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A B S T R A C T

Slender steel plates used in buildings, bridges, aircraft, and ships have postbuckling shear strength that
is mobilized in design. Despite a century of research on this topic, the mechanics (load path and failure
mechanisms) of the postbuckling behavior are still not fully understood. Proper boundary conditions are vital
for studying the mechanics in finite element (FE) models, yet several different boundary conditions have been
proposed by researchers. This paper uses FE models to examine various boundary conditions on a slender plate
under pure shear loading. The models are benchmarked against 16 experimental tests, with a range of web
depths (D), panel aspect ratios, and web slenderness ratios. The effects of boundary conditions on the normal
stresses on the web plate edges and principal stresses in the web are examined for panel aspect ratios of 1, 2,
and 3. The flanges, stiffeners, and ‘‘panel extensions’’ (which extend the web and flange a distance D/2 beyond
the stiffener on either side of the panel) are used as boundary conditions (with axially free vertical edges at
the ends of the panel). The analysis results show negligible participation from the stiffeners and flanges in the
load path up to the ultimate postbuckling shear load, while compressive membrane stresses in the web are
observed to redistribute and continue to increase after elastic buckling, in some regions at a greater rate than
before buckling. This study advances the understanding of postbuckling shear load path that can be used in
code development and performance enhancements for shear buckling in slender plates.
1. Introduction

Deep beams in buildings and bridges, shear walls, aircraft, and ship
hulls commonly use thin steel plates to achieve their design strength.
To satisfy load demands and deflection criteria, it is efficient for these
structures to maximize plate depth and minimize plate thickness, re-
sulting in slender web plates. Slender web plates are susceptible to web
shear buckling; however, they have significant additional strength be-
yond elastic buckling that was first documented by Wilson in 1886 [1]
and theorized by researchers such as Wagner in aeronautical design [2].
To ignore this postbuckling strength would be very conservative, so
the ultimate postbuckling shear capacity (𝑉𝑢) is utilized in structural
ngineering design codes today [3–5]. A brief introduction follows,
hough detailed literature reviews of web shear buckling research have
een compiled by [6] and more recently by [7].
The first postbuckling shear strength theory was proposed by Wag-

er in 1931 for aeronautical structures and recognized the development
f diagonal tension after elastic buckling in thin metal plates [2]. In
arly days, though postbuckling strength was observed, the elastic
uckling load was still used as the basis for design shear strength
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since no theory was available to precisely quantify the postbuck-
ling strength [8,9]. In the 1960s, Konrad Basler developed the first
semi-empirical design equations predicting ultimate postbuckling shear
strength of steel plates in civil engineering structures [9,10]. These
equations were proposed based on a set of experimental tests on
transversely stiffened steel plate girders, which were used to develop
the now widely known Tension Field Action (TFA) theory. Tension
Field Action holds that compressive stresses cease to increase after
elastic buckling, and instead additional load is sustained by a ‘‘tension
field’’ in the web, which is vertically anchored by transverse stiffeners.
TFA theory operates under the Pratt truss assumption, which assumes
that load travels up the tension field like the diagonals of a Pratt
truss and down the vertical (transverse) stiffeners in axial compression.
TFA theory uses the von Mises yield criterion to predict the ultimate
postbuckling shear load 𝑉𝑢 of plate girder webs. TFA ignores any
contribution from the flanges, which it deemed ‘‘too flexible’’ to be
able to anchor the tension field. As such, this theory was both easy to
use and relatively accurate in its strength predictions [6]. TFA theory
was adopted by AISC shortly after its publication in 1963 as well as by
AASHTO in 1973 [3,4,11].
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Over time, several researchers have proposed revisions to Basler’s
theory [12–14]. A host of other tension field theories and models
followed, including the Cardiff model (Porter et al. [15]) and Torsten
Höglund’s ‘‘Rotated Stress Field Theory’’ [16] which claims that unstiff-
ened girder panels (where the web panel length exceeds three times the
web depth) can still develop postbuckling shear strength; this theory
has been adapted for use in several current design specifications [4,5,
17]. However, all of these theories are tension field theories and op-
erate off the same central assumption: that compression stresses cease
to increase after elastic shear buckling and any additional strength is
via a tension field sustaining further load beyond elastic buckling [6].
New studies have shown, however, that compressive stresses can in-
crease significantly after elastic buckling in the perimeters of the web
plate [18–20].

Recent research has found that several of the assumptions used in
TFA theory are not necessarily accurate. Advances in finite element
modeling and experimental testing have allowed researchers to track
the flow of forces (i.e., load path) in the postbuckling shear regime.
Both experimental [21,22] and finite element research [23–25] have
shown that the transverse stiffeners are not primarily loaded in axial
compression to anchor the tension field; instead they are engaged
primarily in out-of-plane bending to laterally restrain the edges of the
panel as it buckles and subsequently deforms [26]. As a result, promi-
nent design specifications such as AISC and AASHTO have removed the
area requirement of transverse stiffeners, which are no longer perceived
to carry substantial axial load [3,4]. These developments point towards
an incomplete load path in Basler’s TFA theory.

Regarding the flanges, Yoo and Lee have suggested that the flanges’
primary contribution to shear capacity is to the elastic shear buckling
load 𝑉𝑐𝑟 (by providing rotational restraint at the top and bottom edges
of the web plate), rather than increasing the postbuckling shear reserve
(𝑉𝑢−𝑉𝑐𝑟) [11,18]. The flanges also have an implicit role in maintaining
an out-of-plane restraint up to the ultimate postbuckling shear load
𝑉𝑢, which may be related to the flange-to-web stiffness ratio [27].
Other authors [6] have observed that the formation of plastic hinges in
the flanges can occur after reaching maximum shear load, suggesting
that the flange hinges may not be critical in determining the ultimate
strength. For example, Scandella et al. suggest that the flanges’ strength
contribution to the postbuckling shear reserve only occurs after 𝑉𝑢 (the
first and highest peak in the load–displacement curve) [28]. Following
𝑉𝑢, the plate girder unloads, after which there is a stiffness recovery
associated with flange bending and a secondary peak is reached at
flange hinging which may not exceed the first peak load 𝑉𝑢 [28].

Various boundary conditions have been used to study web shear
buckling [11,18–20,29]. Some authors modeled the edges of the web as
simple supports [18–20,29], while others explicitly modeled the flanges
and/or stiffeners [11,18,19]. Further, some authors longitudinally re-
strained the web panels [20,25,29], while others modeled the panels as
longitudinally free [11,18]. Lee et al. [30] evaluated the effects of rigid
anchors and beam elements at the top and bottom edges of the plate
(in place of flanges) to study the effects of potential flange anchoring
mechanisms. To examine the load path of tensile and compressive
forces in a plate subject to shear, it is important to use appropriate
boundary conditions, yet it is not clear which boundary condition is
the most precise.

This paper presents a comprehensive examination on the effects
of various boundary conditions on a steel plate subject to pure shear
loads. These boundary conditions represent the flange (horizontal) edge
and the stiffener (vertical) edge with the intent of capturing the true
behavior (strength and stress distribution) of a stiffened panel in a steel
plate girder. The objective of this work is to (1) identify appropriate
boundary conditions that capture both the ultimate postbuckling shear
strength and load path (flow of forces), and (2) examine the load
path of tensile and compressive membrane stresses to enable a better
understanding of the postbuckling behavior of slender steel plates

under pure shear loads.

2

2. Finite element model

A nonlinear finite element (FE) study was conducted in ABAQUS
2017 [31] to investigate the elastic buckling and postbuckling behavior
of slender steel plates loaded in pure shear. For all analyses, four-node
‘‘S4’’ shell elements (‘‘doubly-curved, general purpose, finite membrane
strains’’) were used [31], with 5 section points through each plate’s
thickness [20] . The material model for mild steel was elastoplastic
with strain hardening [32,33], defined for ambient temperatures by
Eurocode 3 Part 1–2 [5]. The steel yield stress 𝐹𝑦 and Young’s modulus
E will be specified for each girder specimen in the study, and the
Poisson’s ratio was taken as 0.3 for all models. The mesh density used
in each of the analyses was determined by a convergence study on
the elastic shear buckling load 𝑉𝑐𝑟, of a simply supported steel plate,
converging within 2.5% of Timoshenko’s shear buckling load given
in Eq. (1) [34]. Eq. (1) represents 𝑉𝑐𝑟, with the associated buckling
coefficient values computed from Eq. (2).

𝑉𝑐𝑟 = 𝐷𝑡𝑤 ∗ 𝑘𝜋2𝐸
12

(

1 − 𝜇2
)

(𝐷∕𝑡𝑤)2
(1)

𝑘 = 5.34 + 4.00
(𝑎∕𝐷)2

𝑓𝑜𝑟 𝑎∕𝐷 ≥ 1.0 (2)

Fig. 1 shows the typical mesh density and various boundary conditions
used in four of the plate panel models. Five through-thickness section
points was determined to be adequate via a convergence study on
principal stresses on the surfaces of the web plate for the authors’
previous work [20].

A linear elastic eigenvalue analysis was first conducted for each
specimen to determine its elastic shear buckling load eigenvalue 𝑉𝑐𝑟
and the specimen’s buckled eigenmodes. For the subsequent incre-
mental analysis, a scaled initial geometric imperfection of the first
positive buckled eigenmode was overlaid onto the specimen’s finite
element mesh; this allows the analysis to proceed past the elastic
buckling bifurcation and simulates the influence of realistic geometric
imperfections [29,32,35]. The magnitude of the scaled imperfection
equals D/1000 unless otherwise noted, where D is the web depth. A
discussion of the influence of imperfection magnitude is provided in
Sections 3.4 and 4.2.2. Nonlinear incremental analysis is performed via
the Modified Riks algorithm to quasi-statically load the specimen to
failure. The ultimate postbuckling shear load 𝑉𝑢 was determined as the
maximum load in the load–displacement curve, where the displacement
is measured as the relative vertical displacement between the top left
and bottom right corners of the center panel. Since the influence of
panel boundary conditions is a major objective of this research, a
description of the boundary conditions will be provided in Section 3
along with the validation of the finite element model.

The S4 elements used in the FE solutions consider both membrane
and bending stresses through the thickness of the plate, t. ABAQUS
outputs stresses (S), at all integration points through the depth; inte-
gration of the stresses through the thickness creates the section force,
which when divided by the thickness gives the membrane stress. The
authors have previously shown that second order bending stresses in
the buckled web plate play a substantial role in the stress state at
𝑉𝑢 [20]. However, membrane stresses are more useful in analyzing the
flow of forces (i.e., load path) in a plate since their resultant is not
influenced by through-thickness bending actions. For example, Fig. 2
illustrates the difference between membrane stress (𝜎m) and stress at
the center of thickness (𝜎t∕2). If the material remains elastic through the
plate thickness, the membrane stress at this stage (𝜎m1) is equal to 𝜎t∕2
as shown in Fig. 2(a). However, when the bending in the plate increases
to yield as shown in Fig. 2(b), the membrane stress at this stage (𝜎m2)
becomes smaller than 𝜎t∕2. Since the stress distribution through the
thickness is ‘cut-off’ by the yield capacity of the material (i.e., the
dashed red line in Fig. 2(b)), integrating the stresses through the depth
and dividing it by the thickness would produce a stress resultant lower
than that acting at mid-depth. It has been shown previously [20] that
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Fig. 1. Boundary conditions imposed on models (a), (b), (c), and (d) which indicate translational (U) and rotational (UR) restraint. Axially restrained boundary conditions are
epresented by (O) and axially free boundary conditions are represented by (X). Pink arrows represent shear edge loading. (For interpretation of the references to color in this
igure caption, the reader is referred to the web version of this article.)
he plate does not remain elastic through the thickness before reaching
𝑢, and significant bending develops through the plate thickness as
he buckled plate continues to deform. For this reason, the membrane
tresses are used in this paper for determining load path (as done by
thers, including [18,36]).

. Boundary condition study

The ultimate goal of this research effort is to understand the me-
hanics that lead to web shear buckling. To enable this discovery,
inite element models must be developed to capture both the ultimate
ostbuckling shear strength (𝑉𝑢) and path of membrane forces. This
ection seeks to identify such models by examining various boundary
onditions on the web panel of interest (i.e., with various lateral,
ongitudinal, and rotational restraints, as well as explicit modeling of
langes and stiffeners) and initial imperfections. The models’ results are
ompared to a suite of experimental data for validation.
3

3.1. Boundary condition parameters

The boundary conditions used in this study are presented in Fig. 1,
starting from a simply supported plate onto which girder components
such as flanges and stiffeners are incrementally added. For all boundary
conditions, uniformly distributed shear loads are applied along the four
edges of the web plate. The nomenclature representing the boundary
conditions is the following:

• AR/AF = Axially Restrained or Axially Free, specifically referring
to whether the plates are longitudinally restrained or free at the
vertical ends of the web

• NF/WF = No Flange or With Flange
• S = Stiffener model, which always has flanges (WF) and is always
axially free (AF)

• PE = Panel Extension model, which always has flanges (WF) and
stiffeners and is always axially free (AF).
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Fig. 2. Illustration of the difference between the membrane stress (𝜎m) and the stress at the plate center thickness (𝜎t∕2) (a) pre-yielding (no difference) and (b) with some yielding
induced by increased bending.
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In the PE models, the panel extension is defined as the distance
between the centerline of the stiffener to the end of the panel extension
(see Fig. 1(d)). Note that the panel extensions end in virtual stiffeners
(i.e., Edge 1 in Fig. 1(d) has an out-of-plane translational restraint), and
preliminary models that explicitly include these stiffeners produced the
same elastic shear buckling and ultimate postbuckling shear strength
results. The current work also includes the longitudinal boundary con-
ditions imposed on the vertical edges of the web plate as a parameter
of the experimental validation: axially free (AF) or axially restrained
(AR), where the latter indicates that horizontal reactions at the left and
right edges of the web do not permit longitudinal translation. AF is a
lower bound on the longitudinal restraint that would be available to a
girder panel (note that AF-NF was used by [18]). AR is an upper bound
which also implicitly assumes the availability of infinite horizontal
reaction capacity at the vertical ends of the web panel. The models
with stiffeners only (WF-S) and with panel extensions (WF-PE) were
only studied with axially free boundary conditions. A state of pure
shear in the elements was observed prior to elastic buckling, thus
validating the elastic response. The inelastic response was validated
with experimental data as discussed in the next subsection.

3.2. Experimental validation

Finite element (FE) models with the various boundary conditions
in Fig. 1 were compared to a set of 16 experimental tests completed
by various researchers and compiled by [29]. Table 1 summarizes the
dimensions and material properties of the test specimens selected for
validation. For the dimensions in Table 1, D represents the web depth,
𝑡𝑤 is the web thickness, a is the horizontal panel length (distance be-
ween stiffeners in the specimen), 𝑏𝑓 is the flange width, 𝑡𝑓 is the flange
hickness, 𝑏𝑠 is the stiffener width, and 𝑡𝑠 is the stiffener thickness.
o make sure the modeling is robust for a range of geometries, the
elected specimens have a wide range of web depths (D), slenderness
atios (from D/t𝑤 = 100 to 302), and web panel aspect ratios (from
/D = 1 to 3). An assumed initial geometric imperfection magnitude
f D/1000 was used in all validation models, which is on the order of
easurements made on bridge girder webs in a steel shop [37] and
sed in previous work [18,32].
Five boundary conditions are studied and compared in the exper-

mental validation study, using the nomenclature described earlier:
R-NF [20,29], AF-NF [18], AR-WF [19], AF-WF [18], [19], and AF-
F-PE (see Fig. 1). Note that the panel extension lengths for the PE
odels are set equal to either D/10 (which is the minimum length
equirement for rigid end posts in the Eurocode [35]) or D/2 (see
ig. 1(d)) to examine sensitivity to panel continuity. Preliminary anal-
ses showed that panel extension lengths longer than D/2 did not
ppreciably affect the calculated values of 𝑉 or 𝑉 . The purpose of
𝑐𝑟 𝑢

4

tudying various panel extensions was to determine the best correla-
ions with experimental results (to calculate shear strength), while also
apturing the true response of compressive and tensile force load path
n a continuous girder (i.e., not just an isolated plate) where the web
anel is defined by stiffener placement.
The AR-NF columns of Table 2 summarize the results of models

ith boundary conditions that are axially restrained with no flanges, as
hown in Fig. 1(a). It is observed that for most specimens, the FE results
redict the ultimate postbuckling shear load (𝑉𝑢.𝐹𝐸) within 10% for
ost models when compared with the published experimental results
𝑉𝑢.𝐸𝑥𝑝). In contrast the AF-NF models, which free the axial restraint
nd assume zero horizontal reactions on the left and right web edges,
ave noticeably low estimations of the ultimate postbuckling shear load
𝑢 when compared with experiments. As the lower bound solution, the
𝑢 values predicted by the AF-NF models were typically about 65%
f the experimental 𝑉𝑢 values. Though not shown, the elastic shear
uckling loads (𝑉𝑐𝑟) of the AF-NF models were identical to the 𝑉𝑐𝑟
alues of the AR-NF models (as noted by the authors in [19]); therefore,
he lower 𝑉𝑢 values of the AF-NF models come from the decrease in
heir postbuckling reserve 𝑉𝑢 − 𝑉𝑐𝑟 when axial restraint is freed at the
eb edges. It is thus concluded that the horizontal reactions at the
ocations of axial restraint (i.e., at the left and right vertical edges of
he web panel) play a role in how much postbuckling reserve can be
chieved.
By comparing the FE results of AR-NF and AF-NF to the models that

xplicitly model the flanges (models AR-WF and AF-WF, respectively),
t is seen that modeling the flanges raises the FE 𝑉𝑢 values. With flanges,
he axially restrained AR-WF models over-predict the experimental 𝑉𝑢
alues by 10% on average. Meanwhile, the axially free with flanges
odels (AF-WF) still underpredict experimental 𝑉𝑢 values by 16% on
verage, suggesting they may still be lacking a component of the load
ath in the postbuckling mechanics of the experimental specimens.
It is shown that both the panel extension model (AF-WF-PE) with

anel extension length D/2 and AR-NF models have the best correlation
o the experimental results, with an average 𝑉𝑢.𝐹𝐸∕𝑉𝑢.𝐸𝑥𝑝 ratio of 0.997
nd 1.008, respectively. While both capture 𝑉𝑢 well, only AF-WF-PE
ith panel extension length D/2 captures the path of membrane forces
roperly, as will be shown in Section 4.2. Therefore, this model will be
sed to develop the prototype described next.

.3. Girder prototype and influence of girder components

The experimental data presented previously were based on speci-
ens with slenderness ratios (D/𝑡𝑤) typically greater than 200. Current
esign practice usually uses plates with smaller slenderness ratios;
or example, the AASHTO bridge design code restricts transversely
tiffened and unstiffened webs to a slenderness less than or equal
o 150 [3]. The numerical study in this section and in sections to
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Table 1
Geometric and material properties considered for FE model validation.
Specimen a (mm) D (mm) 𝑡𝑤 (mm) a/D D/𝑡𝑤 𝑡𝑓 (mm) 𝑏𝑓 (mm) 𝑏𝑠a (mm) 𝐹𝑦 (MPa) E (GPa)

G6-T1 [9] 1905 1270 4.90 1.50 259 19.80 308 101.60 250 210
G7-T1 [9]b 1270 1270 4.98 1.00 255 19.53 310 101.60 250 210
G7-T2 [9]b 1270 1270 4.98 1.00 255 19.53 310 101.60 250 210
G8-T1 [9] 3810 1270 5.08 3.00 250 19.10 305 101.60 263 210
G8-T2 [9]b 1905 1270 5.08 1.50 250 19.10 305 101.60 263 210
G8-T3 [9]b 1905 1270 5.08 1.50 250 19.10 305 101.60 263 210
2.2 [38] 1464 600 2.00 2.40 300 6.00 175 63.50 250 210
US3/5 [39] 788 359 2.70 2.19 133 12.00 96 38.10 250 210
STG1 [40] 551 279 2.00 1.97 140 7.90 127 50.80 250 210
STG4 [40] 498 251 1.25 1.98 201 6.40 102 38.10 250 210
RTG1 [40] 305 305 1.27 1.00 240 4.50 76 31.75 261 210
RTG2 [40] 305 305 1.27 1.00 240 4.70 76 31.75 261 210
MSO [41] 947 608 2.01 1.56 302 10.10 102 41.91 261 210
CP1/1 [42] 747 500 2.04 1.49 245 8.00 100 38.10 250 210
S-2 [43] 581 319 3.20 1.82 100 10.50 100 41.91 352 210
S-3 [43] 577 477 3.20 1.21 149 10.50 101 41.91 317 210

aNote: The widths and thicknesses of the stiffeners (𝑏𝑠 and 𝑡𝑠) were not fully available in the literature. Stiffeners in the FE models were therefore designed per AASHTO, 2017
by the authors, and the 𝑡𝑠 of all stiffeners used in the study is 12.7 mm (0.5 in.) to meet the AASHTO design requirement [3].
bNote: Sets {G7-T1, G7-T2} and {G8-T2, G8-T3} test two panels in the same girder to failure. When the panel in G7-T1 and G8-T2 failed, additional transverse or diagonal stiffeners
were welded to the damaged panel to allow for subsequent testing of the next panel (G7-T2 and G8-T3).
Table 2
Comparison of FE and experimental shear capacity for selected boundary conditions.
Specimen Experiment

(Exp)
Finite Element (FE)

AR-NF AF-NF AR-WF AF-WF AF-WF-PE [PE = D/10] AF-WF-PE [PE = D/2]

𝑉𝑢.𝐸𝑥𝑝
(kN)

𝑉𝑢.𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

𝑉𝑢.𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

𝑉𝑢.𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

𝑉𝑢.𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

𝑉𝑢.𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

𝑉𝑢. 𝐹𝐸
(kN)

𝑉𝑢.𝐹𝐸
/𝑉𝑢.𝐸𝑥𝑝

G6-T1 [9] 516 518 1.00 298 0.58 552 1.07 384 0.74 445 0.86 475 0.92
G7-T1 [9] 623 636 1.02 361 0.58 654 1.05 440 0.71 522 0.84 579 0.93
G7-T2 [9] 645 636 0.99 361 0.56 654 1.01 440 0.68 522 0.81 579 0.90
G8-T1 [9] 375 413 1.10 265 0.71 469 1.25 397 1.06 439 1.17 443 1.18
G8-T2 [9] 445 567 1.27 328 0.74 606 1.36 421 0.95 488 1.10 518 1.16
G8-T3 [9] 516 567 1.10 328 0.64 606 1.17 421 0.82 488 0.95 518 1.00
2.2 [38] 75 73 0.98 43 0.57 87 1.16 62 0.82 69 0.92 74 0.99
US3/5 [39] 99 98 0.99 78 0.79 110 1.11 106 1.07 108 1.10 109 1.10
STG1 [40] 60 52 0.87 45 0.74 59 0.98 59 0.98 62 1.03 62 1.04
STG4 [40] 35 26 0.74 17 0.50 29 0.82 24 0.67 27 0.77 28 0.79
RTG1 [40] 40 41 1.02 23 0.59 42 1.06 28 0.69 34 0.86 38 0.95
RTG2 [40] 41 41 1.00 23 0.57 42 1.03 28 0.68 34 0.84 38 0.92
MSO [41] 94 98 1.04 52 0.55 103 1.10 67 0.71 80 0.85 91 0.97
CP1/1 [42] 88 87 0.99 52 0.59 97 1.10 67 0.76 77 0.88 81 0.92
S-2 [43] 161 155 0.96 140 0.87 181 1.12 174 1.08 180 1.12 181 1.12
S-3 [43] 198 208 1.05 148 0.75 213 1.07 184 0.93 206 1.04 206 1.04

Mean (𝜇) 1.008 0.643 1.092 0.837 0.944 0.997
Std. dev. (𝜎) 0.111 0.108 0.117 0.151 0.128 0.105
follow is based on a prototype girder adapted from the FHWA 2012
design example for a three-span continuous steel I-girder bridge [44],
which has a web slenderness ratio of D/𝑡𝑤 = 138 as shown in Fig. 3.
This prototype is proportioned to be representative of a common web
slenderness ratio and has a depth that is larger than those listed in
Table 1.

For simplicity, the following adaptations are made to the FHWA
example design:

• the top flange is made identical to the bottom flange for symme-
try,

• the stiffener spacing is parametrically varied to determine its
effects on stress distribution, and

• the material strength of the flanges is chosen to be the same as
the webs and stiffeners.

For all girder components of the prototype, the steel yield stress 𝐹𝑦 was
dealized as 345 MPa (50 ksi), the modulus of elasticity was 200 GPa
29,000 ksi), and the Poisson’s ratio was 0.3. The dimensions of the
rototype and mesh used in the corresponding FE model are shown
n Fig. 3. Panel extensions of length D/2 are used in the PE models
ince Table 2 showed best correlation to experimental results. The other
5

boundary conditions as represented in Fig. 1 will also be used to isolate
the contribution of each girder component to the overall plate girder
behavior. Panel lengths are represented by the variable a, which in
these models equals the width of the panel in models that do not have
explicit stiffeners, or the distance between the centerline of stiffeners
for the S and PE models.

The FHWA 2012 prototype girder was modeled using the axially
free boundary conditions described by Fig. 1; an aspect ratio (a/D)
equal to one will be studied first. The strength results of the prototype
study are presented in Table 3, where the prefix ‘‘1’’ is added to the
nomenclature to indicate the a/D ratio. In Table 3, the results of the
study are normalized by the simplest model with no flanges 1-AF-NF,
to demonstrate the change that comes with explicitly modeling each
girder component. It is seen that explicitly modeling the flanges (1-
AF-WF) produces the greatest increase in elastic shear buckling load
𝑉𝑐𝑟 over the no flange model (1-AF-NF), where the flanges are repre-
sented by simple supports. In this case 𝑉𝑐𝑟 is increased by 31% since
flanges offer increased fixity at the top and bottom web boundaries
as noted by [11]. Progressively adding on stiffeners (1-AF-WF-S) and
panel extensions (1-AF-WF-PE) raises 𝑉𝑐𝑟 by an additional 6% or 15%,
respectively; these additions to 𝑉 can be explained by the rotational
𝑐𝑟
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estraint provided by the stiffeners and panel extensions instead of the
ree-rotation at the vertical web edges.
Similarly, the explicit modeling of flanges (1-AF-WF) produces an

8% increase in 𝑉𝑢 over the simply supported model (1-AF-NF). The
ostbuckling shear reserve (defined by 𝑉𝑢 − 𝑉𝑐𝑟 [18]) represents the
dditional shear strength that is attained after elastic buckling. This
ostbuckling reserve is 426 kips for the 1-AF-WF model compared to
he 584 kips for the 1-AF-NF model, showing a slight decrease when
xplicit flanges are modeled. Yet the increase in 𝑉𝑐𝑟 from the flanges is
reater than the decrease in postbuckling reserve 𝑉𝑢 − 𝑉𝑐𝑟, resulting in
n 18% higher 𝑉𝑢 for the 1-AF-WF model. 𝑉𝑢 continues to rise when
stiffeners and panel extensions are explicitly modeled (in models 1-
AF-WF-S and 1-AF-WF-PE, respectively), which assists in raising the
postbuckling reserve 𝑉𝑢 − 𝑉𝑐𝑟 by 8% and 21%, respectively, over that
f the flanges-only 1-AF-WF model. The substantial increase in the
ostbuckling shear reserve and 𝑉𝑢 by the 1-AF-WF-PE model shows that
the panel extensions play a large role in increasing the postbuckling
reserve.

Model AR-NF is included in Table 3 to compare the different com-
ponents of the ultimate postbuckling shear load (𝑉𝑢) and postbuckling
shear reserve (𝑉𝑢 −𝑉𝑐𝑟). Although 𝑉𝑢 is similar between the AR-NF and
the panel extension model, the AR-NF model has a much smaller elastic
buckling value and a much larger postbuckling reserve value than the
panel extension model. This result implies a different mechanism and
load path, as will be shown later. Table 2 indicates that the AR-NF
model correlates as well to the experimental data as does the panel
extension model. It will be shown in Section 4.1 that the AR-NF model
does not, however, capture the proper load path (and a proper model
should capture both strength and load path).

3.4. Influence of imperfections

As previously noted, the experimental comparison FE models uti-
lized an initial imperfection of D/1000. To examine the effects of initial
imperfections, the imperfection magnitude is varied between D/10,000,
D/1000 and D/100 [18,32,45]. A value of D/10,000 represents a negli-

gible imperfection, with only minimal out-of-flatness provided to allow

6

the buckling bifurcation to numerically occur [18]. D/1000 represents
a small initial imperfection on the order of those recorded in girders in
a typical steel fabrication shop [37]. D/100 represents the maximum
allowable tolerance of initial imperfections in the industry, which is
specified in detail by the AASHTO/AWS Bridge Welding Code [46].

The load–displacement curves are shown in Fig. 4 for the three
different imperfection magnitudes on the AF-WF-PE model with a/𝐷 =
1.0 (shear loads 𝑉𝑐𝑟 and 𝑉𝑢 are marked for each curve). The curves for
D/10,000 and D/1000 imperfections are quite similar, while the D/100
curve displays a smaller shear stiffness and a slightly reduced 𝑉𝑢 value
by 7%).
The point at which yielding occurs in the flanges are also marked.

he first yield in the flanges occurs at the top left and bottom right
orners of the girder panel, respectively (i.e., locations 1 and 2 in the
nset figure of Fig. 4). This yielding occurs on the inside surfaces of
he flange, 15 mm of vertical displacement beyond when the load–
isplacement curve reaches its ultimate postbuckling shear load 𝑉𝑢.
wo other flange locations (3 and 4 in the inset figure of Fig. 4) yield
fter an additional 10 mm of vertical displacement along the unloading
lateau. Both surfaces of the flange are observed to be at yield at all
our locations after another subsequent 20 mm of vertical displace-
ent. The four yield locations are similar to that theorized by Porter
t al. [15], Fujii [14], the Cardiff model used in the Eurocode [35] and
eis et al. [47]. However, it is interesting to note that yield and hinging
n the flanges occur significantly later in the unloading plateau, not at
𝑢 (the max shear load); rather, 𝑉𝑢 occurs when the web reaches high
tresses and flange stresses are still relatively low (around 20 MPa).
Fig. 5 shows longitudinal stresses in the top flange above the top

eft corner of the web panel (location 1 in the inset figure of Fig. 4),
here the tension field would be assumed to anchor in models used in
he Eurocode [35]. The flange stresses at top, bottom and mid-surface
re shown. The rate of change in the flange stresses shows no inflection
t 𝑉𝑐𝑟, similar to an experimental observation by [48]. Flange stresses
re observed to increase appreciably only after reaching 𝑉𝑢 (i.e., the
rightmost load in Fig. 5) during the unloading plateau. This suggests
that the flanges may be engaged in a secondary (post-ultimate load)
load path after the web yields significantly in post-ultimate buckling,
as suggested by [28].
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Table 3
Shear strength results of models with different boundary conditions (a/D = 1.0 and D/1000 imperfection).

𝑉𝑐𝑟
(kN)

Normalized by
1-AF-NF

𝑉𝑢
(kN)

Normalized by
1-AF-NF

𝑉𝑢 − 𝑉𝑐𝑟
(kN)

Normalized by
1-AF-NF

1-AF-NF 1982 1.00 2566 1.00 584 1.00
1-AF-WF 2596 1.31 3021 1.18 426 0.73
1-AF-WF-S 2714 1.37 3189 1.24 475 0.81
1-AF-WF-PE [PE = D/2] 2895 1.46 3442 1.34 547 0.94
1-AR-NF 1983 1.00 3583 1.40 1600 2.74
Fig. 4. Load vs. vertical displacement for imperfection iterations of the 1-AF-WF-PE model.
Fig. 5. Longitudinal stresses (𝑧-direction, see Fig. 1) in the top flange above the top left corner of the web plate in the center panel (red dashed box is magnified).
The three imperfection magnitudes were also studied for the cor-
esponding model without panel extensions (1-AF-WF-S), to determine
f panel extensions affect how sensitive a model’s shear strength is to
mperfection magnitude. Table 4 displays the shear strength results for
he three different imperfection values for models with and without
7

panel extensions. Table 4 shows that the D/10,000 imperfection yields
similar 𝑉𝑢 results to the D/1000 imperfection for both models with and
without panel extensions. Moving from a small imperfection (D/1000)
to the maximum tolerable imperfection (D/100), a 13% reduction in
𝑉 is observed for a model without panel extensions (1-AF-WF-S), in
𝑢
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Table 4
Imperfection sensitivity of the panel extensions boundary condition cases.

𝑉𝑐𝑟 (kN) 𝑉𝑢 (kN) 𝑉𝑢 − 𝑉𝑐𝑟 (kN) 𝑉𝑢 normalizeda

1-AF-WF-S (D/10,000) 2714 3202 487 1.00
1-AF-WF-S (D/1000) 2714 3189 475 0.996
1-AF-WF-S (D/100) 2714 2799 84 0.87
1-AF-WF-PE (D/10,000)b 2895 3479 584 1.00
1-AF-WF-PE (D/1000)b 2895 3442 547 0.99
1-AF-WF-PE (D/100)b 2895 3227 332 0.93

aNormalized by relevant D/10,000 model.
Panel extensions [PE = D/2].

comparison to a reduction in 𝑉𝑢 of only 7% for the model with panel
extensions (1-AF-WF-PE). Importantly, the panel extensions reduce the
imperfection sensitivity.

4. Load path analysis

4.1. Load path at the web plate edges

A major consideration for evaluating the load path in a buckled
web is the determination of the forces at the web plate edges after
buckling. The boundary conditions represent these web edges and
thus validate the need for an extensive boundary condition study. In
particular, the question to be answered is do the flanges and stiffeners
anchor or carry some of the loads on the web plate edges, where the
web intersects the flanges and stiffeners? Previous studies by Yoo and
Lee [18], who studied a square plate that is simply supported on all
4 edges (i.e., without explicitly modeling the flanges and stiffeners),
found that a web plate could develop substantial postbuckling shear
capacity without the existence of normal stresses at the web edges; the
web plate could self-equilibrate after buckling as long as an out-of-plane
restraint existed at the web panel edges. This result suggests that the
flange and stiffener may not play a role in the load path of the web
plate.

This section replicates the boundary condition by Yoo and Lee
(AF-NF) but for the prototype section of Fig. 3. Other boundary con-
ditions such as that adding on flanges (AF-WF), stiffeners (AF-WF-S),
and panel extensions (AF-WF-PE) are also studied. The objective is
to observe whether changes in postbuckling behavior occur between
models that explicitly include the flanges, stiffeners and adjacent panels
versus those that include only ‘virtual’ flanges and stiffeners (which
restrict out-of-plane translation via edge restraints, as done by Yoo and
Lee [18]).

Fig. 6 illustrates the out-of-plane deformations of model 1-AF-WF-
PE at 𝑉𝑢; a diagonal buckle is observed to form in the web panel,
reaching 1.8 cm of lateral displacement. The buckled shapes for the
other boundary condition models are similar. Fig. 7 plots the horizontal
nd vertical normal membrane stresses for all elements in the web for
odels 1-AF-NF, 1-AF-WF, and 1-AF-WF-PE at their respective ultimate
ostbuckling shear loads, 𝑉𝑢 (given in Table 3). The ‘‘1’’ in front of
he specified boundary condition indicates the model prototype (FHWA
012 design example) and the web panel aspect ratio 𝑎∕𝐷 = 1.0. It
s seen that the stress distributions are related to the buckled shape
f Fig. 6. In a state of pure shear before elastic buckling, membrane
tresses normal to the element faces (hereafter called ‘‘normal stresses’’)
re zero since the edges of the finite elements are parallel to or
erpendicular to the pure shear loading (see Fig. 1). However, the onset
f buckling induces normal stresses in the web plate elements.
Both horizontal and vertical normal stresses reach their most posi-

ive values (tension) in the center of the plate for all three models in
ig. 7 (1-AF-NF, 1-AF-WF and 1-AF-WF-PE); yet these positive normal
tresses diminish moving from the plate center towards the web plate
dges. In contrast, horizontal normal stresses are the most negative
compression) near the horizontal web edges associated with the flange,

nd vertical normal stresses are the most negative near the vertical h

8

eb edges associated with the stiffener. For model 1-AF-NF with out-
f-plane restraints at the web plate edges, the membrane stresses
arallel to all four plate edges reach an order of about one-third of
he yield stress (−118 MPa) in compression. However, the magnitude
f these negative normal stresses reduces significantly if explicit girder
omponents are modeled; when flanges are modeled in models 1-AF-
F and 1-AF-WF-PE, the horizontal stress at the web-to-flange edge
rops to −22 MPa. Similarly, when stiffeners and panel extensions are
odeled in 1-AF-WF-PE, the vertical stresses at the stiffener edges (AC
nd BD) are at largest −15 MPa. This result shows that full out-of-plane
estraint at the web panel boundaries can lead to higher compressive
tresses than when explicit girder components are modeled to restrain
he boundary. The compressive stresses parallel to the web edges are on
he order of 10% of yield when explicit girder components are modeled.
To assess whether the flanges, stiffeners, and panel extensions an-

hor any forces at 𝑉𝑢, Fig. 8 focuses on the membrane stresses normal
o the web plate edges by studying models without flanges (1-AF-NF, 1-
R-NF), with flanges (1-AF-WF), with stiffeners (1-AF-WF-S), and with
anel extensions (1-AF-WF-PE [PE = D/2]). Note that the results are
ymmetric due to the symmetric loading and boundary conditions (see
ig. 1), so the results at web plate edge AB are equivalent to those at
C, the results at web plate edge AC are equivalent to those at DB, etc.
he purple dashed lines in Fig. 8 show the maximum and minimum
ormal stresses across all the elements in the web panel of model 1-AF-
F-PE (as shown in Fig. 7). It is seen that the maximum and minimum
tresses from the whole plate are generally much larger than those
ormal to the edges.
The top and bottom web edges are examined in Fig. 8(b). When

ut-of-plane restraints are modeled at the web plate edges (model 1-
F-NF), the vertical membrane stresses normal to the top and bottom
eb edges are essentially zero at 𝑉𝑢 (spikes in stresses only appear at
he nodes directly on the web corners where the shear load is applied).
hen explicit flanges are modeled (1-AF-WF), there is no substantial
hange in the vertical membrane stresses at the top and bottom web
dges; the vertical stresses are still essentially zero. This finding holds
or all models with explicitly modeled flanges (including 1-AF-WF-PE,
here the vertical stress on these edges does not exceed 5 MPa). This
uggests that flanges do not anchor substantial membrane stresses at
𝑢 and thus do not play a role in the postbuckling shear load path
p to the ultimate postbuckling shear load 𝑉𝑢. The negligible vertical
embrane stresses on the web-to-flange interface corresponds to the
revious finding that the flanges have not yet yielded when the plate
irder panel first unloads at 𝑉𝑢, instead reaching only 22 MPa (i.e., less
han one-tenth of yield stress). High flange stresses and plastic hinges
re observed to form much later along the unloading plateau (as noted
reviously in Fig. 4).
Fig. 8(a) examines the left and right edges of the web panel at 𝑉𝑢.

he membrane stresses normal to these edges are essentially zero for
he 1-AF-NF, 1-AF-WF, and 1-AF-WF-S models. In comparison to an out-
f-plane restraint, the presence of the explicitly modeled stiffener in
-AF-WF-S does not change the horizontal stress, suggesting that the
tiffener does not anchor horizontal membrane stresses up to 𝑉𝑢. How-
ver, horizontal membrane stresses exist when the panel extensions
re added beyond the stiffener. It is also important to note the large
agnitude of stresses for the 1-AR-NF model, which is restrained along
ts longitudinal axis on the vertical edges. These stresses are an order
f magnitude larger than those for the 1-AF-WF-PE model. Both models
how good agreement with the experimental strength results, yet the
-AR-NF model does not capture the proper flow of stresses within the
late — its boundary condition is artificially rigid and thus attracts too
uch force near the vertical edges of the web. Hence, going forward,
nly the panel extension (PE) model with D/2 extension as illustrated
n Fig. 3 will be used for studying membrane stresses.
In the PE cases, stresses flow past the stiffener and continue into

he adjacent web panel (panel extension), as illustrated in Fig. 9. The

orizontal membrane stresses are now non-zero at the vertical edges
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Fig. 6. Out-of-plane displacement at 𝑉𝑢 in 1-AF-WF-PE Model for D/1000 imperfection. Units: centimeters. Positive displacement is out of the page. The maximum displacement
is 1.8 cm at the center of the buckle. The contour scale matches the contours of Fig. 10 for comparative purposes.
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of the plate (AC and BD), where the stresses reach a maximum of 20
MPa and thus still small in comparison to the 345 MPa yield stress.
However, by integrating the horizontal membrane stresses along the
vertical edge of the plate, a substantial 214 kN of horizontal tension
force is observed to pull on the adjacent panel extension, which is
equal to approximately 40% of the postbuckling shear reserve of the
model. In addition, it was shown in Table 3 that not only is the ultimate
postbuckling shear load 𝑉𝑢 of model 1-AF-WF-PE larger than that with
no panel extensions (1-AF-WF-S), but the postbuckling shear reserve
(𝑉𝑢 − 𝑉𝑐𝑟) also increases. This finding from the panel extension models
matches well with previous research that the presence of an adjacent
rigid/non-rigid end post influences postbuckling shear strength of end
panels [16,49].

It is important to note that no substantial compression is observed
in the explicitly modeled stiffener; by summing the axial force contribu-
tion across the width of each 2-sided stiffener, the stiffener axial force is
observed to be less than 9% of the expected postbuckling shear reserve
𝑉𝑢 − 𝑉𝑐𝑟 for the 1-AF-WF-PE model. Vertical stiffeners are primarily
loaded in bending by providing lateral restraint to the web, with only
small levels of axial compression. The axial stress in the stiffener is less
than 5% of yield, while bending stresses reach around 10% of yield.

The load path findings for web panels with a/D = 1 can be extended
to the larger aspect ratios of a/D = 2 and 3 using model boundary
condition AF-WF-PE. Larger panel aspect ratios are commonly used
in industry, while a/D = 3 is the limit that distinguishes transversely
stiffened and unstiffened girders in the AISC [4] and AASHTO [3]
design codes. Fig. 10 shows the out-of-plane deformations at 𝑉𝑢 of
odels with a/D = 2 (2-AF-WF-PE) and a/D = 3 (3-AF-WF-PE) and
/1000 imperfection. In contrast to the single buckle of the 1-AF-WF-
E model, two and three diagonal buckles are observed to form in
he web panel of 2-AF-WF-PE and 3-AF-WF-PE, respectively, reaching
aximum lateral displacements of 2.8 cm and 3.2 cm, respectively. The
ateral displacements of these two models are 1.6 and 1.8 times larger,
espectively, than that of the smaller aspect ratio model 1-AF-WF-PE.
Figs. 11 and 12 show the horizontal and vertical membrane stresses

t 𝑉𝑢, respectively, for the 2-AF-WF-PE and 3-AF-WF-PE models. Similar
indings as for the a/D = 1 plate are observed for these cases; near-zero
ormal stresses exist at the top and bottom of the web (AB and DC)
hus indicating that the flanges do not vertically anchor substantial web
tresses at 𝑉𝑢. On the left and right web edges (AC and DB), horizontal
ormal stresses reach magnitudes of about 24 MPa and 11 MPa in the
/D = 2 and a/D = 3 models, respectively, where in both cases these
alues are small compared to the maximum horizontal membrane stress

t the center of the panel. As in a/D = 1.0, the stiffeners do not play

9

significant role in the load path in the plane of the web and instead
ostly provide lateral restraint to the web. The maximum horizontal
embrane stresses in the entire plate vary from 67 MPa, to 140 MPa,
o 130 MPa for a/D values equal to 1.0, 2.0 and 3.0, respectively. The
ertical membrane stresses consistently decrease as the aspect ratio
ncreases.

.2. Load path of principal membrane stresses

Principal membrane stresses indicate the direction and magnitude
f the tension and compression stresses and thus are a useful tool
or evaluating load paths. In a state of pure shear, the load paths of
ension and compression occur on perpendicular diagonals offset 45
egrees from the horizontal. An element in pure shear is loaded in equal
nd opposite tension and compression. For the prototype of this study
Fig. 3) and the panel extensions boundary condition (Model 1-AF-
F-PE), the elastic buckling stress, 𝜏𝑐𝑟 = 𝑉𝑐𝑟

𝐷𝑡𝑤
equals 130 MPa, where

𝑉𝑐𝑟 is determined from the first eigenvalue FE analysis. The analyses
presented in this section evaluate stresses in the web once the shear
load exceeds 𝑉𝑐𝑟. Such an examination tests the assumptions of tension
field action (i.e., that compression stresses can be neglected) and also
reveal the path of forces leading to the ultimate postbuckling shear
load, 𝑉𝑢.

4.2.1. Contours of principal membrane stresses for a/D = 1.0
Fig. 13 plots the contours of principal membrane stresses at 𝑉𝑢 for

the web panel with a/D = 1. The coloring in this plot represents the
following:

• The thick black line represents the elastic buckling stress, 𝜏𝑐𝑟.
• The orange shaded band inside of the bold black line represents
stresses below 𝜏𝑐𝑟.

• The thick pink line represents the ultimate shear stress 𝜏𝑢 =
𝑉𝑢∕(𝐷𝑡𝑤) = 154.7 MPa for the a/D = 1 model.

• The green shaded bands represent compressive membrane stresses
that fall between 𝜏𝑐𝑟 and 𝜏𝑢.

• The pink shaded bands show where compressive stresses are at a
magnitude greater than 𝜏𝑢.

Fig. 13(a) shows that a large portion of the plate panel is shaded
green or pink, indicating stresses above 𝜏𝑐𝑟. This runs contrary to
conventional tension field theories, which assume that at the ultimate
load, compressive stresses do not increase beyond 𝜏𝑐𝑟. Compressive

stresses are concentrated in the outer (pink) bands of the plate where
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Fig. 7. Membrane stresses at 𝑉𝑢 in the web plate panel for the 1-AF-NF, 1-AF-WF, and 1-AF-WF-PE models (contour units are in MPa).
ompressive stresses increase between 19% and 50% above 𝜏𝑐𝑟 , and up
to 26% above 𝜏𝑢. Fig. 13(b) demonstrates that the principal membrane
tensile stresses increase essentially throughout the plate. The pink and
green bands indicate that the tension field varies in magnitude, with a
roughly bell-shaped distribution similar to that theorized by Steinhardt
and Schroter [50]. The tensile membrane stresses in the pink band have
increased between 19% to 67% above 𝜏𝑐𝑟.

In Mohr’s circle, the maximum and minimum principal stresses are
n opposing ends of the circle; their average is at the center of the
ircle. Fig. 13(c) shows the stress at the center of Mohr’s circle for
10
each element in the web plate. In a state of pure shear, Mohr’s circle
would be centered at zero stress. However, if the maximum (tensile)
principal stress is greater than the minimum (compressive) principal
stress, the circle would be centered on a positive value (red shaded
region of Fig. 13(c)). Conversely, if the compressive principal stress is
greater than the tensile principal stress, the circle would be centered
on a negative value (blue shaded region of Fig. 13(c)). Therefore, the
center of Mohr’s circle indicates whether compressive stress or tensile
stress predominates at a given location, as well as by how much. At the
center of the plate, tension predominates as the center of Mohr’s circle
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Fig. 8. Membrane stresses at V𝑢 along the web panel edges for various boundary conditions: (a) Horizontal (↔) Membrane Stress Along Left (AC) and Right (DB) Edge of Web
Panel. (b) Vertical (↕) Membrane Stress Along Top (AB) and Bottom (DC) Edge of Web Panel. See Panel legend for lettering scheme of edges. Distances are normalized by the
web depth D = 1.7526 m.
Fig. 9. (a) horizontal and (b) vertical membrane stresses at 𝑉𝑢 in web panel and panel extensions (PE) in 1-AF-WF-PE model with PE = D/2 extensions. The vertical blue lines
AC and BD represent the stiffeners that start the panel extensions on either side of the center panel. Units of contours = MPa. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
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reaches +57.2 MPa, meaning that tensile stress exceeds compressive
stress at the center of the plate by up to 114.4 MPa (in agreement with
tension field theories). However, near the top and bottom edges of the
plate, the center of Mohr’s circle reverses sign and reaches −18.1 MPa,
meaning that the compressive stress actually exceeds tensile stress by
up to 36.2 MPa near the top left and bottom right corners of the plate.
The portions of the plate in pure shear are located at the boundary
between the blue and red shaded regions where the center of Mohr’s
circle is 0 MPa. However, all edges of the web plate are relatively close
to a pure shear state, with the center of Mohr’s circle varying no more
than +6 MPa in the red regions on the edge and −12 MPa in the blue
egions on the edge.
While the focus of this paper is to examine the flow of forces

and thus membrane stresses are more suitable per Section 2), it is
lso interesting to examine whether the plate has yielded via both the
embrane stresses (which neglect bending) and the stresses on the
late surfaces (which consider bending). Fig. 13(d) shows the von Mises
tresses calculated from the principal membrane stresses. The highest
 o
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von Mises stresses occur at the corners of the plate at the ends of the
tension field, where both maximum and minimum principal membrane
stresses are observed to be large. These corners are also on either end
of the diagonal buckle at 𝑉𝑢 in Fig. 6. It is interesting to note that
considering the membrane stresses only, the von Mises stresses reach a
maximum of 330 MPa, approaching but still below the yield stress 𝐹𝑦
345 MPa. However, examining the stress state on the two surfaces of
he web plate, Fig. 14 indicates that von Mises yield stress is reached.
his reflects the finding from Garlock et al. [20] that second-order
ending stresses (i.e., through-thickness bending stresses that are not
onsidered in the membrane stresses) are large contributors to reaching
ield in the web plate. Fig. 14 shows that high stresses in the center
anel tend to continue into the adjacent panel extensions, though they
iminish in magnitude.
Fig. 15 shows the angles (𝜃𝑝) of the (a) minimum and (b) maximum

rincipal membrane stresses in the plate. The angle of the minimum
rincipal membrane stresses decreases from 45◦ at the top and bottom
f the plate (becoming slightly more horizontal) and increases at the



P.Y. Wang, P.M. Masungi, M.E.M. Garlock et al. Thin-Walled Structures 169 (2021) 108448

Fig. 10. Out-of-plane displacement at 𝑉𝑢 for models: (a) 2-AF-WF-PE, (b) 3-AF-WF-PE for D/1000 imperfection. Positive displacement is out of the page. Units: centimeters.

Fig. 11. Membrane stresses in the web plate for the 2-AF-WF-PE model: (a) horizontal (longitudinal) direction, and (b) vertical direction. Units of contours = MPa.

Fig. 12. Membrane stresses in the web plate for the 3-AF-WF-PE model: (a) horizontal (longitudinal) direction, and (b) vertical direction. Units of contours = MPa.
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Fig. 13. Contour of principal membrane stresses at 𝑉𝑢 of 1-AF-WF-PE (center panel), D/1000 imperfection. Units of contours = MPa. (For interpretation of the references to color,
the reader is referred to the web version of this article.)

Fig. 14. von Mises stresses (units: MPa) on (a) front surface and (b) back surface of model 1-AF-WF-PE at 𝑉𝑢. Gray denotes regions of von Mises yield. (For interpretation of the
references to color in this figure caption, the reader is referred to the web version of this article.)
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D

vertical left and right edges of the plate (becoming slightly more
vertical). However, the angles do not deviate from 45◦ by more than
4◦ at any location on the web panel.

4.2.2. Effects of initial imperfections for a/D = 1.0
While it was shown previously that an initial imperfection of

/1000 captures the 𝑉𝑢 of typical plates and correlated well to ex-
perimental results, it is important to quantify the influence of initial
imperfection magnitude on the response of the plate leading up to 𝑉𝑢
(as already observed by a change of stiffness in Fig. 4). Where until now
the results were only shown at 𝑉𝑢, this additional imperfection study
provides insight to the plate behavior and the redirection of load path
as the shear increases from zero to 𝑉𝑐𝑟 to 𝑉𝑢. This section evaluates the
same three different initial imperfections as before: D/10,000, D/1000,
and D/100.

As shown in Table 4, the ultimate postbuckling shear loads 𝑉𝑢 are
similar in all three cases (3479, 3442, and 3227 KN, respectively);
however, Fig. 16 shows that the evolution of stresses varies with initial
imperfection. The minimum (compressive) principal membrane stresses
are shown for the elements that lie on the ‘tension diagonal’ defined
by a line connecting points A and D as shown. Each curve represents
a different element, where the colors are defined per Section 4.2.1
(and shown in Fig. 13(a)). Note that since the results are symmetric, it
appears as though only half the elements on the diagonal are plotted.
The elastic shear buckling load 𝑉𝑐𝑟, the ultimate postbuckling shear load
𝑉𝑢, the elastic buckling shear stress 𝜏𝑐𝑟, and the ultimate shear stress 𝜏𝑢
are marked with dashed lines. The following is observed:

• For the D/10,000 model, a clear bifurcation is observed at 𝑉𝑐𝑟,
where the stresses leading up to 𝑉𝑐𝑟 are equal for all elements
and then ‘‘fan-out’’ as the stresses redistribute after reaching 𝑉𝑐𝑟.
A clear buckling response is not observed at 𝑉𝑐𝑟 in the models
with larger imperfections (D/1000 and D/100). The stresses in
the D/1000 model fan-out at approximately two-thirds 𝑉𝑐𝑟, and
the D/100 model initiates its dispersion of compressive stresses
at the onset of loading.

• The green and pink elements have compressive stresses greater
than 𝜏𝑐𝑟 (130 MPa) at 𝑉𝑢, indicating a departure in behavior from
that predicted by conventional Tension Field Action theory and
Rotated Stress Field theory as discussed previously [10,16]. These
green and pink elements occur for all imperfection magnitudes.

• The blue line in each plot represents the initial slope of the plot,
thus describing a linear membrane stress increment with increas-
ing shear load (i.e., the idealized membrane stress in pure shear if
the effects of buckling are not considered). After elastic buckling,
the green elements continue to increase above 𝜏cr after elastic
buckling but at a slower rate than before elastic buckling (these
are above the blue line). The pink elements continue to increase
after elastic buckling but at a rate greater than before elastic
buckling (these are below the blue line). Compression forces are
thus further engaged after buckling than before buckling in the
pink regions of the plate. These compression loads have redis-
tributed from the orange elements near the center of the plate
and concentrated in these pink regions. The higher compressive
stresses serve to equilibrate some of the tension stresses instead
of having them anchor onto the flanges or stiffeners.

In summary, the compression forces redistribute after elastic buckling,
concentrating in elements near corners A and D and unloading in the
plate center where the buckled displacement is largest (see Fig. 6).
While the magnitude of initial geometric imperfection influences when
the buckling redistribution of stress occurs, similar compressive load
redistribution is observed for all imperfections.

For comparison, the maximum (tensile) principal membrane stresses
of the same elements are plotted vs. applied shear load in Fig. 17 for
a D/1000 imperfection (since the imperfection findings are similar to

those from Fig. 16, the other imperfections are not shown here for
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brevity). The tensile principal stresses increase in all elements and at
an increased rate than before elastic buckling (i.e., above the blue line
in this plot). Compared to the minimum (compressive) principal mem-
brane stresses shown in Fig. 16(b), the magnitude of maximum tensile
membrane stress is similar to the maximum magnitude of compressive
stresses, although the average tensile stress is larger. Elements that
unload in compression stress (orange) are shown to increase the most
in tension stress, though this only occurs in the center of the plate.

Note that in Fig. 17 there is a discontinuity (or a ‘‘kink’’) in the stress
load plot between 𝑉𝑐𝑟 and 𝑉𝑢 at which the tensile stresses continue to
increase, but at a smaller rate. Similarly, in Fig. 16(b), the increase of
compression stress at this shear load value accelerates in the elements
near the corners but attenuates at the center of the panel. As shown
in Fig. 18, the changing rate of stresses corresponds to a significant
decrease of stiffness in the shear load–displacement behavior. In sum-
mary, the load path changes and the membrane forces redistribute as
the web panel loses stiffness, presumably due to significant yielding in
the buckled web panel. The formation of this mechanism will be studied
further by the authors in future publications.

4.2.3. Load path of principal membrane stresses for a/D > 1.0
𝑉𝑐𝑟 decreases with increasing a/D, as expected, where the 𝑉𝑐𝑟 values

are equal to 2894 kN, 2054 kN, and 1929 kN for a/D values of 1.0,
2.0, and 3.0, respectively. 𝑉𝑢 similarly decreases with increasing a/D,
where the 𝑉𝑢 values are equal to 3442 kN, 2898 kN, and 2694 kN
for a/D values of 1.0, 2.0, and 3.0, respectively. Fig. 19(a) and (b)
plot the minimum and maximum principal membrane stresses at 𝑉𝑢
for the a/𝐷 = 2.0 panel, and Fig. 19(c) and (d) plot the same for the
a/𝐷 = 3.0 panel. The colors in these plots are coded in the same way
as described in Section 4.2.1. It is seen that for all three a/D ratios, the
same pattern develops in the principal stresses as discussed for a/𝐷 =
1.0. Though not shown here, the von Mises stresses calculated from
membrane stresses at 𝑉𝑢 are lower for a/D = 2.0 and 3.0 than for a/D
= 1.0, reaching maximum values of 320 and 268 MPa (93% and 78%
of yield, respectively), at the ends of the tension field. This highlights
the larger role of second order bending stresses in causing yield at 𝑉𝑢 in
higher aspect ratio plates. Fig. 20 shows that when a/D increases, at the
center of the plate, the angles of principal tensile stresses become more
horizontal and the angles of principal compressive stresses become
more vertical, deviating from 45◦ by greater than 10 degrees. The
angles at the top and bottom of the plate deviate less than the plate
center.

‘

5. Conclusions

This paper presented a detailed examination of various boundary
conditions on slender steel plates with pure shear loading conditions.
The influence of modeling each girder component on the plate bound-
ary (e.g., flanges, stiffeners, and adjacent web panels) and the effects
of initial imperfections were assessed. The boundary condition models
were compared with a suite of 16 experimental tests, representing a
range of web depths (D), panel aspect ratios (a/D), and web slenderness
ratios (𝐷∕𝑡𝑤). The effects of the boundary conditions on the membrane
stresses at the web plate edges and principal membrane stresses in
the web were also examined for panel aspect ratios of 1, 2, and 3.
The following conclusions can be made based on the results of this
evaluation:

• Finite element (FE) models of a plate under pure shear should in-
clude flanges, stiffeners, and ‘‘panel extensions’’ as the boundary
conditions (with axially free vertical edges at the ends of the web
panel) if possible, for best correlation with experimental results.
The panel extensions (which extend the girder web and flange
for a distance D/2 beyond the stiffeners on each side of the web)
produce the best agreement with the experimental literature and
also best represent the membrane stresses at the plate edges for
a continuous girder section.
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a

Fig. 15. Angles (𝜃𝑝) of principal membrane stresses at 𝑉𝑢 for 1-AF-WF-PE, D/1000 imperfection. Units of contours = degrees. Positive and negative values signify counterclockwise
nd clockwise rotation from horizontal, respectively.
Fig. 16. Minimum (compressive) principal membrane stresses in elements along the web diagonal vs. applied shear load for model 1-AF-WF-PE, for three different imperfection
magnitudes. The blue line on Fig. 16(a), (b), and (c) represents the continuous slope of the elastic regime extended up to 𝑉𝑢. (For interpretation of the references to color in this
figure caption, the reader is referred to the web version of this article.)
• Panel extensions longer than D/2 were not observed to apprecia-
bly increase the elastic shear buckling load 𝑉𝑐𝑟 or the ultimate
postbuckling shear load 𝑉𝑢.

• Modeling the flanges enables a non-negligible increase in elastic
shear buckling load 𝑉𝑐𝑟 due to the large degree of rotational
restraint that it adds to the top and bottom edges of the web
versus a simply restrained boundary condition.

• The horizontal membrane forces at the left and right (i.e., verti-
cal) edges of each web panel play a role in determining how much
postbuckling shear strength can be achieved. For this reason,
axially restrained boundary conditions at these vertical edges can
15
overestimate the horizontal forces. Including panel extensions
(or heavier end-post stiffeners) can better capture the flow of
forces beyond the buckled panel, representing the continuity of
the plates in a girder assembly without the need to model the full
girder.

• The membrane stresses normal to the vertical edge, where the
stiffener is located, are essentially zero if a panel extension is not
modeled. Adding a panel extension results in normal membrane
stresses on this vertical edge that reach about 10% of the yield
stress at 𝑉 .
𝑢
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Fig. 17. Maximum (tensile) principal membrane stresses vs. shear load applied for model 1-AF-WF-PE and D/1000 imperfection. The blue line represents the continuous slope of
the elastic regime up to 𝑉𝑢. (For interpretation of the references to color in this figure caption, the reader is referred to the web version of this article.)

Fig. 18. Shear load versus vertical relative displacement for model 1-AF-WF-PE and D/1000 imperfection.

Fig. 19. Contour of principal membrane stresses at 𝑉𝑢 for AF-WF-PE models (center panel) with D/1000 imperfection for (a–b) 𝑎∕𝐷 = 2.0 and (c–d) 𝑎∕𝐷 = 3.0. Units of contours
= MPa. (For interpretation of the references to color, the reader is referred to the web version of this article.)
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Fig. 20. Contour of angles of principal membrane stresses at 𝑉𝑢 for AF-WF-PE models (center panel) with D/1000 imperfection and (a–b) 𝑎∕𝐷 = 2.0 and (c–d) 𝑎∕𝐷 = 3.0. Units of
contours = degrees. Positive values signify counterclockwise rotation and negative values signify clockwise rotation from the horizontal.
• An imperfection study indicated that imperfections equal to or
smaller than D/1000 exhibit similar shear performance (stiffness
and strength), while D/100 imperfection slightly reduces these
shear parameters. Further, the panel extensions boundary con-
dition (i.e., continuity of the girder panel) appears to reduce
sensitivity to imperfection magnitude.

An examination of initial imperfection magnitude indicated that
D/1000 (which is on the order of measurements made at a fabrication
shop [37]) enables shear postbuckling performance in FE models that
correlates well with experimental data. Using the panel extension
boundary condition with an initial imperfection magnitude of D/1000,
a study of the load path of membrane stresses was performed on
a realistic steel bridge girder panel with web depth 1.75 m, web
slenderness 138, and panel aspect ratios of 1, 2, and 3. The following
conclusions can be drawn from the load path study:

• At the top and bottom edges of the web, membrane stresses
normal to the web edge are negligible at the ultimate postbuck-
ling shear load 𝑉𝑢, and the flange stresses are correspondingly
observed to be at less than 10% of the yield stress. Flanges reach
yield only with significantly larger deflection beyond 𝑉𝑢. The
flanges thus do not anchor substantial web membrane stresses up
to 𝑉𝑢, and their engagement in a secondary postbuckling load path
may develop following 𝑉𝑢.

• The horizontal membrane stresses normal to the vertical edge,
where the stiffeners are located, are essentially zero if a panel
extension is not modeled. The addition of panel extensions results
in normal stresses on the vertical edges that are approximately
10% of the yield stress at 𝑉𝑢. Horizontal anchoring onto adjacent
web panels can increase the ultimate postbuckling shear strength,
though it is not necessary for the development of postbuckling
shear strength.

• Compressive stresses parallel to the web panel edges (horizontal
compressive stresses next to the flanges, vertical compressive
stresses next to the stiffener) occur on the order of 10% of yield.

• Consistent with previous research [21–23,25,26], the vertical
stiffeners carry a low level of axial load compared to the applied
shear. Instead, the stiffeners are primarily engaged in bending as

they provide lateral restraint to the web panel.
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• Compressive membrane stresses redistribute and continue to in-
crease after elastic shear buckling (𝑉𝑐𝑟), in some regions at a
rate greater than before elastic buckling, contrary to tension field
theories. These compressive membrane stresses increase more
around the perimeter of the web and are greatest at the ends
of the tension field (orthogonal to the tension field), where they
exceed the corresponding tensile stresses.

• Though tension is significantly larger than compression at the
center of the plate, the principal maximum (tensile) and minimum
(compressive) membrane stresses are closer in magnitude around
the perimeter of the plate (horizontal and vertical web edges).

• The von Mises stresses (based on membrane stresses) are highest
at the ends of the tension diagonal, where both tension and
compression stresses are large (up to 95% of the yield stress);
however, considering bending, the von Mises stresses on the plate
top and bottom surface of the web yield significantly on the
tension diagonal due to second-order bending, the influence of
which has been highlighted by the authors in previous work [20].

This paper recommends boundary conditions for the study of postbuck-
ling shear mechanics and sheds light on the role of different girder
components in the postbuckling shear behavior. A detailed study of the
load path and stress distribution in the web highlights the interplay of
tension and compression in the buckled web plate. The findings can
be useful for code development for the design of each component in a
plate girder and for enhancing the accuracy and mechanical correctness
of shear strength models.
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