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Abstract
Deep generative modeling has led to new and state of the art approaches for enforcing
structural priors in a variety of inverse problems. In contrast to priors given by sparsity,
deep models can provide direct low-dimensional parameterizations of the manifold of
images or signals belonging to a particular natural class, allowing for recovery algo-
rithms to be posed in a low-dimensional space. This dimensionality may even be lower
than the sparsity level of the same signals when viewed in a fixed basis. What is not
known about these methods is whether there are computationally efficient algorithms
whose sample complexity is optimal in the dimensionality of the representation given
by the generative model. In this paper, we present such an algorithm and analysis.
Under the assumption that the generative model is a neural network that is sufficiently
expansive at each layer and has Gaussian weights, we provide a gradient descent
scheme and prove that for noisy compressive measurements of a signal in the range
of the model, the algorithm converges to that signal, up to the noise level. The scaling
of the sample complexity with respect to the input dimensionality of the generative
prior is linear, and thus can not be improved except for constants and factors of other
variables. To the best of the authors’ knowledge, this is the first recovery guarantee for
compressive sensing under generative priors by a computationally efficient algorithm.

Keywords Compressive sensing · Generative models · Convergence analysis ·
Gradient descent

Communicated by Roman Vershynin.

B Wen Huang
huwst08@gmail.com

1 Department of Mathematical Sciences, Xiamen University, Xiamen, China

2 Department of Mathematics and Khoury College of Computer Sciences, Northeastern
University, Boston, USA

3 Department of Electrical and Computer Engineering, Rice University, Houston, USA

4 Helm.ai, Menlo Park, USA

http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-021-09830-5&domain=pdf


19 Page 2 of 34 Journal of Fourier Analysis and Applications (2021) 27 :19

1 Introduction

Generative models have greatly improved the state of the art in computer vision and
image processing, including inpainting, superresolution, compression, compressive
sensing, image manipulation, MRI imaging, and denoising [10,14,18,20–23,23,24,
24,27–31]. These models are learned in an unsupervised way from a dataset of images
relevant for a particular domain, and they permit generation of new samples of the same
distribution underlying the the training data. They can be trained using a variety of
techniques, including Generative Adversarial Networks [10] and Variational Autoen-
coders [17]. The performance of generative models has improved substantially over
the past several years. For example, multiple methods can now generate synthetic
photorealistic images of human faces [15,16].

In many imaging inverse problems, an image is to be recovered from few and/or
noisy measurements. In the case of undersampled linear measurements, this problem
is known as compressive sensing. Structural assumptions are necessary in order to
recover the desired image because of undersampling. Generative models can provide
such a structural assumption, known as a prior, for inverse problems. Some generative
models are of the form of a learned function G : Rk → R

n , where n is the dimension-
ality of the measured image, and k � n. The domain ofG is a low-dimensional space,
known as a latent code space. The range of G is a manifold in Rn that approximates a
domain-specific set of images, known as a natural signal manifold. An inverse problem
can be regularized by seeking an image in the range of G that is most consistent with
provided measurements.

A common structural prior for imaging inverse problems over the past few decades
has been a sparsity prior [8,9]. With it, images are modeled to be approximately sparse
in an appropriate bases, such as a Fourier of Wavelet basis. An inverse problem can
be regularized by searching for a sparse solution to a provided set of measurements.
This results in a combinatorially hard optimization problem. In the case of linear
compressive measurements, a convex relaxation based on L1 minimization can be
solved instead, which admits signal recovery under generic measurements at optimal
sample complexity with respect to the sparsity level of a signal.

In the context of compressive sensing under generative priors, recovery can be posed
as a nonconvex empirical risk optimization, which can be solved by first order gradient
methods. When solved this way, generative models have been shown to empirically
outperform sparsity models in the sense that they can give comparable reconstruction
error with 5 to 10 times fewer compressive measurements in some contexts [4]. This
empirical result indicates both that representations from generative models are low
dimensional and can be efficiently exploited. Nonetheless, this observation does not
have a firm theoretical footing. In principle, such gradient algorithms for nonconvex
programs could get stuck in local minima. Thus, it is important to provide algorithms
that provably recover the underlying signal.

In this paper, we introduce a gradient descent algorithm for empirical risk mini-
mization under a generative network, given noisy compressive measurements of its
output. We prove that if the network is random, the size of each layer grows appropri-
ately, there are a sufficient number of compressive measurements, and the magnitude
of the noise is sufficiently small, then the gradient descent algorithm converges to a
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neighborhood of the global optimizer and the size of the neighborhood only depends
on the magnitude of the noise. In particular, the gradient descent algorithm converges
to the global minimizer for noiseless measurements. To the best of our knowledge,
this is the first recovery guarantee for compressive sensing under a generative neural
network model. Using numerical experiments, we empirically verify recovery up to
the noise level, and in particular exact recovery in the noiseless case.

1.1 Relation to Previous TheoreticalWork

A first theoretical analysis of compressive sensing under a generative prior appeared
in [4]. In that work, the authors studied the task of recovering a signal near the range
of a generative network by the same nonconvex empirical risk objective as in the
present paper. They establish that if the number of measurements scales linearly in
the latent dimensionality, then if one can solve to with an additive constant of global
optimality the nonconvex empirical risk objective, then one recovers the signal to
within the noise level, optimization error, and representational error of the network.
Because the objective is nonconvex, and nonconvex problems are NP-hard in general,
it is not clear that any particular computationally efficient optimization algorithm can
actually find the global optimum. That is, it is possible that any particular numerically
efficient optimization algorithm gets stuck in local minima. In the present paper, we
provide a specific computationally efficient numerical algorithm and establish a recov-
ery guarantee for compressive sensing under generative models that satisfy suitable
architectural assumptions.

A recent paper by a subset of the authors [12] provides a global analysis of the non-
convex empirical risk objective below for expansive-Gaussian networks. That paper
shows that, under appropriate conditions, there are descent directions, of the noncon-
vex objective, outside neighborhoods of the global optimizer and a negative multiple
thereof in the latent code space. That work, however, does not provide an analysis of
the behavior of the empirical risk objective within these two neighborhoods, a specific
algorithm, a proof of convergence of an algorithm, or a principled reason why the
negative multiple of the global optimizer would not be returned by a naively applied
gradient scheme. Additionally, that work does not study noise tolerance. Each of these
aspects require considerable technical advances, for example establishing a nontrivial
convexity-like property near the global minimizer.

The paper [2] presents a simple layer-wise inversion process for neural networks.
In the current setting, this result is not applicable because the final compressive layer
can not be directly inverted without structural assumptions. Instead, in the present
paper, we analyze the inversion of the compressive measurements and the generative
network together.
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2 Problem Statement

We consider a generator G : Rk → R
n with k � n, given by a d-layer network of the

form

G(x) = relu(Wd . . . relu(W2 relu(W1x)) . . .),

where relu(a) = max(a, 0) applies entrywise, Wi ∈ R
ni×ni−1 are the weights of the

network, and n0 = k and nd = n are, respectively, the dimensionality of the input
and output of G. This model for G is a d-layer neural network with no bias terms. Let
y∗ = G(x∗) ∈ R

n be an image in the range of the generator G, and let A ∈ R
m×n be

a measurement matrix, where typically m � n.
Our goal is to estimate the image y∗ from noisy compressive measurements y =

AG(x∗) + e, where A and G are known and e ∈ R
m is an unknown noise vector. To

estimate this image, we first estimate its latent code, x , and then compute G(x). In
order to estimate x∗, we consider minimization of the empirical risk

min
x∈Rk

1

2
‖AG(x) − y‖2. (2.1)

Throughout this paper, ‖ · ‖ denotes 2-norm of a vector or a matrix. For notational
convenience, we let W+,x denote the matrix obtained by zeroing out the rows of W
that do not have a positive dot product with x , i.e.,

W+,x = diag(Wx > 0)W ,

where diag(Wx > 0) denotes the diagonal matrix whose (i, i)th entry is 1 if (Wx)i >

0 and 0 otherwise. Furthermore, we define W1,+,x = (W1)+,x = diag(W1x > 0)W1
and

Wi,+,x = diag(WiWi−1,+,x . . .W2,+,xW1,+,x x > 0)Wi .

The matrix Wi,+,x contains the rows of Wi that are active after taking a ReLU if the
input to the network is x . Therefore, under the model for G, the empirical risk (2.1)
becomes

f (x) = 1

2

∥
∥
∥
∥
∥
A

(
1
∏

i=d

Wi,+,x

)

x − A

(
1
∏

i=d

Wi,+,x∗

)

x∗ − e

∥
∥
∥
∥
∥

2

, (2.2)

where
∏1

i=d Wi,+,x = Wd,+,xWd−1,+,x . . .W1,+,x and likewise for
∏1

i=d Wi,+,x∗ .

3 Main Results: Two Algorithms and a Convergence Analysis

In this section, we propose two closely related algorithms forminimizing the empirical
loss (2.1). The first algorithm is a subgradient descent method for which we prove
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convergence. The second algorithm is a practical implementation that can be directly
implemented with an explicit form of the gradient step that may or may not be within
the subdifferential of the objective at some points.

3.1 A Provably Convergent Subgradient Descent Method

In order to state the first algorithm, Algorithm 1, we first introduce the notion of
a subgradient. Since the cost function f (x) is continuous, piecewise quadratic, and
not differentiable everywhere, we use the notion of a generalized gradient, called the
Clarke subdifferential or generalized subdifferential [6]. If a function f is Lipschitz
from a Hilbert space X to R, the Clarke generalized directional derivative of f at
the point x ∈ X in the direction u, denoted by f o(x; u), is defined by f o(x; u) =
lim supy→x,t↓0

f (y+tu)− f (y)
t , and the generalized subdifferential of f at x , denoted

by ∂ f (x), is defined by

∂ f (x) = {v ∈ R
k | 〈v, u〉 ≤ f o(x; u),∀u ∈ X }.

Any vector in ∂ f (x) is called a subgradient of f at x . Note that if f is differentiable
at x , then ∂ f (x) = {∇ f (x)}.

Algorithm 1 Provably convergent subgradient descent method
Input: Weights of the network Wi ; noisy observation y; and step size ν > 0;
1: Choose an arbitrary initial point x0 ∈ R

k \ {0};
2: for i = 0, 1, . . . do
3: if f (−xi ) < f (xi ) then
4: x̃i ← −xi ;
5: else
6: x̃i ← xi ;
7: end if
8: Compute vx̃i ∈ ∂ f (x̃i ), in particular, if G is differentiable at x̃i , then set vx̃i = ṽx̃i , where

ṽx̃i :=
⎛

⎝

1
∏

i=d

Wi,+,x̃i

⎞

⎠

T

AT (A

⎛

⎝

1
∏

i=d

Wi,+,x̃i

⎞

⎠ x̃i − y);

9: xi+1 = x̃i − νvx̃i ;
10: end for

We can now state Algorithm 1. It is a subgradient method and has an important
twist. In lines 3–7, the algorithm checks whether negating the current iterate of the
latent code causes a lower objective, and if so accepts that negation. The motivation
for this step is as follows. The expectation of the empirical loss f is shown in Fig. 1. It
contains a global minimum at x∗, a local maximum at 0, and a critical point at −x∗ρd ,
where ρd ∈ (0, 1), as established in [12]. The objective value in a neighborhood of the
spurious critical point is higher than that of the negation of that neighborhood. Thus,
while a simple gradient descent algorithm could in principle be attracted to −x∗ρd ,
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Fig. 1 The expectation of the empirical loss of f with d = 2, k = 2, and x∗ = (1, 0)T . It contains a global
minimum at x∗, a local maximum at (0, 0)T , and a critical point at −ρd x∗ = −x∗/π

the check in lines 3 will be activated if any iterate is is sufficiently close to −x∗ρd ,
resulting in the next iterate jumping to the basin of attraction of the global minimizer
x∗.

3.2 Convergence Analysis for Algorithm 1

In this section, we prove that under suitable conditions Algorithm 1 converges to the
global minimizer x∗ up to an error determined by the noise e. Consequently, the signal
estimateG(x∗) is also recovered up to an error determined by the noise. In the noiseless
case (i.e., e = 0), Algorithm 1 converges to x∗, and G(x∗) is recovered exactly, under
suitable conditions. We will prove this in the case of deterministic assumptions on
the generative model, and we will obtain as a corollary that the convergence proof
holds for a suitable random model for G. Both the deterministic and probabilistic
assumptions are the same as in [12], which did not contain a convergence analysis.
The structure of this section is as follows: first we state the deterministic conditions
on G, then we state a convergence guarantee under those conditions, then we state a
probabilistic model for G, and finally we state a corollary for convergence under that
probabilistic model.

3.2.1 Deterministic Conditions

We now state two sufficient deterministic conditions for convergence of Algorithm 1,
both ofwhichwere introduced in [12]. First, we assume that theweights of the network,
Wi , satisfy the Weight Distribution Condition (WDC) defined below. This condition
states that theweights are roughly uniformly distributed over a sphere of an appropriate
radius.

Definition 3.1 (Weight Distribution Condition (WDC)) A matrix W ∈ R
n×k satisfies

theWeight Distribution Conditionwith constant ε if for all nonzero x, y ∈ R
k , it holds
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that
∥
∥
∥
∥
∥

n
∑

i=1

1wi ·x>01wi ·y>0 · wiw
T
i − Qx,y

∥
∥
∥
∥
∥

≤ ε, with Qx,y = π − θ

2π
I + sin θ

2π
Mx̂↔ŷ .

Here, wT
i ∈ R

k is the i th row of W ; Mx̂↔ŷ ∈ R
k×k is the matrix such that x̂ �→ ŷ,

ŷ �→ x̂ , and ẑ �→ 0 for all z ∈ span({x, y})⊥; x̂ = x/‖x‖, and ŷ = y/‖y‖; θ =
∠(x, y); and 1S is the indicator function on S.

Second, we assume that the measurement matrix A satisfies an isometry condition
with respect to G, defined below.

Definition 3.2 (Range Restricted Isometry Condition (RRIC)) A matrix A ∈ R
m×n

satisfies the Range Restricted Isometry Condition with respect to G with constant ε if
for all x1, x2, x3, x4 ∈ R

k , it holds that

|〈A(G(x1) − G(x2)), A(G(x3) − G(x4))〉 − 〈G(x1) − G(x2),G(x3) − G(x4)〉|
≤ ε‖G(x1) − G(x2)‖‖G(x3) − G(x4)‖.

3.2.2 Convergence Guarantee Under Deterministic Conditions

As our main theoretical result, we prove that the iterates generated by Algorithm 1
converge to x∗ up to a termdependent on the noise level, provided that the deterministic
WDC and RRIC conditions are met. The proof is given in Sect. 5.

Theorem 3.1 Suppose the WDC and RRIC hold with ε ≤ K1/d90 and the noise e
obeys ‖e‖ ≤ K2‖x∗‖

d422d/2 . Consider the iterates {xi } generated by Algorithm 1 with step

size ν = K3
2d

d2
. Then there exists a number of iterations, denoted by N and upper

bounded by N ≤ K4 f (x0)2d

d4ε‖x∗‖ such that

‖xN − x∗‖ ≤ K5d
9‖x∗‖√ε + K6d

62d/2‖e‖. (3.1)

In addition, for all i ≥ N, we have

‖xi+1 − x∗‖ ≤ Ci+1−N‖xN − x∗‖ + K72
d/2‖e‖ and (3.2)

‖G(xi+1) − G(x∗)‖ ≤ 1.2

2d/2C
i+1−N‖xN − x∗‖ + 1.2K7‖e‖, (3.3)

where C = 1 − ν
2d

7
8 ∈ (0, 1). Here, K1, . . . , K7 are universal positive constants.

Theorem 3.1 shows that after a certain number of iterations N , an iterate of Algo-
rithm1 is in a neighborhood of the true latent code x∗, and the size of this neighborhood
depends on the parameter ε and the noise e (see (3.1)). Furthermore, by (3.2), the theo-
rem guarantees that once the iterates are in this ball, they converge linearly to a smaller
neighborhood of x∗, and the size of the neighborhood only depends on the noise term e.
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If the noise term is zero, the algorithm converges linearly to x∗. Similarly, it follows
from (3.3) that the recovered image G(xi ) converges to G(x∗) up to the noise level.

Note that the factors 2d in the theorem are an artifact of the choice of scaling for
the entries of Wi . Under the WDC, each Wi,+,x has spectral norm at most approx-
imately 1/2, as the operation relu(Wx) returns approximately half of the entries of
Wx . Because of this, G(x) = (∏1

i=d Wi,+,x
)

x scales like 2d/2‖x‖, and thus the noise
e must scale like 2−d/2 and the step size ν must scale like 2d . All of these scalings
would be unity with respect to d under an alternate choice of the scaling of Wi .

3.2.3 Probabilistic Assumptions on Network Architecture andMeasurements

We next provide a convergence guarantee for a model of a trained neural network G.
As in [12], we consider an expansive-Gaussian network as a model for a trained net-
work G, and we consider �(k) Gaussian measurements, as provided in the following
assumptions:

(a) The network weights have i.i.d. N (0, 1/ni ) entries in the i th layer.
(b) The network is expansive in each layer, in that

ni ≥ cε−2 log(1/ε)ni−1 log ni−1, (3.4)

where c is a universal constant and ε is sufficiently small.
(c) The measurement vectors have i.i.d. N (0, 1/m) entries.
(d) There are a sufficient number of measurements in that

m ≥ cε−1 log(1/ε)dk log
d
∏

i=1

ni , (3.5)

where c is a universal constant and ε is sufficiently small.

As established in [12, Proposition 6], the probability that the WDC and RRIC hold
with constant ε under the assumption above is at least

1 −
d
∑

i=2

c̃ni e
−γ ni−2 − c̃n1e

−γ ε2 log(1/ε)k − c̃e−γ εm, (3.6)

where γ , and c̃ are universal constants.
The motivation for assumptions (a)–(d) is as follows. The Gaussian assumption of

network weights is motivated by the observation that in some trained networks, such
as AlexNet, the weights are approximately Gaussian [2]. Moreover, recent papers
[1,7,19,26] assume that the weights are initialized during training by Gaussian distri-
butions and establish that with sufficient overparameterization, the weights are only
perturbed slightly during the training process. The expansiveness assumption is a
natural condition given that the generator maps low-dimensional, highly-compressed
representations to high-dimensional signals with substantial redundancy. The Gaus-
sian assumption in the weights of the measurement matrix A has been well-accepted
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and widely used, see e.g., [3,5]. Finally, the assumption on the number of measure-
ments is optimal in k as �(k) measurements are needed to ensure uniqueness of
recovering a point on a k-dimensional manifold under generic linear measurements.
More discussion and justifications of these assumptions can be found in [12, Sect. D].

3.2.4 Convergence Guarantee Under Probabilistic Assumptions

Under assumptions (a)–(d), we can now state a convergence guarantee as a corollary.
Combining Proposition 6 from the paper [12], with Theorem 3.1 yields the following.
It states that if G is Gaussian and sufficiently expansive at each layer, and if the
measurements are Gaussian, then under sample complexity �(k), the empirical risk
optimization (2.1) can be provably optimized up to the noise level by the polynomial-
time first order Algorithm 1 with high probability.

Corollary 3.1 Consider an expansive-Gaussian generative neural network G that sat-
isfies (a) and (b), and let the measurements satisfy (c) and (d). Suppose ε < K1/d90

and ‖e‖ ≤ K2‖x∗‖
d422d/2 . Then, at least with probability (3.6), the iterates {xi } generated by

Algorithm 1 with step size ν = K3
2d

d2
satisfies the following: There exists a number of

steps N upper bounded by N ≤ K4 f (x0)2d

d4ε‖x∗‖ such that

‖xN − x∗‖ ≤ K5d
9‖x∗‖√ε + K6d

62d/2‖e‖.

In addition, for all i ≥ N, we have

‖xi+1 − x∗‖ ≤ Ci+1−N‖xN − x∗‖ + K72
d/2‖e‖,

‖G(xi+1) − G(x∗)‖ ≤ 1.2

2d/2C
i+1−N‖xN − x∗‖ + 1.2K7‖e‖,

where C = 1 − ν
2d

7
8 ∈ (0, 1). Here, γ, c, c̃, K1, . . . , K7 are universal positive con-

stants.

As with Theorem 3.1, the factors of 2d are artifacts of the choice of scaling ofWi . Had
the entries of Wi been scaled like N (0, 2/ni ), these factors would not be present.

3.3 Practical Algorithm

The empirical risk objective is nondifferentiable on a set of measure zero. At points
of nondifferentiability, Algorithn 1 requires selection of a subgradient ∂ f (x̃i ). Such
a subgradient could be determined by computing ∇ f (x̃i + δw) for a random w and
sufficiently small δ. This is because f (x) is a piecewise quadratic function, and by [6,
Theorem 9.6], we can express the sub-differential as

∂ f (x) = conv(v1, v2, . . . , vt ), (3.7)
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where conv denotes the convex hull of the vectors v1, . . . , vt ; t is the number of
quadratic functions adjoint to x ; and vi is the gradient of the i-th quadratic function
at x . Because this computation of a subgradient is not explicit, we propose another
algorithm, Algorithm 2, where the step direction is simply chosen as vx̃i = ṽx̃i . In
practice, it is extremely unlikely to have an iterate on which the function is not dif-
ferentiable. In other words, Algorithm 1 reduces in practice to Algorithm 2. However,
strictly speaking, the convergence analysis does not apply for Algorithm 2 because of
the possibility that ṽx̃i is not a subgradient at x̃i .

Algorithm 2 Practical gradient descent method
Input: Weights of the network Wi ; noisy observation y; and step size ν > 0;
1: Choose an arbitrary initial point x0 ∈ R

k \ {0};
2: for i = 0, 1, . . . do
3: if f (−xi ) < f (xi ) then
4: x̃i ← −xi ;
5: else
6: x̃i ← xi ;
7: end if

8: Compute ṽx̃i :=
(
∏1

i=d Wi,+,x̃i

)T
AT (A

(
∏1

i=d Wi,+,x̃i

)

x̃i − y);
9: xi+1 = x̃i − νṽx̃i ;
10: end for

4 Experiments

In this section, we tested the performance of Algorithm 2 on synthetic data with
various sizes of noise, and verified Theorem 3.1 by numerical results. Note that we
do not observe that any entry in WiWi−1,+,x . . .W2,+,xW1,+,x x, for any i , is zero in
our experiments. Therefore, Algorithm 2 is equivalent to Algorithm 1 in this case.

The entries of A are drawn from N (0, 1/m) and the entries in Wi are drawn from
N (0, 1/ni ). We consider a two-layer network with multiple numbers of input neurons
k shown in Fig. 2. The numbers of neurons in the middle layer and output layer are
fixed to be 250 and 600, respectively. The number of rows in the measurement matrix
A is m = 150. The latent code x∗ and the noise ẽ are drawn from the standard normal
distribution. The noisy measurement y is set to be y = AG(x∗) + τ ẽ/‖ẽ‖, and four
values of τ are used such that the signal to noise ratio (SNR) values are 40, 80, 120

and inf, where SNR is defined to be 10 log10
( ‖AG(x∗)‖

‖e‖
)

. The step size is chosen to be

2d/d2, which is 1 since d = 2. Algorithm 2 stops when either the norm of ṽ is smaller
than the machine epsilon or the number of iterations reaches 50000.

The Lasso model minz
μ
2 ‖Az − y‖22 + ‖z‖1 for compressive sensing in [11] is

used to test the empirical probability of successful recovery for noiseless problems.
The number of nonzero values in z∗ is k and the nonzero values are drawn from
the standard normal distribution. The locations of the nonzero values are selected
randomly. The vector y is set to be Az∗. The value of μ is 2000 + 1/‖A′y‖∞, where
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Fig. 2 Empirical probability of successful recovery for noiseless problems (from 30 random runs) versus
k, where k is the number of input neurons of the generative model G for Algorithm 2 and k is the sparsity
level for Lasso. In these experiments, the network has 2 layers, the middle layer has 250 neurons, and the
output layer has 600 neurons, after which m = 150 random measurements are taken

‖v‖∞ = max{|vi |}. A run is called successful if the relative error ‖z − z∗‖/‖z∗‖ is
smaller than 10−1. We use the implementation in [11]1 for solving the Lasso model.

Figure 2 reports the empirical probability of successful recovery for noiseless prob-
lems. A run of Algorithm 2 is called successful if the relative error ‖x − x∗‖/‖x∗‖ is
smaller than 10−3. We observe that Algorithm 2 is able to find the true code x∗ when
m is sufficiently large relative to the latent dimensionality k. This experiment shows
that signal recovery by empirical risk optimization for compressive sensing under
expansive-Gaussian generative priors succeeds in a much larger parameter range than
that given by the theorem. In particular, the empirical dependence on d appears to
be much milder in practice than what was assumed in the theorem. For comparison,
we also plot the recovery error versus sparsity level k using Lasso. We observe that
empirical risk optimization for compressive sensing with generative models is able
to recover the true signals with smaller signal dimensionality than by solving Lasso
under a sparsity prior.

Figure 3 shows graphs of the relative square errors versus the number of input
neurons at different noise levels. The figure is consistent with the theoretical result
in the sense that, fixing k, the relative error of the solution found by Algorithm 2 is
proportional to the norm of the noise, formally stated in (3.2). Note that for noisy
measurements, the relative square error decreases approximately linearly as the num-
ber k decreases. This result is better than what is predicted by the theorem because
the theorem is proved in the case of arbitrary noise. In this case, the noise is random,
and one expects superior performance for smaller values of k because only a fraction
k/n of the noise energy projects onto the k-dimensional signal manifold in R

n , i.e.,
‖xi − x∗‖2 is approximately proportional to k. We refer to [13] for more details in the
case of random noise.

Figure 4 shows the relationship between the relative error ‖xi − x∗‖/‖x∗‖ and
the number of iterations for four values of SNR. The number of input neurons is

1 This implementation is available at https://www.caam.rice.edu/~optimization/L1/fpc/.

https://www.caam.rice.edu/~optimization/L1/fpc/
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Fig. 3 The relative square error ‖x − x∗‖2/‖x∗‖2 versus the number of input neurons k. The average of
successful runs is reported
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Fig. 4 The relative error ‖x − x∗‖/‖x∗‖ versus the number of iterations. A typical result is reported

k = 10. Note that in the tests for the different values of SNR, all the other settings
are identical, i.e., the initial iterate, latent code x∗, weights matrices A and Wi are
the same. We observe that after approximately 20 iterations, Algorithm 2 converges
linearly to a neighborhood of the true solution x∗, and the size of the neighborhood only
depends on the magnitude of the noise. These results are consistent with Theorem 3.1.
Additionally, this figure demonstrates that the relative error in the recovered latent
code scales linearly with the magnitude of the noise, which is also consistent with the
theorem.

5 Proof of Theorem 3.1

In this section, we prove our main result. Recall that the goal of Algorithm 1 is to
minimize the cost function

f (x) = 1

2
‖AG(x) − y‖2, (5.1)
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where y = AG(x∗) + e and e is noise.
The proof relies on a concentration ofmeasure argument which ensures that the cost

function f (x) and the step direction vx concentrate around f E (x) and hx , respectively,
where f E (x) and hx are defined later in Sect. 5.1. In particular, if the WDC and the
RRIC hold with ε = 0 and the noise e is 0, then f (x) = f E (x) and vx = hx . The
idea of our convergence analysis is to prove properties of f E (x) and the direction hx
that are sufficient for a convergence analysis, if our method where to be run on f E (x)
with step directions given by hx , and then show that the actual cost function f (x) and
step direction are ‘close enough’ to establish convergence.

It is well known that if the gradient of a function is Lipschitz continuous, then a
steepest descent methodwith a sufficient small step size converges to a stationary point
fromany starting point [25].However, this result can not be used here since the gradient
of the function (2.2) is not continuous. We overcome this technical difficulty by the
following three steps, rigorously stated in Lemmas 5.1, 5.2, and 5.3, respectively.

1. The function hx is Lipschitz continuous except in a ball around 0.
2. The (sub)-gradient of f (x) is close to hx .
3. The iterates generated by Algorithm 1 stay sufficiently far away from 0.

Those three steps are sufficient to show that the gradient of f (x) is close to being
Lipschitz continuous, and therefore the iterates fromAlgorithm 1 converge to a neigh-
borhood of a stationary point. The size of the neighborhood depends on how close
the (sub)-gradient of f (x) is to hx , and is controlled by the noise energy ‖e‖ and
the variable ε in the WDC and the RRIC. Of course, we also have to ensure that the
algorithm not only converges to any of the three stationary points, but that it actually
converges to a point close to x∗, for this we rely on the ‘twist’ of the algorithm in
steps 1–3.

The remainder of the proof is organized as follows. We start by defining notation
used throughout the proof (see Sect. 5.1). In Sect. 5.2 we introduced several technical
results formalizing the steps 1–3 above, and in Sect. 5.3 we use those properties to
formally prove Theorem 3.1.

5.1 Notation

Here, we define some useful quantities, in particular f E (x) and hx , and introduce
standard notation used throughout. We start with defining a function that is helpful for
controlling how the operator x → W+,x x distorts angles, and is defined as

g(θ) = cos−1
(
1

π
[(π − θ) cos θ + sin θ ]

)

.

With this notation, define

hx,y = 1

2d
x − h̃x,y,
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where

h̃x,y = 1

2d

(
d−1
∏

i=0

π − θ̄i,x,y

π

)

y + 1

2d

d−1
∑

i=0

sin θ̄i,x,y

π

⎛

⎝

d−1
∏

j=i+1

π − θ̄ j,x,y

π

⎞

⎠ ‖y‖x̂ .

Here, θ̄0,x,y = ∠(x, y) and θ̄i,x,y = g(θ̄i−1,x,y). Moreover, given a vector z ∈ R
t ,

ẑ = z/‖z‖. For simplicity of notation, we use hz and h̃z to denote hz,x∗ and h̃z,x∗ ,
respectively, i.e., we omit x∗. Next, define

f E (x) = 1

2d+1 x
T x − xT h̃x,x∗ + 1

2d+1 x
T∗ x∗.

Moreover, let

ρd =
d−1
∑

i=0

sin θ̌i

π

⎛

⎝

d−1
∏

j=i+1

π − θ̌ j

π

⎞

⎠ ,

where θ̌0 = π , and θ̌i = g(θ̌i−1).
Next, define B(x, a) := {y ∈ R

k | ‖y − x‖ ≤ a}, let u = v + cO1(t) denote
‖u − v‖ ≤ c|t |, and f (t) = O(g(t)) denotes lim supt→∞ | f (t)|/|g(t)| < C , where
C > 0 is a constant. Moreover, ‖ · ‖ denotes the spectral norm.

Finally, define

Sε := {x ∈ R
k | ‖hx,x∗‖ ≤ 1

2d
ε max(‖x‖, ‖x∗‖)},

S+
ε := Sε ∩ B(x∗, 5000d6ε‖x∗‖), and

S−
ε := Sε ∩ B(−ρd x∗, 500d11

√
ε‖x∗‖).

5.2 Preliminaries

In this section, we state formal results making steps 1–3 from the beginning of this
section rigorous, and collect properties used later in the proof of Theorem 3.1.

We start by showing that the function hx is Lipschitz continuous except in a ball
around 0:

Lemma 5.1 For all x, y �= 0, it holds that

‖hx − hy‖ ≤
(

1

2d
+ 6d + 4d2

π2d
max

(
1

‖x‖ ,
1

‖y‖
)

‖x∗‖
)

‖x − y‖.

In addition, if x, y /∈ B(0, r‖x∗‖) for anyr > 0, then‖hx−hy‖ ≤
(

1
2d

+ 6d+4d2

πr2d

)

‖x−
y‖.
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The next lemma states that hx and the sub-gradient vx are close:

Lemma 5.2 Suppose the WDC and RRIC hold with ε ≤ 1/(16πd2)2. Then for any
x �= 0 and any vx ∈ ∂ f (x),

‖vx − hx‖ ≤ a1
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + 2

2d/2 ‖e‖,

where a1 is a universal constant.

Next, we ensure that after sufficiently many steps, the algorithm will be relatively
far from the maximum around 0:

Lemma 5.3 Suppose that WDC holds with ε < 1/(16πd2)2 and ‖e‖ ≤ ‖x∗‖
8π2d/2 . More-

over, suppose that the step size in Algorithm 1 satisfies 0 < ν < a22d

d2
, where a2 is a

universal constant. Then, after at most T = ( 2
d

2ν )2 steps, we have that for all i > T
and for all t ∈ [0, 1] that t x̃i + (1 − t)xi+1 /∈ B(0, 1

64π ‖x∗‖).
Recall that Sβ is the set of points with the norm of hx upper bounded by

β max(‖x‖, ‖x∗‖). The following lemma shows that this set is contained in balls
around x∗ and ρd x∗, thus outside those balls, the norm of hx is lower bounded, which,
together with Lemma 5.2, establishes that the sub-gradients are bounded away from
zero. This in turn is important to show that outside those balls our gradient scheme
makes progress.

Lemma 5.4 [13, Lemma 8] For any β ≤ 1
642d12

,

Sβ ⊂ B(x∗, 5000d6β‖x∗‖) ∪ B(−ρd x∗, 500d11
√

β‖x∗‖).

Here, ρd > 0 obeys ρd → 1 as d → ∞.

It has been shown in [12] that the function f E (x) has three stationary points: one at
−ρd x∗, one global minimizer at x∗ and a local maximizer at 0. Therefore, Algorithm 1
could in principle be attracted to −ρd x∗. Lemma 5.5 guarantees that with the twist
from Step 3 to Step 7, the iterates of Algorithm 1 converges to a neighborhood of x∗.
Lemma 5.5 Suppose the WDC and RRIC hold with ε < 1/(16πd2)2. Moreover, sup-
pose the noise e satisfies ‖e‖ ≤ a3‖x∗‖

d22d/2 , where a3 is a universal constant. Then for any
φd ∈ [ρd , 1], it holds that

f (x) < f (y) (5.2)

for all x ∈ B(φd x∗, a4d−10‖x∗‖) and y ∈ B(−φd x∗, a4d−10‖x∗‖), where a4 < 1 is
a universal constant.

Once an iterate is in a small neighborhood of x∗, Lemma 5.6 guarantees that the
search directions of the iterates afterward point to x∗ up to the noise e. Therefore, the
iterates by Algorithm 1 converge to x∗ up to the noise. In other words, the parameter
ε in WDC and RRIC does not influence the size of the neighborhood that iterates
converge to.
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Lemma 5.6 Suppose the WDC and RRIC hold with 200d
√

d
√

ε < 1 and x ∈
B(x∗, d

√
ε‖x∗‖). Then for all x �= 0 and for all vx ∈ ∂ f (x),

∥
∥
∥
∥
vx − 1

2d
(x − x∗)

∥
∥
∥
∥

≤ 1

2d
1

8
‖x − x∗‖ + 2

2d/2 ‖e‖.

5.3 Proof of Theorem 3.1

The proof can be divided into three parts. We first show that the iterates {xi } converge
to a neighborhoods of x∗ and −ρd x∗, whose sizes depend on ε and the noise energy
‖e‖. Second, we show that the iterates only converge to the neighborhood of x∗ that
depends both on ε as well as on the noise energy ‖e‖. Lastly, we show that once an
iterate is in the aforementioned neighborhood of x∗, the subsequent iterates converge
to a neighborhood of x∗ whose size only depends on the noise ‖e‖, but not on ε.

1. Convergence to a neighborhood of x∗ or −ρd x∗: We prove that if ‖hxi ‖ is suffi-
ciently large, specifically if the iterate xi is not in the set Sβ with

β = 4a1d
3√ε + 26‖e‖2d/2/‖x∗‖,

then Algorithm 1 makes progress in the sense that f (xi+1)− f (xi ) is smaller than
a certain negative value. Therefore, the iterates of Algorithm 1 converge to Sβ .

Consider i such that x̃i /∈ Sβ . Let ηx̂i ∈ ∂ f (x̂i ) and define x̂i = x̃i − aνvx̃i , where
a ∈ [0, 1]. By the mean value theorem, for some a ∈ [0, 1], we have

f (x̃i − νvx̃i ) − f (x̃i ) = 〈

ηx̂i ,−νvx̃i
〉

= 〈

ṽx̃i ,−νvx̃i
〉 + 〈

ηx̂i − vx̃i ,−νvx̃i
〉

≤ −ν‖vx̃i ‖(‖vx̃i ‖ − ‖ηx̂i − vx̃i ‖). (5.3)

Next, we provide a lower and upper bound of the terms ‖vx̃i ‖ and ‖vx̂i − vx̃i ‖,
respectively, which appear on the right hand side of (5.3).

First, we have

‖vx̃i ‖ ≥ ‖hx̃i ‖ − ‖hx̃i − vx̃i ‖

≥ 2−d max(‖x̃i‖, ‖x∗‖)
(

β − a1d
3√ε − 2‖e‖ 2d/2

‖x∗‖
)

≥ 2−d max(‖x̃i‖, ‖x∗‖)
(

3a1d
3√ε + 24‖e‖ 2d/2

‖x∗‖
)

(5.4)

≥ 2−d‖x∗‖3a1d3√ε, (5.5)

where the second inequality follows from the definition of Sβ and Lemma 5.2, and
the third inequality follows from the definition of β.
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Second, by Lemmas 5.1 and 5.3, for all a ∈ [0, 1] and i > T (T is defined in
Lemma 5.3), we have

‖hx̂i − hx̃i ‖ ≤ b0d2

2d
‖x̂i − x̃i‖, (5.6)

where x̂i = x̃i − aνvx̃i , and b0 is a universal constant. Thus, for any vx̂i ∈ ∂ f (x̂i ),

‖vx̂i − vx̃i ‖ ≤ ‖vx̂i − hx̂i ‖ + ‖hx̂i − hx̃i ‖ + ‖hx̃i − vx̃i ‖
≤ a1

d3
√

ε

2d
max(‖x̂i‖, ‖x∗‖) + 2

2d/2 ‖e‖ + b0d2

2d
‖x̂i − x̃i‖

+a1
d3

√
ε

2d
max(‖x̃i‖, ‖x∗‖) + 2

2d/2 ‖e‖

≤ a1
d3

√
ε

2d
max(‖x̃i‖ + ν‖vx̃i ‖, ‖x∗‖) + b0d2

2d
ν‖vx̃i ‖

+a1
d3

√
ε

2d
max(‖x̃i‖, ‖x∗‖) + 4

2d/2 ‖e‖

≤ a1
d3

√
ε

2d

(

2 + νda6
2d

)

max(‖x̃i‖, ‖x∗‖)

+b0d2

2d
ν‖vx̃i ‖ + 4

K2/d42

2d
‖x∗‖, (5.7)

where the second inequality follows from Lemma 5.2 and (5.6), and the fourth
inequality follows from Lemma A.1 and the assumption ‖e‖ ≤ K2‖x∗‖

d422d/2 .

Combining (5.7) and (5.4), we get that

‖vx̂i − vx̃i ‖ ≤
(
5

6
+ νb1

d2

2d

)

‖vx̃i ‖,

with the appropriate constants chosen sufficiently small, where b1 is a universal
constant. Choosing vx̂i = ηx̂i yields

‖ηx̂i − vx̃i ‖ ≤
(
5

6
+ νb0

d2

2d

)

‖vx̃i ‖. (5.8)

Therefore, combining (5.3) and (5.8) yields

f (x̃i − νvx̃i ) − f (x̃i ) ≤ − 1

12
ν‖vx̃i ‖2, (5.9)
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where we used that νb0
d2

2d
≤ 1/12 by the assumption that the step size obeys

ν = K32d/d2 and by taking K3 appropriately small. Applying (5.5) to (5.9) yields

f (x̃i − νvx̃i ) − f (x̃i ) ≤ − 1

12
ν‖vx̃i ‖2 ≤ −2−dd4b1ε‖x∗‖2,

where b1 is a universal constant and we used ν = K3
2d

d2
. Therefore, there can

be at most f (x0)2d

b1d4ε‖x∗‖2 iterations for which x̃i /∈ Sβ . In other words, there exists

N ≤ f (x0)2d

b1d4ε‖x∗‖2 such that x̃N ∈ Sβ .

2. Convergence to a neighborhood of x∗: Note that by the assumption ‖e‖ ≤ K2‖x∗‖
d422d/2

and ε ≤ K1/d90, our choice of β obeys β ≤ 1
642d12

for sufficiently small K1, K2,
and thus the assumptions of Lemma 5.4 are met and we have

Sβ ⊂ B(x∗, r) ∪ B(−ρd x∗,
√

r‖x∗‖d8). (5.10)

Here, we defined the radius r = K5d9
√

ε‖x∗‖+ K6d6‖e‖2d/2, and K5 and K6 are
universal constants and are used in (3.1).
By the assumption ‖e‖ ≤ K2‖x∗‖

d422d/2 and ε ≤ K1/d90 and choosing K1 and K2

sufficiently small, we have r ≤ a4d−10‖x∗‖ and
√
r‖x∗‖d8 ≤ a4d−10‖x∗‖. Note

that the powers of d in the upper bounds of ‖e‖ and ε, which are −42 and −90
respectively, are used to get

√
r‖x∗‖d8 ≤ a4d−10‖x∗‖. It follows from (5.10) that

S+
β ⊂ B(x∗, a4d−10‖x∗‖) and S−

β ⊂ B(−ρd x∗, a4d−10‖x∗‖).

Therefore, by Lemma 5.5, for any x ∈ S−
β and y ∈ S+

β , it holds that f (x) > f (y).

Thus, if x̃N ∈ Sβ , then x̃N must be in S+
β due to the operations from Step 3 to

Step 7.

We claim that if xi is inside the ball B(x∗, r), then all iterates afterward stay in
B(x∗, 2r). To see this, note that by Lemma A.1 and the choice of the step size, we
have for any vx̃i ∈ ∂ f (x̃i ), ν‖vx̃i ‖ ≤ a6

d2d
max(‖x‖, ‖x∗‖).

3. Convergence to x∗ up to the noise e: Next we show that for any i ≥ N , it holds
that xi ∈ B(x∗, a4d−10‖x∗‖), x̃i = xi , and

‖xi+1 − x∗‖ ≤ bi+1−N
2 ‖xN − x∗‖ + b42

d/2‖e‖.

where a4 is defined in Lemma 5.5, b2 = 1 − ν
2d

7
8 and b4 is a universal constant.

Suppose x̃i ∈ B(x∗, a4d−10‖x∗‖). By the assumption ε ≤ K1/d90 for sufficiently
small K1, the assumptions in Lemma 5.6 are met. Therefore,

‖xi+1 − x∗‖ = ‖x̃i − νvx̃i − x∗‖
= ‖x̃i − x∗ − ν

2d
(x̃i − x∗) − νvx̃i + ν

2d
(x̃i − x∗)‖
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≤
(

1 − ν

2d

)

‖x̃i − x∗‖ + ν‖vx̃i − 1

2d
(x̃i − x∗)‖

≤
(

1 − ν

2d

)

‖x̃i − x∗‖ + ν

(
1

8

1

2d
‖x̃i − x∗‖ + 2

2d/2 ‖e‖
)

=
(

1 − ν

2d
7

8

)

‖x̃i − x∗‖ + ν
2

2d/2 ‖e‖, (5.11)

where the second inequality holds by Lemma 5.6. By the assumptions x̃i ∈
B(x∗, a4d−10‖x∗‖), ‖e‖ ≤ K2‖x∗‖

d422d/2 , and using (5.11), we have

xi+1 ∈ B(x∗, a4d−10‖x∗‖). In addition, using Lemma 5.5 yields that x̃i+1 = xi+1.
Repeat the above steps yields that xi ∈ B(x∗, a4d−10‖x∗‖) and x̃i = xi for all
i ≥ N .

Using (5.11) and ν = K3
2d

d2
, we have

‖xi+1 − x∗‖ ≤ b2‖xi − x∗‖ + b3
2d/2

d2
‖e‖, (5.12)

where b2 = 1 − 7K3/(8d2) and b3 is a universal constant. Repeatedly apply-
ing (5.12) yields

‖xi+1 − x∗‖ ≤ bi+1−N
2 ‖xN − x∗‖ + (bi−N

2 + bi−N−1
2 + · · · + 1)

b32d/2

d2
‖e‖

≤ bi+1−N
2 ‖xN − x∗‖ + b32d/2

(1 − b2)d2
‖e‖

≤ bi+1−N
2 ‖xN − x∗‖ + b42

d/2‖e‖,

where the last inequality follows from the definition of b2 and the step size

ν = K3
2d

d2
, and b4 is a universal constant. This finishes the proof for (3.2). Inequal-

ity (3.3) follows from Lemma A.8.

This concludes the proof of our main result. In the remainder, we provide proofs
of the lemmas above.

5.4 Proof of Lemma 5.1

It holds that

‖x − y‖ ≥ 2 sin(θx,y/2)min(‖x‖, ‖y‖), ∀x, y (5.13)

sin(θ/2) ≥ θ/4, ∀θ ∈ [0, π ] (5.14)

d

dθ
g(θ) ∈ [0, 1] ∀θ ∈ [0, π ] (5.15)

where θx,y = ∠(x, y).
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For brevity of notation, let ζ j,z = ∏d−1
i= j

π−θ̄i,z,x∗
π

. Combining (5.13) and (5.14)

gives |θ̄0,x,x∗−θ̄0,y,x∗ | ≤ 4max
(

1
‖x‖ , 1

‖y‖
)

‖x−y‖. Inequality (5.15) implies |θ̄i,x,x∗−
θ̄i,y,x∗ | ≤ |θ̄ j,x,x∗ − θ̄ j,y,x∗ |,∀i ≥ j . It follows that

‖hx,x∗ − hy,x∗‖ ≤ 1

2d
‖x − y‖ + 1

2d
∣
∣ζ0,x − ζ0,y

∣
∣

︸ ︷︷ ︸

T1

‖x∗‖

+ 1

2d

∣
∣
∣
∣
∣

d−1
∑

i=0

sin θ̄i,x,x∗
π

ζi+1,x x̂ −
d−1
∑

i=0

sin θ̄i,y,x∗
π

ζi+1,y ŷ

∣
∣
∣
∣
∣

︸ ︷︷ ︸

T2

‖x∗‖.

(5.16)

We use the following result which is proven later in Lemma A.2:

T1 ≤ d

π
|θ̄0,x,x∗ − θ̄0,y,x∗ | ≤ 4d

π
max

(
1

‖x‖ ,
1

‖y‖
)

‖x − y‖. (5.17)

Additionally, it holds that

T2 =
∣
∣
∣
∣
∣

d−1
∑

i=0

sin θ̄i,x,x∗
π

ζi+1,x x̂ − sin θ̄i,x,x∗
π

ζi+1,x ŷ + sin θ̄i,x,x∗
π

ζi+1,x ŷ

−
d−1
∑

i=0

sin θ̄i,y,x∗
π

ζi+1,y ŷ

∣
∣
∣
∣
∣

≤ d

π
‖x̂ − ŷ‖ +

∣
∣
∣
∣
∣

d−1
∑

i=0

sin θ̄i,x,x∗
π

ζi+1,x −
d−1
∑

i=0

sin θ̄i,y,x∗
π

ζi+1,y

∣
∣
∣
∣
∣

︸ ︷︷ ︸

T3

. (5.18)

We have

T3 ≤
d−1
∑

i=0

[∣
∣
∣
∣

sin θ̄i,x,x∗
π

ζi+1,x − sin θ̄i,x,x∗
π

ζi+1,y

∣
∣
∣
∣

+
∣
∣
∣
∣

sin θ̄i,x,x∗
π

ζi+1,y − sin θ̄i,y,x∗
π

ζi+1,y

∣
∣
∣
∣

]

≤
d−1
∑

i=0

[
1

π

(
d − i − 1

π

∣
∣θ̄i−1,x,x∗ − θ̄i−1,y,x∗

∣
∣

)

+ 1

π
| sin θ̄i,x,x∗ − sin θ̄i,y,x∗ |

]

≤ d2

π
|θ̄0,x,x∗ − θ̄0,y,x∗ | ≤ 4d2

π
max

(
1

‖x‖ ,
1

‖y‖
)

‖x − y‖. (5.19)
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Using (5.13) and (5.14) and noting ‖x̂ − ŷ‖ ≤ θx,y,x∗ yield

‖x̂ − ŷ‖ ≤ θx,y,x∗ ≤ 2max

(
1

‖x‖ ,
1

‖y‖
)

‖x − y‖. (5.20)

Finally, combining (5.16), (5.17), (5.18), (5.19) and (5.20) yields the result.

5.5 Proof of Lemma 5.2

Let v̄x =
(
∏1

i=d Wi,+,x

)T
AT (A

(
∏1

i=d Wi,+,x

)

x − A
(
∏1

i=d Wi,+,x∗
)

x∗) and

qx =
(
∏1

i=d Wi,+,x

)T
AT e. Therefore, ṽx = v̄x − qx .

For any x �= 0 and suppose G(x) is differentiable at x , we have

‖ṽx − hx‖ = ‖v̄x + qx − hx‖ ≤ ‖v̄x − hx‖ + ‖qx‖

≤ b0
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + ‖qx‖

≤ b0
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + 2

2d/2 ‖e‖, (5.21)

where the second inequality follows from [12, (26)] and the third inequality follows
from Lemma A.3 given later.

Since f (x) is a piecewise quadratic function, by [6, Theorem 9.6], we have

∂ f (x) = conv(v1, v2, . . . , vt ), (5.22)

where conv denotes the convex hull of the vectors v1, . . . , vt , t is the number of
quadratic functions adjoint to x and vi is the gradient of the i-th quadratic function at
x . Therefore, for any v ∈ ∂ f (x), there exist c1, c2, . . . , ct ≥ 0 such that c1 + c2 +
. . . + ct = 1 and v = c1v1 + c2v2 + . . . + ctvt . Note that for any vi , there exists ui so
that vi = limδ→0+ ∇ f (x + δi ui ), and f is differentiable at f (x + δui ) for sufficiently
small δ.

The proof is concluded by appealing to the continuity of hx with respect to nonzero
x , inequality (5.21), and by noting that

‖vx − hx‖ ≤
∑

i

ci‖vi − hx‖ =
∑

i

ci‖ lim
δi→0+ ∇ f (x + δi ui ) − hx‖

=
∑

i

ci lim
δi→0+ ‖∇ f (x + δi ui ) − hx+δi ui ‖

=
∑

i

ci lim
δi→0+ ‖ṽx+δi ui − hx+δi ui ‖

≤ b0
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + 2

2d/2 ‖e‖,
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where we used the inequality above and that
∑

i ci = 1.

5.6 Proof of Lemma 5.3

First suppose that x̃i ∈ B(0, 1
32π ‖x∗‖). We show that after a polynomial number of

iterations N , we have that x̃i+N /∈ B(0, 1
32π ‖x∗‖). Below, we use that

〈x, vx 〉 < 0 and ‖vx‖ ≥ 1

2d16π
‖x∗‖ for all x ∈ B(0,

1

32π
‖x∗‖) and vx ∈ ∂ f (x),

(5.23)

which will be proven later. It follows that for any x̃i ∈ B(0, 1
32π ‖x∗‖), x̃i and the next

iterate produced by the algorithm, xi+1 = x̃i − νvx̃i , and the origin form an obtuse
triangle. As a consequence,

‖x̃i+1‖2 = ‖xi+1‖2 ≥ ‖x̃i‖2 + ν2‖vx̃i ‖2 ≥ ‖x̃i‖2 + ν2
1

(2d16π)2
‖x∗‖2, (5.24)

where the last inequality follows from (5.23). Thus, the norm of the iterates x̃i will

increase until after
( 2d
2ν

)2 iterations, we have x̃i+N /∈ B(0, 1
32π ‖x∗‖).

Consider x̃i /∈ B(0, 1
32π ‖x∗‖), and note that

ν‖vx̃i ‖ ≤ ν
da6
2d

max(‖x̃i‖, ‖x∗‖) ≤ ν
32πa6d

2d
‖x̃i‖ ≤ 1

2
‖x̃i‖,

where the first inequality follows from Lemma A.1, the second inequality from
‖x̃i‖ ≥ 1

32π ‖x∗‖, and finally the last inequality from our assumption on the step size
ν. Therefore, from xi+1 = x̃i − νvx̃i , we have that t x̃i + (1− t)xi+1 /∈ B(0, 1

64π ‖x∗‖)
for all t ∈ [0, 1], which completes the proof.

It remains to prove (5.23).We startwith proving 〈x, ṽx 〉 < 0. For brevity of notation,
let �z = ∏1

i=d Wi,+,z . We have

xT ṽx =
〈

�T
x A

T A�x x − �T
x A

T A�x∗x∗ + �T
x A

T e, x
〉

≤
〈

�T
x A

T A�x x − �T
x A

T A�x∗x∗ − �T
x �x x + �T

x �x∗x∗, x
〉

+
〈

�T
x �x x − �T

x �x∗x∗ + �T
x A

T e, x
〉

≤ ε‖�x x‖2 + ε‖�x x‖‖�x∗x∗‖ +
〈

�T
x �x x − �T

x �x∗x∗ + �T
x A

T e, x
〉

≤ 13

12
2−d‖x‖2 − 1

4π

1

2d
‖x‖‖x∗‖ + ‖x‖ 2

2d/2 ‖e‖

≤ ‖x‖
(
13

12
2−d‖x‖ + 1/(8π)

2d
‖x∗‖ − 1

4π

1

2d
‖x∗‖

)

≤ ‖x‖ 1

2d

(

2‖x‖ − 1

8π
‖x∗‖

)

≤ − ‖x‖
16π2d

‖x∗‖.
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The second inequality follows from RRIC, [12, (10)] that ‖�x x‖2 ≤ 1+4εd
2d

≤ 13
12

1
2d
;

the third inequality follows from [12, Lemma 8] that
〈

�x x,�x∗x∗
〉 ≥ 1

4π
1
2d

‖x‖‖x∗‖,
and the fourth inequality follows from Lemma A.3.

If G(x) is differentiable at x , then vx = ṽx and 〈x, vx 〉 ≤ − ‖x‖
16π2d

‖x∗‖ < 0. If
G(x) is not differentiable at x , by Eq. (5.22), we have

xT vx = xT (c1v1 + c2v2 + · · · + ctvt ) ≤ (c1 + c2 + . . . + ct )

(

− ‖x‖
16π2d

‖x∗‖
)

= − ‖x‖
16π2d

‖x∗‖ < 0,

for all vx ∈ ∂ f (x). We have

‖vx‖ = max‖u‖=1
〈u, vx 〉 ≥ 〈−x/‖x‖, vx 〉 ≥ 1

16π2d
‖x∗‖.

5.7 Proof of Lemma 5.5

Consider the function

fη(x) = f0(x) − 〈AG(x) − AG(x∗), e〉,
and note that f (x) = fη(x) + ‖e‖2. Consider x ∈ B(φd x∗, ϕ‖x∗‖), for a ϕ that will
be specified later. Note that

|〈AG(x) − AG(x∗), e〉| ≤
∣
∣
∣
∣
∣

〈

A
1
∏

i=d

Wi,+,x x, e

〉∣
∣
∣
∣
∣
+
∣
∣
∣
∣
∣

〈

A
1
∏

i=d

Wi,+,x∗x∗, e
〉∣
∣
∣
∣
∣

=
∣
∣
∣
∣
∣
∣

〈

x,

(
1
∏

i=d

Wi,+,x

)T

AT e

〉
∣
∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣
∣

〈

x∗,
(

1
∏

i=d

Wi,+,x∗

)T

AT e

〉
∣
∣
∣
∣
∣
∣

≤ (‖x‖ + ‖x∗‖) 2

2d/2 ‖e‖

≤ (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖,

where the second inequality holds by Lemma A.3, and the last inequality holds by our
assumption on x . Thus, by Lemmas A.5 and A.6, we have

fη(x) ≤ f E0 (x) + | f0(x) − f E0 (x)| + |〈AG(x) − AG(x∗), e〉|

≤ 1

2d+1

(

φ2
d − 2φd + 10

a38
dϕ

)

‖x∗‖2 + 1

2d+1 ‖x∗‖2
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+ ε(1 + 4εd)

2d
‖x‖2 + ε(1 + 4εd) + 48d3

√
ε

2d+1 ‖x‖‖x∗‖ + ε(1 + 4εd)

2d
‖x∗‖2

+ (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖. (5.25)

Additionally, for x ∈ B(φd x∗, ϕ‖x∗‖), we have

(5.25) ≤ 1

2d+1

(

φ2
d − 2φd + 10

a38
dϕ

)

‖x∗‖2 + 1

2d+1 ‖x∗‖2

+ ε(1 + 4εd)

2d
(φd + ϕ)2‖x∗‖2 + ε(1 + 4εd) + 48d3

√
ε

2d+1 (φd + ϕ)‖x∗‖2

+ ε(1 + 4εd)

2d
‖x∗‖2 + (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖

≤ ‖x∗‖2
2d+1

(

1 + φ2
d − 2φd + 10

a38
dε + 68d2

√
ε

)

+ (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖.
(5.26)

where the last inequality follows from ε <
√

ε, ρd ≤ 1, 4εd < 1, ϕ < 1 and assuming
ϕ = ε.

Similarly, we have that for any y ∈ B(−φd x∗, ϕ‖x∗‖)

fη(y) ≥ E[ f (y)] − | f (y) − E[ f (y)]| − |〈AG(x) − AG(x∗), e〉|
≥ 1

2d+1

(

φ2
d − 2φdρd − 10d3ϕ

)

‖x∗‖2 + 1

2d+1 ‖x∗‖2

−
(

ε(1 + 4εd)

2d
‖y‖2 + ε(1 + 4εd) + 48d3

√
ε

2d+1 ‖y‖‖x∗‖ + ε(1 + 4εd)

2d
‖x∗‖2

)

− (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖

≥ ‖x∗‖2
2d+1

(

1 + φ2
d − 2φdρd − 10d3ϕ − 68d2

√
ε
)

− (ϕ‖x∗‖ + ‖x∗‖) 2

2d/2 ‖e‖.
(5.27)

Using ε <
√

ε, ρd ≤ 1, 4εd < 1, ϕ < 1, ‖e‖ ≤ K2‖x∗‖
d422d/2 ≤ K2‖x∗‖

d22d/2 and assuming
ϕ = ε, the right side of (5.26) is smaller than the right side of (5.27) if

ϕ = ε ≤

⎛

⎜
⎜
⎝

(1 − ρd)φd − 4K2/d2
(

125 + 5
a38

)

d3

⎞

⎟
⎟
⎠

2

. (5.28)

It follows from Lemma A.4 that 1 − ρd ≥ 1/(a7(d + 2)2). Thus, it suffices to have
ϕ = ε = a4

d10
and 4K2/d2 ≤ 1

2
1

a7(d+2)2
≤ 1−ρd for an appropriate universal constant

K2, and for an appropriate universal constant a4.
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5.8 Proof of Lemma 5.6

For brevity of notation, let � j,z = ∏1
i= j Wi,+,z . Suppose the function G(x) is differ-

entiable at x . Then the local linearity of G gives that G(x + z) − G(x) = � j,x z for
any sufficiently small z ∈ R

k . Using the RRIC, [12, (10)] and Lemma A.8, we have

|〈A� j,x z, A� j,x x − A� j,x∗x∗〉 − 〈

� j,x z,� j,x x − � j,x∗x∗
〉|

≤ ε
∥
∥� j,x z

∥
∥
∥
∥� j,x x − � j,x∗x∗

∥
∥ ≤ ε

1

2
d
2

(1 + 2εd)
∥
∥� j,x x − � j,x∗x∗

∥
∥ ‖z‖

≤ ε
1.2

2d
(1 + 2εd)‖x − x∗‖‖z‖.

Therefore,
∥
∥
∥v̄x − �T

j,x (� j,x x − � j,x∗x∗)
∥
∥
∥ ≤ ε 1.2

2d
(1 + 2εd)‖x − x∗‖ ≤ 1

16
1
2d

‖x −
x∗‖. Combining with Lemma A.9 yields that

∥
∥
∥
∥
v̄x − 1

2d
(x − x∗)

∥
∥
∥
∥

≤ 1

2d
1

8
‖x − x∗‖.

It follows that

‖ṽx − 1

2d
(x − x∗)‖ = ‖v̄x + qx − 1

2d
(x − x∗)‖ ≤ 1

2d
1

8
‖x − x∗‖ + 2

2d/2 ‖e‖.

For any x �= 0 and for any v ∈ ∂ f (x), by (5.22), there exist c1, c2, . . . , ct ≥ 0
such that c1 + c2 + . . . + ct = 1 and v = c1v1 + c2v2 + . . . + ctvt . It follows that
‖v − 1

2d
(x − x∗)‖ ≤ ∑t

j=1 c j‖v j − 1
2d

(x − x∗)‖ ≤ 1
2d

1
8‖x − x∗‖ + 2

2d/2 ‖e‖.
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Appendix A: Supporting Lemmas

Lemma A.1 is used in proofs for Sect. 5.3 and Lemma 5.3.

Lemma A.1 Suppose that the WDC and RRIC holds with ε < 1/(16πd2)2 and that
the noise e satisfies ‖e‖ ≤ a52−d/2‖x∗‖. Then, for all x and all vx ∈ ∂ f (x),

‖vx‖ ≤ a6d

2d
max(‖x‖, ‖x∗‖), (A.1)

where a5 and a6 are universal constants.

Proof Define for convenience ζ j = ∏d−1
i= j

π−θ̄ j,x,x∗
π

. We have

‖vx‖ ≤ ‖hx‖ + ‖hx − vx‖
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≤
∥
∥
∥
∥
∥

1

2d
x − 1

2d
ζ0x∗ − 1

2d

d−1
∑

i=0

sin θ̄i,x

π
ζi+1

‖x∗‖
‖x‖ x

∥
∥
∥
∥
∥

+ a1
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + 2

2d/2 ‖e‖

≤ 1

2d
‖x‖ +

(
1

2d
+ d

π2d

)

‖x∗‖ + a1
d3

√
ε

2d
max(‖x‖, ‖x∗‖) + 2

2d/2 ‖e‖

≤ a6d

2d
max(‖x‖, ‖x∗‖),

where the second inequality follows from the definition of hx and Lemma 5.2, the
third inequality uses |ζ j | ≤ 1, and the last inequality uses the assumption ‖e‖ ≤
a52−d/2‖x∗‖. ��

Lemma A.2 is used in proofs for Lemma 5.1.

Lemma A.2 Suppose ai , bi ∈ [0, π ] for i = 1, . . . , k, and |ai−bi | ≤ |a j−b j |,∀i ≥ j .
Then it holds that

∣
∣
∣
∣
∣

k
∏

i=1

π − ai
π

−
k
∏

i=1

π − bi
π

∣
∣
∣
∣
∣
≤ k

π
|a1 − b1|.

Proof Prove by induction. It is easy to verify that the inequality holds if k = 1. Suppose
the inequality holds with k = t − 1. Then

∣
∣
∣
∣
∣

t
∏

i=1

π − ai
π

−
t
∏

i=1

π − bi
π

∣
∣
∣
∣
∣
≤
∣
∣
∣
∣
∣

t
∏

i=1

π − ai
π

− π − at
π

t−1
∏

i=1

π − bi
π

∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣

π − at
π

t−1
∏

i=1

π − bi
π

−
t
∏

i=1

π − bi
π

∣
∣
∣
∣
∣

≤ t − 1

π
|a1 − b1| + 1

π
|at − bt | ≤ t

π
|a1 − b1|.

��
Lemma A.3 is used in proofs for Lemmas 5.2, 5.3, and 5.5.

Lemma A.3 Suppose the WDC and RRIC hold with ε ≤ 1/(16πd2)2. Then we have

∣
∣
∣xT qx

∣
∣
∣ ≤ 2

2d/2 ‖e‖‖x‖,

where qx =
(
∏1

i=d Wi,+,x

)T
AT e. In addition, if x is differentiable at G(x), then we

have

‖qx‖ ≤ 2

2d/2 ‖e‖.
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Proof We have

|xT qx |2 = |eT AG(x)|2 ≤ ‖AG(x)‖2‖e‖2 ≤ (1 + ε)‖G(x)‖2‖e‖2

≤ (1 + ε)

1
∏

i=d

‖Wi,+,x‖2‖e‖2‖x‖2 ≤ (1 + ε)(1 + 2εd)2
1

2d
‖e‖2‖x‖2,

where the second inequality follows from RRIC and the last inequality follows from
[12, (10)]. Therefore,

∣
∣xT qx

∣
∣ ≤ 2

2d/2 ‖e‖‖x‖.
Suppose G is differentiable at x . Then the local linearity of G implies that G(x +

z) − G(x) =
(
∏1

i=d Wi,+,x

)

z for any sufficiently small z ∈ R
k . By the RRIC, we

have

∣
∣
∣
∣
∣

〈

A

(
1
∏

i=d

Wi,+,x

)

z, A

(
1
∏

i=d

Wi,+,x

)

z

〉

−
〈(

1
∏

i=d

Wi,+,x

)

z,

(
1
∏

i=d

Wi,+,x

)

z

〉∣
∣
∣
∣
∣

≤ ε

1
∏

i=d

‖Wi,+,x‖2‖z‖2,

which implies

∣
∣
∣
∣
∣

〈

A

(
1
∏

i=d

Wi,+,x

)

z, A

(
1
∏

i=d

Wi,+,x

)

z

〉∣
∣
∣
∣
∣
≤ (1 + ε)

1
∏

i=d

‖Wi,+,x‖2‖z‖2.

Therefore, we obtain

∥
∥
∥
∥
∥
A

(
1
∏

i=d

Wi,+,x

)∥
∥
∥
∥
∥

≤ √
1 + ε

1
∏

i=d

‖Wi,+,x‖.

Combining above inequality with
∏1

i=d ‖Wi,+,x‖ ≤ (1+2εd)/2d/2 ≤ 1.5/2d/2 given
in [12, (10)] yields

∥
∥
∥
∥
∥
A

(
1
∏

i=d

Wi,+,x

)∥
∥
∥
∥
∥

≤ 1.5
√
1 + ε/2d/2 ≤ 2/2d/2,

where the second inequality follows from the assumption on ε. Therefore, we obtain

‖qx‖ =
∥
∥
∥
∥
∥
∥

(
1
∏

i=d

Wi,+,x

)T

AT e

∥
∥
∥
∥
∥
∥

≤
∥
∥
∥
∥
∥
∥

(
1
∏

i=d

Wi,+,x

)T

AT

∥
∥
∥
∥
∥
∥

‖e‖ ≤ 2

2d/2 ‖e‖.

��
Lemma A.4 is used in proofs for Lemma 5.5.
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Lemma A.4 For all d ≥ 2, that

1/
(

a7(d + 2)2
)

≤ 1 − ρd ≤ 250/(d + 1),

and a8 = mind≥2 ρd > 0.

Proof It holds that

log(1 + x) ≤ x ∀x ∈ [−0.5, 1] (A.2)

log(1 − x) ≥ −2x ∀x ∈ [0, 0.75] (A.3)

where θx,y = ∠(x, y).
We recall the results in [12, (35), (36), and (49)]:

θ̌i ≤ 3π

i + 3
and θ̌i ≥ π

i + 1
∀i ≥ 0

1 − ρd =
d−1
∏

i=1

(

1 − θ̌i

π

)

+
d−1
∑

i=1

θ̌i − sin θ̌i

π

d−1
∏

j=i+1

(

1 − θ̌ j

π

)

.

Therefore, we have for all 0 ≤ i ≤ d − 2,

d−1
∏

j=i+1

(

1 − θ̌ j

π

)

≤
d−1
∏

j=i+1

(

1 − 1

j + 1

)

= e
∑d−1

j=i+1 log
(

1− 1
j+1

)

≤ e−∑d−1
j=i+1

1
j+1 ≤ e− ∫ d

i+1
1

s+1 ds = i + 2

d + 1
,

d−1
∏

j=i+1

(

1 − θ̌ j

π

)

≥
d−1
∏

j=i+1

(

1 − 3

j + 3

)

= e
∑d−1

j=i+1 log
(

1− 3
j+3

)

≥ e−∑d−1
j=i+1

6
j+3 ≥ e− ∫ d−1

i
6

s+3 ds =
(
i + 3

d + 2

)6

,

where the second and the fifth inequalities follow from (A.2) and (A.3) respectively.
Since π3/(12(i + 1)3) ≤ θ̌3i /12 ≤ θ̌i − sin θ̌i ≤ θ̌3i /6 ≤ 27π3/(6(i + 3)3), we have
that for all d ≥ 3

1 − ρd ≤ 2

d + 1
+

d−1
∑

i=1

27π3

6(i + 3)3
i + 2

d + 1
≤ 2

d + 1
+ 3π5

4(d + 1)
≤ 250

d + 1

and

1 − ρd ≥
(

3

(d + 2)

)6

+
d−1
∑

i=1

π3

12(i + 3)3

(
i + 3

d + 2

)6

≥ 1

K1(d + 2)2
,
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where we use
∑∞

i=4
1
i2

≤ π2

6 and
∑n

i=1 i
3 = O(n4). Since ρd ≥ 1−250/(d +1) and

ρd > 0 for all d ≥ 2, we have mind≥2 ρd > 0. ��
Lemma A.5 is used in proofs for Lemma 5.5.

Lemma A.5 Fix 0 < a9 < 1
4d2π

. For any φd ∈ [ρd , 1], it holds that

f E (x) <
1

2d+1

(

φ2
d − 2φd + 10

a38
da9

)

‖x∗‖2 + ‖x∗‖2
2d+1 ,∀x ∈ B(φd x∗, a9‖x∗‖) and

f E (x) >
1

2d+1

(

φ2
d − 2φdρd − 10d3a9

)

‖x∗‖2 + ‖x∗‖2
2d+1 ,∀x ∈ B(−φd x∗, a9‖x∗‖),

where a8 is defined in Lemma A.4.

Proof If x ∈ B(φd x∗, a9‖x∗‖), then we have 0 ≤ θ̄0,x,x∗ ≤ arcsin(a9/φd) ≤ πa9
2φd

,

0 ≤ θ̄0,x,x∗ ≤ θ̄i,x,x∗ ≤ πa9
2φd

, and φd‖x∗‖ − a9‖x∗‖ ≤ ‖x‖ ≤ φd‖x∗‖ + a9‖x∗‖. Note
that cos θ ≥ 1 − θ2

2 ,∀θ ∈ [0, π ]. We have

f E (x) − ‖x∗‖2
2d+1 ≤ 1

2d+1 ‖x‖2 − 1

2d

(
d−1
∏

i=0

π − θ̄i,x,x∗
π

)

xT∗ x

≤ 1

2d+1 (φd + a9)
2‖x∗‖2 − 1

2d

(
d−1
∏

i=0

π − πa9
2φd

π

)

‖x∗‖‖x‖ cos θ̄0,x,x∗

≤ 1

2d+1 (φd + a9)
2‖x∗‖2 − 1

2d

(
d−1
∏

i=0

π − πa9
2φd

π

)

(φd − a9)‖x∗‖2
(

1 − π2a29
8φ2

d

)

≤ 1

2d+1

(

φ2
d + 2φda9 + a29 − 2

(

1 − da9
φd

)

(φd − a9)

(

1 − π2a29
8φ2

d

))

‖x∗‖2

≤ 1

2d+1

(

φ2
d − 2φd + 10

a38
da9

)

‖x∗‖2,

where the last inequality is by Lemma A.4 and a9 < 1/(4π).
If x ∈ B(−φd x∗, a9‖x∗‖), then we have 0 ≤ π − θ̄0,x,x∗ ≤ arcsin(a9π) ≤ π2

2 a9,
and φd‖x∗‖ − a9‖x∗‖ ≤ ‖x‖ ≤ φd‖x∗‖ + a9‖x∗‖. It follows that

f E (x) − ‖x∗‖2
2d+1 ≥ 1

2d+1 ‖x‖2 − 1

2d

d−1
∑

i=0

sin θ̄i,x,x∗
π

⎛

⎝

d−1
∏

j=i+1

π − θ̄ j,x,x∗
π

⎞

⎠ ‖x∗‖‖x‖

≥ 1

2d+1 ‖x‖2 − 1

2d

(

ρd + 3d3a9π2

2

)

‖x∗‖‖x‖ (by [12, (40)])

≥ 1

2d+1 (φd − a9)
2 ‖x∗‖2 − 1

2d

(

ρd + 3d3a9π2

2

)

(φd + a9) ‖x∗‖2
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≥ 1

2d+1

(

φ2
d − 2φdρd − 10d3a9

)

‖x∗‖2.

��
Lemma A.6 is used in proofs for Lemma 5.5.

Lemma A.6 If the WDC and RRIC hold with ε < 1/(16πd2)2, then we have

| f (x) − f E (x)| ≤ ε(1 + 4εd)

2d
‖x‖2 + ε(1 + 4εd) + 48d3

√
ε

2d+1 ‖x‖‖x∗‖

+ε(1 + 4εd)

2d
‖x∗‖2.

Proof For brevity of notation, let �z = ∏1
i=d Wi,+,z . We have

∣
∣
∣ f (x) − f E (x)

∣
∣
∣ =

∣
∣
∣
∣

1

2
xT

(

�T
x A

T A�x − �T
x �x

)

x + 1

2
xT

(

�T
x �x − Ik

2d

)

x

− xT
(

�T
x A

T A�x∗x∗ − �T
x �x∗x∗

)

− xT
(

�T
x �x∗x∗ − hx,x∗

)

+ 1

2
xT∗

(

�T
x∗ A

T A�x∗ − �T
x∗�x∗

)

x∗

+ 1

2
xT∗

(

�T
x∗�x∗ − Ik

2d

)

x∗
∣
∣
∣
∣

≤ ε

2

1 + 4εd

2d
‖x‖2 + ε

2

1 + 4εd

2d
‖x‖2 + ε

2

1 + 4εd

2d
‖x‖‖x∗‖

+ 24d3
√

ε

2d
‖x‖‖x∗‖

+ ε

2

1 + 4εd

2d
‖x∗‖2 + ε

2

1 + 4εd

2d
‖x∗‖2

= ε(1 + 4εd)

2d
‖x‖2

+ ε(1 + 4εd) + 48d3
√

ε

2d+1 ‖x‖‖x∗‖ + ε(1 + 4εd)

2d
‖x∗‖2,

where the first inequality uses the WDC, the RRIC, and [12, Lemma 8]. ��
Lemma A.7 is used in proofs for Lemma A.8.

Lemma A.7 Suppose W ∈ R
n×k satisfies the WDC with constant ε. Then for any

x, y ∈ R
k , it holds that

‖W+,x x − W+,y y‖ ≤
(√

1

2
+ ε + √

2(2ε + θ)

)

‖x − y‖,

where θ = ∠(x, y).

Proof We have
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‖W+,x x − W+,y y‖ ≤ ‖W+,x x − W+,x y‖ + ‖W+,x y − W+,y y‖
= ‖W+,x (x − y)‖ + ‖(W+,x − W+,y)y‖

≤ ‖W+,x‖‖x − y‖ + ‖(W+,x − W+,y)y‖. (A.4)

By WDC assumption, we have

‖WT+,x (W+,x − W+,y)‖ ≤
∥
∥
∥WT+,xW+,x − I/2

∥
∥
∥ +

∥
∥
∥WT+,xW+,y − Qx,y

∥
∥
∥

+ ∥
∥Qx,y − I/2

∥
∥ ≤ 2ε + θ. (A.5)

We also have

‖(W+,x − W+,y)y‖2

=
n
∑

i=1

(1wi ·x>0 − 1wi ·y>0)
2(wi · y)2

≤
n
∑

i=1

(1wi ·x>0 − 1wi ·y>0)
2((wi · x)2 + (wi · y)2 − 2(wi · x)(wi · y))

=
n
∑

i=1

(1wi ·x>0 − 1wi ·y>0)
2(wi · (x − y))2

=
n
∑

i=1

1wi ·x>01wi ·y≤0(wi · (x − y))2 +
n
∑

i=1

1wi ·x≤01wi ·y>0(wi · (x − y))2

= (x − y)T WT+,x (W+,x − W+,y)(x − y) + (x − y)T WT+,y(W+,y − W+,x )(x − y)

≤ 2(2ε + θ)‖x − y‖2. (by (A.5)) (A.6)

Combining (A.4), (A.6), and ‖Wi,+,x‖2 ≤ 1/2+ ε given in [12, (9)] yields the result.
��

Lemma A.8 is used in proofs for Lemma 5.6 and Lemma A.9.

Lemma A.8 Suppose x ∈ B(x∗, d
√

ε‖x∗‖), and the WDC holds with ε <

1/(200)4/d6. Then it holds that

∥
∥
∥
∥
∥
∥

1
∏

i= j

Wi,+,x x −
1
∏

i= j

Wi,+,x∗x∗

∥
∥
∥
∥
∥
∥

≤ 1.2

2
j
2

‖x − x∗‖.

Proof In this proof, we denote θi,x,x∗ and θ̄i,x,x∗ by θi and θ̄i respectively. Since
x ∈ B(x∗, d

√
ε‖x∗‖), we have

θ̄i ≤ θ̄0 ≤ 2d
√

ε. (A.7)
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By [12, (14)], we also have |θi − θ̄i | ≤ 4i
√

ε ≤ 4d
√

ε. It follows that

2
√

θi + 2ε ≤ 2
√

θ̄i + 4d
√

ε + 2ε ≤ 2
√

2d
√

ε + 4d
√

ε + 2ε

≤ 2
√

8d
√

ε ≤ 1

30d
. (by the assumption on ε) (A.8)

Note that
√
1 + 2ε ≤ 1 + ε ≤ 1 + √

d
√

ε. We have

0
∏

i=d−1

(√
1 + 2ε + 2

√

θi + 2ε
)

≤
(

1 + 7
√

d
√

ε

)d

≤ 1 + 14d
√

d
√

ε ≤ 107

100
< 1.2,

where the second inequality is from that (1+x)d ≤ 1+2dx if 0 < xd < 1. Combining
the above inequality with Lemma A.7 yields

∥
∥
∥
∥
∥
∥

1
∏

i= j

Wi,+,x x −
1
∏

i= j

Wi,+,x∗x∗

∥
∥
∥
∥
∥
∥

≤
0
∏

i= j−1

(√

1

2
+ ε + √

2
√

θi + 2ε

)

‖x − x∗‖

≤ 1.2

2
j
2

‖x − x∗‖.

��
Lemma A.9 is used in proofs for Lemma 5.6.

Lemma A.9 Suppose x ∈ B(x∗, d
√

ε‖x∗‖), and the WDC holds with ε <

1/(200)4/d6. Then it holds that

(
1
∏

i=d

Wi,+,x

)T [( 1
∏

i=d

Wi,+,x

)

x −
(

1
∏

i=d

Wi,+,x∗

)

x∗

]

= 1

2d
(x − x∗) + 1

2d
1

16
‖x − x∗‖O1(1).

Proof For brevity of notation, let � j,k,z = ∏k
i= j Wi,+,z . We have

�T
d,1,x

(

�d,1,x x − �d,1,x∗x∗
)

= �T
d,1,x

⎡

⎣�d,1,x x −
d
∑

j=1

(

�d, j,x� j−1,1,x∗x∗
)

+
d
∑

j=1

(

�d, j,x� j−1,1,x∗x∗
) − �d,1,x∗x∗

⎤

⎦
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= �T
d,1,x�d,1,x (x − x∗)

︸ ︷︷ ︸

T1

+�T
d,1,x

d
∑

j=1

�d, j+1,x
(

Wj,+,x − Wj,+,x∗
)

� j−1,1,x∗x∗
︸ ︷︷ ︸

T2

.

(A.9)

For T1, we have

T1 = 1

2d
(x − x∗) + 4d

2d
‖x − x∗‖O1(ε). ([12, (10)]) (A.10)

For T2, we have

T2 = O1(1)
d
∑

j=1

(
1

2d− j
2

+ (4d − 2 j)ε

2d− j
2

)
∥
∥(Wj,+,x − Wj,+,x∗)� j−1,1,x∗x∗

∥
∥

= O1(1)
d
∑

j=1

(
1

2d− j
2

+ (4d − 2 j)ε

2d− j
2

)
∥
∥(� j−1,1,x x − � j−1,1,x∗x∗)

∥
∥

√

2(θi,x,x∗ + 2ε)

= O1(1)
d
∑

j=1

(
1

2d− j
2

+ (4d − 2 j)ε

2d− j
2

)
1.2

2
j
2

‖x − x∗‖ 1

30
√
2d

= 1

16

1

2d
‖x − x∗‖O1(1), (A.11)

where the first equation is by [12, (10)]; the second equation is by (A.6); the third
equation is byLemmaA.8 and (A.8). The result follows from (A.9), (A.10) and (A.11).

��
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