &, (T — 7)) +|E—to| (A.12)

for some ¢, 7, y such that for all « large, (¢, Z), (¢, y) enter the (Jp/2)-neighborhood
of (to, o) and (A10Q) holds. Furthermore, by verifying that

((E— a71/2h0) — E, Yy — a71/2]€0 — i‘) _
I((t = a=12ho) =1,y —a=V2ko —3)| ||

a 2ho, T — 5+ a1 k)
a 12hg, T — §+ a1/ k)|
_ (ho,Va(z — §) + ko)

— l(hos V(@ =) + ko)

— (ho, ko) as a — oo,

|~ =~

we may apply hypothesis (A3) to inequality (A12) to get

] _ o o _
= wr (a2 (ho + ko)) + | = 7] (1 +alz = §)) + T~ to]
1 _
<wpg (|x — gl + |z — §* + Co(Valz — gl + ﬁ)) + [t —tol.
Letting o — oo, we can similarly obtain a contradiction. O

A direct consequence of Theorem [AT is the following uniqueness result.

Corollary A.3. Assume that the Hamiltonian H satisfies the hypotheses (Al)-
(A4). Suppose that (AJ) has a continuous viscosity solution w. Then, w is
the unique viscosity solution of (A1) in the class of all (continuous) viscosity
solution.
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Appendix B Two useful lemmas from [41]

In this section, we present two lemmas from [41], which are used in this

paper. The first result is used to prove Propositions 2.1] and Corollary [3.6]
Lemma [4.3] and Proof of Theorem [1.3]

Lemma B.1 ( [41, Lemma 2.3]). Let —o00 < ¢ < T < o0, and let (u,v) be a
solution of (L) in {(t,x): ct < x <Et}.

(a) If liminf inf v(t,z) >0 for each 0 < n < (¢—c¢)/2, then
t—00 (ctn)t<z<(c—n)t
lim sup sup u(t,x) < ki, liminf inf v(t, z) > ko,
t—0o  (ctn)t<z<(c—n)t t—00 (ctn)t<z<(c—n)t

for each 0 <n < (¢—c)/2;

b) If lim sup v(t,z) = 0 and lim inf inf u(t,x) >0 for
() E=0 (cqmyt<a<(c—n)t (t.2) t—oo  (ctn)t<z<(c—n)t (&)

each 0 <n < (¢ —c)/2, then

lim sup lu(t,z) — 1| =0, for each 0 <n < (c—¢)/2;
£ (em)t<a<(c—n)t
If lim inf inf t,x) >0 hOo<n<(c—c)/2, th
(c) If im in (£+n)t<1r;<(zin)tu( x) for eac n<(E-c/ en
lim inf inf u(t,z) > ki, limsup sup v(t,x) < ko
t=o0  (ctn)t<z<(c—n)t t—00  (ctn)t<z<(C—n)t

for each 0 <n < (¢—¢)/2;

d) If lim su u(t,z) =0 and lim inf inf v(t,x) > 0 for
@) ftﬁoo(g+n)t<x2(zfn)t (t,2) t—00  (ctn)t<z<(c—n)t (&) f

each 0 <n < (¢ —¢)/2, then

lim sup [v(t,z) =1 =0, foreach 0 <n< (¢—c)/2.
b0 (cm)t<a<(@—n)t

Proof. We only prove (c) and the other assertions follow from the similar argu-
ments. Suppose (c) is false, then there exists (t,,z,) such that

Cpi= = = c€(cc) and lm u(ty,x,) < ki or lim v(t,,z,) > ko.
n n— o0 n—oo

Define (un, vn)(t, ) := (u,v)(tn+t, z,+x). We pass to the limit so that (u,, vy,)
converges in Cjoc(R x R) to an entire solution (%, ) of (L.I). And there exists
§ > 0 such that (4, 9)(t,z) = (,1) for (t,x) € R%. Let (U, V) be the solutions
of the Lotka-Volterra system of ODEs

Uy=U1-U=aV), Vi=rV(1—-bU-V),
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with initial data (U(0), V(0))

= (6,1), so that (U,V)(cc) = (k1,ks). By com-
parison in the time interval [T, 0],

we reveal that for each T' > 0,
(a,0)(t,z) = (U, V)(t+T) for (t,z) € [-T,0] x R,
so that we in particular have, for every T > 0,
(,)(0,0) = (U, V)(T).
Letting T — oo, we obtain (@, 9)(0,0) = (k1, k2). In particular, we deduce that
nli_)ngo(u,v)(tn,xn) = nler;O(un,vn)(O,O) = (@, 0)(0,0) > (ki, k2).
This is a contradiction and proves (c). O
The following result is applied to prove Proposition 4.2l and Proposition [4.5]
Lemma B.2 ( [41, Lemma 2.4]). Let é > 0, to > 0, and (@, d) be a solution of
Oyt — Opgl = (1 — it — ad), 0<a<étt>tg,
O — dDpet = r0(1 —bii —7),  0<x < étt >t (B.1)
u(to, z) = to(x),0(to, ) = vo(x), 0 <z < éto.
(a) If ¢ > 2 and there exists i > 0 such that
(i) Jim (@ )(t,0) = (ks, k2) and Jim (z,9)(t,2t) = (0,1),
(i) limy_oo €*a(t,ct) =0 for each p € [0, it),

then
lim sup a(t,z) =0 for each ¢ > cep,
=00 crep<ot
where
CLLW, if o > Aoow (€ — coow),
Cpr = “ ~
CH é— 201

PRy T if 0 < fi < Aurw (€ — cLiw);
(b) If ¢ > 2V/dr and there exists [i > 0 such that
(i) tl_l}rgo(u,v)(tﬁ) = (k1,k2), and tl_lglo(u,v)(t,ct) = (1,0),

(i) limy_oo €*0(t,ét) =0 for each p € [0, f1),

then
lim sup o(t,z) =0 for each ¢ > ¢y,
t—o0 ct<x<ét
where
ELLW, if > Aow (€ — eLiw),
Cop = ; N
&h é— 2dj1 if 0 < fi < ALow (€ — CLow)-

e—v/e2—ad[p+r(1-b)]’
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Here cuiw, cLow are given in Theorem [L.1 and Remark[l.2, and

ALLW

1

2]

3l

(4]

]

[6]

7l

(8]

Bl

[10]

[11]

[12]

CLLW — ciLW — 4(1 — a) ~ éLLW — \/éiLW — 4d7‘(1 — b)
= ; ALLw = :

2 2d
(B.2)
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