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The dissipative nature of heat transfer relaxes thermal flows to an equilibrium state that is devoid of
temperature gradients. The distance to reach an equilibrium temperature - the thermal entrance length
- is a consequence of diffusion and mixing by convection. The presence of particles can modify the ther-
mal entrance length due to interphase heat transfer and turbulence modulation by momentum coupling.
In this work, Eulerian-Lagrangian simulations are utilized to probe the effect of solids heterogeneity (e.g.,
clustering) on the thermal entrance length. For the moderately dense systems considered here, cluster-
ing leads to a factor of 2-3 increase in the thermal entrance length, as compared to an uncorrelated
(perfectly mixed) distribution of particles. The observed increase is found to be primarily due to the
covariance between volume fraction and temperature fluctuations, referred to as the fluid drift temper-
ature. Using scaling arguments and Gene Expression Programming, closure is obtained for this term in
a one-dimensional averaged two-fluid equation and is shown to be accurate under a wide range of flow
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1. Introduction

Internal flow exhibiting purely dissipative heat transfer ex-
changes heat with walls or its surroundings and its temperature
profile relaxes to an equilibrium. The thermal entrance length, Iy,
is defined as the length after which temperature gradients with
respect to non-homogeneous directions vanish. Over the last sev-
eral decades, the thermal entrance length has been studied exten-
sively in the context of laminar and turbulent single-phase flows
[see, e.g., 1, 2,3, 4]. For laminar flow bounded by constant temper-
ature walls, the entrance length may be estimated by [5]

lih/D = 0.05RepPr, (1)

where Rep is the Reynolds number characterized by the vessel
(pipe/duct) width or diameter, D, and Pr is the Prandtl number.
When considering heat transfer in turbulent flows, the Nusselt
number is used to assess when the flow has reached a fully-
developed state. In particular, the entrance length is defined as the
length after which the Nusselt number is within several percent
(typically 1 to 5%) of the fully developed value and can be thought
of as the thermal equivalent to a hydrodynamic boundary layer.
While values across this range are used throughout the literature,
Sparrow et al. [1] pointed out that 5% has more utility for compar-
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ison with experimental results, where achieving accuracy within 1
or 2% is challenging. Several models have been proposed for the
Nusselt number in recent years, based upon the thermally evolv-
ing, turbulent pipe flow. Many draw upon the Dittus-Boelter cor-
relation [6], given as Nu= 0.023Re%3Pr" where n = 0.4 for a heated
fluid and 0.3 if it is cooled. Several other works also formulate
dependencies upon the nondimensional length scale L/D [e.g., 4],
where L is the pipe length.

While thermally evolving and wall-bounded, single-phase flows
are of great importance (e.g., cooling systems for nuclear reactors,
tube heat exchangers, etc.), many applications of interest also con-
tain a disperse phase that exchanges heat with the fluid. Of par-
ticular interest in this work are turbulent and thermally evolving
gas-solid flows. This class of flows is pervasive in nature and in-
dustry, spanning applications from volcanic eruptions [7-9] to the
storage of thermal energy [10-13] and the upgrading of feedstock
to usable fuels in circulating fluidized bed (CFB) reactors. In the
case of CFB reactors, cool feedstock particles are fluidized with a
hot gas, with the goal of mixing the phases in such a way that the
hot, fluidizing gas exchanges heat with the particles, thereby ini-
tiating their devolatilization into usable fuels. In both experimen-
tal and computational studies, it has been observed that particles
spontaneously organize into coherent structures (clusters), thereby
reducing contact between the phases, impeding mixing and delay-
ing heat transfer.

Early experimental work in the 1990s by Louge et al. [14], Ebert
and Glicksman [15] showed that heat transfer between the parti-
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cles in a fluidized bed and surrounding walls is increased by up
to an order of magnitude when compared to single-phase turbu-
lent flow. This increase in heat transfer was even more marked
in denser regions of particles. In the context of a CFB reactor,
[16] found that dilute suspensions of particles have the oppo-
site effect and can impede heat transfer to the wall. In addition
to these experimental works, several contemporary computational
works have demonstrated that coherent structuring of particles
may inhibit mixing between phases and detrimentally impact heat
transfer [10,17-20]. This phenomenon has important implications
for reactor design and efficiency, since reduced heat transfer per-
formance impacts the thermochemical conversion rate. Despite the
thermal entrance length’s crucial role in properly sizing industrial
unit operations, the effect of solids heterogeneity on this quantity
remains largely unknown.

In the last decade, advancements in high performance comput-
ing has allowed for increased access to high-fidelity and large-scale
computational studies of complex multiphase flows. For example,
Lei et al. [21] use progressive filtering of highly resolved simu-
lations to formulate an improved model for the interphase heat
transfer coefficient. Rauchenzauner and Schneiderbauer [22] derive
a spatially averaged Euler-Euler model for heat transfer for wall-
bounded, dense gas-solid flows by proposing a drift temperature
that represents the fluid temperature fluctuations seen by the par-
ticles, the primary quantity of interest in the present work, and
propose closures. Jofre et al. [23] studied heat transfer in irradiated
turbulent dilute gas-solid flow using a two-step approach simi-
lar to the one undertaken in this work. They determined that the
residence time and structure of particles play dominant roles in
describing heat transfer. Another recent work [24] demonstrated
that the pseudo-turbulent heat flux that arises in filtering the
heat equation, is an important factor describing thermal proper-
ties. Yousefi et al. [25] employed particle-resolved direct numerical
simulation to probe the heat transfer in particle-laden channels at
moderate volume fractions, demonstrating that the turbulent heat
flux dominates large scale thermal behavior.

While research on multiphase heat transfer is active and grow-
ing, the effect of particle heterogeneity on the thermal entrance
length remains an open question. In this work, the thermal en-
trance length is examined via Eulerian-Lagrangian simulations by
employing a two-step approach. First a moderately dense isother-
mal, gas-particle flow is simulated to generate realistic clustering.
Next, the cold-flow simulations are fed into a statistically one-
dimensional domain with a prescribed temperature difference be-
tween the phases at the inlet boundary. From these results, we
quantify the effect of mean solids volume fraction, Pécletnumber
and ratio of heat capacities on the thermal entrance length and
propose scaling relations for both clustered and uniform gas-solid
flows. We then derive the two-fluid heat equations, quantify which
terms are responsible for deviations from an uncorrelated solids
phase and propose a model for the dominant, unclosed term. This
model is formulated using both scaling arguments and Gene Ex-
pression Programming and is compatible with existing two-fluid
theory.

2. System configuration

In this work, our goal is to examine the effect of realistic
multiphase hydrodynamics on heat transfer and thermal entrance
length. To do this, we use a two-step simulation setup represen-
tative of the fully-developed interior of a riser in a CFB reactor. A
sketch of this configuration is outlined in Fig. 1. Here, clustering
behavior is established in an isothermal simulation, which then is
fed into a thermally-evolving domain.
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Table 1
Summary of relevant parameters for the isothermal simulations.

Dimensional quantities

dy Particle diameter 90 [pem]

Pp Particle density 1000 [kg/m3]
o5 Fluid density 1 [kg/m?3]
vy Fluid viscosity 1.8 x 107 [kg/m s]
Upulk Bulk fluid velocity (0.42, 2.11, 2.95) [m/s]

g Gravity 0.8 [m/s?]
Tp Stokes response time 0.025 [s]
Non-dimensional Quantities

N, Number of particles (610,370, 15,564,442, 30,518,514)
7] Mass loading (1.0, 26.2, 52.6)
Ga Galileo number 23
(ep) Mean particle volume fraction (0.001, 0.0255, 0.05)

Repux  Reynolds number
Computational quantities
Domain size (W x L x L)
Grid size (nx x ny x n;)

(2.1, 10.5, 14.7)

0.158 x 0.038 x 0.038  [m]
512 x 128 x 128

2.1. Isothermal simulations

Prior to simulating thermally-evolving two-phase flows, the hy-
drodynamics are established in a separate set of simulations. We
consider three-dimensional, homogeneous, fully-developed gas-
solid riser flow in the absence of heat transfer. In these simula-
tions, N particles each with diameter d, and density pp are ini-
tially randomly distributed in a quiescent gas with density oy and
kinematic viscosity vy. A body force (gravity, g) drives the hydrody-
namics and the mass flow rate is forced such that the mean fluid
velocity is held at a fixed value, uyy,, mimicking the flow con-
ditions inside a riser. Here, up, exceeds the anticipated particle
settling velocity, and opposes the direction of gravity such that the
particles are entrained in the fluid.

Due to strong coupling between the phases, the particles form
dense clusters that generate correlation between the particle vol-
ume fraction, ¢, and fluid velocity, u;. When in a correlated (clus-
tered) configuration, assemblies of particles experience enhanced
settling, on the order of 2 to 3 times greater than the terminal ve-
locity of an isolated particle, V. This increased settling establishes
a mean slip velocity between the phases that is not known a priori
[see 26, 27, for more details].

In this configuration, relatively few non-dimensional
groups arise. These include the Galileo number, Ga=
V(pp/ps —1)dpg/vs;  the bulk Reynolds number, Repy =
Upykdp/vy; and the mean mass loading ¢ = pp(ep)/(of(ef)).
Here, ¢f =1-¢p is the fluid-phase volume fraction, and angled
brackets denote an average in all three spatial directions and time.
The parameters associated with the isothermal simulations are
summarized in Table 1, where sets of values denote quantities
that are varied in the simulations. Further details on the set up
and flow physics of these simulations can be found in Beetham
et al. [27].

2.2. Thermal simulations

Once a statistically stationary state is reached in time, a snap-
shot of the isothermal simulation is then fed into the thermal do-
main. This domain is initially comprised of fluid with heat capac-
ity, Cp . and thermal diffusivity, «;. At the inlet, the fluid temper-
ature is given a uniform value, T . In the spanwise directions, pe-
riodic boundary conditions are employed and the domain lengths
match the isothermal simulation. In the streamwise direction, y — z
plane data is taken incrementally from the isothermal snapshot
and fed in as an inlet condition at x = 0. Particles are assigned a
uniform temperature, T, o < T, and heat capacity, Cp p. After in-
jection, two-way coupling drives the phases toward thermal equi-
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Thermal domain

Fig. 1. A fully developed configuration of particles (cold) and gas (hot) is injected into the thermal domain. Here, the initially cold particles are shown in the left pane. On
the right, instantaneous snapshots of the fluid phase temperature is shown from an early time (top) to a fully developed period (bottom).

Table 2
Summary of parameters for the thermally evolving simulations.

Particle-phase quantities

Cop Particle heat capacity (840, 921 2300) [J/kg K]
Tpo Initial particle temperature 300 [K]
Fluid-phase Quantities

Co s Fluid heat capacity 1.013 [K]/kg K]
Tfo Initial fluid temperature 400 [K]

Ky Fluid thermal conductivity 0.0334 [J/m s K]
Non-dimensional quantities

Pr Prandtl number 0.7
Pe Péclet number (1,5,7)
X Ratio of heat capacities (829, 909, 2270)

librium. The boundary conditions for the thermal simulations are
specified as

Tf(X = O,y, Z; t) = Tf,O

TV =Tyo

xp=0.yp.2p

and
up(x=0,y,z:t) = uf" (x = upunt, ¥, 2, ty)

u,(t) = up(tf)CIT

xp=0,yp,2p Xp=Upuikl.Yp.Zp

where ¢ is time after which the isothermal flow is statistically sta-
tionary.

The thermal simulations introduce three additional relevant di-
mensionless groups: the Prandtl number, Pr = C,, ;vfpy/ky; the Pé-
clet number, Pe = dpup05Cp, s/Ks; and the ratio of heat capaci-
ties, x =Cpp/Cs . The parameters used in these simulations are
summarized in Table 2, where sets of values are provided for the
quantities that are varied in the simulations. Using the riser of a
CFB reactor as our motivation, we prescribe the inflow velocity,
Upyk, Such that the resultant Péclet number corresponds to typ-
ical riser conditions [28]. Three values of x are considered, cor-
responding to the heat capacities of sand [29], Zeolite 4A [30] (a
catalyst used in the processing of conventional oil) and bagasse

[31] (a woody pulp biproduct of the commercial processing of sug-
arcane commonly used in biomass pyrolysis).

3. Computational methodology

The numerical simulations are solved in a volume-filtered
Eulerian-Lagrangian framework for an incompressible viscous fluid
with spherical, rigid particles undergoing heat exchange [19,32].
The volume-filtered continuity equation is given by

0
ﬁ(efpf)-FV(&'fpfqu) =0, (2)

where u; = [up, vp, we]" is the fluid velocity. In this work, the
fluid-phase density oy is held constant. This approximation simpli-
fies the modeling exercise in later sections and is justified based on
the moderate temperature gradient imposed between the phases
(between 300K and 400K). Additionally, the Richardson number,
defined as Ri = gBATd,/UZ,, (where =19 x 1073 is the ther-
mal expansion coefficient) and commonly used to indicate relative
importance of buoyancy to forced shear, = ©(10~), thus justifying
the elimination of buoyancy contributions.
The fluid-phase momentum equation is given by

| 2

(Sf,Ofo) +V. (S;Ofllf ®uf) =V T;+ €708+ Finter + Frnr-
(3)

Here, g is gravity, Finer iS the interphase momentum exchange
(which will be defined later) and F s is an additional source term
for the cold simulations to enforce a mass flow rate in the gravity-
aligned direction such that the flow reaches a statistically steady
state [see 26, for details]. The filtered stress tensor, T is

D

t

2
T =—pyl+ ppvs[ Vg + Vul = 2(V g, “)

where I is the identity tensor and py is pressure. Finally, conserva-
tion of energy is given as

d
prp,f& (8fo) + prp,fV . (sfufo) = KfVZTf + Qinters (5)
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Fig. 2. The isothermal simulations begin with an initially random distribution of particles (left) and evolve into a statistically stationary state characterized by clustering
(middle 3 panels). These clusters generate and sustain turbulence in the fluid phase. Clusters entrain the fluid as they fall resulting in upflow in regions void of particles

(right panel).

where Ty is the fluid temperature and Qjye, is the interphase heat
exchange (defined later). In this work, the thermal conductivity, «
is specified by maintaining a constant Prandtl number, Pr = 0.7.

Particles are tracked individually in a Lagrangian manner ac-
cording to Newton’s second law of motion, given by

dx® -

P _ 4 6
dt P (6)
and

du® < .
Mp =30~ = Finter + C + 58, (7)

where xg) and ug) are the position and velocity of particle i, re-
spectively, m, is the particle mass and Vj is its volume. Square
brackets denote a fluid quantity interpolated to the center position
of particle i. The interphase transfer term is defined as

. & . .
fi(rll)ter ! (l)] - ug))F(gf’ Rep)

("f [xp

=V,V -7/ -
P

1+ my (8)
where 1p = ppdf,/(18pfvf) is the Stokes response time, Re, is the
particle Reynolds number, given by
Re. _ Erluslx’] —uldy

ep = ,

Vy

and F(e f,Rep) is a non-dimensional correction factor to account
for volume fraction and Reynolds number effects [33]. The force
due to inter-particle collisions, C, is modeled using a modified
soft-sphere approach originally proposed by Cundall and Strack
[34]. Particles are treated as inelastic and frictional with coeffi-
cients of restitution of 0.9 and friction coefficient of 0.1. For addi-
tional information, see Capecelatro and Desjardins [32]. Due to the
large density ratio between the phases, the buoyancy force never
exceeds 0.13% of the body force and has thus been neglected. The
solid-phase energy equation is given by

()
dr

dt

(9)

—qg®

— Hinter’

mpCp.p (10)

where TI,(i) is the temperature of the ith particle, and qi(rl;)ter is the
interphase particle heat exchange, given as

i i 6V, [Nu i i
Gier = Vok s VT[] + = (Tyla)' ] = T,7). (1)

d3
Here, Nu is the £,- Rep-dependent Nusselt number correlation re-
cently developed by Sun et al. [35].

The fluid-phase equations contain several interphase exchange
terms that require Lagrangian information be projected to the Eu-
lerian grid. This is accomplished by employing the two-step fil-
tering approach described in Capecelatro and Desjardins [32], in
which particle data is first extrapolated to the nearest grid points,
followed by a ‘smoothing’ operation that is performed implicitly,
such that the final support of the filtering operation is tied to a
chosen filter size, (Sf. Here, we consider a Gaussian filter kernel, G,
with §; = 7dp. With this, interphase exchange terms are given by

Np '
er=1-3"G(1x=x()Vp, (12)
i=1
finter = —Zg(|x—xg)|)fi(,l,)tep (13)
i=1
and
Np - -
Qinter = — Z g(|X - XI(JI) |)qi(r112cer' (14)

i=1

The equations are solved in NGA [36], a fully conservative, low-
Mach number finite volume solver. A pressure Poisson equation is
solved to enforce continuity via fast Fourier transforms in all three
periodic directions (in the isothermal simulations) and a multigrid
solver is used for the thermal simulations, which are only peri-
odic in the spanwise directions. The fluid equations are solved on
a staggered grid with second-order spatial accuracy and advanced
in time with second-order accuracy using the semi-implicit Crank-
Nicolson. Lagrangian particles are integrated using a second-order
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Runge-Kutta method. Fluid quantities appearing in Eqs. (6)-(10)
are evaluated at the position of each particle via trilinear interpo-
lation. Further details can be found in [32].

4. Results

In this section, we summarize the results of the Euler-Lagrange
simulations carried out using the setup and parameters dis-
cussed in Section 2 and the computational framework laid out in
Section 3. We begin by reporting high level observations of both
the cold-flow and thermal simulations, and then show profiles for
the mean temperatures and quantify the thermal entrance length
for each case. Finally, we propose scaling relations for the thermal
entrance length corresponding to uncorrelated (uniform) particles
and another that takes clustering into account.

4.1. Flow visualization

Three cold-flow (isothermal) simulations are performed using
the parameters summarized in Table. 1. Instantaneous snapshots
are shown in Fig. 2. Beginning from an initially random distribu-
tion of particles, particles fall under gravity while the mean mass
flow rate of the gas phase is held constant, allowing for a mean slip
velocity between the phases to be established and a statistically
stationary state to be reached after approximately 507,. The degree
of clustering is seen to vary as the volume fraction is increased.
Dense suspensions of particles entrain the gas phase downward,
resulting in so-called jet bypassing (high-speed upward flow in re-
gions devoid of particles). At this point, the fluid-phase turbulent
kinetic energy is produced by wakes behind clusters and shear lay-
ers at the edge of clusters, referred to as fully-developed cluster-
induced turbulence (CIT) [26,37].

In the thermal simulations, cool particles and hot gas from
fully-developed CIT are injected into the thermal domain and heat
transfer is enabled between the phases. As shown in Fig. 3, the
cool centers of dense clusters persist far into the domain and cool
the surrounding fluid, while regions of dilute particles are heated
more rapidly and have a minimal effect in cooling the fluid. This
behavior is observed to be more dramatic for lower volume frac-
tion and low Pécletnumber. Not surprisingly, as the volume frac-
tion is increased, the increase in mass loading of cold particles can
more rapidly cool the surrounding gas, though hot spots still ap-
pear in regions devoid of particles. This behavior is shown in Fig. 4.

4.2. The thermal entrance length

To quantify the thermal entrance length, we extend the defini-
tion from single-phase pipe flow to the configuration under con-
sideration. Since both phases relax to an equilibrium temperature,
a nondimensional thermal entrance length, I;,, can be defined as
the location after which the difference between the mean temper-
atures is within 5% of the inlet temperature difference, or

Ity := min (X & |(6f) — (6p)| < 0.05), (15)

where 6f,, is the nondimensional temperature (for the fluid or
particle phase) given by

Tf/p —Tho

(16)
Tro —Tpo

fip =
and X = d/d, is the nondimensional streamwise position.

The thermal entrance lengths for the clustered, Euler-Lagrange
results are compared with the development lengths for a uniform
distribution of particles of equivalent mean volume fraction, I?h
(see Figs. 4 and 5). By making this comparison, the effect of het-
erogeneity on interphase heat exchange can be isolated. Further,
since the effect of clustering appears as a subgrid scale term in
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uniform

clustere

Fluid & Particle
Temperature
hot cold

Fig. 3. Hot (red) gas and cold (blue) particles are fed into a hot, quiescent ther-
mal domain. From top to bottom: (a) When the particle phase is uncorrelated (uni-
formly distributed), the thermal entrance length is shorter as compared with a cor-
related (clustered) configuration of equal solid-phase volume fraction. (b) Clusters
generate heterogeneity in the velocity (not shown) and temperature fields and (c)
dilute regions of particles are heated rapidly, while denser clusters of cold particles
persist further into the domain. Images correspond to a instantaneous snapshots
for (¢p) =0.001, Pe =5 and x =829. A high-resolution video of this image can
be found in the supplementary materials. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this arti-
cle.)

coarse-grained models [19,22], the ratio of these quantities high-
lights the errors associated with neglecting these contributions.

For the cases considered, it is observed that the thermal equi-
librium temperature is lowered with increasing volume fraction,
owing to the increased mass loading of cool particles as previously
discussed. Additionally, the thermal entrance length decreases with
increasing volume fraction, but in all cases, the presence of clusters
acts to increase the thermal entrance length as compared with an
uncorrelated distribution of particles. This can be seen in greater
detail in Fig. 3 and is primarily a consequence of the reduced con-
tact with a hot fluid phase, making clustered particles less effec-
tive at cooling the surrounding fluid than lone particles. Finally, in
Fig. 4, the shaded regions represent +3 standard deviations from
the mean temperature. This variation in temperature is greater in
the fluid phase as compared with the particle phase, and the over-
all variation in temperature reduces with increasing volume frac-
tion.

In Fig. 5, the entrance length obtained from the simulations are
normalized by l?h, as previously mentioned, and compared against
volume fraction, Pe and x. Here, we observe that for all the con-
figurations considered, the entrance length for clustered particles
is between 2 and 3 times longer than a uniform distribution, but
that this relationship is complexly related to volume fraction and
Pécletnumber, in particular. Notably, the development length in-
creases non-monotonically with particle volume fraction for mod-
erate and high Pécletnumbers, which is likely explained by simi-
lar behavior observed in the normalized standard deviation of the
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Fig. 4. Temperatures are compared for the three volume fractions under study ({e,) = 0.001, 0.0255 and 0.05, from left to right) and (Pe, x) = (5, 829). The top row shows
the mean temperature profiles for a uniform distribution of particles (—, —) and the Euler-Lagrange simulations (- - , - - ), where the shaded regions represent the
+0, where o is the standard deviation. The bottom row shows the fluid temperature in the region between the inlet and % = I;;,. Red corresponds to high temperature and

blue to low. The contours denote &, = 2(g}).
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Fig. 5. The entrance length normalized by the entrance length for a uniform dis-
tribution of particles of equivalent volume fraction (top). Here, Pécletnumbers 1,
5 and 7 are denoted by squares, circles and triangles, respectively. The inset bot-
tom two plots examine the effect of x, where white, light gray and black denote
X = (829,909, 2270).

volume fraction, ,/(8;,2)/(817), a measure of the degree of cluster-
ing [see 27]. Finally, we observe that the ratio of heat capacities,
X, has a relatively minimal effect on the thermal entrance length
for clustered flows as compared with the entrance length for un-
clustered flows, l?h. This is shown in the inset panels in Fig. 5 and
indicates that the thermal entrance length for clustered flows does
not change significantly as compared l?h. This implies that models
for capturing heterogeneous behavior should depend only on (&))
and the Pécletnumber.

Finally, we compute lf’h over a range of volume fraction, Péclet,
Reynolds and Prandtl numbers, and identify the following scaling
relation for the thermal entrance length for a uniform distributions
of particles,

19, = 0.108RepyPr(e,) . (17)
In this expression, the existence of the particles augments the

single-phase expression (1) by a factor of 0.216{ep)~!. This quan-
tifies the observation that the entrance length increases with de-

creasing solids volume fraction and increasing Reynolds number.
Here, this increase is nearly exponential with respect to volume
fraction and linear with respect to Rey . The 1-2 norm of the error
of the scaling relation for Rey € [0.2,22] and (gp) € [0.001, 0.5]
is 0.02. Since the present work considers a fixed density ratio, the
particle density, pp, does not appear in (17). Thus, this expression
holds for gas-solid flow with pp/pof = 0(103). A similar scaling re-
lation can be formulated for clustered flows, given as

(e) Repuik 3 -1
by = 064717 ( 015725 1 0.02Re ) + 0.108RepPr(e) .
p p

(18)

where the variance in volume fraction is informed by a modified
version of the model developed by Issangya et al. [38] given as

[(e2) = 1.48(ep) (0.55 — (g,)). (19)

In this expression, the first coefficient differs from the original
model of Issangya et al. [38], 1.584, to fit our data more accurately.
The model (18) returns the scaling for an unclustered configura-
tion, If’h, when particles are uncorrelated (i.e., (52,2) = 0). This scal-
ing relation has a normalized 1-2 error norm of 0.04 for the data
considered in this study.

In the following section, we quantify the terms responsible for
the complex behavior we observed in the thermal entrance length

and propose closure to predict it over a range of conditions.

5. Modeling

In the previous section, we demonstrated that the thermal en-
trance length for clustered flows varies significantly from their uni-
form flow counterparts. Additionally, we observed that these dif-
ferences depend complexly on the mean particle volume fraction
as well as the Pécletnumber. To quantify the effect that corre-
lated phases has on this phenomenon, we first derive the one-
dimensional, two-fluid heat equations. Next, we evaluate the con-
tributions of each of the terms appearing in the thermal balance
and propose models for the dominant unclosed term.
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5.1. One-dimensional heat equations

For the configurations under consideration, the flow is statis-
tically stationary in time, statistically homogeneous in the span-
wise directions and thermally evolving in the streamwise direction.
This implies that all quantities of interest are one-dimensional in
x. To formulate the associated 1D heat equations, we first nondi-
mensionalize the heat equation, then conduct volume fraction-
weighted (phase) averaging. Nondimensionalization is carried out
by selecting the particle diameter, dp, as a characteristic length
scale and the inlet bulk velocity, upyy, as a characteristic ve-
locity. Details on both of these derivations can be found in
Appendix A and Appendix B.

Beginning with the fluid-phase heat Eq. (5), the nondimensional
fluid temperature equation is given by

0 ad N 0%0
Peﬁ‘(é‘f@f) +Peﬁ( fﬂf@f) zgfaTzf —GNUSP(Gf—Hp), (20)
where £ =x/dp, iy = up/upy and f = t/(dp/upuk). The particle-
phase heat Eq. (10) can be similarly nondimensionalized. First, the
particle phase heat equation is rewritten in the Eulerian sense by
conducting a change of frame from the Lagrangian particle heat
equation and projecting it to the Eulerian grid (see Appendix A).
Then, in the same manner as the fluid heat equation, nondimen-
sionalization yields

P D(epp) | O (epitpbp) %05
Pe— — — = 6N 0r—06,),
X epf[ 57 + 7% l=¢p Pye + usp( I p)

(21)

where, x is the ratio of heat capacities.

Next, Reynolds averages (denoted with angled brackets) in time
and the spanwise directions are applied in order to treat these
expressions as statistically one-dimensional. In doing so, the time
derivative is null and due to periodicity in the y— and x— direc-
tions, gradients and divergence operators reduce to full derivatives
with respect to x. This yields

d{gsii 0 d?(e:0
pe ! fd)zf 0 _ <d£fz o) _ (6Nue, (65 — 6)) (22)
and
- 2
XPG% d(Spd’v;pgp) _ d (;52917) T (6Nu€p(9f _Qp)), (23)

As will be discussed later, the diffusion terms are found to have a
minimal contribution to the thermal balance in both phases, but
they are included here since the Pécletnumbers are O(1). In cases
of very large Pécletnumber, however, the diffusion term can be
eliminated a priori due to the factor 1/Pe that multiplies it.

Due to the presence of the volume fraction on all terms, a phase
average defined as (())f = (£7())/(ef) and (())p = (ep())/{ep)
(as described in Fox [39]) is convenient to invoke. This process sub-
stantially reduces the number of terms present as compared with
strict Reynolds averaging.

In these expressions, angled brackets without a subscript, ((-)),
denote a Reynolds average in time and the cross stream directions
(i.e., y and z). Here, fluctuations from Reynolds averages are de-
noted as (-)’ and fluctuations from the particle and fluid phase av-
erages are denoted as (-)” and (-)"”, respectively. This yields a cou-
pled system of two-fluid equations that may be utilized to model
macroscopic heat transfer (noting that the solution of the momen-
tum equations is trivial for the configuration under consideration),
given as
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sy dO 1Ay d
=g ~pe aw — @&l
Term1
68 /2 " "
~ en) T (N (05~ (Bp)s) + (N (6] N0~ (N6, | (24)
Pefegyl "0 7° R MR P
Term2 Term3 Term4 Term5
and
<y d{Bp)p pr d2Op)p  d o,
(@) =gz " ppxPe  dR? =& W%
@® o
Term6
6 " (Y
e [ N ((07) — (62)0) + (N0} (0] )+ (N6, (N6, | (25)
PpX N —  — e —
Term2 Term3 Term4 Term5

The terms in these expressions can be categorized as purely
fluid, purely particle and mixed. The terms on the left-hand side of
the particle and fluid equations represent convection and diffusion
and are purely fluid and purely particle, respectively. Terms 1 and
6 are scalar fluxes, which are unclosed and traditionally modelled
by classical gradient diffusion models (e.g., the Boussinesq approxi-
mation). While these methods are successful in single-phase flows,
they have been shown to fall short of being predictive in the con-
text of highly anisotropic, multi-phase flows [40]. Finally, the inter-
phase heat exchange terms (Terms 1-5), are the same across the
fluid and particle phase descriptions, with the exception of a con-
stant factor of pg/(ppx) that appears in the particle phase equa-
tion and a factor of (gp)/(&f) in the fluid phase. For brevity, these
two factors are referred to as C; and C, henceforth. Of the inter-
phase heat exchange terms, only Term 2 is a function of solution
variables ({0y)y, (p)p) and are therefore closed. Term 3 includes
a covariance between volume fraction and fluid temperature fluc-
tuations, (9}” )p. which has been shown to be the main contribu-
tor to hindering heat transfer in temporally evolving, homogeneous
systems [19]. Terms 4 and 5 are cross correlations between phase
temperature and Nusselt number.

In the absence of clustering (e.g., no correlation between tem-
perature and volume fraction), the only terms that remain are con-
vection, diffusion and Term 2. Following from the definition of the
phase average, (0¢)f = (6) + (8}9})/(@), thus, in an uncorrelated,
homogeneous system, (0y) is equivalent to (6;) and (6p)p = (6p))
since cross correlations are null.

5.2. Thermal budget

To guide our modeling efforts, we now evaluate which of the
terms appearing in (24) and (25) have leading order effects. As
such, the balance of these terms is shown in Fig. 6 for the illustra-
tive case of Pe =5 and (ep) = 0.0255. This demonstrates that for
the configuration under consideration, thermal behavior is dom-
inated by convection, Term 2 and Term 3. Of these terms, only
the fluid phase temperature fluctuations as seen by the particles,
(9}”),, (defined as the ‘drift temperature’ in Rauchenzauner and
Schneiderbauer [22]), requires modeling and is equivalent across
both phases.

5.3. Closure of the drift temperature

In this section, we propose a closure model for (9}”);, and
equivalently, (8;,9}) (see Appendix C). As previously mentioned,
and by definition of the phase average, the phase averaged temper-
atures are comprised of the Reynolds averaged temperature plus
the cross correlation between volume fraction and temperature
(e, (Of) 5= (0f) + (8}9})/(£f)). Because of this, specifying bound-
ary conditions for the heat equations in terms of phase-averaged
quantities cannot be done a priori without an additional closure for
these contributions. Rather than providing additional closures (one
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Fig. 6. Balance of terms contributing to the phase averaged fluid temperature as given in Eq. (24) for Pe = 5, x = 829. In each of the three volume fractions (0.001, 0.0255
and 0.05 from left to right), three dominate the thermal behavior: Convection (blue), Term 2 (orange) and Term 3 (red). (For interpretation of the references to colour in this

figure legend, the reader is referred to the web version of this article.)

each for (¢,0,) and (¢70;)), we note that for the configuration un-
der study, the cross correlations are constant with respect to the
streamwise direction and only shift the temperature solution by
this amount. In other words, the thermal entrance length is equiv-
alent when considering either the phase averaged or Reynolds av-
eraged temperatures, but the Reynolds averaged formulation does
not require special treatment for the boundary conditions, as they
are specified as the same for clustered and unclustered flows. (See
Appendix C for more details).

Due to the equivalency of (8;,9}) and (9}”),3, the model pro-
posed herein is suitable for use in simulations for which the so-
lution variables are phase-averaged or Reynolds averaged (demon-
strated in Fig. 8 where the proposed model detailed in Section 5 is
used in forward solutions of both sets of state variables). Thus im-
plying it is appropriate for use in a general two-fluid solver in
which the hydrodynamics and thermodynamics evolve simultane-
ously. Of course, in this situation, additional closures are required
for the fluid and particle momentum equations in order to capture
cross correlations.

We begin from the simplified, Reynolds averaged equations,

. d(6y)  6(ep)Nu (ep07)
) — =~ Pefgf) [(Of) — (6p) + ) 1, (26)

where Nu denotes the Nusslet number computed using the corre-
lation proposed by Sun and Zhu [41] and mean quantities as ar-
guments. As detailed in Appendix C, all of the unclosed Reynolds
averaged terms are null, except for the cross correlation between
particle volume fraction and the fluid-phase temperature fluctua-
tions arising from Term 3, as was observed for temporally evolving
gas-particle flows from Guo and Capecelatro [19].

This result points to the fact that cross-correlations between
volume fraction and temperature shift the phase averaged tem-
perature from the Reynolds averaged temperature (e.g., (07())s =
(0 (R) + (8}9})), where in these configurations the cross correla-

tions are constant with respect to X.

In formulating the closure for (8;,0}), we observe that all con-
figurations considered in this work satisfy the following scaling re-
lation

@ 1 o (d(ci’zf) +Gi((0)) - (Gp))) =b((0f) — (6p) +1)
—\Yp

(27)

where b is a constant coefficient, which may depend upon (gp), x
and Pe. Owing to this relation, we impose that the proposed model
is of the form
(,6}) b
L A _f((g ) —

<<9p> G

<9p))((9f) —(6p) + 1)) (28)

and the system of equations is given as

00 ) — 6+ bC1B) — EDIE) — B + 1)
(29)

W00) _ o0y - o) - E—jb«eﬁ (OB — ) + 11
(30)

The open-source, Gene Expression Programming (GEP) MATLAB
code of Searson [42], is leveraged to learn the dependence of b on
operating parameters. The resultant model was selected from the
models learned using a population size of 300, with 500 gener-
ations and a maximum number of genes per individual of 6. To
select the model given, the population size, number of genera-
tions and genes were perturbed until model error and complex-
ity were both satisfactorily low. Despite this analysis, the accu-
racy of the learned models was fairly insensitive to these param-
eters. The GEP algorithm was provided with the value of b and
associated (gp) and Pe for each training case (all three volume
fractions, all three Pécletnumbers and y = 829) and was permit-
ted to evolve expressions from the following mathematical opera-
tions: multiplication/division, addition/subtraction, exponential/log,
and square/cube. The resultant learned model for b is given as

b = (1.16In({&p)) — 0.335Pe
+5.85(gp)Pe + 19.7)/ () (1 — e~ (#r)/Pe), (31)

where the inclusion of the variance of volume fraction, /{g"2),
in the expression for b ensures proper asymptotic behavior in the
limit of no clustering (i.e., Term 3 vanishes in the case of a uniform
distribution of particles), which is modeled according to (19).

Fig. 7 highlights the forward solution of the proposed model
and the forward solution for a uniform distribution of particles.
Both are compared against the mean Euler-Lagrange data. The top
and bottom rows show three representative training and test cases,
respectively. Since the ratio of heat capacities was observed to have
a minimal effect on entrance length as discussed in Section 4, per-
turbations in x were reserved for the testing set.

Additionally, the predicted entrance lengths for the uniformly
distributed cases, lfh, and the prediction using the proposed model
for b, l{g"del, are summarized in Table 3 and compared against the
Euler-Lagrange results, I;;,. The relative errors, € = |lt(h) = Lenl/les
for the proposed model and the uncorrelated particle phase as-
sumption are also tabulated. We find that using an assumption
of uniformly distributed particles results in an under prediction
of the thermal entrance length between 40 and 70%. This high-
lights the importance of incorporating local particle heterogene-
ity in reduced-order (coarse grained) models. The proposed model
demonstrates improved performance, predicting the thermal en-
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Fig. 7. Three example instances each of model performance (......., ....... ) on training data (top row) and testing data (bottom row), as compared to the mean quantities from
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Fig. 8. The learned model (shown as (
results (- -, - =

) and described in Eq. (31)) demonstrates improved prediction of thermal entrance length as compared to the Euler-Lagrange
) in both the Reynolds-averaged (left) and the phase-averaged formulations (right). The forward solution using the assumption of uniformly distributed

particles is shown as (—, —), and is the same in both plots since phase averaging and Reynolds averaging are equivalent when the phases are uncorrelated.

trance length within 3.6%, on average for the training dataset and
within 8.6% for the testing dataset.

To make physical connections with the resultant model, it is
helpful to introduce a new variable representing the tempera-
ture difference between the phases, (05) = (0f) — (0p), and cor-
responding transport equation. This definition and some algebraic
manipulation, yields the following system:

d(6y) (O

dz = (b —C1)<9A) (1 - (b—C1)/b> (32)
d(6p) _ G(G —b) ()

& =G <9A)<1 - (b—q)/b) G3)

a(6a) _ di6y) _ d(6)
R R (4)
- (—(a +G)+ "(chg))wm(l - (bﬁegf)/b) (35)

where we note that the equation for the mean temperature dif-
ference is of the same form as the logistic equation, i.e., dA/dx =
kA(1 —A/L). In this sense, L is frequently referred to as the limiting
factor, or carrying capacity, of the system and k is the growth rate.
In the context of heat transfer for particle-laden flows, bifurcation
points exist when either (65) = 0 or (65) = L. For this system and
boundary conditions, the only physically relevant bifurcation oc-
curs when the temperature difference is null. This point is a sta-
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Table 3

Summary of thermal entrance lengths normalized by d, for clustered gas—
solid flows and associated model errors. The learned model was trained
on data for y = 840. Remaining cases were reserved for testing. On aver-
age, the entrance length predicted using an uncorrelated particle-phase as-
sumption is under predictive by 58%, while the prediction from the learned
model predicts entrance length within 5.1%, where the mean training and
testing errors are 3.6% and 8.6%, respectively.

X Pe (Sp) Irh Itoh lmodel 60 emodel
840 1 0.001 258.9 108.0 2143 0.6 0.026
0.0255  36.0 12.0 325 0.7  0.095
0.005 15.4 8.6 15.4 04  0.00
5 0.001 1,059.5 5589 1,1144 05 0.045
0.0255 128.6 46.3 152.5 0.6 0.053
0.005 66.9 25.7 66.9 0.6  0.000
7 0.001 1,681.8  780.1 1,555.0 0.5 0.084
0.0255 173.2 63.4 2109 0.6 0.020
0.05 90.9 32.6 94.3 0.6 0.000
Testing Dataset
921 1 0.0255 394 1.2 325 0.7 0.174
5 0.001 1,177.8 5846 1,1641 0.5 0.095
2300 1 0.0255  36.0 1.2 325 0.7 0.014
5 0.001 15824 8486 16955 05 0.060
10
9
8 10°
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Fig. 9. The modeled quantity, b (31), shown with respect to (g,) and Pe.

ble attractor, ensuring that all realizations with physical boundary
conditions and parameters will relax to thermal equilibrium.

Finally, the growth rate (which in this case is a negative value,
indicating decay to equilibrium) is given as —(C; +C;) + b(Cy —
G;)/Cq. In the event of no clustering, the rate reduces to the un-
correlated growth rate —(C; +C,), thus demonstrating that the
presence of clusters impedes the rate at which the phases ap-
proach equilibrium. Written in this form, it can also be observed
that the fluid- and particle-phase growth rates differ by a factor
of (—C;/Cy), when clustering is present. Further, due to the de-
pendence of b on volume fraction and Pécletnumber, the model
quantifies the complex interplay of volume fraction and Péclet-
number on thermal entrance length. This effect is visualized in
Fig. 9, where we observe that for low Pécletnumbers, variations
in volume fraction have a greater effect on the value of b. Sim-
ilarly, at high volume fraction, changes in Pécletnumber (partic-
ularly between 0 and 1) also result in large changes in b. Con-
versely, at high Pécletnumber and as volume fraction approaches
null, b only changes slightly. Further, since b implicates heat trans-
fer impedance, one can expect longer thermal entrance lengths for
lower volume fractions at higher Pécletnumbers and lower particle
volume fractions.

10
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6. Conclusions

In this work, high resolution Euler-Lagrange simulations were
leveraged to understand the effect of heterogeneity on the ther-
mal entrance length. These computations enabled the quantifica-
tion of the complex dependency of the entrance length on rele-
vant simulation parameters, Pécletnumber, volume fraction and ra-
tio of phase heat capacities. In addition, we compared the ther-
mal entrance length for clustered and uniform distributions of par-
ticles and found that clustering causes a 2 to 3 fold increase in
lyp. To capture this effect, we propose a scaling relation for I, in
Eq. (17) (for uniform distribution of particles) and Eq. (18) (for
clustered) that bares resemblance to scaling laws for the thermal
entrance length of single-phase flows, but with an additional fac-
tor to account for the presence of particles.

To identify the physics responsible for the change in thermal
behavior of clustered flows, we derive the 1D two-fluid heat equa-
tions and evaluate which terms dominate. This analysis demon-
strated that the delay in heat transfer is described entirely by the
covariance between volume fraction and fluid temperature fluctu-
ations, also known as the ‘drift temperature.’” Since this quantity
is sensitive to variations in Pécletnumber and mean particle vol-
ume fraction, but is minimally sensitive to the ratio of heat ca-
pacities, we then leverage scaling arguments and Gene Expression
Programming to propose a closure. The resultant model captures
the complex dependency of the drift temperature on Pe and (&)
and reduces the error in predicting thermal entrance length by
90% as compared to predictions that neglect heterogeneity. We also
note that the proposed model is appropriate for use in both the
Reynolds averaged and phase averaged formulations of the heat
equations, making it a suitable for use in Euler-Euler codes in
which the thermodynamics and hydrodynamics evolve simultane-
ously.
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Appendix A. Non-dimensionalization of the heat equation

The volume-filtered fluid temperature equation is given by

0
3¢ (601G sTr) + V- (6705Cp.stsTy) = €7V - (V) + Qiner,

(A1)
where,
Np - -
Qincer = — »_ G (1% — 2 )q 2. (A2)
i=1
and
i 6k sNu . .
o =Vl (1T (a3
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This results in the following expression,

a
¢ (601G sTr)+V - (e707Cy pusTy) =

6,k ¢NUu
eV - (ky V) + —L—(Ty = Ty). (A4)
p
We first non-dimensionalize temperature using (T -
Tp.0)/(Tro — Tp0)- This yields,
d
3t (E101Cp607)+V - (6505Cp us6y) =
6&pk¢Nu
sfv.(vaef)+”di{(9f79p). (A5)
P

Now, we divide through by C,, ;o; and make the change of variable
X = x/dp, which gives

a 1)\ 0
Ef

_ IV (e (L) 2,
" piCor\dy )32\ "\ d, Jox!
6¢piNu
+ ————(6f—06p).
Ppr,fdzzs( 1)
Multiplying by (dp/upyy) gives rise to

d, 9 d (1) 8
d, ) %

mg(%@)*ub " (esus6r)

LI G
_ubulkf dp ox ! dp X

o)
N 6ep0;Nu (9f B Op),

where we notice that a Pécletnumber arises in both terms on the
right hand side as,

dp 0 0 Sfufo

— € ++=

Ubulk 3t( %) 8x< Ubulk
10

a 6Nu
= €f8§(Pea£’0f) (Qf 9,3) (AS)

Finally, we define a timescale using dp/up,;, and a non-dimensional
time as £ = t/(dp/upyy)- Making this change of variable yields

0 0 efufo
el
ot ae (s 3X( Upulk
d (19 6Nu
=8f85c<1398&0f) (Qf Qp)

Finally, a non-dimensional velocity is defined as #tf = u/up,; and
the final non-dimensional equation is given by

A7
dpUpuik (A7)

(A.9)

0 a .
E(Sf@f)-Fﬁ (efuféf)

d (10 6Nu
and can be reorganized as
829
Pe ;)t (Efgf) + Pe 88 (sfufo) = 8f87 + GNUEP(Qf — Gp)
(A11)

The particle phase heat equation (Eq. (10)) can be similarly nondi-
mensionalized. First, the particle phase heat equation is rewritten
in the Eulerian sense by conducting a change of frame from the

1
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Lagrangian particle heat equation and projecting it to the Eulerian
grid. This Eulerian representation is given as,

d(&,T,
Ppcp,p( (8pt )

6¢picNu
d;

(Tr = T).

(A12)

+V. (8pupr)) =epkfV2Ty+

In the same manner as the fluid heat equation, the particle heat
equation is nondimensionalized yielding

(Epﬁpep) _ 926
R I=ép 9%

xPe Pp [ 9 (eptp) i

o or L+ 6Nue, (0; — 0;)

(A13)

where, x is the ratio of heat capacities.
Appendix B. Development of the 1D heat equation
The fluid-phase energy equation is given as
9 \Y%
¢ (601G sTr) + V- (6705Cp.stsTy) = €7V - (K V) + Qiner-

(B.1)

We conduct Reynolds averaging with respect to the cross-stream
directions and time, and assume negligible effects from thermal
diffusion. This results in a much simpler expression, given by

d
Cp.fﬂfa(‘gfufo) = (Qinter)- (B.2)
Note that the interphase heat exchange is given as
Ny ‘
Qinter = Z g(|X - xl()l) |)q}(:e)atv (BB)
i=1
where,
6k (Nu i i
Ghne = Vol —T— (Tl 1 = T,7) . (B.4)

dj

Substituting these definitions into the heat equations and noting
that a phase average arises due to the volume fraction in the
Reynolds average on the left hand side yields

6 N
Cp f,Of(Ef) : <llfo> < 8p:;2f 4 (Tf — Tp)> (BS)
p
d 6 g
Cpflof(gf) a (ufo)f d2 <8pNLl(Tf - Tp)) (BG)

Both sides can be simplified further. Working first with the left
hand side, we expand uy and Ty using the Phase averaged decom-
positions, as:

6
oy s) e () ! (T 4T/ = ok (epNu(Ty ~ )
! (B.7)
d 1 6Kf
p
(B.8)
d 111 6Kf
Corpyler) a(“‘f)f(mf + (UT) ) = _?(EPNU(Tf -Tp))
p
(B.9)
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Fig. C1. Upper left: Of the terms appearing in the phase-averaged, fluid-phase energy equation, three dominate the thermal behavior: Convection (blue), Term 2 (orange)
and Term 3 (red). Terms 4 (black, dotted) and 5 (black, dashed) are nonzero, but balance each other exactly. Colored breakout panels of the three dominate terms detail the
contributions to each of these in terms of Reynolds averaged quantities. Of the nonzero terms, only (e;,@f’) requires modeling. (For interpretation of the references to colour

in this figure legend, the reader is referred to the web version of this article.)

prf<8f><( i gf) sx( ”’T’”>f> = 2 (epNu(Ty — Ty))
(B.10)

Turning now to the right hand side, we notice that a phase-
average with respect to the particle phase is present.

Cpfpf<8f><(Uf>fd<§£) +%< HT//> )

_ 6is
= (spNu(Tf - 1))

d2

((IN)p +-Nu"Y(Ty)p £ T7 — (Ty)p = T})),

= —— B [(Nu), ((Tp)p — (Tp)p) + ((NU"T/) — (Nu''T})]

(B.11)

Appendix C. Reynolds-averaged contributions to
phase-averaged terms

While the phase-averaged equations have mathematical util-
ity as this significantly reduces the number of terms as com-
pared with Reynolds averaging, proposing models in for the phase-
averaged equations in the context of the present study requires ad-

12

ditional closure for boundary conditions, since the correlation be-
tween temperature and volume fraction fluctuations at the inlet to
the thermal domain cannot be known a priori. To maintain consis-
tency in boundary conditions in comparing models for correlated
and uncorrelated flows, we shift to the Reynolds averaged descrip-
tions of the surviving terms in the phase averaged equations. For
the fluid-phase, this exercise results in the expression,

_d(0y)  (g5y) d(oy)  (ay) d(ej0)) (S}ﬂ})d(ejﬁ})_
=% Ty & ") & T )2 &
Convection
1)
_ 6(gp)Nu (ef07)  (ep0y)  (ep0f)  (e30p)
Pefey) 0N O e T e T ey T )
Term2 Term3

where Nu denotes the Nusslet number computed using the corre-
lation proposed by Sun and Zhu [41] and mean quantities as argu-
ments. As shown in the detailed panels of Fig. C.10, all of the un-
closed Reynolds averaged terms are null, except for the cross cor-
relation between particle volume fraction and the fluid-phase tem-
perature fluctuations arising from Term 3, as would be expected
from Guo and Capecelatro [19]. Thus, the simplified Reynolds aver-
aged equation is given as

(a7 S0P = SN 0 CF2, (2)
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This result points to the fact that cross-correlations between
volume fraction and temperature shift the phase averaged tem-
perature from the Reynolds averaged temperature (e.g., (07())s =
(Or(®)) + (e} })), where in these configurations the cross corre-

lations are constant with respect to X. Thus, the model proposed
herein is suitable for use in simulations for which the solution
variables are phase-averaged or Reynolds averaged (see Fig. 8). This
also implies that the proposed model is appropriate for use in a
general two-fluid solver in which the hydrodynamics and thermo-
dynamics evolve simultaneously. Of course, in this situation, addi-
tional closures are required for the fluid and particle momentum
equations in order to capture cross correlations.

Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.ijjheatmasstransfer.
2021.121985.
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